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Abstract

Combinatorial patterns in syzygies
by
Thanh Quang Vu
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor David Eisenbud, Chair

Affine semigroup rings are the coordinate rings of not necessarily normal toric varieties.
They include the coordinate rings of the Segre-Veronese embeddings of projective spaces,
and special projections of those. The study of affine semigroup rings lies in the intersection
of commutative algebra, algebraic geometry and combinatorics. In this thesis, we study the
syzygies for certain classes of affine semigroup rings.

The Betti numbers of affine semigroup rings can be computed as the dimensions of
homology groups of certain simplicial complexes. Therefore, the study of the Betti numbers
of affine semigroup rings can be translated into some combinatorial problems. The idea of
using combinatorial topology to study syzygies originated from the work of Hochster, Reisner
and Stanley in the seventies and eighties and since then have been an active area of research
and proved to be useful in lots of cases.

In the first chapter, we introduce the problems concerned in our dissertation, and their
relations to topology of simplicial complexes and representation theory of symmetric groups.
We also include some background material from combinatorial commutative algebra, alge-
braic geometry, and representation theory.

In the second chapter, we use combinatorial and representation theoretic methods arising
from work of Karaguerian, Reiner and Wachs [30] to reduce the study of the syzygies of
Veronese varieties to the study of homology groups of matching complexes. In turn we use
combinatorial methods to show the vanishings of certain homology groups of these matching
complexes, giving a lower bound on the length of the linear part of the resolution of the
Veronese varieties. In the case of third Veronese embeddings, we carry out the computation
to prove the Ottaviani-Paoletti conjecture.

In the final chapter, we study a conjecture of Herzog and Srinivasan and a higher analog.
The conjecture says that the Betti numbers of affine monomial curves under translations are
eventually periodic. We prove the conjecture, and use it to study the analogous question for
higher dimensional affine semigroup rings under translations and some other consequences.
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Chapter 1

Introduction

1.1 Overview

The study of affine semigroup rings is important in numerous field of recent research: com-
binatorial commutative algebra, toric geometry, geometric modeling and algebraic statistics
8], [11], [12], [34]. Of particular interest in these studies is the defining equations of affine
semigroup rings and their syzygies.

Syzygies of affine semigroup rings are the main objects of study in this dissertation. Our
research is motivated by the Ottaviani-Paoletti conjecture [35], and the Herzog-Srinivasan
conjecture. In this dissertation, we give approaches to allow one to attack the first conjecture.
We also settle the second conjecture and make further conjectures relating to this work.

The underlying theme for the connection to combinatorics is a result of Bruns and Herzog
9], (which was motivated from work of Campillo and Marijuan [10]) where Betti numbers
of affine semigroup rings are computed as the dimensions of homology groups of squarefree
divisor simplicial complexes. Let us introduce some notation.

Let K be an arbitrary field. All simplicial homology have coefficients in K. Let V
be an additive semigroup generated by vectors vy, ..., v, € N The semigroup ring K[V]
generated by V' is a subring of K[ty,...,t,] generated by t¥i = ¢]" - - - t%m. The polynomial
ring R = K|[xy,...,x,] maps surjectively onto K[V] by sending x; to t¥i. Denote I(V') be
the defining ideal of K[V] in R. Note that R is multi-graded with the grading given by
degx; = v;. Under this grading the Betti numbers of I(V') are related to the homology of
squarefree divisor simplicial complexes as follows.

Definition 1.1 (Squarefree divisor simplicial complex). For each v € V, let A, be the
simplicial complex on the vertices {1,...,n} such that F C {1,...,n} is a face of Ay if and

only if
V—ZVi eV.

el



CHAPTER 1. INTRODUCTION 2

Theorem 1.2 (Bruns-Herzog). For each i, and each element v € V,
Bin(I(V)) = Bisan(R/I(V)) = dimg Hi(A).

Proof. The Betti numbers of I(V') are computed as homology of the complex obtained by
tensoring (V') with the Koszul complex K which is the resolution of the residue field K over
R. The v-graded components of the complex K @ I(V') can be expressed as

KeIV),= &5 k(")

FeAy, |Fl=i

The differentials of the complex K ® I(V'), are the differentials of the simplicial complex A, .
The conclusion follows. O

The rest of this chapter contains introduction to the two above-mentioned conjectures,
and some background materials from algebraic geometry, combinatorics and representation
theory of symmetric groups.

In Chapter 2, we present a new proof of a result of Athanasiadis [2] on the shellability of
skeleta of matching complexes, as well as geometric proof of the Ottaviani-Paoletti conjecture
in the case of fourth Veronese embedding of P3. Using computational results, we settle the
Ottaviani-Paoletti conjecture in the case of third Veronese embeddings of projective spaces.

In Chapter 3, we present a proof of the Herzog-Srinivasan conjecture on the periodicity
of Betti numbers of affine monomial curves under translation. To accomplish this goals, we
prove the analogous result for projective monomial curves, and then prove that the total Betti
numbers of affine and projective monomial curves are equal after a high enough translation.

1.2 N, property of algebraic varieties

Let X be a smooth projective variety over an algebraically closed field %k of characteristic 0.
Let £ be a very ample line bundle on X. Thus £ defines an embedding

X CP =PH(X,L)

where r = (L) = h%(X, L) — 1. Let S = Sym H°(X, £) be the homogeneous coordinate ring
of P" and let R = R(L) = ®H°(X, LF) be the homogeneous coordinate ring of X embedded
by L, viewed as an S-module. Since the influential papers by Green [17], [18], the study
of syzygies of R as S-module have been extensively carried out. Green’s idea was that the
higher the degree of £, the simpler are the syzygies of R (at least from the begining of
the resolution). When X is a curve, this philosophy has proved to govern the shape of the
resolution of high degree embeddings of X. Green proved that, when deg L = 2g + 1 + p,
where g is the genus of the curve X, then the embedding of X defined by L satisfies property
N,. That is R is normally generated, and all syzygies up to homological degree p are linear.
Following Green and Lazarsfeld [19], [20], we define:
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Definition 1.3. The Green-Lazarsfeld index of a very ample line bundle L on a smooth
projective variety X s the largest integer p such that the embedding of X by L satisfies
property N,. We denote it by p(X, L).

When dim X > 2, much less is known about the syzygies of embeddings of X, even in the
simplest case when X = P". Green proved that when £ = O(d), then R satisfies property
N,. Nevertheless, this is far from the actual Green-Lazarsfeld index of Veronese embeddings
as conjectured in:

Conjecture 1.4 (Ottaviani-Paoletti). The dth Veronese embeddings of projective spaces
satisfy property Nsg_3.

For simplicity, for each p, q let

K

».q(X, £) = {minimal generators of pth syzygies of R of degree p + ¢}.

Ottaviani and Paoletti in [35] showed that Ks;_22(P™, O(d)) # 0 when n > 2 and d > 3. In
other words, the conjecture is sharp.

The Ottaviani-Paoletti conjecture is known for d = 2 by the work of Jésefiak-Pragacz-
Weyman [29] and also known for P! and P? by the work of Green [17] and Birkenhake [3].
The recent improvement of the conjecture by Bruns, Conca and Rémer in [7] is that the dth
Veronese embeddings of projective spaces satisfy property Ngy1. In a preparation work, we
prove that they satisfy property Nog_s.

Since we know more about the syzygies of embeddings of curves, we could try to take
general hyperplane sections of the embeddings of P" to bring it to the case of curves. Never-
theless, one immediately gets trouble as long as n > 4 or d > 5, as the curve obtained from
the process would have the degree of the embedding less than the degree of its canonical
divisor. Moreover, the curve would lie on a surface of general type, over which our knowledge
of their syzygies are very limited.

The conjecture would be related to an extension of the Green-Lazarsfeld gonality con-
jecture if we could compute the Clifford index of complete intersection curves in projective
spaces. Unfortunately, the computation of Clifford index of curves are a very delicate task
which we do not know how to deal with even in the case of complete intersection curves in
projective spaces.

Since the Green-Lazarsfeld index of Veronese embeddings have been determined for P?,
we may assume that n > 3. When n > 4, almost nothing was known. When n = 3, in the
same paper, Ottaviani and Paoletti showed that the third Veronese embedding of P? satisfies
property Ng. We will see that in the case of fourth Veronese embedding of P2, we are in the
situation that we have a canonical curve lying on a K3 surface. Recently, Green’s conjecture
has been proved in this case by Aprodu and Farkas [1]. This reduces the determination of
p(P3,0(4)) to the computation of the Clifford index of the curve which is the complete
intersection of two quartic surfaces in P3. We will define the Clifford index and compute it
in our situation in section 2.1.
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We will now introduce a different approach to Ottaviani-Paoletti conjecture using rep-
resentation theory and combinatorics. Note that representation theory comes into play
naturally in the land of syzygies of Segre-Veronese varieties. This fact has been exploited
and successfully used in certain problems, for example see [29], [32], [38], [41]. The idea of
using representation theory of general linear groups and symmetric groups to study syzygies
has been an active area of research in recent years. For more of this direction, we refer to the
book of Weyman [44], and the article of Raicu [37]. We will now switch the notation a little
bit to move to the world of representation theory of general linear groups. For unexplained
terminology, we refer to the book by Fulton and Harris [15].

Let k be a field of characteristic 0. Let V' be a finite dimensional vector space over k of di-
mension n+1. The projective space P(V') has coordinate ring naturally isomorphic to Sym V.
For each natural number d, the d-th Veronese embedding of P(V'), which is naturally embed-
ded into the projective space P(Sym? V') has coordinate ring Ver(V, d) = &3, Sym** V. For
each set of integers p, q, b, let Kg’q(V, b) be the associated Koszul cohomology group defined
as the homology of the 3-term complex

p+1 p
/\ Sym?V @ Sym(@Di+by /\ Sym?V ® Sym? Vv
p—1

N /\ Symd V ® Sym(q+1)d+b V

Then K ,(V,b) is the space of minimal p-th syzygies of degree p + ¢ of the GL(V')-module
Ver(V,d,b) = &, Sym™ ™ V. We write K¢ (b) : Vect — Vect for the functor on finite di-
mensional k-vector spaces that assigns to a vector space V' the corresponding syzygy module
K2 (V,b). In this notation, the Ottaviani-Paoletti conjecture is:

K! (V,0)=0for ¢ >2and p < 3d—3. (1.1)
Moreover, the Veronese modules Ver(V,d,b) are Cohen-Macaulay, the equation (1.1) can be
replaced by
KI5 (V,0) =0 for p < 3d — 3. (1.2)
Though we are mainly interested in the vanishings of the Koszul homology groups KgZ(V, 0),
we will see later that, there is a long exact sequence which connects the Koszul homology
groups K 1(01, ,(V,b); thus the understanding of the syzygies of the Veronese modules Ver(V, d, b)
are very useful in analyzing the syzygies of the Veronese varieties.

From the definition, it is clear that Kg’q(V, b) are GL(V')-representations, in particular, the
functors K ;f’q(b) are polynomial functors and decompose into irreducible polynomial functors,
i.e. Schur functors. By a result of Karaguerian, Reiner and Wachs [30], these decomposi-
tions are closely related to decompositions of homology groups of matching complexes into
irreducible representations as representations of symmetric groups.

