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I m a g e r y a n d P r o b l e m Solv ing * 

Yulin Qln 
Herber t  A .  Simo n 

Departmen t  o f  Psycholog y 
Carnegi e Mello n Universit y 

Pittsburgh ,  P A 1521 3 

Abstract 

In this paper we discuss the role of imagery in understanding problems and the processes of 
usin g image s t o solv e problems .  O n th e basi s o f  tw o experiment s an d compute r  simulation , 
we sho w ho w subjects ,  i n solvin g a  particula r  problem ,  for m menta l  image s t o represen t  a 
changin g physica l  state .  B y "running "  an d watchin g th e menta l  Imag e the y ca n dra w 
qualitativ e conclusion s abou t  th e situation ,  the n deriv e a  quantitativ e equatio n t o solv e th e 
problem . 

1. Introduction 

Imagery can integrate local information and make explicit the spatial relations among objects 

(Kosslyn, 1980; Larkin and Simon, 1987). Images can also be manipulated, for example, by 

mental rotation (Shepard and Metzler, 1971; Shepard and Cooper, 1982). In this paper we will 

describe two experiments, one in detail and the ottier briefly, that show how imagery can be used 

to represent a process. By "running" and watching the image, subjects draw qualitative 

conclusions that then allow them to derive the relevant equations that solve the problem. 

2. Experiment 1 

2.1 Instruction 

in this experiment, the subjects were instructed as follows: 

Image 

This task will allow you to check your capacity for imaging. 

Rcase try to see these events in your mind: 
(1 )  Ther e i s a  ro d AB ,  i.e. ,  on e en d o f  th e ro d i s name d A ,  th e othe r  en d i s name d B ;  ok ? 
(2 )  Thi s ro d i s moving ,  wit h velocit y v ,  alon g it s  axis ;  ok ? 
(3 )  Now ,  tr y t o se e tha t  a  ra y o f  ligh t  i s  emitted ,  wit h velocit y c ,  fro m A  toward s B  alon g th e 
axi s o f  th e movin g rod . 
C«C7 
Based o n you r  image ,  pleas e deriv e th e expressio n o f  th e tim e whic h th e ligh t  wil l  spen d whe n 
i t  travel s from  A  t o B .  (Hint :  distanc e =  tim e *  velocity ) 
[Yo u ca n writ e dow n an y formul a whil e yo u deriv e th e result ,  i f  yo u nee d to .  BUT ,  pleas e D O 
N OT dra w an y diagram .  Watc h th e pictur e i n you r  mindl ] 

2.2 Method 

Fifteen subjects, members of a class in English as a Second Language, were run. The 

*  Thi s researc h wa s supporte d b y th e Compute r  Scienc e Division ,  Offic e o f  Nava l  Research ,  unde r 
contrac t  numbe r  N00014-86-K-0678 .  Reproductio n i n whol e o r  par t  i s  permitte d fo r  an y purpos e o f  th e 
Unite d State s Government .  Approve d fo r  publi c release ;  distributio n unlimKed . 
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subject s wer e foreig n graduat e student s an d visitin g schoiar s a t  Carnegi e Mello n University .  T h e 

instruction s wer e printe d a t  th e top  o f  a  shee t  o f  8  1/ 2 x  1 1 paper ,  leavin g th e lowe r  hal f  a s th e 

answe r  sheet .  Afte r  th e subject s ha d receive d th e instructions ,  th e experimente r  rea d the m 

aloud ,  sentenc e b y sentence .  W h e n th e subject s responde d "Ok "  fo r  on e sentence ,  th e 

experimente r  rea d th e nex t  one . 

