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Subthreshold Pion Production in the Reaction 

139La +139 La ..... 1t'± + X 

Abstract 

We have measured charged pion production in the reaction 139La +139 La -+ 

7r± + X at three beam energies (246, 183 and 138 MeV/nucleon) below the 

nucleon-nucleon threshold. Associated multiplicity for charged participants was 

obtained using a nO-element scintillator multiplicity array. Data were taken 

over the angular range of 21 °_67° in the laboratory (equivalent to 30°-90° in the 

center of mass). Dependence of the spectra upon pion charge, energy and angle, 

beam energy, system mass and associated multiplicity was investigated. Based 

on the isotropic angular distributions and the associated multiplicities for pion 

production, it appears that subthreshold pions in the range of our experiment are 

produced predominantly from a source at rest in the center of mass and involving 

a large number of nucleons. The general character of the subthreshold pion 

spectra is c9mparable to previous results above threshold. However, the scaling 

of the subthreshold pion yield with system mass deviates from the dependence 

observed in light systems, to an extent which cannot be explained by a simple 

nucleon-nucleon model. We also found charge dependent structure in the pion 

spectra, which we analysed in the framework of both Coulomb distortion and 

clustering models. We conclude that while we did not find clear evidence of 

collective effects in subthreshold pion production, it would be very worthwhile to 

conduct a systematic investigation of pion production for all charge states and 

over a range of angles, system masses and beam energies, below threshold. 
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1. Introduction 

This dissertation reports on the preparation, running and results of an exper­

iment to measure charged pion production in the reaction 139La+139L~ :-+ 7r± +X 

at beam energies per nucleon near, but below the production threshold in free 

nucleon collisions. Associated multiplicity for charged particles was recorded, 

and used to characterize pion-producing events according to impact parameter. 

Inclusive pion spectra were taken and analysed with the objective of understand­

ing the reaction dynamics of nucleus-nucleus collisions in the energy range of 

138-246 MeV/nucleon. 

Motivation 

To a first approximation, the nucleus may be taken to be a degenerate Fermi 

gas of protons and neutrons with a ground state temperature of zero and a 

ground state density, po, of approximately 0.17 nucleons/fm31 . Interactions with 

leptons, hadrons and nuclei can take a target nucleus on limited excursions from 

the ground state, by inducing low energy nuclear excitations, or by depositing 

a large amount of energy in a small part of the nucleus. However, high energy 

heavy ion projectiles have the unique capability to heat and compress nuclei over 

an extended volume. 

Beam energies per nucleon in such collisions range (at different facilities) 

from tens of MeV to (currently) 200 GeV. At energies well above the typical 

nuclear binding energy of about 8 MeV/nucleon, it is in general not meaningful 

to treat the colliding nuclei as integral objects, subject to whole-body excita­

tions; rather it may be instructive to think in terms of bulk hadronic or nuclear 

matter, in which individual nucleons (or, at sufficiently high interaction energy, 
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quarks) are the elemental components. t One may then ask whether a high en­

ergy nucleus-nucleus interaction can be understood as a simple superposition of 

binary nucleon-nucleon collisions, or whether bulk nuclear matter exhibits col­

lective behavior radically different from that found in nuclei near the ground 

state. 

The inter~tion dynamics is ultimately reflected in the energy and angular 

distribution of the particles emitted during the collision. Understanding the dy­

namics therefore requires identifying those features in the detected particle spec­

tra which uniquely characterize the collision process. For example, the angular 

distribution of particles emitted during a given event has been taken as evidence 

of collective flow of nuclear matter 2.3, and discrepancies between measured pion 

multiplicities and predictions of an intranuclear cascade have been· cited as ev­

idence for bulk compression of nuclear matter 4.5 • Nevertheless, an explanation 

based on nucleon-nucleon processes cannot be ruled out in either case 6 - 10• 

Another approach is to look for irregularities in the particle spectra, in the 

hope that exotic effects might manifest themselves in some deviation from the 

norm 11-13. However such signatures might well be obscured by the incoherent 

background from simple binary processes. 

These examples are representative of a general problem in understanding 

heavy ion collisions, which is that many features of the particle spectra are well­

reproduced by a number of models with different assumptions about the collision 

dynamics. This has been interpreted as being due to the general dominance of 

geometrical and statistical factors over dynamics in these collisions 14. 

Observables related to particles created during the interaction are Unique 

in the respect that the large amount of energy required for particle production 

tIn this context, a "whole-body excitation" refers to a state where the nucleus retains its 
identity, as in a rotational or vibrational deformation, for example. "Bulk nuclear matter" refers 
to matter comprised of nucleons in some configuration other than. a nucleus. Such matter may 
be short-lived, as in a plasma, or long-lived, as in a neutron star. 

, , ... 



3 

makes it likely that it occurs in the early stages of the collision and therefore may 

carry information about nuclear matter at the highest density and temperature 

reached during the interaction. This assumes, however, that the effects of final 

state interactions can be unfolded, a non-trivial task, as will be discussed later. 

Why subthreshold? 

It might be expected that particle production at beam energies per nucleon 

below the nucleon-nucleon threshold would be a clear signature of collective ef': 

fects. However, the threshold in nucleus-nucleus collisions is not clearly defined. 

Fermi motion makes particle production below the free nucleon-nucleon thresh­

old possible, and thus the conclusions of experiments measuring subthreshold 

production depend upon assumptions about the momentum distribution of the 

constituent nucleons. However, even assuming that binary production can pro-

ceed at beam energies well below the free nucleon threshold, the contribution of 

such processes to the production cross section should be greatly reduced, perhaps 

revealing collective effects which are obscured at higher energies. 

Why pions? 

At the typical nuclear distance scale of the order of 1 fm, hadron-hadron 

interactions are well-described in terms of meson exchange, and thus meson 

observables may give direct insight into the interaction dynamics. The pion is 

the lightest meson, with masses of 139.6 MeV and 135.0 MeV for charged and 

neutral pions, respectively; 15 this corresponds to a threshold value of about 290 

Me V for pion creation in nucleon-nucleon collisions. Pion production has been 

extensively measured both above and below threshold,providing a considerable 

body of data for comparison purposes. This is an important point, since changes 

in the behavior of the pion spectra as the beam energy is lowered might signal 

changes in the primary pion production mechanism. 
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Organization of this dissertation 

The search for interesting physics relating to pion production below thresh­

old was the principal motivation for the experiment to be described here. To 

this end, Chapter 2 surveys prior experimental and theoretical work on pion 

production near threshold in nucleon-nucleon (NN), nucleon-nucleus (NA) and 

nucleus-nucleus (AA) collisions. The extensive data above threshold (and in 

pA collisions below threshold) will be used to characterize the phenomenology 

of pion production in binary NN collisions, which can serve as a baseline for the 

study of subthreshold AA collisions. The limited data previously taken below 

threshold will also be used for comparison purposes: to study mass and beam 

energy dependences, for example. In addition, it has been proposed that in some 

cases the data contain direct evidence of collective effects, and these conjectures, 

along with some of the theoretical models of pion production, will serve as guide­

lines for this study. 

Chapters 3 and 4 describe the experimental methodology. Chapter 4 contains 

details of background subtraction and particle identification, which are particu­

larly important in the case of 1t'+. Sec. 4.6 is a discussion of the calibration of 

the detection system against other experimental results, which is important in 

the studies of mass and beam energy dependence. 

The results of our experiment are presented and discussed in Chapter 5, and 

Chapter 6 contains a summary and our conclusions. 

The inclusive cross sections (both variant and invariant) are tabulated in Ap­

pendix A, the associated multiplicity distributions are presented in Appendix B 

and the raw pion data are tabulated in Appendix C. The detector specifications 

are given in Appendix D. Appendix E contains some basic definitions of cross 

sections and kinematics. Appendix F contains some details of the intranuclear 

cascade of Cugnon et al., including a description of how ratios of charged and 

... 

... 
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neutral pions are calculated in a pure delta isobar model. 

The reader interested only in the experimental results can reasonably begin 

with Chapter 5, referring to the other material as needed . 



6 

2. Pion production-phenomenology and theory 

The pion was postulated by Yukawa in 1935 16 as the exchange particle of the 

strong nuclear force, and naturally occurring charged pions were first detected 

in 1947, in emulsion studies of cosmic ray interactions 17. Shortly thereafter, the 

first laboratory observations of negative 18 and positive 19 pions were made at 

the 184-inch cyclotron at Berkeley. These studies used beams of 380 MeV (95 

MeV /nucleon) a-particles incident on a carbon target; thus the first confirmed 

artificially-produced pions were produced in subthreshold nucleus-nucleus colli­

sions. This possibility had been discussed the previous year by McMillan and 

Teller 20, who calculated that the Fermi momenta of the target nucleons would 

reduce the required incident beam energy per nucleon to below the free nucleon 

threshold. 

The first systematic accelerator studies of pion production with nucleon pro­

jectiles were carried out at cyclotrons during the early nineteen-fifties. Due to the 

limited beam energies available before the advent of the first proton synchrotrons 

(the Cosmotronat Brookhaven and the Bevatron at Berkeley), the early data 

were taken near (but above) threshold. 

2.1 Pion production in nucleon-nucleon collisions 

The early data on pion production in NN collisions with beam energies be­

low about 500 MeV were well-described by phenomenological models 21- 23 based 

upon consideration of angular momentum and isospin. These studies pointed to 

the importance of the state with I=~, J=~, which had already been identified in 

pion-nucleon scattering, and led in turn to the formulation of the resonance, or 

isobar model 24-26 , in which pion production occurs when one of the interacting 
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nucleons is excited to an isobaric state which subsequently decays to a nucleon 

and a pion. Additional experimental 27-32 and theoretical 33 work established the 

dominance of the (~,~) resonance (now known as the ~(3, 3) or ~(1232)) in pion 

production at beam energies below 1 GeV, with non-resonant contributions to 

pion production becoming significant near threshold. Pion angular distributions 

exhibit a dependence of the form 1 + B cos2 (), with the value of the coefficient 

depending upon the relative contributions of resonant and non-resonant produc­

tion at a given beam energy and upon the relative momenta of the pion and 

nucleon in the final state 25,26. For production near threshold, B is found to be 

between 1 and 3, with the distribution becoming more isotropic as the beam en­

ergy is increased by several hundred MeV 26. The coefficient is generally smaller 

for neutral than for charged pions 26. 

Due to the difficulty of obtaining beams of neutrons, the bulk of the data 

on N N -+ N N 7r is for pp and pn initial states. The most complete excitation 

function near threshold is that for the reaction pp -+ PP7r° 28, shown in Fig. 2.l. 

Results for the reactions pp -+ pn7r+ 34 and pn -+ pn7r029 are comparable. Total 

cross sections range from the order of .01 mb near threshold to 5-10 mb at 

Tp ~ 700 M~V, and are generally consistent with predictions of the isobar 

model. 

An early attempt to calculate meson production in high energy NN collisions 

was the statistical model of Fermi 35. The essential assumption in this model 

is that the production is governed by statistics rather than by dynamics, with 

cross sections determined by the available phase space, subject to conservation 

laws. The assumption of statistical equilibrium is justified as follows: all of the 

incident kinetic energy is deposited in a small volume where, due to the strong 

coupling between pions and nucleons, it is very quickly distributed among all 

the available degrees of freedom. Although Fermi pointed out the limitations of 
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this approach near threshold, where the phase space is limited, the model is in 

reasonable agreement with the data up to about 800 MeV. However, it fails to 

reproduce the data for beam energies between 1 and 2 GeV. Lindenbaum and 

Sternheimer, who considered 25 the low energy results in the context of the isobar 

model, suggested that the agreement between the Fermi theory and the data in 

that region is probably coincidental . 

Its limitations as a theory of low energy elementary interactions notwith­

standing, recent models based upon the Fermi theory have had some success in 

predicting particle production in nucleus-nucleus collisions, where its statistical 

assumptions have more validity. This will be discussed later in this chapter, as 

well as in Chapter 5. 

2.2 Pion production in nucleon-nucleus collisions 

If simple binary interaction models are to account for particle production in 

nucleus-nucleus collisions, they must first be tested in the elementary case of 

a single nucleon incident on, a complex target. The transition from nucleon to 

nuclear targets introduces several new considerations related to the propagation 

of particles through the nuclear medium. Scattering, absorption, energy loss and 

charge exchange must be taken into account for the projectile and for any emitted 

particles. Arguably the most important feature affecting particle production is 

the momentum distribution of the target nucleons. This is perhaps the simplest 

example of a collective effect, in the sense that it is arises in the confinement of 

nucleons within the nuclear volume. Still, its role in pion production is through 

binary NN interactions. t 

The isobar model is implicitly a nucleon-nucleon model, and tests of its va­

lidityare closely linked to tests of binary production. Early work by Peaslee37 

t A related effect is the presence of high momentum components which arise due to short range 
nucleon-nucleon correlations 36 . 
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established the validity of isobar model predictions of charged pion production 

ratios from 0.35-2.3 GeV protons incident on light nuclear targets. Calculations 

incorporating isobar production and Fermi motion have been successfully ap­

plied to a wide range of energies and mass systems, including the simplest NA 

interaction: p + d --+ 7r + X from threshold to 700 Me V 29,38. 

Extensive measurements of 7r0 production in pA collisions near threshold were 

made at Dubna 29,39,40. Fig. 2.2 summarizes the mass and energy dependence of 

production near threshold for deuterium, carbon and lead targets. The excitation 

functions reflect the influence of the delta resonance, especially in the tendency 

of the yield to peak near a proton energy of about 600 MeV. The dependence 

of the total 7r0 cross section on target neutron (N) and proton (Z) numbers was 

found to be 40 

which corresponds roughly to production a.t the nuclear surface. The yield is 

seen to fall off somewhat faster for light nuclei than for heavier targets. This 

is interpreted 39,40 as being due to higher momentum components in the Fermi 

distribution in the heavier nuclei; however the nucleon-nucleon single collision 

model of Guet and Prakash 36, which uses momentum distributions obtained from 

( " p) and (e, e' p) reactions, predicts subthreshold production iIi the reaction 

p+12C--+ 7r0 + X to be as much as two orders of magnitude below the data. 

Uncertainty as to details of the calculation of Ref. 39 makes it difficult to choose 

between the two, although the momentum distributions used in Ref. 36 might 

be more realistic. 

Charged pion production by protons incident on a range of nuclear targets 

up to 238U was measured by Cochran et al. 30 (proton energy, Tp=730 MeV), 

Crawford et al. 32 (Tp=585 MeV) and DiGiacomo et al. 41 (Tp=330, 400 and 500 

MeV). For the heavier targets (A > 27), the 7r+ and 7r- total cross sections are 
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Figure 2.2. Excitation function for 11'0 production by 175-665 MeV protons on nuclei, 
from data of Refs. 29, 39 and 40. The arrow denotes the free nucleon threshold energy 
of 290 MeV.. 
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Figure 2.3. Excitation functions for production of positive pions by 180-730 Me V protons 
inciden~ on light and heavy nuclei, from Refs. 30, 32, 41 and 42. 
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roughly proportional to zt and N~, respectively. Spectral shapes and angular 

distributions were found to be not very sensitive to the target mass for either 

charged pion, and an approximate scaling law was found to hold 30 for targets 

from 27 Al to 232Th: 

where A and B denote different nuclear targets. 

The general features of the data of Cochran et al. are reproduced by a cal­

culation of Sternheim and Silbar 43, who treat charged pion production within 

an isobar model framework, with nucleon and pion absorption, rescattering, en-

ergy degradation and charge exchange taken into account. This calculation was 

later extended to neutr~ns. 44 Ratios of total cross sections for charged pions 

are in good agreement with the data. While the calculation does not reproduce 

the Z and N -dependence of the 7["+ and 7["- cross sections, the authors make a 

qualitative argument to explain the dependence: ~ production is assumed to 

become geometric for A ~ 20 - 50, and initial pion production is proportional 

to A~ (the area of the disk in which the deltas are made). Absorption removes 

all pions except those on the edge of the disk, which reduces the dependence to 

At. However, positive pions are made mainly from protons, which introduces an 

additional factor of Z / A. The net result for 7["+, is: 

1 2 1 
(Aa). (Z/A) = Z/(Aa) ~ Za. 

For 1r-, absorption is balanced by charge exchange, but 7["- and 7["0 come mainly 

from neutrons, hence: 

(A~). (N/A) = N/(At) ~ N~. 

The (p, 7[") reactions comprise a distinct class of reactions, near threshold 

(Refs. 42,45-48). These certainly exhibit some degree of collectivity, in that they 

I 
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leave the residual nucleus in an excited state, but whether the pion production 

process is a collective one is still not clear. For example, data for the (p,1T') reac­

tion 209Bi (p, 1T'- xn) 210-x At at 200 Me V incident energy 48 are reproduced by an 

intranuclear cascade (INC).49 In this model, pion production takes place in bi­

nary collisions, with the coherent effect coming into play later in the interaction, 

as the recoiling particles heat the nucleus, which then cools by evaporation of 

neutrons. On the other hand, the very different nucleon-nucleon model of Ref. 36 

generally underpredicts the total pion cross sections for the closely related re­

actions 208Pb(p,1T'±)X at Tp = 180 and 201 MeV, measured by Bimbot et aI.42. 

The fact that the latter model does reproduce the general shape of the excitation 

function suggests 42 that in pion production, the shapes of the spectra do not 

seem to reflect the underlying dynamics. 

Fig. 2.3 summ~rizes the measurements of total inclusive cross section for 

positive pions from pA collisions at proton energies between 180 and 730 MeV. 

The results are similar to those for 1T'0 (and for 1T'- ,not shown). The approximate 

Z ~ dependence for 1T'+ production is seen to persist down to at least Tp = 200 

MeV, with the possibility of a stronger dependence at lower beam energies. 

The magnitudes of the 1T'+ and 1T'0 cross sections are closer than expected from 

resonance production, but the data are from different experiments and are not 

relatively normalized, making comparison difficult. As noted earlier, the charged 

pion ratios found in Ref. 30 and 32 conform to the isobar model. 

A recent experiment 50-52 measured the inclusive differential cross section for 

charged pions from 240-500 Me V protons incident on 64CU and 240 MeV protons 

on 12C at several angles. As shown by Fig. 2.4, the dependence of the invariant 

cross section at a given laboratory angle on pion kinetic energy has a character­

istic form over a range of beam energies above and below threshold. The spectra 

may be fit assuming a dependence of the form 
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Figure 2.4. Dependence of the posi­
tive pion cross section at (Jlab = 90° 
on pion lab kinetic energy for the re­
action 240-500 MeV p+Cu ~ 11"+ + X . 
The solid lines are least square fits to 
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Figure 2.5. Beam energy dependence 
of the differential cross section for pos­
itive pion production by protons on 
64Cu at (Jlab = 90°. (From Ref. 52.) 
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where T is the pion kinetic energy and E is the total pion energy. The slope 

parameter, To, and intercept, A, are found to vary smoothly with proton energy 

across the free nucleon threshold, with the exception of the point at Tp = 350 

MeV, which is attributed to possible dibaryon production 52. Interestingly, a 

comparison of data for carbon and copper targets at Tp = 240 Me V shows To to 

be insensitive to the mass of the target, which may indicate a dependence upon 

"some bulk properties of nuclear matter." 52 

Fig. 2.5 shows the excitation function for the 7r+ differential cross section 

for protons on 64Cu at 8lab = 90°. The cross section falls by almost an order 

of magnitude between 500 and 300 MeV, and by another order of magnitude 

between 300 and 240 MeV. A similar trend was seen in the total inclusive cross 

section for pions from pp and pA collisions, and was attributed to the effects of 

the delta resonance. Comparisons between Figs. 2.4 and 2.5 and AA data plotted 

in the same way will provide a simple phenomenological test for coherent effects. 

One other feature of the charged pion data of Cochran et aI.30 which is not 

reproduced by the calculation of Ref. 43 is an increase in the 7r- /7r+ ratio at 

the lowest pion energies at lab angles between 15° and 1500 for heavy targets 

(Cu-Th). A similar effect was observed by Crawford et aI.32, who found that 

for targets heavier than 27AI and lab angles between 22.5° and 1350
, the 7r+ 

spectra were peaked at higher pion energies than the 7r- spectra. These features 

are illustrated for 81ab = 900t by Fig. 2.6. Note that although both spectra in 

Fig. 2.6a turn down at low pion energy, the effect is sharper for 7r+ , as can be 

seen when the ratio of 7r- to 7r+ cross sections is plotted (Fig. 2.6b). The authors 

of Ref. 32 speculate that this effect "may be due to the Coulomb force between 

the emitted pions and the nuclear protons." 

tFor a proton incident on a heavy target, the lab and c.m. frames are almost the same. 
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2.3 Pion production in nucleus-nucleus collisions 

We will first review the experimental results on pion production between 

threshold and 2.1 GeV /nucleon, followed by a brief discussion of models which 

have been put forth to describe the data. Lastly, we will survey the data on 

subthreshold pion production and discuss the theories specific to that energy 

regIme. 

2.3.1 Experimental results above threshold 

The data surveyed in this section were taken at the LBL Bevalac. Both 

inclusive 53- 62 and exclusive 4,5,63-65 data have been taken, the former with mag­

netic spectrometers and range-energy telescopes, the latter with a streamer cham­

ber. 

The inclusive data are of particular interest, for two related reasons. First 

the data were taken on a spectrometer very similar to that used in the present 

experiment, thus reducing the uncertainty due to relative normalization. (This 

will be discussed in more detail in Chapter 3.) Second, the data for a wide range of 

targets, projectiles and beam energies have been presented in a consistent form. 

Since much of the discussion in Chapter 5 concerns the comparison between 

present and past data, these are important attributes. The review which follows 

will serve the dual function of surveying earlier work and introducing some of 

the analytical tools to be used later. 

Pion energy and angle dependence 

Fig. 2.7 shows the variation of the inclusive 7r- cross section with pion lab 

momentum and lab angle for two different mass systems at a beam energy of 

800 MeV/nucleon. The cross section at all angles decreases approximately expo­

nentially with increasing pion momentum. The slope and inclusive yield depend 
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Figure 2.7. Invariant cross section as a function of pion lab momentum for two symmetric 
mass systems at a beam energy of 800 MeV/nucleon. (a) 40Ar + KCI -+- 11"- + X for 
15° ~ (J'ab ~ 110° (From Ref. 57.) (b) 139La +139 La -+- 11"- + X for 20° ~ (J'ab ~ 80° 
(From Ref. 62.) 
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strongly upon lab angle. However, the results may be more clearly interpreted 

when viewed in a different rest frame. In a heavy ion collision, two natural 

reference frames, in addition to those ·of the laboratory and the projectile, are 

the respective rest frames of the nucleon-nucleon and nucleus-nucleus centers of 

mass. In a symmetric collision, i.e. At9t ~ Aproj , these are of course the same, 

while in an asymmetric collision only the nucleon-nucleon c.m. is well-defined . 

7 800 MeViA Ar+KCI-7T-+X 
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Figure 2.8. Contour plot of inclusive 11'- spectra in the plane of transverse momentum 
.and rapidity for the reaction 800 Me V /nucleon 40 Aro + KCI -+ ° 11'- + X. The dotted 
curves denote isotropic emission. (From Ref. 57.) 

Fig. 2.8 shows Lorentz-invariant 7r- cross sections plotted in the plane of 

transverse momentum (in units of the pion mass) and rapidity for the approxi­

mately symmetric 40 Ar + KCI system. Plotted in this way, the angular distribu­

tion for high transverse momentum (PT) pions is seen to be almost isotropic in the 

center of mass. There is some forward-backward peaking around PT ~ m1l"c, 53 

while for PT <50 MeV emission is once again isotropic. 55 
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To test the importance of nucleon-nucleon processes (and the D.. isobar) in N A 

collisions, Chiba et al. 55 compared the data for the reaction Ne+Pb -+ 71"+ +X at 

800 MeV/nucleon to an incoherent superposition of the cross sections measured 

for 730 MeV/nucleon p + Pb -+ 71"+ + X in Ref. 30, finding good agreement for 

pion lab momenta below 500 MeV/c. Forward-backward peaking consistent with 

isobar production was also observed at 400 MeV/nucleon 56. In the latter study, 

a rudimentary multiplicity selection was done using eight tag counters, and the 

observed peaking was found to be· insensitive to the associated multiplicity of 

charged particles. 

Beam energy dependence 

Fig. 2.9 illustrates both the beam energy dependence and the characteristic 

exponential shape of the pion spectra. As in the p-nucleus case (Fig. 2.4 y, the 

Figure 2.9. Invariant cross section as 
a function of pion kinetic energy for 
11'- production at 8c•m • = 90° from 
the system 20Ne + NaF beam energies 
between 183 and 2100 MeV/nucleon. 
(From Ref. 12.) Note that this figure 
includes some subthreshold data. 
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T 

data may be fit by an exponential of the form Ae - 'TO. Here again, the slope 

parameter To is seen to increase with increasing beam energy. The beam energy 

dependence is shown in a different way in Fig. 2.10, in which the inclusive yield 

at 8c.m . = 900 is seen to fall more rapidly near threshold than at higher energies . 

Figure 2.10. Differential inclusive 
cross sectiori dl7 / df! at Oc.m. = 900 as 
a function of beam energy for the re­
action 20Ne+NaF -11"- +X. (From 
Ref. 57.) 
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Stock et al. 4 measured 7r- multiplicity in central collisions of 

0.36-1.8 GeV /nudeon 40 Ar with KCI, and found pion production to rise rapidly 

but smoothly with beam energy. 

Target and projectile mass dependence 

Data are available at a beam energy of 800 MeV/nucleon for the equal mass 

systems C+C, Ne+NaF, Ar+KCI and La+La 57,62. Fig. 2.11 shows the 7r- spectra 

at 8c.m . = 900
• The slope parameter increases by 10% between C+C and Ar+ KCI, 

but is the same for La+La as for Ar+KCl. The pion yield for the lighter systems 
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Figure 2.11. Invariant cross section as a function of pion kinetic energy for 1('- production 
at (}c.m. = 900 from the systems C+C, Ne+NaF, Ar+KCI and La+La at 800 
MeV /nucleon beam energy. The corresponding slope parameters are 60, 62, 66 and 
66 MeV. (From Ref. 62.) 

has been parameterized by Aa(Eic) , where Ek is the pion c.m. kinetic energy 

and A = Atgt = Aproj ' For the low energy pions, which comprise the bulk 
2 2 

of the yield, a is close to 4/3 (i.e. A~t' A:roj ), which corresponds to surface 

production. a also increases with energy, which is equivalent to saying that the 

slope parameter generally increases with increasing system mass. For the two 

heaviest systems (Atgt + Aproj = 80 and 278, respectively), which have the same 

slope, a = 4/3. The dependence of pion yield on target mass was also studied 

for 800 MeV/nucleon Ne projectiles incident on Na, eu and Pb targets,53 and 
2 

was found to be close to A~t. 
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Multiplicity dependence 

The number of participant nucleons associated with pion production can be 

an important clue to the nature of the production process. The streamer chamber 

is well suited to studying this. It is sensitive to charged particles over almost 47r 

of solid angle, and it can be triggered on a selected range in impact parameter 

as reflected in the associated multiplicity of charged projectile fragments. 

Fung et al. 63 studied total 7r- production for 0.4-2.1 GeV /nucleon 12C and 

40 Ar projectiles incident on a range of light to target masses. They fo~nd the 

pion multiplicity to be proportional to charged particle multiplicity, with a pro­

portionality constant which increases sharply with energy but is approximately 

independent of the target and projectile mass. These results are quantitatively 

consistent with the data of Harris et al. 5, who recently measured pion multiplic­

ity as a function of beam energy and number of participants for the 139La +139La 

system at beam energies between 0.53 and 1.35 GeV /nucleon. Combining these 

results with earlier work 65 for 40 Ar + KCI they find the ratio of produced pions 

to participant nucleons at each beam energy to be a constant, independent of 

target and projectile mass, but increasing with beam energy. Based on this, they 

argue for a volume (A) rather than surface (A~) dependence for pion production. 