Definition 1.5 (Matching Complexes). Let d > 1 be a positive integer and A a finite set.
The matching complex C% is the simplicial complex whose vertices are all the d-element
subsets of A and whose faces are {Ay,..., A} so that Ay, ..., A, are mutually disjoint.
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The symmetric group S, acts on C4 by permuting the elements of A making the ho-
mology groups of C4 representations of S4. For each partition A, we denote by V* the
irreducible representation of )y corresponding to the partition A, and Sy the Schur functor
corresponding to the partition A. For each vector space V', Sy(V) is an irreducible repre-
sentation of GL(V'). The relation between the syzygies of the Veronese embeddings and the
homology groups of matching complexes is given by the following theorem of Karaguezian,
Reiner and Wachs [30].

Theorem 1.6. Let p, q be non-negative integers, let d be a positive integer and let b be a non-
negative integer. Write N = (p+q)d+0b. Consider a partition A of N. Then the multiplicity
of Sy in Kg’q(b) coincides with the multiplicity of the irreducible Sy representation V> in

Hp,l(C'j‘f,).

Theorem 1.6 implies that the equation (1.2), and so the Ottaviani-Paoletti conjecture is
equivalent to:

Conjecture 1.7. The only non-zero homology groups of C&, for k=1,...,3d — 1 is Hy .

Besides the connection to the syzygies of Veronese embeddings, the study of connectivity
of matching complexes is also of interest among the combinatorialists (see [4], [40]), and
have connection to problems in group theory (see [31] and [39] and references therein). For
interesting aspects and some open questions related to matching complexes we refer to the
survey article by Wachs [43].

To compute the homology groups of the matching complexes inductively, the following
equivariant long-exact sequence originated from Bouc [5] is useful. Let A be a finite set with
|A| > 2d. Let a € A be an element of A. Let o be a d-element subset of A such that a € a.
Let = a\ {a}, and let C = A\ o, B = A\ {a}. Then we have the following long-exact
sequence of representations of Sg.

oo = Ind(H.(CE) ® 1) = H.(CE) — Res(H,.(C4)) = Ind(H,_,(CL)®1) = -~ (1.3)

where Ind is IndggX Sy Res is Resgg and 1 is the trivial representation.

By a result of Athanasiadis [2], which we will give a different proof in section 2.2, for
d <4 and N < d(3d — 1) the matching complexes C'¢ has at most two non-zero homology
groups. In particular, the Euler characteristic of the matching complex C¢ is equal to

X(Czo\l/) = <_1)iﬁi + <_1)i+lﬁz’+1

for i = | &] — 3. Morever, it can be computed as the alternating sum of the space of i-faces
of C4. The space F;_1(C%) of i — 1-faces of C% as representation of Sy has character given
as follows.
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Proposition 1.8 (Shareshian-Wachs [39]). The character of F;_1(C%) is given by:
ch F’i—l(cj(if) = ei[ha]hn—id,
where e (respectively h) denotes the elementary (resp. homogeneous) symmetric functions.

Note that for representations of the symmetric groups, the character maps the group
of virtual representations of Sy isomorphically to the group of symmetric functions on N-
letters. This map is also a map of algebras when the group of virtual representations are
endowed with a multiplication induced by tensor product. The transition to the characters
makes the computation and notation easier.

Since the Veronese embeddings of projective spaces are the very natural embeddings, it
is generally believed that the spaces of minimal syzygies behave naturally in the following
sense. For each p,q,d,b, there is no common subrepresentation between Kg,q(V, b) and
Kg +1,q71<‘/7 b). Equivalently, for each 7, d,n, there is no common subrepresentation between
ﬁiC’,‘f and FIiHCff. Note that if this naturality property holds, then proving Ottaviani-
Paoletti conjecture would be easier, as by induction and the long exact sequence (1.3), we
know that there is at most two non-zero homology groups for C; when k is in the range
of our interest. Given the naturality, it suffices to show that the Euler characteristic of C¢,
corresponds to either an honest representation or negative of such an honest one. By the
character formula of Shareshian and Wachs, the Pieri’s rule [15], and the plethysm formula of
Doran [25], it seems to be an achievable goal. The naturality would also imply a conjecture of
Shareshian and Wachs [40] on the top dimensional homology group of matching complexes.
When d < 4, the computation of the virtual character of the Euler characteristic of C¢, in
our desired range is made possible by Sage [42]. These computational experiments support
the naturality property.

When d = 3, we prove the Ottaviani-Paoletti conjecture in section 2.3 basically by proving
that the naturality property holds in the range of our interest.

Theorem 1.9. The third Veronese embeddings of projective spaces satisfy property Ng.

When d = 4, we actually prove that the naturality property fails making the Ottaviani-
Paoletti conjecture more appealing. Using geometric method, we prove in section 2.1 that
the fourth Veronese embedding of P satisfies property Nj.

1.3 Betti numbers of monomial curves

Let K denote an arbitrary field. Let R be the polynomial ring K[zy,...,2z,]|. Let a = (a3 <
-+» < ay,) be a sequence of positive integers. The sequence a gives rise to a monomial curve
C'(a) whose parametrization is given by z; = t*, ..., x, = t*. Let I(a) be the defining ideal
of C(a). For each positive integer j, let a+ j be the sequence (a; + j, ..., a, + j). In chapter
3, we consider the behaviour of the Betti numbers of the defining ideals /(a + j) and their
homogenizations I(a + j) for positive integers j.
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For each finitely generated R-module M and each integer i, let
Bi(M) = dimg Tor®(M, K)

be the i-th total Betti number of M. The following conjecture was communicated to us by
Herzog and Srinivasan.

Conjecture 1.10 (Herzog-Srinivasan). The Betti numbers of I(a+j) are eventually periodic
wmn j with period a, — a.

In general, the problem of finding defining equations of monomial curves is difficult. For
example, in [6], Bresinsky gave an example of a family of monomial curves in A* whose
numbers of minimal generators of the defining ideals are unbounded. Recently, in the case
n < 3, Conjecture 1.10 was proven by Jayanthan and Srinivasan in [26]. In the case when a
is an arithmetic sequence, Conjecture 1.10 was proven by Gimenez, Sengupta and Srinivasan
in [16]. In chapter 3, we prove the conjecture in full generality:

Theorem 1.11. The Betti numbers of I(a + j) are eventually periodic in j with period
a, — ai.

To prove Theorem 1.11 we first prove the eventual periodicity in j for total Betti numbers
of the homogenization I(a + j), and then prove the equalities for total Betti numbers of
I(a+j) and I(a+ j) when j > 0.

To simplify notation, for each ¢, 1 <1 < n, let b; = a,, —a;. Note that if f is homogeneous
then f € I(a) if and only if f € I(a+ j) for all j. Denote by J(a) the ideal generated by
homogeneous elements of I(a). In general, for each finitely generated graded R-module M,
Torf(M, K) is a finitely generated graded module for each 7. Let

Bi;(M) = dimg Tor[ (M, K);
be the i-th graded Betti number of M in degree j. Moreover, let

reg M = sup{j —i: B;; # 0}
4,7

be the Castelnuovo-Mumford regularity of M.

Let zg be a homogenizing variable. In Proposition 3.3, we prove that when j > b;(n +
reg J(a)), each binomial in I(a+ j) involving zy has degree greater than n + reg J(a). Thus
the Betti table of I(a+j) separates into two parts. One part is the Betti table of J(a) which
lies in degree at most n + reg.J(a). The other part lies in degree larger than n + reg J(a).
We call the part of Betti table of I(a + j) lying in degree larger than n + reg.J(a) the high
degree part. We will prove that when j > 0, the Betti table of I(a+j+b;) is obtained from
the Betti table of I(a+ j) by shifting the high degree part of I(a + j) (see Theorem 3.12).

Example 1.12. Let a = (1,2,3,7,10). A computation in Macaulay?2 shows that the Betti
tables of I(a+49) and I(a+ 58) are as follows:
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0o 1 2 3 0O 1 2 3
211 - - - 211 - - -
316 8 1 - 316 8 1 -
41 - 2 4 1 4 |- 2 4 1
Ol — - = = Ol - - = =
6| - — - - 6 |- - - -
712 - - Tl - = -
8§/ 1 11 13 3 812 1 - -
9] - - — 1 9 /1 11 13 3

0] - - — 1

where the entry in the column-index © and row-index j of each table represents the Betti
number B;;1; of the corresponding ideals. A dash represents 0.

The example shows that the separation of Betti tables of I(a + j) might occur much
earlier, i.e., j < by(n+regJ(a). Also, it is natural to expect that the periodicity of the Betti
table of I(a + j) begins as early as the separation of the Betti table occurs. Computational
experiments suggest that this is correct.

To prove the shifting behaviour of the Betti tables of I(a + j) as well as the equalities
of total Betti numbers of I(a + j) and I(a + j), we note that I(a + j) and I(a + j) are
defining ideals of certain semigroup rings. Moreover, by Theorem 1.2, Betti numbers of a
semigroup ring can be given in term of homology groups of certain simplicial complexes
associated to elements of the semigroup. Thus we reduce the problem to proving equalities
among homology groups of these simplicial complexes.

In our situation, Betti numbers of I(a+j) can be expressed in terms of homology groups
of squarefree divisor simplicial complexes A;,(j) (defined in section 3.1). In section 3.1, we
prove that if [ > n + regJ(a) and A;,(7) has non-trivial homology groups, then A;,.(j) is
a double cone. By a double cone, we mean the union of two cones. From that, we derive
the equalities of homology groups among these squarefree divisor simplicial complexes. The
following example illustrates the double cone structure on A;,.(7).

Example 1.13. Let a = (1,2,3,7,10). We consider the Betti numbers of I(a + 49). The
Betti table in Ezample 1.12 shows that Bio(I(a + 49)) and Ba10(I(a + 49)) are nonzero.
A more precise computation in Macaulay2 with multi-grading shows that Ag7s and Ajggs
contribute to the Betti numbers 319 and P29 of [_(a + 49) respectively. The complexr Ag 73
is the simplicial complex on the vertices {0, ...,5} with facets 0524,053,124,134, which is
the double cone {05} = {3,24} U {1} % {24,34}. Also, Ajggs is the simplicial complex on
the vertices {0, ...,5} with facets 0514,05123,0534, 124, 134, which is the double cone {05} *
{14,123,34} U {1} = {24,34}. The picture for these simplicial complexes are given in the
following where we have identified 0 and 5.
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05 05

In the following, we give a bound for the place when the periodicity of the Betti numbers
of I(a+ j) happens.

Let d = ged(by, ..., b,—1) be the greastest common divisor of by, ...,b, 1. Let ¢ be the
conductor of the numerical semigroup generated by b1/d, ...,b,_1/d. Let B =" bj+n+d.
Let

dc+0b
N = max{bl(n+rng(a)),blb2 ( Z+ : —i—B)}. (1.4)
n—1

Fix j > N. Let k = a,, +j. Let e = d/gcd(d, k). In the case | > n + regJ(a), we
prove that, for each pair (/,r) whose A;,.(j) has non-trivial homology groups then A, ,.(j) =
Ay erien, (j+b1) proving that the Betti numbers of I(a+ j) and I(a+ j +b;) are equal (see
section 3.2 for more details).

Denote by (a + j) the semigroup generated by a; + j,...,a, + j. For each pair (I,7)
corresponding to an element of a + j (defined in section 3.1), m = Ik — r is an element of
(a+7). In the case [ > n+reg J(a), we prove that if A;,(j) has non-trivial homology groups
then A,, is obtained from A, (j) by the deletion of the vertex 0. The double cone structures
on A;,.(j) and A,, show that they have the same homology groups, proving the equalities
of Betti numbers of I(a + j) and I(a+ j) (see section 3.2 for more details). Consequently,
we prove that the Betti numbers of I(a + j) are periodic in j with period b; when j > N.
The condition that j > N where N is technically defined in (1.4) will naturally arise in the
proofs throughout chapter 3.