Afte r  readin g th e instructions ,  th e experimente r  tol d th e subject s tha t  the y woul d b e give n 

fiv e minute s t o deriv e th e equatio n calle d fo r  b y th e instructions ,  an d emphasized :  "Yo u ca n writ e 

d o wn an y formul a whil e yo u deriv e th e result ,  i f  yo u nee d to .  B U T ,  pleas e D O N O T dra w an y 

diagram .  Watc h th e pictur e i n you r  m i n d r  W h e n fiv e minute s ha d elapsed ,  th e experimente r 

aske d th e subjects :  "Pleas e dra w th e pictur e i n you r  min d o n th e othe r  sid e o f  th e paper. " 

Afte r  givin g th e correc t  equatio n t o th e subjects ,  an d explainin g th e purpos e o f  th e 

experiment ,  th e experimente r  collecte d th e answe r  sheets .  Te n subject s returne d thei r  answe r 

sheets . 

2. 3 Resul t s 

Figur e 1  show s th e diagram s draw n b y th e subjects ,  al l  o f  the m reduce d i n scal e b y th e s a m e 

amount .  W e wil l  commen t  o n thes e drawing s presently . 

a: 
"? ; 

ct  - ) 

{in n 

Cd) 

i^ ) 

«_ 
^ - ^ 

i  '> ) (* ) 

- îk -

St»f t 

(5 ) 

yrx* -

Figur e 1 . 

r  5 

T h e equat io n t o b e writte n d o w n d e p e n d s o n h o w subject s c h o o s e th e relativ e direction s o f 

c a n d V .  I f  c  a n d v  ar e a s s u m e d t o li e i n th e s a m e direction ,  the n th e a n s w e r  i s t  =  r^^ g /  (c-v) , 

w h e r e r ^ g i s th e lengt h o f  th e rod .  I f  c  a n d v  ar e a s s u m e d t o li e i n opposit e directions ,  the n th e 

a n s w e r  i s t  =  r ^ g /  (c+v).Withi n 5  minutes ,  5  o f  th e 1 0 subjects ,  thos e drawin g d i a g r a m s (1 )  t o (5) , 
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obtaine d a  correc t  answer .  T w o othe r  subjects ,  thos e drawin g diagram s (6 )  an d (7) ,  wrot e th e 

(incorrect )  equation :  t  -  r^ g /  c .  Th e 3  subject s wh o dre w diagram s (8 )  t o (10) ,  di d no t  writ e dow n 

an equation . 

As w e hav e noted ,  th e instruction s wer e (intentionally )  ambiguou s i n s o m e respects ,  an d th e 

value s o f  s o m e variable s wer e give n onl y implicitly .  Fo r  example : 

a)  I n sentenc e 1 ,  th e directio n o f  movemen t  o f  th e ro d i s no t  specified ,  no r  whethe r  th e ro d 

lie s i n th e horizontal ,  vertical ,  o r  som e othe r  direction .  I t  i s  no t  specifie d whic h en d o f  th e ro d i s A , 

an d whic h B .  No r  i s ther e informatio n abou t  th e lengt h o r  shap e o f  th e rod . 

b)  Sentenc e 2  provide s n o informatio n abou t  th e directio n o f  th e velocit y v . 

c )  Bot h V  an d c  are ,  implicitly ,  measure d relativ e t o a  stationar y fram e o f  referenc e - -

presumabl y th e fram e o f  th e subject ,  watchin g th e movin g rod . 

2. 4 Individua l  Difference s 

To for m thei r  menta l  images ,  th e subject s ha d t o ad d informatio n t o resolv e th e ambiguitie s 

an d m a k e implici t  value s explicit .  Onl y on e subjec t  aske d abou t  th e directio n o f  v  whil e th e 

experimente r  wa s readin g th e instructions ,  an d wa s told ,  "I t  depend s o n you r  choice. " 

Fro m Figur e 1 ,  w e se e tha t  ther e ar e larg e difference s i n th e informatio n adde d b y differen t 

subjects ,  e.g. ,  th e lengt h an d shap e o f  th e rod ,  an d th e wa y o f  representin g th e ligh t  ( 2 subject s 

dre w electri c  bulbs) .  However ,  muc h o f  th e infomiatio n wa s introduce d i n almos t  th e s a m e wa y 

by neari y al l  th e subjects .  Fo r  example : 

a)  Al l  o f  th e rod s i n th e image s wer e lai d horizontally . 