In another streamer chamber study, Brockmann et al. 64 used a "central" 

(i.e. highly charged projectile fragment) trigger to study small impact parameter 

collisions in the reaction Ar+KCl ~ 7r- +X at 1.8 GeV /nucleon. They found an 

overall isotropic distribution for the emitted pions, but with some anisotropy­

characteristic of resonance production-at intermediate pion energies. The fact 

that this is true even for central collisions is interpreted as evidence that the 

intermediate energy pions are produced at the edge of the collision region, and 

therefore undergo little or no rescattering, so that the 6. kinematics are not 

washed out. These results are consistent with those of Ref. 56, which did a 
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simple multiplicity selection, as noted above (p. 20). 

Dejarnette et al. 66 studied production of charged and neutral pions from 

central (i.e. high participant multiplicity, low impact parameter) collisions of 

1-2 GeV /nucleon 12C with Pb. The central trigger was implemented via an 8 

element scintillator multiplicity array. Pion production was found to increase 

smoothly with beam energy, and a correlation was found between high energy 

pions and high participant multiplicity. The same detector system was used for 

more extensive measurements on the same system at beam energies down to 0.4 

GeV /nucleon 67. All the parameters relating to pion production were found to 

depend smoothly upon beam energy, with no evidence of unusual production 

thresholds. The authors concluded that beam energy was the most important 

factor in determining the number of pions produced, with increased pion multi­

plicities in high (participant) multiplicity collisions attributable to the increase 

in the number of hard nucleon-nucleon collisions. 

Pion production beyond the kinematic limit 

An alternative to studying subthreshold particle production is to measure 

pions produced with energies greater than the maximum permitted in a simple 

NN. collision. As in the subthreshold case, such production may be due to a 

relatively well-understood process such as Fermi-boosted NN collisions, or it 

may be due to collective effects. 

Papp et al. 68,69 measured charged pion production at (hlb = 2.5° in collisions 

of light nuclei (A=1-12) with nuclear targets (Be, C, Cu and Pb) at beam energies 

of 1.05-2.1 GeV /nucleon. The results were consistent with a calculation assuming 

production in NN collisions. Schroeder et al. 70 studied charged pion production 

at the other kinematical pole, at 9'ab = 180°. Beams of 0.8-4.89 GeV protons 

were directed at targets ranging from 12C to Pb.The pion spectra were found to 
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be exponential, with slope parameters only weakly dependent upon target mass. 

A possible trend away from pure NN production at the highest beam energies 

was noted. Chessin 71 e .. -tended this study to include beams of 40 Ar at 1.05 and 

1.83 GeV /nucleon. Once again, the results were found to be consistent with 

production (with the aid of Fermi motion) in NN collisions. 

Charge-dependent effects 

Charge-dependent structure in the pion cross sections will figure prominently 

in the discussion of our results in Chapter 5. Several authors 57,59,61,72 have re­

ported a dependence on pion energy of the ratio, R_1+ , of charged pion cross 

sections. In particular, Benenson et al. 12 , Sullivan et al. 59 and Frankel et al. 61 

found R_1+ to be strongly peaked for pions near the beam rapidity, an effect 

which they attribute to the Coulomb field of the projectile. 

Wolf et al. 54 measured the cross section for the reaction 40 Ar+40Ca -+ 7r+ +X 

at 1.05 GeV/nucleon and found a maximum at mid-rapidity ((Jc.m. = 900
, PT ~ 

.4m1rc). No such effect is seen in the pp or p-nucleus data. Some indication of a 

similar effect was seen in 40 Ar + 40 Ca -+ 7r+ + X at 1.05 GeV /nucleon 58 and in 

2°N e + N aF -+ 7r+ + X at 800 MeV/nucleon 55, but not at 400 MeV/nucleon 56. 

A purely Coulomb explanation is placed in doubt by the data of Frankel et al. 61 , 

who subsequently reported seeing the mid-rapidity peak for 7r-, as well, and by 

preliminary data of Harris et al. 60 for 1.05 GeV /nucleon 40Ca +40Ca, for which 

R_1+ ~ 1 in the region of the enhancement observed by Wolf et al. 54 • 

2.3.2 Models (general) 

In this section, we review a number of different models which attempt to 

account for pion production in nucleus-nucleus collisions. Some of them will be 

compared with our results; the remainder are included for completeness. (The 
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term model is used advisedly. Since there is no exactly calculable theory of 

nucleus-nucleus interactions, we are at present limited to a descriptive approach.) 

The models are loosely grouped in several classes, among which there is consid-

erable overlap. All of the models to be discussed have had success at accounting 

for some of the data, while none of them account for all of the data. (This led 

Hiifner and Knoll to speculate 13 that "only a few basic ingredients common to 

all approaches are responsible for the success" and, more poetically, that "agree­

ment with the data is invariant under theory.") The models may be grouped in 

the following general classes: thermal, statistical, hydrodynamical, collision and 

. . 
mIcroscopIC. 

Thermal 

The essential assumption of thermal models 14-18 is that the available ~nergy 

(projectile kinetic energy - nuclear binding energy) heats the participants into 

"a quasi-equilibrated nuclear fireball", which may be treated as a relativistic 

ideal gas, subject to description using the formalism of statistical mechanics. In 

particular, the particle spectra should be characterized by a Maxwell-Boltzmann 

distribution: t 

d3u _ T 

(juar = dpi = const . e TO, 

where the negative inverse slope, To, corresponds to the temperature of a ther-

malized particle source. In this respect, the model is strikingly consistent with 

the data. 

tThere is a distinction between parameterizing the variant (UVO,.) and invariant (Uinv) cross 
sections in this way. While U vo,. = d3u/dp3 is directly proportional to particle number, Uinv = 
E~u/dp3 has an additional multiplicative energy dependence, and thus cannot, strictly speaking, 
be described by a Maxwell-Boltzmann distribution. In this work, we will present variant cross 
sections wherever possible, but for ease of comparison with other data it will sometimes be more 
appropriate to use the invariant cross section. In any event the difference between the slope 
parameter extracted from Uinv and from U vo,. is usually small. 

... 
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The fireball model assumes that the number of participants and the number 

of collisions which they undergo is sufficiently large to be treated statistically. 

Kapusta 76, following the arguments of Chapline et al. 74 that a prerequisite for 

fireball formation is that the mean free path of the interacting nucleons and 

mesons be much smaller than the fireball size, arrives at an approximate value of 

50 for the number of participants required for thermalization. However the expo­

nential shape of the pion spectra is also observed in collisions where the number 

of participants must be much smaller (Fig. 2.4). Furthermore, the isotropic emis­

sion of pions predicted by the model is not always observed in connection with 

exponential spectra 56,64. Lastly, the model, while reproducing the shape of the 

pion spectra reasonably well, consistently overpredicts the yield by a factor of 

about two 78. The fact that some observables are statistical in character does not 

necessarily imply the formation of a fireball. 

Siemens and Rasmussen 79 have proposed a variation on the thermal model. 

In the "blast wave" model, a heated, compressed fireball explodes, producing a 

characteristic peak in the pion kinetic energy spectrum. The authors make two 

points which are of relevance to our experiment. First, the peak in the kinetic 

energy spectrum should be independent of charge (to rule out Coulomb effects), 

and second, the probability for the blast wave to be formed should be enhanced 

in central collisions. These points will be taken up in chapter 5. 

Statistical 

The statistical model of Knoll and Bohrmann SO,81 assumes that a nucleus­

nucleus collision may be treated as a number of uncorrelated interactions between 

groups of nucleons. Particle production in each group interaction is considered to 

proceed according to the Fermi statistical theory (p. 7), with particles distributed 

according to the available phase space. The final momentum distributions are 
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derived from an incoherent superposition of the products of these interactions. 

Some of the difficulties of the fireball and related models may arise in the fact 

that statistical methods are being applied to finite numbers of particles. The un­

derlying assumptions of the statistical and thermal (such as the "firestreak" 18) 

models are quite similar, but whereas the thermal models assume equilibration 

of the nuclear system as a starting point, the statistical model takes into consid­

eration the conditions under which it occurs, and in particular the consequences 

of the limited phase space available to the nucleon clusters. Consequently, the 

latter model does somewhat better 81 at reproducing the high energy (i.e. near 

the phase space limit) tails of the pion spectra, while overpredicting the yield to 

about the same degree as the thermal calculation. 

Hydrodynarnical 

In the limit of many participants undergoing many interactions, the colliding 

nuclei may behave in some respects as a fluid. Hydrodynamical models 82- 84 

assume a nuclear equation of state and solve equations for conservation of particle 

number, momentum and energy. The basic assumptions are similar to those of 

thermal models (p. 26), however in the fluid dynamical picture some energy which 

might otherwise go into pion production goes into bulk nuclear matter effects such 

as collective flow. Hydrodynamical models typically underpredict the pion yield. 

One possible explanation for this is that the hydrodynamic limit-if it is reached 

at all in nucleus-nucleus collisions-is not reached in all cases, or for that matter 

even for all the nucleons in a given collision. The blast wave model 19 incorporates 

features of both thermal and hydrodynamical models. 
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Collision 

This class incorporates several types of models, which share the the assump­

tion that pion production proceeds through one or more binary nucleon-nucleon 

collisions. At beam energies in excess of several hundred MeV/nucleon, binary 

collisions are known to dominate the production process, through the delta and 

higher resonances. The most interesting energy regime is that near and below 

threshold, where pions produced in this way comprise the background from which 

signatures of collective effects, if any, must be extracted. 

Mention should also be made here of a very important subclass, the intranu­

clear cascade (INC). The INC is probably the most elementary model of pion 

production in nucleus-nucleus collisions. The interacting nuclei are considered to 

be collections of hard, point-like particles, which follow straight line trajectories 

and interact according to free nucleon scattering cross sections. Pion production 

proceeds through resonances, and effects such as pion absorption, isospin, nuclear 

binding and Pauli blocking, which might modify the experimental cross section, 

mayor may not be included. The simple assumptions of the cascade make it a 

very useful baseline model. 

Microscopic 

The theory of non-equilibrium transport processes in a plasma has been 

adapted 85,86 to nucleus-nucleus collisions by adding to the Boltzmann (or Vlasov) 

equation 87 a quantum mechanically correct collision term which includes Pauli 

blocking. The collision term is due to Uehling and Uhlenbeck 88, hence the app­

ellation BUU (or VUU) for this type of calculation. Dynamical input to the 

model is in the form of the external field assumed to drive the transport pro­

cess. Pion production and absorption are assumed to proceed through the delta 

resonance, and are calculated using the experimental elastic and inelastic scat-
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tering cross sections. This feature connects the VUU calculation to the cascade; 

if the Pauli blocking is removed from the collision term, and the mean field is 

turned off, the cascade is recovered. VUU theory has been used to calculate the 

7r- excitation function for beam energies between 0.3 and 2.0 GeV /nucleon 86, 

and does considerably better than a simple INC, although it still overpredicts 

the pion yield. 

2.3.3 Experimental results below threshold 

The experimental record of subthreshold pion production will be divided here 

into three sections: inclusive production above 60 MeV/nucleon beam energy, 

inclusive production below 60 MeV/nucleon and "coherent" production, with 

beam energy near th~ absolute threshold. The demarcation at 60 MeV/nucleon 

is somewhat arbitrary, but is suggested by the work of Bertsch 89 who has shown 

that, although it is energetically possible for the total excitation energy to go into 

production of a single pion, the true absolute threshold is higher, at Tbeam ~ 54 

MeV /nucleon, due to limitations on the final state phase space. t 

Tbeam = 60-290 MeV/nucleon 

For light projectiles (typically 12C) at beam energIes between 60 and 85 

MeV /nucleon, the exponential dependence of cross section upon pion energy 

continues to hold 90- 94• The dependence of the slope parameter upon beam en­

ergy is consistent with results at higher energies. Mass dependences of the form 

(Atgt · Apro;)Q, with a between 0.65 and 0.8, have been reported. Charge depen­

dence of the spectra has been seen at forward angles 93 and at mid-rapidity94. 

tIn his "first collision" model 89, Bertsch calculates the effective scattering cross section for 
two nucleons in the endcaps of colliding Fermi spheres, on the assumption that only nucleons 
of the highest relative momentum can create a pion. The cross section is a function of the 
elementary nucleon-nucleon scattering cross sections, the initial separation between the Fermi 
spheres (equivalent to'the c.m. energy/nucleon of the interaction) and the final states permitted 
by the Pauli principle. It is the last factor that turns out to determine the threshold. 
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The data have been variously interpreted in a binary collision framework 91 

and as evidence for collective effects 92,95. Michel 95 compared the total inclusive 

cross section for 11"0 production by 84 MeV/nucleon 12C projectiles incident on a 

number of different targets to three possible target-projectile mass dependences: 

(j ex: Aproj . Atgt 

1 1 
(j ex: A;roj . Atgt 

1 1 
(j ex: (Atgt • A;roj + Aproj . A[yt) . 

These expressions represent respectively, volume, surface and participant- num-

ber dependences. The results are summarized in Fig. 2.12. The fact that the 

12C • Target reactions 8' MeV/~leon 

20 

• . ~~~~~~~~~--~~~~~ • • 4 •• _120 ... __ .121'&1. 
Taratt !NI" 

Figure 2.12. Target mass dependence of the total jnclusi~e 11'0 cross section for 84 
MeV/nucleOn 12C on a variety of projectiles. The upper and lower solid lines represent 
volume and surface dependence, respectively. The dashed line represents dependence on 
the mean number of participant nucleons. (From Ref. 95.) 

data does not seem to depend on the number of participants is taken to suggest 

the influence of cooperative mechanisms in pion production at this energy. 

As pointed out by Bertsch89, the energy range between 100 and 300 

MeV /nucleon offers a favorable combination of high density and suppression of 
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incoherent production, and also spans the free nucleon pion production threshold 

of about 290 MeV/nucleon. Data in this region is still limited, and has previously 

been confined to light and intermediate projectiles (A ~ 20). Early studies 

measured total multiplicities for charged pions produced in nuclear emulsions. 

McNulty et al. 96 found an anomalously high production rate from beams of 100 

and 280 MeV/nucleon 2°N e. However, these results were shown to be in error 

due to misidentification of fast protons as pions 97,98. In subsequent emulsion 

experiments, no pion production was observed, presumably because emulsion 

techniques are not sensitive enough to measure the small cross sections at these 

energies. 

Benenson et al. 72 measured charged pion production in the reaction 2°Ne + 

N aF -+ 7r± + X at 0° for beam energies between 80 and 383 Me V / nucleon. 

Some data was also taken on Cu and U targets, and angular distributions for 

0° < Blab < 30° were taken at 219 MeV/nucleon for NaFand U targets. The cross 

section was found to rise by about four orders of magnitude between the minimum 

and maximum beam energy. The target mass dependence was approximately Ai, 

and the angular distribution was isotropic for Blab between 0° and 30°. 

Charge-dependent distortion of the spectra, similar to that observed above 

threshold (p. 25) was observed by Benenson and also by Sullivan et al. 59 for 280 

MeV /nucleon 2°Ne incident on C, NaF, Cu and U. 

A more extensive angular distribution was taken by N agamiya et al. 12 for 

the 183 MeV /nudeon Ne incident on NaF and Pb targets. Pion emission was 

found to be approximately isotropic between 20° and 90° in the laboratory. (30° 

and 110° in the center of mass.) The pion spectra for both targets exhibited the 

familiar exponential shapes, and the slope parameters were almost independent 

of target mass. The variation of the pion yield with target mass was found to be 

approximately consistent with an Ai dependence. The object of this experiment 
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was to search for evidence of a proposed "pionic instability" 11 which would be a 

precursor to a pion condensate. The signature for this effect was conjectured to 

be an enh'ancement in the pion production cross section at a center of mass pion 

momentum ~ (2 - 3)m7rc. This part of the experiment produced a null result. 

Finally, in a predecessor to the experiment reported on here, 7r- production 

was measured at Oc.m. = 900 in 139La +139 La collisions at 246 MeV /nucleon. 13 

The results were consistent with those of Ref. 12, but with a higher yield and 

slope parameter. Once again, no evidence of the pionic instability was found. 

Probably the most significant feature of the limited data between 100 

MeV /nucleon and threshold is its consistency with results above threshold. This 

is illustrated by Fig. 2.9, showing the smooth variation in slope and yield as the 

beam energy changes by more than an order of magnitude. 

Tbeam < 60 MeV/nucleon 

Considerable data 99-102 has been accumulated at beam energies approaching 

the "absolute" threshold, where all the incident nucleons would have to pool their 

energy to produce a single pion. (This is also well below the 54 MeV/nucleon 

limit of Ref. 89.) One might expect the onset of collective effects to be evi­

dent in at least some of this data. In fact, as is the case for the higher energy 

subthreshold data, there are no dramatic deviations from the trends established 

above threshold. The exponential shape of the pion spectra continues to hold, 

the slope parameter decreases with beam energy and is approximately indepen­

dent of system mass,102 and the yield scales with A~ .100 There is, however, some 

evidence of an approach to saturation in both the A-dependence of the yield 100 

and the Tbeam-dependence of the slopelOl.l02 at the lowest beam energies. 
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Coherent production 

Lastly, we note the evidence for fully coherent production of pions in collisions 

of light ions 103-108. These experiments, in analogy to the (p, 11") experiments 

discussed earlier (p. 12), measure pion production where the final state includes 

a product nucleus in the ground state or in a low-lying excited state. For example, 

Bimbot et al. observed the reaction 4HeeHe, 11"+ fLi,7Li* for the ground and first 

two excited states of 7Li. 

Aslanides et al. 103 and Bressani et al. 108 observed apparent coherent produc­

tion superimposed upon the exponential spectrum characteristic of incoherent 

binary production in the reaction 3He+ 6 Li -+ 11"- +X at 303 MeV/nucleon beam 

energy (Fig. 2.13). While this beam energy is actually slightly above threshold, 

the relevance of this work to the present study is that it is the only data which 

clearly shows the influence of both coherent and incoherent effects in the same 

reaction. 

2.3.4 Models (below threshold) 

Collision 

In the spirit· of the work of McMillan and Teller 20, Bertsch 89 proposed a 

"first-chance" model for subthreshold pion production with the aid of Fermi mo­

mentum, assuming that only the,first collision undergone by a nucleon would be 

sufficiently energetic to create a particle. Other collision calculations 36,91,94,109,110 

have used the same general ideas, although not always restricted to single col­

lisions. The success of such models at low energies is highly sensitive to the 

shape' of the Fermi distribution assumed, and especially to the high momentum 

tail of the distribution. While it has been shown that much of the data may 

be fit in this way, there are also some problems with this approach. In addition 

to the effective threshold of 54 MeV/nucleon calculated by Bertsch, reservations 
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Figure 2.13. Cross section, d2q I dpdfl, as a function of pion momentum for the reaction 
3He +6 Li -+ 1['- + X at 303 MeV Inucleon beam energy. Note the apparent coherent 
signal at slightly above 700 MeV Ie. (From Ref. 103.) . 
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have been expressed by Shyam and Knoll 111 regarding the reliance upon the high 

momentum components in the Fermi gas model. They calculated that a single 

collision model with a more realistic shell model prescription cannot reproduce 

the data. Most of the objections center on the region below 100 MeV/nucleon; 

collision models do better at the higher subthreshold energies 36, although the 

feasibility of a binary production mechanism for the highest momentum pions is 

still questionable 12,13. 

Statistical 

The statistical, "phase space" model (p. 27) has been extended to pion pro­

duction below threshold 112. Pion spectra are built up from an incoherent sum 

of the final state pions from all possible clusters of nucleons. The final states 

are once again determined according to the Fermi statistical model. In this way, 

the model is implicitly collective, although the nature of possible collective phe­

nomena is not addressed. Contact with the INC is made through the use of the 

cascade 113 to obtain the cross sections for cluster formation. Good agreement 

is found with the data above 60 MeV/nucleon, including that of Ref. 12 at 183 

MeV/nucleon. The latter finding is in contrast to the results with an earlier 

version of the model. This will be discussed further in Chapter 5. 

An alternative statistical model, proposed by Aichelin and Bertsch 114, calcu­

lates pion production in the form of evaporation of particles from a compound 

nucleus. The basic framework is that of the compound nucleus model of Weiss­

kopf1l5. This approach has much in common with the work of Fermi 35 and 

Bohrmann, Shyam and Knoll so,81,lll,1l2, in its assumptions of the applicabil­

ity of statistical methods to high energy processes and spectra determined by 

the available phase space. Further studies along these lines have been carried 

out by Aichelin 116, Prakash, Braun-Munzinger and Stachel 1l1 and Bonasera and 
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Bertsch 118. 

Other models 

In conclusion, we briefly mention other collective models which have been 

proposed, mainly to account for the data below 100 MeV/nucleon. 

Pion bremsstrahlung Vasak, Miiller, Greiner and collaborators 119-121 envi­

sion pions being radiated from a decelerating projectile nucleus in analogy with 

the radiation of photons from a decelerated electric charge. This model gives 

good agreement with some of the data below 100 MeV/nucleon. 

Weizsacker-Williams Hiller and Pirner 122 generalized this method to the nu­

dear case: the cloud of virtual pions surrounding the projectile scatters on the 

target, with some of the pions scattering to on-shell final states. This picture has 

been applied with some success to the coherent pions in the data of Ref. 103. 

Pionic fusion Klingenbeck, Dillig and Huber 123 point out that in the case 

coherent production from light ions (p. 34), the well-defined final states preclude 

a statistical or thermal interpretation. They suggest that the target and projectile 

undergo fusion, with the energy released in the form of a pion. 

Coherent isobar This model 124.125 proposes the coherent excitation of a Ll iso­

bar in a nucleus undergoing a peripheral collision, with subsequent de-excitation 

and pion emission. 



38 

3. Experimental Apparatus and Procedures 

3.1 The Accelerator 

This experiment used beams of heavy ions eONe and 139La) accelerated by 

the LBL Bevalac. The Bevalac facility is comprised of two accelerators, the 

SuperHILAC, a heavy ion linear accelerator, and the Bevatron, a weak-focusing 

synchrotron (Fig. 3.1). Ions are accelerated in the SuperHILAC to a maximum 

energy of 8.5 MeV/nucleon, then transferred to the Bevatron for acceleration 

to the full beam energy desired. A detailed description of the Bevalac and its 

experimental facilities may be found in Ref. 126. 

3.2 The Detector 

3.2.1 The Magnetic Spectrometer 

The particle detector used in this experiment was the magnetic spectrometer 

system installed at the end of beam line 30 (B30-2) in the Bevalac External 

Particle Beam (EPB) area. An earlier but similar version of it is described in 

Ref. 57, from which some of the specifications in this section are taken. Fig. 3.2 

shows the spectrometer as it was configured for our experiment. 

The spectrometer magnet is a "C" dipole of length=24" and width=13", with 

a 6" pole gap. (Detailed magnet specifications may be found in Ref. 126.) It can 

be rotated about a central pivot to measure particles emitted at different angles. 

For all of the pion running, the magnetic field was 3.13 kGauss (kG), measured 

at the center of the magnet. The field has been mapped previously, and an 

expression for the particle rigidity (momentum per unit charge) which assumes 

a constant field has been found to be accurate to within 2% over the entire 

acceptance of the spectrometer 51. The spectrometer acceptance is approximately 
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Figure 3.2. The B30-2 Spectrometer System. (From Ref. 127.) 

40 



41 

12 msr over most of the rigidity range. The acceptance, tracking and calibration 

will be discussed in detail later in the next chapter. The magnetic field current 

was monitored visually using a digital voltmeter in the counting shack, and was 

recorded at the beginning of each run. During most of the data taking the field 

remained constant to within 0.2%, except for a brief period when it varied by 

about 0.8%, which was not a large enough change to affect the data analysis. 

The magnetic field separates particles according to rigidity. The particle 

tracks were reconstructed from hits on six multi-wire proportional chambers 

(MWPC's or wire chambers), P1-P6. Plastic scintillators G1-G3 were used to 

obtain time-of-flight and energy loss information, and for triggering the system. 

Associated multiplicity for charged particles was given by a 110-element scin­

tillator array. During the 7l"+ running, a copper absorber of graduated thickness 

was inserted into the system and used to suppress triggers from protons arid light 

positive fragments. 

The specifications of the scintillators and wire chambers are given in App­

endix D. The absorber and multiplicity array were added specifically for this 

experiment, and are discussed in the following sections. 

3.2.2 The Multiplicity Arrayt 

The multiplicity array consists of 110 1/4"-thick plastic scintillator paddles 

arrayed in three rings centered around the beam axis. The array covered polar 

angles (measured from the target, with respect to the beam) between 10° and 

. 900
, over almost 27l" in azimuth. (There were gaps for a target rotation apparatus 

and viewing ports, and to allow for the passage of particles into the spectrome­

ter.) The individual rings subtended lab angles of 10°-25°,25°-44° and 44°-90°, 

respectively. Each paddle was connected via a lucite light guide to a Hamamatsu 

tThe multiplicity array is also described in Ref. 128, from which some of the specifications 
and figures in this section are taken. 
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R647-09 photomultiplier tube (phototube, or PMT). Each PMT signal was sent 

to a time-to-digital converter (TDC). The pulse heights were not recorded, and 

consequently the experimental multiplicity distributions do not discriminate be­

tween singly charged particles and fragments. Fig. 3.3 shows the general layout 

of the array. Detailed specifications are in Appendix D. 

Two of the salient considerations in the design of the multiplicity array were 

segmentation and overall size. Maximizing the number of elements was impor­

tant, in order to reduce the incidence of multiple hits. The size of the array 

was limited by the small distance between the beam and the detector: a larger 

radius for the cylinders in the array allowed for more elements, but also limited 

the polar angle through which the detector could be moved. The final design 

represented a compromise between these factors, with an additional constraint 

in the form of the size (1/2") of the PMT's. 

The emission of charged particles from the collision zone was simulated us­

ing the intranuclear cascade simulation computer code of Cugnon et al. (Ap­

pendix F), and the array was designed so that each element had a roughly equal 

probability of being hit, assuming azimuthally-symmetric particle emission. The 

rearmost (44°-90°) ring had about a 10% greater hit probability. The predicted 

frequency of multiple hits at our beam energies was found to be 20-25% for all 

elements, almost independent of multiplicity. This implies that in the cascade 

the emitted particles are correlated in configuration space; in a real collision, 

many of the correlated particles would be bound in clusters. 

Two factors acted to distort the multiplicity distributions produced by the 

array. The first, common to all run conditions, was the incidence of multiple 

hits. The second problem was that of pile up of signals in the TDC's, and was a 

factor only for the Ne+NaF running, for reasons which will be explained shortly. 

M uItiple hits. The constant 20-25% incidence of multiple hits predicted by the 
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Figure 3.3. The multiplicity array. 
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cascade leads to an underestimation of the associated multiplicity by an amount 

which increases with the multiplicity, as can be seen from (Fig. 3.4). The "true" 

cascade distribution (i.e. with multiple hits counted) exhibits the same steep 

fall-off at low multiplicity, but has a broader peak and a longer high multiplicity 

tail. (This behavior is independent of angle.) We decided not to try to correct 
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Figure 3.4. Associated multiplicity in the cascade for pion production in La+ La collisions 
at 246 MeV jnucleon, with (dashed line) and without (solid line) inclusion of multiple 
hits. The results are integrated over impact parameter from b=O to b=11.6 fm, and the 
distributions are normalized to have the same peak value. 

for this effect, for two reasons. First, the absence of clusters in the cascade makes 

it difficult to estimate the true magnitude of the effect in the data, although it 

is most likely smaller than predicted by the cascade. Second, as will be evident 

from the discussion of the multiplicity distributions in Chapter 5, the usefulness 

of the associated multiplicity is as an indicator of the relative centrality of the 
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collision; the most significant feature in the experimental distributions is the 

peaking at moderate to high multiplicities, and this is seen in the cascade even 

when multiple hits are included. 