In the case where a is a Bresinsky’s sequence, we prove in Proposition 3.27 that the
period by is exact.

Finally, we consider the analogous question for higher dimensional affine semigroup rings.
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Chapter 2

Syzygies of Veronese varieties

2.1 Clifford index and canonical curves

In this section, we briefly introduce the notion of Clifford index and Green’s conjecture and
their connection to the Ottaviani-Paoletti conjecture. For more information, we refer to [14]
and [27].

Throughout this section, we assume that k is an algebraically closed field of characteristic
0. Let C be a smooth projective curve of genus g > 4. A line bundle £ on X is called special
if h'(L) # 0. The Clifford index of £ is defined to be

Cliff £ = deg £ — 2(h°(L) — 1) = g+ 1 — h°(L) — h*(L).
The second equality follows from the Riemann-Roch Theorem [22].

Definition 2.1. The Clifford index of a smooth projective curve C of genus g > 4 is:
Cliff C = min{Cliff £|h°L > 2 and h'L > 2}.

A line bundle £ is said to compute the Clifford index of C' if Cliff £L = Cliff C. Green’s
conjecture says that the Clifford index of C' determines the Green-Lazarsfeld index of the
canonical line bundle of C:

Conjecture 2.2 (Green). Let C' be a smooth nonhyperelliptic curve over a field of charac-
teristic 0. Then
p(C,we) = Cliff C — 1.

Let us come back to the Ottaviani-Paoletti conjecture in the case of P and £ = O(4). Let
S € |L| be a general hyperplane section of the embedding of P by £, then by the adjunction
formula [22], we see that Kg = 0. In particular, S is a K3 surface. Let C' € |Og(1)] be a
general hyperplane section of S, then by adjunction formula again, we see that we have a
canonical curve lying on a K3 surface. Throughout the process, the Green-Lazarsfeld index
stay the same, as all the embeddings are Cohen-Macaulay. Moreover, we have
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Theorem 2.3 (Aprodu-Farkas [1]). Green’s conjecture holds for every smooth curve lying
on an arbitrary K3 surface.

Therefore, p(P3, O(4)) = Cliff C — 1. Thus it suffices to determine the Clifford index of a
curve which is a complete intersection of two general quartic hypersurfaces in P3. Moreover,
we have:

Theorem 2.4 (Green-Lazarsfeld [21]). Let £ be a base point free line bundle on a K3
surface S with £* > 0. Then Cliff C is constant for all smooth irreducible C' € |L|, and if
Cliff C < [%j, then there exists a line bundle M on S such that Mo = M & O¢ computes
the Clifford index of C for all smooth irreducible C' € |L|.

Now let us determine the genus of C. Since the embedding of C' is obtained by taking
two general hyperplane sections of the fourth Veronese embedding of P2, it is embedded into
P32, Moreover, the embedding of C' is the canonical embedding, so ¢ = 33. (This can also
be found by using adjunction formula). Moreover, by Ottaviani and Paoletti, Cliff C' < 10,
therefore we are in the second situation of Theorem 2.4. In other words, there exists a line
bundle M on S such that Mc = M ® Og computes the Clifford index of C. Note that S is
a general quartic hypersurface, in this case, we have

Theorem 2.5 (Noether-Lefschetz [33]). If S C P2 is a general surface of degree d > 4, then
the restriction map PiclP®* — Pic S is an isomorphism.

We are now ready for a proof of the Ottaviani-Paoletti conjecture in the case of P? and

O(4):
Theorem 2.6. The fourth Veronese embedding of P? satisfies property Ny.

Proof. By Noether-Lefschetz Theorem PicS =2 Z{¢ where ¢ is the class of the hyperplane
section of P3. By Green-Lazarsfeld Theorem and the fact that Cliff C < L%J, we have
lc = { ® O¢ computes the Clifford index of C. Moreover {¢ corresponds to a ¢35 on C.
Therefore,

Clift ¢ =Cliff /¢ =16 — 2 -3 = 10.

The theorem follows from Aprodu-Farkas Theorem. O

2.2 Shellability of skeleta of matching complexes

In this section, we prove the vanishings of certain homology groups of matching complexes
by showing that certain skeleta of matching complexes are shellable. Let us first recall the
notion of shellability of simplicial complexes.

Definition 2.7. Let A be a pure simplicial complex with the set of facets F. A total ordering
> on JF is said to be a shelling of A if for every facet F' which is not smallest with respect
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to >, we have F'N F.p is a pure simplicial complex of codimension 1 in F, where F_p is
the simplicial complex whose facets are the facets of A which is smaller than F with respect
to >. When A has a shelling, we say that A is shellable.

The shellability of a simplicial complex has a strong consequence on the homology groups
of the simplicial complex itself.

Proposition 2.8. If A is a shellable simplicial complex of pure dimension n, then ﬁZ(A) =0
for all i # n.

From the definition of the matching complex, it is easy to see that C% is a pure simplicial
complex of dimension | N/d] — 1. By Proposition 2.8, the shellability of k-skeleton of C,
implies that f[,(Cj‘\l,) =0 for all i < k. In other words, to show that C'% has trivial homology
groups H; for all i < k, one can try to prove that k-skeleton of C¢ is shellable. That is the
main goal of this section.

The following notation will be used throughout the section.

For a finite ordered set S, we denote min.S the smallest element in S. When A =
{1,...,n}, for any ¢, we order the t-element subsets of A lexicographically. Suppose B =
{P1,..., B} is an ordered set. When we wish to indicate that the elements of B are in the
order f; < --- < [, then we write B = 1 ---3; without commas and parenthesis. For
example, if F' = {ay,...,aps1} is a k-face of C4, then writing F' = a; - - - aj signifies that
a; < as < --- < agyq in lexicographic ordering.

Let ' =a;-- a1 and G = by ---bgyq be two k-faces of C’j. We say that F' is larger
than G in lexicographic ordering, denoted by F' > G, if a; > b; for the first index ¢ where

Finally, assume that F' = ajas---ag,1 is a face of Cfl. Let x be the smallest element in
the complement of a; U -+ U agi1. We set ¢(F) = a; U {z}.

For example, set n = 5 and d = 2. Then 134 > 123 as 3-element subsets of A =
{1,2,...,5}. In the matching complex C%, the 1-face 13 24 is larger than the 1-face 12 45
in the lexicographic ordering. And finally, when F' = 13 24, we have ¢(F') = 123.

Note that a graph (pure 1-dimensional simplicial complex) is shellable if and only if
it is connected. Therefore, the 1-skeleton of the matching complex C¢ is shellable when
n>2d+1.

Lemma 2.9. Assume that k > 2 and that the (k — 1)-skeleton of C¢ is shellable. The
k-skeleton of C%, ., is shellable.

Proof. Let A= {1,...,n+d+1}. Fix ashelling = of (k—1)-skeleton of C¢ as in the assump-
tion. For any n-element subset B of A, we denote =p the shelling of (k — 1)-skeleton of C%
coming from >, corresponding to the order-preserving bijection between B and {1,...,n}.

We define an ordering > of the k-faces of Cffl as follows. Let F' = a;---ap,; and G =
by -+ bry1 be two k-faces of C4. Then F' = G if and only if

1. 1 ¢ ay, and F > G in the lexicographic ordering; or
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2. 1€ay, 1€by, and ¢(F) > ¢(G); or
3. 1€ay,1€by, ¢(F)=c(G) and a; > by; or

4.1 €ay, 1 € by, co(F) =c(G), ag = by, and ay---agry >p by---bry1, where B is the
complement of ¢(F).

We will now show that this is a shelling of the k-skeleton of C’j. Let ' =a;---axy1 bea
k-face of C4. Furthermore, assume that F' is not smallest with respect to the =-order. Let
F be the simplicial complex whose facets are all the k-faces of C4 that are less than F in
the >-order. Let H = F'N G be a facet of F'N F.We need to show that H has codimension
lin F.

Moreover assume that G = by - - - bg11.

Case 1: 1 ¢ a;. Assume that a; ¢ H for some i. Let by be any d-element subset contain-
ing 1 of the complement of a;U- - -Ua;_1Ua; 1U---Uagy1. Let F/ =bay---a;_1a;11 - Gy,
then F' = F', and FNF' = F \ {a;}. Since H is a facet of FF N F, we have H = F \ {a;}
having codimension 1 in F.

Case 2: 1 € ay and ¢(F) > ¢(G). Assume that ¢(F) = a; U {2z} and ¢(G) = by U {y}.
There are two subcases:

Subcase 2a: a; = by. Since ¢(F) > ¢(G), we have x > y, this implies that y € a; for
some ¢ > 1. Since y € ¢(G), this implies that a; # b; for any j. In other words, a; ¢ H. Let
a, = a;\{y}U{z}. Let F' ={ay,...,a;-1,a},a;41,...,ak41}. Then ¢(F') = a1 U{y} < c(F).
Moreover F'N F" = F \ {a;} which is of codimension 1. Since a; ¢ H, and H is a facet of
FNJF, H=FnNFis of codimension 1 in F'.

Subcase 2b: a; # b;. In this case, as 1 € a; and 1 ¢ b; for any ¢ > 1, we have a; ¢ H.
If @y is not the smallest d-element subset of ¢(F), let a] be the smallest such element. Let
F'=dajay---agy1. We have F = F' and F N F’' = ay - - - a1 which is of codimension 1 in
F'. Therefore, we may assume that a; is the smallest d-element subset of ¢(F"). This implies
that x is larger than any element in a;. Let z be the smallest element in b; \ a;. Since
¢(F) > ¢(@), this implies that z < z. Therefore, z must belong to a; for some i > 2, and
a; ¢ H. Again, let o} = a; \ {z} U {z}. Let F' = {ay,...,a;_1,0a},ait1,...,0ak+1}, then we
have ¢(F') = ay U{z} < ¢(F), and FNF' = F\ {a;} 2 H, which is a contradiction.

Case 3: 1 € a1, ¢(F) = ¢(G) and a; > b;. In this case a; ¢ H. Since ¢(F) = ¢(G), this
implies that if we let F' = bias---apy1, then ' = F' and FNF' = ay--- a4, which is of
codimension 1. Therefore, H is of codimension 1 in F'.

Case 4: 1 € ay, ¢(F) = ¢(G) and a; = b;. In this case, by the shelling on the complement
of ¢(F'), H also has codimension 1 in F. O

As an application, we give another proof of a theorem of Athanasiadis [2].

Theorem 2.10. The k-skeleton of C’;f 1s shellable when k < % —

Proof. For any n > 2d + 1, the 1-skeleton of C? is shellable. By Lemma 2.9, for any
n > kd+k—1, the k—1-skeleton of C? is shellable. This finishes the proof of the theorem. [
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2.3 Third Veronese embeddings of projective spaces

In this section, using the long exact sequence (1.3), Theorem 2.10, and the computation of
the Euler characteristic of the matching complex C%; for N < 24, we establish the Ottaviani-
Paoletti conjecture for third Veronese embeddings of projective spaces.

The following notation will be used throughout this section and the forth coming section.
We denote the partition A with row lengths Ay > Ay > --- > Ay > 0 by the sequence
(A1, A2, - .., Ax) and we use the same notation for the representation V*. To simplify notation,
we omit the subscript and superscript when we use the operators Ind and Res. It is clear
from the context and the equivariant long exact sequence what the induction and restriction
are. From section 1.2, we see that in the range of our interest

X(CR) = (=1 H; + (=1)™* Hyy
for some . Writing x(C%) = A— B where A and B are representations of Sy, we have when
iis even, H; = A+ C and H;;; = B+ C; when i is odd, H; = B+ C and HZ+1 A+C
for some representation C'. We say that A and B are the expected values of H; and H7,+1 of
C¢%. Note that A or B might be zero.