b)  9  o f  1 0 suljject s use d th e lef t  en d o f  th e ro d a s A ,  an d th e right  en d a s B . 

c)  8  o f  1 0 subject s pointe d v  an d c  i n th e s a m e direction ,  fro m A  t o B ;  onl y on e subject , 

Figur e 1 ,  (3) ,  pointe d v  fro m B  t o A ,  bu t  c  fro m A  t o B  a s calle d fo r  b y th e instructions .  O n e 

subject ,  Figur e 1 ,  (10) .  dre w vector s v  an d c  i n bot h directions . 

Ther e wa s les s informatio n abou t  th e consistenc y amon g subject s i n makin g implici t  value s 

explicit .  Th e 5  subject s w h o solve d th e proble m assume d tha t  v  an d c  wer e t o b e measure d 

relativ e t o th e subject' s stationar y frame .  Th e tw o subject s wh o obtaine d th e answe r  t  =  r̂ ^ g /  c 

migh t  hav e chose n c  relativ e t o th e positio n o f  th e rod .  Th e frame s o f  referenc e use d b y th e 3 

subject s w h o di d no t  writ e equation s canno t  b e determined . 

We se e tha t  th e subject s ar e relativel y consisten t  i n th e wa y i n whic h the y suppl y information . 

althoug h ther e i s considerabl e variet y i n th e visua l  appearanc e o f  thei r  diagrams .  I n Figur e 1 ,  w e 

se e tha t  5  diagraim s depic t  th e successiv e location s o f  th e rod .  givin g u s a  clu e a s t o ho w th e 

image s represen t  a  movin g process ,  an d how ,  o n thi s basis ,  th e subject s ca n deriv e th e 

quantitativ e equation .  Notic e tha t  non e o f  th e subject s w h o faile d t o writ e equation s showe d th e 

ro d i n mor e tha n on e location ,  i n contras t  wit h 5  o f  th e 7  w h o wrot e a n equation .  Presently ,  w e 
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wil l  as k wh y tw o subject s w h o solve d th e proble m di d no t  depic t  th e ro d i n mor e tha n on e 

location ,  althoug. i  doin g s o ca n b e importan t  t o th e reasoning . 

2. 6 Derivin g th e Equat io n fro m th e I m a g e 

Ther e ar e a t  leas t  tw o route s b y whic h th e equatio n ca n b e derive d fro m th e image .  Le t  u s 

assum e tha t  c  an d v  ar e chose n wit h th e sam e direction ,  fro m A  t o B .  O n e rout e t o th e solutio n 

begin s wit h th e inferenc e tha t  th e ne t  velocit y o f  th e ligh t  relativ e t o th e ro d i s c  -  v .  Th e othe r 

rout e rest s o n th e inferenc e tha t  th e light ,  relativ e t o th e stationar y frame ,  mus t  travel ,  i n orde r  t o 

reac h B  fro m A. ,  th e distanc e r̂^ g +  v t  - -  tha t  i s  th e lengt h o f  th e rod ,  plu s th e distanc e (vt )  th e ro d 

has travele d durin g th e tim e o f  trave l  (t )  o f  th e light ,  s o tha t  t  =  ( r ^  +  vt )  /  c . 

Of  th e 5  subject s wh o solve d th e problem ,  2  use d th e forme r  (relativ e velocity )  route ,  whil e 

th e othe r  3  use d th e latte r  (distance )  route .  I n Figur e 1,1 )  an d 2 )  ar e th e drawing s o f  th e subject s 

i n th e velocit y group ,  whil e 3) ,  4) ,  an d 5 )  ar e th e drawing s o f  th e subject s I n th e distanc e group . 