Pile-up. While the associated multiplicity distributions in the experimental 

data for La+La collisions are consistent with the cascade predictions and with 

each other, This was not the case for the Ne+NaF distributions. They vary with 

angle, and in some cases the apparent multiplicity is much greater than the total 

charge of the Ne+NaF system (Fig. 3.5). The Ne+NaF associated multiplicities 

at 81ab = 42° and 67° are, in fact, spurious, and result from pile-up in the 

multiplicity array TDC's of counts from more than one event. This effect was a 

function of the interaction rate and the beam intensity, as follows. 
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Figure 3.5. Associated multiplicity distributions for 1r'- from 244 MeV/nucleon 
Ne+NaF interactions. The solid, dashed and dot-dashed lines correspond to data at 
(Jlab = 21°,42.5° and 67°, respectively. 
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The array was instrumented with LeCroy 4291 TDC's, which have a minimum 

full scale time of 512 ns ( (lns/channel)x(512 channels) ). The data acquisition 

software defined a hit in a multiplicity array element to be a TDC output between 

o and 512. This allowed the system to resolve events at a rate of 1/512 ns~ 2 X 106 

sec-I. The experimental·event rate is approximately equal to the product of the 

interaction probability, Pint, and the beam intensity, R, in particles per second. 

Assuming a geometrical interaction cross section (which is reasonable for a simple 

estimate of the total rate), then, 

Pint = (::t) p~x . a geom 

where ageom = 7r[ro(Atf:m + A:t:)]2 (ro = 1.12 fm). For a symmetric system, 

ageom = 47rr~A~. Thus, for La+La, with a target thicknes~ p~x = .408 gm/cm2 , 

Pint = 0.007. For Ne+NaF, p~x = .410 gm/cm2 and Pint = 0.014. The maximum 

intensity for 246 MeV/nucleon La was 3 X 107/spill,t with a spill length of about 

1 sec. This yields an interaction rate of (0.007)(3 x 107 ) ~ 2 X 105 sec-I, which 

was well within the resolution of the array TDC's. The ability of the array 

to handle at least this rate was confirmed during test running, by monitoring 

the number of hits per element per spill. This number was found to remain 

constant as the beam intensity was increased from 5 x 106 to 2 X 107
• For 244 

MeV /nucleon Ne, however, the maximum intensities were approximately 5, 1 and 

0.4 x 108 for B'ab = 67°,42.5° and 21 0, respectively. (The correlation with angle is 

accidental, and reflects the fact that the beam intensity was deteriorating during 

the Ne running and that the larger angles were run first.) The corresponding 

interaction rates were 7,1.4 and 0.6 x 106 sec-I. Only for 21° is the rate safely 

within the TDC resolution. For 42.5° it is marginal, and for 67° it is clearly too 

high. (One must also consider that the spill has a microstructure, and therefore 

the interaction rate may vary during a given spill.) This is consistent with the 

tThe uncertainty in the beam intensity is about 10%. 
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multiplicity distributions plotted in Fig. 3.5. 

This problem severely constrains the use of the multiplicity array with higher 

intensity beams. One way to alleviate it would be to apply a read-and-clear to 

the TDC at some specified time after the TDC start is received, the exact time 

to be determined according to the interaction rate and the velocity spectrum of 

charged participants. 

a-rays. Another factor which could act to distort the multiplicity distributions 

is the production of high energy knock-on electrons, or a-rays. The maximum 

energy which can be transferred to an electron is 129 

where mc2=0.511 MeV is the rest energy of the electron. For a 246 MeV/nucleon 

projectile, f3 ~ 0.61, and Emax f'V 0.6 MeV. Electrons of this energy will stop in 

about 0.2 gm/cm2 of Al (Ref. 15, p. 46), which is considerably less than the 

thickness of the beam pipe (0.446 gm/cm2
). By comparison, 800 MeV/nucleon 

i 

beams can produce a-rays with energies in excess of 4 MeV, which can pass 

through the beam pipe and be detected in the array. So while a-rays were not a 

problem in our experiment, it has been necessary to shield the array for operation 

at higher beam energies. 130 

3.2.3 The Absorber 

The absorber was located between P6 and G3, and was graduated in thick­

ness according to the range of energies of the particles to be stopped. It was 

constructed of eight copper plates of varying thickness, held in an aluminum 

frame which was raised out of the way for 7r- and light fragment (p, d, t, etc.) 

running. The use of the absorber is described in detail starting on p. 52. 
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3.2.4 Beam Pipe and Targets 

The beam line from the Bevatron to the spectrometer was enclosed in alu­

minum pipe, which was evacuated during the running. Removable beam wire 

chambers (BWC's) were used to monitor the beam position, and a fixed ion 

chamber measured the beam intensity. At the spectrometer, the beam pipe was 

terminated by a tapered aluminum vacuum chamber 0.165 cm (0.446 gm/cm2
) 

in thickness which enclosed the targets and also helped support the surrounding 

multiplicity array. The chamber was isolated from the rest of the beam line by a 

gate valve, allowing it to be pumped down separately, for quick target changing. 

To minimize scattering back into the spectrometer, the downstream end of the 

chamber was sealed with a 5 mil Kapton window, which had to be periodically 

changed due to radiation damage produced by the highly charged beam parti­

cles. The chamber also held two BWC's, a removable one upstream and one in 

an outside holder at the downstream end. These were used to monitor the beam 

profile in .the crucial region close to the target. 

The targets were held in a metal frame, which could be moved in and out of 

the beam by means of a rod extending outside the vacuum chamber. The targets 

could also be rotated in place, so that the beam would hit at an angle, but we 

did not make use of this feature. Access to the targets was through a port on the 

side of the chamber. The targets were 2" square, with thicknesses, .408 gm/cm2 

for La and .410 gm/cm2 for NaF. These thicknesses were a compromise, dictated 

by the desire to maximize the interaction rate while minimizing the uncertainty 

in beam energy due to dE/dx in the target material. 

3.2.5 Electronics and Data Acquisition Computing 

The electronics was a mixture ofNIM and CAMAC modules, with both NIM 

and ECL logic. All data to be stored were eventually sent to CAMAC crates, 
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which were read out through a Multi-Branch Driver (MBD) by a PDP 11/44. 

The data were then written to tape, and also made available for some limited on­

line analysis. The data acquisition software was based on the DATACQ system 

then in general use at the Bevalac, and the on-line analysis software was tailored 

to the B30-2 system. 131 On-line displays were generated using the "DISPLAY" 

graphics package. 132 

3.3 Experimental Techniques 

3.3.1 Run Preparations 

MWPC's and Scintillators. The wire chambers were first "conditioned", i.e 

the high voltage on each chamber was gradually raised towards a peak value 

near that used in previous running. (This was done slowly, to avoid arcing in the 

chamber.) In most cases, this was about 4000 vo~ts. Next, the chambers were 

"plateaued". This was done by measuring the response of each wire plane to a 

90Sr source as a percentage of counts in two counters of known characteristics 

placed on either side. The high voltage was raised until the wire chamber effi­

ciency reached a constant value (usually > 96%), independent of the applied high 

voltage. This was done for several different locations on the surface of the wire 

chamber. During the data taking we attempted to operate all of the MWPC's 

in the plateau region. Occasionally, some of the chambers experienced arcing, 

as evidenced by sudden drastic increases in the current in the MWPC power 

supplies. This forced us to lower the high voltage for varying periods, t with 

consequent decrease in the efficiency. (See Sec. 4.4.5.) 

The procedure for plateauing the scintillation counters was similar to that 

used for the wire chambers. In addition, the output of each scintillator element 

was checked for light-tightness and strong signal-to-noise ratio. 

tIn some cases this was correlated with running with high beam current at forward angles. 



50 

Multiplicity Array. Since the architecture of the array made it impractical to 

plateau each array element with an external source, we placed a small amount of 

207Bi on each array element. This source emits conversion electrons at 0.5 and 1 

Me V. The second of these peaks is minimum ionizing, and this was confirmed by 

using a multi-channel analyser to compare the source output with a cosmic ray 

spectrum. Each counter was plateaued both offline and after installation in the 

array. Due to its low activity (count rate ~ 60 Hz) the source did not present 

any .background problems. A computer-controlled high voltage system was used 

to set each counter voltage separately. Typical high voltage for an array element 

was 750-800 volts. 

The effect of the spectrometer magnetic field on the array was studied prior 

. to installation by monitoring the response of a single element in various locations 

near the array as the field was increased. As a result of these tests, it was decided 

that it was not necessary to shield the array from the magnetic field. 

3.3.2 Beams 

Intensity and Monitoring. Beam intensities were on the order of 107 for La 

and 108 for Ne. The intensity was monitored by an ion chamber (IC) placed in the 

beam line. The ion chamber provided a relative measure of the beam intensity, 

and had to be calibrated. For the 246 MeV/nucleon La running, this was done 

in two ways, by carbon activation 133 and by counting with a plastic scintillator. 

The latter method required that the beam intensity be reduced, in order to 

avoid saturating the scintillation counter. For the lower energy La beams, the IC 

calibrations were done using the scintillator only, and for Ne beams, calibrations 

were obtained from previous running. 134 For consistency, we used the scintillator 

results for La running. (The activation technique gave a 33% higher value.) The 

calibrations used are given in Table 3.1. As expected, the numbers for 2°Ne are 
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Beam Energy Beam ions/IC count 
(MeV /nucl) (±1O%) 

La 246 33000 
183 27000 
138 21000 

Ne 244 1.30 x 106 

800 1.86 X 106 

Table 3.1. Ion chamber calibrations 

higher than for the more highly ionizing 139La. 

Tuning. The beam was steered onto the target by bending and focusing mag­

nets, based on positioning information from the BWC's. The position of the 

beam at the target was determined using a phosphor-coated target viewed by a 

television camera, and also by inserting polaroid film in the beam at the exit of 

the beam pipe. The beam spot had a typical cross section of about 1 cmx1.cm. 

Energy Loss .. Table 3.2 gives the energy loss in different elements of the beam­

line and target. Incident beams lost energy mainly in electromagnetic interac-

Energy (Me V) ~E 

~ystem at extraction t at target at target at target in target 
entrance center exit (MeV) 

;La+La 265. 255. 246. 233. 22. 
207. 195. 183. 171. 24. 
165. 151. 138. 125. 26. 

Ne+NaF 250. 247. 244. 241. 6 .. 

Table 3.2. Beam energy loss in the target and in other material in the beamline. All 
energies are in MeV /nudeon. The greatest losses were in a scintillator at focus XF1, in 
the beam ion chamber and in the target. The calculations assume fully stripped ions.* 

tions with material in the beamline, principally in the target. The beam energies 

tThere is an approximately ±2% uncertainty in extraction energy, due to the uncertainty in 
the radius of the particle trajectory within the Bevatron. 135 

tLa ions are only partially stripped (+29) at extraction from the Bevalac; however they become 
fully or almost fully stripped (+57 or +56) after traversing .002 gm/cm2 of aluminum 136. The 
scintillator at XFl (at' the interface between the Bevatron and the EPB) is covered with .01 
gmt cm2 aluminum. 



\ 

52 

quoted in this paper are estimates of the energy at the target center. The total 

energy loss in the target provides a measure of the uncertainty in the quoted 

beam energies. 

3.3.3 Triggering and Data Acquisition 

Fig. 3.6 is a schematic of the trigger and data acquisition logic for pion run­

ning. The event trigger was defined by a coincidence of hits in the three scintilla­

tors: Gl·G2·G3. Acceptance of an event by the computer required the additional 

coincidence R· 8· B: computer running (R), beam spill on (8) and computer not 

busy (B). Given the small cross section for pion production below threshold, 

computer dead-time should not have been a problem. Nevertheless, for 7r- the 

data rate at the most forward angles was computer-limited. We attribute this 

to an increased background of very rigid protons (p. 58), which triggered the 

spectrometer even though they were bent in the wrong direction. The percent­

age of events accepted was about 70% for B'a.b :5 30°, and 98% for B'a.b ~ 40°. 

For positive pions, the dead-time problem was much more serious, and called for 

special handling. 

Positive Pion Running 

Enhancing the percentage of 7r+ triggers. When the spectrometer was set 

to measure positive particles (i.e. to bend positive charges into P4-P6 and G3), 

the large majority of the triggers were generated by "light positives": protons 

and light fragments. This presented problems for the 7r+ running in the form 

of increased background and depressed data rate. While the tracking, time­

of-flight and energy loss measurements were adequate for separating the pions 

from the light positives (Chapter 4), it was especially important to increase the 

7r+ signal relative to the background, since good pion events were lost while the 
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Figure 3.6. Trigger and data acquisition logic for pion running. 
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computer was busy processing non-pion tracks. We accomplished this by means 

of a combination of two passive detection techniques: we disabled three of the 

five elements of G2 to reduce the acceptance for the most rigid particles and we 

install,ed the copper absorber to range out the slowest of the less rigid particles. t 

The geometry of the spectrometer was such that the G2 elements closest to' 

the magnet yoke preferentially passed high-rigidity particles. This was so be­

cause G3 was displaced to the left of G2 (looking from the target through the 

magnet), and therefore a low-rigidity particle which passed through an inside G2 

element would bend out of the system before hitting G3. Thus, disabling the 

innermost elements tended to have a greater effect on protons, which generally 

have higher momenta-and therefore straighter trajectories-than on pions. Fur­

thermore, the protons which remained were relatively slow and could be stopped 

in a reasonable thickness of copper. Fig. 3.7 summarizes the situation. The ab-

sorber varied in thickness between 0.22 and 7.90 cm (1.97-70.8 gm/cm2). Note 

that pions and protons are well separated in range over the entire spectrometer 

acceptance. This system also effectively eliminated most of the light positives, 

which were generally more rigid and had a shorter range than protons. In any 

event, most of the unwanted triggers were found to be due to protons. 

Monte Carlo studies of the spectrometer acceptance showed that eliminating 

the innermost three elements (c,d,e) of G2 reduced the acceptance for 7("+ by 

about 50% over most of the momentum range (see Sec. 4.4.3); however this was 

more than recovered by the increased percentage of 7("+ triggers. Data taken for 

7("+ at 8,Gb = 60° from 246 MeV/nucleon La+La gave the following results for 

the ratio, Rtrig, of 7("+ triggers to all triggers: with all G2 elements active and the 

absorber ou.t, Rtrig = .002(±20%). With G2, a and b only, and the absorber in, 

Rtrig = .103(±5%), about a factor of 50 (±20%) improvement. The effectiveness 

tWe originally considered using a plastic Cerenkov counter to identify pions, but the passive 
system proved to be simpler, as well as easier to construct. 

., 
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Figure 3.7. Momentum and range in copper for protons and pions accepted in the 
spectrometer (for B=3.13 kG), as a function of G2 element for the- three outermost G2 
elements (a, b and c). The left ordinate is particle range in gm/cm2 of copper, the 
right ordinates are pion and proton momenta. The abscissa is hit position at G3. The 
absorber thicknesses (in gm/cm2), including the uniform absorption in the spectrometer 
before the absorber, are superimposed. (This plot was prepared for this experiment by 
G. Landaud.) 



56 

of this system is illustrated by Fig. 3.8.. This can be seen in another way 

-8 -4 0 4 8 l:l 16 :10 H :18 

~t (ns) 

Figure 3.8. Number of 11"+ vs. non-pion triggers with (dashed histogram) and without 
(solid histogram) 11"+ trigger enhancement, as implemented by removing G2 c,d,e from 
the trigger and moving in the copper absorber. In this plot, particles are identified 
by time-of-flight relative to the expected time-of-flight of a pion with the measured 
momentum. Thus the pions have D..t ~ o± ,..., 2 ns. (See Chapter 4.) The data are 
for 246 MeV/nucleon 139La +139 La -+ 11"+ + X at (Jlab = 60°. The ratio of events 
accepted/event triggers was 11701/12630 with trigger enhancement vs. 23729/45456 
without. The scale is the same for both histograms. 

by looking at the computer live-time, as measured by the percentage of triggers 

accepted by the computer, for different run conditions. For 7("+ at Blab = 60° from 

246 MeV/nucleon La+La collisions, this was about 50% without the absorber vs. 

70% with it. With the absorber in and G2 a and b only, the percentage of triggers 

accepted increased to 93%. This, despite the fact that the absorber-in runs had 

almost twice the beam intensity. 

The effect, of the absorber on pions as a function of pion momentum was 

determined by taking 7("- spectra with and without the absorber. As expected, 

it was negligible at . all but the highest pion momenta (Sec. 4.4.4). 

, Fig. 3.9 shows the original positions of the absorber plates, relative to the 

• 
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Figure 3.9. Schematic of the absorber, showing positions (in the spectrometer coordinate 
system) and thicknesses of the copper plates. It is shown as configured at the beginning 
of the data taking. 
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magnet, P6 and G3. The performance of this system was studied before the start 

of data-taking for 7r+ , and it was found' to be close to the design specifications. 

After completion of about one third of the pion running, analysis of the ratio of 

'7r+ to non-pion triggers indicated that the performance could be improved by a ' 

small adjustment, and the positions of some of the plates were shifted as follows: 

#1 (nearest the magnet) (thickness = 19.1 mm) : -2 em. 

#2 (19.1 mm) : -3 em 

#3 (19.1 mm) : <-4 cm 

#4 (10.3 mm) : -2 cm 

Other run conditions 

'Fast' trigger vs. 'slow' trigger. In an attempt to further reduce the trigger 

rate for non-pions, we adjusted the relative timing of the signals from the three 

scintillators to eliminate the slowest particles. This did eliminate some of the 

, very slow particles, but the primary result was to pile up most of the non-pions 

at the same apparent time-of-flight (t.o.f.). t As this turned out to be well outside 

the t.o.f. cuts for pions (see Chapter 4), it did not effect the results. 

'Straight-throughs'. These were very rigid positive particles which managed 

to trigger the spectrometer even when it was set to measure negative particles. 

To reduce this source of background, we inserted lead bricks into the pole gap, , 

on the edge away from the magnet yoke. This reduced the maximum x-value 

from +17 cm to +10 cm (see Appendix D), but it was determined to have no 

effect on the acceptance for pions. 

tThis came about as a result of inadvertently using the signal from G3 as both a start and a 
stop signal, which resulted in an apparent t.o.f. equal to the delay between the G3 signal input 
to the trigger and the G3 TOe stop signal. 
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Run Summary 

The data were taken over two weekends and several nights during a two week 

period in March 1985. (Some preliminary test runs had taken place the previous 

October.) Total beam time was approximately 170 hours. The beam time used 

to acquire data for the experimental pion cross sections was approximately 67.5 

hours. An additional 22 hours was used to take data for protons and light 

fragments. The remaining time was taken up by beam tuning, detector tests and 

adjustments, calibration runs (see Chapter 4), target-out and zero-field runs and 

miscellaneous accelerator downtime. The run times and number of pions taken 

at each setting are tabulated in Appendix C. 

Target-out runs. These were made at each spectrometer setting to determine 

the background due to beam interactions with material other than the target. 

Zero-field runs. Two runs were made with the magnetic field off, in order to de­

termine the precision and accuracy of the spectrometer tracking. (See Chapter 4 

for a discussion of how the target-out and zero-field runs were used.) 
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4. Analysis 

This chapter covers the procedures for converting raw data into pion spectra, 

i.e. cross sections plotted as a function of pion momentum or kinetic energy. 

The first step was to convert the data stored during the run-ADCt and TDC 

outputs, wire numbers, etc.-to hit ·patterns on the MWPC's, scintillators and 

the multiplicity array. This information was then used for track reconstruction, 

computation of momentum, mass and charge, and particle identification, and 

finally, computation of the pion cross sections. There were a number of inter­

mediate steps, including calibration of the ADC's and TDC's and correcting for 

energy loss, absorption and particle decay in the spectrometer. The results also 

had to be corrected for the efficiencies of the different detectors, and for the 

spectrometer acceptance. 

4.1 Track Reconstruction and Determination of p/Z 

Track reconstruction was done using information from the MWPC;s. The 

general reconstruction algorithm was to find hit patterns which met the following 

criteria: 

• in the x-z (bending) plane, straight line trajectories before and after the 

magnet had to be connectable by a circular arc within the magnet. 

• in the y-z plane, a straight line trajectory before the magnet had to be con­

sistent with hits on wire plane P4Y and scintillator G3, after the magnet. 

• the hits on the x and y wire planes had to be consistent with hits on the 

two (45°) angled planes P2U and P4U. 

t ADC == analog-to-digital converter. 
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• the x coordinate of the interaction vertex computed based on the recon­

structed tracks had to be within ±3 cm of the target center. This cut was 

chosen based upon analysis of the data which showed that the reconstructed 

vertex distribution was consistently gaussian, centered within ±1 cm of the 

center of the target and with (7 .~ 1 - 2 cm. Within this range, there was 

no correlation between the reconstructed vertex position and quality of the 

track. 

This procedure required hits on at least nine of the twelve wire planes, in­

cluding P2U, P4U and P4Y, and two out of three from P1X-P3X, P4X-P6X 

and P1Y-P3Y. The rationale for this was as follows: Despite the fact that the 

MWPC's were plateaued with minimum ionizing particles, between 30% and 

50% of the reconstructed tracks had hits on fewer than twelve planes. This was 

due to the fact that the chambers were not 100% efficient, and also because it 

was not always possible to run all the chambers in their plateau regions. (See 

p. 49.) Particle distributions taken with fewer than twelve wire planes hit were 

compared to those taken when hits on all planes were required, and were found 

to be the same in every respect. Based on this, we concluded that the difference 

between them was due mainly to inefficiencies in the MWPC's. It was there­

fore decided to reconstruct tracks under the more relaxed criterion of nine wire 

planes (including certain required ones) hit, on the grounds that it made more 

sense to include real tracks directly than to eliminate them in the reconstruction 

and then add them back in when normalizing to the wire chamber efficiencies. 

The MWPC efficiency calculation is discussed in Sec. 4.4.5, below. 

03 was made up of six horizontal elements, G3-1·· ·G3-6, numbered from top 

to bottom. The criterion for a good hit on G3 was defined to be a hit on the 

element extrapolat~d from P1Y-P4Y, or on the neighboring element on the side 

nearest the predicted y-intercept. For example, if the extrapolated y-intercept 
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was in the lower half of G3-2, then the reconstruction code demanded a hit in 

either G3-2 or G3-3. 

Fig. 4.1' is a" schematic of the elements of the tracking system, taken from 

the on-line display of a real pion..:producing event. In this case there was exactly 

one hit on each detector, but the reconstruction programs also had to handle the 

cases where there were multiple hits and/or missed planes. In the case of multiple 

hits, the average maximum number of hits on any wire plane was between 1 and 2 

at B'ab = 67° and about 3 at B'ab = 21°, almost independent of magnet polarity. 

This is somewhat surprising, since one might expect substantially more hits for 

positive than for negative polarity, especially at forward angles. One possible 

explanation is that many of the multiple hits for negative polarity were from 

very rigid positive particles. In any event, the reconstruction code was designed 

to handle up to three tracks, and the final particle distributions were found to 

be independent of the number of tracks per event. 

For each reconstructed track, the rigidity, p/Z, was computed from the radius 

of curvature of the trajectory in the magnetic field. This was obtained from the 

expreSSIOn 

p/Z = . 21.1· ~eJ/ (MeV /c) 
(smBin + smBout ) 

(4.1) 

where Belh the effective magnetic field in kG, takes into account the slightly 

non-uniform character of the magnetic field. When B = 3.13 kG at the center 

of the pole gap, BeJ/ = 3.24 kG57. Eq. 4.1 is derived from the relation between 

momentum, charge, radius of curvature and magnetic induction, B, using an 

effective magnetic field length, 1, of 70.4 cm, including the fringe field. (The 

derivation is given in Appendix E.) The results were also corrected for the fact 

that most tr~ks were not confined to the plane normal to the magnetic field. 

The momentum resolution for pions was 6-8%, which was of the same order as 

the uncertainty due to multiple Coulomb scattering. 

.. 
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The output of the reconstruction program included the rigidity and a X2 for 

up to three candidate tracks, along with some additional information which was 

used to calculate reconstruction and wire chamber efficiencies. (See Sec. 4.4.) 

The X2 was computed for the fit to a circular arc in the magnet. t 

4.2 Particle Identification: Mass and Charge 

After calculating the rigidity, the next step was to use time-of-flight and 

energy loss information to identify the particle which made the track. The t.o.f . . 
from the G3 TDC's was used to calculate the particle's velocity which, combined 

with its rigidity, gives the mass per unit charge. The energy loss information 

(from pulse height in the G3 ADC's) was then used to calculate the charge, thus 

uniquely identifying the particle. 

4.2.1 Time-of-flight 

TDC calibrations and calculation of the mass. Fig. 4.2 shows scatter­

plots of t.o.f. vs. bend angle for positive and negative particles produced in 800 

MeV /nucleon Ne+NaF collisions. Since the bend angle is closely related to the 

rigidity, and the t.o.f. is proportional to the velocity, plotting the raw data in 

this way effectively separates particles according to their mass per unit charge, 

and it is clear from the figure that it is possible to identify pions relative to other 

particles. We wanted a more quantitative measure, however, and this required 

a knowledge of the TDC offset. This was obtained by selecting particles from 

the pion band, calculating the expected t.o.f. for a pion with the momentum 

and flight path calculated by the reconstruction program, and setting the TDC 

offset so as to give that value. This was done for each of the G3 TDC's. The 

tThe version of the reconstruction code used for highly ionizing particles demands hits in 
all wire chambers, and computes a combined X2 for goodness of fit to straight lines before and 
after the magnet, and to a circular arc within the field. Since the relaxed criteria used for pions 
required hits on only two x-planes on each side of the magnet, the straight line X2 could bias the 
total X2 to artificially low values and had to be disabled. 



65 

process was repeated for a number of runs, and it was determined that a single 

calibration would work for the entire data set. 

Fig. 4.3 shows a mass spectrum produced in this way. The relative positions 

of the 1\'"+ , proton and d, a peaks show that it was reasonable to assume that the 

pion band in the scatterplot did, in fact, contain pions. 

a(= t.o.f.(measured) - t.o.f.(pion)). In practice, we chose not to select 

pions according to mass, for the following reason. Many pions had f3 close to 

1, and for a significant number of these particles the uncertainty in the t.oJ. 

resulted in an apparent f3 > 1, rendering the mass calculation meaningless. These 

particles were arbitrarily assigned m = 0 in Fig. 4.3. What we did instead was 

to calculate the expected t.oJ. as if the candidate particle were a pion, and 

subtract that from the actual t.o.f. (including TDC offset). 137 The resulting 'l:1t' 

distribution is a gaussian centered at about zero, with a finite width, due to the 

uncertainty in the measured t.oJ .. This is equivalent to calculating the mass, 

but eliminates the problem of 'f3 > l' particles. It is effectively the same as 

transforming the pion bands in Fig. 4.2 into distributions centered about their 

midlines. Fig. 4.4 is the l:1t distribution for the particles in Fig. 4.2a. Note that 

the non-pions comprise an apparently uncorre1ated background, which is actually 

a superposition of separate peaks for protons of different momenta: the higher 

the momentum, the greater the value of ~t.t 

4.2.2 Energy Loss 

ADC calibrations and calculation of the charge. The G3 ADe's were 

calibrated by calculating the energy loss per channel for particles with m/Z = 1 

(i.e. Z = 1). This was done by correlating the average number of ADC channels 

(after subtraction of the pedestal) corresponding to a given f3 with the energy 

tThere is also a truly uncorrelated component, as will be discussed below (p. 71). 
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loss in G3 for a Z = 1 particle of that velocity. * Each of the six double-ended 

G3 scintillators was treated separately. Once again, a number of different runs 

were studied, and it was found that a single calibration was sufficient. With this 

calibration it was possible to invert the process to obtain the charge of a particle 

from the number of ADC channels. 

The charge calculated in this way had a large uncertainty, since the variation 

in dE/dx as the particle slowed down was not taken into account. This was a 

particular problem for highly ionizing particles, which could mimic an incorrectly 

high charge by depositing.more energy than expected for the incident velocity. 

This, along with Landau fluctuations, tended to broaden the distributions. On 

the other hand, the average calculated charge for particles with m/Z = 2 was 

about 1 for deuterons, but only 1.6 for a's, many of which apparently stopped 

in the scintillator, and thus registered an energy loss corresponding to a smaller 

charge. 

t All of our calculations of energy 1088 due to interactions with atomic electrons were done. 
using the Bethe-Bloch equation. 
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For identification of pions (and protons), these problems were academic, since 

their unique values of mlZ made the charge identification redundant. In these 

cases the charge calculation was done primarily as a consistency check. 