Throughout this section d = 3. For simplicity, we sometimes write Cy for C%. In this
case, the long exact sequence (1.3) is:

- — Ind H,C3_, — H,C3? | — Res H,C3 - Ind H;,_,C®_, — --- (2.1)

From the definition of the matching complexes, and the long exact sequence (2.1), it is not
hard to see the following.

Proposition 2.11. The homology groups of C2 with n < 15 are the expected ones.
Proposition 2.12. The homology groups of C3 are the expected ones.
Proof. By Theorem 2.10, we have ﬁin’ﬁ = 0 for ¢« # 3,4. Applying the equivariant long

exact sequence (2.1) with n = 16 and Proposition 2.11, we have an exact sequence
0 — Res H,C% — Ind H3C3, — HsC? — Res HsCis — Ind HyC3y — 0. (2.2)

From the computation of the Euler characteristic of Cj;, we get the expected values of
H3C16 and H,Cg, called A and B. We have H,Ci¢ = B+ C and H3C4 = A+ C for some
representation C'. By Proposition 2.11, the exact sequence (2.2) becomes

0—ResC—- X - X —-ResC—0
where
X =1Ind HsCy5 — Res B = (4,3,3,3,2) ® (5,3,3,3,1) ® (5,4,3,2,1) ® (5,5,3,1,1)
®(6,3,3,2,1)® (6,4,3,1,1) ® (6,5,2,1,1) @ (7,3,3,1,1) & (7,4,2,1,1)
®(7,5,1,1,1) ® (8,3,2,1,1) ® (8,4,1,1,1) & (9,3,1,1,1) & (10,2, 1,1, 1).

Since there is no representation of Sig whose restriction can be mapped injectively into X,
we see that C' = 0. The proposition follows. O
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Proposition 2.13. The homology groups of C}, are the expected ones.

Proof. By Theorem 2.10, we have lT:[iC'f’7 = 0 for 7 # 3,4. It remains to prove that H3Chy =
0. Applying the equivariant long exact sequence (2.1) with n = 17 we have H3C}¢ maps
surjectively onto Res H3C'7. Moreover, by Proposition 2.12, we have

HiCi6 = (5,5,3,3) @ (5,5,5,1) & (6,5,3,2) & (6,5,4,1) & (6,6,2,2) & (6,6,4) & (7,3,3,3)
& (7,4,3,2) ®2(7,5,3,1) @ (7,5,4) & (7,6,2,1) & (7,6,3) & (7,7,1,1) & (8,4, 3, 1)
B (8,5,2,1) @ (8,5,3) @ (8,6,2) @ (9,3,3,1) & (9,5, 1, 1).

Therefore H5Cy7 = 0, the proposition follows. O
Proposition 2.14. The homology groups of Cs are the expected ones.

Proof. By Theorem 2.10, we have H;Cys = 0 for i # 3, 4. It suffices to prove that ﬁgClg =0.
By Proposition 2.13 and the long exact sequence (2.1) applied to n = 18, we have H3Ch7
maps surjectively onto Res H3Chs. Since H3Cy7 = 0, the proposition follows. O]

Proposition 2.15. The homology groups of C3, are the expected ones.

Proof. By Theorem 2.10, we have H;Cy = 0 for i # 4,5. Applying the equivariant long
exact sequence (2.1) with n = 19, Proposition 2.12 and Proposition 2.14, we have an exact
sequence

0 — Res H;C%, — Ind Hy,C3, — H,C3 — Res H,C3y — Ind HsC3 — 0. (2.3)

From the computation of the Euler characteristic of Chg, we get the expected values of
H,C19 and H5Cg, called A and B. We have H;C19 = B + C and H,C19 = A + C for some
representation C', and an exact sequence

00— ResC— X —-X - ResC—0
where

X =(4,3,3,3,3,2)®(5,3,3,3,3,1) @ (5,4,3,3,2,1) & (5,5,3,3,1,1) ® (5,5,4,2,1,1)
®(6,3,3,3,2,1) @ (6,4,3,3,1,1) @ (6,5,3,2,1,1) & (6,5,4,1,1,1) & (7,3,3,3,1,1)
@ (7,4,3,2,1,1) @ 2(7,5,3,1,1,1) & (7,6,2,1,1,1) & (8,3,3,2,1,1) @ (8,4,3,1,1,1)
@ (8,5,2,1,1,1) @ (8,6,1,1,1,1) @ (9,3,3,1,1,1) & (9,4,2,1,1,1) & (9,5,1,1,1, 1)
& (10,3,2,1,1,1) & (10,4,1,1,1,1) & (11,3,1,1,1,1) & (12, 2,1, 1, 1, 1).

Since there is no representation of Si9 whose restriction can be mapped injectively into X,
we see that C' = 0. The proposition follows. m

Proposition 2.16. The homology groups of Cs, are the expected ones.
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Proof. Applying the equivariant long exact sequence (2.1) with n = 20, Proposition 2.15 and
Proposition 2.14, we have exact sequences

0 — Res H;C3, — 0
for i # 4,5 and an exact sequence
0 — H;C3y — Res H;Cy — Ind H,CP — H,C% — Res HyCyy — 0. (2.4)

Therefore, ﬁ[iCSO =0 for i # 4,5. From the computation of the Euler characteristics of Cy,
we get the expected value of HyCy is A = (8,8,4) ®(8,6,6). Let M = Sy(V)@ S, (V) where
A= (8,8,4) and u = (8,6,6). By Theorem 1.6, K,42(2) = 0 and K;5,(V,2) = M + N for
some representation N. Moreover, using Macaulay2 to compute the dimensions of minimal
linear syzygies of the module @5, Sym**?(V) with dimV = 4, we get dim Kgo(V,2) =
14003. Since &, Sym** (V) is a Cohen-Macaulay module of codimension 16 with h-vector

(10,16, 1),
16 16 16
dim K51 (V,2) = 14003 — 10 - (6) +16- (5) - (4) = 1991.

Since dim M = 1991, we have K5,(V,2) = M and so N = 0. By Theorem 1.6, H,C3, = A.
The proposition follows. O

Proposition 2.17. The homology groups of C3, are the expected ones.

Proof. By Theorem 2.10, H;C3, = 0 for i # 4,5. It suffices to show that H,Cy = 0.
Applying the long exact sequence (2.1) with n = 21 we have H,C5 maps surjectively onto
Res HyC;. The proposition follows from Proposition 2.16. O

Proposition 2.18. The homology groups of Cs, are the expected ones.

Proof. Applying the equivariant long exact sequence (2.1) with n = 22 we have exact se-
quences )
0 — Res H;C3, — 0

for ¢ # 5,6 and an exact sequence
0 — Res HsC3, — Ind H;C3y — H5C3, — Res H;C3, — Ind HyC5y — 0. (2.5)

Therefore, H;C3, = 0 for i # 5,6. From the computation of the Euler characteristic of
Cys, we get the expected values of ﬁg,ng and ﬁ(;ng, called A and B. In other words,
HgCh = B+ C and Hs;Cy = A + C for some representation C. By Proposition 2.15 and
Proposition 2.17, the exact sequence (2.5) becomes

00— ResC—- X —-X —ResC —0
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where

X =Ind HsCyy — Res B = (4,3,3,3,3,3,2) @ (5,3,3,3,3,3,1) @ (5,4,3,3,3,2,1)
& (5,5,3,3,3,1,1) @ (5,5,4,3,2,1,1) @ (5,5,5,3,1,1,1) & (6, 3,3,3,3,2,1)
& (6,4,3,3,3,1,1) ®(6,5,3,3,2,1,1) @ (6,5,4,3,1,1,1) & (6,5,5,2,1,1,1)
@ (7,3,3,3,3,1,1) ®(7,4,3,3,2,1,1) ® 2(7,5,3,3,1,1,1) & (7,5,4,2,1,1,1)
@ (7,5,5,1,1,1,1) ®(7,6,3,2,1,1,1) & (7,6,4,1,1,1,1) & (7,7,3,1,1,1,1)
@ (8,3,3,3,2,1,1) @ (8,4,3,3,1,1,1) @ (8,5,3,2,1,1,1) & (8,5,4,1,1,1,1)
®(8,6,3,1,1,1,1) ®(8,7,2,1,1,1,1) ®(9,3,3,3,1,1,1) @ (9,4,3,2,1,1,1)
o 1
o
o

2(9,5,3,1,1,1,1) @ (9,6,2,1,1,1,1) & (9,7,1,1,1,1,1) & (10,3,3,2,1,1,1)
(10,4,3,1,1,1,1) & (10,5,2,1,1,1,1) & (10,6,1,1,1,1,1) @ (11,3,3,1,1,1, 1)
(11,4,2,1,1,1,1) & (11,5,1,1,1,1,1) & (12,3,2,1,1,1,1) & (12,4,1,1,1, 1, 1)
@ (13,3,1,1,1,1,1) @ (14,2,1,1,1,1,1).

Since there is no representation of Syy whose restriction can be mapped injectively into X,
we see that C' = 0. The proposition follows. O]

Proposition 2.19. The homology groups of Cis; are the expected ones.

Proof. Applying the equivariant long exact sequence (2.1) with n = 23 we have exact se-
quences )
0 — Res H;C3y — 0

for i # 5,6, and an exact sequence
0 — HgC3y — Res HgCly — Ind H;C3y — H5C3, — Res H;Cy — Ind Hy,Cy — 0. (2.6)

Therefore, FIZ-CS?) = 0 for i # 5,6. From the computation of the Euler characteristic of Ca3,
the expected value of H5Cys is

A=(8,6,6,3) (8,7,6,2) ® (8,8,4,3) & (8,8,5,2) & (8,8,6,1) ® (9,6,6,2)
@ (9,7,6,1) ®(9,8,4,2) @ (9,8,5,1) @ (9,8,6) @ (10,6,6,1) @ (10,8,4, 1)

Let M be the corresponding representation of GL(V) with dimV = 4. By Theorem 1.6,
K¢1 = M @ N for some representation N. Moreover, using Macaulay2 to compute the
dimensions of minimal linear syzygies of the module @3, Sym* (V) with dim V' = 4, we get
dim K7 o(V,2) = 5400. Since @, Sym**2(V) is a Cohen-Macaulay module of codimension
16 with h-vector (10,16,1) and H,C3, = 0, we have

16 16 16
dim K4,(V,2) =10 - (7> — 16 - (6) + (5) — 5400 = 14760.

Finally, note that dim M = 14760, thus N = 0. The proposition follows. O
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We are ready for the proof of Theorem 1.9. We restate it here for convenience.
Theorem 2.20. The third Veronese embeddings of projective spaces satisfy property Ng.

Proof. Tt remains to prove that the only non-zero homology groups of the matching complex
C3, is H¢C3,. Applying the equivariant long exact sequence (2.1) with n = 24 we have exact
sequences

0 — Res H;C3, = 0

for i # 5,6, and an exact sequence
0 — HgC3y — Res HgC3, — Ind H;C3, — H5C3, — Res H;C3, — 0.