The velocit y grou p di d not ,  bu t  th e distanc e grou p did ,  depic t  th e ro d i n differen t  locations .  O n 

th e basi s o f  th e diagrams ,  w e ca n infe r  tha t  al l  th e subject s notice d tha t  whil e th e ligh t  travele d 

fro m A  t o B  th e ro d als o moved .  Th e subject s i n th e velocit y grou p note d thi s b y recordin g th e 

velocities ;  th e subject s i n th e distanc e grou p b y recordin g th e initia l  an d fina l  position s o f  th e rod . 

3. Discussion 

Fro m th e fac t  tha t  th e velocit y an d distanc e group s o f  subject s recorde d differen t  kind s o f 

images ,  an d tha t  a t  th e s a m e time ,  the y use d differen t  line s o f  inferenc e t o th e conclusion ,  w e 

conclud e tha t  ther e i s a  clos e correspondenc e her e betwee n imager y an d reasonin g processes . 

If  w e assum e tha t  th e reasonin g take s plac e i n a  representatio n define d b y th e imagery ,  w e se e 

tha t  th e imager y determine s wha t  reasonin g step s ar e available .  (Cf .  Paig e an d Simon ,  1966. ) 

W h en th e experimente r  explaine d th e answer ,  an d trie d t o sho w th e subject s ho w t o us e th e 

relativ e velocitie s (th e algebraicall y simple r  procedure )  t o solv e th e problem ,  s o m e subject s 

foun d i t  difficul t  t o understan d th e reasoning .  W e ,  th e authors ,  als o fin d tha t  i t  i s  easie r  t o imag e 

th e distanc e tha n th e relativ e velocity . 

The experimenta l  evidenc e doe s no t  prov e definitivel y tha t  subject s chos e th e velocit y rout e 

becaus e the y sa w th e relativ e velocitie s i n thei r  menta l  imagery .  Howeve r  tha t  m a y be ,  usin g th e 

relativ e velocitie s t o solv e th e proble m (perhap s becaus e the y ha d learne d tha t  concep t  i n 

previou s physic s training )  woul d direc t  thei r  attentio n t o th e velocities ,  an d woul d m a k e th e 

successiv e position s o f  th e ro d irrelevant ,  i n contrast ,  th e subject s i n th e distanc e grou p di d for m 

an imag e tha t  depicte d th e travelin g rod .  However ,  the y di d no t  tr y t o sho w motion ,  a s such ,  bu t 

simpl y th e position s o f  th e ro d a t  th e tw o critica l  moment s -  th e tim e whe n th e ligh t  wa s emitted , 

and th e tim e i t  reache d th e en d o f  th e rod .  I n thi s a s i n m a n y othe r  problem s (Paig e an d Simon , 
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1966) .  chang e ca n b © represented ,  no t  a s a  continuou s process ,  bu t  simpl y i n term s o f  th e 

"before "  an d "after "  state s o f  th e system . 

T h e proces s w e hav e sketche d ou t  abov e fo r  th e distanc e grou p i n solvin g th e problem , 

whic h s e e m s consisten t  wit h th e data ,  ca n b e outline d a s follows : 

a)  Settin g th e goal :  t o fin d th e tim e require d fo r  th e ligh t  t o trave l  fro m A  t o B . 

b)  Formin g an d runnin g th e menta l  image ,  i.e. ,  doin g th e menta l  experiment . 

c )  Observin g th e change d state s o f  ro d an d light . 

d )  Notin g tha t  th e distanc e th e ligh t  travel s i s greate r  (o r  less )  tha n rŷ g . 

e)  Derivin g th e qualitativ e resul t  tha t  th e tim e require d i s greate r  (o r  less )  tha n r^ g /c . 

f )  Determinin g th e quantitativ e valu e o f  th e differenc e (vt )  betwee n r^ g an d th e distanc e th e 

ligh t  traveled . 

g)  Derivin g th e equation :  t  =  r^ g /  (c-v )  (or ,  t  -  r^ g /  (c+v)) . 

h)  Checkin g th e quantitativ e wit h th e qu£Uitativ e result . 