4.3 Selecting Pions 

At this point in the analysis, each candidate had been assigned values for plZ, 

mlZ, ~t, Z and X2 • The sensitivity of distributions in each of these variables to 

the others was studied, and it was decided to select pions based almost exclusively 

on the ~t distribution, for the following reasons. As discussed above, the charge 

cut was redundant for pions; furthermore, cutting on high Z entailed a risk of 

eliminating good pions in the Landau tail. ~t and m I Z incorporated the same 

experimental observables, but the former was better adapted to handling the 

inherent measurement uncertainties. The X2 cut turned out to less restrictive 

than the ~t cut. The only other cut which was applied on rigidity between 

100 and 600 MeV Icl Z. The high-rigidity cut was used to eliminate some fast 

background particles which contaminated the ~t distributions for 71'+ , while the 

low cut was used to eliminate particles at the edge of the spectrometer acceptance. 

Studies on the 71'- spectra, where the background was much smaller, showed that 

this cut removed few, if any, pions. 

4.4 Corrections to the Raw Pion Distribution 

The ra.w pion yield represented the number of pions observed in the spectrom­

eter. Turning this number into a. cross section required corrections for a number 

of factors relating to the spectrometer geometry and how particles were trans­

ported through it. In addition, identification of the pion signal was complicated 

by the background, which varied from essentially non-existent (246 MeV I nucleon, 

71'- at thab = 67°) to dominant (246 Mey Inucleon, 71'+ at B'ab = 21°), as can be 
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seen in Fig. 4.5. 

4.4.1 Background subtraction 

Understanding the background 

In principle, the .6..t cut (or alternatively, the mass cut) should have had 

sufficient resolution to distinguish pions from protons, but in practice, in the most 

severe cases, cutting only on .6..t would clearly have allowed many non-pions to 

be included. It was therefore necessary to do a separate background subtraction, 

and since simply fitting to the tail of the inclusive background and subtracting 

does not take the momentum dependence into account, the background had to 

be studied in more detail. t 

For positive magnet polarity, the .6..t distribution consisted of three compo-

nents: 

• a pion peak, which was approximately gaussian, centered at about .6..t = o. 

• a proton background, composed of a superposition of gaussian distributions 

for different lab momenta, centered about .6..t equal to the difference in t.o.f. 

between pions and protons with a given momentum. 

• an incoherent background, not correlated with a particular mass or charge. 

Fig. 4.6 illustrates the relative strengths of the 71"+, proton and incoherent back­

ground signals for positive particles at forward angles as a function of Plab. The 

domination of the positive signal by non-pions is graphically illustrated by the 

figure. Note that for Plab ~ 100-200 MeV Ie, the proton peak is off the scale to 

the right (.6..t > 20ns). Note also that the pion peak becomes progressively more 

prominent with decreasing Plab, as expected. From the figure, it is clear that 

tWe henceforth limit the discussion to protons, which were found to dominate both the co­
herent and incoherent background at the pion momenta measured in this experiment. 
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the incoherent signal is the primary source of background over most of the pion 

momentum range. 

The incoherent background was most prominent at forward angles, and was 

also present-although much weaker-in the negative particle distributions. The 

systematics of the background suggested that it was random in origin, but the 

reconstruction algorithm should have eliminated truly random tracks.· The ex­

planation seems to be that the background consisted of 'particles' for which the 

rigidity and t.oJ. information were uncorrelated. This could have happened if 

the wire chambers were triggered by one particle, while the TDC stop signal 

. came from a different one, correlated only in position, giving an apparently con­

sistent hit position on G3. This combination of events is consistent with the 

prominence of the background at forward angles and positive polarity-where 

the general background is greater-and also with the fact that the resolution of 

the G3 scintillator is much coarser than that of the wire chambers. We checked 

this scenario by constructing a Llt distribution by randomly matching the Pillb 

from one set of good tracks with the t.o.f. from a different sample. The resulting 

distribution was consistent with the background observed experimentally. 

Understanding the incoherent signal made it possible to devise a background 

subtraction scheme with the correct momentum dependence. In particular, we 

know that this part of the background was composed of protons with velocities 

comparable to those of pions, and that the yield of fast protons falls roughly 

exponentially with decreasing time-of-flight. 

Generating the corrected pion momentum spectrum 

The next step was to tabulate the number of pions as a function of momentum, 

subtracting background counts where necessary. The procedure for this varied 

according to the severity of the background. Figs. 4.7 and 4.8 summarize the 
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process for the zero background and high background cases, respectively. In all 

cases, the ~t distribution around ~t ~ 0 was fit by a gaussian distribution. 

Pions were selected by a cut of width ±20'~t. Where there was no background, 

this was the end of the process. 
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Figure 4.7. Generating a raw pion distribution where no background subtraction is 
required 

Where it was necessary to do a background subtraction, the procedure was 

as follows: 

For each bin, 

• fit an exponential to the tail of the background which overlaps the pion 

peak and integrate to get the number of background counts. 

• subtract the background from the original value. 

• fit the corrected distribution with a gaussian, and apply a new 20' ~t cut. 
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The last step was necessary in the cases where the background was large enough 

to artificially broaden the uncorrected !:it distribution. The process is illustrated 

in Fig. 4.8a-f. 

Some cases required special handling. Where the pion signal was too small 

to get a reasonable !:it fit, we used a fit to the inclusive distribution; where the 

overall statistics were too poor to fit the background, the subtraction was done 

by hand. 

4.4.2 Energy Loss and Interactions in the Detector 

The emitted particles were subject to -interactions in the target, beam pipe 

and spectrometer. Positive particles could also interact with the absorber, and 

this case will be treated separately (Sec. 4.4.4). The interactions could be elec­

tromagnetic or nuclear, elastic or inelastic. Particles could be removed from the 

beam by absorption, charge exchange or stopping; their trajectories could be 

distorted, or they could be scattered out of the spectrometer. Besides the copper 

absorber, the greatest thicknesses (in gm/cm2) of material traversed were the La 

target, the Al beam pipe and the plastic scintillators (mainly carbon). In each 

case, the amount of material traversed was a function of pion angle. 

Rutherford scattering. The probability for single elastic Coulomb scatter­

ing through large angles is proportional to Z2 / A; consequently it was greatest 

for the 139La target, at large lab angles. The probability for a pion to scatter 

through a large enough angle to be knocked out of the spectrometer was found 

to be 1% for this case, and was typically much smaller. 

Multiple Coulomb scattering. The calculated deflection was less than 1° 

in all cases. 

Nuclear interactions The effects of elastic and inelastic nuclear interac­

tions were estimated from the data of Nakai et al. 138 and Ashery et al. 139. The 
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Figure 4.8. Background subtraction for a single bin (T{.m. = 100 - 120 MeV) for 1r- at 
9c.m • = 30° from 246 MeV/nucleon La+La collisions. (a) Raw t1t distribution. (b) Cut 
on Plab > 600 MeV / c to make the pion peak more clear. (c) Select on 100 < T{.m. < 120 
MeV. (d) Fit a gaussian to the 1r- peak and cut on 20' dt.( e) Fit an exponential to 
the background near the 1r- peak in (c), and integrate under it to get the number of 
background counts. (f) Subtract the background from (d), and fit a gaussian to the 
resulting distribution. 
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cross section for elastic nuclear interactions is highly forward peaked, and there­

fore does not greatly affect the pion trajectories. For inelastic interactions, we 

estimated pion losses due to true absorption, charge exchange and inelastic col­

lisions. In the worst case, for 165 MeV 7r- in scintillator, the loss was at most 

3%. 

Inelastic Coulomb Interactions 

Since the pion energy is determined by bend angle in the magnet, only those 

energy losses which occur before the magnet can affect the spectrum. Total 

energy loss for pions in the target, beam pipe, G1 and G2 scintillators, MWPC's 

P1-P3 and air before the magnet is never more than 8 MeV, and usually between 

3 and 4 MeV. The energy loss for each pion was calculated and each particle's 

energy was individually corrected. (Pions in the energy range of interest did not 

stop in the spectrometer.) 

4.4.3 Spectrometer Acceptance 

The solid angle acceptance of the spectrometer as a function of lab momentum 

was determined by Monte Carlo methods. The maximum possible phase space 

accessible to the spectrometer was divided into cells in momentum and angle. For 

each cell, a large number of particles was generated with simulated momenta and 

angles uniformly distributed over the cell. The vertex was chosen according to 

a gaussian distribution centered at the target center. The particles were tracked 

through the system, and the positions at each detector plane were calculated. 

In order for a particle to be accepted it had to hit each plane. The solid angle 

acceptance, ~n, at a given momentum for each cell was defined to be the product 

of the solid angle and the ratio of particles accepted to particles thrown. This 

was summed over all cells to give the spectrometer acceptance. The acceptance 
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was also corrected for pion decay and (for 7r+ running only) for the removal of 

three of the five elements of G2. 

Pion Decay. According to the Monte Carlo simulation, approximately 15% 

ofthe pions decay (by the reaction 7r -+ J.Lv) somewhere in the spectrometer, with 

the higher momentum pions having a somewhat greater likelihood of passing 

through all the detector planes before decaying. In order to determine if a track 

made by a pion and daughter muon would be accepted, the acceptance code 

used the same track reconstruction criteria as were applied to the experimental 

data. Most of the muons were eliminated at this point. About 5% of the muons 

were accepted and successfully reconstructed; these comprised about 3% of the 

total accepted particles. Most of these either came from decays after P6 or were 

emitted at 00 or 1800 in the pion rest frame. Of this number, only those which 

originated before the magnet presented a problem in the form of incorrectly 

calculated momentum, since pions which decayed after the magnet ~ere already 

momentum-analysed. Due to the steep momentum dependence of the pion cross 

section, the momentum dependence of the muons could still be important, but 

this turned out not to be the case, for the following reason: 

It can be shown from the pion decay kinematics that the 00 and 1800 decay 

muons have lab momenta approximately ±50 MeV I c relative to the parent pion, 

over the momentum range of interest. The measured pion yield varies by about 

a factor of 2 to 4 over 50 MeV Ic (Fig. 4.9). Folding this together with the small 

percentage of muons which are accepted, we found that the decay muons did not 

feed the pion distribution at higher or lower momenta to a significant extent. 

For the case of lower momentum muons feeding the higher momentum bins, the 

effect is about 2%, and the high-to-Iow momentum effect is negligible, due to the 

steeply-falling cross section. 

G2 correction. This consisted simply of recalculating the acceptance with 
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G2 c, d and e disabled. 

Fig. 4.10 summarizes the results of the acceptance calculations. The correc­

tion was applied bin-by-bin, and the statistical uncertai~ties in the acceptance 

histograms are incorporated in the calculation of the total error in each bin of 

the cross section. The results are consistent with those of Ref. 57 for essentially 

for the same spectrometer system. 

4.4.4 Absorber 

The absorber was designed to range out non-pions via ionization energy loss, 

and it was expected that a small percentage of slow pions would be stopped, as 

well (Fig. 3.7, p. 55). ,The number of pions lost in this way was calculated during 

the design process. Rutherford s~attering in the absorber removes some pions 

by deflection into the wrong G3 element. This was estimated to be at most a 

3% effect, and was corrected for by the reconstruction efficiency which measured 

the number of otherwise good tracks which failed to hit the correct G3 element 

(Sec. 4.4.5). 

Pions could also be lost through nuclear interactions leading to scattering, 

charge exchange and absorption, and the magnitude of these effects was calcu­

lated from experimental data on pion absorption 138,139, as follows. 

Ashery et al. 139 determined that pion elastic scattering is very sharply for­

ward peaked, falling by two orders of magnitude between 0° and 30°. Inelastic 

scatterings are generally through large angles. The inelastic and true absorption 

cross sections are of comparable magnitude, and together exhaust about 80% of 

the total cross section. Due to the closeness of the absorber to G3, relatively 

large scatterings (up to about 40°) were acceptable, and therefore we neglected 

the effects of elastic scattering. The cross section for charge exchange is about 

15-20% that for absorption, and was also neglected. 
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These data were for 7r± incident on a range of nuclei from 7Li to 209Bi, but not 

including Cu. To get the correction factors for the absorber, we combined the 

information from Ashery et al. 139 on angular dependence and relative magnitudes 

with the true absorption cross sections for charged pions on Cu measured by 

Nakai et al. 138. 

The algorithm for computing the correction was: 

• For each momentum bin, use the acceptance Monte Carlo to determine the 

relative number of particles traversing a given thickness of absorber. 

• Calculate the number of particles stopped due to Coulomb losses. 

• Making use of the finding in Ref. 139 that the inelastic and true absorption 

cross sections are approximately equal, estimate the losses due to nuclear 

absorption and inelastic scattering, by doubling the true absorption cross 

sections from Ref. 138. 

• Take a weighted average over the width of the absorber to obtain the av­

erage fraction of pions lost at this momentum. 

• Repeat for the next momentum bin, etc. 

The results for 7r+ and 7r- are shown in Fig. 4.1l. 

A more direct way of measuring the effect of the absorber was to take 7r- data 

with and without the absorber. This is illustrated in Fig. 4.12. The results are 

consistent with the calculation. Note that the experimental uncertainties in the 

data are too large to allow us to extract correction factors directly. 

Lastly, the shift in position of some of the absorber plates during the data­

taking was taken into account by recalculating the absorber correction with the 

new position information and. applying the updated correction factor to data 

taken after the absorber was moved. (See Fig. 3.9 and the accompanying discus­

sion.) 
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Figure 4.11. Correction factor for pions lost in the copper absorber, plotted as a function 
of pion laboratory momentum in Me V / C. 
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4.4.5 Efficiencies 

MWPC efficiency. Although the wire chamber efficiencies were measured 

directly at the start of data taking, their performance during the run did not 

always match those figures (p. 49). It was therefore necessary to have a measure 

of the efficiencies for real data. This was computed by looking at single tracks, 

i.e. those with no more than one hit on any plane. The efficiency was defined to 

be: 

number of reconstructed single tracks 
number of single tracks, 2:: 9 hits 

where a reconstructed track was one which met the criteria regarding wire cham-

ber hits, outlined in Sec. 4.1, above. 

This gave a momentum-averaged result for single tracks and was also used 

for tracks with more than one hit per plane. Studies with experimental data 

showed that the momentum-averaging and extension of the single track results 

to multiple hits were reasonable .assumptions. The above procedure was not 

a good measure of any correlated inefficiencies, such as undetected minimum . 
ionizing particles or sagging of the chambers when there was a large nU,mber 

of hits. The former problem was minimized by plateauing the chambers with 

minimum ionizing particles, while in the latter case, the particle distributions in 

multiple hit events :were consisteIit with those from single track events. 

G3 efficiency. This was defined to be the number of tracks which passed all 

of the reconstruction criteria (MWPC's and G3) divided by those which passed 

only the MWPC part. 

Both efficiencies tended to fall with decreasing lab angle, and were found to be 

smaller for positive than for negative pions. They ranged from greater than 90% 

for 7r- at large angles to around 70% for 7r+ at forward angles. This indicates a 

correlation with overall particle multiplicity, as might be expected. 
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G3-l failure. During the analysis it was confirmed that G3-1 had failed 

during the 183 MeV/nucleon La+La running. By studying the results of the 

runs immediately preceding the failure, it was determined that there was no 

correlation between momentum or t.oJ. and G3 element, and so we could make 

a correction by simply multiplying the G3 efficiency by a factor 

1 _ n(G3-1) 
total 

where [n(G3-1)/total] is the percentage of good tracks which included a hit on 

G3-1, as determined from the preceding runs. 

Computer live time. This was the percentage of event triggers accepted 

by the computer. It was correlated mainly with angle, due to the higher trigger 

rate at forward angles, and ranged from near 100% at B'ab = 670 to 'around 60% 

at B'ab = 21 0
, independent of pion charge. 

4.5 Computing the Pion Cross Sections 

The cross section was computed at each momentum according to the formula 

ff2 (j = N. 1 . 1 . Atgt . 1 . 1 . _1_ 
dpdn 11" ~p~n NbelmllJ Nopl eff.(MWPC) eff.(G3) %live 

where, 

N 11" is the number of pions obtained in this bin, corrected for background, if 

any, 

~p is the bin width in Plab, 

Atgt/Nopl is the normalization to the target thickness 

and 

NbelmllJ=( #IC counts )·(beam particles/IC count) is the normalization to the 

beam intensity. The other factors have been discussed above and in Chapter 3. 

For 7r+, the absorber correction was also factored in at this point. 
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The first pass through the data produced an invariant lab cross section, 

(Elp2)cPuldpdn with uniform bin width, ~p, = 5 MeV Ic. The results of this 

pass were used to determine the bin width for the final laboratory cross section. 
" 

The background subtraction was also done, bin by bin, at this point, and the 

final bin widths reflect the statistics after subtraction. A bin width of 20 MeV / c 

was found to be reasonable for most of the data. (Smaller bins led to bin-to-bin 

fluctuations of the same order as the statistical uncertainties, while larger bins 

tended to wash out structure in the cross sections.) Wider bins were used on the 

tails of the distributions, with the object of having no fewer than five counts per 

bin. 

For each new bin, we computed a bin-weighted average lab momentum, which 

was the value used for plotting and tabulating the lab cross sections. The invari-

ant lab cross section was converted to an invariant center of mass cross section 

vs. pion c.m. kinetic energy by transforming the limits of each bin from Plab 

to Tc.m .• This was straightforward, since there is an almost one-to-one corre-

spondence between lab and c.m. angles for the beam energies in this experiment 

(Fig. 4.13). Finally, the variant c.m. cross section was obtained from the relation 

Uvar = ~Uinv' where E is the total pion energy in the c.m .. 

The range in 8c•m . was taken to be about ±3°. This was large enough to cover 

a reasonable range in pion energy, without washing out any angle dependence. 

Specifying a range in c.m. angle was equivalent to limiting the range of accepted 

c.m. energies. 

In two cases (both at 246 MeV Inucleon) there are two lab angles covering a 

given c.m. angle (8'ab = 62.5° and 67° for 8c.m • = 90° and 8'ab = 40° and 42.5° 

for 8c.m . = 60°). Here, we chose the lab angle which corresponded most closely to 

the appropriate c.m. angle for a given momentum. The values of the lab cross 

sections in the overlap region were equal, within uncertainty. 

." 
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Figure 4.13. Correspondence between lab and c.m. angles for pions from a symmetric 
system at 246 MeV/nucleon. 

Target-Out Runs 

At each setting, we took data with the target out, in order to measure the 

contribution to the pion spectrum from sources other than target interactions. 

This background was negligible in every case. For example, for the worst case, 

which was for 246 MeV/nucleon at 8'IIb = 21° and positive polarity, 4.4 x 108 

La ions produced 415 triggers, of which 23 were successfully reconstructed. Of 

these, none were pions. The corresponding numbers for a run with the target in 

were 1.7 x 109 ions, 9.4 x 104 triggers accepted, 3.1 X 104 reconstructed tracks 

and approximately 30 pions. 
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4.5.1 Uncertainties 

The error bars on the cross sections reflect the uncertainties in the acceptance, 

the MWPC efficiencies, the background subtraction and the number of counts. 

The size of the errors varied with the number of pions in the bin, which ranged 

from a few dozen counts to several thousand (Appendix C). 

The other major uncertainty is in the beam intensity. We used the calibration 

obtained from scintillation counting, which has an uncertainty of about ±10%, 

but it should be noted that the carbon activation method gave a value which was 

about 33% higher. (Sec. 3.3.2). In the spirit of Table III. of Ref. 12 Table 4.1 

summarizes the experimental uncertainties and corrections. 

Type of correction 

(1). Beam intensity* 
(2) Computer live time 
(3) MWPC efficiency 
( 4) G3 efficiency 
(5) Loss due to ~t cut* 
(6) Loss due to pion decay in flight* 
(7) Scattering in the spectrometer* 
(8) Absorption in the spectrometer* 
(9) Losses in the absorber 
(10) Background subtraction 
(11) Target-out background 

Total systematic uncertainty 

Size of correction 

o 
+20% 
+20% 
+20% 

o 
+15% 

o 
o 

+5% 
-5% 
o 

Uncertainty 

±10% 
±1% 
±5% 
±5% 
-5% 
±3% 
±1% 
-3% 

'±5% 
5% 
0% 

~±10% 

Table 4.1. Uncertainties and correction factors for the cross sections measured in this 
experiment. For those values which vary from run to run, typical values are given. 
Corrections marked with an asterisk (*) are for systematic uncertainties. All other 
corrections vary from data point to data point, and are included in the error bars. The 
total systematic error is in addition to the point to point uncertainties. 
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4.6 Calibration Against Other Experimental Results 

Before analysing the bulk of the data we compared our results at two settings 

with data from two previous experiments (Figs. 4.14 and 4.15). The consistency 

of our results with the earlier La+La data,t and especially the excellent agreement 

with both the 7r- and 7r+ data of Lemaire et al. 140 , which were obtained using 

an earlier version of our spectrometer, gave us confidence in the performance of 

the system and the data analysis procedures. 

tWe attribute the discrepancies between the present results for ,La+La and those of 
Krebs et al. 13, to differences in the spectrometers and data analysis between the two experi­
ments. In particular, pion decays were not accounted for in the previous experiment. 
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5. Results and Discussiont 

In this chapter we examine in detail the inclusive pion cross sections and 

associated multiplicity distributions. The phenomenology of the spectra and 

correlations between experimental observables will be considered in the context 

of other pion data and theoretical models. 

5.1 Pion production cross sections and associated multi­
plicities 

Fig. 5.1 summarizes the data taken for the La+ La system, plotted in the cen-

ter of mass. The error bars represent experimental and statistical uncertainties, 

but do not include the overall error of about 10%, due to the uncertainty in the 

beam intensity (Sec. 4.5.1). (The cross sections are tabulated in Appendix A.) 

These densely populated plots are presented in order to illustrate the scope and 

general features of the data set. We can generally characterize the data, as 

follows. 

Quality of the data The associated errors and the scatter in the data points 

give an idea of the quality of the data as a function of beam energy and pion 

energy, angle and charge. In general, the uncertainty varies directly with pion 

energy and inversely with beam energy and pion angle, and is larger for 7r+ than 

for 7r-. The differences are mainly statistical in origin. 

Pion energy dependence The pion cross section in all cases falls off approx­

imately exponentially with pion energy, as observed in other mass systems at 

beam energies both above and below threshold. (See, for example, Fig. 2.9.) 

Angular distribution Within uncertainty, the present results are consistent 

with isotropic pion emission in the center of mass. However, there are strong 

tSome of the material presented in this section has been published in Ref. 141. 
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Figure 5.1. Variant cross section d3u / dp3 as a function of pion kinetic energy in the 
c.m. for inclusive production of charged pions in La+La collisions at 138, 183 and 246 
Me V /nucleon .incident beam energy and center of mass angles between 30° and 90°. The 
data points for 183 MeV/nucleon are solid, the others, open. (a) 11'-, (b) 11'+. 
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local variations, especially at the ~ower beam energies. 

Beam energy dependence The inclusive yield decreases monotonically with 

beam energy, as observed for 7r- from the much lighter Ne+NaF system (Fig. 2.9). 

There are some significant deviations from these trends, as will be discussed 

in the following sections. 

5.1.1 Dependence on pion energy and angle 

Laboratoryt 

Charged subthreshold pions from La+La at neam = 138-246 MeV/nucleon 

(Figs. 5.2-5.4) have the same general angular dependence as observed above 

threshold. (See, e.g., Fig. 2.7). In addition, 

• At 246 MeV/nucleon, the 7r+ cross sections turn over sharply at low mo­

menta. (This feature will be discussed in detail in Sec. 5.3.) 

• At 183 MeV/nucleon, the 7r- cross section at 21° shows some unexpected 

structure in the form of a strong enhancement above 220 Me V / c, accompa-

nied by an apparent depletion below 220 Me V / c. There is also a suggestion 

of a high-momentum enhancement in the 42° cross section. 

Center of Mass 

Pion emission between 30° and 90° in the center of mass is almost isotropic, 

in the sense that the yield at a given pion kinetic energy does not vary much 

with angle, (Figs. 5.5-5.7), with the following exceptions: 

• 246 MeV/nucleon La+ La : 

tThe laboratory distributions do not show all the data taken. At the beam energies in this 
experiment, the kinematics are such that there is almost a 1:1 correspondence between laboratory 
and c.m. angle. However, in order to pick up the lowest pion momenta at ge.m . = 60° and 
90°, some data was taken at closely separated lab angles. (9'ab = 40°,42.5° and 62.5°,67°, 
respectively.) The data at 9'ab = 40° and 62.5° are omitted here, for clarity; they are tabulated 
in Appendix A. 
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Figure 5.2. Invariant cross section, Ed3(1ldp3, as a function of pion lab momentum for 
inclusive production of (a) negative and (b) positive pions in La+La collisions at 246 
MeV Inucleon incident beam energy and laboratory angles between 21° and 67°. (Note 
that the abscissa starts at 100 MeV Ie.) 
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Figure 5.3. Invariant cross section Ed3
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- A turnover of the 71"+ energy spectrum. at low pion energies. (This is 

also evident in the lab cross section.) The detailed angular dependence 

of this effect cannot be determined, due to the limited statistics. 

- A turn-up in the 71"- spectra (i.e. cross sections in excess of those 

expected from an exponential fit to the data at higher pion energies) 

below 50 MeV. Fig. 5.8 compares the 71"- and 71"+ spectra at Oc.m. = 60° 

and 90°. 

- An increase in the 71"- yield at Oc.m. = 30°. For 71"+, the uncertainties 

are too large to show an effect of this magnitude . 

• 183 MeV/nucleon La+La: 

- The angular distribution for 71"- is isotropic above T:'m . = 80 MeV. 

Between 25 and 65 MeV the Bc•m • = 30° spectrum is strongly depleted. 

There is evidence for a similar but much smaller effect at Bc.m . = 60° 

(as compared to Oc.m. = 90°). 

- The 71"+ yield at pion energies between 50 and 100 MeV is greater at 

Bc.m • = 60° than at Bc•m • = 90° . 

• 138 MeV/nucleon La+La: 

- The statistics are very limited, but the 71"- yield for T:'m . > 100 MeV 

is greater at Bc•m • = 60° than at Bc•m • = 90°. (Data for 71"+ were taken 

at only one angle.) 

The spectra for the reaction 2°Ne + NaF -+ 71"- + X 'at 244 MeV/nucleon are 

shown in Figs. 5.9 and 5.10. 

The 71"- spectra have the same pion energy and angular dependence found 

for the La+La case, as well as for Ne+NaF at other beam energies 12.57, but here 
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Figure 5.9. Invariant cross 
section Ed3q / dp3 as a func-
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again there is a deviation from the simple pion energy dependence at the smallest 

angle. The structure in Fig. 5.9 at 81a.b = 21° and Pla.b around 290 MeV Ic is seen 

in Fig. 5.10 to be a strong deviation from isotropy at 8c.m . = 30°, T:'m .=100 MeV. 

This deviation persists to a lesser extent at higher pion energies. There is also 

some indication of an enhancement of the 8c•m • = 60° spectrum at intermediate 

pion energies. 

The contour plots inpT-rapidity space give a complementary view. (Figs. 5.11 

and 5.12.) In each case the contours are close to isotropic, with the exception of 

the high rapidity, low-PT region at the lower right of the plot, where the deviation 

from isotropy shows up variously as a bump, ridge or depression. 
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There is no apparent PT dependence, as can also be seen when the inclusive 

cross section is plotted vs. PT (Fig. 5.13). 
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Figure 5.13. Inclusive cross section vs. transverse momentum for 246 MeV/nucleon 
139La +139La -+ 71"- + X at (}c.m. = 30° - 90°. 

Slope parameters 

Assuming that the c.m. cross sections are an exponential function of pion 

energy, we can extract slope parameters, To, from fits to the data. If this function 

is identified with a Maxwell-Boltzmann distribution, then the slope parameter 

fit to the variant cross section, tF(j/dp3 , corresponds to the temperature of the 

pion source. Table 5.1 cont~ns values of To from weighted least squares fits to 

both the variant and invariant cross sections, where the latter are included for 

easier comparison with other experimental results. The fits for 7r- are to all data 

points. The slopes for 7r+ are obtained from fits to the tails of the distributions. 

Where the statistical uncertainties are too large to give a meaningful result, 
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Tbeam angle 
To(var.) To(inv.) 

(MeV/N) (MeV) (MeV) 
246 90° 7r 26( 1) 29( 2) 

La+La 7r+ 31( 6) 35( 8) 
60° 7r - 25( 2) 28( 2) . 