Therefore, H;C3, = 0 for i # 5,6 and H;C3, maps surjectively onto Res H;C3,. Moreover,
by a result of Ottaviani and Paoletti [35], the third Veronese embedding of P? satisfies
property Ng. By Theorem 1.6, H 5C3, does not contain any irreducible representations whose
corresponding partitions have at most 4 rows. By Proposition 2.19, ]:15033 contains only
irreducible representations whose corresponding partitions have at most 4 rows, thus H. 5C3,
is zero. O

Note that if we use the following set of equivariant long exact sequences we can prove
Theorem 1.9 without knowing the homology groups of C3;. The idea for constructing such
long exact sequences also come from Bouc [5] (see also [28]). Assume that d > 3, and n > 3d
(the sequences will be different in the case d = 2). Let a,b be two fixed element of [n], for
example a = 1 and b = 2. We have the following filtration of C¢.

cl,chNgcA cCl
where
A; = CH\ {f :ax,by € f for some x, y}.

and
Ao = C*\ {f :ax or by € f for some x, y}.

Since C?/A; = {axbyg}, A1/A¢ = {axg or byg} and Ay/C¢ , = {abzg}, we have the
following equivariant long exact sequences of representations of S,,_»
s —> [:IZ(Al) — Res gZ(Cg) — Ind Ind ﬁi—QCg—Qd — [:Ii—l(Al) — - (27)
e —> FIZ(A()) — Ffl(Al) — 21Ind F[i,lcg_d_l — I:[ifl(Ao) —> e
s — f{z<Cn—2) — ﬁl(A(]) — Ind ]:Ii_l(C’n_d) — .Hi_lcn_g —

where for simplicity we have omitted the subscripts in the operators Ind and Res. It is clear
from the sequences what the inductions and restrictions are.
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2.4 Fourth Veronese embeddings of projective spaces

In this section, using the long exact sequence (1.3) we prove that the naturality property fails
for general matching complexes. Using an idea similar to section 2.3, one might hope to be
able to settle the Ottaviani-Paoletti conjecture by induction, and computation of the Euler
characteristic of matching complexes Cy for N < 44, which is still doable by our machine.
Nevertheless, one should also note that, in Proposition 2.16 and Proposition 2.19, we need to
compute certain Betti numbers to determine the exact values of the corresponding homology
groups. The computation of the Betti numbers is however out of reach of computer very
quickly. This fact prevents us from determining the precise values of certain homology groups
of C% by merely these machineries. Also, the failure of the naturality property for general
matching complexes make the situation more complicated. We also want to note that the
series of exact sequences (2.7)-(2.9) introduced in the last paragraph of the previous section
does not help very much in understanding the homology of C4.

Proposition 2.21. The naturality property fails for general matching complezes C4;.

Proof. If the naturality fails for C? for some n < 25, then we are done. Assume that the
naturality holds for all C? for n < 25. Applying the equivariant long exact sequence (1.3)
with n = 26, we have an exact sequence

0— [j[5025 — Res ﬁ5026 — Ind g4022 — 1:14025 — Res 1:14026 — Ind ﬁ3022 — 0.

In particular, Res H,Chs maps surjectively onto Ind H3Ch,. Moreover, from the computation
of the Euler characteristic of 026, we get the expected value A of H,Cs. Since Res A does
not map surjectively onto Ind H3Cy, we must have H4C’26 = A + C' for some non-zero
representation C'. In other words, C' is a common representation of H,Cys and HsCos. [
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Chapter 3

Shifted families of affine semigroup
rings

3.1 Double cone structure on simplicial complexes
Al,r(j)

In this section, we prove the double cone structure of the squarefree divisor simplicial com-
plexes A, (j) defined below.
The following notation from section 1.3 and facts will be used throughout the chapter.

e For eachi=1,...,n, let b; = a,, — a;. In particular, b, = 0.
e Let d be the greatest common divisor of by, ..., b,_1.

e Let ¢ be the conductor of the semigroup generated by b, /d, ..., b,_1/d.

e Let B=> " b+n+d

Let

N:max{bl(n+rng(a)),blb2 (dz+bl +B)}. (3.1)

n—1
Fix j > N. Let k = a,, +j. Let e = d/ ged(d, k). Note that d|by, so e = d/ ged(d, k + by).
Since k > N, it follows that k£ satisfies

k/by > n +regJ(a), (3.2)
and

k - dc + by
biby  bp

+ B. (3.3)
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We will use the following notation when dealing with faces of simplicial complexes on
the vertices {0,...,n}. If I C {0,...,n}, let |F| be the cardinality of F. Moreover, for

i €{0,...,n}, let
0 ifié¢F,
dir = o
1 ifieF.

Finally, the following representation of a natural number will be used frequently in the
paper. Let u be a natural number such that w is divisible by d and u > dc. We can write
u = tb; + v for some non-negative integer numbers ¢ and v such that dec < v < dc + by.
Because d|by, it follows that d|v. Since v/d > ¢, the conductor of the numerical semigroup
generated by by/d, ...,b,_1/d, we can write

’U/d = U)l(bl/d) + ...+ wn_l(bn_l/d),

for non-negative integers wy, ..., w,_1. If we denote by b = (by, ..., b, 1) and w = (wy, ..., w,_1)"
the column vectors with coordinates by, ...,b,_1 and wy, ..., w,_; respectively, then we have
the following representation of u = tb; + v as

u=1tby +w-Db, (3.4)

where w - b = Z:.L;ll w;b; is the usual dot product of these two vectors. With this represen-
tation, if we denote by [w| = 327" w; then

de+b
t< L and fw| < S0 (3.5)
bl bnfl

Note that I(a+ j) is the defining ideal of the semigroup ring K[a + j] where a + j is the
additive semigroup generated by vectors wo = (k,0),w; = (b, k — by), ..., w,, = (0,k). Note
that |w;| = k for all i = 0,...,n. Thus each element v of the semigroup a + j corresponds
uniquely to a pair ({,7) where [ = |v|/k and r is the first coordinate of v. The definition of
squarefree divisor simplicial complex in Definition 1.1 translates to

Definition 3.1. For each pair of natural numbers (1,1), let A;,.(j) be the simplicial complex
on the vertices {0, ...,n} such that F* C {0, ...,n} is a face of A,(j) if and only if the equation

Yok + zn:yibi =r

i=1

has a non-negative integer solution y = (Yo, ...,Yn) such that |y| = >0 jy; = 1 and F C
suppy = {i :y; > 0}.

By Theorem 1.2, if we consider S = K [zg, ..., x,] with standard grading degz; = 1 then
the graded Betti numbers of [(a + j) are given by
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Proposition 3.2. For each i and each |, we have

Bu(I(a+ j)) = dimy Tor{ (I(a+ j), K); = Y dimg Hi(Ay, ().

r>0

An easy consequence of inequality (3.2) is the separation of the Betti table of I(a + j)
when 7 > N.

Proposition 3.3. Assume that j > N. Any minimal binomial generator of I(a+j) involving
xo has degree greater than n + regJ(a). In particular, any syzygy of I(a + j) of degree at
most n + reg J(a) is a syzygy of J(a).

Proof. Assume that f = z8°z}"...2% — z}'...2%" is a minimal binomial generator of I(a+ j).
We have
UO]C + U1b1 + ...+ Unbn = Ulbl + ...+ ’Unbn.

Since ug > 0, it follows that vib; + ... + v,b, > k. By inequality (3.2),

deg f = Zvi > k/by > n+regJ(a).

i=1
The second part follows immediately. O

In the remaining of the section, we fix 7 > N, and simply denote by A, the simplicial
complex A;,.(j). We will prove that in the case [ > n + regJ(a) and A, has non-trivial
homology groups, A, is a double cone, the union of a cone over the vertices {0,n} and
another cone over the vertex 1.

Our first technical lemma says that the range for r so that A;, has non-trivial homology
groups is quite small.

Lemma 3.4. Assume that j > N. For any l > n + regJ(a), if A;,(j) has non-trivial
homology groups then ek < r < ek + dc+ B and | > r/by. In particular, any solution
Yy = (Yo, ---,Yn) of the equation yok + y1b01 + ... + ynb, = r with yo > 0 satisfies yo = e.

Proof. Since | > n +regJ (a), if A;, has non-trivial homology groups then it supports a
nonzero syzygies of I(a+j) in degree larger than n+reg.J(a). By Proposition 3.3, A;, must
have at least a facet containing 0. By Definition 3.1, the equation

Yok + y101 + ... + ypby =71 (3.6)

has a non-negative integer solution y = (yo, ..., y,) such that yo > 0. Moreover, for A;, to
have non-trivial homology groups, it must have at least a facet that does not contain {0}.
Again, by Definition 3.1, the equation (3.6) has a solution z = (z, ..., z,) such that zyp = 0
and > """ | z; = [. This implies that d|r and [ > r/b;. Therefore, we must have d|yok or e|yp.
Thus, r > yok > ek.
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Now assume that r > ek +dc+ B. Since r — ek — Y7 ' b; > dc, as in (3.4), we can write

n—1

r=ck+» bi+th+w-b (3.7)
=1

with J b I
w) <« L0 ana < 126 (3.8)
n—1 bl
By inequality (3.3), it follows that
dc + by r—ek k r — ek r
B < < — <
by b bbb b

Together with (3.8), this implies
lw|l+e+n+t<l

Therefore, the equation (3.6) has a solution u = (uy,...,u,) such that ug = e, u; =
t+14+w,uy=w;+1fori=2 .., n—1landu,=1+1— (t+e+n+|wl|). In particular,
u; > 0 for all 4; consequently, by Definition 3.1, A, is the simplex {0, ..., n} which has trivial
homology groups. This is a contradiction.

Finally, any solution y = (yo, ..., ¥») of the equation (3.6) with yo > 0 satisfies

r ek+dc+ B

Since ey, it follows that yo = e. ]

The following theorem is the main technical result of the chapter where we prove that if
[ >n+regJ(a) and A;,.(j) has non-trivial homology groups then A;,.(j) has a structure of
a double cone.

Theorem 3.5 (Double cone structure). Assume that j > N, | > n +regJ(a) and A;,(j)
has non-trivial homology groups. Given a facet F' of A;,(j), one either has0 ¢ F and 1 € F,
or0e F andn € F.

Proof. Assume that there exists a facet F' of A;, such that 0,1 ¢ F. By Definition 3.1, the
equation
Yib1 + ...+ ynbp =1 (3.9)
has a solution y = (y1, ..., y,) such that suppy = F, y; = 0 and > ;" y; = [. Thus [ > ot
As in (3.4), we can write
T’:Zbl—i‘tbl—i‘Wb

el
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with p ;
¢t o and t < L.

n—1 bl

jw| <
Together with inequality (3.3), this implies

dc + by r k r r r r
B+l X o T T
bn—1 e by  biby * by — biby * by — by

lw|l+n+t<

Note that ¢ > 0, since by + ... + b,_1 + dc + by < k < r. Therefore, there is a solution
z = (21, ..., 2n) of the equation (3.9) such that z; =t + wy, z; = djp +w; for i = 2,....n — 1,
and z, =1 — (|w| 4+t + |F|). In particular, supp z 2 supp y which is a contradiction.
Now assume that F is a facet of A;, such that 0 € F' and n ¢ F. By Definition 3.1 and
Lemma 3.4, the equation
ek +y1by + ... +y,b, =1

n—1

has a solution y = (v1, ..., y,) such that y, = 0 and >

3.4, we have [ > ~. By inequality (3.3), it follows that

k de+ b
T b s (E e b s (2 B b —e)b,, > de+ B
by by bn—1

Therefore,

yi = | — e. Moreover, by Lemma

r:ek—kal-bizek:—i— (5—6) bn_1 > ek +dc+ B,
i=1 1

which is a contradiction to Lemma 3.4. O

One of the surprising consequences of the double cone structure is the following charac-
terization of minimal inhomogeneous generators of I(a + j) when j > 0.