A correspondin g model ,  goin g fro m imag e t o qualitativ e inference s an d fro m qualitativ e 

inference s t o quantitativ e equation ,  coul d b e describe d fo r  th e subject s i n th e relativ e velocit y 

group .  W e ca n gai n furthe r  insigh t  int o th e mode l  fo r  th e distanc e grou p fro m th e protoco l  o f  a 

subjec t  take n i n a n earlie r  experience .  W e tur n t o thi s protoco l  next . 

4.  Experimen t  2 

Thi s experimen t  w a s carrie d ou t  i n ou r  laboratory .  Subject s wer e aske d t o understand ,  wit h 

th e hel p o f  thei r  menta l  images ,  th e first ,  kinematical ,  par t  o f  Einstein' s 190 5 paper :  " O n th e 

Electrodynamic s o f  Movin g Bodies "  (Einstein ,  1905) .  Thi s par t  i s  focuse d o n th e bask :  concept s 

an d th e derivin g o f  th e Lorent z transformatio n equations .  Einstei n derive s on e o f  th e ke y 

equation s ei s follow s (wit h question s inserte d b y th e experimenter s i n th e readin g materia ]  i n b o U 

face) : 
We imagin e furthe r  tha t  a t  th e tw o end s A  an d B  o f  th e rod ,  clock s ar e place d whic h synchroniz e 

wit h th e clock s o f  th e stationar y system ,  tha t  i s t o sa y tha t  thei r  indication s correspon d a t  an y instan t 
t o th e "tim e o f  th e stationar y system "  a t  th e plac e wher e the y hiq>pe n t o be .  Thes e clock s ar e therefor e 
"synchronou s i n th e stationar y system. " 
[ Q :  Followin g th e instructio n give n i n thi s part ,  tr y t o for m a n Imag e l o you r 
mind ,  describ e thi s imag e t o as ,  an d the n dra w It. ] 

We imagin e furthe r  tha t  wit h eac h cloc k ther e i s a  movin g observer ,  an d tha t  thes e observer s 
appl y t o bot h clock s th e criterio n establishe d i n $ 1 fo r  th e synchronizatio n o f  tw o clocks .  Le t  a  ra y 
of  ligh t  depar t  from A  a t  th e tim e tj \  le t  i t  b e reflecte d a t  B  a t  th e tim e tB ,  an d reac h A  agai n a t  th e 
tim e l\ _ 
[ Q :  Followin g th e instructio n give n i n thi s part ,  tr y t o for m a n imag e i n you r 
mind ,  describ e thi s Imag e t o us ,  an d the n dra w It. ] 

Takin g int o consideratio n th e principl e o f  th e constanc y o f  th e velocit y o f  ligh t  w e fin d tha t 

'b-' a =  'ab«=-^ ) 
and 

^A '  ' b =  'A B /( c +v ) 

wher e r^ B denote s th e lengt h o f  th e movin g ro d ~  measure d i n th e stationar y system . 
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[Q :  Her e ar e th e equation s abou t  tb e characterittic s o f  th e imag e describe d i n th e 
readin g materiai .  Tel l  u $ bo w yo n woul d us e th e Imag e t o explai n an d 
Justif y thes e equations. ] 

We ca n se e tha t  th e instmction s o f  ou r  Experimen t  1  ar e a  simplificatio n o f  thi s par t  o f  th e 

readin g materia l  fro m Experimen t  2 .  T h e majo r  differenc e i s tha t  i n Experimen t  1  th e subject s 

wer e no t  give n th e fina l  equation ,  bu t  ha d t o fin d it ,  whil e i n Experimen t  2 ,  th e equation s w e r e 

give n t o th e subject .  However ,  i n th e latte r  experiment ,  th e subject s we r e als o aske d t o explai n 

th e equation s i n term s o f  thei r  menta l  images . 

