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ABSTRACT OF THE DISSERTATION
Limited Feedback Design for Multiuser Networks
By
Xiaoyi Liu
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Irvine, 2017

Professor Hamid Jafarkhani, Chair

In this dissertation, the potential of limited feedback in multiuser/multinode networks is
explored, and our goal is to design efficient and practical quantizers to mitigate the perfor-
mance loss brought by limited feedback. For the multiple amplify-and-forward relay network,
we propose variable-length quantizers (VLQs) with random infinite-cardinality codebooks in
contrast to the fixed-length quantizers (FLQs) with finite-cardinality codebooks that cannot
attain the full-channel-state-information (full-CSI) performance. We validate through both
theoretical proofs and numerical simulations that the proposed VLQs can achieve the full-
CSI outage probabilities with finite average feedback rates. We also apply the idea of VLQ
to the multicast network, and show that the global VLQ can achieve the minimum full-CSI
outage probability with a low average feedback rate. For the two-user interference network
where interferences are treated as noise, we introduce the idea of cooperative quantization
to allow multiple rounds of feedback communication in the form of conferencing between
receivers. For both time-sharing and concurrent transmission strategies, the proposed co-
operative quantizers are able to achieve the full-CSI network outage probability of sum-rate
and the full-CSI network outage probability of minimum rate, respectively, with only finite
average feedback rates. For non-orthogonal multiple access (NOMA) which is recognized
as a key technique for 5G, we propose efficient quantizers using variable-length encoding,

and prove that in the typical application with two receivers, the losses in the minimum rate

xil



and outage probability decay at least exponentially with the minimum feedback rate. In
addition, a sufficient condition for the quantizers to achieve the maximum diversity order
is provided. For NOMA with K receivers where K > 2, the minimum rate maximization

problem is solved within an accuracy of € in time complexity of O (K log %)

xiil



Chapter 1

Introduction

The limited feedback design for multiuser networks is different in nature from that for the
well-studied point-to-point system. As seen from Fig. 1.1, only one channel exists between
the transmitter and receiver in the point-to-point system. From the view of the receiver,
the local channel state information (CSI) is equivalent to the global one. Therefore, after
the receiver obtains the perfect CSI through training sequences sent from the transmitter,
it can then send the quantized feedback information to the transmitter. With the feedback
information in hand, the transmitter can perform a lot of operations, i.e., power allocation,
rate adaptation, to improve the overall transmission performance. Therefore, the limited
feedback design in the point-to-point system can be treated as a scalar or vector quantization
problem. There have been a plenty of literatures in the studies of limited feedback for the

point-to-point systems, i.e., [1, 2, 3, 4].

ﬁ channel state h D

limited feedback (quantized A)

Figure 1.1: Limited feedback in point-to-point wireless systems.



q(hy)

B,

A genie who knows A1, hy perfectly q(hy)
\ J
|

Performance Gap?

Figure 1.2: Limited feedback in multiuser networks.

Contrarily, as seen from the network with multiple receivers in Fig. 1.2, each receiver only
has access to its own local CSI due to geographical separations. There is no such node like “a
genie” that can acquire the perfect global CSI and make the decision as a center. Thus, each
receiver could only quantize a part of the entire global CSI, and the transmitters need to
make decision based on quantized versions of local CSI from receivers. In this scenario, how
to most efficiently utilize the distributed quantized feedback to decrease the performance

loss becomes a crucial problem for the mulituser networks [5, 6.

In the literatures, the most common approach of distributed quantization consists of two
phases: In Phase 1, each receiver quantizes its local CSI independently based on pre-defined
codebooks, and then sends a finite number of bits representing the quantized information to
other receivers and transmitters. In Phase 2, after decoding the feedback information from
all receivers, the transmitters apply the techniques such as beamforming or power control
by treating the quantized CSI as the exact unquantized CSI. The quantization loss incurred

in Phase 1 often causes more severe error propagation in Phase 2.

In this dissertation, we would like to consider the limited feedback design for multiuser
networks from a different perspective. Note that the traditional fixed-length quantizers
(VLQs) always bring in performance loss due to the finite size of the codebooks. Instead,

we allow the codebooks to have infinite number of codewords, and apply the idea of variable



length encoding to encode their representations. We assign the commonly-used codeword

with fewer number of bits, and assign the rare ones with more bits. In this way, the overall

average feedback rate can still be finite (or even small). The relaxation of the finite codebook

cardinality can greatly reduce or even eliminate the quantization loss of the local CSI, and

soften the situation of error propagation in Phase 2. We apply this idea to design practical

quantizers for different mulituser networks, and our main contributions are fourfold:

)

To get around the limitations of the traditional FLQs with a finite-cardinality code-
book, we propose variable-length quantizers (VLQs) with random infinite-cardinality
codebooks for the multiple amplify-and-forward (AF) relay networks subject to the
sum or individual power constraints, and prove that VLQs can achieve the same mini-
mum outage probability as the full-CSI case. For the first time, we provide a framework
for analyzing the performance of random codebooks using variable-length limited feed-
back. The derivations based on random codebooks in this chapter can be applied to

many other scenarios.

A VLQ is proposed for the multicast networks with two users, and the attained per-
formance is the same as that of a system with full CSI. Our work is an important
necessary first-step towards the goal of designing VLQs for multicast networks using
only local CSI. The availability of a global quantizer that achieves the full-CSI perfor-
mance opens the door for designing distributed quantizers. It can also be extended to

the multicast networks with more than two users.

A novel strategy of cooperative quantization is proposed for two-user interference chan-
nels where interference signals are treated as noise, which allow multiple rounds of
feedback communications in the form of conferencing between receivers. The full-CSI
network outage probabilities of sum-rate and minimum-rate are achieved with only

finite average feedback rates.



4) Efficient quantizers with variable-length encoding are proposed for the downlink non-
orthogonal multiple access (NOMA) networks. We also prove that in the typical ap-
plication with two receivers, the losses in the minimum rate and outage probability
decay at least exponentially with the minimum feedback rate. Additionally, we pro-
vide a sufficient condition for the quantizer to achieve the maximum diversity order.
For NOMA with K receivers where K > 2, the minimum rate maximization problem

is solved within an accuracy of € in time complexity of O (K log %)



Chapter 2

Amplify-and-Forward Relay Networks
with Variable-Length Feedback

In this chapter, we study the channel quantization problem for amplify-and-forward (AF)
relay networks and our target is to design a quantizer to minimize the outage probability. It
is priorly known that any fixed-length quantizer with a finite-cardinality codebook cannot
attain the same minimum outage probability as the case where all nodes in the AF relay
networks have access to perfect channel state information (CSI). We propose variable-length
quantizers with random infinite-cardinality codebooks for the sum and individual power
constraints. We provide theoretical proofs and numerical simulations to validate that the
proposed quantizers can achieve the full-CSI outage probabilities with finite average feedback

rates.



2.1 Introduction

Cooperative diversity techniques have received significant attention since they can greatly
enhance the spectral efficiency and extend the network coverage |7, 8]. In a wireless relay
network, the destination node receives signals from the source node with the help of relay
nodes in the form of “distributed antennas”. Several cooperation strategies, such as amplify-
and-forward (AF), decode-and-forward, and compress-and-forward have been proposed in
the literature. Among these, AF is an attractive solution with very low complexity that

requires no decoding at relay nodes.

In the case of point-to-point wireless communication, the performance of the system depends
on the availability of channel state information (CSI) at the transmitter and the design of
the corresponding finite-rate feedback [1, 2, 4]. Similarly, the performance of wireless relay
networks depends on the availability of CSI at the relay nodes and the destination node
[9, 10, 11]. The destination node can acquire the entire CSI through training sequences
from the source node and relay nodes. Meanwhile, although each relay node can have the
knowledge of its own receiving channel via training sequences from the source node, it does
not have a direct access to the channel from itself to the destination node or the channels
of other relays. Thus, the relay nodes rely on the feedback information from the destination
node [12|. Perfect CSI at the relay nodes requires an “infinite” number of feedback bits from
the destination node, which is unrealistic due to the limitations of the feedback links. Hence,
in practice, it is desired to design efficient transmission schemes based on quantized CSI for

wireless relay networks.

There has been a lot of work on quantized channel feedback in wireless relay networks. In a
cooperative network with a single AF relay in [9], power control methods have been analyzed
to minimize the outage probability with limited feedback available at the transmitter. When

the cooperative network has multiple relays, it is shown in [11, 12| that using relay beam-



forming achieves the full-CSI performance. Relay beamforming based on quantized feedback
from the receiver can be implemented in a distributed manner without complex coordina-
tion between relays. With the index fed back from the receiver, each relay can select the
corresponding relay beamforming vector from the pre-defined codebook. Relay selection is
possible to achieve the maximum diversity. However, it incurs an inevitable performance
loss in terms of array gain compared to relay beamforming [13]. Therefore, we only consider
the channel quantizers using relay beamforming in this chapter. In a cooperative network
with multiple AF relays, the capacity loss and bit error probability with quantized feedback
have been studied in [10], when each relay node is subject to an individual power constraint.
Also, [11] has investigated the optimal beamforming vector for relay nodes in the full-CSI
scenario and the outage probability in the limited feedback scenario when the sum power
constraint is imposed on the relay nodes. Compared to the full-CSI scenario where all relay
nodes know the perfect CSI, the schemes in [10] and [11] always suffer from performance

loss.

All of these previous schemes have relied on fixed-length quantizers (FLQs), in which the
receiver feeds back the same number of bits for every channel state. In general, the re-
ceiver can send a different number of feedback bits for different channel states, resulting
in a variable-length quantizer (VLQ). Recently, a VLQ has been proposed to achieve the
full-CSI outage probability with a finite feedback rate for the non-cooperative setting of a
multiple-input single-output (MISO) system [3]. One can thus expect that a VLQ structure
will similarly offer high performance gains in cooperative networks. On the other hand, the
results of 3] for MISO systems are not directly applicable to the VLQ design problem in AF
relay networks due to the following reasons: (i) In such AF relay networks, the relay nodes
are geographically apart from each other, which, unlike the co-located transmit antennas
in a MISO system, prevents direct access to the CSI of others. (ii) The amplification of
both signal and noise from the first hop brings in a highly-nonlinear dependence on the relay

beamforming vector and the channel values to the instantancous signal-to-noise ratio (SNR).



However, in a MISO system, the SNR is simply given by the inner product of the beam-
forming and channel vectors. (iii) Both sum and individual power constraints are considered
for the AF relay networks. As shown in [12], the individual power constraint causes severe
non-convexity, which further hampers the limited feedback design for SNR optimization.
Therefore, the distributed nature of the AF relay networks and the highly complicated SNR

expressions result in great difficulties in the design and performance analysis of VLQs.

We overcome these difficulties by considering random quantizer codebooks instead of the
structured codebooks presented in [3]. We also provide a framework for analyzing the
performance of random codebooks using limited feedback in AF relay networks, and the
derivations can be applied to many other scenarios with AF relays. We first prove that the
outage probabilities of our proposed VLQs are the same as those of the full-CSI scenarios
in the sum and individual power constraints, respectively. Then, for the average feedback
rate of the proposed VL(Q under the sum power constraint, we derive its upper bound to
show it is finite. For the average feedback rate of the proposed VL(Q under the individual
power constraint, we are unable to theoretically prove it is finite due to the complicated SNR

expression. Instead, we perform numerical simulations to verify it is finite and small.

Notations: Bold-face letters refer to vectors or matrices. For a vector or matrix z, ' repre-
sents its transpose, z' represents its conjugate transpose, ||z|| is the [>norm, and [z]; denotes
its i-th element. The sets of complex, real, and natural numbers are denoted by C, R, and N,
respectively. The probability and expectation are represented by Pr {-} and E [-], respectively.
We use the notation CN (a, b) to stand for a circularly-symmetric complex Gaussian random
vector with mean of a and variance of b. Similarly, N (a,b) is for a real Gaussian random
vector. For any © € R, |z] is the largest integer that is less than or equal to z and [z] is

the smallest integer that is larger than or equal to x. For any x € C, z* is the conjugate,

Real(z) is the real part, Imag(x) is the imaginary part, |z| = \/[Real(x)]2 + [Imag(z)]* is the

Imag(z)
Real(z)

absolute value and arg(z) = arctan ( > is the argument. For a logical statement ST,



we let 1{ST} = 1 when ST is true, and 1 {ST} = 0 otherwise. The column vector formed
by stacking two column vectors z; and x, together is denoted as [z1;2s]. Finally, rand()

returns a single uniformly distributed random number in the interval (0, 1].

2.2 System Model and Problem Formulation

variable-length feedback

h e 7N e -
Phase I Phase I1

Figure 2.1: System block diagram of amplify-and-forward relay newtorks.

In the AF relay network depicted in Fig. 2.1, a source node S transmits to a destination
node D with the aid of N AF relay nodes Ry,..., Ry, where N > 2. Each node is equipped
with only a single antenna. Assume that there is no direct link between S and D. Denote the

channels from S to R, and R, to D by f, ~ CN (0,0% ) and g, ~ CN (0,07 ), respectively.

2

Without loss of generality, we assume o

< 032 < ... < JSN. The entire channel state is

represented by H = [f1,..., fn,01,- - ,gN]T € C*Vx1 We assume a quasi-static channel
model, in which the channels vary independently from one block to another, while remain

constant within each block.



In Phase I, the received signal at the n-th relay node R, is

an - V Panx—'—ana

where x is the information bearing symbol sent by S with E [|x|2] = 1 for each channel state
(the expectation is over all transmitted symbols), and Ps is the average transmit power at

S.! The background noise vg, for n =1,..., N is independent and modeled as CIN(0, 1).

In Phase II, each relay node normalizes and retransmits its received signal yr . The normal-

ized signal to be re-transmitted with unit power at R, is

n \% fTLI—i_/URn

\/ 201, Ian \/Pslfnl +1

Thereafter, R, sends \/Pg,w;xpr,, where Pg, is the maximum transmit power at R, and

Pg, |wy,|? is the actual-consumed transmit power. Without loss of generality, Ps = Py, = P
is assumed. Results for other values of Ps and Pg, can be obtained similarly. The received

signal at the destination node D is

N N
PU} nJgn wn nU
U — Zg" Pt an, +vp = ~Pwy fagnr vV Pw;, g VR,
n=1

nl\/P|fn —|—1 \/P|fn —|—1

N
—VPS w—a, (2.1)

n=1 \/ |fn|2+%

where op 2 SV "g"vR” —i—vD and vp ~ CIN(0, 1) is the background noise at D. Given f,

VP

and g,, 0p is distributed as vp ~ CIN (O 1+ Zn ) \wn] |g” ) From (2.1), the signal-to-

|fnl*+%

'In the remainder of this chapter, we refer to P as the transmit power instead of the average power over
all transmitted symbols for conciseness.
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noise ratio (SNR) at D is given by

2

ZN w* fngn
n=LEn NP+

I'(w H)2 P (2.2)
’ N 2 |9n|2
1+ Zn:l ‘wn’ \fn\z'*‘%
where w = [wy, ..., wy]" is the relay beamforming vector.

2.2.1 Sum Power Constraint

Consider the sum power constraint for which the sum of the transmit power of all relay nodes
is limited by P, i.e., w, should satisfy 3>  |w,|* = 1, or |[w||* = 1 equivalently. The SNR

expression of D in (2.2) can be reexpressed as

wihh'w
NwH)=P———>—— 2.3
T
where h = flg; =, .., ngéV —| , I is the N x N identity matrix and D is an N x N
\/\fl\ +5 \/|fN| +5

2
diagonal matrix with the n-th diagonal element being ﬁ%.
w5

Consider outage probability as the performance measure throughout this chapter. For a
target data rate 7, outage occurs if 1log, (1+T (w,H)) < 7, or equivalently, T (w, H) <

227 — 1 = «. In the rest of this chapter, we refer to o as the outage threshold.

In the full-CSI scenario where all nodes are aware of a perfect knowledge of H, the opti-

. o . I1+D)"'h
mal beamforming vector w},, that maximizes I' (w, H) is wjy, = m [11], and the

maximum SNR is

I (Wl H) = Pi ol lgn (2.4)
SuUM» - . .
S+l + 5
ng

11



The minimum outage probability is then given as

N N
. a a
Out (Fullgy) 2 Pr{l (wiy, H) < a} = Pr{ El I, < F} :EHI{ gll"n < F}

(2.5)

In the limited-feedback scenario, assume the n-th relay node R, only knows |f,| and the
destination node D knows H [10, 11].2 Define Wy £ {w :w € CV*! |jw|| = 1}. With
an arbitrary quantizer Qs : C*V*' — Wguw, D maps H to some beamforming vector
Qs (H) € Wayy, then, feeds the index of Qgyn (H) back to the relay nodes. The index of
Qsuu (H) is decoded at each relay node and Qgyy (H) is recovered as the beamforming vector.

The resulting SNR is I' (Qsun (H) , H), and the corresponding outage probability is

Out (Qsum) 2 Pr{T (Qsw (H) ,H) < a}.

A closed-form expression for the outage probability is only known for one relay, given in [8,

(5)] (by letting v = a, 71 = 0},,%2 = 0,1 = mg = 1) as:
2 <”%+”5>a
f1 91
L2
Pyjo}05,

where K,(z) is the modified bessel function of the second kind [14, (3.471.9)].

a(a+1)K; (E Oé(o;—”) , (2.6)

2
P 91%

2.2.2 Individual Power Constraint

Alternatively, we assume a maximum transmit power constraint P is imposed on each relay
node. With the relay beamforming vector g = [, ..., p N]T (we use g to distinguish it from

the notation w used for the sum power constraint), the power consumed at the n-th relay

20One possible procedure of revealing the knowledge of H to the destination node D can be found in [10].
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node R, is |u,| P, thus, g will be subject to |u,| < 1for n =1,..., N. The optimal solution

Wao = 15, .., pk] " that maximizes I (i, H) in (2.2) is given in [12, Theorem 1] as

1, N="Ti,. ., T,
i = b (2.7)

)\ioqsn) n = Ti0+17 ..., TN,

where ¢, = %\/ |fn|2 +}% forn=1,...,N and ¢ny1 =0; (71,...,7n, Tn+1) IS an ordering
of (1,...,N +1) satisfying ¢,, > ¢, > -+ > ¢ry > ¢ry,, and 71 = N +1; N\ =

, 2 N
145 |97'm|
Zm71 |f7'm‘2+%

Zi i | Frm 97m |
= \/ |f7'm|2+%

probability is

; 4o is the smallest ¢ such that \; < ¢ il. Thus, the minimum outage

Out (Fullpyy) 2 Pr{T (u}y, H) < a}. (2.8)

Define Ump = {p:p € CV! |u,) <1,n=1,...,N}. The relay beamforming vector se-
lected by the quantizer Qnp : C*"*!' — Upp is Qump (H), then, the achieved SNR is

I'(Qup (H) , H) and the outage probability is Out (Qup) = Pr{T' (Qmup (H) ,H) < a}.

In the subsequent sections, we will propose two VLQs respectively for the sum and individual
power constraints, and show that the full-CSI outage probabilities Out (Fullgyy) in (2.5) and

Out (Fullqy) in (2.8) can be achieved with finite average feedback rates.

2.3 Variable-Length Limited Feedback for the Sum Power

Constraint

In this section, we first describe the proposed VLQ for the relay networks subject to the sum

power constraint. Afterwards, we show the proposed VLQ can achieve the full-CSI outage

13



probaiblity Out (Fullgyy) in (2.5) with a finite average feedback rate both theoretically and

numerically.

2.3.1 Proposed VLQ

For any given H, we propose a VLQ using the random codebook {w;}, where w; € Wsyy
is independent and identically distributed with a uniform distribution on Wegyy for i € N
[15]. The random codebook provides a performance benchmark since if certain average
performance is attained, one deterministic codebook can be found to surpass this average

performance. Given {w;},, the proposed VLQ is represented by

VLQguw = {wi, Si,bi} (2.9)

where §; denotes the channel partition region of w; for ¢ € N, w; is the adopted relay
beamforming vector when H € §;, and b; is the binary feedback string representing the

index of w;.

Different from the channel partition regions in FLQs which consist of channel states that
achieve the best performance with the centroid codeword, the channel partition regions in
VLQgyy are set as

{H:T'(wo,H)>a} U,y {H T (w;, H) < a}, i =0,

S £ , (2.10)
(H: T (wi,H)>a}yN_y{H: T (wy,H) <a}, ieN-{0}.

For i € N, {H :I'(w;,H) > o} is the set of channels that are in non-outage when w; is
the beamforming vector; {H : I' (w;, H) < a} is its complementary set. For any H with

I'(wiyy, H) < a, all beamforming vectors lead to outage, then, VLQgy, naively chooses

14



wy as the beamforming vector; for any H with I' (w§y, H) > «, VLQgy examines each
beamforming vector in {w;}, sequentially until it finds some w; satisfying I' (w;, H) > a. In
terms of outage probability, the contribution of such w; is identical to that of the optimal

3 *
beamforming vector wgyy.

Variable-length coding is applied to encode the indices of w; for i« € N. Concretely, we
let by = {0}, by £ {1}, by = {00}, by £ {01} and so on for all binary strings in the set

{0,1,00,01,10,11,...}.3 The length of b; is |log,(i + 2)].

Based on the random codebook {w;}n, the outage probability and average feedback rate of

the proposed quantizer VLQgy, are

Out (VLQSUM) = E{wi}NPr {F (’LUZ,H) < a,Vi e N}

— EgEqw,y, 1 {T (w;, H) < a,¥i € N}, (2.11)

FR (VLQgp) = > |log,(i +2)] x Pr{H € S;}

1=0

=S llogali + 2)] % B, 1 {H € 5} (212)

=0
2.3.2 Outage Optimality

Theorem 2.1 states that the outage probability of our proposed quantizer VLQgyy is the
same as the full-CSI outage probability in (2.5). The proof of the theorem can be found in

Appendix A.1.

3The proposed VLQ in (2.9) can be extended to the case of prefix-free codes. In other words, there
is a prefix-free code for every quantizer designed in this chapter. Suppose {w;}, is a fixed-structured
infinite-cardinality codebook whose performance is no worse than that of random codebooks. Therefore,
it can achieve the full-CSI outage probability for the relay newtork. Let the codeword length of w; be
l; £ [2logy(i+1)+1] for i € N [16, Example 1]. It is straightforward to show that 3, 27" < 1. According
to the Kraft’s inequality, this code is prefix-free. Moreover, since I; = [2logy(i + 1) + 1] < 2logy(i + 1) + 2,
the average feedback rate of this code is also finite following the same derivations in the proof of Theorem
2.2.
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THEOREM 2.1. For any P > 0, we have

Out (VLQSUM) = Out (FUIISUM) . (213)

In the following, we provide an intuitive explanation of the result in Theorem 2.1. For a
given H with I' (w§y,,, H) > «, to achieve the same non-outage performance as the optimal
beamforming vector wgy,, one should use a unit-normal vector w € Wsy that is “close”
enough to wjy, such that I' (w, H) > a. We show that there exists a non-zero probability
region in the unit sphere where all the unit-normal vectors result in non-outage. However, to
“closely” represent wgy, for any such H, we need infinitely many beamforming vectors in the
codebook {w;}, to capture at least one in that non-outage region. Obviously, a FLQ with a
finite feedback rate will not succeed. Whereas our VLQ proposed in (2.9) includes infinitely
many beamforming vectors to achieve the full-CSI outage probability while perserves a finite

average feedback rate.

2.3.3 Average Feedback Rate

Theorem 2.2 provides an upper bound on the average feedback rate of VLQgyy, the proof of

which is presented in Appendix A.2.

THEOREM 2.2. For any P > 0, we have

_PXjZ 1 1 o N
FR(VLQaw) < Co+ Cre 7 |4+ | |1+ <F> , (2.14)

where Cy, C7 > 0 are constants that are independent of o and P.

Since e ©*in (L + 2~] [1 + (%)N} in (2.14) is bounded for any outage threshold a > 0

and any transmit power P > 0, the average feedback rate of VLQgyy is finite. As shown in
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the numerical simulations, the average feedback rate can actually be very small.

2.3.4 Numerical Simulations

In this section, we provide numerical simulations of the outage probability and the average
feedback rate of VLQgy. We let v = 1, and (0%,,07,) = (1,0.8), (07,,02,) = (0.7,0.9) for
two relays; (O'J%I,O'J%Q,O'J%S) = (1,0.8,0.6), (031,032,033) = (0.5,0.7,0.9) for three relays; and
(0%,,0%,,0%,.0%,) = (1,0.8,0.6,0.4), (02, 02,,02,,02,) = (0.3,0.5,0.7,0.9) for four relays.
Other values of o and channel variances will show similar simulation results. For each value
of the transmit power P, a sufficiently large number of channel realizations are generated such
that at least 1,000 outage events can be observed. For each channel state realization with
non-outage in the full-CSI case, a random relay beamforming vector w € Wsyy is generated
repeatedly until a vector that results in non-outage is found. With such simulation settings,
the average feedback rate is computed as the average number of feedback bits, and the
simulated outage probability is the number of outage incidents divided by the number of

all channel state realizations. No endless iteration has occurred when w is generated in any

channel state realization.

2.8 .
—e—2 Relays
26" —&— 3 Relays||
——4 Relays
2.4r
)
o]
o 2.2-
g
5
i
o 18r
5
0 16
<
1.4r
1.2r
5 30 45 50

35 40
P (dBm)

Figure 2.2: Simulated average feedback rates of VLQgyy (dBm is 10log(P/1mW)).
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Figure 2.3: Simulated outage probabilities of VLQgy and FLQgy (dBm is 10log(P/1mW)).

In Fig. 2.2, when N = 2,3 or 4, the simulated average feedback rate is no larger than
3 bits per channel state for any P. In Fig. 5.7, we compare the outage probabilities
of VLQgy and the FLQ in [11] denoted by FLQgu.? Given H and the random code-
book {wi},_o s, where w; € Wey, FLQgy chooses the relay beamforming vector as
FLQgy (H) = AGMAXyefu}_  ,p [ (w, H), thus, the feedback rate of FLQgyy is B bits
per channel state. We let B = 2,3,3 for N = 2, 3,4, respectively. These values of B are
close to (but still larger than) the average feedback rates of VLQgy with the same relay

network configurations in Fig. 2.2. Therefore, VLQgyy shows great improvement in outage

probability compared to FLQgyy.

4Theorem 2.1 has shown VLQgy, achieves the full-CSI outage probability in (2.5). Hence, the simulated
outage probability of VLQgyy in Fig. 5.7 is also the simulated full-CSI outage probability.
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2.4 Variable-Length Limited Feedback for the Individual

Power Constraint

In this section, we propose a VLQ design for the relay network subject to the individual
power constraint and prove it can attain the optimal outage probability in (2.8). Due to the
intractable theoretical analysis on the average feedback rate of the proposed VLQ, numerical

simulations are presented to show it is finite.

2.4.1 Proposed VLQ

For any given H, the relay beamforming vector p;, = [pi1, ..., . N]T € Uy in the random

codebook {p;}, is constructed by
fin = |in] €8 Wm) ;0| = rand(), arg(p;,,) = 27 x rand(). (2.15)

The proposed VLQ for the individual power constraint is represented by

VLQnp = {m:;Pi,di}, (2.16)

where p, is the assigned relay beamforming vector when H falls in the channel partition
region P;, and d; is the binary representation for the index of g;. Similar to (2.10), the
channel partition region P; is given by

{H:F<MO:H)Za}uﬂieN{H:F(p’i:H)<a}v izO?

P; = , (2.17)
{H:T(u, H) > a} (o {H:T (g, H) <o}, ieN-{0}.
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The design for d; can also be inherited from that for b; in VLQgyy, thus, the length of d; is
|logy(i 4+ 2)]. The key difference between VLQqy, and VLQgyy lies in the construction of the

beamforming vectors in the random codebook.