Corollary 3.6. Assume that j > N. Let e = d/ged(d,a, + 7). Any minimal binomial
inhomogeneous generator of I(a+ j) is of the form

i f — gz,

where u,v > 0, f and g are monomaials in the variables xs, ..., T,_1, and moreover, u+deg f =
v+degg+e.

Proof. By Lemma 3.4 and the double cone structure, any minimal binomial homogeneous
generator of /(a + j) involving an x( has the form

u (5 v
xy f — xpgT,

where u,v > 0 and f,¢g are monomials in zs,...,z,_1. The corollary follows since any
minimal binomial inhomogeneous generator of I (a+ 7) is obtained from dehomogenization
of a binomial homogeneous generator of I(a + j) involving an . O
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3.2 Periodicity of Betti numbers of monomial curves

In this section we prove the Herzog-Srinivasan conjecture. It is accomplished by Theorem
3.12 where we prove that when j > N, the Betti table of I(a + j + b;) is obtained from the
Betti table of I(a+ j) by shifting the high degree part by e rows and Theorem 3.21 where we
prove that total Betti numbers of I(a+ j) and those of I(a+ j) are equal. As in section 3.1,
we fix j > N and denote by A;,(j) the squarefree divisor simplicial complexes associated to
elements of the semigroup a + j and A, (7 + b1) the squarefree divisor simplicial complexes
associated to elements of the semigroup a + j + b;.

As an appliciation of the double cone structure, we will prove that if [ > n + reg J(a)
and A;, has non-trivial homology groups, then A;,(j) = Ajterter, (7 + b1) as simplicial
complexes. First we prove that if [ > n + reg.J(a) and A;,(j) has non-trivial homology
groups then [ is controlled in a small range by 7.

Lemma 3.7. Assume that j > N. Ifl > n+regJ(a) and A;,.(j) has non-trivial homology

groups, then
] < r X dec + bl
bl bn—l

+n

Proof. In order for A;,(j) to have non-trivial homology groups, there must exist at least a
facet F' of A;,(j) such that n ¢ F. By Theorem 3.5, this implies that 0 ¢ F. Therefore, by
Definition 3.1, the equation

b + ...+ yub, =1 (3.10)

has a solution y = (yi, ..., y,) such that suppy = F, y, = 0, Z;:ll y; = 1. As in (3.4), we
can write

T:Zbi—i‘tbl—i‘W'b,

i€F
with dob
lw| < T and t < —
bn—l bl

Therefore, if I > - + % +n then ¢t + |w| 4+ n < [. In particular, the equation (3.10) has
a solution zy =t +wy, 2z; = dip +w; for 2<i<n—1land z,=01—t—|w|—|F| >0. By
Definition 3.1, F' U {n} C supp z is a face of A;,(j), which is a contradiction. O

The following two lemmas are the first indication of a relation between A,;,(j) and
Al-{—e,r—i—ebl (] + bl)

Lemma 3.8. Assume that j > N. Ifl > n+regJ(a) and A;,.(j) has non-trivial homology
groups, then
Alﬂ’(j> g Al—‘,—e,r—i-ebl (] + bl)
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Proof. Let F be a facet of A;,.(j). We need to prove that F' € Ajjepren, (7 +01). If0 & F
then by Definition 3.1, the equation

b+ ... +yby =1
has a solution y = (y1, ..., ¥,) such that suppy = F and > | y; = [. Therefore, the equation
y1b1 + ... + Ynbp =1+ by
has a solution z = (y; +e,¥ys, ..., ) such that suppz O F and )., z; = [+ e. By Definition
3'17 F e Al-&-e,r-‘,—ebl (.] + bl)
If 0 € F, then by Definition 3.1 and Lemma 3.4, the equation
Yok + y1by + ... Fysby =1
has a solution y = (e, y1, ..., Y) such that suppy = F' and >  y; = [. Thus the equation
yo(k +b1) + y1b1 + oo + ypby =7+ eby
has a solution z = (€, Y1, ..., Yn—1,Yn + €) such that suppz O F and Y ;' ;2 =l +e. By
Definition 3.1, Fe Al+e,r+eb1 (j + bl) ]

Similarly, we have

Lemma 3.9. Assume that j > N. Ifl > n+regJ(a) and A;,(j + b1) has non-trivial
homology groups, then

Al—e,'r—ebl (]) - Alﬂ‘(j + bl)

Proof. Let F be a facet of Aj_¢,—ep, (7). We need to prove that ' € A;,.(j +b1). If0 ¢ F
then by Definition 3.1, the equation

Y101 + ... + ybp, =1 — eby

has a solution y = (y1,...,¥y,) such that suppy = F and ), y; = | —e. Therefore, the
equation
y1by + ... +ysby =1
has a solution z = (y1 + €, y2, ..., y5) such that suppz O F and )" | z; = [. By Definition
3.1, F e Alﬁ(j + bl)
If 0 € F then by Definition 3.1, the equation

Yok + y1b1 + ... + ypb, =1 — eby

has a solution y = (yo, ..., y) such that suppy = F and ) | ,y; = —e. Since A, (j + b1)
has non-trivial homology group, the proof of Lemma 3.4 shows that d|r, thus e|yy. Also, by
Lemma 3.4, 7 < e(k + b)) + dc + B, thus yok < r — eb; < ek + dc + B. This implies that
1o = e. Therefore, the equation

yO(k + bl) + ylbl + ...+ ynbn =r

has a solution z = (e, ¥, ..., Yn—1, Yn+e€) such that supp z O F and ) !, z; = [. By Definition
3.1, F e AL(j+b). O
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Proposition 3.10. Assume that j > N. Ifl > n+regJ(a) and A;,(j) has non-trivial
homology groups, then

Al,r(j) = Al+e,r+eb1 (j + bl)

Proof. By Lemma 3.8, it suffices to show that for any facet F' of Ajye,iep, (7 + b1), we have
F e Al,r(j)-
If 0 ¢ F, then by Definition 3.1, the equation

y1b1 + ... + ynb, =1+ eby

has a solution y = (v, ..., y,) such that suppy = F and ) ., y; = [+e. Assume that y; < e,
then

r= Zyz‘bi —eby < Zyibi < (I+e)bs.
i=1 i=2

By Lemma 3.7 and inequality (3.3), it follows that

r de+b r r
l b — b — 4+ — )by <.
r<(+e)2<(b1—|— - +n—|—e) 2<(b1+blb2) o <

This is a contradiction. Therefore, we must have y; > e. This implies that the equation
y1br+ ... +yby =1

has the solution z = (y; — e, ...,y,) such that suppz = suppy = F and >  z = . By
Definition 3.1, F' € A;,.(j).
If 0 € F, then by Definition 3.1 and Lemma 3.4, the equation

e(k+b1)+yiby + ... + ynby =1+ eby

has a solution y = (y1, ..., y») such that {0} Usuppy = F and e+ > | y; = | + e. Assume
that y, < e. This implies that Z?;ll y; > | —e. By Lemma 3.4, and inequality (3.3), it
follows that

n—1
r—ek =Y ybi > (I — )by (bﬁ - e) by
=1

1

> bg(dc + by + an—l) — ebn_l > dc+ B.

In other words, r > ek + dc + B. By Lemma 3.4, A;,(j) has trivial homology, which is a
contradiction. Thus, y, > e. In particular, the equation

ek + y1b1 + ...+ ynbn =r

has the solution z = (yi, ..., Yn—1, Yo — €) such that suppz = suppy = F and e+ > z =1L
Therefore, by Definition 3.1, F' € A;,.(j). O
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Proposition 3.11. Assume that j > N. If | > n+regJ(a) and A;,(j+ b1) has non-trivial
homology groups, then

Al,r(j + bl) == Alfe,rfeln (])
Proof. The proof is similar to that of Proposition 3.10. O

The equality of the simplicial complexes Ay, () and Aljeryeb (j + b1) shows that the
Betti table of I(a+ j + b1) is obtained from the Betti table of I(a + j) by shifing the high
degree part by e rows as follows.

Theorem 3.12. Assume that j > N. Ifl < n+reg.J(a), then

Biy(I(a+j) = Biy(I(a+ 7+ b).

Ifl > n+regJ(a), then

Big(I(a+ 7)) = Bigre(l(a+ 7 +b1)).

Proof. First part follows since syzygies of I(a 4 j) and I(a + j + b;) of degrees at most
n + reg J(a) are the syzygies of J(a) by Proposition 3.3.

Assume that [ > n +regJ(a). By Proposition 3.10, if A;,(j) has non-trivial homology
groups, then A;,.(j) = Aiterter, (7 + b1). Thus, by Proposition 3.2, it follows that

BiaI(a+ 7)) = ) dimg Hi(Ay,(5))

r>0

< Z dimK ﬁi(Al+e,r+eb1 (] + bl))

r>0

< Bigre(l(a+ 7 +01)).

Moreover, by Proposition 3.11, if Aji.,(7 + b1) has non-trivial homology groups, then
Apier(74+01) = Aryp—en, (). By Lemma 3.4, if Ajy.,.(j + b1) has non-trivial homology groups
then r > ek + eb;. Thus, by Proposition 3.2, it follows that

Bigrel(a+j+b1)) = Z dimg [:Ii(AlJre,r(j + 1))

r>ek-+eby

< Z dimKﬁi(Al,r—ebl(j))

r>ek-+eby

< Bi(I(a+j)).
Therefore, B;;(I(a+ j)) = Bire(I(a+j+by)). O

Remark 3.13. Note that to establish results in this section and section 3.1, we only require
that inequality (3.2) and inequality (3.3) hold true for k. Since these inequalities are still
valid when we replace k by k — a,,, the periodicity of Betti numbers of I(a+ j) happens when
j >N —a,.
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As a corollary, we have
Corollary 3.14. If 5 > N, then
reg[(a+j+b) =regl(a+j) +e.
In particular, reg I(a + j) is quasi-linear in j when j > N.

Proof. By Theorem 3.12, it suffices to show that there is at least one minimal binomial
generator of I(a+ j) involving . This is always the case, since I(a+ j) always contains at
least one inhomogeneous minimal generator. ]

In the remaining of the section, we establish the equality of total Betti numbers of I(a+7)
and I(a+j). We simply denote A, ,.(5) by A;,. Denote by (a+j) the semigroup generated by
k—by,....,k—0b,_1,k. The ideal I(a+j) is the defining ideal of the semigroup ring K[(a+j)].
In this setting, Definition 1.1 gives

Definition 3.15. For each m € (a+ j), let A, be the simplicial complex on the vertices
{1,...,n} such that F* C {1,....,n} is a face of A, if and only if the equation

Zyi(k —bi)=m (3.11)

has a non-negative integer solution y = (y1, ..., yn) such that F C suppy = {i : y; > 0}.

In considering the Betti numbers of I(a + j), we will use the following grading coming
from the semigroup (a + j).

Definition 3.16 ((a + j)-grading). The (a + j)-grading on R = K[xq,...,x,] is given by
degz; =a;+j5=Fk—0;.

The ideal I(a + j) is homogeneous when R is endowed with (a + j)-grading, Theorem
1.2 gives

Proposition 3.17. For each i and each m, we have
Bim(I(a+ 7)) = dimg Tor(I(a+ j), K), = dimg Hi(A,),
where Tor! (I(a+ j), K),, is the (a+ j)-degree m part of Tor;'(I(a + j), K).