7r+ 33(13) 38(17) 
45° 7r - 25( 2) 28( 2) 

7r+ - -
30° 7r - 27( 2) 31( 3) 

7r+ - -
183 90° 7r 21( 2) 23( 2) 

7r+ - -

60° 7r - 23( 2) 26( 2) 
7r+ - -

30° 7r - 31( 5) 36( 7) 
138 90° 7r 14( 5) 15( 6) 

7r+ - -

60° 7r - 24( 9) 26(11) 
244 90° 7r 26( 1) 28( 1) 

Ne+NaF 60° 7r - 27( 1) 30( 2) 
30° 7r - 33( 5) 38( 7) 

Table 5.1. Slope parameters for exponential fits to variant and invariant cross sections. 
(Experimental uncertainties are in parentheses.) 

values for To are not given. Also, the slope for 7r- from 246 MeV/nucleon La+La· 

at Bc.m . = 90° differs by 1 MeV from the value quoted in Ref. 141, due to the fact 

that in the earlier work only the 67° lab cross sections were used to obtain the 

c.m. cross section at 90° . 

5.1.2 Dependence on beam energy and system mass 

Figs. 5.14 and 5.15 show the 7r- spectra at Bc.m . = 90° for a range of beam 

energies below and above the pion threshold of 290 MeV/nucleon. The slope and 

yield fall smoothly as the beam energy is lowered over an order of magnitude, 

down to more than 100 MeV/nucleon below the free nucleon threshold. We 

note that the data from the present study for Ne+NaF at 244 MeV/nucleon 
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Figure 5.14. Inclusive 11'- energy spec-
tra at 9 = 900 for the reaction c.m. 

Ne + NaF -+ 11'- + X for neam 

= 183-2100 MeV/nucleon. (Data 
from Refs. 12 (183 MeV/nucleon) and 
57 (400-2100 MeV/nucleonJ, and the 
present study (244 MeV/nucleon).) 

Figure 5.15. Inclusive 11'- energy spec­
tra at 9c.m . = 90° for the reaction 
La+La -+ 11'- +X for Tbeam = 138-800 
MeV /nucleon. (Data from Ref. 62 
(800 MeV/nucleon) and the present 
study.) 
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are consistent in slope and yield with data taken on the same spectrometer at 

higher 57 and lower 12 beam energies. 

Slope Parameter 

The exponential dependence of the cross section on pion energy for a wide 

range of beam energies and target and projectile masses (Figs. 2.4, 2.11 and 5.14 

and 5.15) leads naturally to parameterization of the data by the negative inverse 

slope, To. We concentrate here on the data at mid-rapidity, Bc.m . = 900
, which 

has the advantage of being the least subject to contamination by non-pions, and 

where the high transverse momentum offers the prospect of interesting physics. 

There is also a considerable amount of mid-rapidity data to which our results 

may be compared. 

As illustrated by Fig. 5.16, 

• The rate of decrease of the slope parameter accelerates as the beam en­

ergy is decreased to the pion threshold and below. There is some indi­

cation of a leveling off of To below 100 MeV/nucleon. (We note that for 

71'"0 production from 12C, 14N, and 160 projectiles below 100 MeV/nucleon, 

the slope parameter-calculated in a different way-appears to level off at 

a beam energy of between 25 and 60 MeV/nucleon 92,102.) 

• The slope parameter is not very sensitive to the total system mass, for Aproj 

(= Atgt ) between 12 and 139, and Tbeam = 183-800 MeV/nucleon. 

• The slopes of the spectra of pions from proton-induced reactions (shown 

in the inset to Fig. 5.16), are surprisingly close to those from heavy ion 

collisions; in fact, for Tbeam > 400 MeV, they appear to converge. The 

sharp deviation at 730 MeV 30 from the trend in To established by the 

other data is not understood. The fit is to the tail of the 71'"+ distribution; 
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when the lower energy pions are included, the slope parameter increases to 

about 47 MeV (Fig. 2.6). The slopes of the spectra from pA reactions have 

also been found to be insensitive to target mass and pion charge 3o,52,94. 

dO"/dO 

The excitation functions of total or partial inclusive cross section vs. beam 

energy have a similar form for NN (Fig. 2.1), NA (Figs. 2.2, 2.3 and 2.5) and 

AA (Fig. 2.10) collisions, falling smoothly but sharply with decreasing Tbeam, near 

threshold. The same behavior has also been observed below 100 MeV/nucleon 102. 

The limited range of this study in pion angle and energy introduces an un-

known uncertainty into the calculation of the total inclusive cross section. This 

is a problem particularly for positive pions, for which the measured behavior of 

the spectra makes extrapolation to lower pion energies difficult. For this reason, 

we have chosen to study the mass and beam energy dependence by looking at 

the differential inclusive cross section, dO" / dn, in the center of mass. 

The value of dO" / do' was computed by integrating the double differential cross 

section: 

~O" 2 
dpdn = p . O"van 

T 

with O"var replaced by the fitted function Ae -TO: 

dO"/dn _ 11'2 ~O" dp 
Pl dpdn· 

11'2 p2 . Ae -fo- dp 
Pl' • 

_ [T'J peT) . E . Ae -fo-dT 
JTl 

where T = T:'m ., and we have made use of the relations between relativistic energy 

and momentum: pdp = EdE and dE = d(T + m) = dT. We have again assumed 

that the pion energy spectra are exponential, and that this dependence can be 
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~ 

Figure 5.16. Slope parameter, To, for 1r- spectra at ec.m . = 90°, plotted as a function 
of beam energy for a variety of targets and projectiles, at beam energies between 85 
and 3500 MeV/nucleon in the laboratory. To is the negative inverse slope extracted 
from fitting the invariant cross section by a function of the form Ae-T / To • The inset 
shows the slopes for AA collisions at Tbeam < 800 MeV/nucleon, along with the slopes 
for pA collisions between 200 and 730 MeV. The symbols denote the target, as follows: 
'1'= p +12 C, '2'= p +64 Cu, '3'= p +208 Pb. The superscripts denote the pion charge. 
Error bars on the pA points have been deleted for clarity, but errors are in all cases 
less than 10%. AA data are from Refs. 12,57,62,94,142 and the present study. pA data 
are from Ref. 52 (240-500 MeV/nucleon), Ref. 32 (585 MeV/nucleon) arid Ref. 30 (730 
MeV /nucleon). (Note that the pA data were taken at e'ab = 90°, but for the case where 
the target is much heavier than the projectile, the lab frame and the nucleus-nucleus 
c.m. frame are almost the same.) 
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used to extrapolate both to higher and lower pion energies. The constants To 

and A are the negative inverse slope and intercept extracted from a least squares 

fit of a straight line to the data, plotted as In( u var) vs. Tc~m .. t The integral was 

evaluated numerically, with limits of integration Tl = 1 MeV and T2 = 300 MeV, 

and a step size of 1 MeV.t The results are listed in Table 5.2. 

System Tbeam du/do. 

(MeV /nucleon) (mb/sr) 
La+La 138 3.2(2.0) 

183 10.5(1.5) 
246 29.5(3.0) 

Ne+NaF 244 1.3(0.1) 

Table 5.2. du/dn (mb/sr) for 1['- at (Jc.m. = 90° 

In Fig. 5.17 we have plotted a scaled du / dO. at (}c.m. = 90° for three systems 

of ~arying mass, over a range of beam energies above and below threshold. The 
a. a. 

scaling factor, A t
3
gt • A;roj, was chosen to conform to the mass dependence observed 

for subthreshold pion production above 60 MeV /nucleon 92 , which corresponds in 

the AA case to pure surface production 95. When scaled in this way, the N A and 

AA data are consistent above 400 MeV/nucleon, with an increasing discrepancy 

as the beam energy is lowered. The convergence of the scaled cross sections 

at high energy supports the idea that the pion production mechanism in AA 

collisions at several.hundred MeV/nucleon above threshold is similar to that in 

N A collisions. 

One reason why we might not expect such good agreement is that isospin has 

tThe fits in Ref. 57 are to D'inv, which is not strictly correct (see footnote, p. 26), but in this 
case the exponential dependence holds and the result is the same either way. 

~These limits are somewhat arbitrary. The upper limit is chosen according to the limits of 
the data, but extending it to higher momenta has a negligible effect on the result, since the 
cross section falls by several orders of magnitude over this energy range. The lower limit was 
chosen, once again, for comparison with the results of Nagamiya et al. 57; a calculation with 
this lower limit reproduced the cross sections quoted in Ref. 57 for Tbeam = 400, 800 and 2100 
MeV /nucleon Ne+NaF. (Note that for the exponential dependence to hold at all momenta, 
d2D'/dpdO = (1/p2) . D'var must go to zero at Tc~m. = 0.) 
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not been taken into account. For example, another possible scaling is a geometric 

one 51.95: 

0"(1T') ex Atgt · O"geom(proj) + Aproj . O"geom(tgt) 
2 2 

ex Atgt · A;roj + Aproj . At~t. 

This corresponds to scaling by the mean number of participants 95, and is what 

might be expected from pion production in a first collision model 89. However, 

according to the isobar model, over 80% of the positive pions are created in 

pp collisions. Similarly 80% of the negative pions come from colli~ions between 

neutrons. This can be incorporated in the geometric scaling for 1T'- by replac-

ing Atgt(proj) by the neutron number, Ntgt(proj) , and by weighting O"geom by the 

. percentage of neutrons in the target, as follows: t 

. Np a NT a 
ex [(NT)' (A

p
)' (Aj,) + (Np )· (AT)' (AT)] 

1 1 

ex [NT' N p . A; 3 + N p • NT . A; 3] 

Similarly, for 1T'+ : 

For symmetric systems, these become N 2 • A - ~ and Z2 • A - ~, respectively. This 

weighting overestimates the 1T'- yield from Ne+NaF relative to La+La which 

may indicate that pion absorption is significant in the heavier system. A better 

empirical fit is obtained if only one nucleus is weighted by neutron number, to 

give N2 . A-i. 

The exact nature of the scaling is not as important here as is its dependence 

upon the beam energy. The sharp falloff of the p+Cu data below 400 MeV can 

be interpreted qualitatively in a nucleon-nucleon framework, since in this region 

tT == tgtj P == proj 
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the internal nuclear momentum distributions become important, and the elemen­

tary projectile makes no such contribution. The disparity in the nucleus-nucleus 

results, however, may reflect the action of pion production processes which are 

different from those above threshold and which are sensitive to the size of the 

colliding nuclei. This is illustrated by Fig. 5.18, which shows the steep increase in 

the yield ratio for La+La vs. Ne+NaF collisions as the beam energy is decreased. t 

The ratio at 800 MeV/nucleon is consistent with a simple surface dependence, 

with or without weighting by neutron number. At 246 MeV/nucleon, it is some­

what higher, but not conclusively so. At 183 MeV/nucleon, the ratio is three 

times higher than that expected from a surface dependence, and a factor of two 

above a neutron number-weighted geometrical scaling. It is also in excess of what 

the ratio would be for a "volume" (A2) dependence (48), but is consistent with 

a volume dependence weighted by neutron number (N2
). 

Angular dependence of the mass scaling. In the preceding discussion we 

have treated the data only at ()c.m. = 90°, which raises the question of whether 

the mass scaling is somehow associated with high PT' However, we found the 

same effect at ()c.m. = 60° as at ()c.m. = 90°. The situation at ()c.m. = 30° is 

not clear, due to the unusual structure in the spectrum from La+La collisions 

at 183 MeV/nucleon (Fig. 5.6). This is not surprising, since we already know 

that the inclusive PT plot (Fig. 5.13) is featureless, and since most of the data at 

(Jc.m. = 90° are actually at relatively low PT' 

t Although these data are compiled from the results of several experiments, the relative nor­
malization should be close to unity. All the experiments were done on essentially the same 
spectrometer, calibrated in the same way 143, and the results have been found to be internally 
consistent. (See, for example, Refs. 12, 57 and 127, and Sec. 4.6.) The major remaining un­
certainty is in the beam normalization for different projectile masses and energies, but this is 
estimated to be 20-30% in each measurement, not enough to account for the observed effect, 
even in the worst case. . 
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beam energy for 
+ X at (Jc.m. = 90°. 

The cross section is scaled by Atgt • A;roi' and is integrated starting at T-,r = 30 MeV, 
the minimum value for the proton data. Data is from Refs. 12,30,32,51,57 and 62 and 
the present work. 
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Figure 5.18. Ratio of dq/df! for La+La vs. Ne+NaF as a function of beam energy 
for 11"- at (Jc.m. = 90°. The horizontal lines represent the ratios expected from different 
scalings as a function of target and projectile mass, A, and neutron number, N. Data 
for Ne+NaF at 183 MeV/nucleon is from Ref. 12. Data for La+La at 800 MeV/nucleon 
is from Ref. 62. Other data is from the present work. Note that the abscissa is beam 
energy /nucleon in the center of mass. This is done to give a more reasonable scale, and 
it also shows the energy available in the center of mass for pion creation. 



114 

5.1.3 Correlations with associated multiplicity 

The complete multiplicity distributions for charged particles associated with 

pion production are plotted in Appendix B. t 

Two significant features in these distributions are the tendency to peak at 

higher multiplicities and the trend towards a flatter distribution at smaller pion 

emission angles. This is best seen in the data for 7r- at 246 MeV/nucleon 

(Fig. 5.19). 

Fig. 5.20 contrasts associated multiplicities for protons and pions detected at 

small and large c.m. angles. t At 90°, emission of both particles is dominated 

by collisions with relatively high associated multiplicities. At more forward an-

gles, the pion distribution is only slightly less strongly peaked, while the proton­

associated multiplicity distribution is no longer peaked at all. The multiple hit 

problem which influences the pion multiplicity distributions applies to protons, 

also, truncating the distributions at high multiplicities. However, the behavior of 

the distributions at low and intermediate multiplicities, which is what important 

here, is not changed significantly. 

Earlier work at the Bevalac streamer chamber§ used a downstream trigger 

scintillator to correlate the number of participants with charged particle mul­

tiplicity. The associated multiplicity distribution for forward angle protons is 

similar to the distribution produced by the streamer chamber "inelastic" trigger, 

which accepted all interactions; the pion distribution is close to that produced 

by the "central" trigger, which accepted only those events with very little charge 

remaining at the beam velocity. They also resemble the distributions obtained 

by Hallman et al. 67 in a 7r0 measurement with a central trigger defined by a 

tNote that, due to multiple hits in the multiplicity array, these distributions are truncated at 
high multiplicities. (See Sec. 3.2.2.) 

lThe proton data was taken at the same time as the pion data which is the subject of this 
dissertation, and will be published elsewhere. 

§See, for example, Ref. 144, Figure 14. 
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Figure 5.19. Associated multiplicities for charged particles from the reaction 246 
MeV /nucleon 139La +139 La -+ 11'- + X at (Jc.m. = a) 30°, b) 45°, c) 60°, d) 90°. 
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minimum associated multiplicity. 

The shape of the multiplicity distributions is independent of beam energy, 

but the position of the peak shifts to the left as the beam energy is decreased. 

This is reflected in the value of the mean multiplicity, as tabulated in Table 5.3. 

The distributions are independent of pion charge, with the exception of the mean 

multiplicities at 246 MeV/nucleon, which tend to be slightly greater for 71'+ than 

for 71'-. Note that the multiplicity distributions at lower energies have much 

lower statistics, but are consistent with the data at 246 MeV/nucleon (Fig. 5.21). 

Tbeam angle (M) O'(M) 
(MeV) 

246 90° 71' - 34.3(0.2) 15.5(0.1) 
La+La 71'+ 35.9(0.3) 15.9(0.2) 

60° 71' - 29.8(0.3) 14.3(0.2) 
71'+ 34.5(0.3) 14.9(0.2) 

45° 71' - 31.9(0.2) 15.7(0.2) 
71'+ 33.5(1.0) 14.4(0.7) 

30° 71' - 28.5(0.3) 14.2(0.2) 
71'+ 32.7(0.5) 14.3(0.3) 

183 90° 71' 32.2(0.3) 14.6(0.2) 
La+La 71'+ 31.6(1.1) 13.7(0.8) 

60° 71' - 29.8(0.2) 13.5(0.2) 
71'+ 30.2(0.8) 13.4(0.6) 

30° 71' - 25.4(1.1) 13.2(0.8) 
138 90° 71' 26.9(1.6) 13.9(1.1) 

La+La 71'+ 28.0(1.4) 11.6(1.0) 
60° 71' - 24.7(1.2) 11.8(0.8) 

244 30° 71' - 9.5 (0.2) 7.0 (0.2) 
~e+NaF 

Table 5.3. Means and widths of associated multiplicity distributions for the reaction 
139La +139 La -+ 11'::1: + X 

compares the multiplicity distributions from La+La and Ne+NaF collisions at 

(}c.m. = 30°.t The mean multiplicity scales with the nuclear charge, and each 

tThe (Jc.m. = 30° distribution for Ne + NaF -+ 7r- + X was not affected by the saturation 
problems which distorted the other Ne+NaF multiplicity distributions (Sec. 3.2.2). 



117 

distribution is peaked at a value of slightly less than one half the total available 

charge. The difference in shapes is probably due to a smaller incidence of multiple 

hits for the Ne+NaF system, and for this reason, the associated multiplicity 

distribution measured for Ne+NaF is probably closer to the actual distribution 

than is the case for La+La. (Recall the discussion in Sec. 3.2.2.) 
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Figure 5.21. Associated multiplicities for charged particles from the reactions 246 
MeV /nucleon 139La +139 La --+ 1r- + X and 244 MeV/nucleon Ne + NaF --+ 1r- + X at 
(Jc.m. = 30°. 

Slope parameter vs. multiplicity. Table 5.4 contains the slope param-

eters extracted from some· of the charged pion experimental cross sections after 

selection on low and high multiplicity. The slope parameters for high and low 

multiplicity-selected cross sections are in every case equal, within uncertainty. 

(Not all angles and beam energies had sufficient statistics to permit cutting on 

multiplicity. ) 

Multiplicity vs. pion energy. We C!Ul also look at the inverse correlation, 

by cutting the multiplicity distribution on pion energy. The results of some of 

these correlations are given in Fig. 5.22 and Table 5.5. At (}c.m. = 30°, there 
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Tbeam angle M-cut 
To(var.) 

(MeV) (MeV) 
246 90° < 20 24(2) 

> 40 27(2) 
60° < 20 26(4) 

> 40 27(4) 
45° < 20 24(3) 

> 40 26(3) 
30° < 20 25(3) 

> 40 30(6) 
183 90° < 30 20(2) 

> 30 22(2) 
60° < 30 22(2) 

> 30 25(2) 
30° < 30 23(7) 

> 30 25(2) 

Table 5.4. Slope parameters for exponential fits to variant cross sections, for 11'- from 
La+La collisions, selected on associated multiplicity. (The experimental uncertainties 
are in parentheses.) 

is a small but definite correlation between higher pion energy and increased 

multiplicity, with a similar but weaker dependence at 8e.m . = 90°. 

Angular distribution vs. multiplicity. In discussing the general char­

acteristics of the pion cross sections we noted that the exponential energy de­

pendence and angular isotropy are not universally the case in these data. For 

example, for 7r- from La+La collisions at 246 MeV/nucleon the isotropy is bro­

ken by an enhanced yield at 8e•m . = 30° (Fig. 5.5). The high statistics for 7r- at 

246 MeV/nucleon make this a good subject for multiplicity studies. 

Fig. 5.23, which shows the 7r- spectra after selection on associated multiplic­

ity, M, demonstrates that the increased yield at 8e.m . = 30° is strongly correlated 

with M. This increase is evident i~ the cross section for pions selected on M < 20, 

whereas for M > 40 the cross section is essentially isotropic. This result indi­

cates that the bulk of the yield (at least for 8e.m . = 30° - 90°) is isotropic, with 

an additional component, associated with low multiplicity, probably peripheral 



.. 
;: .. 
> .. 
"0 
... .. 
.I> e 
;:l 
Z 

.g 
N 
I 

o 
o 

125 

100 

75 

50 

20 

O. , 

6 

E'!. 4 
i' 
"'-
0-
It) 

I 
o 

~ 2 
:Ii 

100<T<200 WeV 

,- , 
- -, , . -, , 

.. - --, 
r - --' , 

- , 

~ I I I I I , 

(b) 

o --- L. J._ • .c .. -'-_~_'--'--L-L-'--'--'---I---l-'-.l-.I.~..L.J.--,-........... -l 
o 20 40 60 60 100 

Multiplicity 

119 

Figure 5.22. a) Associated multiplicity for 246 MeV /nucleonLa + La ~. 1["- + X at 
Oc.m. = 30°, cut on pion kinetic energy. b) The ratio of the two distributions in (a) . 

langle 
. T:'m . - cut 

(M) U(M) 
(MeV) 

30° ~ 50 27.4(0.4) 14.5(0.3) 
100 - 200 30.9(0.7) 13.5(0.5) 

90° ~ 80 33.6(0.3) 15.8(0.2) 
100 - 200 35.2(0.4) 14.9(0.3) 

Table 5.5. Means and widths of associated multiplicity distributions for 246 
MeV /nucleon 139La +139 La ~ 1["- + X, cut on pion kinetic energy. 
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collisions. We also note that the two sets of cross sections in Fig. 5.23b seem 

10' if 

lcf 
o 

• 6em - 30° 
o 6em - 46° 
06_- 60° 
06_- 90° 

60 100 160 200 260 0 60 

Tem (MeV) 
100 160 200 260 300 

Figure 5.23. (a) Inclusive cross sections for negative pions produced at 30° ~ (}c.m. ~ 90° 
in 246 MeV/nucleon La+La collisions. (b) The same cross sections, selected on multi­
plicities M ~ 20 and M ~ 40. For clarity, the cross sections for M ~ 20 have been 
multiplied by 5 before plotting, and those for M ~ 40 have been divided by 5. 

manifestly different in slope, although the spectra at each angle are not, within 

uncertainty (Table 5.4).. 

One of the more distinctive features in the pion cross sections is the break in 

the spectrum of negative pions from 183 MeV/nucleon La+La collisions at (Jc.m. = 
30°, which may be interpreted as a deviation from isotropy at low pion energy 

(p. 99). A simple test for multiplicity dependence was performed by cutting the 

raw pion spectrum (number of pions vs. TOM) on multiplicity. Fig. 5.24 compares 

the multiplicity-cut raw pion distributions with the inclusive distribution. The 

break in the cross section is seen here as a dip in the number of counts between 60 

and 75 MeV, which does not appear to be correlated with associated multiplicity. 
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Figure 5.24. Number of 11"- at (Jc.m. = 30° vs. kinetic energy for the reaction 
139La +139 La -+ 11"- + X at 183 MeV/nucleon, selected on associated multiplicities (a) 
less than 15 and (b) greater than 30. The dashed histogram in each case is the distribu­
tion before the multiplicity cut. The solid curve is a fit to the distribution for the same 
system at (Jc.m. = 90°, normalized to the 30° data. 
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Figure 5.25. Comparison between experimental data for the reaction 246 MeV/nucleon 
139La+139 La _ 7r- +X and a calculation based upon the nuclear firestreak model. The 
curves are fits to spectra at c.m. angles of 30, 60 and 90 degrees. The slope parameter 
for the data is 26(1) MeV. The slope parameter for the model, extracted from a fit to 
the tail of the cross section, is 55 MeV. 

Firestreak model. Fig. 5.25 compares a fit to the data for 7r- to a firestreak 

model calculation 145. The firestreak model 77,78 is an extension of the fireball ther-

mal model (p. 26). The calculation has the same exponential energy dependence 

and isotropic angular dependence observed experimentally-the model has these 

properties by definition-but differs strongly from the data in both slope arid 

yield. 

In addition, a close look at the (dashed) firestreak curve reveals a shoulder 

at about 150 MeV. This feature appears when (delta) resonance production is 

included in the model calculation, and is independent of whether the width of 

the resonance is zero 76 or finite 78.145. It is not observed in the inclusive data, nor 
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is it seen in the results of cascade calculations, which produce pions only through 

the delta. It is probably due to the· absence of rescattering in the thermal model. t 

If this is the case, then the effect of the delta might become evident when 

the experimental cross section is cut on low associated multiplicity, since pions 

produced in peripheral collisions may be less likely to rescatter.t Viewed in this 

way, the last few points of the 8c.m .= 300 
7r- cross section cut on low associated 

multiplicity (Fig. 5.23b) may be evidence for a resonance shoulder. 

Blast wave. We conclude this section with a comparison between the data 

and the blast wave model of Siemens and Rasmussen 79. In this model, the 

explosive expansion of the fireball pumps excitation energy into translational 

degrees of freedom, resulting in particle spectra which are cooler than purely 

thermal distributions and which are peaked at particle momenta corresponding 

to the expansion velocity. 

Thermal motion is converted into a coherent blast wave through frequent mul­

tiple collisions; consequently, the authors suggest that the effect would most likely 

be observed in central collisions in a heavy system. To minimize background due 

to other effects, they further propose looking specifically at the 8c.m . = 900 spec­

tra. Our data fulfill these criteria, and we note that the slope parameter for pions 

is considerably less than what is predicted by the firestreak model. There is also 

a peak at low pion energy in the 7r+ spectrum, but as there is no evidence of a 

corresponding peak in the 7r- spectrum, as predicted by the model, the 7r+ peak 

is proba.bly due to Coulomb effects, as suggested also in Ref. 79. It is also pos-

tIn Ref. 146, a peak in the cascade cross section at low energy is attributed ma:inly to the 
assignment of a fixed mass to the delta (Figure 3 in Ref. 146). When the resonance is given a 
finite width, the cascade cross section falls monotonically. However, when this cross section is 
divided according to the density of the nuclear matter with which the outgoing pions interact, 
the cross section for pions which interact with relatively dilute matter (the "non-direct" pions) 
exhibits a shoulder similar to the one in the firestreak result, while the cross section for "direct" 
pions, which interact first with compressed nuclear matter (and which therefore are likely to 
undergo more rescattering) does not. 

* A similar analysis could be made of the cascade results, as discussed in the section on the 
INC, below. 
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sible that Coulomb distortion of the pion spectra might partially mask the blast 

wave peak. This will be discussed in more detail in Sec. 5.3. 

5.2.2 Statistical 

Fig. 5.26 compares some of the results of the present experiment at 246 

Me V / nucleon to the prediction of an early version 81 of the phase space model 

developed by Bohrmann, Shyam and Knoll. The excellent agreement supports 

the view that subthreshold pion production may be treated as a cooperative 

process. t (The specific nature of the process is not a feature of the model.) It 

may also be evidence for the importance of the major distinction between this 

statistical model and the firestreak model: their different assumptions regarding 

particle number. 

The phase space model 81 treats equilibrated but finite systems, whereas the 

firestreak model implicitly assumes infinite particle number) But the probability 

for pion production is proportional to the available phase space, which increases 

with particle number. Thus the implicit, unphysical assumption about the num­

ber of interacting particles can lead to an overestimate of the probability for 

production of pions of a given energy. This is particularly true near the phase 

space limit, i.e. for high energy pions. In this connection, we note that the dis­

crepancy between the predictions of the phase space and firestreak models (and 

between the firestreak model and the data) increases with pion energy, as would 

be expected if finite particle number effects are important. 

It is interesting to note that for Ne+NaF collisions at 183 MeV /nucleon 12, 

similarly good agreement was obtained only after the model was extended 112 to 

allow the formation of light nuclear fragments in the final state, with the cluster 

tThe model does not reproduce the proton spectrum, as pointed out in Ref. 13. 
* As noted in Ref. 81, in statistical mechanical terms, the phase space model treats the in­

teracting tubes of nucleons as micro canonical ensembles, whereas the firestreak treats them as 
grand canonical ensembles. 
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Figure 5.26. Comparison between the present experiment and the result of a statistical 
model. The data is for the reaction 139La +139La -+ 11"- + X at 246 MeV/nucleon. The 
dashed line is the result of a calculation based on the phase space model of Bohrmann 
and Knoll s1 . 

formation cross sections taken from a cascade calculation rather than a simple 

rows-on-rows model. This may indicate a change in the nature of pion producing 

reactions as the beam energy is lowered from 246 to 183 MeV/nucleon, with the 

higher energy subthreshold collisions retaining the character of collisions above 

threshold, where the collision geometry is relatively simple and cluster forma:. 

tion is limited, especially in small impact parameter collisions. Unfortunately, 

the only phase space calculations available for the La+ La system are at 246 

MeV /nucleon. 