With {u,}y, the outage probability and average feedback rate of VLQqy, are

Out (VLQuyp) 2 Equ Pr{T (i, H) < o, Vi € N}

= EgEquy, [1{T (1, H) < o, Vi € N}, (2.18)
FR (VLQpp) = iuogz(z‘ +2)] x Pr{H € P;}
= ZuogQQ +2)] x EgEq,y, [L{H € P;}]. (2.19)

2.4.2 Outage Optimality and Average Feedback Rate

The following theorem shows that in the relay network with the individual power constraint,
our proposed VLQ achieves the full-CSI outage probability in (2.8). The proof of the theorem

is provided in Appendix A.3.

THEOREM 2.3. For any P > 0, we have

Out (VLQIND) = 0ut (FUIIIND) . (220)

Due to the highly complicated expression of g%, in (2.7) which hinders from further tractable
analysis, we are unable to provide a closed-form upper bound on the average feedback rate
FR (VLQqyp) to theoretically prove its finity. However, we can still perform numerical sim-
ulations to verify this, i.e., Fig. 2.4 shows the average feedback rate will be finite under

different simulation parameters and network configurations.®

5We use the same parameters for channel variances and o = 1 here as in Section 2.3.4.
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In Fig. 2.5, we also compare the outage probabilities of VLQq, and the FLQ in [10, Section
V] denoted by FLQyp. The feedback rates of FLQq, are chosen as B = 2,3,4 bits per
channel state for N = 2,3,4, respectively. Although the average feedback rate of VLQqyp
is smaller than that of FLQqyp with the same network configuration, VLQ;y, has obtained

much smaller outage probability compared to FLQqyp-
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Figure 2.4: Simulated average feedback rates of VLQqy, (dBm is 10log(P/1mW)).
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Figure 2.5: Simulated outage probabilities of VLQqyp and FLQqyy (dBm is 10log(P/1mW)).
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2.5 Conclusions

In this chapter, we have proposed VLQs for the AF relay networks respectively subject to
the sum and individual power constraints, and showed the proposed VLQs can achieve the
full-CSI outage probabilities with finite average feedback rates. In the future, we intend to
work on the VLQ design for the multi-user relay networks with the sum or individual power
constraint, and the goal is still to approach the full-CSI outage probability with a finite

average feedback rate.
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Chapter 3

Multicast Networks with

Variable-Length Limited Feedback

We investigate the channel quantization problem for two-user multicast networks where the
transmitter is equipped with multiple antennas and either receiver is equipped with only a
single antenna. Our goal is to design a global quantizer to minimize the outage probability.
It is known that any fixed-length quantizer with a finite-cardinality codebook cannot obtain
the same minimum outage probability as the case where all nodes in the network know
perfect channel state information (CSI). To achieve the minimum outage probability, we
propose a variable-length global quantizer that knows perfect CSI and sends quantized CSI
to the transmitter and receivers. With a random infinite-cardinality codebook, we prove
that the proposed quantizer is able to achieve the minimum outage probability with a low
average feedback rate. We also extend the proposed quantizer to the multicast networks

with more than two users. Numerical simulations validate our theoretical analysis.
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3.1 Introduction

It is known that using more than one antenna at the transmitters can greatly improve the per-
formance of communication systems. However, the performance depends on the availability
of channel state information (CSI) at the transmitters and receivers |1, 4, 10]. Receivers can
obtain CSI through training sequences; however, the transmitters must rely on the feedback
information from receivers to do so. Additionally, perfect CSI at the transmitters requires
an “infinite” number of feedback bits, which is unrealistic due to the limitations of feedback
links. Therefore, it is more practical to employ quantized CSI to design efficient transmission

schemes for wireless networks.

There has been a lot of work on channel quantization in point-to-point multiple antenna
systems. An overview of research on limited feedback can be found in [17]. In multiple-
input single-output (MISO) systems, a fixed-length quantizer (FLQ) is proposed in [1] to
maximize the capacity by applying the beamforming vector at the transmitter. In FLQs, the
number of feedback bits per channel state is a fixed positive integer. Compared to the case
that all the nodes know CSI perfectly, fixed-length quantization always suffers from some
performance loss. On the other hand, [3] proposes a variable-length quantizer (VLQ) to
achieve the full-CSI outage probability with a low average feedback rate. VLQs allow binary
codewords of different lengths to represent different channel states. It has been shown in [3]

that variable-length quantization does not suffer from performance loss in MISO systems.

In this chapter, we study the channel quantization problem in multicast networks with two
receivers. We use transmit beamforming and consider the outage probability gap between
the proposed quantizer and the full-CSI case. For a FLQ, the standard encoding rule is to
choose the codeword “closest” to the channel state. For any finite-cardinality codebook, the
outage probability of a FLQ is strictly worse than that of the full-CSI case [3]. To achieve

the full-CSI outage probability with a finite average feedback rate, we propose a VLQ with
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a codebook of infinite cardinality. We incorporate the idea of variable-length coding and
expect that in such a VLQ, the codeword covering a larger partition of channel space can be
represented by a fewer number of bits. In this way, the average feedback rate can be made

finite.

Based on the above analysis, we propose a VLQ in multicast networks that has access to full
CSI and sends quantized CSI to the transmitter and receivers via error-free and delay-free
feedback links. We consider a random codebook with infinite cardinality that is tractable
for analysis [18]. Also, if a random codebook can provide a certain level of performance,
then one codebook that will surpass this performance can be found. We first prove that
the outage probability for the VLQ is the same as that of the full-CSI case. Afterwards,
through a derived upper bound on the average feedback rate, we will show that: (i) the
average feedback rate is finite and small in the entire range of transmit power; (ii) the
average feedback rate will converge to zero when the transmit power approaches infinity or
zero. Moreover, we extend the proposed VLQ to the multicast networks with more than two
users. In addition to theoretical analysis, numerical simulations are presented to verify the

effectiveness of the proposed VLQ.

Our contributions in this chapter are threefold:

1. A novel VLQ is proposed for the multicast networks with two users. It can be extended
to the multicast networks with more than two users. The performance of the proposed

quantizer is the same as that of a system with full CSI.

2. For the first time, we provide a framework for analyzing the performance of random
codebooks using variable-length limited feedback. The derivations based on random

codebooks in this chapter can be applied to many other scenarios.

3. Our work is an important necessary first-step towards the goal of designing VLQs

for multicast networks using only local CSI. The availability of a global quantizer
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that achieves the full-CSI performance, as shown in this chapter, opens the door for

designing distributed quantizers.

Notations: For a vector or matrix, T represents its transpose and T represents its conjugate
transpose. C denotes the set of complex numbers and C™*" denotes the set of complex
vectors or matrices. CN (a,b) represents a circulary-symmetric complex Gaussian random
variable (r.v.) with mean a and covariance b. E[:] denotes the expectation and Prob {-}
denotes the probability. IN is the set consisting of all natural numbers. For any real number
x, | x] is the largest integer that is less than or equal to x. 1gt = 1 when the logical statement
ST is true, and 0 otherwise. Finally, fx(-) is the probability density function (PDF) for r.v.
X.

3.2 System Model

Ay
Q#) —Y
transmitter % q--cce--- agmmememmeeeod genie H-= [hl hQ]
A

A
L| receiver 2

Figure 3.1: System block diagram (solid and dash lines represent signal transmission and
feedback links, respectively. The “genie” stands for a global channel quantizer Q).

Consider the multicast network in Fig. 3.1, where a transmitter with ¢ antennas (¢ > 2) is
sending common information to two singe-antenna receivers. The channel vector from the
transmitter to receiver m is denoted by h,, = [hp1 -+ BT € C1) where hyp, ~ CN(0,1)

form=1,2,n=1,...,t. Let x,, = ||hm||2 for m = 1,2. Then the entire channel state is
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represented by H = [hy hy] € C"2. We assume h,, is perfectly estimated at receiver m and
consider a quasi-static block fading channel model in which the channel realizations vary

independently from one block to another while remain constant within each block [4].

At the transmitter, z € X = {z:x € C*! ||z||*> =1} is employed as the beamforming
vector and a scalar symbol s € € is sent through ¢ antennas. The received signal at receiver

m 1S

Ym = \/ﬁxThms + Gm,

where P denotes the transmit power and g, ~ CIN(0, 1) is the additive white Gaussian noise
term. We assume E [|s|?] = 1. For the multicast network, the maximum achievable rate is
logy (1 + P min,,—; o [h,,|?) [19].} Let v (z, H) = min,,—; » ‘xThm|2, then for the target data
transmission rate p, an outage event will occur if log, (1 + Py (z,H)) < p, or equivalently,

if v (z,H) < £z1. Without loss of generality, we assume p = 1 throughout this chapter.

Thus, QPT’l = ]%. Results for other values of p can be obtained similarly.

The full-CSI case where perfect CSI is known by all nodes in the multicast network is studied
in [19], and the optimal beamforming vector is computed as Full (H) = argmax v (z, H).

2 Then the full-CSI outage probability is

(3.1)

[un

P b

1
Out(Full) = Prob {7 (Full (H),H) < —} = Enl, rom),m)<

'In this chapter, we only consider the channel quantization problem for transmit beamforming. Although
the precoding matrix can have higher rank than the beamforming vector, it can be inferred from [19, Theorem
1] and [19, Theorem 2| that optimal beamforming vector actually achieves the same maximum achievable
rate as the optimal precoding matrix in multicast networks with two users. This also holds in the three-user
case [20].

2For any H, Full (H) exists because v (z,H) is a continuous function on  and X is a bounded and
closed set. There might exist more than one unit-normal vector that can achieve maximum value of v (z, H)
and Full (H) can be any one of them.
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In contrast to the full-CSI case where the perfect CSI needs to be fed back to all nodes, we
consider a global quantizer denoted by Q which only requires perfect CSI to be available
at a “genie” in the multicast network. As depicted in Fig. 3.1, the “genie” first gathers
h, and hy from receivers 1 and 2 via error-free and delay-free feedback links. Then it
quantizes H = [h; hy| and sends limited feedback information Q (H) to both receivers and
the transmitter. The "genie” does not have to be a specific node outside the network and it
can be either receiver or the transmitter. For example, if receiver 1 plays the role of “genie”,

it only needs to collect hy from receiver 2.

For an arbitrary global quantizer Q, the distortion with respect to the outage probability is
defined as Dist = Out (Q) — Out (Full). Since Out (Full) is invariant for fixed P, minimizing
Dist is equivalent to designing a quantizer to minimize Out (Q). In the subsequent sections,
we are going to propose a VL(Q and show that even if perfect CSI is no longer available at

all nodes, the full-CSI outage probability or zero distortion can still be achieved.

3.3 Channel Quantization and Encoding Rule

In the multicast network, we consider a global VL(Q associated with a random codebook
{z;}iew where 2; € X is independent and identically distributed with a uniform distribution
on X for i € IN [15]. The random codebook is generated each time the channel state changes
and revealed to all nodes in the network. It provides a performance benchmark since if a
random codebook can achieve certain performance, one deterministic codebook can be found
to surpass this performance. For any realization of {z;};cn, the proposed VLQ is represented

by

Qg = {z;, Ri, bi}, (3.2)
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where R; denotes the partition channel region of z; for « € IN. In other words, x; is used as
the transmit beamforming vector when H € R;. Also, b; is the feedback binary string that

represents the index x;. We shall later specify b; explicitly for every + € IN.

Let us now specify the partition regions R;. In this context, our main observation is that for
a given H, it is not necessary to always choose the best codeword z* that maximizes v (z, H)
among & € {z;};eny. Any codeword z that enables v (z,H) > % can be applied. Hence,

different from channel-partition regions of FL.QQs which consist of channel states that achieve

the best performance with the “centroid” codeword, Ry in Qviq is set as

Roz{H:v(xo,H)z%}Uﬂ{H:y(mi,H)<%}, (3.3)

€N
and R; for i € N — {0} is set as

i—1

Ri:{sz(azi,H)z%}mﬂ{H:ﬂxk,H)<%}. (3.4)

k=0

For any z € X, {H cy(x, H) < 1%} includes all channel states for which an outage incident
will happen if  is employed as the beamforming vector, and {H v (z,H) > %} is the
complement set. Thus R is the union set of channel states for which using any codeword in
the codebook as the transmit beamforming vector cannot prevent outage and channel states
for which using zy will not result in outage.®> For any i € IN — {0}, R; consists of channel
states for which using x; can prevent outage while using x,...,x; ; cannot. It can be
easily inferred that {R;} is a collection of disjoint sets and U;enR; is equal to the entire

channel space.

We apply variable-length coding to encode z; for ¢« € IN. To be specific, we set by = €, which

3It  will be shown in Appendix B.l1 that Ry is equal to the expectation of
{H:v(xo,H)> 5} J{H:v(Full(H),H) < 5} with regard to the random codebook {z;};cwx with
probability one. Therefore, Qvrg can determine whether H belongs to this region or not based on the
expression of the optimal beamforming vector given by [19, Theorem 2|, rather than checking all codewords

in {z:},cn-
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is an empty codeword, 4 by = {0}, by = {1}, bz = {00}, by = {01} and sequentially so on

for all codewords in the set {¢,0,1,00,01,10,11,...}. The length of b; is |[log,(z +1)].

With perfect CSI and any realization of {x;}, .\, QvLq first determines the partition channel
region R; in which the current channel state H falls according to (3.3) and (3.4). Then the
corresponding codeword z; is chosen and |log,(i + 1)| bits are fed back to notify the index
of ¢;.> After decoding the feedback information, z; is employed by the transmitter as the

beamforming vector. Therefore, the average feedback rate of Qyrq is

R(Quiq) = Y _[logy(i +1)|Prob {H € R;} = > [logy(i + 1) |[EgEie ), ler,.  (3.5)
i=1 =1

The outage probability is given by

1.
Out(QVLQ) = E{mi}iemPrOb {”)/ (x“H) < E,VZ c IN} = EHE{xi}ielNl’y(mi,H)<%,Vi€]N'

(3.6)

3.4 Outage Optimality

In this section, we show that the proposed VLQ in (3.2) will achieve the full-CSI outage

probability.

Intuitively, to attain the full-CSI outage probability means for any H where strict non-

outage achieved by the optimal beamforming vector Full (H) (i.e., v (Full (H),H) > ),

the proposed VL(Q should return a unit-normal vector & that is “close” enough to Full (H)

1

so that z also succeeds in + (x, H) > £.% For such H, there exists a certain region in the unit

4An empty codeword is used here for illustration. Adding 1 bit to each codeword to avoid an empty
codeword only increases the average feedback rate by 1 bit per channel realization, thereby not impacting
the result of the average feedback rate being finite.

®We reemphasize that {z:},c refers to the infinite-cardinality codebook while x; represents any beam-
forming vector selected from {z;}, -

5We will show the channel state H satisfying v (Full (H),H) = + has probability zero.
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sphere of beamforming vectors with non-zero probability, where all the unit-normal vectors
also result in strict non-outage. In order to “closely” represent Full (H) for any H € C'*?
we need infinitely many codewords in the codebook for the proposed VLQ, so that these
infinite vectors ensure at least one efficient vector in that region will eventually be chosen to
make H non-outage. This also tells why a FLQ with a finite feedback rate cannot achieve

the full-CSI outage probability.

The following theorem says the outage probability of the proposed VLQ is equal to that of

the full-CSI case, the proof of which is given in Appendix B.1.

THEOREM 3.1. For any P > 0, we have

Out(Qvrg) = Out(Full). (3.7)

3.5 Average Feedback Rate

In Section 3.4, we have shown the infinite codebook cardinality is the key to achieve the
full-CSI outage probability. In this section, we will show that when variable-length design
in Section 3.3 is applied to encode these infinite codewords, a finite average feedback rate is

attainable.

Define

Ho={H:HecC" 1>+ x2>+},
={H:H¢cHoy(Full(H) H) <3},
= {H : H € Mo, (Full (H)  H) = £},

Hy = {H:H c Ho,v(Full (H),H) > L},

w
—



As defined in Section 3.2, Xm = ||hm||* for m = 1,2. Based on the encoding rules in (3.3),

(3.4) and the random codebook {z;};cn, the feedback rate in (3.5) can be rewritten as

3
R (Quig) X_) /H Pl (3.8)

o = Zp (1—p)llogy(i+1)],p = Prob{ (xi,H)<%}.

From the proof of Theorem 3.1 in Appendix B.1, it is directly obtained that p =1 and ® =0
for any H € H, U Hy. Hence, [y, @fu(H)AH = [y, ®fua(H)dH = 0. Then R(Qvrq)

in (3.8) is equivalent to

R(Qvirq) :/Hey ¢ fy(H)dH. (3.9)

The following lemma exhibits an upper bound on ®, the proof of which is presented in

Appendix B.2.

LEMMA 3.1. For any 0 < p <1, we have

6 2 1
< p(l-— —— +2)p? ’1 . 1
< p( p)+<1og2+ >p T ioga? 8T, (3.10)
Substituting (3.10) into (3.9), it follows that
R(QuvLg) < L1 + Ir + I, (3.11)
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where

L=c /H P ) fu(H)aH,

IQ = Cg/ p2fH(H)dH,
HcHs

1
I; = Cg/ P <log ; ) fu(H)dH,
Hets - D

and Ch =1, Cy, = % +2,C3 = é. To further proceed, we also need useful bounds on p.

For an upper bound on p, using [5, Lemma 2| and [21], we obtain

Xm

2 t—1
where the last equality arises from Prob{ xjhm‘ < x} =1- (1 - i) [? |. Since

-1
(1—a)?>1—abfor0 <a<1andb> 1, (1—%) > 1—;,;(—:1. Therefore, p is

upper-bounded by

2
t— 1l 1
< S (3.12)

Another upper bound on p obtained from Lemma B.4 in Appendices B.1 and B.4 is given as
p<1— (11D, (3.13)

where

2

[Full (H)]" h,, T 1

m=1,2 Xm
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In addition, a lower bound on p (or equivalently, the upper bound on 1 — p) is given by

2 1 1 t—1
h ‘ > —5=11-—— ) 14
mz 1 = P} ( le (3 )

1—p§Prob{

With bounds on p in (3.12), (3.13), (3.14) and based on (3.11), we deduce an upper bound
on R (QvLg) and present it in the following theorem, the detailed proof of which is shown in

Appendix B.3.

THEOREM 3.2. For any P > 0, we have

1+ 1 +log(1—{—P)
PP P ’

=

R (QVLQ) S C()G_ (315)

where Cy > 0 is a constant that is independent of P.

Remark 1: We mainly focus on showing how the number of average feedback bits for Qyrq
changes with P. Therefore, it is beyond the scope of this chapter to find the tightest bound,

i.e., the smallest value for Cj.

Remark 2: From (3.15), it can be seen that in the medium and high regions for P, the

derived upper bound on average feedback rate is dominated by e~ P [% + w}; in the

1
e P

P2t .

low region for P, it is dominated by Moreover, the upper bound will approach zero
when P — oo and P — 0. The average feedback rate also behaves like this. This can be
intuitively interpreted as follows: when P — oo, any vector in the codebook will not cause
an outage event, while when P — 0, any vector will result in outage. According to the

encoding rule of Qyrq, only empty codewords will be fed back in both situations. Thus the

average feedback rate approaches zero.
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3.6 Numerical Simulations

In this section, we perform numerical simulations to verify the theoretical results for the

outage probability and the average feedback rate.

Simulation Procedure:
1: Initialization: Given ¢, P. Set Out = 0, R = 0, Loop = 0;
2: while Out < 1000
3: Index = 0;

4: Loop = Loop + 1;

5: Generate a realization of H;

6: if v (Full (H),H) <

7 Out = Out + 1;

8: else

9: Randomly generate x € X’;
10: while v (z, H) < &
11: Randomly generate y € X';
12: r =1y,
13: Index = Index + 1;
14: end
15: end
16: R =R+ |logy(1 + Index)|;
17: end
18: return R = Lip, Out = 1%;'

In the pseudo-code, a sufficiently large number of channel realizations will be generated in
order to observe 1000 outage events for each ¢t and P. Moreover, Out stands for the simulated
outage probability, R refers to the simulated average feedback rate and Loop records the
number of channel realizations. For each channel realization, whether the full-CSI case
could prevent outage will be checked in line 6. If not, an outage event is declared in line 7;
otherwise, in lines 9 to 14, a random unit-normal vector will be generated repeatedly until
one that allows the current channel realization to prevent outage is found, and the index of
the selected codeword is Index. Together with line 16, the simulated feedback rate is the
average number of feedback bits calculated in line 18, where the simulated outage probability

is computed as 1000 divided by the number of all channel realizations. In all the simulations,
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no endless iteration has been detected, which is equivalent to say that as long as the channel
state realization is able to avoid outage in the full-CSI case, a randomly-generated codeword

that also prevents outage will eventually be found.
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Figure 3.2: Simulated average feedback rates when ¢t = 2,3,4 (¢ is the number of transmit
antennas).

Fig. 3.2 shows the simulated average feedback rates for ¢ = 2,3,4. The horizontal axis
represents P in decibels. It can be observed that: (i) all the average feedback rates will
decrease towards zero when P increases towards infinity or decreases to zero; (ii) the average
feedback rate is finite and small for any P; (iii) the average feedback rates for t = 2,3,4
coincide in the high-P region. These observations correspond to the upper bound derived in

Theorem 3.2.7

In Figs. 3.3(a) and 3.3(b), we compare the outage probabilities of QyLq and a traditional
FLQ denoted by Qprq. For any given H, Qprq employs B bits to quantize H based on the

random codebook {:Ei,i =0,...,28 - 1} according to

Qrrq (H) = argmax vy (x,H).
ze{z;,i=0,....28 -1}

"For (iii), the upper bound in Theorem 3.2 shows the average feedback rate is dominated by
e~ F [% + W} in the high-P region, which is independent of ¢.
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Figure 3.3: Simulated outage probabilities of Qyrq and QpLq when ¢t = 2,3,4 (¢ is the
number of transmit antennas).

Then the outage probability is Out (QrLq) = Eyg, i, 28_13Prob {’y Qrrq (H P}
and the average feedback rate is R (QpLg) = B. It is observed from Fig. 3.2 that R (QVLQ) is
no larger than 0.8, 2 or 3 bits per channel state when ¢ = 2, 3 or 4, respectively. Thus in Fig.
3.3(a), we choose the number of feedback bits assigned to Qprq to be B = 4,6 and 8 when
t = 2,3,4, respectively. Curves in Fig. 3.3(a) demonstrate that Qyrq outperforms Qprq
even when the latter one has a much larger feedback rate. In Fig. 3.3(b), we let B =1,2,3
for t = 2,3, 4, which are close to (but still larger than) R(QvLq). It can be seen that the
outage probabilities of Qpr,q are much worse than those of Qyrq. Therefore, it is revealed

from Figs. 3.3(a) and 3.3(b) that QvLq is superior to QpLq.

3.7 Generalization to Multicast Networks with More than

Two Users

The quantizer proposed for multicast networks with two users can be applied to the multicast

networks with more than two users after slight modifications. We still name it Qyrq for

37



—e—RQ,)t=2

Simulated Average Feedback Rate

e RQt=3

——R(Q ) t=4

P (dB)

Figure 3.4: Simulated outage probabilities and average feedback rates when M = 3,4 and
t = 2,3 (M is the number of receivers and ¢ is the number of transmit antennas).

simplicity. Denote the number of receivers by M. When M > 3, h,, = [hpm1 - Bone)’
stands for the channel vector from the transmitter to receiver m with h,,, ~ CN(0,1) for
m=1,....,Mandn=1,...,t. Then H = [hy---hy] € C*M represents the entire channel
state. Let v (z,H) = min,—;  m }:ﬂhm|2 for any x € X. With such modifications, we
can apply the proposed quantizer Qyrq in (3.2) with encoding rules in (3.3), (3.4) to the

multicast networks with more than two users.

For the two-user case, we have rigorously proved Qyrq could achieve the optimal outage
probability with a finite average feedback rate, and the proofs rely on the closed-form ex-
pression of Full (H) given in [19]. But when the multicast network has more than two users,
there is no optimal solution for Full (H) in the literature. Thus, we cannot apply the same
method to prove Qyrq could achieve the optimal outage probability with a finite average

feedback rate in the general case with an arbitrary number of users.

Nevertheless, our proposed quantizer Qvr,q is still effective in the multicast networks with
more than two users. The “closest” solution we have found for Full (H) is in [22], which uses
approximation but generates optimal solutions in many scenarios. In Fig. 3.4, we simulate

the outage probabilities and average feedback rates according to the simulation procedure in
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Section VI when the numbers of users are M = 3,4 and the numbers of transmit antennas
are t = 2, 3, respectively. We use the solution in [22| as the base for the simulation procedure,
thus its outage probability is treated as the full-CSI performance. We believe that if the
exactly optimal solution for Full (H) is found, our proposed quantizer will also yield the
optimal outage probability. Fig. 3.4 shows that Qyrq could attain the full-CSI outage

probability using finite average feedback rates when there are more than two users.

3.8 Conclusions and Future Work

In this chapter, we have proved that in the two-user multicast network, the proposed VLQ
can achieve the full-CSI outage probability with a low average feedback rate. We have also
extended the proposed VLQ to the multicast networks with more than two users. In the
future, we intend to work on a distributed quantizer for the multicast network by localizing
the proposed VLQ. In this scenario, each receiver only feedbacks its local channel information
and no node can acquire the full CSI. We aim to approach or even achieve the full-CSI outage

probability at the cost of a finite average feedback rate.
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Chapter 4

Cooperative Quantization for Two-User

Interference Channels

In this chapter, we introduce cooperative quantizers for two-user interference channels where
interference signals are treated as noise. Compared with the conventional quantizers where
each receiver quantizes its own channel independently, the proposed cooperative quantizers
allow multiple rounds of feedback communication in the form of conferencing between re-
ceivers. For both time-sharing and concurrent transmission strategies, we propose different
cooperative quantizers to achieve the full-channel-state-information (full-CSI) network out-
age probability of sum-rate and the full-CSI network outage probability of minimum rate,
respectively. Our proposed quantizers only require finite average feedback rates, while the
conventional quantizers require infinite rate to achieve the full-CSI performance. For the
minimum rate, we also design cooperative quantizers for a joint time-sharing and concurrent
transmission strategy that can approach the previously-established optimal network outage
probability with a negligible gap. Numerical simulations confirm our cooperative quantizers

based on conferencing outperform the conventional quantizers.
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4.1 Introduction

Channel quantization in a network with multiple receivers is fundamentally different from
that in a point-to-point system. In a point-to-point system, the receiver can acquire the entire
channel state information (CSI) and send the corresponding quantized feedback information
to the transmitter [1, 2, 3, 4]. On the other hand, in a network with multiple receivers, each
receiver only has access to its own local CSI due to different geographical locations of the
different receivers. Each receiver can thus, quantize only a part of the entire global CSI,

which results in a distributed quantization problem [5, 6].

In the existing work on distributed quantization for networks with multiple receivers |6, 237
|, each receiver first quantizes its local CSI independently, then, sends a finite number of bits
representing quantized information through feedback links to other terminals. After decoding
the feedback information from all receivers, each terminal reconstructs the quantized version
of the global CSI. Finally, transmission techniques such as beamforming or power control are
adopted by treating the global quantized CSI as the exact unquantized CSI. For example,
throughput maximization for interference networks based on separate quantized feedback
information from receivers is analyzed in [23]. In [6], MMSE-based beamformers are designed
for the K-user MIMO interference channels with independent quantized information from
each receiver. In [24], after receivers feed back the quantized CSI of both the desired and
interfering channels, beamforming vectors are designed in order to maximize the sum-rate.
In [25], the technique of inter-cell interference nulling is applied to cellular networks based
on quantized feedback channels to reduce outage and improve data rates. The design of
distributed quantizers for beamforming in relay-interference networks has been studied in
[5]. The performance of these quantizers heavily depends on the number of feedback bits
assigned to each receiver for quantization, and always suffers loss when compared with the

full-CSI performance.
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Another related work is the splitting algorithm for relay selection proposed in [26], in which
there is only one receiver in the system model with a one-dimensional source to be quantized.
The splitting algorithm performs the quantization through rounds of bit exchanges. However,
the splitting algorithm cannot be directly applied to solving the distributed quantization
problem in a network with multiple receivers, which usually involves higher-dimensional

sources to be quantized.