Note that for each pair (I,7) corresponding to an element of a + j, [k — r is an element
of (a+ 7). To prove the equality of total Betti numbers of I(a+ ;) and of I(a+ j), we prove
the equality of homology groups of Aj;_, and of A;,.(j). More precisely, applying the double
cone structure theorem, we will prove that for each [ > n+reg J(a), if A;,.(j) has non-trivial
homology groups then Ay, is obtained from A;,(j) by deleting the vertex 0. The double
cone structure again applies to prove that A;,(j) and A,, have the same homology groups.

Similar to Proposition 3.3, we first establish the separation in the Betti table of I(a+ j).
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Proposition 3.18. Assume that j > N. Any minimal binomial inhogeneous generator of
I(a+j) has (a+ j)-degree larger than k(n+reg J(a)). In particular, any syzygy of I(a+ j)
of (a+ j)-degree at most k(n +regJ(a)) is a syzygy of J(a).

Proof. By Theorem 3.12 and Remark 3.13, each inhomogeneous generator of I(a + j) has
degree at least n + reg J(a) + e. Thus its (a + j)-degree is at least

(n+e+regJ(a))(k —0by) > k(n+ regJ(a))
since k = a,, + j > b1 + N, and by the choice of N in (3.1),
e(k —by) > eN > bi(n+regJ(a)).
The second statement follows immediately. O

The following technical lemma says that for each pair (I,7) for which [ > n + reg J(a)
and A;,(j) has non trivial homology groups, the corresponding simplicial complex Ay,_, is
obtained from A;,.(j) by the deletion of the vertex 0. From Theorem 3.5, we see that A;,(7)
and Ay, have the same homology groups.

Lemma 3.19. Assume that j > N, | > n+regJ(a) and A;,.(j) has non-trivial homology
groups. Let m = lk —r. If (y1,...,yn) 1S a mon-negative integer solution of (3.11) then
Sorvyi=l—eord " yi=1. Inparticular, A, is obtained from A;,(j) by the deletion of
the vertez 0.

Proof. Note that > " | y;(k — b;) = lk — r is equivalent to

(i@/z’ —l> k= iyibi -
i=1 i=1

Since the right hand side is divisible by d, the left hand side is divisible by d. Therefore
> i, y; —lis divisible by e. Thus it suffices to show that >~ y; > l—eand > y; <l+e.
By inequality (3.3), it follows that

> —e—1.
202 ’ >[—e

- lk—r Ilk—ek— B—dc
Zyi>
=1

Moreover, from the equation >  y;(k — b;) = lk — r, it follows that
i k=
i=1 S b

< | + e is equivalent to prove that

lk—r

To prove that ¢ o

lby +eby < r + ek.
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This follows from Lemma 3.7, and inequality (3.3) since

de + bl
bnfl

k
lb1+eb1<r—|—( +n+e>b1<r—|——b1§r—|—ek.

b1bo

Let A be the simplicial complex obtained by deleting the vertex 0 of the simplicial
complex A;,. From Definition 3.1 and Definition 3.15, A C A,,. It suffices to show that
A,, € A. Let F be any facet of A,,. By Definition 3.15, there exists a solution (y1, ..., y,) of
the equation Y. y;(k — b;) = m such that suppy = F. We have two cases:

If ", y; =, then y is also a solution of the equation ) ., y;b; = r. By Definition 3.1,
F'is a face of A;, which is also a face of A.

If > yi =1—e, then z = (e, 41, ..., yn) is a solution of the equation yok + > y;b; = r
such that Y  z; = [. By Definition 3.1, F'U {0} is a face of A, thus F' is a face of A. O

Lemma 3.20. Assume that j > N, l1,ly > n+regJ(a) and Ay, ., Ay, have non-trivial
homology groups. If (I1,r1) # (la,r2), then lik — ri # lok — ro.

Proof. Assume that l1k —r = lok — 9. It follows that k|r; — ro. Moreover, by Lemma 3.4,
we have
ek <ry,ro <ek+dc+ B.

Together with inequality (3.3) this implies
’7"1 —7"2’ < dc+ B < k.

Thus ry = ry and {; = I5. O

Theorem 3.21. Assume that j > N. For each i, B;(I(a+ 7)) = Bi(I(a+7)).

Proof. Since I(a+ j) is the dehomogenization of I(a + j), Bi(I(a+j)) > Bi(I(a+j)).

Moreover, by Theorem 3.5 and Lemma 3.19, we have if | > n+reg J(a) and A;, has non-
trivial homology groups then A;, and Ay_, have isomorphic homology groups. Together
with Proposition 3.17 and Proposition 3.2, we have for each 1,

BilI(a+ ) =Y dimg Hy(A,,)
= > dimg Hi(Ay)+ Y dimg Hi(A,)
m<k(n+reg J(a)) m>k(n+reg J(a))
Z Z dlmK f{i<Al,r) + Z dlmK Hi(Al,r)
I<n+reg J(a) I>n+reg J(a)
= dimg Hy(A,) = Bi(I(a+ j))
lr

Therefore, 5;(I(a+ 7)) = B:(I(a+7)). =
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We are now ready for a proof of the Herzog-Srinivasan conjecture. For convenience we
restate it here.

Theorem 3.22. The Betti numbers of I(a + j) are eventually periodic in j with period
ap — aq.

Proof. Fix j > N. By Theorem 3.21, for each i, B;(I(a + j)) = B;(I(a+ j)). By Theorem
3.12, Bi(I(a+ 7)) = B;(I(a+ j + by)). Thus the Betti numbers of I(a+ j) are equal to the
corresponding Betti numbers of I(a+ j + by). O

As a corollary of Theorem 3.22, the Betti numbers of any monomial curve I(a) is bounded
by a function of n and b; = a,, — a;.

Corollary 3.23. There exists a function B(n,b) such that for any monomial curve I(a)
whose corresponding sequence a = (ay, ..., a,) satisfies a, — a; < b, we have

Bi(I(a)) < B(n,b)
for any i.

Proof. For each n and b there are only finitely many sequences of differences (by, ..., b,_1)
such that b, 1 < --- < b <b. By Theorem 3.22, the Betti numbers of /(a) is bounded by
the maximum of the Betti numbers of 1((j,j+b,_1,...,Jj+b1)) for 1 < j < N. The corollary
follows. O

3.3 Periodicity in the case of Bresinsky’s sequences

Applying the results in previous sections, in this section we will analyze the number of
minimal generators of I(a + j) where a is a Bresinsky’s sequence. The main result of this
section is Proposition 3.27 where we prove that the period b; of the eventual periodicity of
I(a+ j) is exact in the case of Bresinsky’s sequences.

It is worth noting that, the period of the periodicity of all the Betti numbers coincide with
that of the number of minimal generators. From the description of the minimal generators
of monomial curves [23], [36], the period b; are also exact in these cases.

Recall from [6] the following definition of sequences of integers. For each h, let a" =
((2h—1)2h,(2h—1)(2h+1),2h(2h+1),2h(2h + 1) +2h — 1) be a Bresinsky sequence. Since
the minimal homogeneous generators of I(a”" + j) are the same when j > 0, it suffices to
consider the number of minimal inhomogeneous generators of I(a” + j) when j > 0. For an
ideal I, we denote by p/(I) the number of minimal inhomogeneous generators of 1.

Fix h > 2. We simply denote a” by a. In this case, we have by = 6h — 1, by = 4h,
b3 = 2h — 1 and B = 12h + 3. Note that R = K|z, x9, 3, T4].

Lemma 3.24. If j > 4b1by(by + 1) then p/(I(a+j)) = p/'(I(a+j+ b)) < 6h+ 1.
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Proof. We first compute the number N in equation (3.1) in this situation. Note that zozs —

z1x4 € J(a), therefore, any minimal binomial generator of .J(a) must be of the form z¢zf —

123, where the non-negative integers 3,7, § satisfy
ﬁbg = ’}/bl + 5[)3

Equivalently,
(B—0)4h = (v +6)(2h —1).

Since (4h,2h — 1) = 1, one deduces that there exists [ such that

B=02h—-1)I+9¢
v =4hl — 9
a=(2h+1) -6

From this, one deduces easily that

J(a) = (zoxs — 2124, 73" — 2212 g gt g2hg2h g lgZhml gk,
By Buchberger’s algorithm, [13], these elements form a Grobner basis for J(a) with respect
to grevlex order. Thus the initial ideal of J(a) is

m(J(a)) = (9321'37 x§h7 xlxgh_la ey x%hx§h7 x§h>

Since
(waw3) : 23" = (2),

i, 4h—i

; i+l 4dh—i—1 _
1%3 T3 =

(x2x37x§h7 ey L ) -2 (Z'Q,Z‘g)
forall i =0,...,2h — 1, and

(x2x37$§h7 "'>$%h$£2’>h) : x%h = (:E3)7

in(J(a)) has linear quotient. By [24], regin(J(a)) = 4h. Moreover, by [13],
reg J(a) <regin(J(a)) = 4h;

therefore, reg J(a) = 4h.
Note that the conductor of the numerical semigroup generated by by, b, bs is ¢ = 4h(2h —
1) —4h — (2h — 1) + 1. Therefore,

C+b1
bs

N = max{b;(4 + reg J(a)), by ba( + B)} < 4biby(bs + 1).

By Theorem 3.22 and the fact that minimal homogeneous generators of I(a+ j) and I(a +
J + b1) are the same, p/(I(a+ j)) = p/(a+j + by) when j > 4b1by(by + 1).
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Fix j > 4b1by(by + 1). We simply denote by A, the simplicial complexes associated to
elements of the semigroup a + j. By Corollary 3.6, and the fact that zy24 — xox3 € J(a),
any minimal binomial inhomogeneous generator of I(a + j) is of the form

Ul U2 3 . u1tu2—1l—ug v1,,.03 v2

a—1—
xtay? — x5ty , or pitakd — bRyt

Ly
Moreover, for each usz, and each vq, there can be at most one minimal binomial generator
of I(a+ j) of the two forms above. By Theorem 3.21 and Definition 3.1, these minimal
binomial inhomgeneous generators correpond to A;, where r is of the form a4 + j + 4hvs or
Ay —f-j —f- (2h — 1)U3
Assume that either vo > 2h or ug > 4h + 1, then r — (a4 + j + 4h + 2h — 1) > ¢. Using
representation as in (3.4), we can write

= a4 +j + tbl + bQ + bg + w2b2 + w3bg (3.12)

for some non-negative integer ws,ws such that ¢ < wyby + w3bs < ¢ + b;. From equation
(3.12), it follows that

u— i b
Bty by < TS CB g T
by by by

since (¢ + by)/bs < by +4 and a4 + j > b1(bs + 7). By Definition 3.1, {0,2,3,4} is a face of
Ay ,. Moreover, by = by + b3, thus equation (3.12) can be rewritten as

r:a4+j+tb1+b1+w2b2+w363.

By Definition 3.1, {0, 1, 4}}5 a face of A;,. Thus A, is connected, so A;, does not support
any minimal generator of I(a+ j). Thus uz < 4h and vy < 2h — 1. O

We keep notation as in the proof of Lemma 3.24. For each u3 and each vy, the following
lemma gives the explicit form of minimal inhomogeneous generators of I(a + j).