5.2.3 Intranuclear cascade 

In this section we compare the experimental data to results obtained from 

an intranuclear cascade (INC) developed by J. Cugnon and collaborators. This 
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cascade is described in detail in Refs. 113 and 146-149.t In Appendix F we 

discuss some of the features which are relevant to the present work. The INC 

simulates 148 a nucleus-nucleus interaction as a series of classical, on-shell, bi-

nary nucleon-nucleon collisions, with physics input limited to the internal nu-

clear momentum distribution and the experimental NN and 7r N cross sections. 

By providing a mechanism for extrapolating the elementary cross sections into 

the nucleus-nucleus regime, it provides an extended baseline against which to 

compare the nucleus-nucleus data in the search for collective effects. 

As discussed in Ref. 148, an elementary condition for applicability of the 

cascade is that the incident nucleons be able to resolve the target nucleons. This 

requires that the de Broglie wavelength, A, be small compared to the typical 

internucleon distance of about 2 fm. In this experiment, A ranges from 0.27 fm 

(246 MeV/nucleon) to 0.37 fm (138 MeV/nucleon). This makes the claSsical 

collision approximation reasonable, at least for the first collision; however, the 

slowing down of nucleons in successive collisions, and the possibility of locally 

high densities within the interaction region, may make it much less reasonable. 

Thus the simple cascade may be appropriate for simulating only the early part 

of the collision, before quantum effects become significant; in order for an INC 

to be applied to later stages of the interaction, these effects would have to be 

incorporated, as they are in the phase space model, for example (p. 36). 

Another consideration regarding subthreshold pion production in the cascade 

is that it can occur only with the aid of Fermi momentum, and is thus sensitive to 

the nature of the input momentum distribution. Consequently, the comparison 

between cascade results and data might also be taken as a test of the cascade 

assumptions regarding that distribution. 

Cross sections from the cascade. The results of the cascade simulations 

tOur results were obtained with a slightly modified version of the cascade provided by l.W. 
Harris 150. 
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are summarized in: Table 5.6. The cross sections were calculated by normalizing 

System Tbeam events plOns 71'"/event 
(MeV /nucl) 

La+La 138 56627 7365 0.13 
183 51591 20044 0.39 
246 57300 57595 1.01 
800 2648 31914 12.1 

~e+NaF 183 640144 18896 0.03 
244 117400 10796 0.09 
800 11000 18755 1.71 

Table 5.6. Statistics for cascade simulations 

the number of pions produced per event to the geometric cross section, as follows: 

( 
n( 71'") ) 

(J 1r = (J geom' n( events) 

where (J1r is the total pion cross section and 

The differential cross section is obtained by normalizing to the angular and mo­

mentum acceptance of the spectrometer. 

Table 5.7 compares slope parameters and differential cross sections for cas­

cade results and experimental data' at 8c.m . = 90°. The cascade reproduces the 

slope parameters, within uncertainty, while overestimating the yield by a factor 

which increases with beam energy, but does not depend strongly on system mass. 

Similar results are obtained at the smaller angles. The distribution of cascade. 

pions is almost isotropic, but the yield increases slightly with decreasing c.m. an­

gle (see Fig. 5.27), as opposed to the sharper enhancement at 8c.m . = 30° which 

is observed in the data. This smooth increase could reflect the forward-backward 

peaking. characteristic of isobar production through the delta resonance, some­

what smoothed out by multiple scattering. 
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System Tbeam To (MeV) du/dn (mb/sr) 

(MeV/nud) cascade expt. cascade expt. 
La+La 138 20(1) 14(5) 17(3) 3.2(2.0) 

183 24(1) 21(2) 41(7) 10.5(1.5) 
246 26(1) 25(1) 80(10) 29.5(3.0) 
800 52(2) 56(-) 838(150) 368(73) 

Ne+NaF 183 23(1) 24(-) 1.1(0.2) 0.1(-) 
244 25(1) 26(1) 3.4(0.7) 1.3(0.1) 
800 51(2) 54(-) 36(8) 24(6) 

Table 5.7. Comparison between experimental data for negative pions and the results of 
a cascade calculation of du / dO. and To at (Jc.m. = 900

• Experimental results are from 
the present study and from Refs. 12 (183 MeV/nucleon Ne+NaF), 57 (800 MeV/nucleon 
Ne+NaF) and 127 (800 MeV/nucleon La+La). The cascade yield has been divided by 
three to obtain the estimated 11"- yield. (See Appendix F.) 

We considered the possibility that the structure in some of the pion cross 

sections near T:'m . = 100MeV (Figs. 5.6, 5.7 and 5.10) is related to ..6.(1232) 

decay, since the emitted pions would have a peak energy of about 128 MeV in 

the rest frame of the..6.. One would expect to see similar effects in the cross 

sections from the cascade, but there is no sign of them. (Compare Fig. 5.28 to 

Fig. 5.6.) 

Mass dependence. The mass dependence of the pion yield from the cascade 

is illustrated in Fig. 5.29. There is a small increase in the ratio of yields at 183 

MeV /nudeon, where a similar but much stronger effect is observed in the data 

(Fig. 5.18). 

Associated multiplicities. Fig. 5.30 shows the associated multiplicity dis­

tributions for the cascade calculation and for the data at both small and large 

angles, where the cascade results were filtered through the acceptance of the 

multiplicity array. (Compare to Fig. 5.19.) 

The shapes of the distributions are in excellent agreement, although the cas­

cade distributions are peaked at higher associated multiplicities, probably due to 

... 
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collisions. 

the absence of clusters in the INC.t The cascade analysis code takes into account 

the number of nuclear charges by randomly assigning a charge to Z nucleons. 

The shape of the multiplicity distributions associated with cascade pions is 

almost independent of the pion emission angle, although at very small angles, 

the cascade distributions have a slightly more peripheral shape (Fig. 5.31). 

Slope parameter vs. multiplicity. The multiplicity cuts applied to the 

data (Table 5.4) were applied to the cascade with similar results: the slope 

parameters of the high multiplicity-cut spectra are 1-2 MeV higher than for the 

inclusive case, the low multiplicity-cut spectra are lower by the same amount. 

Angular dependence vs. multiplicity. As previously noted, the cascade 

angular distribution is slightly forward peaked. In order to see if this effect is 

related to the increase in yield at (}c.m. = 30° observed in the data, we took 

tRecall that multiple hits are handled in such a way as to simulate the actual experimental 
conditions, i.e. the maximum number of hits per element allowed in the cascade is 1. (See the 
discussion in Sec. 3.2.2.) 
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multiplicity cuts on M < 20 and M > 40. When the experimental data is cut in 

a similar way (p. 118), the yield at high multiplicity is seen to be isotropic. In the 

cascade, the yield for M > 40, is closer to isotropy than for for M < 20, but the 

cross section at (}c.m. = 300 is still somewhat greater than that at larger angles. 

Also, for the low multiplicity cut, there is a suggestion of a sho1,llder at pion 

kinetic energy between 100-150 MeV, similar to the results of the thermal model 

(p. 123). These distributions are consistent with delta resonance production 

partially washed out by the effects of rescattering. 

The influence of rescattering on the cascade results can be studied by con­

sidering the correlation between the number of participants and the number of 

collisions per participant for collisioI?-s where at least one pion is produced. This 

correlation is shown in Fig. 5.32. For pion production, the average number of 
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Figure 5.32. Scatterplot of number of collisions per participant nucleon vs. number 
of participants, for cascade events which produce pions from 246 MeV/nucleon La+La 
collisions. 
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collisions per participant, ncp( 7r), is 3.2. For collisions with fewer than 45 partic­

ipants ncp( 7r) = 2.3; for more than 110 participants t, ncp( 7r) = 3.6. This tends to 

confirm the intuitive idea that-at least in a classical collision model-a small 

impact parameter nucleus-nucleus collision will involve more nucleon-nucleon 

collisions than a large impact parameter collision. 

Estimation of impact parameters. By studying the correlation between 

associated multiplicity and impact parameter in the cascade simulation we can 

make some rough, model-dependent inferences about typical impact parameters 

for collisions in which subthreshold pions are created. t Except at the highest 

multiplicities, data and cascade associated multiplicity distributions are approx-

imately congruent when the cascade distributions are shifted to lower values 

by M ~ 10. From Table 5.3 we see that for pion production in La+La colli­

sions the typical mean associated multiplicity in the data is about 30 ± 5, which 

corresponds to a cascade value of approximately 40 ± 5. Fig. 5.33 relates as-

sociated multiplicity to impact parameter in the cascade. Projecting a range 

in multiplicity of 40 ± 5 onto the abscissa yields a gaussian distribution with 

mean 4.9 fm and u = 0.9 fm, which is consistent with the value of 4.6(0.2) fm 

obtained by our group in a previous study 13 of the reaction 246 MeV/nucleon 

139La+139 La ~ 7r- +X at 8c.m . = 90°. Assuming a clean-cut collision geometry, 

this corresponds to participation by about half the target and projectile nucleons. 

Summary. In no respect do the results of the cascade simulation differ 

dramatically from the experimental results. Significantly, the slope parameters 

tThere are more participants than there are hits recorded in the multiplicity array, since the 
majority of the participants are neutrons. The measured multiplicity is also limited by multiple 
hits in the array. 

tHere again the problem of multiple hits in the multiplicity array should be kept in mind. 
However, particularly for purposes of estimating the impact parameter in this way, the most 
straightforward way to handle the situation is to take cascade distributions under experimental 
conditions, Le. with multiple hits not recorded. The fact that the impact parameter is being 
extracted based on apparent, rather than actual multiplicities should not then affect the result. 

'. 



135 

8 

7 

6 
>. 
~ .... u .... 

5 ...... 
0.. .... ..., ...... 
::l 

:=g 4 
"\;j 

Cl.) 
~ 

cd 
3 .... u 

0 
CIl 
CIl 

-< 2 

1 

o 2 4 6 ,8 10 12 

impact parameter (fm) 

Figure 5.33. Associated multiplicity vs. impact parameter (fm) for cascade pion events 
with A tgt = Aproj = 139 at neam = 246 MeV jnucleon. Multiplicity is for charged 
particles, Le. protons. (For La+La, 114 of the interacting nucleons are assigned to be 
protons.) The acceptance of the multiplicity array is folded into the cascade analysis 
program. 

extracted from the cascade are in excellent agreement with the data at beam en­

ergies down to at least 183 MeV/nucleon, demonstrating that a simulation based 

solely on nucleon-nucleon interactions can reproduce the energy dependence of 

the pion yield even at pion kinetic energies several times greater than the beam . 

energy in the center of mass. 

It has been suggested 5 that the difference between the pion yield found ex­

perimentally and that predicted by the cascade may be explained in terms of 

compression of the nuclear matter; however the constraints on applicability of 

the cascade to subthreshold pion production make it difficult to extend this in­

terpretation to our energy range. We simply note that the discrepancy in yield 

between cascade and data increases with decreasing beam energy, below the pion 



136 

threshold. 

It is also difficult to interpret the difference between the data and the cascade 

prediction of the mass dependence of the yield below threshold. The fact that 

the yield ratio for cascade pions exhibits a small increase at 183 MeV/nucleon 

suggests that the similar but much stronger effect observed in the data may be 

at least partially due to non-collective effects. One explanation is that the larger 

size of the La+La system increases the probability of multiple collisions, making 

it more likely that several nucleons can pool their energy (via successive binary 

interactions) to produce a pion. t Such a scenario takes on increasing importance 

as the beam energy is lowered, and fewer nucleons have sufficient energy--even 

with Fermi motion-to produce a pion in a first collision. In support of this 

hypothesis, we note that for cascade events at a beam energy of 183 MeV/nucleon 

where at least one pion is produced, the mean number of collisions per participant 

nucleon is 2.2 for Ne+NaF and 2.9 for La+La. For all events with at least two 

participants, the corresponding numbers are 1.1 and 2.0, respectively. For 246 

MeV /nucleon (244 MeV/nucleon for Ne), the figures are about 10% higher. 

Other cascade codes. Kitazoe and collaborators 7-9,152 have recently de­

veloped a cascade code which reproduces the pion yield from collisions of light 

systems (Atgt ~ Apro; $ 40) for Tbeam > 800 MeV/nucleon. They plan to apply 

the code to heavy systems and subthreshold collisions 153. 

Lastly, we note that the Cugnon code has very recently been modified to 

include isospin 154• However, the large amount of computer time required to 

generate cascade results has made it impractical to include calculations with the 

new code in this dissertation. 

tThis idea has also recently been discussed by Schiirmann 151, in the context of subthreshold 
kaon production. 
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5.3 Charge dependence 

The observation of the charge dependence of the pion spectra from La+ La 

collisions is an unexpected and striking feature of the experimental results. t 

Fig. 5.34 illustrates the effect. The cross section for -rr- at 30° ~ (Jc.m. ~ 90° 

has been fit by a single exponential, and is shown as the solid line in the figure. 

The small uncertainty is indicative of the quality of the fit. The -rr+ cross sections 

are plotted individuall~. The inset is a plot of the ratio, R_1+ , of the -rr-and 

-rr+ cross sections. 
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Figure 5.M. Comparison of inclusive 1["+ and 1["- cross sections for 246 MeV/nucleon 
La+La collisions at 30° :5 (Jc.m. :5 90°. The solid line is a fit to all the 7r- cross sections. 
The data points are for 1["+ , with each angle plotted individually. The inset shows the 
ratio of the 1["- to 1["+ cross sections at (Jc.m. = 30°,60° and 90°, vs. pion kinetic energy 
in the c.m .. 

IT charged pions were produced according to the isospin of the interacting 

tThe discussion in this section is limited to 246 MeV/nucleon, where the effect is most clear. 
There is some evidence for charge dependence at 183 MeV/nucleon, as well. At 138 MeV/nucleon, 
the data is too limited for this sort of analysis. 
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nuclei, the neutron excess of the La+La system (N/Z = 82/57) would lead to a 

value for R_1+ of between 1 and 2, independent of pion energy. This would be 

the case for pure resonance production, for example (Appendix F, p. 195).t In 

the figure, one can see two distinct (and possibly related) features: the turnover 

in the 7r+ spectra at low pion energy, and the tendency of R_I+ towards unity at 

high energy. t Neither feature is sensitive to cuts on multiplicity. In the following 

discussion we will examine the charge dependence of the pion spectra in the 

context of previous experimental and theoretical results. 

Experimental evidence for charge dependent effects 

Charge-dependent effects in pion spectra have previously been observed in 

nucleon-nucleus (Refs. 30,32) and in nucleus-nucleus collisions abov.e (Refs. 54, 

55,57,58,59,61,72) and below (Refs. 59,72,93,94) the pion threshold. The nucleon­

nucleus (p. 15) and above-threshold nucleus-nucleus (p. 25) cases were summa-

rized earlier. We note that there is no evidence in our data for either charge for 

the "mid-rapidity bump(s)" reported in Refs. 54, 55 and 61. We now take up 

the subthreshold results in more detail. 

The majority of the data below threshold is for light projectiles (A :::; 20) 

at forward angles (Blab :::; 30°). Benenson et al. 72 and Sullivan et al. 59 have 

measured R_I+ at B = 0° for 2°Ne incident on a variety of targets (12 < Atgt :::; 

238) at beam energies between 80 and 280 MeV/nucleon. They found R_I+ to be 

strongly peaked (up to a maximum value of about 10) at B = 0° for pion velocities 

near the beam velocity, and R ~ 1 elsewhere (Fig. 5.35). For beam energies below 

200 MeV/nucleon, the asymptotic value of R_I+ is between 0.5 and 1. Also, for 

t In this instance, the value of the constant depends upon which isobars are accessible, and thus 
the ratio is a function of beam energy. This could also lead to a slight pion energy dependence 
for beam energies near the next lowest-lying resonance, the N(1440). 

*'Note that the asymptotic value of R_I+ at (}c.m. = 30° is somewhat higher than that at the 
other angles. This is due to the enhancement in the 1r- spectrum at that angle. When R_I+ is 
calculated using the multiplicity-selected 30° data (p.1l8), the result is consistent with that at 
the other angles. 

.. 
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80 MeV/nucleon there are no data points in the region of the peak. The peaking 

falls off rapidly with pion angle, becoming negligible above Blab = 12°. Similar 

results were obtained above threshold, up to 480 MeV/nucleon 2°Ne and also for 

535 MeV/nucleon 40 Ar + 12 C, KCl. 
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Figure 5.36. Double differential 
cross sections for the reaction 86 
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(From Ref. 93.) 

Chiavassa et al. 93 measured R_1+ at 0° for the reaction 12C +12 C -+ 1l'% + X 

at 86 MeV/nucleon (Fig. 5.36). The value of R_1+ was found to fall smoothly 

as a function of pion kinetic energy in the projectile frame, from almost 10 at 

T;'oi = 20 MeV to about 0.2 at T;'oi = 90 MeV. The authors note a significant 

difference between these data and the 0° data of Benenson et al.: the large value 
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of R_1+ at pion energies where R ~ 1 in Ref. 72. 

R_I+ a.t larger angles was studied by Bernard et al. 94, who measured the re­

actions 12C +7Li,12C,208Pb -+ 7r± + X at 20° ~ Blab ~ 150° for beam energies 

of 60, 75 and 85 MeV/nucleon. Fig. 5.37 shows the data for 85 MeV/nucleon at 

Blab = 90°. R_1+ is approximately constant in each case, with values of approxi­

mately 2, 0.5 and 1 for the Li, C and Pb targets, respectively. 

Figure 5.37. d2q/dEdn for 11"+ and 
11"- produced at (Jlab = 90° by 85 
MeV /nucleon 12C incident on 7Li,12C 
and 208Pb targets. (From Ref. 94.) 
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. The variation in R_1+ at low pion energy for several target- projectile com-

binations is summarized in Fig. 5.38. Bearing in mind that this plot compares 

data at different c.m. angles, there are several t~ings to note about it. First, in 

each case R_1+ increases with decreasing pion energy below 80 MeV. At higher 

energies R_I+ approaches a constant value. In the p+Cu case, that value is about 

0.2, which is what would be predicted for pion production through the ~ isobar. t 

tIn the p+Cu data the 11"+ and 11"- spectra both turn over at T,.. < 90 MeV. In Ref. 30 the 
difference in the number of?\"+ and?\"- at low energies is attributed to charge exchange scattering. 
However, the Monte Carlo calculation which includes charge exchange does not reproduce the 
data below 100 MeV. (Ref. 30, Figures 16 and 17.) 
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For the C+C case, there is no data above T:'m . = 62 MeV, but R_1+ is clearly 

less than 1, which is the value expected based on isospin considerations. t For 

the La+La data taken in the present experiment, the asymptotic value of R_1+ is 

about 1, which is a little more than half the value expected from isospin. 

to.O 
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• p+84CU"""+x (9C11",900) 
• 12c+ 12c .. 1I'·+x (8'ab=900) 
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Figure 5.38. Comparison of 11"- /11"+ ratios for 730 MeV p+64Cu at (Jc.m. ~ 90° (Ref. 30), 
85 MeV/nucleon 12C +12C at (J'ab = 90° «(Jc.m. ~ 110°) (Ref. 94) and 246 MeV/nucleon 
139La +139La at (Jc.m. = 60°. (Notes: The p+Cu data was taken at 90° in the lab, but 
for this highly asymmetric system the lab and c.m. frames are almost the same. The 
similar results of Ref. 32 have been omitted for clarity. For La+La, R_1+ at (Jc.m. = 60° 
is comparable to R_1+ at (Jc.m. = 90°, but the data at 60° extend to lower pion energy.) 

Interpretation of the charged pion results 

The structure in the charged pion spectra may arise during the pion produc­

tion process. It may also be due to interactions between the outgoing pions and 

their environment, or it may be a. combinat~on of the two. 

*R_1+ in this case'is also consistent with the data93, for 85 MeV/nucleon C+C at 8 = 0°, 
which continues to fall at higher pion energies, reaching a value of about 0.2 at TlI' = 135 MeV. 
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In the first caSe, studying charged pion production can give us insights into 

· how particle production in nuclear matter differs from production in more ele-

· mentary interactions. In the second case, the charged pion spectra can act as a 

. probe to map the space-time evolution of a heavy ion interaction. In neither case 

is the physics necessarily limited to subthreshold energies; however, it may be 

true that the nature of pion-producing interactions -for example, the number 

of participants at rest in the c.m.- at these energies makes charge-dependent 

effects more likely .. 

Coulomb distortion 

It . is reasonable to expect that charged pions emitted from an interaction 

volume containing a large number of charged nucleons might be affected by the 

Coulomb field of those charges, and Coulomb distortion of charged pion spec­

tra has been investigated theoretically by several authors 156-161. For example, 

Libbrecht and Koonin 156 attribute the mid-rapidity bump observed by Wolf and 

others to "focusing" of charged pions by a nuclear charge distribution dispersed 

along the beam direction. In the same vein, the peaking in R_1+ for beam­

rapidity pions at forward angles observed by Benenson et al. and Sullivan et al. 

has been explained as being due to Coulomb interactions between the pions and 

the projectile fragments,. and calculations 158,159 based on this idea are in good 

• agreement with the data59• 

As pointed out in Ref. 72, it might be expected that many of the pions 

with velocities close to that of the projectile are created in peripheral collisions. 

(For example, by excitation and subsequent decay of a projectile nucleon.) The 

relatively small charge of the Ne+NaF system (Ztgt + Zproj = 20) argues in favor 

· of this: a small impact parameter collision involving this system would probably 

· leave little charge at the beam velocity. Benenson et al. concluded that Coulomb 
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effects associated with the target remnants and with the charge left at rest in 

the center of mass should also be detectable, although out of the range of their 

· experiment. 

The data presented in Refs. 59 and 72 is concentrated on the area in PT-Y 

space at low PT. and Y ~ Yproj. The charged pion results of. the present study, 

along with those of Refs. 30, 32, 93 and 94, fill in other parts of the PT-Y plot, 

~·including regions where the charge of the projectile remnants can have little effect 

on the outgoing pions. 

Some of the features in the contour plots of the 246 MeV/nucleon La+La 

data (Fig. 5.11), become more clear when looked at together with the particle 

spectra (e.g. Fig.5.34).t For example, in the region near PT~ m1l"c and Y slightly 

· greater than Yproj, a peak in the 1r+ plot has a counterpart in the form of a valley 

in the 1r- plot. In the 1r+ spectra there is a tendency at all angles for the spectra 

to flatten out and in some cases to turn downward as the pion energy decreases. 

On closeexainination, it can be seen that the 9c.m . = 30° and 45° spectra are 

distinctly peaked. This corresponds to the peaking in the 1r+ contour plot. For 

1r- , the increased yield at 9c.m . = 30° is seen as a ridge in the 1r- contour plot. 

On the other hand, the flattening in the 1r+ spectra at 9c.m . = 60° and 90° is 

not obvious in the contour plot, nor is the decrease in R_1+ with increasing pion 

energy .... 

The contour plots do allow us to locate these features relative to the target 

and projectile rest frames, and from this it is clear that at least some of the 

. structure at forward angles and low energy may be associated with the projectile 

· spectators, while the effects at mid-rapidity or high energy very likely are not. 

The multiplicity-cut spectra provide additional evidence: we know that the 

tThere are some difficulties in viewing the data in this way. The low density of data points 
makes it hard to localise features, and changes in slope don't show up well, especially ifthey are 
isotropic. Also, there is no clear way to indicate the uncertainty in the data, which may be large, 
especially for 11'+ • 
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increased7r- yield at Bc.m • = 30° is not present when there is high associated 

multiplicity. In this case there has probably been a central collision, with rel­

atively little charge remaining at the beam rapidity and therefore little or no 

focusing, even at forward angles. Unfortunately the statistics for 7r+ do not per­

mit a similar cut; however if the above hypothesis is correct, then, with sufficient 

statistics, the 7r+ spectra selected on high multiplicity would still exhibit the 

low energy turnover, but the peak at forward angles would disappear, and the 

turnover would be isotropic, since the source charge would be at rest in the center 

of mass. 

How can we reconcile these results with those of Ref. 59, where no anomaly 

in R_1+ is observed beyond Blab = 20°? The La+ La system has almost six times 

the nuclear charge of Ne+NaF; proportionally greater charge near the beam 

rapidity might be expected to extend the effects of projectile focusing out to 

larger angles. If the La+La measurements were carried out at 0°, one presumably 

would observe very strong projectile focusing for T1r ~ Tproj, correlated with low 

associated multiplicity. 

We cannot reconcile the 0° data of Ref. 72 for 80 MeV/nucleon Ne+NaF with 

that of Ref. 93 for 86 MeV/nucleon C+C. For pion kinetic energy between 5 and 

25 MeV in the projectile frame, R_1+ for Ne+NaF was found to be approximately 

constant at about 0.5, while for C+C, R_I+ decreases smoothly from about 7 at 18 

MeV to 0.2 at 90 MeV. Any relative normalization between the two experiments 

should be cancelled by taking the ratio of 7r- to 7r+ , and would in any case not 

. account for the very different shapes of the respective 7r- /7r+ ratios. 

Focusing by the projectile fragment aside, we would like to understand the 

remaining charge-dependent effects,' the low energy depletion and high energy 

enhancement in the 7r+ spectra. The depletion seems to be isotropic, except­

ing projectile focusing. It also begins at about the same pion energy and i,t is 

r· 
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approximately independent of system mass and beam energy for the three sys­

tems studied (Fig. 5.38). t The enhancement is also isotropic and is observed for 

12C +12C and for 139La + 139La, but not for p + 64Cu. 

Distortion by the Coulomb field of a compound nucleus. In order to 

explain the observed excess in 71'+ production at Blab = 900 in 85 MeV/nucleon 

C+C collisions (Fig. 5.37), Bernard et al. 94 introduced a simple energy shift in 

the pion spectra by an amount equal to the Coulomb potential energy of an 

un compressed compound nucleus. For pions emitted from a hypothetical 24Mg 

nucleus, 

~E 
Ze2 

-
r 

Za(nc) 
-

r 

I'V 
(12)( 1~7 )(197) (MeV-fm) 

1.12(24)i fm 
I'V 5.3 MeV 

Assuming that 71'- and 71'+ are produced in equal numbers from the isospin- sym­

metric C+C system, then shifting the '71'+ spectrum to higher energy by ~E and 

shifting the 71'- spectrum to lower energy by a like amount reproduces the ex­

perimental result. The agreement is somewhat less good for 12C +7Li, and is 

poor .for 12C +208Pb, unless one assumes 71'- production much greater than that 

expected based on isospin. 

For the La+La system, the difference between the observed R_I+ ~ 1 at 

high pion energies and the approximate 82/57 ~ 1.4 predicted from the neu­

tron/proton ratio requires an energy shift of about the same magnitude as ob­

served in the C+C reaction. From cascade and associated multiplicity studies 

(p. 134) we know that a typical pion-producing interaction involves, on the av­

erage, about half the target and projectile nucleons, almost independent of pion 

tThere is also an apparent depletion at about the same pion energy in the 11'+ spectra for 240 
MeV p +64Cu (Fig. 2.4). There are no comparable data for 11'- , however. 
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angle and energy. Assuming a pion source consisting of 82 neutrons and 57 pro­

tons leads to a predicted energy shift, AE ~ 14 MeV, which is much too large. 

In addition, this picture cannot explain the energy dependence of R_1+ at low 

. . 
pIOn energIes. 

Coulomb effects on the density of nucleon final states. Bertsch 162 

proposed that the nuclear charge affects the pion spectra in two ways: through 

distortion of the pion wave functions and by modification of the density of nucleon 

final states. The density of states, Pj, was found to depend upon the nucleon 

chemical potentials, ttl' and ttn: 

where kT is the nucleon temperature. (This treatment assumes an equilibrated 

system.) For a given pion kinetic energy, T1r%, the density of states contributes a 

term, 

to R_1+ , where the difference in chemical potential, 

Ze2 

ttl' - ttn = --, 
r 

arises in the Coulomb potential of the pion source. In this respect contact is 

made with the ideas of Ref. 94. 