In this chapter, we propose a novel distributed quantization strategy with multiple rounds of
feedback communication in the form of conferencing between receivers. We assume (i) each
transmitter has the quantized instantaneous CSI provided by feedback from the receivers
through the feedback links between itself and receivers; (ii) receivers are co-located. Thus,
each receiver could have the quantized feedback information from others through inter-
receiver feedback links. This network model with co-located receivers and inter-receiver
feedback links is a valid model for many different scenarios. One example is a cellular
network with two neighboring cells and one mobile user at each cell. If the two mobile users
are at the cell edges and are geographically close enough, the feedback links between these
mobile users (receivers) could be utilized. Another example is that of two Wi-Fi access points
coexisting in the same room with different target wireless devices. Since the wireless devices
are clearly co-located, one can similarly make use of the feedback links between them for a

better performance.t

To illustrate the idea of conferencing, we consider the distributed quantization problem for
two-user interference channels with the transmission strategies of time-sharing and concur-

rent transmission. In time-sharing, only one transmitter can be active at any time within

'We would however also like to emphasize that our quantizer designs are applicable to networking models
where inter-receiver feedback links are not available. In fact, after each receiver broadcasts its quantized local
CSI, we can schedule one transmitter to broadcast those feedback bits back to the receivers. In this manner,
each receiver can have access to the feedback information from the other receiver. This only incurs at most
a doubling of the feedback bits relative to the scenario where inter-receiver feedback links are available. In
other words, for every rate-R distributed quantizer that allows inter-receiver conferencing, we can synthesize
a rate-2R distributed quantizer that achieves the same performance as the rate-R quantizer and does not
need any inter-receiver communication.
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the transmission block, thus, no interference exists. On the contrary, in concurrent transmis-
sion, two transmitters are allowed to send signals concurrently during the entire transmission
block. We consider the treatment of interference as noise, since (i) it allows low complexity
transceivers (which is most desired in cellular communications, ad hoc and sensor networks
[27, 28]), and (ii) it incurs very little performance loss compared to the information-theoretic
outer bounds in [29] that require cooperation among the transmitters and/or multi-user de-
coding at the receivers. We propose cooperative quantizers that achieve the full-CSI network
outage probabilities of sum-rate or the full-CSI network outage probabilities of minimum
rate in both time-sharing and concurrent transmission strategies with only finite number of
feedback bits. To approach the full-CSI network outage probability of minimum rate, we
further propose a joint strategy that combines the quantizers proposed for time-sharing and
concurrent transmission. Through numerical simulations, we verify the superiority of our

quantizers by comparing them with the conventional ones.

Notations: Bold-face letters refer to vectors or matrices. We use T to denote the matrix
transpose. The sets of complex, real, and natural numbers are represented by C, R, and N,
respectively. Pr{-} and E[-| represent the probability and expectation, respectively. The
sets of complex n x 1 vectors and complex m X n matrices are denoted by C"*! and C™ ", re-
spectively. We use the notation CN(a) to represent a circularly-symmetric complex Gaussian
random variable (r.v.) with 0 mean and variance a/2 per complex dimension. For a r.v. X,
fx(+) is its probability density function (pdf). For sets A and B, A—B ={z:2 € A,z ¢ B},
and A is the complement of A. For any = € R, |x] is the largest integer that is less than or
equal to x, and [z] is the smallest integer that is larger than or equal to z. For any z € C,
Real(z) is the real part of z. For any logical statement ST, we let 1(ST) = 1 when ST is
true, and 1(ST) = 0 otherwise. Finally, for by,...,by € {0,1} where N € N — {0}, the real

number [0.b; - - - by], is the base-2 representation of 32 | ,27".
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Figure 4.1: The two-user interference channel with limited feedback. The thick solid lines,
the thin solid lines, and the dashed lines represent the desired signals, interference signals,
and the feedback links, respectively.

4.2 Preliminaries

4.2.1 System model

Consider the interference channel in Fig. 4.1, where transmitters S; and Sy send independent
signals to receivers D; and D, concurrently. All terminals are equipped with only a single
antenna. The channel gain from S, to D; is denoted by hy;, for k,I = 1,2. We assume
that hi1, hoe =~ CN(1) and hyg, hoy =~ CN(n) for some 0 < 1 < 1. The role of the parameter
n is to model different interference signal strengths.? The local CSI at Receiver k is hj, =
[|h1;€|2 , |h2k|2]T € R**! and H = |hy, hy| € R?*? represents the global CSI. We assume that

the additive noises at the receivers are distributed as CN(1) and they are independent of H.

We assume a quasi-static block fading channel in which the channel states vary independently
from one block to another and remain constant within each block. Either receiver is assumed
to perfectly estimate its local CSI and send the associated quantized local CSI to the other
receiver and the transmitters in a broadcast manner via error-free and delay-free feedback

links [4, 30]. More particularly, in Fig. 4.1, the feedback bits from Receiver 1 will be received

2For a simpler exposition, we assume throughout the chapter that both his and ho; have the same
variance 7. Our results can easily be generalized to the scenario where the channels his and ho; have
different variances.
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by the two transmitters via the feedback links between Receiver 1 and transmitters, and by

the other receiver via the inter-receiver feedback link, as will the feedback bits from Receiver

2.

4.2.2 Transmission strategies

In this chapter, we consider two transmission strategies, namely time-sharing and concurrent
transmission. Time-sharing means either transmitter only occupies a proportion of the
block to transmit while remains silent in the rest, thus, no interference exists. concurrent
transmission refers to the scenario where both transmitters send signals within the entire
block, thereby causing interference to each other. Unless otherwise specified, we assume

interference signals are dealt with as additive noises throughout this chapter |27, 28].

Let s ~ CN(Fy) denote the information bearing symbol sent by Transmitter k with the
per-transmitter power constraint E Uskﬂ = P, < P for each channel state, where the
expectation is over all transmitted symbols. In other words, the average energy of the
symbols of either transmitter is always constrained by P. In time-sharing, let ¢ € [0, 1] be
the percentage of time within the entire block in which only S;, is active, with the constraint
t; +ty = 1. It is optimal for transmitters to use full power under the condition of no
interference, i.e., P, = P for k = 1,2. Therefore, for a given H, the data rate at Receiver k

1s
Rrs (tk) £ tilogy (1+ P |hu[*) . (4.1)

In concurrent transmission, let P, = pi P, where p, € [0,1]. For k,l = 1,2 and k # [, the

data rate at Receiver & is

Reti(pr, p2) 2 log, | 1+ bl |hkk|2 =log, | 1+ Ph |hkk|2 (4.2)
k(P1,p2) = log, —————— | =log, — | . :
P |y + 1 2 ’hlk|2+1l:o
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We will also consider a joint time-sharing and concurrent transmission strategy, the details

of which will be discussed later on.

4.2.3 Network Outage Probability

We consider the network outage probability, i.e., the fraction of channel states at which
the network rate measure falls below a target data rate p, as our performance measure.
Such a performance metric is well-suited for applications where a given constant data
rate needs to be sustained for every channel state [25, 31]. Two kinds of rate measures
will be considered, namely sum-rate and minimum rate. Specifically, in time-sharing, the
network outage probability of sum-rate and the network outage probability of minimum
rate are defined as Pr {Zizl Rrsk(tr) < p} and Pr{min{Rrs;(t1), Rrsa(t2)} < p}, respec-
tively; in concurrent transmission, the network outage probability of sum-rate and the net-
work outage probability of minimum rate are defined as Pr {Zizl Rerk(p1,p2) < ,0} and
Pr{min {Rct1(p1,p2), Rcr2(p1,p2)} < p}, respectively. For illustrative simplicity and with-
out loss of generality, we assume the sum-rate outage threshold to be p = 2 bits per channel
state and the minimum-rate outage threshold (for either receiver) to be p = 1. Results for

other values of p can be obtained likewise.

Our goal is to design efficient quantizers that can achieve the full-CSI network outage prob-
abilities in terms of sum-rate or minimum rate for both time-sharing and concurrent trans-

mission strategies.
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4.3 Cooperative Quantization for Network Outage Prob-

ability of Sum-Rate

We first study quantizers for concurrent transmission. In this scenario, the sum-rate is given

by

2
SRer (p1,p2) £ Rerr(p1, pa)-

k=1

Therefore, we defined the corresponding network outage probability as
OUTsprcr £ Pr{SRct (p1.p2) < 2}.

It is proved in [32] that when interference signals are treated as noise, the maximum sum-rate

is
max {SRCT (1, 0) s SRCT (O, 1) s SRCT (1, 1)} .
Therefore, the full-CSI network outage probability is

OUT;: o1 = Pr{max {SRct (1,0), SRer (0,1), SRer (1,1)} < 2}

In the following, we design a cooperative quantizer, namely CQgp 7, that can achieve
OUT?}’{CT exactly with only 1 feedback bit per receiver. The quantizer CQ)gg c consists of
two local encoders and a unique decoder. For k = 1,2, the k-th encoder ENCsg T, : R2*! —
{0, 1} is located at Receiver k, which will map hy to 0 or 1 according to ENCsg ctx (hi) =0
or 1. Then, Receiver k will feed back the binary codeword “1” if ENCsp ctx (hx) = 1, and

otherwise, it will feed back “0”. Afterwards, the decoder DECgsg ct that is shared by all
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=1

ENCgp 14 (h) =1 (log, (1 +P|hkk|2) > 2)
| > %) k=172

set CQgp.cr (H) = (0,1
set CQgpcr (H) = (1,1
set CQgpcr (H) = (1,0
set CQgpcr (H) = (1

Figure 4.2: The flow chart of CQgp c7-
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terminals will decode the two feedback bits and recover the values of ENCsg ctx (hi) for

k=1,2. The flow chart of CQgg ct is shown in Fig. 4.2.

THEOREM 4.1. The quantizer CQgp ct achieves the full-CSI network outage probability

using only one bit of feedback per receiver for every channel state.

Proof. Note that the quantizer CQgrct operates using only one bit of feedback per re-
ceiver per channel state, for a total of two bits per channel state. Moreover, with CQgp ¢,
an outage event will occur only when SRct(pr,p2) < 2 for any (p1,p2) € {(1,0),(0,1),
(1,1)}, or equivalently, when both receivers feed “0” back and the determined power pair
CQgpcr (H) = (1,1) still leads to outage. Therefore, the outage probability with the quan-

tizer CQgp ct is the same as the minimum possible outage probability OUT%%CT. O

The design of CQ g ¢t utilizes the fact that checking whether (p1, p2) = (1,0) or (0,1) causes

outage only requires the knowledge of local CSI at either receiver. We let Receiver k send
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one bit to indicate whether Retx(pr = 1,p = 0) = log, (1 + P |hkk|2) > 2, thus, two bits
from the two receivers provide adequate information for choosing the right pair (py, ps) to

attain the best performance.

We now proceed to time-sharing. In this case, the network outage probability for sum-rate
is
2
OUTsgts 2 Pr {SRTS (trt2) ) Rrsi(ts) < 2} :
k=1

Under the constraint t; + t5 = 1, the maximum sum-rate is
max {SRts (1,0), SRts (0,1)}.
Therefore, the full-CSI network outage probability is

OUT %+ = Pr{SRrs (1,0) < 2, SRrs (0,1) < 2} .

Noticing that SRts (1,0) = SRcr (1,0) and SRts(0,1) = SRct (0,1) from (4.1) and (4.2),
then, applying the same idea as in the construction of CQgg ct, We can design a coopera-
tive quantizer for time-sharing that also achieves OUT%%’TS with only one bit of feedback
per receiver (the details are omitted). On the other hand, SRts(1,0) = SRct(1,0) and
SRts(0,1) = SRct(0,1) implies OUT%‘;{CT < OUT%‘;{TS. Hence, we only need to consider
concurrent transmission when we wish to minimize the network outage probability of the

sum-rate.
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4.4 Cooperative Quantization for Network Outage Prob-
ability of Minimum Rate
In this section, we design cooperative quantizers that minimize the outage probability of

minimum rate. We first study the minimum possible network outage probabilities with

time-sharing and concurrent transmission, respectively.

Given a possibly channel-dependent time-sharing pair (¢, t5), the network outage probability

of minimum rate can be expressed as

OUTyr s = Pr {MRTS(t17t2> £ min{Rrs1(t), Rrsp(t)} < 1} :

Likewise, for concurrent transmission, given (pi, p2), the network outage probability can be

expressed as

OUTmpct = Pr {MRCT(phPQ) £ min{Ret1(p1, p2), Rero(pr,p2)} < 1} :

In the following two propositions, whose proofs are provided in Appendix C.1, we respectively
determine the optimal time-sharing and concurrent transmission pairs that minimize the

network outage probability of minimum rate.

PROPOSITION 4.1. Let (t1,t5) = argmax, ;. MRrs(ty,t2). We have

(t’{,t;) =
log, (1 + P |h22|2) log, (1 + P |h11|2)
10gy (14 P [h11]*) +logy (1+ P |hoal*) "logy (14 P |h1|*) + log, (1 + P |haol*)
(4.3)
- his |2 hoo |2
PROPOSITION 4.2. Let (p3,p5) = argmax,, .., MRct(p1,p2). If |h|21‘121'|1‘% > ‘h|12|2§‘+%, we
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have

\/4P2|h12|2|h21\2|h22|2+4P|h22\2\h12|2 +1-1
|hi1|”

DI Py) = 1 4.4
( 1> 2) 2P ’h12|2 9 Y ( )
) ] hie |2 hoo |2
and otherwise, if |h|21\1211rﬁ < |hL2\222L%’ we have
\/4P2\h11|2|h12|2||l;121\‘22+4P|h11|2|h21\2 +1-1
22
(1,p3) = | 1, (4.5)

2P |ho|?

In particular, the full-CSI network outage probabilities of minimum rate for time-sharing

and concurrent transmission are given by

OUTj%’TS = Pr{MR+s(t},t5) < 1}, OUTf;;’}gCT = Pr{MRcr(p},p35) < 1}.

We now propose two cooperative quantizers, namely C'Q /g 15 and CQ y;p 1, that can respec-
tively achieve the optimal outage probabilities OUT{};, 15 and OUTS}, ¢ with finite average

feedback rates per receiver.

4.4.1 Time-Sharing

For a given H, the minimum time percentage for Receiver k to prevent outage is given by

tk,min =

m, which can be calculated locally by Receiver k. Denote by CQ 15 (H)

the time-sharing pair (¢,%2) chosen by CQ g 1s.
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Round [ =0
ENC(Il)/IR.TS.k (he) =1(timin < 1),k=1,2

update 10 < 1,120« 0,k=1,2
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Round /
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ENCyprsy(bi) =1 timin > =552 | [ k=1,2

1 1
A set CQMRTS (H)_ (272)
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B Set OQ (H) — 1,min 1,min 2, min 2, min
MR,TS 2 ) 2 )
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min 2 ) min 1,min >
d t 1, : F t17 : <_t , :
update Jub,i—1_ jlb1—1
¢ ub,l ¢ ub,l—1 7flb,l 2,min Tt2,min
2,min — 2,min ’ “2min — 2

tub,l71+tlb,l71 ub,l71+tlb,171
1,mi 1,mi 2, mi 2,mi
(C Set CQMRVTS (H) — min 5 min , min 5 min ,

ub,l—1 | ,lb,l—1
ub,l—1 , 1b,l {1, min Tt min

ub,l

1,min <~ tl min 7t1,min <~ 2 )
ub,i—1 , ,1b,i—1

Ib,l—1

ub,l t2,min +t
2, min

5 — 2, min , t lb,l < t
b,l—1 | ,1b,I—1 b,l—1 | ,1b,l—1
ID) Set CQMR’TS (H) — (t;l,min ;tl,n)in , t;,min +t2jmin )

update
t

2,min 2 2,min
2

Figure 4.3: The flow chart of CQ yp 1s-

The proposed quantizer CQ g ts consists of two local encoders with the k-th encoder

ENCyrts i : R**! — {0,1} located at Receiver k and a unique decoder DEC mr,Ts function-
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ing at all terminals. We add the superscript “I” to indicate their operations at Round [ for
[ € N. At round [, Receiver k will feed back “1” if ENCZMR’TSJC (hx) = 1, and otherwise, it

will feed back “0”. The decoder DECIMR,TS decodes the two feedback bits and recovers the

ub tlb

o ins temin, Will be stored

values of ENC'l]\/m,TSJC (hy) for k = 1,2. Two variables, namely ¢

ub,l tlb’l
k,min’ “k,min

ub tlb

k,min’ “k,min

and dynamically updated at all terminals; ¢ will represent the values of ¢

after Round [. The flow chart of C'Q g 15 is presented in Fig. 4.3.

Remark 1: To provide some intuitions on the structure of CQ 15, note that the outage

1

condition MRrs (t7,t5) < 1 is the same as tq ymin + tomin > 1 since t1 min + tomin = ———— -
’ ’ ’ ’ MRT5<t1,t2)

Equivalently, CQ mr,Ts needs to determine whether 1 iy + 2 min > 1. To accomplish this,

Receiver k quantizes ¢y min in a successively refinable way with increasing {. The variables

tub

1b
k,min> t

kmin S€rve as the upper and lower bounds on ¢y min, which are updated based on the

two bits fed back by the two receivers in each round. This inter-receiver conferencing process
will end if the two feedback bits in some round satisfy the ending criterion shown in Fig.

4.3. When the ending criterion has been satisfied, the updated ¢} . ¢

komins trmin Will be adequate

to make a judgement of whether ¢ i, + t2min > 1 holds.

Let OUT (CQ MRIS) and FR (CQ MRIS) be the network outage probability and average feed-
back rate of CQ g s, respectively. The following theorem, whose proof can be found in
Appendix C.2, shows that whenever the optimal time shairing pair (¢%,¢5) in Proposition 4.1
can avoid outage, the quantized time-sharing pair chosen by CQ ) s Will also avoid outage

with probability one and with a finite average feedback rate.

THEOREM 4.2.

(a) Let CQuprs (H) = (t1,13). Then, we have 0 < i1,1y <1 and 1 + {5 = 1.

(b) For any P > 0, we have

OUT (CQur1s) = OUT k15, (4.6)
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FR(CQuprs) <2+ 2¢°F (1 + %) , (4.7)

where Cy is a bounded positive constant that is independent of P.3

Theorem 4.2.(a) states the feasibility of CQyp 15 (H) as a time-sharing pair; Theorem 4.2.(b)
shows the zero-distortion can actually be achieved in network outage probability by a finite
average feedback rate. Therefore, there is no need for infinite feedback bits per channel state
as the existing methods suggest. This surprising result comes from conferencing between

receivers in our design.

Moreover, notice that when P — oo, FR (CQMRIS) — 4. This is because the probability
that £ min < % converges to 1 for large P. Hence, after two rounds (which require a total of 4
bits of feedback), with probability 1, the pair (%, %) will be chosen as the time-sharing pair.
Similarly, when P — 0, the probability that ¢j i, > 1 will converge to 1. Therefore, after

Round 0 (with 2 bits of feedback), conferencing will end because the outage is inevitable

almost surely.

Furthermore, if a maximum number of conferencing rounds is imposed on CQyp s (i-e.,
conferencing ends either when the ending criterion in Fig. 4.3 is satisfied or the maximum
number of conferencing rounds L > 2 is reached), we have the following upper bounds on
ouT (CQMR,TS) and FR (C’QMR’TS). We omit their proofs here since they are similar to that

of Theorem 4.2.

COROLLARY 4.1. When a maximum number of conferencing rounds L > 2 is imposed on

3Since we focus on showing the average feedback rate is finite for any P, it is beyond the scope of our
paper to derive the tightest bound, i.e., the smallest value for Cy. Also, it is worth mentioning that the
feedback rate here can be interpreted as the time cost of conferencing. Feeding one bit back by either receiver
consumes one time unit, thus, the time cost of conferencing is equivalent to the total number of feedback
bits from both receivers.
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CQurs; for any P > 0, we have

1

e P
2L-2p’

1 1 L
R (CQMR,TS) <242F (1 + Co,zﬁ + Co,sm) , (4.9)

OUT (CQurvs) < OUT{ik 15 + Cou

where Cy 1, Coo and Cy 3 are bounded positive constants independent of P.

When P — oo in (4.8), OUT (CQup1s) — OUT(E;Z,TS' This arises from the fact that when
P — oo, the data rate at either receiver will be infinitely large for any chosen time-sharing

pair, thus, outage is eliminated almost surely.

4.4.2 Concurrent transmission

We have shown in the proof of Proposition 4.2 in Appendix C.1 that for any power pair
(p1,p2) with 0 < p1,pa < 1, the minimum rate can be further increased by scaling p; and po
simultaneously till either p; or ps reaches 1. Therefore, an optimal choice of (p1, ps) should

at least satisfy p; = 1 or p, = 1, as shown in Proposition 4.2.

For k,l = 1,2 and k # [, if we let p;, = 1, the maximum allowed power at Transmitter [ that
will not cause outage to Receiver k, and the minimum required power at Transmitter [ so as

to avoid outage at Receiver [ can be calculated at Receivers k and [, respectively, as

2 1
T

h
bl ) > 1= 1 < Prmax = =0

pilhu*+ 5

RCT,k(pk =1,p) = log, ( 4.10
R = = Pz|hzz| _ P+ 4 (4.10)
cri(pe =1, ) = log, (1 + P > 1 == p1 2 Prmin = b

Thus, when Transmitter k& consumes full power, the first task of C'Qyp 1 is to determine
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whether pymin < P < Prmax holds for some p; € [0,1]. Equivalently, CQyp ¢t should make
sure whether p; min < 1 and pimin < Pimax are simultaneously satisfied. If so, the second task
of CQyp.ct is to find a value between pjmax and pymin for p;. Whereas if CQyp o1 declares

outage under p, = 1, the other scenario where p; = 1 should be attempted subsequently.

The quantization procedure of CQyp, c7 is thus composed of two stages. Stage 0 will address
the scenario where p; = 1 to decide whether po min < pa < pamax holds for some py € [0, 1],
and find such a py if it exists. Similarly, conditioned on py = 1, Stage 1 will determine
whether p1min < P1 < Dimax holds for some p; € [0,1] and find such a p; if it exists. In
addition, Stage 1 will be initiated only if Stage 0 cannot find an appropriate value of po

that avoids outage. If both stages declare outage, an outage event will be unavoidable for

CQur ct-

More specifically, CQr ct comprises of two local encoders and a universal decoder. The k-
th encoder ENCyr etk - R**1 — {0, 1} is at Receiver k, and the universal decoder DECyr.ct
is at all terminals. We add the superscript “m,[” to represent their operations at Round
[ in Stage m for m = 0,1 and [ € N. For k = 1,2, variables ¢® and ¢ will be stored
and updated at all terminals, with qzb’m’l and q}fb’m’l being their instantaneous values after
Round [ in Stage m. The flow chart of CQypcr is shown in Fig. 4.4. Since Stage 1 is
similar to Stage 0, the procedure of Stage 1 is omitted for conciseness. Also, it should
be noted that in Stage 1 where p, = 1, if (ENC’}\;E%,CI1 (h1),EN A;[%CTQ (ha)) # (1,1), or
ENC’}M’lR’CT,1 (hy) = E’]\TC'}\;}-X,?(:T’2 (hy) = 1 for I > 2, CQppcr ends and the power pair is

CQMR,CT (H) = (17 1)-

Remark 2: The core of CQ g ct lies in the procedure of Round [ in Stage 0 or 1 for
[ > 2. In Stage 0, when it comes to Round 2, we have 0 < pomax < 1 and 0 < papmin <
1. Instead of determing whether pomin < pomax directly, CQ g cr determines whether
(1—=P2max) +P2,min < 1 holds, which can be done by treating 1 —p2 max and pymin in CQ g c7

as t1,min and to min in CQ yp 15, respectively. The conferencing-based procedure of CQ yp 15
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is thus applied to CQ /g c1, where the variables o™, @™ and gy ™ g3 represent the

lower and upper bounds on 1 — pg max and pa min updated during the conferencing process,

respectively.

Let OUT (CQ yp.cr) denote the network outage probability with CQ 5 1, and let FR (CQ . c1)
be the average feedback rate of C'Qypcr. The following theorem shows that CQ g cr
achieves the optimal outage probability with full CSI and provides an upper bound on

FR (C’Q MR’CT). The proof of this theorem is provided in Appendix C.3.

THEOREM 4.3.

(a) Let CQupcr (H) = (p1,P2). Then, we have 0 < py,po < 1.

(b) For any P > 0, we have

OUT (CQMR,CT) - OUT(]);;%,CT, (411)

FR(CQupcr) <4+4e 7 (Cip+1), (4.12)

where C is a bounded positive constant that is independent of P.

We also consider the situation where the numbers of conferencing rounds in both stages of
CQpp.ct are limited by L > 3. With this constraint, in Stage 0, if the ending criterion in
Fig. 4.4 is satisfied no later than Round L — 1, conferencing will end; if conferencing in
Stage 0 proceeds to Round L — 1 while the ending criterion has not been satisfied, Stage 1
will be initiated, then, conferencing ends either when the ending criterion for Stage 1 has
been met or conferencing reaches Round L — 1. The upper bounds on OUT (CQM&CT) and
FR (C’QMR,CT) for this case are given in Corollary 4.2. The proof of Corollary 4.2 is skipped

since it is similar to that of Theorem 4.3.

COROLLARY 4.2. When a maximum number of conferencing rounds L > 3 is imposed on
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both stages in CQyp ct, for any P > 0, we have

1

ne r

OUT (CQurcr) < OUTHker + 5y

L

where Ch o and Cy 1 are bounded positive constants independent of P.

4.4.3 A Joint Time-sharing and concurrent transmission Strategy

We recall from Section 4.3 that for the network outage probability of sum-rate, concurrent
transmission is always superior to time-sharing for any given channel state. On the other
hand, for the network outage probability of minimum rate, depending on P, either time-
sharing or concurrent transmission can be superior for different channel states. In this
section, we thus propose a simple joint time-sharing and concurrent transmission strategy

that can outperform either time-sharing or concurrent transmission alone.

Suppose for now that the transmitters and the receivers have full CSI. Then, for a given
channel state, as a first step, we can apply either time-sharing or concurrent transmission.
Only if this first step gives rise to an outage event, we apply the other strategy. It is

straightforward to show that such a joint strategy will result in a network outage probability

of

OUTYR = Pr{MRqs (t},15) < 1, MRct (p}, p5) < 1} . (4.13)

At this stage, it is instructive to compare the outage performance OUTJ'A(E%t of our joint

strategy with the achievable outage probability with any scheme that treats interference as
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noise. In this context, under the assumption of treating interference signals as noise, the
rate region frontiers of two-user interference channels are provided in [27]. According to the
results of [27], for a given H, the maximum minimum rate of the interference channel can

be expressed as*
MRy, = max { MRrs (t7,t5) , MRct (p3, p5) , MRy, MR5}, (4.14)

where the expressions of MR, and MR, are given at the top of the next page. Hence, the

full-CSI network outage probability for maximum minimum rate is

OUT mpopt = Pr{MRys (t7,15) < 1, MRct (p1,p5) <1, MRy < 1, MRy < 1}. (4.15)

Comparing (4.13) with (4.15), it is clear that we potentially have OUT ygop < OUTIIR.
However, through numerical simulations, we find that the difference between OUT pz opy and
OUTj]\OjEt is very small as the differentiating outage event (i.e. the event of MR; < 1 and

MRy < 1) is a very rare event. Define the percentage of optimality for our joint strategy as

Pr{H € {H : 1 (MRrs (£;,t})) < 1, MRct (5}, p}) < 1) = 1 (MRop < 1)}}.

In Fig. 4.5, the simulated percentage of optimality shows for every P and 7, in more than
99% of channel realizations, our joint strategy has the same outcome in terms of outage vs
non-outage as the best possible strategy that induces the maximum minimum rate MRy in
(4.14). In other words, only a negligible gap exists between their network outage probabili-

ties.

4The maximum minimum rate is obtained by finding the rate pair (R;, R2) on the rate region frontier
that satisfies Ry = R».
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Figure 4.5: Simulated percentage of optimality.