Protocol s w e r e obtaine d fro m 7  subjects ,  mos t  o f  the m undergraduat e o r  graduat e student s 

i n Electrica l  an d C o m p u t e r  Engineerin g o r  i n th e Schoo l  o f  Compu te r  Scienc e a t  Carnegi e Mello n 

University .  W e wil l  examin e a  single ,  particularl y informative ,  protoco l  here .  T h e protoco l  o f  S g . 

Sg trie d bot h th e velocit y an d distanc e route s t o a  solution . 
- I 

For m 

imag e 

Read 
equation s 

Examin e 
imag e 

Set  goal . 

Fin d 
startin g 
point , 
imag e an d 
qualitativ e 

relatio n 
I 

Gestur e 

Transfe r 
equations , 
guide d b y 
th e imag e 

Conside r 
relativ e 
velocit y 

S rea d th e material ,  forme d a n imag e 

and dre w i t  ,  a s show n i n Figur e 2 . 
[  Afte r  h e ha d finishe d hi s diagram ,  th e 
diagra m wa s take n awa y b y th e e^erimenter ] 

S rea d th e equations . 

"the length of that ray and—Uhmm—we see that 
i s  th e su m o f  observ e th e lengt h o f  th e ro d an d 
th e amoun t  tha t  i t  move d because—Ahmm—die 
ra y left—Ahaa—lef t  from-Ahaa—the  origi n wit h 
respec t  t o ou r  stationar y syste m an d i t  nrtove d 
alon g a t  a  constan t  spee d C-Ahmm"..."S o tha t 
—Ahaa—that  tha t  i s the~olcay—an d the n yo u 
talc e talc e th e lengt h o f  tha t  ra y yo u divid e tha t 
by c  minu s v  an d O h boy !  Thi s i s har d t o 
visualiz e Ulimm. " 

"Uhmm—We said we want to find this quantity tg -' a ' 

^7—r LUZi 
rrrrrrTT ' 

'/ / 

ja _ 
.••i > 

fcA 

Figur e 2 . 

" U h mm an d wha t  d o w e know—Ahmm—about  that?—Uhmm — W e kno w tha t  i t  too k 
oka y th e entir e distance "  "i t  ha d t o trave l  th e lengt h o f  th e rod—Ahmm—which i s — 
r  A g Uhmm—let  m e se e tha t  i t  i s  th e sam e bu t  that' s no t  enoug h becaus e it s moved — 

Ahaa—the,  th e ro d ha s move d yo u ca n se e tha t  b y lookin g a t  th e t g fram e an d se e 

that-Uhmm—it s moved—durin g tha t  tha t  tim e tha t  i t  travele d " 

His left hand and right hand moved toward right in parallel 

"Should  I try and do this symbolically? Should I—Uhmm should I think of my picture 
her e and—Uhmm—try an d sho w ho w I  ca n justif y thes e equations ? " 
S copie d th e equation s fi-om  th e readin g materia l  an d transferre d the m a s follows : 

^AB=(»B -  V ( = - ^ > 

^ab/('b -  'a > =  ̂ - ^ 

^a b =  (''a -  'b)( ^  +  ̂ ) 
/(»'a -  tg) = c  +  v •^AB ' 

"Uhmm—and—Aliaa—ray travel s a t  a  spee d c  i n respec t  t o th e stationer y frame  bu t  th e 
whol e ro d i s movin g wit h a  positiv e velocit y v  s o th e ra y i s actuall y travelin g wit h 
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respec t  t o th e movin g fram e a t  a  velocit y c  -  v  - -Uhmm- io -Uhmm- i f  w e wan t  t o 
deriv e th e tim e tha t  i t  too k fo r  thi s ra y t o ge t  from  tgo r  t ^  t o t g when-Ahaa-let' a »e e 

what  thi s i s  part s o f  r^ g ove r  c-v. " 

[E ;  W h y ar e thes e c- v an d c+ v ? ) 

Do semi -
quantitativ e 
reasonin g 

Do 
quantitativ e 

reasonin g 

Tota l  tim e time s ligh t  velocit y =  lengt h o f  th e ro d +  som e component , 
becaus e th e ro d i s moving . 