Lemma 3.25. Let j = (6h — 1)m + s for some m and s such that 0 < s < 6h — 2. Let
s = (2h — 1)a — 4hb be the unique representation of s in term of 2h — 1 and 4h such that
0<a<4h and 0 < b < 2h —1 and (a,b) # (4h,2h — 1). If j > 4b1by(by + 1) then the
minimal inhomogeneous generators of I(a+ j) are among the following forms

f2 _ xv2+m+1fbxa+b+2h7'u2 o Iv2 m+2h+a—uv2

vy — 1 3 2 Ly

932 — xT{2+m+2h—bx§+b+1—4h—v2 . x1212$:1n—2h+a—v2

33 — l{nf6h+a+1+u3I%Oh72fa7b7U3 _ xggx:ln+4h72,b,u3
923 — xT_2h+1+a+u3ZU§h_l_a_b_u3 _ $g3x£n+2h_1_b_u3

where 0 < vy <2h — 1, and 0 < uz < 4h.
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Proof. Assume that f = 202 — 22222 7%717" is a minimal generator of I(a + j). By
Theorem 3.21 and Definition 3.15,

(6h — 1)m + s + 2h(2h + 1) + 2h — 1 + 4hvy = (6h — 1)vy + (2h — 1)vs.
Equivalently,
s=2h—1)(vy+v3—(m+2h+1))+4h(v; —ve —m —1). (3.13)

If f is a minimal generator of I(a + j) then v; + v3 is as small as possible so that the
equation (3.13) has non-negative integer solutions in v; and vz. Moreover, by Lemma 3.4,
v1 +v3 — (m+2h+ 1) > —(2h + 1). Therefore, either

vi+uv3s—(m—+2h+1)=a, andv; —vy—m—1=—b
or
vy +v3—(m+2h+1)=—2h—1-0), and v; —vy —m — 1 =4h — a.

. . 2 . . . 2
The first case gives the family f7, while the second case gives the family g, .

Assume that g = 224> — 253272717 is a minimal generator of I(a+j). By Theorem

3.21 and Definition 3.15,
(6h — 1)m + s+ 2h(2h + 1) + 2h — 1 + (2h — 1)ug = (6h — 1)uy + 4hus.
Equivalently,
s=(2h —1)(u; —uz — (m — 2h + 1)) + 4h(uy + uz — m — 2h). (3.14)

If g is a minimal generator of I(a + j) then u; + us is as small as possible so that the
equation (3.14) has non-negative integer solutions in u; and us. Moreover, by Lemma 3.4,
uy + ug — (m + 2h) > —2h. Therefore, either

ug —uz — (m—2h+1)=a, and uy + us — m —2h = —b
or
uy —ug— (m—2h+1)=—(2h —1-05), and u; +uy —m — 2h = 4h — a.
The first case gives the family 923, while the second case gives the family 5’3. O
Lemma 3.26. If j > 4b1ba(by + 1) and j = 4h mod 6h — 1 then p/(I(a+ j)) = 6h — 1.

Proof. We keep the notation as in Lemma 3.25. When s = 4h, then a = 4h and b = 2h — 2.
In this case, g7 ¢ R for any ¢ > 0 and f2, — 23"g2, € J(a), thus f2 are not minimal for all
v9 > 0. Moreover,

2 m42 2h—1 m-2h 3 _ _m—2h+1, 4h m—+2h
9o =1 Ty — Ty , and fy = Lo — Ty
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thus at most one of them can be in a minimal set of generators of I(a + j). Similarly,

2 _ma2htl 2h—1_.m+1 3 _
9on—1 = L1 —xy Ty, and fy, =

M2l Ay me2h
thus at most one of them can be in a minimal set of generators of I(a + j).

Therefore, the set of minimal inhomogeneous generator of I(a 4 j) can be chosen from
f3, for ug = 1,...,4h and g, for v, = 0, ...,2h — 2. This implies that y/(I(a+ j)) < 6h — 1.
Moreover, for each r of the form r = a4 + j + 4hvy or r = as + j + (2h — 1)us where
0 <wvy <2h—2and 1 < us < 4h, we will prove that A, 10541, is disconnected. The lemma
then follows from the Proposition 3.2 and Theorem 3.21.

In the following we consider A, o941, for r = as + j + 4hvg or r = a4 + j + (2h — 1)us.
For simplicity, in each case, we simply denote A, 941, by A. Since by + by = by, if {2,3}
is a face of A, then {1,4} is also a face of A. Moreover, if r # a4 + j + babs, then by does
not divide r, therefore {1,4} is not a facet of A.

If v = 0, then

By Definition 3.1, {0,4}, {1,2} and {1, 3} are faces of A. Also, {0,4} is the only facet of A
contaning 0. It suffices to show that if y = (y;,y2) is a non-negative integer solution of

y1b1 + yzbg = (m —2h + 1)()1 + 4hbg (315)
or y = (y1,¥s3) is a non-negative integer solution of
y1by + ysby = (m + 2)by + (2h — 1)bs (3.16)

then y; + yo > m + 2h + 1 and y; + y3 > m + 2h + 1 respectively. Moreover, if (y;,¥s2) is a
non-negative integer solution of (3.15), then y; = m —2h+1— byt and yo = 4h+ byt for some
integer ¢. Thus t > 0, therefore y; + yo > m + 2h + 1. Similarly, if (y;,y3) is a non-negative
integer solution of (3.16), then y; = m + 2 — bst and y3 = 2h — 1 + byt for some integer t.
Thus t > 0, therefore y; + y3 > m + 2h + 1.

If1 <wy <2h—2, then

r:a4+j+4hv2:(m+v2—|—2)b1—|—(2h—1—vg)b3.

By Definition 3.1, {0,4,2} and {1, 3} are faces of A. Also, {0,4,2} is the only facet of A
containing 0. It suffices to show that {1,2} is not a face of A. If

y1by + y2by =17 = (m +2h + 1)by — (2h — 1 — v3)bs (3.17)

then y; = m+2h+1—"byt and yo = —(2h — 1 —v9) + byt for some integer ¢. Thus for any non-
negative integer solution y = (y;,y2) of equation (3.18), ¢ > 1, thus y; +y2 > m+2h+1+bs.
Therefore {1,2} is not a face of A.
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If 1 <wugz <4h—1, then
T:a4+j+(2h—1)U3:(m+U3+1—2h)b1+(4h—U3)b2

By Definition 3.1, {0,4, 3} and {1,2} are faces of A. Also, {0,4,3} is the only facet of A
containing 0. It suffices to show that {1,3} is not a face of A. If

y1b1 +ysbs =1 = (m+2h + 1)by — (4h — u3)bs (3.18)

then y; = m+2h + 1 — bst and yo = —(4h — ug) + byt for some integer ¢. Thus for any non-
negative integer solution y = (y;,y2) of equation (3.18), ¢ > 1, thus y; +y2 > m+2h+1+bs.
Therefore {1,3} is not a face of A.

Finally, if uz = 4h, then

r=as+j+ (2h —1)by = (m + 2h + 1)by = a4 + j + 4hbs.

By Definition 3.1, {0,2,4}, {0,3,4} and {1} are faces of A. Also, {0,2,4} and {0, 3,4} are
the only facets of A contaning 0. Also, if

y1b1 + yaba + ysbs = (m + 2h + 1)by (3.19)

then y1 + y2 + y3 > m + 2h + 1 and equality happens if and only if yo = y3 = 0. Therefore,
{1} is a facet of A. O

Proposition 3.27. If j > 4biby(by + 1) then p/(I(a" + j)) < 6h — 1. Moreover, equality
happens if and only if j = 4h mod 6h — 1. In particular, the period of the periodicity of the
Betti numbers of I(a" + j) in j is exactly 6h — 1.

Proof. We keep the notation as in Lemma 3.25. We have the following cases.

If a +b < 4h — 1, then g2 ¢ R for any i > 0. Moreover, fZ — 25" g3 € J(a), thus f2
is not minimal. Also, f2, , — 2§™*'g3, | ., € J(a), thus f2 _, is not minimal. Finally,
note that g ¢ R fori >4h—1—a—b, and f},_, , — 2377 2931 ., € J(a) which is not
minimal. Thus y/(I(a+ j)) < 6h — 2.

If a+b=4h—1, then g2 = g3 is the only element in the family ¢g* belongs to I(a+ j) and

2 — 292" g2 € J(a), thus no element in the family f2 are minimal. Thus z/(I(a+ j)) <

4h + 1.

If 4h—1 < a+b < 6h—3, then g3 ¢ R for any i > 0. Moreover, f3—z5" 2™ g2 ¢ j(a),
thus f& is not minimal. Also, f3, — xgh_2_(“+b)gg+b+1_4h € J(a), thus f3 is not minimal.

Finally, note that g? ¢ R for i > a+b+1—4h, and f2, ., 4 — 271" ' Gurvs1-an € J()
which is not minimal. Thus p/(I(a+ j)) < 6h — 2.

Finally, if a + b = 6h — 2, then a = 4h and b = 2h — 2 and then s = 4h. By Lemma 3.26,
p(I(a+j)) =6h—1. O
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3.4 Higher dimensional affine semigroup rings

Finally, we consider an analogous question for higher dimensional semigroup rings. Let V =
V1, ..., Vp be a collection of vectors in N*, and v € N* is a fixed directional vectors. For each
collection V', let k[V] be the semigroup ring generated by v, ..., v,,. Let (V') be the defining
ideal of k[V']. For each integer t, let V' + tv be the collection of vectors vy + tv, ..., v, + tv.
From the one dimensional case, it is natural to ask if the number of minimal generators of
I(V +tv) are eventually periodic in ¢. In Example 3.29, we give a collection of vectors V' in
N? and a directional vector v € N? with the property u(I(V + tv) = 12t + 2; in particular,
they are not eventually periodic. Nevertheless, the behaviour of I(V + tv) for ¢ > 0 are
quite structured. Lots of calculations in Macaulay2 suggest us to formulate the following:

Conjecture 3.28. For each collection of vectors V', and each directional vector v, there
exists a constant k such that for each t, there exist constants a;,b; such that

Bi(I(V + jv + thv)) = a;t + b;
for j > 0.
Example 3.29. Let S ={(3,4),(4,5),(5,7),(6,8)}. Let v=(1,1). Then we have
p(I(S +12tv)) = 12t + 2
fort>1.

Proof. Let

A 34+12t 4+12t 5+ 12t 6+ 12t
S \4412t 5412t T+ 12t 8+ 12t

Then a minimal generator of I(S + 12¢tv) is a binomial x"+ — x"~ such that Au, = Au_.
Moreover, ker A can be described by parameters z; and z, as follows

—Z1 — (]. + 3t)2’2
21+ (3t — 1)2’2
21— (9t 4 1)z

—21+ (9t + 2) 2,

Assume that our Z basis for the solution set always have x; nonnegative. Chosing 2z, = 0,
we have solution (1, —1,—1,1). Chosing zo = —1, then z; can take values from (3t — 1) to
—9t — 1. We then have 12t 4 2 solutions. We will show that these solutions span the solution
set, and that they are minimal. Note that except the first generator, xyx4s — xox3, all other

generators is of the form f; = i T27F — pi=2g 2k 3~ for i = 2,...,12k + 2, they all have
degree 12k + 2, and the positive parts of f;, i.e. z4zi?*™~ cover all possible choices. This

implies that they are minimal.
Assume that a generetor f corresponds to some zi, z5. It suffices to consider the case
2o > 0 and z9 < —1.
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If 2o < —1 then deg f > 2(12k + 2), thus we can find an f; whose positive part is less
than that of f. In other words, f is not minimal.

If z, > 0, then the positive part of f is larger than z;*™. In other words, f can be

factored through z;™" — 22x1?* thus f is not minimal. O
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