The highly complicated expressions for MR, makes the design of a quantizer that can
achieve OUT ypopt very challenging. However, OUijV}i;t can be easily achieved in a dis-

joint

tributed and quantized manner denoted by CQ;s". We can first apply the proposed quan-
tizer CQyp s for time-sharing. In the second stage, CQyp cr is applied only if CQyp1s
cannot avoid outage.” In the previous sections, we have shown that CQyp1s and CQpp ot
can achieve the full-CSI network outage probabilities with a finite average feedback rate for
the time-sharing and concurrent transmission strategies, respectively. Therefore, C’Qﬁg will
achieve OUTJ.]\(Z{%t at the expense of only a finite average feedback rate. More precisely, the

average feedback rate of CQ%" will be no larger than FR (CQurrs) + FR(CQur.cr)-

5For the procedure of CQppr.1s in Fig. 4.3, it will be shown later that each terminal will be able to decide
whether CQ)p 15 fails (and thus potentially proceed to the concurrent transmission stages) based on the
two feedback bits at each round. For example, when CQ,,x 15 continues into Round [ with [ > 1, once both
receivers feed back “17, CQyp 15 Will not be able to avoid an outage event with probability one. On the
other hand, if both receivers feed back “0”, CQyp s Will avoid outage.
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4.5 Numerical Simulations

In this section, we present simulations to verify the theoretical results for CQyp 15 in time-
sharing and CQyx ot in concurrent transmission. For each instance of P and 7, a sufficiently

large number of channel realizations are generated so as to observe at least 10* outage events.

We will compare the performances of CQyp1s and CQyp cr With those of the following
schemes: (i) “Open-Loop 17: either transmitter transmits with full power in half of the
transmission block and remains silent in the other half; (ii) “Open-Loop 2”: both transmitters
use full power in the entire transmission block; (iii) the conventional quantizer denoted by
CQyr - In CQyR', given the total number of feedback bits per channel state as By, Receiver
k spends % bits to quantize ]hlk]2 or ]hgk]2 separately based on a scalar codebook generated

Btot

by the Lloyd Algorithm [33] with a cardinality of 274~ [23]. Then, all terminals decode the

feedback bits to reconstruct the quantized H as H. The time-sharing and/or concurrent
transmission pairs are then calculated according to Propositions 4.1 and 4.2, respectively, by

treating Has H.

In Fig. 4.6(a), we show the network outage probabilities of minimum rate for CQyp 1s,
CQYE s “Open-Loop 17 and MR,y in (4.14). We can observe that the network outage
probabilities of CQy:" and “Open-Loop 17 are much worse than that of CQyp1s. Thus,
limited feedback is necessary, and the proposed quantizer based on conferencing is superior
to the conventional quantizer. In addition, the curves of CQ)p ts and MR, almost coincide
in the medium and high- P regimes, which validates that time-sharing is more favorable when
P is moderate or large compared with concurrent transmission. In Fig. 4.6(b), we plot the
average feedback rate of CQ)p 15 to show that it is finite and small in the entire interval of
P. In particular, when P — oo or 0, we observe that the average feedback rate approaches

4 or 2, respectively, which matches our theoretical analysis in Theorem 4.2.

In Fig. 4.7(a), we show the network outage probabilities for minimum rate of CQyp 7,
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Cefw and “Open-Loop 2”. For each n € {0.1,1}, the network outage probabilities of
CQyr et are much smaller than those of CQ4x" and “Open-Loop 27, which verifies that the
limited feedback is necessary and the conferencing-based quantizer outperforms the conven-
tional one. In Fig. 4.7(b), we show the average feedback rates of CQyp ct, which are finite
and small for any P and 7, as claimed by Theorem 4.3. For example, as P — 0, the feedback

rate converges to 4 bits as can also be inferred from the rate upper bound in Theorem 4.3.

joint .

Lastly, we simulate the network outage probability of CQ),, in Fig. 4.8 and compare it with
those of the maximum minimum rate MR, in (4.14), CQfy/r based on MR, “Open-Loop 1”
and “Open-Loop 2”. Additionally, we plot the network outage probabilities of the outer and
inner bounds on the information-theoretic capacity region of two-user interference channels
given in [29]. Tt can be observed that the network outage probability of CQon almost
coincides with OUTOp;-{ and greatly exceeds those of the conventional quantizer CQ)5/r" and
the two schemes with no feedback. Also, as mentioned before, the curve for CQJO Rt is very
close to that of the outer bound in [29]. Comparing the performance of CQn’ with that of
the inner bound, we observe an obvious enhancement. Although we only present the curves

for n = 0.1 here, we have observed that the results for other values of 7 all exhibit the same

behavior.

4.6 Conclusions

We have introduced conferencing-based cooperative quantizers for two-user interference chan-
nels where interference signals are treated as additive noise. We have proved that in time-
sharing or concurrent transmission, the proposed quantizers are able to achieve the full-CSI
network outage probability of sum-rate or the full-CSI network outage probability of min-
imum rate with finite average feedback rates. Furthermore, a joint strategy of these two

quantizers has been proposed to closely approach the network outage probability of maxi-
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mum minimum rate with only a negligible gap and finite average feedback rates. Extension
of these conferencing-based quantizers to the power-efficient or noisy feedback scenario will

be an interesting future research direction.
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Chapter 5

Downlink Non-Orthogonal Multiple

Access with Limited Feedback

In this chapter, we analyze downlink non-orthogonal multiple access (NOMA) networks with
limited feedback. Our goal is to derive appropriate transmission rates for rate adaptation
and minimize outage probability of minimum rate for the constant-rate data service, based
on distributed channel feedback information from receivers. We propose an efficient quan-
tizer with variable-length encoding that approaches the best performance of the case where
perfect channel state information is available everywhere. We prove that in the typical ap-
plication with two receivers, the losses in the minimum rate and outage probability decay
at least exponentially with the minimum feedback rate. We analyze the diversity gain and
provide a sufficient condition for the quantizer to achieve the maximum diversity order. For
NOMA with K receivers where K > 2, we solve the minimum rate maximization problem
within an accuracy of € in time complexity of O (K log %), then, we apply the previously
proposed quantizers for K = 2 to the case of K > 2. Numerical simulations are presented
to demonstrate the efficiency of our proposed quantizers and the accuracy of the analytical

results.
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5.1 Introduction

Non-orthogonal multiple access (NOMA) has received significant attention recently for its
superior spectral efficiency [34]. It is a promising candidate for mobile communication net-
works, and has been included in LTE Release 13 for the scenario of two-user downlink
transmission under the name of multi-user superposition transmission [35]. The key idea of
NOMA is to multiplex multiple users with superposition coding at different power levels, and
utilize successive interference cancellation (SIC) at receivers with better channel conditions
[36]. Specifically, for NOMA with two receivers, the messages to be sent are superposed
with different power allocation coefficients at the BS side. At the receivers’ side, the weaker
receiver decodes its intended message by treating the other’s as noise, while the stronger
receiver first decodes the message of the weaker receiver, and then decodes its own by re-
moving the other message from the received signal. In this way, the weaker receiver benefits
from larger power, and the stronger receiver is able to decode its own message with no inter-
ference. Hence, the overall performance of NOMA is enhanced, compared with traditional
orthogonal multiple access schemes. It is shown in [37] that the rate region of NOMA is the
same as the capacity region of Gaussian broadcast channels with two receivers, but with an

additional constraint that the stronger receiver is assigned less power than the weaker one.

There has been a lot of work on NOMA. In [34] and [37], the authors evaluated the benefits of
downlink NOMA from the system and information theoretic perspectives, respectively. The
performance of NOMA with randomly deployed users was investigated in [38]. A lot of effort
has been put into the power allocation design in NOMA. For example, the authors in [39] and
[40] analyzed the necessary conditions for NOMA with two users to beat the performance of
time-division-multiple-access (TDMA), and derived closed-form expressions for the expected
data rates and outage probabilities. In [41]|, power allocation based on proportional fairness
scheduling was investigated for downlink NOMA. Transmit power minimization subject to

rate constraints was discussed in [42]. A joint consideration of dynamic user clustering and
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power allocation was studied in [43].

However, all the mentioned papers have assumed a perfect knowledge of the distributed
channel state information (CSI) at the BS and all the geographically-distributed receivers,
which is difficult to realize in practice. Therefore, we consider the limited feedback scenario
wherein each receiver only has access to its own local CSI, from the BS to itself, and then
broadcasts its feedback information to the BS and other receivers [44]. Under such settings,
interesting problems arise, for example: How to design simple but efficient quantizers for
NOMA? What are the performance losses compared with the full-CSI case? A user-selection
scheme based on limited feedback was studied in [45]. In [46], the authors derived the outage
probability of NOMA based on one-bit feedback of channel quality from each receiver, and
performed power allocation to minimize the outage probability. Additionally, the problems
of transmit power minimization and user fairness maximization based on statistical CSI
subject to outage constraints were studied in [47]. In [48], the authors derived the outage
probability and sum rate with fixed power allocation by assuming imperfect and statistical
CSI. In [49], the authors solved the sum rate maximization problem for downlink NOMA
networks using a minorization-maximization algorithm in statistics. In [50], several antenna
selection schemes were proposed for the NOMA systems, and the user fairness was evaluated

using the Jain’s fairness index.

In this chapter, we focus on the limited feedback design for the typical scenario of downlink
NOMA, where a BS communicates with two receivers simultaneously [35]. Based on dis-
tributed feedback and in the interest of user fairness, we wish to have the minimum rate of
the receivers be as large as possible. Like [51], we also use the minimum achieved rate of all
receivers as the performance measure, but moreover, the main focus of our work is to design
efficient quantizers for downlink NOMA and analyze the achieved performance. With this
goal, to dynamically adjust the transmission rates for better channel utilization, we propose

a uniform quantizer which assigns each value to its left boundary point and employs variable-

69



length encoding (VLE). Then, power allocation is calculated based on the channel feedback.
We calculate the transmission rates that can be supported by the current channel states,
and analyze the rate loss compared with the full-CSI scenario. The derived upper bound on
rate loss shows that it decreases at least exponentially with the minimum of the feedback
rates. The feedback rate in this chapter refers to the number of feedback bits each receiver
sends for each channel state. where the target data rate needs to be supported and outage
probability is the main concern, we conversely propose a uniform quantizer which quantizes
each value to its right boundary point.! Through the developed upper bound, we show the
outage probability loss also decays at least exponentially with the minimum of feedback rate.
Additionally, we analyze the achieved diversity gain and provide a sufficient condition on the
proposed quantizer in order to achieve the full-CSI diversity order. For the general scenario
with K receivers, we solve the minimum rate maximization problem within an accuracy
of € in time complexity of O (K log %), and apply the previously proposed quantizers for
the two-user case here by treating the quantized channels as the perfect ones. We perform
Monte Carlo numerical simulations to verify the superiority of our proposed quantizers and

the accuracy of the theoretical analysis.

The primary goal of this chapter is to study the impacts of quantization on the performance of
NOMA, and provide meaningful insights for practical limited feedback design. To summarize,

the main contributions of this chapter are three-fold:

(1) We propose efficient quantizers to maximize the minimum rate in NOMA. The ideas of
our proposed quantizers and VLE as well as the designs for rate adaptation and outage
probability based on distributed feedback can be generalized to many other scenarios,
e.g., NOMA with other performance measures, the more general interference channels,

and so on.

!For example, in some real-time multimedia service applications, the minimum data rate needs to be
supported as often as possible, such that the chance of service outage can be greatly reduced.

70



(2) Our theoretical analysis serves as a general framework to analyze the performances of
such quantizers in NOMA and other scenarios. For instance, it can be easily applied to

study the performances of other power allocation schemes in NOMA based on limited

feedback, i.e., [39, 40].

(3) We solve the minimum rate maximization problem for any number of receivers with

linear time complexity.

Notations: The sets of real and natural numbers are represented by ® and A/, respectively.
For any x € R, |z] is the largest integer that is less than or equal to x, and [z] is the
smallest integer that is larger than or equal to z. Pr{-} and E[-| represent the probability
and expectation, respectively. For a random variable (r.v.) X, fx(-) is its probability density
function (p.d.f.). CN(u, \) represents a circularly symmetric complex Gaussian r.v. with
mean p and variance A. For a logical statement ST, we let 1g7 = 1 when ST is true, and

1gr = 0 otherwise. Finally, the expression X ~y Z means 0 < limy_,, % < 00.

5.2 Problem Formulation

5.2.1 System Model

Consider the downlink transmission in Fig. 5.1, where a BS is to transmit a superposition
of two symbols to two receivers over the same resource block. Both BS and receivers are
equipped with only a single antenna. According to the multiuser superposition transmission

scheme [35], the transmitted signal is formed as

T =/ P51+ 1/ Psy,
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Y Receiver 1
. Y
Receiver 2

Figure 5.1: Downlink NOMA networks. The solid and dashed lines represent the signal and
feedback links, respectively.

where s; is the information bearing symbol for Receiver ¢ with E[s;] = 0 and E [|31\2} =1
for each channel state (the expectation is over all transmitted symbols); P; is the average
Py

transmit power associated with s;. Let P = P} + P, be the total transmit power, and o = 5

be the power allocation coefficient, then, P, = aP and P, = (1 — )P with 0 < o < 1.

Denote by h; ~ CN(0, );) the channel coefficient from the BS to Receiver i. Without loss of
generality, assume A; > Ay. The received signals at Receivers 1 and 2 are respectively given

by

y1 = hi/ Pisi+ hi/ Pasa+ny,  yo = ha/ Pisy + ha/ Pasy + na,

where n; ~ CN(0, 1) represents the background noise. Let H; = ]hi]2, then, the p.d.f. of

—_Zz

H; is fu,(x) = © /\_Ai for z > 0.2 We assume a quasi-static channel model, in which the

channels vary independently from one block to another, while remaining constant within
each block. Either receiver is assumed to perfectly estimate its local CSI (i.e., H;), and send
the associated quantized local CSI to the other receiver and the BS in a broadcast manner
via error-free and delay-free feedback links [4, 30]. In some scenario where the two receivers

are far away from each other such that they cannot “talk” directly, the BS can play the role

2The results in this chapter can be trivially generalized to other distributions of H; and Ho.
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of relaying, i.e., forwarding the feedback information received from one receiver to the other.

With SIC, the stronger receiver with better channel condition (i.e., larger H;) first decodes
the message for the weaker receiver, and then decodes its own after removing the message of
the weaker one from its received signal; the weaker receiver with poorer channel condition
directly decodes its own message by treating the message of the stronger one as noise [41, 52|.
Specifically, when H; > H,, the rate for Receiver 2 (i.e., the weaker one) to decode sy by

treating s; as noise is

PHQ(l —a)
OZH2P+1 ’

ro(a) = log, <1 +
which is not larger than the rate for Receiver 1 to decode so, given as

PHi(1 —a)) |

ri2 = log, (1 + aHP+1

If sy is transmitted at the rate of ro(«), Receiver 1 can decode sy successfully with an
arbitrarily small probability of error [53]. Afterwards, Receiver 1 can remove hyy/P,sy from

y1, and achieve a data rate for s; as
ri1(a) = log, (1 + aPHy).

On the other hand, when H; < H,, Receiver 2 first decodes sy, removes hoy/P;s; from s,

and then decodes s9, while Receiver 1 decodes s; directly by treating s, as noise.

5.2.2 Maximum Minimum Rate

Our goal is to maximize the minimum of r; (a)) and r9(«) to ensure fairness between receivers

[44, 54]. When perfect CSI is available at the BS and receivers, the optimal power allocation
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coefficient o* can be found by solving the optimization problem ry,,, = max min{r («), ra(a)},
S

the solution of which is given in the following theorem.

THEOREM 5.1. When Hy > Hy, the solution of nax min{r(«), r2(a)} is given by

2H.
o — 2 (5.1)

VUL + Hy)? + AHHZP + (H, + )

Proof. Notice that with « increasing from 0 to 1, 1 («) increases from 0 to log, (1 + PHy)
and 79(«) decreases from log, (1 + PHs) to 0. Since log, (1 + PH;) > log, (1 + PH;), the
maximum minimum rate is reached when r;(a*) = ro(a*), from which o* in (5.1) is derived.

]

The expression of a* when H; < Hj, can be obtained straightforwardly. It is found from
(5.1) that: (i) Both messages attain the same rate at optimality, i.e., m (o) = o (a*) =
Tmax- Moreover, it can be verified that the rate pair (r (a*), 7 (o)) is on the rate region

boundaries of both NOMA and Gaussian broadcast channels with two receivers [37]. (ii)

When P — 0, o — HﬁQH2, in which case the power assigned to the stronger receiver is in
proportion to the channel quality of the weaker one; when P — oo, a* — 0, then, BS should
allocate almost all the power to the weaker one. 3 (iii) a* > % Generally, NOMA steers

more power towards the weaker receiver to balance their transmissions.

With perfect CSI, the decoding order is determined based on whether H; > Hj holds. The

maximum minimum rate is

| 1 2H, Hy P H, > H.
) _ 089 + \/(H1+H2)2+4H1H§P+(H1+H2) ’ PeT (5 2)
logy [ 1+ 2T F o Hi < B,

/(Hi+H2)? +4H2Hy P+(Hy +H>)

3Note that ri(a*) = ra(a*) holds for any P. When P — oo, a* — 0, and r1(a*) = ra(a*) =

2PH, Hy . o
log, <1 + \/(H1+H2)2+4H1H§P+(H1+H2)) will approach infinity.

74



and the outage probability of minimum rate is

outmin = Pr{ruax < 1}, (5.3)

where 7y, is the data rate at which the BS will transmit s; and sy for every channel state.

5.2.3 Limited Feedback

In the limited-feedback scenario, for an arbitrary quantizer ¢ : ® — R, Receiver ¢ maps
H; to q(H;), and feeds the index of ¢ (H;) back to the BS and the other receiver, as shown
in Fig. 5.1. The index of ¢ (H;) is decoded and the value of ¢ (H;) is recovered. The
decoding order will be contingent on whether ¢ (H;) > ¢ (H,). For instance, when ¢(H;) >
q(Hs), Receiver 1 is considered “stronger”, while Receiver 2 is “weaker”. In this case, the

power allocation coefficient is computed based on (5.1) by treating ¢ (H;) as H;, i.e., a, =

2q(Ha2)
V/(a(H1)+q(Hz2))?+4q(H1)q? (Hz) P+q(Hy )+q(Hs)

For rate adaptation, we shall design appropriate rates r , and 5 , for the messages s; and s,
based on limited feedback from the two receivers, such that r; , and ry , can be supported and
NOMA can be performed. The corresponding rate loss will be 71655 = T'max — min {ry 4,724},

where 7.« is given in (5.2).

For a constant-rate service, we care more about whether the current channels are strong
enough to support target data rate with the power allocation coefficient computed based on

limited feedback. The achieved outage probability is out, = Pr{r, < 7}, where

rq = min{ry (o) , 72 () }
min {log2 (14 P x ay x Hy),log, (1 + %ﬁ) } , q(Hy) > q(H2),

min {log, (1+ 5422 log, (1 4+ P x oy x Ha) |, a(Hy) < q(Ha),

I6)



The outage probability loss is given as

Outloss,q - Oth — outyp, (54)

where outy, is given in (5.3). In the subsequent sections, we will propose efficient quantizers

and investigate the performance losses brought by limited feedback.

5.3 Limited Feedback for Minimum Rate

In this section, we first describe the proposed quantizer when the minimum rate is the

concern, then, we show the relationship between the rate loss and the feedback rates.

5.3.1 Proposed Quantizer

We consider a uniform quantizer ¢, : ® — R, given by*

%] x A, z<TA,

g-(x) =

TA, x>TA,
where x can be any non-negative real number, and the bin size A and the maximum number
of bins T' € A are adjustable parameters. As shown in Fig. 5.2, ¢.(z) quantizes z to the left
boundary of the interval where x is. For any x € [nA, (n + 1)A) when 0 <n < T — 1, we

have ¢.(z) = nA and x — A < ¢,.(z) < z; for any = € [TA,0), ¢.(x) = TA and ¢,(x) < z.

[

4In ¢,, “q¢” stands for quantizer, and the subscript

[39}

T’ represents rate.
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Figure 5.2: A uniform quantizer for minimum rate.

5.3.2 Rate Adaptation and Loss

When ¢, (-) is employed, Receiver 2 is viewed as the “weak” receiver if ¢, (Hy) > ¢, (Ha).

Then, according to (5.1), the power allocation coefficient «y, is calculated as

el Hy) > 0,q, (Hz) >0
g = 4 V0arH)+ar (H2)P+qr (H2)aR (H2) P+ar ()4, (H2) @ (Fh) > 0,q: (Ha) >0,
0, qr (Hi) =0 or g, (H2) =0,

. . r(H-: 1—ayg,
which satisfies log, (1 + P X a, X ¢, (H;)) = log, ( + %&M) when a, # 0. To

exploit the channels as much as possible, we let the BS send messages s; and s, at rates of

P x g,(Hs) (1 — %)) . 55)

le‘]r = 1Og2 (1 + P X Oé%‘ X qT' (Hl)) 77027(17‘ = 10g2 (1 + P % qT(HQ)O{qT _|_ 1

LEMMA 5.1. When ¢, (Hy) > q, (H2), the rates r1,, and ra,, in (5.5) can be achieved.

Proof. Based on the channel coding theorem [53], if we can show the channel capacities for
51 and sy under the settings of NOMA are no smaller than 7 4, and 7y, , the rates r; ;. and

9,4, can be achieved with a probability of error that can be made arbitrarily small.

When ¢, (H;) = 0 or ¢, (H2) = 0, it is trivial to verify that r; ;. and ry, can be supported.
When ¢, (Hy) > g.(Hs) > 0, the channel capacity for Receiver 2 by treating s; as noise is
— H(l ar) ar(Ha)x(1—agq.) | _ : ( —a) ) s
ry = log, (1 4+ = Hall o) ) > log, <1 + m> = T4, since log, (1 + };) is an

increasing function of x and ¢,(Hy) < Hs. At the side of Receiver 1, the channel capacity

) ) .. B Hi(1—aqg,) ar(H1) % (1—aq,.)
of sy with treating s; as noise is 7,5 = log, (1 + m) > log, (1 + m) >
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log, <1 + %) = rq,,, because Hy; > q,(Hy) > ¢.(Hz). Hence, sy can be decoded
qr T P
at Receiver 1 with an arbitrarily small error and removed from y;. After that, the chan-

nel capacity of sy is r; = logy (1 + P X ay. X Hy) > logy (1 4+ P X o, X qr (Hy)) = 114,

Therefore, the rates r1 4 and r9 4 can be achieved for both s; and ss. O

To sum up, it is the key fact of ¢.(x) > = that ensures the rates r 4, and ro,. in (5.5) can

be supported. When ¢,(Hy) > ¢.(H2), the rate 1oss is rioss = max — min{ri 4., 12,4, }-

LEMMA 5.2. The average rate loss of the quantizer q.(-) is upper-bounded by:
_TA
E [loss] < log, (1 + Cy x P x max {e A1 ,A}) , (5.6)
where Cy is a positive constant that is independent of P, T and A.
Proof. See Appendix D.1. ]

We mainly focus on showing how the average rate loss changes with the bin size A. It is
beyond the scope of this chapter to find the tightest bounds, i.e., the smallest value for Cj.

A value for Cy which is derived from the proof in Appendix A is Cy = max {4 + :\\—;, )\2}.

TA
It is observed from (5.6) that when e * > A, the maximum number of bins, 7', can

A
degrade the rate. To eliminate this effect, we choose T" such that 6_% = A, which yields

1

T= % log 3.5 With an appropriate value for T', we can make the rate loss decrease at least

linearly with A.

COROLLARY 5.1. When T = ’\A—l log %, the average rate loss of the quantizer q.(-) is upper-

bounded by:

E[ress) <logy (1+Cox PxA)<Cy x PxA, (5.7)

5 Approaching the performance in the full-CSI case generally requires a small value for A. We mainly
consider the case where A < 1 in this chapter.
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where Cy and Cy are positive constants that are independent of P and A.

5.3.3 Feedback Rate

Rather than the naive fixed-length encoding (FLE) for feedback information which requires
[log,(T" + 1)] bits per receiver per channel state, we consider the more efficient variable-
length encoding (VLE) [3, 30].° An example of VLE that can be applied here is by =
{0}, by = {1}, by = {00}, b3 = {01} and so on, sequentially for all codewords in the set
{0,1,00,01,10,11,...}, where b, is the binary string to be fed back when ¢,(x) = nA. The
length of b, is [logy(n+2)]. The following theorem derives an upper bound on the rate loss

with respect to the feedback rate of Receiver i (denoted by R, vig;).

THEOREM 5.2. When variable-length encoding is applied to the quantizer q,(-), the rate loss

decays at least exponentially as:

E i) <l (14 x P 2~ s}

< 03 % P x 2*min{Rr,VLE,1,Rr,VLE,2} (5.8)
where Cy and Cy are positive constants independent of P and R, vig;.

Proof. The feedback rate of Receiver i is derived as

T-1

(n+1)A 00
Rovimi = Y _|logy(n+2)] /A fu,(Hi)dH; + |logy (T +2)] [ fu,(H;)dH;

n=0 TA

<> llog(n+2)) [

H.
(n+1)A —x*

(n+1)A e

fu.(H)dH; < Zlogz(n + 2)/

A nA /\l

n=0

<logy(n+1)+1

SFor example, when A = 0.0l and \; = 1, T = % log % ~ 460.5. When FLE is adopted, the feedback
rate per receiver will be [log,(T + 1)] = 9 bits per channel state. As shown by the theoretical analysis and
numerical simulations later, VLE will cost far fewer bits.
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o

< % [Q—i-log (1 + %)}, by letting § =

With the help of [30, Eq.(22)]: .07, e #"log(n)

A
e i, we have
2. _na . _na
Ze A xlogQ(n—l—l):Ze i xlogy(n+1)
n=0 n=1
A
i _nA

log2n:
< +1 <1+ )
S A |0 082 A

| log?2 N

Then, R, vir; is upper-bounded by

R vig: < é + 1+ log, (1 + %) , (5.9)
or equivalently (when R, vy, is sufficiently large)
O

Substituting (5.10) into (5.7) proves the theorem

Therefore, we can see that appropriate values for 7" and the use of VLE enable the rate loss

to decrease at least exponentially with the feedback rate
TAlthough it is intractable to derive a closed-form expression for R,yrg;, the upper bound in (5.9)

provides a good estimate on how many feedback bits will be consumed
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Figure 5.3: A uniform quantizer for outage probability.

5.4 Limited Feedback for Outage Probability

Outage probability is an important performance metric that evaluates the chance that the
channels are not strong enough to support the constant-rate data service [55]. An ideal
quantizer for outage probability should have at least the following properties: (i) The outage
probability loss should decrease toward zero when the feedback rate increases toward infinity.
(ii) The outage probability loss should approach zero whenever P — 0 or P — oo. The
intuition of (ii) comes from the fact that when P is adequately small, the outage probabilities
of both the full-CSI case and the quantizer should be close to one; when P is significantly
large, both outage probabilities should be almost zero. Then, the outage probability losses

in both scenarios go to zero.

5.4.1 Proposed Quantizer

As portrayed in Fig. 5.3, the uniform quantizer proposed for outage probability is given by

ZIx A, z<TA,
Qo) = 5] (5.11)
(T +1)A, z>TA.

The only difference between ¢,(-) and ¢.(-) lies in whether the left or right boundary of the
interval is used as the reconstruction point. The quantizer proposed for rate adaptation

cannot be directly inherited because when the channel is very weak (i.e., H; < A), it will
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be quantized as zero (i.e., ¢.(H;) = 0), which will result in a zero-value power allocation
coefficient, i.e.,a,, = 0, and a minimum rate of zero, i.e., 71 (o, ) = 0 or r2 (). In this
case, the transmission will surely encounter an outage. However, even a weak channel reserves
the possibility of non-outage, so long as the transmit power P is large enough. Therefore,
an appropriate quantizer for outage probability should not quantize any value to zero. The

quantizer in (5.11) fulfills this requirement.