The Coulomb distortion of the pion wave functions depends upon pion energy 

relative to the nuclear fragments, and therefore it most strongly affects pions with 

rapidity close to that of a strong charge, e.g. the beam remnant. The dependence 

of the density of states on the nucleon temperature means that it will contribute 

more strongly to the shapes of the pion spectra at low beam energies. However, 

the absence of any pion energy dependence in the density of states contribution 

to R_I+ means tha.t the Coulomb distortion must also be important, at least at 

low pion energies, where R_1+ depends on T1r • 
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At high pion energy (i.e. Y1r ~ Ybeam), where R_1+ is constant, we may 

assume that the pion wave functions experience little or no Coulomb distortion, 

and therefore that the density of states dominates. Then we can use R_1+ to 

estimate the size and charge of the pion source, as follows. Substituting the 

Coulomb potential for the chemical potential, as above: 

(5.1) 

where kT is the nucleon temperature and r is the radius of the charge source. 

Following Bertsch, we assume that the pions come from a thermalized nucleon 

gas, and from Boltzmann statistics, kT = ~(60) = 40 MeV, where 60 MeV is 

the beam energy per nucleon in the center of mass. This is consistent with 

the experimental temperature of 42 Me V extracted from our proton spectra for 

central collisions at ()c.m. = 900
• Assuming, once again based upon comparison of 

experimental associated multiplicities to the cascade, that about half the nucleons 

participate, then the Coulomb potential energy, calculated as above, is about 14 

MeV and 

R_1+ (Coul.) ~ e-2(l!) = 0.5 

In a simple delta resonance model, the neutron excess of the La+La system leads 

to a predicted charged pion production ratio (Appendix F, p. 197), 

R_1+ (prod.) ~ 1.8 

Assuming that all pn collisions can produce pions--effectively, including the 

N(1440) resonance-reduces the ratio to 1.7. (See Appendix F.) Folding to­

gether the contributions from delta resonance production and density of states 

gives R_1+ = (0.5)(1.8) = 0.9, consistent with the observed value of about 1 

at high pion energies. However, as was the case with the compound nucleus 

hypothesis of Ref. 94, the structure at low energies cannot be treated in this way. 
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Coulomb impulse and phase space distortion. Gyulassy and Kauff­

mann 158 have treated Coulomb final state interactions analytically. They first 

make a simple classical derivation, followed by a formal development using first­

order relativistic perturbation theory, with a limited extension into the non­

perturbative regime. Details and examples of their calculations may be found 

in Refs. 59 and 158. Here, we will outline their classical treatment, in order to 

make clear the nature of the Coulomb effects, and how they qualitatiyely explain 

the observed energy-dependent structure of the charged pion spectra. 

The single particle inclusive cross section a(k) for charged particles may be 

related to the cross section ao(k) for neutrals by: 

fPko 
a(k) = ao(ko(k)) ()3k ' 

where ko and k are the initial and final particle momenta, respectively. 

The total Coulomb effect may be considered in two parts: 

(5.2) 

1. a Coulomb impulse, or momentum shiftt ±op(k) = k - ko(k), which 

shifts the positive particle spectra to higher energies, and the negative 

spectra to lower energies, and 

2. a Coulomb phase space distortion, which affects the density of states 

in momentum space and is embodied in the jacobian, IfPko/fPkl. It tends 

to enhance the negative and deplete the positive spectra. t 

Now consider the special case of a static, spherically symmetric positive charge 

distribution, with Coulomb potential energy Zo:/R. (0: = e2 /nc, n = c = 1) 

Energy conservation is applied to get ko(k): 

k2 k2 Zo: _=...J!....±_, 
2m 2m R 

tThe upper sign in all cases refers to positive spectra 
* Although the terminology might imply otherwise, the Coulomb impulse term corresponds to 

the contribution from the "density of states" in Ref. 162. 
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For the neutral particle cross section, we assume a simple exponential: 

_ 1 [k2:r2mZa] 
<X e 2mTO R 

149 

This leads to the expression for the final state charged particle cross sections: 

(5.3) 

In eq.(5.3), the exponential is closely related to the momentum shift, while the 

term in parentheses corresponds to the phase space distortion. The momentum 

shift is independent of particle energy, and tends to enhance the yield of positive 

particles and depress that for negatives. The phase space distortion has the 

opposite effect and also introduces an energy (momentum) dependence. Both 

effects are angle-independent, as expected with a symmetric source charge. 

Note that at low temperature or high particle momentum, eq.(5.3) almost 

reduces to eq.(5.1), with the difference that the temperature, Tin eq.(5.1) is the 

temperature of the nucleons, whereas T in eq.(5.3), which enters through the 

assumption of a thermal spectrum for the neutral particles, is for the emitted 

*At this point our approach diverges from that of Ref. 158. They expand eq.(5.3) in ZOt, 
anticipating the perturbative approach they will take later on. We will not do so, since for 
subthreshold pion production from the La+La system the experimental evidence, in the form of 
the associated multiplicity distributions and the angular isotropy of the pion spectra, makes it 
reasonable to expect. to see. Coulomb effects dominated by a single charge distribution, at rest in 
the center of mass. Consequently ZOt may be of order unity and the perturbative expansion will 
not work, nor is it required for this special case. (See also Ref. 163.) 
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particle. The two temperatures are not necessarily the same. (See, for example, 

Ref. 57.) 

We can include the effect of an expanding charge distribution in a simple way, 

in analogy to eqs.(2.11) and (2.12) of Ref. 158. Let k2 
-+ k2 + k;', where kT is 

the thermal average momentum: 

with Tp the temperature of the charge source, and m and mp the particle and 

proton masses, respectively. Then, 

and 

± Z", m a _.!:..L 
( 

2 Z 
)

1/2 ( 2) 
O"±(k) = O"o(k) (e RT) 1 =r= (k2 + k~)R e 2mT , 

0"71"-

0"71"+ 

_ e-~ [(k2 + k;')R + 2mZajl/2 
(k2 + k~)R - 2mZa 

(5.4) 

(5.5) 

From eqs.(5.2)-(5.5) we can see qualitatively how the competing effects of 

particle momentum and temperature give the detected spectra their form. At 

high temperature and/or low momentum, R_1+ tends to increase with decreas­

ing momentum. At low temperature and/or high momentum, R_1+ decreases 

asymptotically with increasing momentum. The absence of any angle depen-

dence in eq.(5.5) is consistent with the data for La+La. Angle dependence may 

be introduced by an asymmetric charge source, by multiple charge sources or 
\ 

when the particle source and charge source are separated in space. (The latter 

is probably the strongest influence on the data of Refs. 59 and 72.) It can also 

come in through an angle dependence of the neutral particle cross section, 0"0. 

The small anisotropy in R_1+ at low momenta at forward angles may be due to 

the influence of beam fragments from peripheral collisions, but the spectra cut 

on low multiplicity (p. 143) do not provide conclusive evidence of this. 

J 
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Fig. 5.39 shows R_1+ , calculated using eq.(5.5), for p+Cu, C+C and La+La 

interactions at the same beam energies as above, but with isotropy assumed. For 

La+La and C+C, approximately half the interacting nucleons are assumed to 

be involved, with the non-interacting proton charges assumed to have relatively 

little effect on the spectra. As expected, eq.(5.5) qualitatively reproduces the 

main features of the data. Quantitatively, the calculated low energy increase 

in R_I+ occurs at lower pion energy than observed experimentally, while the 

predicted asymptotic value of R_1+ is consistent with experiment for C+C, but 

is too small for La+La and p+Cu. For C+C at 0° (not shown) R_1+ is more than 

two times too large. 
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Figure 5.39. R_I+ calculated according to the development of Gyulassy and Kauffmann 
{Ref. 158) for an expanding spherical charge, coincident with the pion source. Parameters 
are, for p+Cu, C+C and La+La, respectively: source size R = 4.5,2.6 and 5.8 fm, charge 
Z = 29,6 and 57, pion temperature T = 40,17 and 26 MeV. (Temperatures are from 
charged pion cross sections. For C+C, T = 17 MeV is consistent with slope parameters 
from angle integrated data for neutral pions 92.) 

For La+ La, the experimental value of R_I+ at high pion energy is reproduced 
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if we use a pion temperature of 40 MeV. This is not surprising, since it makes 

the calculation equivalent to that of Bertsch, discussed above. However, this 

higHer temperature for neutral pions is inconsistent with the data for charged 

pions; when substituted into eq.(5.4), it leads to incorrect predictions for the 

temperature. By contrast, using T = 26 MeV gives too low a value for R_1+ . We 

will not pursue this further, but it is clear that a full treatment of Coulomb effects 

on the charged pion spectra must confront the fact that different temperatures 

are observed for proton and pion spectra from the same interaction. 

Finally, the energy at which R_1+ starts to increase is rather insensitive to 

changes in any of the parameters. If the assumption of a dominant central charge 

source is correct, then the discrepancy between the calculation and the data 

would have to come from the low energy structure of the neutral pion spectrum. 

In particular, there may be a low energy depletion in the production of pions. 

For 71"+ the peak would be Coulomb-shifted to higher pion energies, for 71"- the 

shift is in the opposite direction, and in our case would have to be big enough to 

shift the peak to an energy below the minimum accepted by the spectrometer. 

For example, in this way a peak due to a blast wave (p. 27) might be obscured 

by Coulomb effects. 

We examined this possibility as follows. Starting with eq.(5.2), we substi­

tuted for the jacobian as before, but rather than assuming an exponential 0'0, we 

substituted the measured 71"+ spectrum for O'+(k) on the left side of the equation, 

and inverted to obtain O'o(k). The new 0'0 was then used to compute 0'_. Using 

this method it was found that a peak in the neutral spectrum could, in principle, 

be shifted in such a way as to give a 71"- spectrum which is expone~tial over the 

entire spectrometer acceptance. However, this was accomplished only by assum­

ing the participation of all the available charge (i.e. a Coulomb shift due to a 

compound nucleus with Z = 114 and A = 278) and this gives an asymptotic 
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value of R± which is much too low. 

Pion evaporation from a compound nucleus. In a recent publication 118, 

Bonasera and Bertsch have adapted the statistical theory of Weisskopf115 to the 

problem of charged pion production. In this model, which essentially combines 

the approaches of Refs. 114 and 162, the pion production cross section is de­

termined by the probability of thermal evaporation of a pion from a compound 

nucleus. This probability is proportional to the level density of the evapora-

tion residue and to the inverse cross section for pion absorption on a nucleus, 

both of which depend on the pion charge, and to some other terms which are 

charge-independent. Thus, the ratio of cross sections for charged pion production 

depends only on the level density and on the absorption cross section. The level 

density is related to the difference in proton and neutron chemical potentials and 

thence to the Coulomb energy of the nucleus, as in Ref. 162, resulting in the 

expression for the ratio: 

R - O'abs(7r- ) • e-2(JJp-JJn)/T 
-/+ - O'abs(7r+ ) , 

where T is determined from the experimental pion spectra, and the absorption 

cross sections are obtained from a parameterization of the existing data for pion 

absorption on nuclei (Refs. 138, 139 and 164). 

Bonasera and Bertsch found reasonable agreement with our data for La+La 

at both 138 and 246 MeV/nucleon (Fig. 5.40), as well as with other pion data. 

It is easy to see empirically why this is so. At T'/r > 150 MeV, the absorption 

cross section is approximately independent" of charge, and the ratio depends most 

strongly on the level density term, which we know accounts for the ratio for high 

energy pions (p. 147). t At lower pion energies, the 7r+ absorption cross section 

falls off rapidlyl38, and this produces the increase in R_/+ at low energy. Note 

tIt is interesting to note that in Ref. 118 the temperature used is that for the pions, rather 
than for the protons as in Ref. 162. In fact, Ref. 118 somewhat underpredicts the ratio for 246 
MeV/nucleon, and the discrepancy is reduced by using the higher temperature .. 
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Figure 5.40. Comparison between a statistiCal compound nucleus model and the data 
for R_1+ . The boxes are data points for our data for 246 MeV jnucleon La+La. The 
circles and triangles are for two different sets of pion absorption data. (From Ref. 118.) 

also that the inverse cross section in this model corresponds to the phase space 

distortion term in the Gyulassy-Kauffmann formulation. Qualitatively, the two 

approaches can be connected by considering the phase space term to reflect the 

effect of the Coulomb field on the pion production amplitude, as discussed in 

Sec. 3 of Ref. 158. 

nip Ratios and Clustering. The influence of Coulomb final-state interac­

tions on protons emitted from heavy ion collisions has been extensively investi-

gated (Refs.6,10,158,161,165 and 166), particularly in regard to the low energy 

nIp ratios at forward angles. The work of Madey et al. 10 and of Barghouty 

and Fai i61 has demonstrated the importance of considering composite fragment 

formation as well as Coulomb effects. Barghouty and Fai also report good agree­

ment with the experimental7r- /7r+ ratios of Refs. 57 and 72, although a model 

without fragment formation 158 does equally well. 

The possible relevance of fragment (or cluster) formation to the 7r- /7r+ ratio 
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has been pointed out by Stock l67• He notes that, to first order, clusters remove 

equal numbers of neutrons and protons from the system. Thus, if the primordial 

system is neutron-rich, then in the final state the free nucleons will be even 

more dominated by neutrons. Furthermore,7r+ and 7r0 are "unstable in 'neutron 

matter' ", by way of the charge exchange reactions 

and 

with the daughter protons being absorbed into additional clusters. The strength 

of the effect at low beam energy is due to the low entropy per baryon in the initial 

state, resulting in more clusters; the strength at low nucleon energy comes from 

the fact that the cross section for formation of a cluster of mass A is proportional 

to the Ath power of the nucleon cross section 14, and the nucleon cross section 

decreases roughly exponentially with energy. This may at least partially account 

for the observed nip ratios 14.t 

The exact pion energy dependence of clustering effects is not clear from the 

above discussion; however, taken together with the quantitative inadequacy of 

Coulomb distortion calculations, it argues for. a calculation of pion production 

for all three charge states which incorporates all of the effects discussed above: 

Coulomb distortion, fragment formation and pion absorption. 

, t An interesting implication of this argument is that it should affect the neutral as well as 
the charged pion cross sections; thus a comparison of the experimental charged and neutral pion 
cross sections should test the relative importance of clustering and Coulomb effects. 
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6. Summary and Conclusions 

Summary of results and model comparisons 

We have measured inclusive cross sections for pion production in the reactions 

139La +139 La ---+ rr± + X at 138, 183 and 246 MeV /nucleon and 

2°Ne + NaF ---+ 7l"- + X at 244 MeV/nucleon for 30° ::::; (}c.m. ::::; 90°. Associated 

multiplicities for charged particles were recorded with a 1l0-element scintillator 

multiplicity array. 

Pion energy and angular dependence. To a first approximation, the 

exponential dependence of the pion cross sections on pion energy was found to 

hold for charged pions from La+La collisions at 246, 183 and 138 MeV/nucleon, 

and for rr- from Ne+NaF collisions at 244 MeV/nucleon. At 246 (La+La) and 

244 (Ne+NaF) MeV/nucleon, pions are emitted almost isotropically in the center 

of mass, for c.m. angles between 30 and 90 degrees. There are local deviations 

from both isotropy and the exponential energy dependence, especially at the 

lower beam energies, in the form of bumps and discontinuities in the energy 

spectra. 

Beam energy and system mass dependence. In previous experiments 

the slope parameter, To, and yield of the pion cross sections have been found to 

fall smoothly with beam energy, above and below threshold. (To is defined to be 

the negative inverse slope, when the cross section is parameterized by a Maxwell­

Boltzmann distribution.) Our data follow these trends, and the La+La and 

Ne+NaF data are consistent with the trends identified in the earlier experiments. 

The slope parameter was found to be rather insensitive to target and projectile 

mass, even for proton projectiles. 

The scaling behavior of the inclusive yield, du/dn, of 7l"- from L8o+L8o 'and 
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.. I I 
N e+ N aF collisions changes from approximately At~t . A;roj above threshold to 

close to N~t· N;roj at 183 MeV/nucleon, beam energy. The N2-scaling could be 

interpreted as a volume dependence, weighted by neutron number. 

Associated multiplicities. The distributions are peaked at relatively high 

multiplicities (25-35 for La+La) for all angles, with the position of the peak 

shifting to lower multiplicities with decreasing beam energy. The distributions 

resemble those taken in the streamer chamber with the central(i.e. small spec­

tator charge) trigger. We interpret this to mean that subthreshold pion pro-

duction typically takes place in small impact parameter collisions. There are 

slightly more low-multiplicity 7r- -producing events at the most forward angle 

measured (()c.m. = 300)~ The slope parameter is found to depend only weakly on 

multiplicity. 

An increase in the 246 MeV/nucleon 7r- yield at ()c.m. = 30° is identified 

with low multiplicity events; when cut on multiplicity greater than 40, the cross 

section is isotropic. A sharp break in the 183 MeV/nucleon 7r- cross section at 

()c.m. ~ 30° is not correlated with multiplicity, however. 

Charge dependence. The ratio of 7r- and 7r+ yields was found to vary 

strongly as a function of pion energy. This dependence takes the form of a 

peak in the 7r- /7r+ ratio at low pion energy, with a gradual falloff towards an 

asymptotic value of unity at high energy. It is found at all angles, and persists 

at pion rapidities well-removed from those of the target and projectile. It is 

generally independent of associated multiplicity. Qualitatively similar effects 

have been observed in collisions of light nuclei below threshold and in p-nucleus 

collisions above threshold. 

Model comparisons. We have compared the data with several different 

types of models. The firestreak thermal model predicts isotropy and exponential 

energy dependence, but considerably overestimates the slope and yield of the 
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cross section. There is also no evidence in the data of delta resonance decay, 

which appears as a shoulder in the model calculation. 

The blast wave thermal model predicts a low energy peak in the pion spectra. 

We have tested the assumption that the observed peak in the 7r+ spectra might 

be a Coulomb-shifted blast wave peak, but the required shift is inconsistent with 

other aspects of the data. 

A statistical model in which pion production is proportional to the available 

phase space is in excellent agreement with the data for 7r- from La+La collisions 

at 246 MeV/nucleon. A similar calculation for 183 MeV/nucleon Ne+NaF was 

made to agree only when cluster formation was included. This may be evidence 

of a difference in the pion production mechanism, but additional calculations are 

needed. The success of the statistical model vs. the firestreak model also points 

up the importance of taking the finite particle number into account. 

We have made extensive calculations with an intranuclear cascade code, in 

order to compare as many of the experimental observables as possible with a 

purely binary, nucleon-nucleon model. The cascade code reproduces the slope 

parameters, but underestimates the yield. This is also the case at higher beam 

energies. The angular distribution of cascade pions is slightly forward-peaked, 

in contrast to the data, which show a clear enhancement only at (}c.m. = 30°. 

The scaling of cascade yields with the system mass deviates from a simple 

Ai at low beam energy, but not to the extent seen in the data. Associated mul­

tiplicity distributions in the cascade are quite similar in shape to those obtained 

experimentally, although shifted towards higher multiplicity, most likely due to 

the absence of clusters in the cascade simulation. 

The anisotropy in the angular dependence of pions from the cascade is weak­

ened, but not removed, by a high multiplicity cut. For low associated multiplic­

ity, there appears to be a resonance shoulder at the expected pion energy. We 
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attribute the results of the cascade simulation to rescattering effects, which we 

found to be more likely at higher multiplicity. The results support the idea that 

the cascade angular distribution reflects the delta kinematics. In attempting to 

extend these arguments to the experimental data, we find that there is a simi­

larity: the correlation between angular distribution and multiplicity,and several 

differences: the forward peaking is much sharper in the data, it is completely 

removed by a high multiplicity cut and there is no evidence in the data of a 

resonance shoulder for pions with low associated multiplicity. 

Using the cascade results to relate associated multiplicity and impact pa­

rameter, we estimate the average impact parameter for pion-producing La+La 

collisions at 246 MeV/nucleon to be 4.9(0.9) fm. 

Interpretation of the results 

Our data on angular distributions and multiplicities strongly suggest that 

subthreshold pions (at c.m. angles between 30° and 90°) are emitted primarily 

from a single source, at rest in the center of mass and involving, on the average, 

at least half the target and projectile nucleons. However, some of the data at 

Bc.m . = 30°, especially when considered in the context of 0° pion results, indicates 

that peripheral interactions may playa significant role at more forward angles. 

Two aspects of our results argue in favor of pion production in binary nucleon­

nucleon collisions. The first is phenomenological: the inclusive cross sections we 

have measured follow the trends in slope and yield established in measurements 

above threshold. Secondly, the intranuclear cascade, which is essentially a Monte 

Carlo simulation folding together the effects of many nucleon-nucleon collisions, 

describes many of the features of the data. In particular, it is able to reproduce 

the high energy tails of the pion spectra. Moreover, where the cascade fails to 

reproduce the data, it fails in a manner similar to its characteristic behavior at 
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higher energies. 

There is also evidence which suggests that mechanisms other than binary 

production are involved. For example, a statistical model which implicitly as­

sumes that clusters of nucleons cooperate in pion production has had the most 

success at reproducing the 7r- data. Perhaps most importantly, the change in 

the mass scaling of the pion yield as the beam energy is lowere,d is not readily 

interpreted in a nucleon-nucleon framework. However at this time there are too 

few data points to make any conclusive statements about this effect. Additional 

measurements of the mass dependence are needed. 

Some other features of the data do not directly relate to collective effects, but 

are interesting in their own right. Charge-dependent structure in the pion spectra 

echo similar effects in widely disparate interactions above and below threshold. 

The mid-rapidity peak observed at higher beam energies has not been seen be­

low threshold, but has not been universally observed above threshold, either. 

Several possible interpretations involving electromagnetic interactions between 

emitted pions and the charged nucleons are at least qualitatively consistent with 

our results, as are other, perhaps complementary scenarios involving fragment 

formation and charge exchange. 

The increased yield in the 246 MeV/nucleon La+La 7r- cross section at 

Bc.m . = 300 is correlated with low associated multiplicity. It is not clear whether 

this effect is associated with pion creation or merely with pion emission. During 

pion emission, the enhancement could arise due to Coulomb interactions between 

the outgoing pion and a high-Z projectile fragment, which would more likely be 

present in a peripheral (hence low multiplicity) collision. This picture is consis­

tent with the observed angUlar distribution, as one would expect the effect to be 

strongest near the beam direction. It is also consistent with the forward angle 

data of Ref. 72 for N e+ N aF. Thus there should be an even stronger effect at 
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more forward angles, which were outside the range of our spectrometer. Still an­

other possibility is that of decreased pion absorption associated with a peripheral 

interaction. 

Alternatively, low associated multiplicity does not necessarily mean large im­

pact parameter. If the enhancement does arise during pion creation, one could 

envision a scenario where a central collision takes place, but with energy chan­

neled into pion creation rather than into dissassembling the target and boosting 

the target fragments. This does not explain the anisotropy of the effect, however. 

There are some other intriguing deviations from purely exponential and iso­

tropic spectra. The most striking of these is probably the discontinuity in the 

spectrum of 7r- from 183 MeV/nucleon La+La collisions, in which isotropy at 

high energies is coupled with a drastic depletion of low energy pions at Bcomo = 

30°. Unlike the case for the 30° 7r- spectrum at 246 MeV/nucleon, this effect 

is not sensitive to cuts on associated multiplicity. We should also note that the 

possibility of instrumentation effects cannot be ruled out, although there is no 

evidence for this in either the raw data or in the records of the data taking. 

Suggestions for further experiments 

A number of measurements and calculations might be done to amplify and 

extend the investigations reported in this dissertation. For example, 

• A systematic mass and beam energy dependence, taken under consistent 

experimental conditions to minimize uncertainty due to relative normaliza­

tion. Ideally, this would be done for all three pion charge states, at beam 

energies from a few tens of MeV/nucleon to near threshold,oover the widest 

possible range of system masses. 

• Improved statisti~s for 7r- production at the lower beam energies, and for 

7r+ production at all beam energies. This would help nail down possible 
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deviations from exponential energy dependence and angular isotropy, and 

would make possible more precise cuts on associated multiplicity. 

• A complete angular distribution, especially including forward angles. This 

would help to resolve the spectral irregularities, in particular those at­

tributed to Coulomb effects. For example, some or all of the deviations 

from isotropy may involve pions pushed into or removed from a region in 

phase space which was out of the angular range of our spectrometer. 

• Extension of the measurements to the lowest accessible pion energies, for 

the same reason. 

• Measuring 71"0 production, for general purposes of comparison with the 

charged pion spectra, and to establish the relative influence of Coulomb 

effects and cluster formation on the final-state pion spectra. 

• Experimenting with different Fermi distributions within the Cugnon cas­

cade code, in order to study the sensitivity of nucleon-nucleon pion pro­

duction to assumptions about the internal nucleon momenta. 

• Running the latest version of the cascade code, which takes isospin into 

account, in order to determine how much of the charge-dependent structure 

might be accounted for in a binary collision model. 

Two related experiments, each of which is a full scale study in itself, are: 

• Extend the studies of fully coherent pion production (p. 34) by light ions 

to the much heavier 139La + 139La system. 

• Measure the production of high energy gamma rays from the La+La sys­

tem. Lately, there has been considerable interest in such measurements 

(Refs. 168 and 169, and references therein), and a recent Bevalac exper­

iment measured gamma ray production from La+ La collisions up to 138 
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MeV /nucleon beam energy170. Gamma rays may probe some of the same 

processes as do pions t, while undergoing fewer final state interactions to dis­

tort the cross sections. They may also provide complementary information: 

for example, the multi polarity of the gamma rays (as manifested in their 

angular distribution) can be used to rule out some modes of interaction 168. 

Conclusions 

We have taken a considerable amount of data on charged pion production 

below the free nucleon threshold, at projectile masses and energies where lit­

tle or no data has previously been recorded. The use of a multiplicity array 

has made it possible to characterize pion-producing events according to impact 

parameter, and we have found that, at least for c.m. angles between 30° and 

90°, subthreshold pions are produced predominantly in small impact parameter 

collisions. 

The overall picture which has emerged from this study is that, by measuring 

subthreshold pions produced at moderate to large c.m. angles we are in effect 

triggering on central collisions, with a large number of participants, which is 

further enhanced by use of a relatively heavy target and projectile. The large 

number of interacting nucleons makes it reasonable to think that subthreshold 

pion production in heavy systems will be promising venue in which to search 

for collective effects. In studying our results for the La+La system, both by 

themselves and in comparison them with the results of previous experiments, we 

have not found conclusive evidence of such effects. However, some aspects of the 

results do not have a clear interpretation in terms of simple binary (nucleon­

nucleon) production, and may be signals that collective effects are beginning to 

assert themselves above the nucleon-nucleon background. The mass dependence 

tSteven80n et al. l68 have noted that if the gamma ray spectra are extrapolated to the energy 
equivalent of the pion mass, then gamma and pion spectra are similar 
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of the pion yield, in particular, falls in this category. 