'ab=^('b-V ^('b-'a) 

'ab^(^-^ )  =  ('b -  V 

From Sg s protocol, we can see that his process for deriving the equations was not as "neat" 

as ou r  model .  H e use d means-end s analysis ,  tryin g differen t  methods .  Ther e wa s frequen t 

alternatio n betwee n formin g an d exammin g th e menta l  imag e an d engagin g I n reasoning .  S 

obtaine d som e clue s fro m th e for m o f  th e give n equation ,  an d wa s abl e t o deriv e I t  b y mean s o f 

th e relativ e velocities .  Bu t  h e coul d no t  explai n clearl y wha t  h e ha d don e unti l  h e shifte d t o th e 

distanc e route .  The n h e coul d explai n mor e clearly ,  followin g closel y th e pat h o f  ou r  mode l 

excep t  fo r  th e insertio n o f  a  "semi-quantitativ e reasoning "  episod e i n hi s protocol . 

W h en a  secon d subject ,  S-. ,  trie d th e relativ e velocit y rout e fo r  solvin g th e problem ,  h e 

image d tw o truck s runnin g i n th e sam e o r  opposit e direction s a s a n analog ,  a  metho d o f  doin g 

qualitativ e reasoning .  Althoug h ther e wer e man y individua l  difference s a m o n g th e protocol s i n 

Experimen t  2 ,  th e genera l  processe s reveale d i n the m ar e essentiall y  thos e o f  ou r  models . 

5.  C o m p u t e r  Simulatio n 

We ar e buildin g a  progra m i n 0 P S 5 t o simulat e thi s process ,  a n d h a v e finishe d th e qualitativ e 

a n d quantitativ e reasonin g parts .  T h e inpu t  o f  thi s progra m i s informatio n derive d fro m th e image . 

T h e majo r  qualitativ e reasonin g productio n rule s ar e th e following : 
I f  th e directio n o f  th e ligh t  i s  th e sam e a s tha t  o f  th e ro d the n th e distanc e th e ligh t  travel s wil l  b e large r  tha n 
th e lengt h o f  th e rod . 
I f  th e directio n o f  th e ligh t  i s  opposit e t o th e ro d the n th e distanc e th e ligh t  travel s wil l  b e les s tha n th e 
lengt h o f  th e rod . 
I f  th e directio n o f  th e ligh t  i s  th e sam e a s tha t  o f  th e ro d the n th e distanc e th e ligh t  travel s wil l  b e th e 
lengt h o f  th e ro d plu s th e distanc e th e ro d moved . 
I f  th e directio n o f  th e ligh t  i s  opposit e t o th e ro d the n th e distanc e th e ligh t  travel s wil l  b e th e lengt h o f 
th e ro d minu s th e distanc e th e ro d moved . 
I f  th e directio n o f  th e ligh t  i s  th e sam e a s tha t  o f  th e ro d the n th e velocit y o f  th e ligh t  relativ e t o th e ro d i s 
les s tha n tha t  relativ e t o th e stationar y system . 
I f  th e directio n o f  th e ligh t  i s  opposit e t o th e ro d the n th e velocit y o f  th e ligh t  relativ e t o th e ro d i s large r 
tha n tha t  relativ e t o th e stationar y system . 