5.4.2 Outage Probability Loss

LEMMA 5.3. The outage probability loss of the quantizer q,(-) is upper-bounded by:

o 14+VP
P oX —

1 3 _TA
P X maX{Ai,AE,e A }, (5.12)

OUtioss g, < U5 X €
where Cs and Cg are positive constants that are independent of P and A.

Proof. See Appendix D.2. n

Different from the rate loss which increases linearly in terms of P, because of the term
e F x %ﬁ, the upper bound on outjegs 4, in (5.12) converges to zero either when P — 0

or P — o0.

To have good performance, we mainly focus on the quantizers with small granularities. When

1

A < 1, we have A2 < Az, and the upper bound in (5.12) is restricted by max {67%, AE}.

TA
For fixed A, the optimal choice for T" should satisfy e *1 = A%, given by T = ;‘—i log %.

COROLLARY 5.2. When0 < A <1 andT = ;—i log %, the average rate loss of the quantizer

qo(+) is upper-bounded by:

a6 1+VP 1
P X ——— X

OUtjess g, < C5 X € 2 Az, (5.13)
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where Cs and Cg are positive constants independent of P and A.

5.4.3 Feedback Rate

The same VLQ for rate adaptation can be applied to ¢,(+) for a better utilization of the feed-

back resource. From (5.9) and (5.10), we obtain R, vig,; < é +1+log, (1 + %) and A <
Aq

Ro,VLE,i min{Ro,VLE,LRo,VLE,z}

Cy % 2~ fovim,i Thus, A% < \/04 x 2~ FRoviEi = Crx27 7 2 < Crx2™ 2

The following theorem states the relationship between the outage probability loss of ¢,(-)

and the feedback rates.

THEOREM 5.3. When variable-length encoding is applied to the quantizer q,(+), the rate loss

decays at least exponentially as:

_Cs 1+vP 7mi“{R0,VLE,1’Ro,VLE,2}
OUtoss g, < Cs X €7 P X 7 X 2 3 7

(5.14)

where Cs and Cy are positive constants independent of P and R,vig,;-

5.4.4 Diversity Order

With an outage probability out, the achieved diversity order is given as d = limp_, li’fg—°]'f[55,
Section 2.3]. The following lemma shows the achievable diversity order of ¢,(-) and a sufficient

condition to achieve the maximum diversity order in the full-CSI scenario.

LEMMA 5.4. (1) With q,(-) and fized A, the diversity orders of 5 and 1 are achievable

for Receivers 1 and 2, respectively.

(2) A sufficient condition for both receivers to achieve the maximum diversity order of 1

. _1
s A ~p P75,

83



Proof. See Appendix D.3. O]

In the full-CSI case, both receivers can achieve the same diversity order of 1 as in the case
when no interference exists. In the limited feedback case, it can be found from the proofs
in Appendices D.2 and D.3 that the cause of this insufficient diversity order for Receiver
1 comes from the marginal region when 0 < Hy, Hy < A. Therefore, an adequately small
A that scales at least in proportion to P~5 in the high-P region is desired to diminish the

probability that H; falls into that region so as to obtain the maximum diversity gain.

5.5 Extension to More than Two Receivers

5.5.1 Full-CSI Performance

In this section, we consider NOMA with more than two downlink receivers. Assuming perfect
CSI universally available and H; > Hy > --- > Hp, the maximum minimum rate can be

obtained by solving the optimization problem:

K
Fmax =  1INAX min ri(a), subject to 0 < ay < 1, Zak =1, (5.15)

a=[a1,...,ar] k=1,...,
[ort o] k=1

where K is the number of receivers, and ri(a) = log, (1 - W) is the achieved
=1 =7 PHy,

rate for Receiver k under superposition coding and SIC. To the best of our knowledge, no

closed-form solution for 7., is available in the literature. We present the following lemma

that helps solving the above optimization problem numerically.

LEMMA 5.5. There exists o = [af, a3, ..., %], such that all receivers achieve the same

rate at optimality, i.e., rp. =11 (@) =19 (@*) = -+ =1 ().
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The proof of Lemma 5.5 is given in Appendix D.4. Since

o
Tmax = Tk (Of*) = 1Og2 1+ k=1 4
Do O + P;Hk

for k=1,..., K, we have af = (2™ — 1) x (Zf:_ll ay + P;Hk)7 which leads to®

) 1 -1 2(k 1—4)rmax
= (2Mmex — ] QM max . 5.16
=@ 1) | () Y S (5.16)
To find aj, we need to solve for 7,y first. Summing both sides from k£ = 1,..., K and after
trivial calculations, we obtain
K . . 2(K 1) Tmax -
=1= (2" — 1
> ai - (5.17)
k=1 . 7,:1
W(::naX)

In other words, 7.y satisfies @ (rpay) = 1.°

Let ryp, = log, (1 + ming— g PHy) = log,(1 + PHg). Since w (x) is an increasing function
of x as well as w(0) < 1 and w(ry) > 1, we could use the bisection method to find the
root of w(x) = 1 in the interval (0, r,,]. The calculation of w (x) costs O(K), thus, the time

complexity of finding r,,x within an accuracy of € is O (K log %)

5.5.2 Limited Feedback

Under limited feedback, the previously proposed quantizers ¢, () and ¢, (-) in Figs. 5.2 and
5.3 can still be applied here for rate adaptation and outage probability, respectively. The

maximum minimum rate can be calculated using the bisection method by treating g, (Hy)

8Note that [51] also derives (5.16), but using the tools of convex optimization.
9 Note that [56] has solved a different optimization problem, i.e. maximizing the sum rate subject to a

minimum rate constraint, which satisfies >, ; aj = 1 but results in different ojs.
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or g, (Hy) as Hg, and the corresponding power allocation coefficients can be computed.
Although it is non-trivial to derive upper bounds on the losses in rate or outage probability
for K > 2 theoretically, numerical simulations in the next section show that the relationships

between the performance loss and the feedback rate are similar to the case of K = 2.

5.6 Numerical Simulations and Discussions

In this section, we perform numerical simulations to validate the effectiveness of our proposed
quantizers for rate adaptation and outage probability. In all subsequent simulations for K

receivers, we use the channel variances in Table 5.1.

Table 5.1: Channel variances for numerical simulations.

K=2| M=1X=05

K>2 | N=1k=1,....K

Results for other values of channel variances will exhibit similar observations. For outage
probability, sufficiently large number of channel realizations are generated to observe at least

10000 outage events.

In Fig. 5.4, we simulated the minimum rates of the full-CSI case, ¢.(-) and the TDMA
scheme (where each receiver occupies half of the time to transmit). We observe that the
proposed quantizer with NOMA outperforms the TDMA scheme when A = 0.01 and 0.05.
The rate loss between the full-CSI case and ¢,(-) with A = 0.01 is almost negligible. The
corresponding values for T = % log i and the feedback rates for both receivers (bits/per
channel state) are listed in Table 5.2. Compared with FLE which costs [log,(T + 1)] bits

per receiver per channel state, VLE can save almost half of the feedback bits.

In Fig. 5.5, we plot the rate losses of ¢,(-) for different values of A and the feedback rates
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Figure 5.4: Simulated minimum rates of NOMA for K = 2.
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Figure 5.5: Simulated rate losses versus (a) A and (b) min{R, vrg 1, Rrvig2} for K =2 and
P =10 dB.
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Table 5.2: Feedback rate for either receiver.

A | T | [logo(T +1)] | Receiver 1 | Receiver 2

0.01 | 461 9 5.3 4.6
0.05 | 60 6 3.6 2.7
1078

=107+
E
<
e
e
[a W)
(0]
g
5 | |—e—Full-CSI
© 10 -e-q,, A = 0.01

——qo, A = min{0.2, P~3}

B4, A=P

_e_qm A=02

- - TDMA

-3 | | | I I L
10
5 0 5 10 15 20 25 30

P (dB)

Figure 5.6: Simulated outage probabilities of NOMA for K = 2.

R,vig1 and R, yig2. It shows that the rate loss of ¢.(-) decreases at least linearly with
respect to A and exponentially with min { R, vig1, R, vie2}, which validates the accuracy of
our derived upper bounds in (5.7) and (5.8). In addition, Fig. 5.5(a) shows that A needs to

be less than 0.15 such that ¢,(-) can obtain a higher rate compared with the TDMA scheme.

In Fig. 5.6, we compare the outage probabilities of the full-CSI case, ¢,(-) under various
values of A and the TDMA scheme. It can be seen that: (i) The curve for g,(-) with
A = 0.01 almost coincides with that of the full-CSI case. (ii) When P is large, ¢,(-) with
A = 0.2 suffers from an insufficient diversity gain in the high-P region. According to our
analysis in Lemma 4, A = 0.2 is large enough not to scale with p=3.10 (iii) Although the

. . . . . _1 . . . .
maximum diversity order is achieved when A = P73, much less array gain is obtained in

10The value 0.01 for A will also exhibit an insufficient diversity order as long as P is large enough, although
we might not be able to observe this in the region of P < 30 dB in Fig. 5.6.
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Figure 5.7: Simulated feedback rates versus P for K = 2.

the lower and medium-P regions (where A is large). Alternatively, A = min {O.Q,Pfé}
will reserve both benefits of the maximum diversity order brought by P~5 and the higher
array gain of A = 0.2.11 The comparison of feedback rates for VLE and FLE (which requires
[logy(T +2)] = [log, (4% log & + 2) | bits per channel state) under different values of A and
P is shown in Fig. 5.7, which verifies the superiority of VLE. It can be seen that the feedback
rates for A = min {0.2, P*%} stay flat in the low and medium-P regions (since 0.2 < P*%).

When P53 < 0.2 where P > 20.9 dB, the feedback rates start to increase as A gets smaller.

In Fig. 5.8(a), the outage probability loss decays at least linearly with respect to A; in Fig.

5.8(b), the outage probability loss approaches zero whenever P — 0 or P — o0o; in Fig. 5.9,

minqy Ro,vLE,1,R0,VLE,2
{ 5 } All these

the outage probability loss decays at least exponentially with

observations validate our theoretical analysis.

In Figs. 5.10 and 5.11, we simulated the rate and outage probability losses for more than two

receivers. For Receiver k, the channel variance is set to be Ay = %, the maximum number

HWe also observe a similar effect of A on the achieved minimum rates, but we mainly elaborate it on
outage probability.
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of bins T for ¢,(-) and ¢,(-) is T' = % log %, and the accuracy used by the bisection method
is ¢ = 107%. We simply treat the result of bisection method based on perfect CSI as the
“full-CSI” performance. Compared with Figs. 5.5, 5.8 and 5.9 for K = 2, Figs. 5.10 and

5.11 exhibit very similar relationships between the losses and A or the feedback rates.

5.7 Conclusions and Future Work

We have introduced efficient quantizers for rate adaptation and outage probability of mini-
mum rate in NOMA with two receivers. We have proved that the losses in rate and outage
probability both decrease at least exponentially with the minimum of the feedback rates.
Furthermore, we generalized the proposed quantizers to NOMA with any number of re-
ceivers. The performance of NOMA with noisy quantized feedback and the user scheduling

under limited feedback will be interesting future research directions.
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Chapter 6

Conclusions and Future Work

In this dissertation, we have applied the idea of variable length encoding and designed efficient
distributed quantizers for different kinds of multiuser networks. Compared with traditional
FLQs, our proposed VLQs have obtained much less or even zero performance losses with

only finite average feedback rates.

For the future work, we would like to extend the proposed VLQs to other wireless networks.
For example, the millimeter wave (MmWave) transmission is a promising technology for
future cellular systems and has drawn a lot of attention recently [57]. MmWave cellular
systems, operating in the 10-300GHz band, brings in more available spectrum and supports
multiple gigabit-per-second data rates. However, due to sparse scattering, the characteristics
of the MmWave channel are essentially different from those of the wireless channels we have
studied, i.e., Rayleigh fading. For a point-to-point MmWave system, the channel matrix can

be written as [58]

L
H = [ YN g (0) ol ().
=1

where Nt and Ny are the numbers of antennas at the transmitter and receiver, respectively;
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L is the number of scatters; a; is the complex gain of the [-th path; 6, and ¢; are the [-th
path’s angles of arrival and departure; ar (¢;) and ag (6;) are the antenna array response
vectors of the transmitter and receiver, respectively. If uniform linear arrays are assumed,

at (¢) is defined as:

I

1 om ) S T
ar(¢) = . 1,6 Xdsin@) ,eﬂNT—l)%dsmw)]

where ) is the signal wavelength, and d is the distance between antenna elements. The array

response vectors at the receiver, ag (#), can be defined in a similar fashion.

It can be seen that the MmWave channel matrix assumes a complicated composition involving
the path-loss coefficients, angles of arrivals/departures and the array form. Therefore, the

limited feedback scheme needs to be re-designed to accommodate the MmWave channel.
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Appendices

A Supplementary Proofs for Chapter 2

A.1 Proof of Theorem 2.1

Proof. We need the following lemmas to prove Theorem 2.1.
LEMMA A.1. Given H € C*"* with T (wiy, H) > «, let

F(ngM7H> —Q

ma . .
N N nl?
2VNP (Sl lonl) (14 0 45 )

(A.1)

Then, for any w € Wsm with |jw — wjy,|| < II, we have I' (w, H) > «.

Proof. We first find an upper bound on I (w§y,, H)—I" (w, H) for any w € Wsyy. Based on the

bound, given H with I' (w&y,, H) > «, we find conditions on w that guarantee I' (w,H) > a.

In order to bound I' (w§,,, H) — I" (w, H), we successively alter each component of w, until

we reach w, while keeping track of the SNR variation at each step of the alteration [10,

Appendix B]. Thus, ' (H) 2 T (wfyy, H) — T (w, H) is decomposed as

I'(H)= i Ty (H) = i [T (w* Y H) -T (w® H)], (A.2)
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where w©® £ wgy,, w* £ [[w]y s [l Wiy s [ngM]N}T and w™ £ w. Let
1

= =,
’fn| + P

N

Akz é Z [’w(k 1 ] fngn\/ﬁ>
Z [w® D] 17 [gnl* Fos
N
e W) fuga/Fo = A — (il — W12 frony/ e

B2 1+ S [w] PlgnPFo = Bi — (o — 1w],/%) g fi

n=1

=
>

oy
e
||l>
=2

According to (2.2), we have

[ s~ (ot~ ) o/ Fo|
By, )

= _ ol plAlT  pla?
Ty (H) = Plpt — plol — plt _ p

An upper bound on I'y, (H) can then be derived as

=2 =
F () = Pl piagt  pllvialii) /B[ pe{ai (il o/
k Bk N Bk Bk

4

v~

>0

< p 2(By )+2P\Akw[w;wlk—[gilklwfk\-wkh/ﬁ

By By, By,

- P

2 2 ~ =
1Ak (| g | = 0l | l9e 12 || fwld — ol || Sl g/ e
- + 2P -
By, By, By,
2 2 ~ =
|Ak|2“[w§UM}k‘ |l | "|gk|2fk | Akl [l =0l |5 w1 v/ Fi
. +2P A
By, B,

<P
< P|Ak|2 [[wamlp — W] - [[wsly, + [w],] - |gk|2flc
+ 2P| Ay| - [[whod, — W] el - lgely/ Fr

< 2P|Ak|2 |[wgoly, — [w],] - |gk|2fk + 2P| Ag| - |[wggl, — [wlil - [ fx| - |gx]
(A.3)

For the second last inequality, we have used the bounds ||¢; ? — |02|2| < ey — ea] X |er + ¢ for
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¢1,¢ € C, and By, By > 1. Also, (A.3) follows since |[wy,], + [w],| < |[wipd,| + [[w],| < 2.
Now, using the fact that | f| v/ f; < 1, we can find an upper bound on the term |A| in (A.3)

as

N N N
40 < 3w ]| Ul lgal V< S 1l lond v o < lgal
n=1 n=1 n=1

Substituting to (A.3), we obtain

o) wgod, — o] ol f

) > bl — bwlel o
gzP(ZN onl) ko - szf;rgn!?fn
+2p(ZN 1) % il — o)l % (30 162

o)

" ool — <+Z 9, )

[l + 3

ﬁggp(imn) <1+Z|fn'f"+ )i\ Souls — W],

<2P (Z |gn) ( + Z |f|fn+ ) NZ |[wsou] — [w]k:|2
=2VNP (Z |gn) <1+Z|f|9" )><||w§UM—w||. (A.4)

Now, given ' (why,, H) — a > 0, let I1 & % Then, if |[w§y —w|| < II, we have

['(w, H) =T (wgpy, H) = T (H) > T (g, H) — = % |[wgg, — wl|

>T (why, H) — 2 x I = a.
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as desired. To complete the proof, let us verify that 0 < IT < 1. Since I' (w&yy, H) —a > 0 and

2 2
= > 0, we have IT > 0. Moreover, since I (why,, H) = P SN, % < PN gal® <

2 *
P( N n),wehaveﬂ<w< ! < 1. (]
> n=1 |9n] = 2x/N(1+ZN e )

"= nlP+ 5

LEMMA A.2. Let Wy £ {wp : wp € R*V¥! |jwp|| = 1}. For a fized w € Wi, a real number

0 <t<1, and a random real vector v which is uniformly distributed on the real unit sphere

Wh, we have
1 2N -1 1
Priu’v >t} =-1I_ =
T{U’I)_} 21t2( 9 72>7
where I,(a,b) = @ o 2 (1—x)""dw is the reqularized incomplete beta function, 5(a,b) =

fol 2911 — x)°"Ldx is the beta function [14].

Proof. Similar to (21, Eqs.(23)-(24)], we have Pr{u'v >t} = %, where Son i cap 18

the surface area of the spherical cap formed by the intersection of the subspace u'v > t

and the real unit hyper-sphere Wy. From [59], we obtain Syy = (]3”—_11), and Sontcap =
(N”—ivl)!]l_g (%, %) Then, Lemma A.2 is obtained by dividing Son ¢ cap by Son-. O

We are now ready to prove the theorem. Since a full-CSI system provides the minimum

possible outage probability, the inequality

Out (Fullgyy) < Out (VLQgyy) (A.5)

holds. It is thus sufficient to prove the reverse inequality Out (VLQgyy) < Out (Fullgy). For

this purpose, we need the following definitions. Let

Hi 2 {H e CV": T (why, H) < o}, (A.6)
Hy 2 {H € " : T (why, H) = o}, (A7)
Hy = {H € V" : T (why, H) > o} . (A.8)
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According to (2.5), we have Out (Fullgy) = Pr{H € H;}. Also, let
HE{He V" T(w,H)<a,VieN}, (A.9)

Note that we have omitted the dependency of H on the realization of the random codebook

{w;} for brevity. Using the definition in (2.11), we have

Out (VLQgu) = ExEqw,) 1 {H € H} (A.10)

:EHE{wi}N(].{HGHﬂle}—Fl{HEHﬂHg}—FI{HEHﬂ%g})

(A.11)
< EgEgw(L{H € H1} +1{H € Ho} +1{H € HNHs}) (A.12)
:PI{HEHl}-i-Pl"{HE 7‘[2}+EHE{wi}N1{HE/HﬂH3} (A.l?))

= Out (Fullgy) + Pr{T(wgyy, H) = a} + EgEpw, 1 {H € H N Hs}
(A.14)

= Out (Fullsw) + EgEqw, 1 {H € X NHs}, (A.15)

where (A.11) follows since H1, Ho, H3 are disjoint sets that cover C2V*1 (A.12) follows as

1{He AN B} <1{H € A} for any A, B C C*¥*1 and (A.13) follows since

EHE{wi}Nl {H € A} = E{wi}NEH]- {H S A} = E{wi}NPI‘ {H € A} = Pr {H € A} ,

for every A C C*V*1. Equality in (A.14) is by the definitions of H; and H,. Finally,
(A.15) follows since I'(w§y,, H) is a continuous random variable, and the probability that a

continuous random variable assumes a specific real value is zero.

In light of (A.5) and (A.15), in order to conclude the proof of the theorem, we need to
prove that the equality EgEqy,),1{H € HNHs} = 0 holds. In fact, we shall prove the

stronger statement that Eg,,3,1 {H € H} = 0 for every H € Hz. Assume, for the sake of
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contradiction, that there exists He Hs3, such that Eg,,3,1 {f{ € 7—[} =¢ > 0. We have

Bl {H € H} = Pr{T (w,H) < a,¥ieN}
gPr{r (wi,fI> <a,0§i§K—1} - [Pr{F (wi,fI> <aHK,
(A.16)

where K > 1 is an arbitrary natural number. For the equality in (A.16), note that
w;, i € N are mutually independent and T'(-,-) is a deterministic function. Therefore,
r (wo,ﬁ ) R (w K_l,ff > are mutually independent given H, which proves the equal-
ity in (A.16).

Now, using Lemma A.1, for any given H , we obtain

~ 112
Pr{F (wi,H> > a} > Pr {|jw — wiy|| < I} = Pr {Real {whwhy,} > 1- 7} .

(A.17)

Note that Real {wiwjy,,} = [Real {w};Imag {w}]" [Real {w}y,} ; Imag {why,}]. Since w is
uniformly distributed on Weyy, the random vector [Real {w};Imag{w}] € R*¥*! is uni-

formly distributed on the unit real sphere Wy (For a proof, note that w is equal in dis-

wWrtj*w,

T where wgr,w, € ]I\T(Ole,%INxN) are independent[21]. Thus,

tribution to
[Real {w} ; Imag {w}] = % is uniformly distributed on Wk.). Applying Lemma
WR w)|

A2 to (A.17), we have

. I12
Pr{F (wi,H> < a} <1-Pr {Real {wiw}y,} >1- —}

2
L ON —1 1
T2 ()2 2

17(17 H2>2 2N —3 /ﬁlﬁ
B _fo *SxTe (1—x)2de
2x B (¥573)
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foli(lin;) > da
B 2 x 5(” %)
=1- (< 1 29 <1. (A.18)
2

Letting K = [logg €] +1 in (A.16), we have Egy,y,1 {fI € ’H} < @K = Pllogecl+l <« Plogas =
¢, which contradicts the assumption that Egy,},1 {f{ € 7-[} =e. Thus, Egp,, 1 {H € H} =0

for any H € Hs, and this concludes the proof. H

A.2 Proof of Theorem 2.2

Proof. We need the following lemma to prove Theorem 2.2.

LEMMA A.3. Let T, £ %. Then, for N > 2, the probability density function
n n f

(PDF) of w = "N T, is upper-bounded by

fZN rn< z) <

N-2
——F _ 1 1 ™ "
e “n Dy |2V 1+ BT + PN +1{N >3} x (Ple + me)] . (A.19)

m=1

where Dy > 0 is a constant that is independent of P. O

Proof. According to [8, (5)], the cumulative distribution function (CDF) of T, is Pr{I",, < z} =

_ T _ T 12+£
o o2 Y D
1— e“;ff" fooo e T V<, dy. By taking the derivative, the PDF of ', is therefore
gn

1
_ sz s 5+ 3 © __y _*TtPp
2 2 g g 2 2
fr,(x)=e “m Tpn I f”/ e T Y dy
0

2, x
o %, 1 e +p
* 6027 (21' - F) /0 e Vi dy (A.20)
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1
— 267ﬁ76§ O-g + g}% O-.gn (:CZ + }_)> K]_ 2 l’2 + P
o, o7, 03,07,
e_%_é 1 22+ L
+2 : <2x+—) Ko (24| - (A.21)
O' fn P O-gno-fn
2+ 5 1 2?4k
<Cyxe v |22+ SK 2| 5= |+ |2+ 5 ) Ko | 2] 5= ;
0,0 P 0,.0%,
(A.22)
——% 1 2
<Cyxe “in 1+(x—|——> K| —— |, (A.23)
P \Jo2 (szc
gn n

where C5 and C are constants that only depends on o7 and o2 . Moreover, (A.21) follows

v

since [z le"’wdm —9 ( )2 (2V/B7) [14, (3.471.9)], (A.22) follows since ¢ “7n < 1

and e_a <e v ductoo <o § . < 0 in the assumption, and (A.23) follows from

‘Ql\')

since K (z) <1 (10, (25)] and Kg(‘) is a decreasing function [14, (3.471.9)].

We now proceed by induction. For N = 2, the PDF of I'y + I'y is the convolution of fr, ()

and fr,(z). With the bounds on fr,(x) and fr,(z) in (A.23), the upper bound on fr ,r,(z)

is given by

Frorra (@) = / " fon () oo — )

v ——— 1 2
S / 036 ggN 1 + (’I“ + —) KO —r
0 P 0'2
fTL
— 1 20 — 2
xCse v |14+ (z—1r+ =) Ky u dr.
P 02 f

Using [° Ko(ax)de = £, [ Ki(ax)dz = T for a > 0 [14, (6.511.12)-(6.511.13)], Ko(x) <
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2 for z > 0 [10, (27)] and after some calculations, we can obtain

€T 7(7:1: 7(7;
- e 9N e 9N
Jrigr(x) < Cy | ze v + 2 + 2 )

for some constant Cy that depends only on the channel variances. In the inductive step,
by substituting the upper bound on fr,, (z) in (A.23) and the upper bound on Sy r, ()
in (A.19) when N = k into Sk, (z) =[5 Ssr_ 1, (r) fry. (# — 7)dr, we obtain an upper

bound on fgtiar, (x) as

js:”H ( )

<z™ <z™
A~ A~

k—2
T __r m m 1 1
< v Dy | P+ 1{k >3} x ) g -
> /0 € NUg (I , + { = } X Pk-—m—1 + Pk—m + Pk— Pk

<ebl o pyizzy ML

— T 2r — 2
xCOyxe v |1+ a:—r—l—— e

SLU \/ gk+1 fk+1

_ =z xm 1 1
e “in O k1+1{k:+1>3}>< (Pkml P m)+<pk1+ﬁ)
r 1 2x — 2
></ 1+<x+F)KO< T —2r )]dr
0 9k+1 fk+1

__z
=e GEN 05

™ 1 1
x |z + C !
x 6 IE+F ;

where C'5 and (g are constants depending only on the channel variances, and the last equality

follows since [ Ko(ax)dz = 2= for a > 0. After trivial mathematical manipulations, we can
obtain the upper bound on le_ci—ll r, () in (A.19) where N = k + 1. By induction, Lemma

A.3 stands for any N > 2. m
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We are now ready to prove the theorem. First, we recall from (2.12) that
FR (VLQgp) = »_[logy(i +2)] X ExEqw,, 1 {H € S}, (A.24)

1=0

where, as defined in (2.10),

s 2 {H: T (wo,H)>a} U,y {H T (w;, H) < a}, i =0, (A.25)
" H Tl H) 2oy n (L {H T e H) < a}, ieN-{0). ‘

Let p £ Ey1{I' (w, H) < a}, where w is uniformly distributed on the complex unit sphere
Wswn. We have omitted the dependency of p on the channel state H for brevity. For
i > 1, we have Eg,; 1{H € S;} = p'(1 — p) if ' (why, H) > a, and Eg,,; 1{H € S;} =0 if

[ (whyy, H) < a. Also, since
[log, (i +2)] <logy(i+2) <logy(2i +2) =1+ logy(i + 1),
the quantity FR (VLQgyy) can be upper-bounded by

FR (VLQgp) < > EnEqw,, [1{H € S} + > logy(i + 1) X EgEqw,y, [1 {H € S}
=0 =0

=1+ logy(i+1) X EgEpu,y, [1{H € S}

=1
.
H

where # £ {H € C*N*1 . ' (why,, H) > a}. For the sum inside the square brackets, we have

> p'(1—p)logy(i+1)

=1

fu (H)dH, (A.26)

= . 6 2 1
‘(1—p)log,(i+1) < p(1— — 4+ 2] p? 2]
> P (1—p)log,(i+1) < p(1—p) + (10g2+ )p T g2t 08T

=1

1
§C7—|—Cglog1_p, (A.27)
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where Cy £ 10g2 +3,Cs 2 ; 22, and the first inequality follows from [30, Lemma 1]. Thus,
FR (VLQgy) <1 +/ (07 + Cy log > fa (H)dH (A.28)
H
:1+C7/fH(H)dH+Cg/IOg fu (H)dH
7 # l-p
—_——
<1
< Cy+ Cy / log —— fu (H) dH, (A.29)

-

2]

where Cy £ 1 + C;7. We now find an upper bound on the integral I in the final inequality.