Finally, the discovery of charge-dependent structure in the pion cross sec­

tions is interesting in its own right. The combination of a heavy system and 

small impact parameter may not only make possible collective effects in pion 

production, but seems also to affect the emitted pion spectra. This may be due 

to the intense Coulomb field from the large number of charges present, or to 

effects relating to the large neutron excess in the system, or to a combination of 

the two. In any case, the final-state interactions which influence the charged pion 

spectra, if they can be fully understood, may reveal much about the space-time 

structure of nucleus-nucleus interactions. 
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These tables contain invariant cross sections for laboratory angles, and variant 

cross sections for center of mass angles. The variant and invariant cross sections 

in a given reference frame are related by the expression 

O"inv = E . O"var 

where 

The cross sections for Bc.m . = 30° and 45° correspond to Blab = 21° and 30°, 

respectively. For Bc.m . = 60° and 90°, most of the data points are from Blab = 

42.5° and 67°, but the first few low momentum (or energy) points are from 

Blab = 40° and 62.5° , respectively. (See Sec. 4.5.) 
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Laboratory Cross Sections 
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139La +139 La --+ 1r- + X 

246 Me V / nucleon 

8Iab=21° lhab = 30° 8lab = 40° 

E d2 q 
Plab 

E ~q 
Plab 

E d2 q 

Plab p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) Cr_";;bej2 ) (MeV/c) (sr_mO:V2 ) (MeV/c) Cr_n:,~V2 ) 
c c3 c3 

138 5800 ± 800 153 3300 ± 200 144 4400 ± 400 
153 4600 ± 400 173 2300 ± 100 163 2800 ± 200 
172 3600 ± 200 192 1660 ± 80 183 1700 ± 100 
192 2700 ± 200 212 1050 ± 50 202 1200 ± 100 
213 1800 ± 100 232 760 ± 40 222 720 ± 70 
233 1400 ± 100 252 480 ± 30 243 470 ± 50 
252 910 ± 80 272 320 ± 20 261 310 ± 40 
272 640 ± 60 . 292 200 ± 20 282 150 ± 30 
292 380 ± 40 312 130 ± 10 302 120 ± 20 
311 300 ± 30 332 75 ± 9 320 50 ± 10 
331 170 ± 30 351 41 ± 6 342 50 ± 10 
353 120 ± 20 372 27 ± 5 362 23 ± 9 
371 80 ± 20 390 19 ± 4 385 20 ± 10 
400 40 ± 10 411 9± 4 
441 14 ± 9 444 5± 3 

8lab = 42.5° 8lab = 62.5° 8lab = 67° 

Plab 
E ~q 

Plab 
E ~q 

Plab 
E d2 q 

p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) ( . ";;:V2) (MeV/c) Cr-~) (MeV/c) Cr-~) sr-~ c 

154 2900 ± 200 137 3200 ± 300 153 1790 ± 70 
172 2000 ± 100 153 2100 ± 100 172 1050 ± 40 
192 1190 ± 80 172 1090 ± 60 192 570 ± 20 
212 900 ± 60 192 630 ± 40 212 360 ± 10 
232 550 ± 40 212 370 ± 30 232 220 ± 10 
252 360 ± 30 233 210 ± 20 252 116± 7 
273 190 ± 20 253 130 ± 10 271 70 ± 5 
292 170 ± 20 272 80 ± 9 292 41 ± 3 
312 90± 10 293 52 ± 7 312 25 ± 3 
331 70 ± 11 312 30± 5 333 13 ± 2 
352 31 ± 7 332 15 ± 4 354 8± 1 
380 14 ± 4 348 7± 3 382 3.3 ± 0.6 

371 4± 2 417 1.4 ± 0.4 
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139La +139 La --+- 1t'+ + X 

246 Me V / nucleon 

Blab = 21° Blab = 30° Blab = 40° 

• 
E d2

(j 

Plab 
E ~(j 

Plab 
E d2

(j 

Plab p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) Cr~:v2 ) (MeV/c) (8r_~:v2 ) (MeV/c) Cr_~:V2 ) .iI 

c3 c3 c3 

158 600 ± 200 154 900 ± 300 153 800 ± 100 
188 600 ± 200 172 1200 ± 300 180 840 ± 90 
218 900 ± 200 198 600 ± 200 204 570 ± 70 
247 500 ± 100 240 500 ± 100 230 320 ± 60 
277 400 ± 100 283 230 ± 80 254 300 ± 50 
307 210 ± 80 280 160 ± 30 
336 120 ± 70 309 120 ± 20 
379 50 ± 40 351 50 ± 20 

388 20 ± 20 

Blab = 42.5° Blab = 62.5° Blab = 67° 

Plab 
E d2

(j 

Plab 
E d2

(j 

Plab 
E ~(j 

p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) Cr-~) (MeV/c) Cr-~) (MeV/c) Cr-~) 
c c c 

155 830 ± 70 148 860 ± 60 153 760 ± 40 
174 710 ± 80 177 590 ± 40 172 590 ± 30 
192 640 ± 60 206 340 ± 20 192 440 ± 30 
212 530 ± 50 235 200 ± 20 213 270 ± 20 
232 410 ± 40 265 130 ± 10 232 180 ± 10 
252 270 ± 30 294 52 ± 8 251 1l0± 10 
277 170 ± 20 327 18 ± 4 272 80 ± 8 
305 130 ± 20 292 52 ± 6 
336 40 ± 10 312 32 ± 5 
367 30 ± 10 338 10 ± 2 

375 3± 2 
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139La +139 La ~ 1['- + X 

183 MeV/nucleon 

Blab = 2r Blab = 42.5° Blab = 67° 

E d2 u 
Plab 

E d2 u 
Plab 

E d2u 
Plab p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) Cr-~~r2 ) (MeV/c) Cr-~) (MeV/c) Cr_~~V2 ) 
c c c3 

144 800 ± 200 138 1140 ± 100 152 550 ± 30 
163 600 ± 100 153 800 ± 40 172 290 ± 20 
183 380 ± 90 172 500 ± 20 192 144 ± 8 
200 200 ± 60 192 290 ± 10 212 78 ± 5 
224 110± 40 212 190 ± 10 232 45 ± 4 
248 170 ± 40 231 98 ± 7 252 21 ± 2 
272 130 ± 30 252 61 ± 5 272 10 ± 1 
309 40 ± 20 273 46 ± 4 292 7± 1 

292 26 ± 3 311 3.7 ± 0.7 
312 15 ± 2 339 1.2 ± 0.3 
332 6± 1 
354 4.5 ± 0.9 
389 1.6 ± 0.7 

139La +139 La ~ 1['+ + X 

183 MeV/nucleon 

Blab = 42.5° Blab = 67° 

Plab 
E rPu 

Plab 
E rPu 

p2 dpdO p2 dpdO 

(MeV/c) Cr-¥) (MeV/c) (sr-~) 
c c 

143 270 ± 70 152 110± 30 
162 180 ± 40 172 70 ± 20 
182 190 ± 40 194 60 ± 20 
203 130 ± 30 213 30 ± 9 
222 140 ± 30 233 33 ± 9 
242 120 ± 30 250 46 ± 10 
262 60 ± 20 279 15 ± 4 
284 50 ± 20 
303 30 ± 10 



139La +139 La -+ 7r- + X 

138 MeV/nucleon 

8la b = 450 8la b = 700 

Plab 
E d2 u 

Plab 
E d2 u 

p2 dpdO p2 dpdO 

(MeV/c) Cr-~) (MeV/c) Cr_~~V2 ) 
153 
173 
197 
210 
233 
254 
280 

c 

170 ± 40 135 140 ± 
50 ± 10 153 60 ± 
28 ± 9 172 27 ± 
21 ± 7 193 8± 
18 ± 9 210 3± 
13 ± 5 
5± 3 

139La +139 La -+ 7r+ + X 

138 MeV/nucleon 

Plab 

(MeV/c) 

154 
171 
193 
210 

40 ± 
18 ± 
7± 
6± 

10 
6 
3 
3 

c3 

50 
15 
7 
3 
3 

170 
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20Ne + NaF --+ 1t'- + X 

244 MeV/nucleon 

fhab = 21° Blab = 42.5° Blab = 67° 

plab 
E d2

(T 

Plab 
E d2

(T 

Plab 
E d2

(T 

p2 dpdO p2 dpdO p2 dpdO 

(MeV/c) Cr-¥) (MeV/c) Cr-¥) (MeV/c) Cr-¥) 
c c c 

153 140 ± 20 153 118± 4 153 70 ± 2 
173 120 ± 10 173 84 ± 2 172 41.9 ± 0.8 
192 90 ± 9 192 58 ± 2 192 24.5 ± 0.5 
212 60 ± 7 212 45 ± 1 212 15.6 ± 0.4 
233 58 ± 6 232 27.6 ± 0.9 232 8.8 ± 0.3 
252 37 ± 5 252 18.8 ± 0.7 252 5.1 ± 0.2 
272 34 ± 4 272 12.4 ± 0.5 272 3.1 ± 0.1 
291 28 ± 4 292 6.6 ± 0.3 292 1.83 ± 0.09 
313 13 ± 2 311 4.2 ± 0.3 311 0.94 ± 0.06 
332 8± 2 332 2.8 ± 0.2 331 0.50 ± 0.05 
353 5± 1 351 1.5 ± 0.1 351 0.31 ± 0.04 
373 3± 1 371 1.0 ± 0.1 371 0.15 ± 0.02 
407 2.0 ± 0.7 392 0.50 ± 0.1 407 0.04 ± 0.01 
448 1.4 ± 0.5 410 0.33 ± 0.08 453 0.03 ± 0.01 

433 0.25 ± 0.07 
458 0.10 ± 0.04 



Plab 

20Ne + NaF -+ 1r± + X 
800 MeV/nucleon 

(}lab = 60° 

1r 1r+ 

E d2 u 
plab p2 dpdO 

E d2 u 
p2 dpdO 

(MeV/c) Cr-¥) (MeV/c) Cr-¥) 
c c 

151 1470 ± 30 151 1250 ± 70 
170 1200 ± 20 170 1070 ± 50 
190 880 ± 20 190 810 ± 30 
210 720 ± 10 210 660 ± 30 
230 590 ± 10 230 550 ± 20 
250 480 ± 10 250 480 ± 20 
270 371 ± 8 270 340 ± 20 
290 291 ± 7 289 270 ± 10 
310 213 ± 5 310 210 ± 10 
330 160 ± 5 330 150 ± 10 
350 124 ± 4 349 111± 9 
370 86 ± 3 369 86 ± 7 
390 67 ± 3 389 69 ± 7 
409 52 ± 3 409 49 ± 5 
429 37 ± 2 429 39 ± 5 
450 30 ± 2 449 26 ± 4 
469 24 ± 2 469 23 ± 4 
490 18 ± 1 489 15 ± 3 
509 13 ± 1 510 16 ± 3 
529 12 ± 1 531 9± 2 
551 7.1 ± 0.9 550 7± 2 
570 6.2 ± 0.8 568 7± 2 
589 3.4 ± 0.6 592 2± 1 

172 
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Center of Mass Cross Sections 
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139La +139 La ~ 1t'- + X 

246 Me V / nucleon 

Bc .m . = 300 Bc .m . = 45 0 

Tc.m . 
1 cPO' Tc.m . 

1 d20' 

p2 dpdO p2 dpdO 

(MeV) (sr_(~b~V)'J ) (MeV) (sr_(~b~V )'J ) 

23 36000 ± 5000 33 19000 ± 1000 
29 27000 ± 2000 43 12400 ± 600 
38 20000 ± 1000 53 8600 ± 400 
48 14000 ± 1000 64 5100 ± 300 
59 9300 ± 700 76 3500 ± 200 
71 6700 ± 500 88 2100 ± 100 
82 4100 ± 400 100 1320 ± 90 
94 2700 ± 300 113 780 ± 60 
107 1500 ± 200 126 510 ± 50 
118 1100 ± 100 140 270 ± 30 
131 630 ± 90 153 140 ± 20 
145 410 ± 70 166 90 ± 20 
157 270 ± 60 179 60 ± 10 
176 100 ± 30 194 30 ± 10 
204 40 ± 20 217 15 ± 8 

Bc .m . = 600 Bc .m . = 900 

Tc.m . 
1 rPO' Tc.m . 

1 rPO' 
p2 dpdO p2 dpdO 

(MeV) (sr_(";;~V)'J ) (MeV) (sr_(";;b~v )'J ) 

34 26000 ± 3000 46 18000 ± 2000 
43 15000 ± 1000 55 10700 ± 600 
54 8700 ± 700 67 5300 ± 300 
66 5900 ± 500 86 2510 ± 90 
78 3300 ± 300 100 1510 ± 60 
87 2500 ± 200 116 850 ± 40 
100 1500 ± 100 131 430 ± 20 
114 740 ± 80 147 250 ± 20 
127 630 ± 70 164 130 ± 10 
141 330 ± 50 180 77± 8 
154 220 ± 40 197 3S.± 5 
169 100 ± 20 215 23 ± 4. 
190 40± 10 239 9± 2 

269 3± 1 



• 

139La +139 La ~ 1t'+ + X .. 

246 Me V / nucleon 

Tc.m . 

31 3000 ± 1000 33 5000 ± 2000 
46 3000 ± 1000 42 6000 ± 2000 
62 4500 ± 900 56 3100 ± 800 
79 2100 ± 600 81 2400 ± 600 
97 1600 ± 400 108 900 ± 300 
116 800± 300 
134 400± 240 
162 200 ± 100 

8c .m . = 600 8c .m . = 900 

Tc.m • Tc.m . 

38 4300 ± 600 52 4500 ± 300 
53 4400 ± 500 70 2800 ± 200 
67 2800 ± 400 86 2000 ± 100 
83 1500 ± 300 101 1140± 80 
100 1140 ± 130 116 690 ± 50 
116 650± 70 131 420 ± 40 
136 460± 60 147 280 ± 30 
158 130± 30 164 170± 20 
180 100 ± 30 180 100± 10 

202 29 ± 7 
234 9 ± 5 

175 



(Jc.m. = 30° 

Tc.m • 

(MeV) (8r-r:}~V)~ ) 

29 5000 ± 1000 
38 3400 ± 800 
48 2000 ± 500 
58 1100 ± 300 
72 500 ± 200 
86 700 ± 200 
101 500 ± 100 
126 150 ± 80 

139La + 139La ~ 1('- + X 

183 MeV/nucleon 

(Jc.m. = 60° 

Tc.m . Tc.m . 

(MeV) (8r_(~b~V)"3 ) (MeV) 

34 6600 ± 600 59 
42 4400 ± 200 72 
53 2600 ± 100 86 
65 1410 ± 70 100 
77 880 ± 50 116 
90 430 ± 30 132 
104 250 ± 20 148 
118 180 ± 20 164 
132 90 ± 10 180 
146 51 ± 7 204 
161 19 ± 4 
178 14 ± 3 
203 5± 2 

139La +139 La .~ 1('+ + X 

183 MeV/nucleon 

(8r_(~b~V)"3 ) 

2770± '140 
1380 ± 70 
640 ± 40 
330 ± 20 
170 ± 10 

78 ± 8 
36 ± 5 
23 ± 4 
12 ± 2 

3.6 ± 0.9 

(Jc.m. = 60° (Jc.m. = 90° 

Tc.m . 
1 ,flu Tc.m . 

1 d2 u 
p2 dpdO p2 dpdO 

(MeV) (8r_(~~V)3 ) (MeV) (8r_t::~V)3 ) 

37 1500 ± 400 58 600 ± 100 
47 1000 ± 200 72 340 ± 80 
59 900 ± 200 87 270 ± 70 
71 600 ± 200 102 120 ± 40 
84 600 ± 100 117 130 ± 40 
97 500 ± 100 130 170 ± 40 
111 230 ± 90 153 50 ± 20 
126 190 ± 70 
140 110± 40 
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.. 

139La +139 La ~ 1r- + X 

138 MeV/nucleon 

8c .m . = 60° 8c.m . = 90° 

Tc.m . 

(MeV) 

46 
57 
73 
82 
97 
113 
131 

1 tPq Tc.m . 
1 d2q 

p2 dpdO p2 dpdO 

(sr_r~V)3 ) (MeV) (sr_(~~V)3 ) 

900 ± 200 49 700 ± 300 
260 ± 70 61 300 ± 80 
130 ± 40 74 130 ± 40 
100 ± 30 90 40 ± 10 
70 ± 40 102 10 ± 10 
50 ± 20 
20 ± 10 

139La + 139 La ~ 1r+ + X 

138 MeV/nucleon 

8c.m . = 90° 

Tc.m . 
1 tPu 

p2 dpdO 

(MeV) (sr_(~V)3) 

61 200 ± 70 
74 80 ± 30 
89 30 ± 10 
102 20 ± 10 
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20Ne + NaF --+ 1r- + X 

244 MeV/nucleon 

Be .m . = 300 Be.m . = 600 Be.m . = 900 

Tc.m . 
1 tPu Tc.m . 

1 tPu Tc.m . 
1 tPu 

p2 dpdO p2 dpdO p2 dpdO 
.. 

(MeV) (sr_(~~V)~ ) (MeV) (sr_(~b~V)~ ) (MeV) (sr_(~b~V t ) 

29 800 ± 100 40 660 ± 20 59 353 ± 8 
39 650 ± 70 50 440 ± 10 72 198 ± 4 
49 480 ± 50 62 289 ± 8 86 109 ± 2 
59 300 ± 30 74 209 ± 6 100 65 ± 2 
71 280 ± 30 86 123 ± 4 116 34.9 ± 0.9 
82 170 ± 20 99 79 ± 3 131 19.0 ± 0.6 
94 140 ± 20 113 49 ± 2 147 10.8 ± 0.4 
106 120 ± 10 126 25 ± 1 164 6.0± 0.3 
119 50 ± 9 140 15 ± 1 179 2.9± 0.2 
132 30 ± 7 155 9.4 ± 0.8 196 1.5± 0.1 
145 17 ± 5 168 4.7 ± 0.5 213 0.9± 0.1 
158 12 ± 4 183 3.2 ± 0.4 229 0.40 ± 0.07 
181 6± 2 198 1.6 ± 0.3 261 0.10 ± 0.02 
209 4± 2 211 0.9 ± 0.2 301 0.07 ± 0.02 

229 0.7 ± 0.2 
247 0.3 ± 0.1 
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Figure B.lo Associated multiplicities for charged particles from the reaction 
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Appendix C. Raw Pion Data 

This table summarizes the pion data taking. The number of pions per beam 

ion, when normalized by the computer live time, beam intensity, target thickness 

. and spectrometer acceptance can be used to estimate the raw pion data rates 

for a comparable experiment. The rates are of course also sensitive to the target 
~ ~ 

and projectile mass, with a scaling factor of at least At~t . A;roj, as discussed in 

Chapter 5. 

Tbeam Run Number Computer Number 
(MeV/N) Blab times of live of 

(hrs:min) ions (x 1010) time pIOns 
La+La 21° 71" 4:32 .67 .73 3115 

246 71"+ 3:59 .77 .56 911 ' 
30° 71" - 2:02 2.2 .69 4903 

71"+ 0:18 .42 .35 214 
40° 71" - 1:15 .30 .93 1106 

71"+ 0:47 .97 .72 662 
42° 71" - 5:00 .62 .99 2060 

71"+ 4:09 3.0 .80 1848 
62° 71" - 1:02 1.2 .97 2158 

71"+ 3:47 3.0 .94 ·1355 
67° 71" - 4:28 4.4 .99 6442 

71"+ 5:42 6.4 .97 2553 
183 21° 71" 2:09 .23 .94 146 

42° 71" - 5:16 5.5 .87 3289 
71"+ 1:38 9.9 .95 252 

67° 71" - 6:01 6.6 .99 2851 
71"+ 1:37 2.0 .99 154 

138 45° 71" - 2:15 1.1 .98 105 
70° 71" - . 3:57 2.2 .99 74 

71"+ 2:34 2.3 .94 65 
Ne+NaF 21° . 71" 0:32 0.7 .60 806 

244 42° 71" - 1:11 12. .75 9243 
67° 71" - 1:23 

, 
52. .69 17474 

800 60° 71" 0:21 2.6 .48 29550 
71"+ 0:15 .74 .31 5377 
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Appendix D. Detector Specifications 

Dol Spectrometer Coordinate System 

The spectrometer coordinate system was as follows: 

The origin is at the center of the magnet pole gap. The z-axis is along the 

long axis of the magnet, with positive z defined to be in the direction looking 

from the target towards the spectrometer. Positive x is to the right, as one looks 

from the target towards the magnet. Positive y is down. (i.e. a right handed 

coordinate system.) All detector planes are parallel to the pole gap. (Normal 

to the z-axis.) The line from the target to the magnet center makes an angle of 

13.134 degrees with the negative z-axis. A particle coming in along this line is 

defined to have zero entrance angle. 

D 02 Counter Locations 

Fig. D.1 shows the layout of the counters. The locations are given in Ta­

ble D.l. All counters were centered at y=O. 

D03 Scintillation Counters 

The scintillation counters were constructed from "Pilot B" plastic and had 

the following dimensions: 

Counter No. of Dimensions (each element) (cm) 
No. Elements width height thickness 
G1 1 5.08 3.81 0.64 (1/4") 
G2 5 2.54 7.62 0.32 (1/8") 
G3 6 55.6 8.89 1.27 (1/2") 

G2 was segmented vertically, G3 horizontally. Each element was optically con­

nected to a single photomultiplier tube, except for G3, which had pmt's on each 

end. 
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Counter Location (counter center) (cm) 
No. z x 

Target -114.3 40. 
G1 -76. -17.6 

PIX -74.2 -17.6 
PlY -73. -17.6 ." 
P2U -60.5 -15.3 
P2Y -59.5 -15.3 
P2X -58.5 -15.3 
P3X -46.2 -11.4 
P3Y -44.1 -11.4 
G2 -42.0 -11. 

lMag. Ent. -35.2 O. 
lMag. Exit 35.2 O. 

P4U 66.5 -10.9 
P4Y 72.1 -10.9 
P4X 73.4 -10.9 
P5X 99.8 -10.7 
P6X 116.6 -10.6 
G3 134.6 -11.4 

Table D.l. Counter locations 

D.4 Wire Chambers 

There were six wire chambers, P1-P6, with a total of twelve wire planes, 

oriented as follows: 

Number Wire 
MWPC of Spacing 

Wires (mm) 
PIX 64 1 
PlY 64 1 
P2U 128 1.5 
P2Y 64 2 
P2X 64 2 

.. 
P3X 64 2 
P3Y 64 2 .. 
P4U 136 3 
P4Y 112 2 
P4X 256 2 
P5X 256 2 
P6X 256 2 
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The "X" planes had vertical wires, and therefore measured horizontal position. 

The "U" planes were tilted at 45° with respect to X and Y. The chambers were 

filled with "magic" gas (4.0% methylal, 23.52% isobutane, either 0.2% or 0.48% 

(P4U only) Freon and the balance Argon). 

D.S Multiplicity Array 

Fig. D.2 gives the specifications of the three sizes of array elements (one for 

each ring). 
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Appendix E. Definitions and Kinematics 

Rapidity 

For a particle with total energy, E, and longitudinal momentum, PII, the rapidity, 

y, is defined as 

y = ! In (E + PII) 
2 E-PII 

The rapidity has the advantage that under a Lorentz boost to a frame with 

velocity j3 with respect to the lab, it undergoes a simple linear transformation: 

y' = y + Do 

where Do = tanh-1 j3. Consequently, distributions taken with respect to rapidity 

do not change shape under a Lorentz transformation; they simply undergo a 

translation along the y-axis. Rapidity is sometimes thought of as a relativistic 

velocity variable. 

Cross Sections 

The variant cross section is 

The invariant cross section is 

cPu 1 cPu 
dp'3 =. p2 dpdn 

The invariant cross section is invariant under a Lorentz transformation. 

The Lorentz transform of the variant cross section is 

cPu' E cPu 
dp3 = E'dp'3 
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Calculation of rigidity, p/Z, from bend angle 

Start with the simple expression for the centripetal force acting on a charged 

particle in a magnetic field: 

mv2 

--p=qv x B 
p 

where m, q and v are the particle mass, charge and velocity, p is the radius of 

curvature and B is the magnetic induction. Then, for motion normal to the field 

lines, 

P.. = pB 
q 

where p = l/(sin Bin + sin Bout), with 1 = the length of the magnetic field traversed 

by the particle (Fig. E.1). Applying the appropriate conversion factors to get 

p/Z (in MeV/c per unit charge)t from B (kG), 1 (cm) and q (coul) gives 

p 0.3·[· B 

Z (sin Bin + sin Bout) 

(See Fig. E.!.) 

t Z = q/e is the particle charge in units of e, the charge of the electron. 

r, 
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Figure E.!. The solid line represents the particle trajectory, where the particle is moving 
from left to right. The dotted lines delimit the magnetic field. (The field lines are normal 
to the page.) 
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Appendix F. The Cugnon Cascade 

Here, we outline some of the important features of the "Cugnon" cascade. 

(The cascade calculation is discussed in detail in Refs. 147-149.) 

• a nuclear radius of 1.12A~. 

• nucleon initial positions r12 and momenta p assigned randomly according 

to a Fermi gas law with PI = 270 MeV Ic. 

• complete isospin degeneracy 

• scattering occurs when 

( 
O'tot( .jS))1 

r12 < 2, 
7r 

where O'tot( vs) = total NN cross section at Tcomo = VS. Whether the in­

teraction is elastic or inelastic is determined randomly according to the 

experimental values of O'el and O'inel at .;s. 

• inelastic NN scattering is assumed to proceed through the ~(1232) and to 

be dominated by pion production. The allowed reactions are: 

(a)N+N-+N+N 
(b) N + N -+ N + ~ 
(c)N+~-+N+~ 
(d) N + ~ -+ N + N 
(e)~+~-+~+~ 

( elastic) 
(inelastic) 
( elastic) 
(inelastic) 
( elastic) 

expt'1. PPel 
expt'1. PPinel 
(same as (a)) 
(same as (b)) 
(same as (a)) 

The following features are of particular relevance to pion production: 

• the ~ production is taken to be isotropic. 

• the ~ mass is chosen according to a lorentzian distribution centered at 1232 

MeV and with a width, r, of 112 MeV, truncated at the pion threshold. 

r'> 
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• the II lifetime is determined by the decay law e-r'T, where T is the proper 

time of the resonance. 

• the decay to a nucleon and a pion is isotropic in the II rest frame. 

• the pion is allowed to propagate freely in the nuclear medium. Pion absorp­

tion by a nucleon (with resulting ~ production) occurs when the distance 

between the pion and a nucleon becomes less than a distance d = J (7/ rr, 

where (7 is obtained from a fit to the experimental formation cross section 

for the ~ resonance. 

Corrections for isospin 

Two of the principal assumptions of the INC are (i) that of complete isospin 

degeneracy of nucleons and (ii) that inelastic nucleon-nucleon scattering proceeds 

through the ~(1232) resonance, which is also the mechanism for pion production 

in this model. 

Assumption (i) makes the cascade inappropriate for estimating relative yields 

within a family of particles; assumptions (i) and (ii) will affect the total yield, as 

well. Consequently it is useful to study how the pion yield as predicted by the 

cascade is modified by the inclusion of isospin. 

Pion production in the cascade proceeds via the "generic" two-stage process: 

With the inclusion of isospin, the nucleon(N), delta and pion become the 

multiplets (p,n), (ll++,ll+,llo,ll-) and (rr+,rro,rr-), respectively. Each initial 

nucleon-nucleon state can· form either of two possible delta charge states. The 

II + and II ° each have two possible decay modes. Finally, the isospins in the pn 

initial state can sum with equal probability to total isospin 1 or OJ however only 
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the 1=1 state can form a delta. Combining Clebsch-Gordan coefficients for the 

possible combinations of states gives the relative probabilities for finding each 

type of pion in the final state. (See Table F.l.) Note that the total probability 

pp -+ 7r+pn §. 
6 

pp -+ 7r
0 pp 1 

6 

pn -+ 7r+nn l 
12 

pn -+ 7r
0 pn 1 

3 

pn -+ 7r-PP .1... 
12 

nn -+ 7r0 nn 1 
6 

nn -+ 7r-pn §. 
6 

Table F.1. Probabilities for various initial states to produce a final state pion 

for a pn initial state to produce a pion is one half that of a pp or nn initial 

state. The overestimate in the number of pn initial states which can produce a 

delta will lead to an overestimate of up-to 33% in the total pion yield. (This is 

an upper limit; due to delta and pion reabsorption, not every delta will yield a 

final-state pion.) 

To obtain the relative probability that a given type of pion will be found in 

the final state, the probabilities in Table F.1 are weighted by the probability for 

each NN initial state to be formed in the nucleus-nucleus collision. These are, 

pp : (~)(Z.) 

nn : (~)(~) 

For a symmetric system with N = Z, each type of pion will be equally rep­

resented, although correcting the overestimate in the probability of the reaction 

'. 
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pn -+ 6.N N will reduce the total yield to 75% of the cascade prediction. For 

N > Z, however, there will be an enhancement in yields of 7r- and 7r0 over that 

of 7r+. In the case of 139La +139 La (82 neutrons and 57 protons), the isospin­

corrected pion yields (expressed as percentages of the total pion yield predicted 

by the cascade) are 18% 7r+, 25% 7r0 , 33% 7r-. Note that the total yield in this 

case is 76% of the cascade result.(The correction to the total yield varies weakly 

with neutron excess.) The isospin-corrected ratio ;~ = :;~ = 55%. 
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