Figur e 3  give s tw o e x a m p l e s o f  th e inpu t  a n d outpu t  o f  th e program .  T h e " I M A G E "  par t  i s 

th e inpu t  o f  th e program .  T h e remainde r  i s th e output .  Par t  ( 1 )  i s  th e simulatio n o f  th e distanc e 

g rou p ,  an d par t  (2 )  i s th e simulatio n o f  th e velocit y group .  T h e differenc e b e t w e e n th e inpu t  o f 

thes e tw o e x a m p l e s i s onl y i n th e relativ e syste m fo r  th e velocit y o f  th e light . 
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••  IMAG E • • 
Rod: 

RvlaOv *  lyflv m S_iy«t« m 
M*««unn g •y«t*<T )  S_iytt« m 
L»ng *  'A B 
Directio n ngh t 
Velocit y V 
Dist»nc » ml 

Light ; 
Emmad tyst* m M_syst* m 
Rvtativ *  syste m S_syst« m 
M«asunng systs m S_syst» m 
D'f»cno n ngh t 
Valocit y ml 
Oistanc *  ni l 

••  R E A S O N I N G" 
rim » I S iB-t A 
[Qualit y I  Cal l  th a principl e o f  constanc y o l  velocit y o t  ligh t 
[QuantTt y ]  Th e velocit y o f  ligh t  i s  c 
(Qualit y )  Distanc e travele d b y ligh t  i s  large r  tha n lengt h o f  ro d 
[Quantity ]  Distanc e move d b y ro d i s v  *  tB-t A 
(Quantity: )  Distanc e travele d b y ligh t  i s  rA B •  v  •  tB-t A 
••  M A T H _ R E A S O N I N G" 
RESULT 
tB-t A .  rA B (  c  -  V I 

••  IMAG E • • 
Rod. 

Relativ e syste m 
Meaaunng syste m 
Lengtf l 
Oirectto n 
Velocit y 
Distanc e 

Light . 
Emitte d syste m 
Relabv e syste m 
Measunng syste m 
Directio n 
Velocit y 
Distanc e 

••  R E A S O N I N G" 
Time i s  tB-t A 
(Quality :  |  Conside r  ligh i 
Quality :  |  Ligh t  velocit y 

S_syate m 
S syale m 
rAB 
nght 
V 
ml 
M_syste m 
M_syat» m 
S_sytte m 
nght 
ml 
nil 

1 velocit y relatrv e to rod 
relathr e t o ro d lea a tha n 

velocit y relativ e t o stabonar y syste m 
(Quantity: ]  Velocit y o f  ligh t  i s  c  -  v 
[Quantity: ]  Diatane e travele d b y ligh t  i > rA B 
" M A T H R E A S O N I N G" 
result " 
te-t A •  rA B /  ( c  -  V  ) 

(1) (2 ) 

Figur e 3 . 

6.  Conc lus io n 

From our two experiments, we csin conclude: 

1.  Fo r  a  simpl e physic s proble m involvin g relativ e motion ,  subject s ca n for m menta l  image s t o 

represen t  a  proces s o f  chang e i n th e physica l  stat e o f  a  system .  The y ca n "run "  th e imag e t o 

carry out mental experiments and watch the change of the physical states. 

2. By watching the process, subjects can infer the qualitative relations among the physical 

variables, and draw qualitative conclusions. 

3.  Base d o n previou s knowledg e (e.g. ,  distanc e equal s rat e time s time) ,  subject s ca n deriv e 

quantitativ e equation s fro m th e qualitativ e relations . 

4.  Th e proces s i s no t  generall y linear .  Ther e i s a  goo d dea l  o f  interactio n a m o n g th e 

processes of forming and observing the mental image and reasoning from it. 

In the simple example of relative motion, we have seen that there may be more than one 

route to the solution, and that different routes may correspond to different mental images. In the 

exampl e discusse d here ,  th e subject s di d no t  hav e t o chang e th e concept s the y alread y held ,  o r 

construc t  n e w concepts .  I n othe r  protocol s w e hav e observe d suc h change s i n concepts ,  an d 

wil l  discus s the m i n subsequen t  papers . 
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