First, according to (A.18) in the proof of Theorem 2.1 in Appendix A.1, we have

I (1-m 2\ "2
p<1-— ((2N<1)ﬁ (3\,2)1 Iy (A.30)

where II is as defined in (A.1). Substituting to (A.29), we obtain

Ig/ﬂlog((?]\f—l)ﬁ(m\; ! 1)>fH( )dH

2N —1 1
_ ) A.
+—3 Alogl_(l_%)QfH(H)dH (A.31)

2
As shown in [60], we have 3 (2]\[2_1, %) < 2N - + 1. Moreover, since 1 — ( — H—2> > H? and

[ fu (H) dH < 1, the integral I can be further bounded by

=log 2+2log %

ON — 1 2
T <log(2N +3) + — / log — fgy (H)dH
H

< 010‘1‘011/
#H

(log )fH( )dH (A.32)

where C1y = log(2N + 3) + (2N — 1)10%2 and C;; = 2N — 1. Now, using the inequalities

2 2
(Zilgal)” < N (Z0119a) < Nexp (X0, Igaf”) and 3200, 4 < 307, led <
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2
N max,, 22
[ fn]

on (A.1), we obtain

[ (wiyy, H) —

> — o~
2N Pexp (L0 lonl”) (1 w b))

(A.33)

Substituting to (A.32) and then using the inequality [ fu (H)dH < 1 one more time, we

obtain
|9n|”
I<Cp+Cu Z 9] H)dH +Cy; | log il fu (H)dH
H n
N ~- _ N ~- _
+C /l P fu (H)dH (A.34)
o : .
L BT (i H) — o
—T;

where Cys 2 Cio + Cq log <2N%>. We now find upper bounds on I for £ =1,...,3. For

I;, we have

N oo N o N
x [
< g /0 f, 2 (v)dz = E /0 ge “in d = g o; = Chs. (A.35)
n=1 n=1 n n=1

Regarding I, first note that the CDF of :?"‘2 is Pr { }f |‘2 < x} = W The CDF of
T = max, :?c":Q is thus Pr{T < z} = [I" The PDF 7T is therefore

n—= 1.1‘+O'2/2

fr(z)=>" gg”Q/Jf"Q | -

n=1 (ZE + Ugn/afn) n1:1,n17ﬁn g"l/ f”l
—_———
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We can then obtain an upper bound on I, as

I < / log (1+ N'T) fu (H) dH
H602N><1

(A.36)

:/ log (14+ NT) fr (T)dT—i—/ log(1+NTY)  fy(Y)dY
0<KNTL] S—~— NY>1 S——
<log 2 <log(2NTY)=log(2N)+log T
N 2
o °° log T
< In =
<log2+log(2N) + ) = / AT = Oy,
n=1"Jn 7N (T + :n{lmN o [0}
h logN 10g(Nm1nn 10 g /0'
where 014 o 10g2 + 10g(2N) + Zn 1 9 /Ofn %erln =10 g /0'2 + min. =19 g /Uf

Applying Lemma A.3 to (A.34), we can find an upper bound on I3 as

°° 1 o0 1 .
= /“ (log T — g) foapr)dr = / (log ;) fsx,r, (y + F) dy
i P 0
e [T 1 N-1
S DN@ PX”?;N / e 0521N log — <y + 2) dx
0 Y P
7# 1 1 o0 7021/ 1
+ DNe PXogn (PNI + ﬁ) /0 e 99N (log g) dy

N-2
___a 1 1
+1{N >3} x Dye "in ) (Ple * PNM)
m=1

X /000 ei"gyN (log ?1/) (y—i—%)mdx.

The integral [~ e v (log i) dy in (A.37) is computed as

oy 1 z=log £ 00 _e
/ e N <10g —) dy = U/ e v ze*dz
0 Yy —00
o] 7&27Z o]
S/ e 7iN ze_zdzg/ ze *dz = 1.
0 0
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Similarly, the integral [ e “in (log 3—1/) (y+ %)" dy for n > 1 is bounded by

oo _ Y 1 n n
/0 e %(logg) <y+%) dy§3x2”n!x(1+0§Z)x(l+<%> )

Applying (A.38) and (A.39) to (A.37), we obtain

o

S - N-1
L <32 - D (L) Dye T |1 (5) ]

N-2
T hrell 1 1
+1{N >3} x Dye "7iv } <me1 * PNm)
m:1\

x3x (1+a2) < 2"l (1+(5))
- §2]\:€Xf/—2)! —/_’P 5
<2[1+(#)"]

- N1 e 11
< Cise T¥oin {l—i- (2) :|+Cl6€ PXain l— ]

<2(1+02N)

P PPN

~~

§1+67(N71)(N_l)N—lo_gng—l)

—ﬁ 1 1 a\N
+Cl7€ Pxogn {F—f—m} |:1+<F> :|

*# 1 1 a\N
§018+019€ Fxogn |:F+ﬁ:| |:1+<_> :|7

(A.39)

(A.40)

where Cj5 2 3 x 2V-1(N — 1)! x (1 + agva*”) Dy, Cig 2 2Dy, Cir 2 1{N >3} x Dy x
3 X (N — 1)!2N+1 (1 +0_§1]\>7)’ 018 = 015 + 01567(N71)(N - 1)N7102(N_1) and 019 = 016 +

gN

C47. Substituting (A.35), (A.36) and (A.40) into (A.34) and (A.29) completes the proof of

Theorem 2.2.
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A.3 Proof of Theorem 2.3

Proof. Following the same derivations in Appendix A.1, it is sufficient to show that: (i)
Pr{T (ufyp, H) = o} = 0; iiEg, 3, 1 {H € H™}] =0, VH € H3™, where

7{IND A {H c C2Nx1 . F(,ui,H) < a,Vi c N},
HE™® & {H € N1 T (g, H) > 0}

are analogues to the sets H,H3 in Appendix A.1.

We first show Pr{T (u%y, H) = a} = 0. Let 2{1N} be the set of all subsets of {1,..., N}.

Based on the expression of pfy, in (2.7), for every H, we have I' (ufy, H) € {Ta(H) : A €

2
+Zn A 2‘
|fngn] 4 %+ 2
D nea \/‘fn‘gz+% + >, o] B> g lfal

\ ‘fn\2+%

42 ea W 9
1+ ZneA ‘f|g‘ + T+ Shea [fngnl ZnéA |fn’
" \/ \fn|2+%

Since I'y(H) is a continuous function of continuous random variables, it is a continuous

random variable. Therefore, Pr{I'4 (H) = a} =0, and

Pril (Wi H) =} < S Pr{l,(H)=a}=0.

We now show Eg, 3, [1{H € H™}] =0, VH € H3"™ by contradiction. Suppose that there is

an H € M, such that £, [1{H € H™}] == > 0. Then, we have
B [1 {H c HIND}] — Pr {r (pH) <, Vie N}
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r{F(ui,I:I> <a,0§z’§K—1}

<P
= [Pr{F (pi,ﬁ) < a}]K, (A.41)

where K > 1 is an arbitrary finite natural number. Using the upper bound derived in (A.4),

for any p; = [lui,la ce a,ui,N]T and /J‘IND [qu 1= ,MZN] Tv we obtain

[ (uhp, H) — T (u;, H)

N
X Z }Mzk ,U/zk = é Z “Mzk} |:uz k| x € [arg(,u k) arg(u;‘,k)]
k=1

IA
(11

(1>

XZ (el = D)™ 2 |pt ] - o] - [1 = cos (arg (i) — arg (uiy))],
i R < org () st )

S N n Tpnp @
where = = 2P (anl ]gn|> (1 +y7 |f|g| +P> For T (i, H) > a, let 6 £ % >

0. Then, for any p; with ||}, | — |pixl| < 6 and |arg (uix) — arg (u;,)| < 27 x 4, we have
U (k. H) — T (p;, H) < 214 472N x 6 = I (a2, H) — o, which implies T (pu;, H) > o.

For H , it follows that
Pr{F (pH) < a} —1-Pr {r <,uH> > a}
<1 = Pr{||uis| = lparl] <0, [arg (i) — avg (uiy)| <27 x 6,k =1,... N}

N
= 1= [T Pr{lluix| = lninl] <0} x Pr{|arg (uix) — avg (ui;)| < 27 x 6}
k=1

N
=1-[]Ad: 2 A, (A.42)

k=1

where

Ay 2 [min (1, [pf,] +0) — max (0, |uf,,| = 9)]

Agyp = [min (1 rg(“ x) + (5) — max (O, —arggf”“) — (5)} )
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The last equality in (A.42) is derived from the fact that |u; x| and arg (u; ) are uniformly
distributed in (0, 1] and (0, 27], respectively, as defined in (2.15). It can be readily observed
that 0 < Ay, Agp < 1, and therefore, 0 < A < 1. Substituting (A.42) into (A.41), we
have Eg, 3, [1 {I:I € ’HINDH < AK. When A = 0, we have Eg, 3, [l {fI € ’HINDH =0<

. Moreover, when A > 0, letting K = [logi] + 1, we obtain B [1 {f{ c HINDH <

Allea]+1 - Alogx — - Both cases contradict the assumption that Eg, [l {f{ € HINDH =

U

E.

B Supplementary Proofs for Chapter 3

B.1 Proof of Theorem 3.1

Proof. Before showing the detailed proof, let us summarize the main idea behind the proof

first. Based on (3.1) and (3.6), to show Out(Qyrq) = Out(Full), it is equivalent to prove:

1. For any H SatiSfying Y (Full (H) 7H> < %7 ]"y(Full(H),H)<% = E{mi}iemly(mi,H)<%,VielN =

L
2. For any H satisfying v (Full (H) ,H) = 5,

/Hlv<Fu11(H>,H><,£fH (H)dH = /H Eoiien Ly o, m)< 1 view.fa (H) dH = 0;

3. For any H SatiSfying v (Full (H) 7H> > %7 l'y(Full(H),H)>% = E{zi}iG]N]"y(wi,H)>%,Vi€]N =
0.

Define

S = {H:HE C™? ~(Full (H),H) < %}
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define

For any realization of {z;}, ,

1
So ({mZ}ZE]N) = {H " H e (DtXQ,’)/(Zi,H) < F,VZ S IN} .

For brevity, we omit the dependency of S, ({mi}iE]N) on {z;},. and simply use S;. From

(3.1) and (3.6), Out (Full) and Out(QyLq) can be rewritten as

Out (Full) = Eglgecs,, B.43
1

Out(Qvrq) = Egey, Eolres,. (B.44)
For convenience, we define

Sn = {H:HeS, y(Full (H), H) < 3},
Sp = {H:H €S, (Full (H),H) = L},

Sps ={H:HE€ES,y(Full(H) H)>+}.

Since Sy = Sa1 U Sza U Sa3 and Sy, Saa, Sa3 are mutually exclusive, Out (QvLg) in (B.44) is

rewritten as

3
Out (Qvrg) = Z E ) enErlHes, (B.45)
=1

In order to prove Out(Qvrqg) = Out(Full), according to (B.43) and (B.45), we will show

E{xi}iE]NEH]‘HeSQI = EH1H€$17 E{ﬂ'«‘z‘}iemEHlHESm =0 and E{xi}iE]NEH]‘HESQB = 0.

First, to prove Eqg,},.nErnlames,, = Exlues,, it is sufficient to prove 1gcs, = 1ges,, for any
given H and {z;},.. When 1gcs, = 0, based on the definition of Sy, it means H ¢ S; and
v(Full (H),H) > +. From the definition of Sy, we have H ¢ Sy and 1ges,, = 0. When
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lges, = 1, H € §;. By the optimality of Full (H), it must have H € Sy. Since Sp; = S1NSy,

H c 821 and 1H€$21 =1. Therefore, 1H€$21 = 1H€$1 and E{zi}iE]NEHlHGSQI = EH]-HGSl-

Second, we will prove Eg,

Exlyes,, = 0. Define S5 = {H :H e C™? ~(Full(H),H) =

}iE]N

By definition, Sss = S, 1S3 € S3. Then,

1
E{xi}iEJNEH]'HGS22 S EH1H683 = Prob {’y (Full (H) ,H) = —} .

P
. |nlh|” :
Let mpyi, = argmin X, Mpax = argmax x,, and 6 = e According to [19, Theorem 2],
m=1,2 m=1,2
Xy 0> Xm_min7
v (Full (H) ,H)={ " Xmmax (B.46)

XMmin 9 < XMmin

1+B2 ! Xmmax !

where [ = Xormin /X9

\/Xmmax —Xmmax 0
and Xm,.., are also mutually independent [21]. With (B.46), it is straightforward to show

Since 0, x1, and x» are mutually independent, 6 and x,,_..

that Prob {7 (Full (H),H) = %} = 0 by fiXing Xm,.: Xmma OF 0 as well as using the fact
that the probability of a continuous r.v. assuming a specific value is zero. Therefore,

E(z.1.enEH1HES,, < 0. Since the probability is non-negative, E(z,}, .nExlmes,, = 0.

Finally, we will prove Egz.y, nErlaes,; = 0. Define

S, = {H:HG C™? ~(Full (H),H) > %}

Since Sz = S NSy, we obtain By, «Exlres,; = fH€S4 Ja(H)Eqy,cx1mes,dH. To prove
EyenErlEes,; = 0, it is sufficicent to show Eg;y, y1mes, = 0 for any H € S;. By

contradiction, assume JH € S4, 5.t Egglion

lgcs, =€ > 0. Then
. 1
Ez}ienlges, = Prob vy <mi,H> < E,Vz eN
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1

< Prob {7 (xH) < Vie{01, . K- 1}}

= [prob {- (e 1) %HK (B.47)

where K > 1 can be any finite natural number, and the last equality is because for a given
H, v (zz,fl ) for © = 1,..., K are mutually independent due to the independence of x; for
1=1,..., K. We shall use the following lemma, the proof of which is in Appendix B.4.

LEMMA B.4. If v (Full (H),H) > +, there exists Il € (0,1) such that for any & € X with

|zFull (H)|2 > 11, v (z,H) > + holds.

From Lemma 3.1, for a given H , we have

Prob {7 (xz,f{> > %} > Prob{

Therefore, Prob {’y (a:z,f{> < 1%} <1-—(1-1)"! < 1. By (B.47), it can be derived that

z!Full (FI) ‘2 > H} —(1—1)"t > 0.

19K
E{zi}iemlf[GSQ S [1 _ (1 _ H)t 1] . Let K = ﬂog(l_(l_n)tﬂ)é—‘ —+ 1, then E{xi}iemlﬂeé‘g S
[1— (1 —10)1 [lo8(-1-m=1) <[ +1 < [1= (1 =T 80-0-m=1° — ¢ which contradicts the
assumption that Egy, . lgcs, = € Thus Egy.o\lges, = 0 and Egy, Enlaes,; = 0,

which completes the proof. O]

Remark 3: It follows from (3.7) and (B.45) that Out (Qvrq) = E{s,},cnErrls, = Out (Full) =

i€IN
Egls,, thus Eg [151 — E{zi}ieml&} = 0. Based on the definitions of S§; and Sy, 1s, —Ez,1,.n1s,

is always non-positive for any H. Therefore, 15, —E, 1s, = 0 for any H with probability

i}iE]N

one. In other words, Ry in (3.3) is equal to the expectation of

{H Ly (zo, H) > %}U{H cy (Full (H),H) < %}

with regard to {z;};en with probability one.
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B.2 Proof of Lemma 3.1

Proof. For p = 0, ® = 0, then the upper bound in (3.10) holds. Hence, suppose that
0 <p<1. Then

o = Zp (1 —p)|log,(i +1)]

=p(1—p)+ Zpi(l — p)|log, (i + 1)]

1=2

<p(L—p)+ Y _p'(1—p)log,(i+ 1)

=2

=p(L—p)+p(l—p) Y _p'log,(i+2)

=1
=p(1—p)+p(1—p) |plog,3+ > p'logy(i+2)
=2

2 — ..
<p(l—=p)+p(l—p) plog23—l—@;plog2]. (B.48)

We estimate the sum > .-, p'logi via the integral of the function f(z) = e #*logz, where
0 < B = —logp < co. We calculate f'(x) = e#® (— 510gx) where f’ represents the
derivative of f. For ylogy = %, fl(xr)>0for1 <z <y, f(x) =0 for x =y, and f'(x) <0

for z > y. The global maximum of f is thus f(y). Since ylogy = = > 0, y > 1 must

1
B
hold, which implies f(y) = e logy < e Plogy < e Pylogy = %. Let j = |y|. Then

1<j<y<j+1, and

00 7j—1
D FE) =150 > F@) +FG) + G+ 1) Zf
i=1 i=1 i=j+2
J=L i1
= 1> / f@)de+fG)+fG+1)+ Z
i=1 71 i=j+2 7= 1
J=1 it
< 1 flz)de + f(y)
i i:l/i Z;Q il
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J 00
1 [ f)der2f)+ [ fa)da

<2f(y) + /1 " Fa)de < 26; n /1 " f(@)da, (B.49)

where the first inequality follows since f is increasing on (1, j) and decreasing on (j + 1, 00).

We now estimate the integral. With a change of variables v = log z, dv = e~ #*dx, we obtain

/100 f(z)dx = (—%log xeﬁx)

Combining with (B.49) and subsituting § = — log p, it follows that

SRk D e? 1

;f(z) < “logp {2+log (1 + —logp)]

1
<Z—£L—[2+Jog(1%—————)}
I-p I-p

p p

2
< — (241 <
1—p[%_%1—p} 1—p

1
{3+log1_p

], (B.50)

where the second inequality is because —logp > 1 — p for 0 < p < 1. Substituting (B.50)
into (B.48) yields that

2p? 1
o< p(l— 2(1-p)l log ——
<p(l—p)+p( p)0g23+¢0g2<3%-0g1__p>
2

6p 2p? 1

Sp(l—p)+2p2+log2 + 10g210g1_p

1
1—p

6 )
— (1 — — 19 p? 2]
P( M+Q%2+>p+bﬂpog

This concludes the proof. n

B.3 Proof of Theorem 3.2

Proof. Based on (3.11), we will derive upper bounds on I3, I and I3, separately. First, since
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Hs C Hop, we get

L<c /H o) fu(H)aH

Substituting the upper bounds in (3.12) and (3.14) into I3, it is derived that

Ci < 1 1 \"!
I <2 S (. H)dH
L PZ/HGHOXTR< le) JutH)

m=1

where Cy = (t — 1)C. Since Y, is chi-squared distributed, the PDF of y,, is

Jrm (Xm) = I

for m = 1,2 [61]. Then we obtain

WA (
<_

_P

_C t—2
A (1‘1371) xie
Cs [ 1N\,
*Ffl (1_P_X1) Xie

bl

where C5 = %= Noting that [~ 2"~

t—1)

t

bounded by
Cs [ 1 i—1 oo Xt Lo—x2
L <= 1— — =2emxiq / 2 d
TP s ( le) e e f o T Ty e
05 00 1 t—1 00 Xt72€—xz
o 1 — t—1 X1d / 2 d
Tp /}; < —le) X1 e Tdxa . (=) X2
Cs [ 1\ Cs [ 1
<2 11— — =2,-x1( =6 1o =
—P/l( le) Xite mhat g ) Px1

!
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t—1_—x1 t—1 _—x2

X1 € X2 €
dy:d

<t—1>!H<t—1>!] e
oo t—1 —X2

X2
L ( ) dXQ
bz
o t—2 —X2

X

(i ) dX27

'e7®dz = (n—1)! for n > 1 and n € N [61], I; is



where Cy = =%. Letting x; — 5 = A1, the bound is derived as

I, < CsS P/ M /\t 2 _’\1d)\1+C’6—/ Ale= gy,
P 0 )\1

67% o 67%

SC%T/O )\i 26 Ald/\l—l—C(;(t—l)'T

1 1 _1

e P e p

(B.51)
where C7 = (t — 2)IC5 + (t — 1)!Cs.

To derive I, applying the upper bound in (3.12) and based on the fact that H; C Ho, we

obtain

1 1]?
—+ —| fu(H)dH
HeHo LX1 X2

ke 2| [He e
2T et dxidxe
/ / {X% X3 xm} {(t—l)! (t—1)!
208 oo 3 /OO Xl;—le*XQ
(t—l)!P2/1 asemena ] o yroe
P P
20 o0 _ _ © t_2€_X2
+ —82 X e Xy X2 € gy,
(t=DP? Js 1 (t=1)!
P P
Cy [ , . 00 o=x24 -1
< Fg . Xt1 Se deXl/O € TX dyo
1 !

C 00 L 00 t—2e—X2
+ _9 X?i 26 deXl/ X2—)'dX2
O .

%

I <

PQ

Cy [ Cuo [ , o _
ZFZ Xt da + oy [ X e,
7 7
where Cg = (t — 1)2Cy, Cy = Y] and Cg = =%. When t > 3, I, is upper-bounded by
Cg 1 Cl(] 1
L < =I(t-2, —I'(t—-1—= B.52
2 P2( P)+P2 P’ (B.52)
where I'(n,a) = [> 2" 'e *dx is the incomplete gamma function for n > 0,a > 0. The

following lemma shows an upper bound on the incomplete gamma function, the proof of
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which is in Appendix B.5.

LEMMA B.5. Forn >0,n € N and a > 0, we have

['(n,a) <nle ™ (14+a""). (B.53)

Applying (B.53) to (B.52) yields

(B.54)

where 011 = Cg(t - 2)' + Cm(t — 1)', 012 = Cg(t — 2)' and 013 = Olo(t — 1)' When ¢t = 2,

the upper bound on I, is

Cy e Cho
L <=
‘=P L Xi X P2

e P e P

where Ej(z) = [0

. ©-dz is the exponential integral with an upper bound as E;(z) <

e*log (1+1) [61]. From (B.54) and (B.55), the upper bound on I, for any ¢ > 2 can

be obtained as

I s b o~
I, < 011E+C12ﬁ +013F X 1i>g + Cgﬁlog(1+P)+Cloﬁ X 1yms
1|1 1 10g<1 —I—P)
< Sy posFl) B.
< Cuet |+ g+ D, (B.56)

where C14 = [C11 + Cia + Ci3] X 1453+ [Co + Cip] X 1;-9. The last inequality is obtained by

comparing both cases where 0 < P <1 and P > 1.
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To derive I3, we need an upper bound on log l%p first. By applying (3.13), we obtain

1

|[Fu11(H)] Ay,
Xm

2 1 N
P

< 2(t—1)log

1
1
0g 7

min

m=1,2

2_ 1
~ P > Xmmnin

_1
P:

.| Fa1a(H)) Aoy |
mn

~(Full(H),H)—

1
P .
)

From (B.46), it is found when § > X™min 1
Xmmax m=1,2 Xm Xmmax

~v(Full(H),H)

Xmmax

u. t m 27i -5
o E) R | -5 P Therefore,

when 6 < Xmin - min =
Xm

Xmmax m:1,2

v(Full(H),H) —

Xmmax

1
P > P

and

max
m=1,2 Xm

v (Full (H),H) —

1
log <2(t—1)log T
1 7

Define Hy = {H :H € C¥2,y, > xo} and Hs = {H : H € C*2,x; < x2}

(B.57) and (3.12) into I3 yields

Cis
I3 < P2

Cis
+ E
2015

_l_

[ 1
HeHinHy LX1
1

H>7H)_

X1
H>>H)_

{— n

HeHinHs LX1

Jrou |5
HeHiNHa X1

where Cy5 = 2(t — 1)3C3. For any H € H; N Hy, [

—fu (H)dH,

]2:

+
P

2
lo
XQ] & (Full (

1 1 4
+ X2 XTQ

2
1 1
X1 X2 - [ X2

it follows that

X1
~v(Full(H),H) —

1
— log
HeH1NHa X2

—fu (H)dH,

P

Cie
I3 < P2

where 016 = 8015.
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Xmmax

(B.57)

Substituting

. Therefore,

(B.58)



3

} and Hy — {H;H € Hy N Ha, X2 > ]h{hz

Define Hg = {H H e Hy (\Ha, X2 < ‘h{hQ
With such notations, v (Full (H), H) in [19, Theorem 2| can be rewritten as

., H e Hs,
Y (Full (H) H) ={ ‘
%, HE?‘[7,

LIV g g ke

where 3 = —3 TR Then the upper bound on I3 in (B.58) can be further
deduced as
Cie 1 X1 Cis 1 X1
Iy < — — log fu(H)dH + —/ — log ——=———fu(H)dH
° = p2 Hews X5 X2 — P? Juews X3 oy — =
<x1
CIG 1 016 1 1
- s = 0w ) (BB + 32 [ log L fulH)H
\P2 HeHgUH X% ! ) P? Hetg X% X2 — 1%
:};1 =};,2
016 / ]- 2 016 ]. ]_
+ — —log (140 fH(H)dH—l——/ — log ——— fu(H)dH .
\PQ HeHq X% ( ) P2 HeHr X% X2 — #

Based on the fact that {He U H7} = {H1 N Hs} C Hy1 C Ho and using a similar mathemat-

ical derivation for the upper bounds on I3, I5, the upper bound on I3 is derived as

1 [ 1 1 log(1+P)
I;; < -t 7 B.
310 < Cire™ P P + i + P ) (B.59)

where 017 = ,52__t1016 X ltzg + 2016 X lt:2.

For I3, since Hg € Ho, its upper bound can be

Cie [*[xi e /Oo 1 1 Xy e X
I3, < — = |d — 1 d
Sl {(t—l)! AR PR R v B (VT

P

016 o thile_X1 o =3 —y 1
P

P
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L (e LY (4 L) e
= 18P2/0 Og)\—z 2+F 2 2,

where Cjg = S8

t > 4, with the help of (B.53), we obtain

e P (7 1 IR
I35 < 0183/0 (bg )\—2> <>\2+F> e 2dA

e L (e L Ny b T e
18P2 % Og)\z 2 P € 2

P*Ji X

2-3CeF [P 1 230 [
< T - t—4 _—MXo
< i1 /0 log N dXg + P /}13 Ay e 2d g

01967% 1 IOgP Clg 1
— — “Op(_3 =

pt-1 {P + P + P2 3 P

0196_% 1 (t — 3)!0196_% 1

< pt-1 | p +1]+ P2 1+ pt—4
1|1 1

< Cye™ P {F + ﬁ] ;

where Clg = 2!73C'g and Cyy = 2 x (t — 3)!Cy9 + 2C19. When ¢t = 3, (B.60) becomes

1
<log A—2> e 2d\,

1
e F &

% 1 ) e‘%
P2 ; <10g )\—2> (& 2d/\g + Olgw

P Cis [ e
S Clgep—; / IOg /\—d)\g + P—128 / 6)\ d)\g
0 2 L 2

e 7 [1 logP] Cis. (1
SO {F* P ]*ﬁEl P

I35 < Chg
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=) and the last equality is obtained by replacing s — 1% with \o.

(B.60)

When

(B.61)

(B.62)



where Cy; = 3C1s. When ¢ = 2, since -+ < P, I35 < Ciz5- fo log /\—e_)‘Qd)\g Following

)\Jr

the same steps in (B.62), I35 can be bounded by

1|1 1 log(1+ P
[372 S CZQe*ﬁ {_ + — Lﬂ} ,

5+t t— 5 (B.63)

where Cy = 3C15. Based on (B.61), (B.62) and (B.63), the upper bound on I3, for any
t>21s

1 1+ 1 +10g(1+P>
P Pz P ’

I3 < Cye™? (B.64)

where 023 = Cgo X ]-t24 + 021 X 1,523 + 022 X ].tzg.
In I3 3, since 0 < 3 <1, log (1 + 3%) <log2 < 1. Similarly, the bound on I3 3 is obtained as

1 1 1 1og(1+P)
1373 < 0246 P P + ﬁ + T s (B65)

where 024 = — X ]-t>3 + ( X ]-t 9.
For I3 4, since x1, x2 and 6 are mutually independent, its upper bound can be derived as

C 1 1
I34 < % <10g —Hﬁz) Fra (X1) fra (X2) fo(0)dxadx2d0
xixed)er, X3 X2~ ~p-

C 1
- %/{ Dyt (log X—w) Xy eGP (1= 0) i dyadd,
X1,X2,05€H, 27 7p

- and H. is a transformed version of the pre-defined #; with respect

where 025 = %

to X1, x2 and 0. The PDF of 6 is given by f5 (6) = (t — 1)(1 — 0)"~2 for 0 < 0 < 1]21]. By

changing the integration variables from (x1, x2,6) into (f3, x2, ), we obtain the Jacobian of

: 0(x1,x2,9) Ix1 Vxz—vxi10 _ X2
the transformation as ’—8(5%279) 55 |- For any HcH, 3= o X1 —(\/a% =0y
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and 85/‘31 = (Vo \/%Jrvﬁ Xz) Therefore, I3 4 can be bounded by
Is4 < C

1 X2 S U
— log : { 1 e VarBvIm0? b3 mx2
pe {B,x2.0} €M ( X2 — %) (\/5 + V1 — 0)2 2
x (1—6)2 V1= 0x
(\/5 +BVI= 9)

~dx2dde

= G log
P2 Jipxamyers \ X2 —

2t—3 e~ X2 o %
) X2 (1 0) +1€ <f+6\/7)2dX2dﬁd9
<\/_ +BVI )
C 1
S _226 log 1
P2 Jipxameny \ Xo =

2B .
<\/_ 2\/_ sre (VOrevIm0tdyxedpdo,
+ 5 )

where Cy = 2C5; and ’H; is a transformed version of H; with respect to 3, x2 and 6. By

replacing yo — HB by x, a(%;;; ) ‘ = ‘am 1, then I3 4 is further bounded by
o 1582
026 ]_ e (\/7“'['5\/7)2
Iy < — log —
P " +
(Bx)eHs (Vo+5vi—i)
1 27 2t—3 5
x {x + J;ﬁ } e X7 dyd Bde
ot 1582
026 1 e (I+Bﬁ)2
< P2 | log — 241
Erxoers N XS (Vg4 BT 0)
1 27 2t—3
X {x + J;f } e X" FdydBdo, (B.66)
1 Z 1482
where H, is a transformed version of H, with respect to 3, x and 0. Letting ¢ = m,
,Q 1+82
,/ 24/ x+ "
)gé;gi))‘ B ‘g_i Since f = Vo + 5V ‘«% - }Xf:! - Forany H € #,
0 —
X1 > X2, thus ¢ = 2 > Tand 0 < VO + Sv/T—0 < 1. The Hence,

< Lo

i

— O

<p
v I L5 x 2 <oy /x+ 220+

1 _ 1
75 =5 = 7p = X Vi T oo 0. Therefore, ‘_¢
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\/5)\/5 < 2¢’%\/X + 1+—PB2 due to 0 < 6 < 1. Moreover, since

Hy C{(Bx,¢):0<8<1,x>0,¢>0},

the upper bound in (B.66) becomes

_1 t—3
1 1+ 52
137174 S 2026_€P; / (lOg —> eiﬁb |:X + Pﬁ } (btileixdxdﬁd(b
{6 nr

X¢rEH,

—% 0o 1 00 217t-3
< 2026%/ / (log l) e 9 {X + 1"}‘35 } o' TeXdydBde
t—3
= 2026_ {/ ¢t 1 _¢d¢:|/ / <log ) |: 1_;62:| e Xdydp
27t-3
ceit [ [ (e 5]

713 _
where Cy; = 2(t — 1)!Cy%. When t > 4, [X+%} < [X+%]t ? due to 0 < g < 1.

Similar to (B.61), an upper bound on I3 4 is derived as

11 1
I34 < Coge™ P { =+ ﬁ] : (B.67)
where Cyg = 227°Chyr + (t — 4)!12872Cy;. When ¢ = 3, similar to (B.62), the upper bound on

1374 is

1 1 log(l+ P)] | (B.68)

[374 S ngeiﬁ |:F + ﬁ + p

1 1 _
where Cog = 3C5;. When t = 2, since X+1+B2 < 1+62 <P, I3 < Cyr et 5 fo <log ;) e Xdy.

Similar to (B.62), we obtain

1 1 1 1og(1+P)
1374 < 0306 P {F + ﬁ + T] 5 (B69)

where Csy = 3Cy7. Combining bounds in (B.67), (B.68) and (B.69), the upper bound on I3 4
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for any t > 2 is

o=

I; 4 < Cs67 7 | =+ — +

L, L beten)] -

where C3; = Cag X 154+ Cog X 113+ C50 X 1,5. Based on (B.59), (B.64), (B.65) and (B.70),

I3 is upper-bounded by

1 1 log(1+ P)} 7 (B.71)

13 S C’32€_F |:F + ﬁ + 2

where Csy = Chg+ Coz + Co + C31. From (B.51), (B.56) and (B.71), we finally get the upper
bound in (3.15), where Cy = C7 + Cy4 + Csa. O

B.4 Proof of Lemma B.4

Proof. We use the following lemma, the proof of which is given in Appendix B.6.

LEMMA B.6. For unit-normal complex vectors u,v,w € C™*', we have

[ufv|* — [ufw]?| < /1 - jvfw|?. (B.72)

2
For any H satistying v (Full (H) , H) > &, let A, = )[Full (H)]Thm’ — &, where 0 < i—: <

2
1 for m = 1,2. If |£'Full (H)|? > II = 1 — min [i—:] , by applying (B.72) and letting

m=1,2
u= IZ_:I’ v =2z, w = Full (H), we derive that
B, || 2
| ‘h—lFull (H)| | < /1 — |ziFull (H)|?
Bl B i
— el > |h—|Fu11 (H)| — /1 — |ztFull (H) |2
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h! 1 A,
= | x| > +——V1I-1I>——
[ PXm  Xm Xm
1
— |h! x‘ > —,
phal = 5
where “=>" represents “it follows that”. Since 0 < II < 1, the proof is complete. n

B.5 Proof of Lemma B.5

Proof. T(n,a) can be expanded as T'(n,a) = (n — 1)le= > 7~} ak—l,c [61]. When 0 < a < 1,
I'(n,a) < (n—1)le >0 ékl, < nle™® when a > 1, T(n,a) < (n — Dle @370 P
(n—1)le=® 3770 a1 = nle~®a""'. Therefore, T'(n, a) < max {nle~% nle=%a" '} < nle=®+

—a

nle @™t = nle (1 + a™1). O

B.6 Proof of Lemma B.6

Proof. Let G = vv' —ww' and z = viw. It can be verified (after some tedious but straight-

forward calculations) that G admits the decomposition

G=1/1-|z (ului —u2u§> :

where

u; = av — Pugexp (—j4z),

uy = v + avpexp (—j£Lz2)
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are orthonormal vectors with

w — vviw
V) = ———,
V1- 2
14+4/1— 2> |[1—4/1—2]
(Oé,ﬁ) - 2 9 2
We can then obtain
[ufv|* — [ufw]?| = [u'Gul

=/1—]z2? HuTu1|2 — |uTu2|2‘
<y/1—|z2) (Julu|* + [ulus|?)

2 2
<AL= [z ]

=/1—]2%

This concludes the proof. O]

C Supplementary Proofs for Chapter 4

C.1 Proof of Propositions 4.1 and 4.2

Proof. We first prove Proposition 4.1. Since the optimal time-sharing pair that minimizes
OUT pp 1s should maximize MRvs(t1,t2), we have (t],t5) = argmaxy, +1,—1.¢, 1,50 MER1s(t1, t2).
Clearly, t5 = 1—t7, and therefore, it suffices to determine ¢} = arg maxo<s, <1 MRvs(t1, 1 —1t1),

where

MRys(t,1 —t;) = min {#; log, (1 + P|hu|?) , (1 — 1) log, (1 + Plhoo|?) } .
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As t; increases from 0 to 1, the term ¢; log, (1 + P|h11|2) increases from 0 to log, (1 + P|h11|2)3
the term (1 — ;) log, (1 + P|h22\2) decreases from log, (1 + P]h22|2) to 0. Since either term
is also a continous function of ¢;, it follows that the optimal solution ¢} should make the two
terms equal. In other words, ¢f should satisfy ¢} log, (1 -+ P|h11|2) = (1—t3)log, (1 + P\h22|2).

This leads to 7 and ¢5 as given by (4.3), and thus concludes the proof of Proposition 4.1.

We now move to the proof of Proposition 4.2. Similarly, the optimal power pair that mini-

mizes OUT pg ct should maximize MRct(p1, p2). We first show pi = 1 or p5 = 1 by contra-

diction. Assume 0 < p*, p5 < 1. Letting 8 £ min {z%’ 1%} > 1, we have
1 2

* h 2 * h 2
MRcr (Bpy, Bps) = min < log, | 1+ % Jlog, [ 1+ %
p2’h21’ +5_P P1‘h12| +ﬁ

* |1 2 * 17 2
> min < log, 1+—p1| ;ll - , log, 1+—p2| 32| N
D5 [hoi | + 5 P [haa| +5

= MRcr (p1,13) (C.73)

which contradicts the fact that (pj, p5) is optimal. Therefore, pf =1 or p; = 1.

& pilhuf A& palhaof ;
Now, let a(py, p2) = PR s and B(p1,p2) = PR We also define the variables

~ A . .

p1 = arg Ogﬁé MRcr(p1, 1) = arg Ogﬁé min {a(p1, 1), B(p1, 1)}, (C.74)
~ A .

P2 = arg max MRct(1,pe) arg Jhax min {a(1,p2),8(1,p2)}. (C.75)

Since either p1 = 1 or p§ = 1, we have (p},p3) = (p1,1) if MRct(p1,1) > MRcr(1,p2), and

otherwise, (pi(apg) = (Lﬁ?) if MRCT(ﬁla 1) S MRCT(17ﬁ2)'

Now, suppose «(1,1) < §(1,1). We will evaluate the corresponding p; and ps, and show
that MRct(p1,1) < MRct(1,p2). This will imply (according to our discussion above) that
(p1,p5) = (1,p2). Let us first evaluate p; as defined in (C.74). Note that as p; increases from

0 to 1, the quantity a(p, 1) increases from «(0,1) = 0 to a(1, 1), and S(p1, 1) decreases from
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£(0,1) to 8(1,1). Hence, if a(1,1) < S(1,1), we have a(p1,1) < B(p1, 1), Vp1 € [0,1], and
thus p; = 1 with MRcr(p1,1) = a(1,1) whenever a(1,1) < 3(1,1). We now evaluate p, as
defined in (C.75). As ps increases from 0 to 1, the quantity «(1, p2) decreases from a(1,0) to
a(1,1) > 0, while 8(1, ps) increases from £(1,0) = 0 to $(1,1) > 0. Hence, when «(1,1) <
B(1,1), the solution p, of the optimization problem in (C.75) should satisfy (1, p2) = 5(1, p2)

with MRcr(1,p2) > a(1,1). Substituting the explicit expressions for «(1, p2) and 5(1, pa), we

2 2 2 2 2
obtain py = 2P|221|2 (\/4P2|h11\ |hiz2] |"22212||2+4P\h11| |21 | +1— 1>. Hence, when a(1,1) < 4(1, 1),

we have MRcr(1,p2) > a(1,1) = MRct(pi1, 1), which implies (p7,p5) = (1,p2), and thus
proves (4.5). The proof of (4.4) can be accomplished in the same manner and is thus omitted

for brevity. This concludes the proof of Proposition 4.2. m

C.2 Proof of Theorem 4.2

Proof. To prove Theorem 4.2, we will need the following lemma.

LEMMA C.7. When 0 < tymin < 1 for k= 1,2, let tymin = [0.bg1br2 .. ],. Then, at Round
l of CQypys where I > 1, we have ENUMR’T&,C (hi) = by, 21 = [0bgabrs .. by, and

k,min
tu bl 2flb,l

k,min — “k,min

+27 fork=1,2.

Proof. We will prove Lemma C.7 by induction. It is straightforward to verify Lemma
C.7 when [ = 1. Suppose it also holds when [ < m where m > 1. Thus, t',f’ﬁn =

06510k, - - - bm], and gubm — ylbm 4 9-m \When | = m + 1, we have ENC”A}JRF}T&k (hy) =

k,min k,min

Ib,m

tub,m +t .
1 tk’min Z Ic,mln2 k,min , Whel"e

ub,m Ib,m —m
brmin T thmin _ 2 X [0.bp1bko - bpmly £277 [0.by,1 b bre,m 1]
— = Or10k2 - Okml]y .

2 2
I ENCTL (hy) = 1, tpos > St (hon 4 0 b bbb >
virTsk (Br) = 1, timin > 3 , then, timin = [0.bp10k2 - - brmbimsr - -]y >
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[0.b310k,2 - - - bem 1]y, thus, by =1 = ENC”AZE}TSJC (ht). In addition, oL and 2 are

k,min k,min
Ib,m+1 tzbﬂﬁt'ﬁﬂn ub,m+1 ub,m . Ib,m
updated as ¢ = R = 0.0y by o - D], and G0 = 6000 Since 60 =

(003 1bk2 - bmlys tomdl = £2m 4 27 (mHD Then, oM+ = gbm — pom 4 gmm

k,min k,min k,min kmin —  Yk,min

tlkti’g;:l —2=(m+l) 4 9—m — tﬁﬁ:l + 27(m+1) " Similarly, it can be shown that Lemma C.7 is

valid if EN C’]\’};}T&k (hi) = 0. Therefore, Lemma C.7 stands when [ = m + 1. By induction,

Lemma C.7 holds for any [ > 1. O

A. Proof of Theorem 4.2.(a)

From the procedure of CQyp 15 in Fig. 4.3, CQyp1s (H) = (%, %) when Situation A happens.

Thus, t; = t, = % and t; + £, = 1. When Situation B, C, or D happens at Round Z, it must

have [ > 1and 0 < tkmin < 1for k =1,2. Then, (E]VCJJ\/[R’TS’1 (hy), E’]VCJM;,GTS’2 (ho)) = (0,1)

or (1,0) for 1 <1 <[ —1. From Lemma C.7, we obtain (i) (by,,bs;) = (0,1) or (1,0) for
1<i<i—1; (i) L) = [o.bk,lbm...bk H] and (221 = L o=(171) fop = 1,2,
k) bl 2 b k)

tub,lh'fl_i_tlb,lhfl tub,l‘_ﬂ_’_tlb,l}l ) )
Thel"efore, CQMR Ts (H) — 1,min 5 l,mm’ 2, min 5 2, min is del"lved as
CQpyprs (H) =
0.b1b1s by 1] g (0bsb2a by 1] - (C.76)
=i =ty

Since by +by; = 1 when 1 < 1 < [ —1, we obtain 0 < i1,f, < 1 and #, + f, = 1. This

completes the proof of Theorem 4.2.(a).

B. Proof of Theorem 4.2.(b)
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) _ opt L 1
Let’s prove OUT (CQyp1s) = OUT g 15 first. Recall that ¢4 min = oz (L P )’ and let
Hi = {H : t1 min + t2min > 1,1 min > 0, f2min > 0},
H? = {H : tl,min + t2,min = 17251,min > OatQ,min > 0} )

Hs = {H : t1 min + t2min < 1,81 min > 0,t2min > 0}.

Since t1 min + t2,min = m, we have OUT(J)\/IPE,TS =Pr{H € H,}. Let

OUTZ £ Pr {H € H;, MR+s (CQMR,TS (H)) < 1}

To prove OUT (CQup1s) = OUTC])\%’TS, it suffices to show that OUT; = Pr{H € H;} and
OUT, = OUT; = 0.

We first show OUT; = Pr{H € H,}. Obviously, OUT; < Pr{H € H;}. On the other hand,
for H € 7‘[1, thin + tQ,mjn > 1, and MRTS (CQMR,TS (H)) < MRTS (t’f,t’i) =1 < 1.

tl,min+t2,min

It follows that OUT; > Pr{H € H;}. Thus, OUT, = Pr{H € H,}.

For OUT,, we obtain OUTy < Pr {t; min + tomin = 1} = 0 as the probability of the continuous
) ) . 2 1 . . . .
L.V, timin + tomin = D g —10g2(1+P|hkk|2) assuming a specific value is zero. Since OUTy > 0,

OUT, = 0.

To prove OUT3 = 0, it is sufficient to show for any H € Hs, MRts (CQMR’TS (H)) > 1. When
H € Hg, it implies 1 min + fomin < 1, then, there must exist [ € N such that T min + T2,min <
1-— 2_l~. Let tk,min = [O.bk’lbhg .. .]2 for k = 1, 2. Then; tl,min + t2,min < I - 2_l~ is eqlﬂvalent

to

[

[O.bleLQ o bl,l~‘ . .}2 + [O.b2’1b2,2 ce. b2,l~' . .]2 S [0 ].1 ce. 1 2. (C??)

Any (t1 min, t2.min) satisfying (C.77) will fall into one of the following two categories:
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@ 31 < < Isuchthat (byy,byy) = (0,0) and (byy,bay) = (0,1) or (1,0) for 1 <1 < 1'—1.
@ (b1, bay) = (0,1) or (1,0) for 1 <1 <1 and (by,by) = (0,0) for I >+ 1.
For example, (1 min, t2.min) = (0.5625,0.25) belongs to (D, because 0.5625 = [0.1001], and
0.25 = [0.0100], with [ = 1" = 3.

For any (t1 min, t2,min) in @, according to Lemma C.7, we have E]VC?;HQ:FS’1 (hy) = ENC?LIR,TS’Q (ho) =
0 and (ENCJMRTS’1 (h1), ENCJMR’T&2 (h2)) = (0,1) or (1,0) for 1 <1 <1 — 1. Based on the
procedure of CQyp1s, Situation I will happen at Round ['. Similar to (C.76), the time-

sharing pair will be determined as

CQunrs (H) = (i1, 1) = ([O.beL2 cbyyoi1], [0babas 527,_11}2) .

Since tk,min = [O.bk7lbk72 . ka/_lO .. .}2 < [O.bk71bk’2 . bk,l'—ll}Q = fk, tAk 10g2 (1 + P |hk;k|2> >
to,min logy (14 P ]hkk|2) =1, then, MRts (51,2?2) > 1.

Similarly, we can prove MRvys (CQMR’TS (H )) > 1 also holds for @. In summary, for any
H c H3, MR+s (C’QMR’TS (H)) > 1. This implies OUT3 = 0, and thus concludes the proof
of the claim OUT (CQyp1s) = OUT%[);%,Ts-

We now prove the upper bound on FR (CQMR’TS) in (4.7). For [ € N, let

={H: CQyp s ends after Round l}.

Based on the procedure of C'Q)yp 15 in Fig. 4.3, a geometric representation of R; is shown in
Fig. C.1 for clarity of exposition. Since the number of feedback bits is 2({ + 1) after Round

[, the average feedback rate of C'Q)yp 15 is calculated as

R(CQurts) = Y 20+ 1) x Pr{H € R}
=0
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t2,min

ALI0OIN
N
=

N —
]
E

N

INT
N

0 1 1 37 7 [1,min
2 3
Figure C.1: A geometric representation of the regions R; with [ being the number in the
corresponding area. For example, R, is the union of the two “squares” on the figure that

are marked with a “1,” and Ry consists of the points that do not belong to the unit square.
Only the four regions Ry, ..., R3 are shown explicitly.

=24+2xPr{HeR}+2> IxPr{HeR}

=2

§2+2xPr{HER1}+2lePr{HE Unw}, (C.78)
=2

w=l

where the second equality is from ) ,°  Pr{H € R;} = 1; the last inequality is due to the

fact that R; C U R,. Now, since
1 1
Rl g H:0 S tl,min7t2,min S - UJH: 5 S tl,minatZ,min S 1 )
we have

: : 1 1
P e R} < [ ot [ fuedn [ o0de [ fi, (),
0 0 5 5
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1 1 1 )
S/ ftl,min(xl)d%—i‘[ iy i (T1)d1 _/ Jtr i (T1)dTy = €7 P,
0 1 0
(C.79)

log 2
1g2 _e x® —1 log2

pze” P e = , x>0 of the

where the last equality is from the explicit form f, . () =

pdf of ¢ min. According to the procedure of CQyp 15 in Fig. 4.3, when [ > 2, we obtain

2i=1—1
(1) (2)
Ri< U {Rl,q UR } , (C.80)
q=0
where
( 2 2q+1
5 < timin < 75
(1) _ 1 _ 242 2g+1
Rlaq_ H q+ <t2m1n§1_ (];lr’ )
L 0< tl,minatZ,min <1
(
2q+1 2q+2
qu < 7(/-1 ,min q;lr 3
(2 _ . 2041
Rlvq = H: - 112-2- <ty ,min <1- 21, : (081)
L 0< tl,minatQ,min <1
It follows that
( )
216_1 H- %_21_—2<t1,m1n<%_%7
" 5ot <t < 3+ 5
U RuC (C.82)
l — 1 1 1
. U2l G_l H- b) + 2llil < Zfl,mm < 5 + ;ltu
L u=0 % - % S tQ,mln < ; - 2121 )

Thus, for [ > 2, an upper bound on Pr{H € UX_R,} is deduced as

u+1

oo 2721 1w 1,
27 5l 2T o=1
Pr {H € U Rw} < Z ﬁ ft1,min(I1)dx1ﬁ Jto i (22)d2o

u
u=0 27 -1 5"'2171

"
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2l=2_1 utl 1__u
+ [—1

27 o1

T ), / Fouon (@2)ds

2*2%1
=D3 / e [T g i

1 u
§+2171

5
t

IS
|
o
_l’_
"i.
H
ol
2

82
|
N
|
i
=
N|=
+
2|
I+
=

V]
"

log 2
When 1 + 4 < S 2+ 45 since 3 < @y < 1, we have fy, | (22) = 1;%26_6 % o <
Mog2 o~ e2log2 — = 4log2¢e%1°¢2. Hence,
00 2l-21 s+ e P
{H € URW} <2 Z [ ft1 i (Z1)dy [Jr . <02?> dxs
_1 ] 2l=2—1 2
— 202 - Z [ ft1 i (T1)d
1 | 1
=05 % [ o foden < G5 o (C:83)

Subsituting (C.79) and (C.83) into (C.78) and using the fact that )_,°, 75 is finite yields
(4.7). This concludes the proof of Theorem 4.2. O

C.3 Proof of Theorem 4.3

Proof. To prove Theorem 4.3, we need the following lemma.

LEMMA C.8. In Stage 0 of CQypct where pr = 1, when 0 < 1 — pomax < 1 and 0 <
P2 min < 1, let 1 — P2 max = [0.[)171[)172 .. .]2 and P2,min = [0.b271b272 .. .]2. Then, at Round 1
in Stage 0 for 1 > 2, we have ENCO]\};RCI1 (hy) = b1y, ENCOA};R’CI2 (he) = boy_1, qllbOZ =

[0-51,151,2--.51,1_1]2, q;.bol qlbOl+2 = 1)7 quOZ [0 boibas .. b2,1—1]2 and qubOl qlb,D,l+
2-(=1),

The proof of Lemma C.8 is the same as that of Lemma C.7 in Appendix C.2. Similar results

holds when 0 < 1 — Py max < 1 and 0 < py in < 1 in Stage 1 where py = 1.
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A. Proof of Theorem 4.5.(a)

From the procedure of CQypcr in Fig. 4.4, we have CQyp ot (H) = (1,1) under Situation

A in Stage 0. Thus, p; = ps = 1 satisfies 0 < py,po < 1.

When Situation B, C, or D happens at Round [ in Stage 0, it must have [>2and 0 <

I —pomax < 1,0 < pomin < 1. When 0 < 1 — pomax < 1 and 0 < popin < 1, based on

Lemma C.8 and following the same steps in the proof of Theorem 4.2.(a), we will obtain

CQuprct (H) = (P1,p2) = <1, [0.52,11)2,2 : --6275_21]2>, thus, 0 < Py, po < 1. Trivially, when

0 <1—=pomax <1 and pymin = 1, we can show that 0 < ng’o’l,qlsz’l <1 for! > 1. Since
ub,0,1—1 , Ib,0,1—1

CQurcr (H) = (p1,p2) = (1, %), thus, 0 < pq,pa < 1. The same result can be

obtained for Stage 1 where po = 1. Thus, the proof of Theorem 4.3.(a) is complete.

B. Proof of Theorem 4.3.(b)

We first prove OUT (CQup o) = OUTS, - It is obvious that OUT (CQyp o) = OUTS: o1,
thus, it is sufficient to show OUT (CQMR’CT) < OUT?EE’CT. Since Proposition 4.2 shows
py = 1orp5 =1, OUT?\%LT = Pr{MRct (p},p5) < 1} can be alternatively expressed as
OUTpcr = Pr {H € ﬁ;}, where

Hy = {H : MRy (pr = 1,p) < 1 for 0 < p, < 1}

N{H : MRct (p1,p2 =1) < 1for 0 <p; <1}.
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After mathematical calculations, 712/1 is equivalent to

o7 {pZ,maX <0 or P2,min > 1}

Hi=<H
or {p?,min S 1 and P2,min > pQ,maX}
pl,max S 0 or pl,min > 1
N<eH: { J
or {pl,min S 1 and P1,min > pl,max}
Let

—~ 2 0< Pkmax < 1,0 < Pkmin < 1,
7‘[2 == H .

k=1 (1 - pk’,max) +pk,min =1

2
U U {H - Pk,max Z ]-7pk,min - ]-}7
k=1

—~ 2 0< Pk,max < 170 < Pk min < 17
Hg = U H

k=1 (1 - pk,max) +pk,min <1

2
U U {H * Pk,max Z 170 < Pk,min < 1} .
k=1

It can be verified that | J>_, #; = ¢**2 and H; N {772 U ’}A{;} = . Thus, OUT (CQupcr) <
SO GU\T/Z-, where

P

OUT; 2 Pr{H € H;, MRct (CQuncr (H)) <1},

To prove OUT (CQMR’CT) < OUT(])\EI’ACT, it is sufficient to show 601{1 = Pr {H € 7f-[v1} and

e~

The proofs of al}ﬁ = Pr {H € ’}f-[vl} and OUT,; = 0 are similar to those of OUT; =
Pr{H € H;} and OUT;, = 0 in Appendix C.2, thus omitted.

143



—_——

To prove OUT3 = 0, it is sufficient to prove that for any H € 7/-2;, MRct (CQMR’CT (H)) > 1.

When H € {H : ppmax > 1,0 < pgmin < 1} for & = 1 or 2, the power pair is chosen to

be CQuypcr (H) = (1,1). Since prmax = 1 > Prmin, We have MRcr(1,1) > 1. When
H € {H:0<pomax < 1,0 <pomin <1,(1 — Pamax) + P2min < 1}, similar to the proof of
OUT; = 0 in Appendix C.2, we obtain: (i) Situation I in Stage 0 happens at Round [ > 2

qub,o,i—1+q|b,0,i—1 qub,o,i—1+q|b,o,i—1
: : — 2 2 (3 1 1 _
with the power pair chosen as CQupcr (H) = | 1, 5 ; (i) 5 =
1b,0,1—1 ub,0,l—1 , Ib,0,l—1

+q q +q
2 . > P2 min- Thena P2 min < 2 2 2

ub,0,l—1 , Ib,0,l—1 ub,0,1—1

11— T ;qu > 1 — Py max and £ <

ub,0,l—1 , Ib,0,l—1

P2.max < 1, and thus MRcr (1, %) > 1. Similarly, we prove MRct (CQMR,CT (H)) >1

when H € {H :0 < Prmax < 1,0 < prmin < 1, (1 — Pimax) + Prmin < 1}. Hence, we obtain

MRt (CQupcr (H)) > 1forany H € Hj, implying OUT3 = 0. The proof of OUT (CQyp.cr) =

OUTSY: ¢ is complete.

We now prove the upper bound on FR (CQyp o) in (4.12). For I1,l € IV, let

7/3_5,71 ={H: CQyp.cr ends after Round [y in Stage 0},
after [; rounds in Stage 0, CQyp c1

—_ —
R, =

ends after Round [, in Stage 1

There will be no more than 2 x (I; + 1) feedback bits for H € 7/3\0,1/1 and no more than

2(l; + 1) +2(ly + 1) bits for H € 75:;;2, thus, an upper bound on FR (CQyz ct) can be

FR(CQurcr)

gZz(le)><Pr{Heﬁ}+22[g(zl+1)+2(12+1)]xpr{Heﬁ;;}

11=0 11=012=0

=23 (h+1)x Py, 2> (+1) x Py, (C.84)

11=0 l2=0

where P, = Pr {H € 7/3571/1}+Zl°20:0 Pr {H € Rl,l1,l2} and Py, = ZZOZO Pr {H € R17117Z2}.

Since Royy, N Rugge = 0 and Rig, MRy, ¢ = 0 for any Iy, by, 1y € Noand o # I, Poy, =
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Pr {H € @}, where @ = 7/2;; UUn_o R - Intuitively, 75071 is the set of channel
states for which after Round /; in Stage 0, CQ)g ct will not continue into Round /; + 1 in

Stage 0 (either end or continue into Stage 1).
When I} = 0, from the procedure of CQyp, o1 in Fig. 4.4, we obtain @ = {H : psmax < 0}U

{H : pomin > 1}, then,

PO,O =Pr {p2,max S 0} + Pr {p2,min > 1} —Pr {pZ,maX S O} Pr {p2,min > 1}
1 1
= Pr {|h11‘2 < F} + Pr {|h22’2 < |h12‘2 + F}

1 1
— Pr {|h11‘2 < F} Pr {|h22‘2 < |h12|2 + F} .

After simple mathematical calculations, Fy is derived as

Prgm1- 7 (C.85)
0,0 = T4 )
When [; =1 and 2, we obtain
Ro1={H : pomax > 1, pomin < 1},
75/0\,2 g {H 0< P2, max < ]-7p2,min S 1} .
Then,
_2
Po1 = Pr{pomac = 1} P {pomuin < 1} = ———
0,1 — ,max ,min > - )
(L+m)? (C.86)
P0,2 S Pr {0 < P2 max < 1}PI’ {p?,min S ]-} = ﬁ-

When [; > 3, based on Fig. 4.4, m is composed of channel states for which EN COA’&’CTJ (h1) =

ENCOlL ey (ha) = 0 or 1, and (ENcﬁjR,m (h1), ENCYy o (h2)> — (0,1) or (1,0) for
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The geometric representation for m is similar to that of R; in Fig.

—_—

Similar to (C.80), we obtain 750,\[1 C Ré?

SO0 | o2
{Roylqu U RO,ll,q} and

2<1 < -1

C.1. U Roz , where R(O) = {H : pomin = 1},

—_—

1 gy 2h—221
7?'O,ll - Uq:O

2g+1
211 1§1_p2maxgzlql_fla
(1,1 _ . 2q+2 2¢+1
0,01, — H: 1- glqlJrl < P2 min S 1 - 25qltl7 3 (087)
L 0<1- P2 max; P2,min <1
)
2q+1 2¢+2
qu1—1 S 1 _pQ,maX S 21(11_—17
RM =L H: 1 200 < <1-
0,l1,9 : ol—1-1 P2min > 211 )
0<1- P2 max; P2,min <1

embraces the zero-probabilistic cases where 0 < 1 — paax < 1 and pomin = 1

—

Here, R(()?l)l

after Round 1; R((fl)l is the set of channel states for which conferencing ends after Round [y

with 0 < 1 — pomax < 1 and 0 < pgmin < 1. Similar to (C.82), it follows that
) )

2l1£j_1 H % B 21;3_*12 <1 — P2 max < % - 211u*2’

- o et bt ot < o < 5+ S
Ry C U Roi €
1 - 1 ” 1 u+1

w2l VU g, e S e S

u=0 % — 21;1—1—12 < P2 min S % - Ql;u_*2

Then, an upper bound on F;, for [; > 3 can be

Py, < Pr {H € Rg?;l} +Pr {H S Ré},’l}

—

= Pr {H € R&}l} < Pr {H € Ups leéﬂ)l}

2l1—3_1
1 w41 1 U
S Z Pr{§— 2l1—2 _1_p2,max§§_2l1_2}
u=0
1 U 1 uw+1
XPY{§+W§p2,min§§+F}
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p2,max = 5 + 2[1—2

I u+1 1 u
XPT{—— o2 < P2min < 5~ 211_2}

1 U 1 uwu+1
+ OPr{§+2l12§1 < }

[\]

(C.88)
For any a satisfying 0 < a <1 and 0 < a +

211 -2 < 17 PI‘{CL < 1_p2max <a+ 5=
be deduced as

1
Pr {a<1_p2max§a+ 2}

2
1 lh|” — 5
=Pr{l—a— < Pomax = ———L <1 —
‘h21|2 1 a\h21| +P
:/ d|h21| /
0

1— a— |h21| +7
_ lho)?

s/me : dmmﬁgﬁﬂﬁﬁﬂwm“*
0 U

2
5 |ho1
1

2[172
_lhgy? 1
e r [% 2€ 7 2 ne’r
§2,12/0 " d s =

2[172 '

*|h11|2d |h11|2

(C.89)
Letting a = % —

u+1 1
oi—2 O 5 +

iy for 0 < u < 2073

—11in (C.88) and using (C.89), the upper
bound on F;, is further obtained as

PR 1 1w+l
(& u u
PO,ll < —2l1—2 Z PI’{é"’W < P2,min < 5"‘@}
u=0
1 2l =31
ne P 1 w41 1 U
+ 2l1—2 UZ:O Pr {5 — F S P2 min S § - 2l1—2
1 1
ne P 1 ne P
- 211—2P {2§p2m1n§1}+ 91 _QPr{OSPQ,m1n<_}
1
_ne?

(C.90)

For Py, in (C.84), since Riy, 1, N R, U = 0 for I, # I, we have P, = Pr {H € th},
where 75172 = U o R, Define a cooperative quantizer CQ\r ot that only executes Stage
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1 of CQyrcr (Stage 0 is skipped). Letting R%lz = {H : CQ?WLT ends after Round 12}, we
obtain @ C @, thus, P, < Pr {H € @} An upper bound on Pr {H € @}
can be derived via using the same methodology for Pr {H € 730\11} Substituting the upper
bounds in (C.85), (C.86) and (C.90) into (C.84) and applying the fact that Y2, £ is finite
yield (4.12) and conclude the proof of Theorem 4.3. [

D Supplementary Proofs for Chapter 5

D.1 Proof of Lemma 5.2

Proof. To clarify, the notation D; for ¢ € IN represents a positive constant independent of

P, T and A. The average rate loss of ¢.(-) can be expressed as

2 2
E [rloss] = / Toss H fHZ (Hz)de + / Toss H le (Hz)dHZ7
Ho, > i=1 Ho,< i=1

J/

=E> [rloss] =E< [Tloss]

where > = {(Hy, Hs) : ¢-(H1) > ¢,(H2)} and Hy o = {(Hy, Hs) @ ¢-(H1) < ¢,(H2)}. We
will only show Es [riess] < log, (1 + Dy x P x max{ef%,A}) and skip the proof for
E. [ross] due to similarity. Note that ¢.(H1) > ¢,(Hy) does not necessarily mean H; > Hs,

since it is possible that ¢.(Hy) = ¢,(H3) and Hy; < Hy. When ¢,.(Hy) > q,(Hs), define

o*Hy = g>(Hy, Hy), if Hy > Ho,
SN =

Oé*HZ = g<(H17H2>, if H1 < HQ, (Dg]_)

Snrqr = aqr X QT(Hl) = gZ (QT(Hl)a QT(HZ)) y SNFoss = SNMpax — Snrqr-
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— 2y — 2zy —
where ¢>(x,y) T e T and g (x,y) Jer ey Then, we have 7o
log, (1 4+ P X shrpayx) — logy (14 P x snry, ) = log, (1 + P%) < logy (14 P X snrygs)-

Grounded on this, the main steps of the proof are listed as follows:

(1) Partition # > into the following mutually disjoint sub-regions #4, ..., #;:

Hy = {(Hy, H3) : ¢;(H1) > q-(H2), Hi <TA,Hy <TA, Hy < Aor Hy <A},
Hy = {(Hy, Hs) : q.(Hy) > q,(Hs), Hy > Hy, A < H < TA,A < Hy < TA}
Hy = {(H1, Hs) : ¢.(Hy) = q,(Hy), Hy < Hyy,A < Hy <TA,;A < Hy <TA}
Hy = {(H1, H2) : ¢:(H1) = ¢-(H2), HL 2 TA or Hy > TA}.

Here, 74 and #H; are edge regions where H; < A or H; > TA; H, and #5 are the

dominant regions where A < H; < TA. It can be verified that #; N 2 = 0 for i # j,
and Hy > = Ule ;.

(2) Let & = f}é SNIoss Hl L Ju(H;)dH;. Then, Es [snres] = Z?ZI@@@. Prove & < D, x

TA

max{e *1,A} fori=1,...,4.

(3) After Steps (1) and (2), we obtain Es [snr.s] < Dy X max{e_%,A}. Based on

Jensen’s inequality, we have

E> [Tloss] < Es [logy (14 P X snress)] < logy (1 + P X E> [sNriess))

< log, <1 + Doy x P x max{e_%,A}> .

Now, we only need to show the upper bound on &; in Step (2).

For &, since #; C {(Hy, Hs) : Hy < A} and snripss < snrpax < Hj, we obtain

éal / H1

Hy

e X2 A
dHl/ )\2 dHQZ)\1<1_6 >‘2><)\1X)\—2—D1XA
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where the last inequality follows since 1 — e™ < x for x > 0.

For &, since H; > Hs and ¢, (H;) < H; < ¢, (H;) + A for H; < TA, we upper-bound snrjgg

by
- 2H, H,
loss —
VU, + Ho)? + AH HEP + (Hy + )
~

2q7“ (Hl) qr (H2)
Vlge () + . (o) + 4, (H) @2 (Ho) P+ g, (Hy) + g ()

J/

<Y+Hy+Hy
< 2H1H2 — qr (Hl)% (HQ) < 2H1H2 - (Hl - A) (Hz - A)
- T+ Hy + Hy o T+ Hy + Hy
Hi+ Hs — A
=2A——= — < 2A. D.92
YT+H +H, "~ (D.92)

Then, an upper bound on & can be & < 2A fHQ H?Zl fu,(H)dH; <2A = Dy x A.

For &3, we have q.(Hy) = q.(H2) < Hy < Hsy and ¢, (H;) < H; < ¢.(H;) + A hold for
(Hy, Hy) € #H3. Similar to (D.92), we can also obtain snrj,ss < 2A and &3 < D3 x A.

For &4, since Hy C {(Hy, Hy): Hi > TA} and snrss < SNrpax < Ha, the upper-bound
Hy Hoy,
RS

on £4 can be (o@4 S f’I?Z fH1<H1)dH1 fooo HQfH2<H2)dH2 = ;OAe)\—ldHl fooo HQ%dHQ =
TA TA
Al

Ae %1 = Dgxe . We have accomplished Step (2) and the proof of (5.6) is complete. [

D.2 Proof of Lemma 5.3

Proof. When the uniform quantizer ¢,(-) is applied, the outage probability loss in (5.4) is

rewritten as

2
Outloss,qo - / lmin{m(aqo),rg(aqo)}<rth H fH,(Hz)de
Ip,>

> =1

N

TV
=0ut> loss,q0
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2
+ / Linin{rs (o) s g0} <ren | | Jore (L)L

fo,< i=1
NG >
Vv

=out < loss,q0

where

]072 - {(Hl’ Hz) : qr(Hl) 2 qT(HZ)armax = 1Og2 (1 + P x Snrmax) > Tth}
= {(H1, Hy) : q:(Hy) > q,(H), e > 5§ = 51}
I« = {(Hy, H) : ¢;(H1) < ¢;(H2), 5N pax < zﬁo}

and snry,.y is defined in (D.91). We show

_Dg 1—|—\/P _TA 1 3
OUL Joss g, < Ds X € 7 X P xmaX{e M,AQ,A?},

and skip the proof for out. o554, due to similarity. The main steps of the proof are:
(1) Partition Iy > into the following mutually disjoint sub-regions:

L = {(Hi, Hy) : q;(Hy) > ¢:(Hs),5ntmax > 5, Hi < A Hy < A}
L = {(H1, Hs) : ¢:(H1) > ¢:(H2), SNinax = g=(H1, H) > 2,
A< Hy <TA Hy <A},
I = {(Hy, Hy) : q.(Hy) > q,(Hs), Hy > Hy, g>(H, Hy) > £,
A< H <TA,A < Hy <TA},
Iy = {(Hy, Hy) : q(Hy) = q,(Hs), Hy < Hy, g<(Hy, Hy) >

vl

?

A<H1 STA,A<H2§TA},
I; = {(H17H2) 2 qr(H1) > q-(H3), sNrpax > %,Hl >TA or Hy > TA} )

Here, I, I, and I5 are the marginal regions where H; < A or H; > TA; I3 and I, are

the main regions where A < H; < TA. It can be verified that 1, N I; = () for i # j,
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5
and IO,Z = Ui:l I;.

(2) Let ﬁz = fli ]-min{rl(aqo),rz(aqo)}<nh H?:l sz(HZ)dHl Then’ OUt> loss,g, = Zf:l yl

_ Daite _Ia 1 .3 .
Prove %#; < Dgj 5 x e~ F xﬂxrnax{e A1,A2,A2}f0rz:1,...,5.

P
Now, we need to show the upper bound on .%; in Step (2).

For %1, we have q,(H1) = ¢,(H2) = A > Hj, and thus, a,, = \/PA1+1+1 < \/PH21+1+1' For

any (Hy, Hy) € I, since ¢g>(x,y) < min{z,y} and g-(z,y) < min{z,y}, it must have % <

SNrmax < min{Hy, Hy}. Moreover, we obtain Liinr, (ag,)ra(ag ) }<ro < Lri(ag)<ro T Lra(ag, ) <ras

and

1T1(a40)<rth - 1H1><0<qo<% - 1H1<5@’

1T2(a40)<rth = ]‘Hz(lfaqo) < 1 =1

B 82428 -
PHyaqy+1 <P Ho< ™5

1
Hy[1-—L
2( \/PH2+1+1> <8
PHyx ——2L_— 41 P
2 PHy il

Thus, an upper bound on .7 is

2 2

ﬁl S / 1H1<B\/W;1+1 HfHZ(Hz)de ‘|‘/ 1H2<ﬁ2}t2ﬁ HfHZ(Hz)de

I i=1 h i=1

BJTI;H-H 6_%1 A@_% Ae_% 52;26 G_TQ
g/ / dHdH;y + dH,dH,
B )\1 8 /\2 B )\1 B )\2
P P P
8
%
Se " B\/PA+1+1_£ xix A—ﬁ
)\1 P P )\2 P
8
1 Bl e [B2428 B
— A— = — =
+A1X[ P}XAQX{ P P
<VPA+1
? —— L
e M vVPA+1 1 1 e  [F4p
< — X— XA+ —xA
W X [ X iz ><>\2>< +)\1>< ><>\2 X Iz
vVPA+1 A
<D17xe_%x—+xA+D19xe_%x—
P P
1+VP _TA
< D7 x e P % +P X max{e z?,A%,A%} : (D.93)
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For 7, let 75, = fb Ly (agy)<rin Hz fu,(H;)dH; for i = 1,2. Then, % < %91 + F5,. For

Fa1, since Hy > Hy for (Hy, Hy) € I and g>(x,y) is increasing on = and y, we have

lrl(aq(;)<7'th =1 2H) X g0 (H3) <%
V[0 (H1) + a0 (Ho) 12 +400 (H1 )a3 (Ha) P+lao(H1 ) +40(Ha)]
<1 2(a0(Hy)—2) Xdo (Hp) <& = 192(Q0(H1)7QO(H2))<%X#
V/ [0 (H)+ a0 (H2)1+4d0 (H1)a3 (Ha) P+ (a0 (H1)+a0(H)] Go(H1)
(D.94)
<1 <1 D.95
= Tg5 (a0(H)ao(H2))< B x (145255) = 92 (a0(Hn) qo(H2) < 5 x (14725 (D-95)
<1 <1 D.96
= g2 (qo(H) o (H) < x (1435) = (D-96)

g> (Hl,H2)<%>< <1+%) )

where (D.94) follows from ¢,(H,) < Hi+A, (D.95) follows from (1 — ﬁ) (1 + qo(H1)> >
1 because ¢,(Hy) > 2A > q,(Hy) = A, and (D.96) follows from ¢,(Hs) > Hy as well as
9> <QO(H1)> QO(HZ)) > g> (Hb HQ) Then, we obtain

HfH

Fa 1 S/
Iy= Izﬂ{ (H1,Hz):g> (H1,H2)<%2 ><(

We change the integration variables from (Hy, Hy) to (¢, Hy) where ¢ = g>(Hy, Hy). Then,

dH | _ 2¢PH2+H2 ¢ P 2¢PH2+H2
do (Hy—¢)° x Hy < (Ha—¢)> x Hy <

T X Hy = (gﬁp;;g x H3. For any (H,, Hy) € I, we have: (i) & < ¢ = g-(Hy, Hs) <

Hyand ¢ < £ x (1 + §J—A> (if) since Hy, > Hy, Hy = %40 x Hy > Hy, then, Hy < ¢2P+2¢,

H, = ‘flf + H,, and the Jacobian matrix is

Therefore, %5, is derived as

Fa1 < HfH¢<Hz)dH
+35)}) i

I 7{(H1 Ha): £ <Hy<¢?P+2¢,2 <¢<m1n{H2,P
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Figure D.2: The integration region I, .

The integration region I, is demonstrated in Fig. D.2 as the shaded area surrounded by the

points A, E, D and C'. It can be strictly proven that 12" is within the region surrounded the

points A, B, D and C. Recall that H, = ¢ x H and )dHl < 0P o {3 Then, we
have
SE grs B SR apyy
ﬁg@ S/ / X H2d¢dH2
s ¢ A A1 (H2 ¢)*
6+\/ﬁ2+8A 2
¢ P+¢
2=Hp—¢ Dzl/ BTN X e WX LLL w (249)
B 0 —— X ~ v
P B £ _92(¢P+1)
<e X2 xe M2 e M2
P+1
¢ :_ x (2 + ¢)*dedz
z
__B_ Bapeas BQHA FPré L 2ept)
< Dy X e 2P e re M=
£ 0
5

2 2
X (pP + 1) x [1 + 29 + %} dedz. (D.97)

z oz

v

Using the inequalities: (i) [~ avle 5w dy = 2 <§> “ K. (2v/B7) [14, Eq. (3.471.9)] with
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K,(z) being the modified bessel function of the second kind, (ii) Ko(z) < 2 and K_;(z) =
Ki(z) < < for > 0 [10, Eq. (27)], after lengthy but basic calculations, we obtain #5; <

Day x e~ P x %. Detailed calculations for (D.97) can be found in Appendix B of [62].

For %54, because Hy > Hs and ¢,(H;) > q,(Hz) = A > H,, we have

a S ZQO(HQ)
V10o(H2) + o Ho) + 4, (Ha)g2 () P+ qu(Hy) + g,(Ha)
1 1

B = : D.98
WwH)P+1+1 VPA+1+1 (D.98)

. . . . 1
Since 73 () is decreasing on «,,, we obtain 75 (ay,) > 79 (m) and 1y, )<ry <

1 (%)q =1, @%) =1 _wvrssi  _s <1 _wyyrari _p = 1H < B(VPEFT+1) -
2\VPafit1/)S'th 2\ T VPATiHL) _p PHy+1+vPATI ° P PA+1+VPATI P 2S———p——
1 P
PHy 7pati1

Das

Similar to (D.93), we will have .F55 < f lH <p¥PEFTLL Hl S (Hi)dH; < Doy X e” P %

VP§+ x A. Together with the upper bound on .%5;, we obtain ., < Fo; + Py <
Dy xe™ 7 ><A+‘F+D x e~ ><VPA XA < Dgxe~ %x%ﬁxmax{e M }

For 73, since q,(H1) > q,(H>) and q,(H;) — A < H; < q,(H;) for i = 1,2, we obtain

11 () = 10gy (1 4+ PHy X g, ) > 10gy (14 P X (go(H1) — A) X ag,)

8o (1 + P X qo(Hy) X g, — P X A X y,)

1+ P x g> QO(Hl) QO<H2)) —Px QZ(QO(H1>,(]0(H2)) x qoél))

1+ P x g>(qo(H1), go(H2)) X (1 % ih)))
A

1+ P x g=(qo(H1), ¢o(H3)) x (1 B qo(H2)>)

(
- o
(
>log2<1+ X g2 (Hy, Hy) % (“ﬁ»’
(
(

mTi

quo = log,

O‘qo) N (qo(Ha) — A) x (1 — aqo)
1+ Hzaqo T ) = log, (1 + (@o(I) = A) X o, +% ) (D.99)

QO HQ A) X (1 B aqo))
QO H2 X C‘v’qo +]l:,
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~log, (1 L @) x (1—ay)  Ax(l—a) )

qa(H2) X a‘Zo + }% qa(HQ) X a‘Zo + }%

= log, (1 + P % g>(¢o(H1), go(H2)) % (1 - qoé’z)»

A
Z 10g2 (1 +P X gZ(Hl,HQ) X (1 — m)) s

Therefore, we have

A

1min{h(aq")’m(aq")}<rth < 1108;2 (LHF‘ng(HLH2)><(1_#1‘1’2))><Tth - 192(H17H2)<P<ﬂ>
" q0(H2)

<
Sy <t (1+:25) = ng(Hl,H2><g(1+%)’

(D.100)

2
where (D.100) is because <1 - ﬁ) X (1 + #%) =1+ ﬁ -2 (ﬁ) > 1 since
¢(Hs) > 2A for (Hy, Hy) € I;, and ¢,(H2) > Hs. Similar to (D.96) and (D.97), we can
obtain an upper bound on %3 (the detailed derivation is omitted due to similarity). For .%,,

its upper bound can be developed in the same way as the upper bound on .%#3.

1 H.
For .%;. when H; > H, > A, since H., H,) > 2H, Hy P we
5 1 2 4y 2 A, g>(Hy, Hy) > U Hy 412 o Py Hy 1y = Ui, 111

obtain from (D.100) that

Liintri (o) rateat<rn S Loy <2 (1032) S Yoo on i< 8 (1428 )32

A
Sl < = lnsp (D-101)

where Dog = (38 +1)> — 1. Similarly, when H; < Hy, we have Luin{ri(ag,)ra(og)}<ra <

1 H<Das- T herefore, an upper bound on %5 is

IN

5

2

1, 0m X [ fu.(H:)dE.
=1
2

1y, o X I fu.(H)aH,
=1

/140{ Hiy, H2 H1>H2}

+

/ﬂ{(Hl Hs):H1<Hz}
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[ee) =26 Ho
< —e 5 dH / e 2 dH
< /TA 1 )\2 ez 2

—=e >‘1
N S
+ —e 2 dHQ — e M dH1 (DlOZ)
TA A % A~
TEF _TA <e M
—e 2 <e A1
_TA 1 __B8 Dyg — ﬁ _TA 1 __B Dog — B
<e M X —Xe Pax—+4+e M1 X —Xe P41 x ———
- Ao P A P
D 1 _TA
§D27xe’%x—xe M

P
Di6 1+\/I_D

_TAa 1 3
< Disxe P X P xmax{e A1,A5,A5},
where (D.102) is based on the assumption that A; > Ay. This completes the proof of the

upper bound on outjgs 4, in (5.12). O

D.3 Proof of Lemma 5.4

Proof. Tt is trivial to obtain the maximum diversity order for both receivers is 1 in the
full-CSI case.! When ¢,(-) is employed, the outage probability of Receiver i is out,, ; =
[ Lyiagy<r Loey fu,(Hi)dH; for i = 1,2. Following the derivations of % for i = 1,...,5

in Appendix D.2, we will obtain out,, ;1 < outpi, + Dag X e*% X [‘Fﬂ £ + f} and

5 R
__Z32 P . .
out,, o < oUtp, + D3y x e~ P x 2 +A1j ¢ ~L 2 Therefore, for fixed A, the diversity orders

of % and 1 are achievable for Receivers 1 and 2, respectively.

3
For Receiver 1, \/F in the upper bound on out,, ; is the bottleneck for diversity gains. If we

scale A as A3 ~p \/LTJ, ie, A~p P’%, the diversity order of 1 is also achievable for Receiver

!Detailed derivations for the maximum diversity order can be found in Appendix C of [62].
?Note that when we derive the diversity order for Fa,2, we will not use its upper bound here. From
(D.98), we obtain ay, =1, 4.4, then,
) <Tth Hy <=5+

1 i
< Vpari = v A9 Liagag)<ra 1) 1

2\ VPHy+1+1
D35

it is trivial to obtain that %755 < Dayg X €7PT

157



D.4 Proof of Lemma 5.5

Proof. Given K and 3 > 0, define the following two optimization problems:

(P1) r (K,5)= max _minKrk(a), subject to 0 < aj, < f and Y1, oy = 6.

max a=|a1,...,ax] k=1,...,
(P2) I (K,B) = 3 [max " nlqinKrk(a), subject to r(a) = -+ = rg(a), 0 < ap < 3, and
=la1,...,ax] k=1,...,

where (P1) is the original optimization problem in (5.15) when 5 = 1. We will show that
the maximum minimum rates of (P1) and (P2) are the same, i.e., 7%, (K,3) =l (K, ),

max

which proves the lemma.

Denote the optimal power allocations for (P1) and (P2) by a}(8) = [aiK(ﬁ), . 704;(,1((5)}

and al (8) = aLK(ﬁ),...,a}(’K(ﬁ)], respectively. Since 7%, (K,3) > rl (K, [), it is

sufficient to prove that 7= (K, B) <rl_ (K, p).

max

The proof for K = 2 is provided in the proof of Theorem 1. By induction, assume
r* (K, B) =71l (K,B) holds for K = K;. When K = K; + 1, there are two possibili-

ties:

1
it e
21_1 PHK1+1

(i) Ifryg, 1 (a}lﬂ(ﬂ)) > ril (a}(ﬁl(ﬁ)), since rg, 11 (@) = log, (1 SR : )

log, (1 + M ) for any a satisfying Zf(:llﬂ a; = (3, it must have

—
B—ak,+1+ PHK, 11

0‘;(1+1,K1+1(/3) > Oé}(ﬁ-l,KH—l(B)?
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then,

K,
B = Z@Z,Kﬁl(ﬂ) =p - 04;(1+1,K1+1(5)
k=1
<B- aK1+1 K1+1 B) = ZO‘L,KlH(ﬁ) =

Next, we obtain

(B +1.8) = min {{ i 1 (@i 2 (9) e (@ (9)

=1,...,K;

< min {75 (K1, 81) 741 (@, 41(6)) } (D.103)
= min {rjnax (K1, 81) sy 41 (@ 41 ( )} (D.104)
< min {TLaX (K1, B2) s 7y +1 (@ 41 ( )} (D.105)
= min { e (K1 +1,8), 75601 (@, 11(9)) } (D.106)

= min {’I“Kl_H (akﬁ_l(ﬁ)) » TK+1 (a}ﬁ-l(ﬁ))}

= i1 (@ 1(8) = rhae (K1 +1,8).

Thus, r%, (Ki+1,8) <7l (Ki+1,8). The inequality (D.103) is due to the optimality
of . (Ki,B1); (D.104) arises from the assumption that r*_ (K, 3) = ri_ (K, )
when K = Ki; (D.105) is because rl (K, 3) is non-decreasing on 3; (D.106) holds

max

since ri . (Ky,B:) =7l (Ki+1,8).

(i) Wi (@ (8)) < Tiin (@ (8)), we have 1 (Ki+1,8) < ricyn (@ (8)) <
TKy+1 (akﬂ(ﬁ)) =rl. (K +1,3), which completes the proof of Lemma 5.5.
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