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THEORY OF EO TRANSITIONS OF SPHEROIDAL NUCLEL
John O. Rasmuséen

Lawrence Radiation Laboratory and Department of Chemistry
University of California, Berkeley, California

February 1960

ABSTRACT

‘The nuclear matrix elements for EO transition probabilities associated with
beta-vibrational transitiQns of spheroidal nucleil are derived by two different
models. The first model, previously studied by Peaslee and by Reiner, involves
the volume-conserving guadrupole surface_oscillations of a uniformly-charged
spheroid about an equilibrium deformation of.p. The second mcdel sums over
the coherent contributions of all the protoa orbitals involved in an individual
particle representation of the collective motion. The second model when

corrected for volume-conservation gives about twice the ratio of EO to Ez for

Sm152* 238 .

.and Pu ) giVen by the first model. A brief comparison with

238

experiment is made, showing satisfactory agreement for Pu and serious dis-

152

agreement for Sm

* ‘ , .
This work was done under the auspices of the U.S. Atomic Energy Commission.
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THEORY - OF EO TRANSITIONS OF SPHEROIDAL NUCLEI
' John .O. Rasmussen

Lawrence Radlatlon Laboratory and Department of Chemlstry
-University of California, .Berkeley, California

February, 1960
In recent years Church and Weneser have given attention to the theory of
internal conversion of orbital electrons by nuclear electric monopole transi-
tions.l ,Reinerz has also considered the theory in detail and has surveyed the
experimental data. -Striking cases of such transitions were found by Asaro and

3

Perlman~ to be associated with the decay of excited O+ states in deformed even-
even nuclei, and Albridge and Hollanderuluﬁﬁfas31gned conver81on electron lines
in the decay of Np 238
152, 154) and Th

mentioned experimental cases are classified as proceeding from the first

ag 1 2+ to 2+ and 4+ to b+ transltlons. Reiner cites work

on Sm 23z

as also indicating EO transitions. All the above-
excited beta-vibrational band to the ground band.

It is of interestvfirst\to consider-the model of & nniformly charged
spheroid;undergoing qnadrupoie oscillations without change of volume. From
the form of the EO matrix‘element, < r2 >, it can readily be appreciated that
quadrupole surface oscillations about a spherical equilibrium shape have a
vanishing BEO matrix element, since the excursion outward of some charge elements
is always counterbalanced by'inward motion of other charge. When the oscilla-
tion occurs about a deformed equilibrium shape, the cancellation is not complete

and there is a certain collective contribution to the EO matrix element.

Peaslee carried out a calculation5 of the ratio of EQ to E2 transitions de-

populating a O+ beta vibrational state. Reiner has made the same calculation

but in greater detail.

It is the purpose of this paper to (a) repeat the vibrating spheroid -
derlvatlon w1th attentlon to some higher order terms of 51gn1flcance, and (b)
carry out a derivation in terms of single proton contrlbutlons in the asymptotic
(anisotropic harmonic oscillator) representation. A serious failure of these
models might give proof of and fundamental information on the involvement of

compressional modes of oscillation.
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Vibrating Spheroid Model

Church and Weneser'give-EO transition rates in terms of. a reduced transi-

tion probability, pz, defined as

2 * .1 be! 2
— : D . B :
o = [Z ®f (-2 fo] n + e ) @i dTlv | _ (l)

R R
- ) v * _ l
where R is the nuclear radius, taken as 1.20 x 10 13 A /3 cm, and the summation
is taken over sll protons.
Let us consider a uniformly charged spheroidal nucleus of charge Z and

surface defined by the eguation
. R(e) = R, (1 +a Yzo~(@) - az/hﬂ)t (2)

The third term is included to make the nuclear volume independent of a. to
second order. | | ‘ |

A nucleus in the spheroidally deformed region will have an energy minimum
at some finite value of &, designated B. Let y measure the excursion of the’
shape from its equilibrium value. That is, p + 71 = Q.

We fake the usual convention for the Hamiltonian for vibrational motiocn as
a harmonic oscillator -

H ., = (1/2) B Iyl® + (1/2) ¢ Ir|%.

With this definition the oscillator energy quantum is Hw = ﬁ(C/B)l/z. With

this definition the matrix element of y comnecting the ground and first excited

oscillastor state is '

xi/2 -1/2 (Bc)“l/u. (3)

To evaluate 02 we note that the-charge density is the atomic number Z

divided by the volume amicarrj out the integration below:
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£z > f fZK sin 6 dedy f R(Q) 2 [———g————g rzvdr

P o o . | \(h/3)ﬁ;Ro

3Z-Ro T 2T . 2 5
= <zo,ﬂ:> J £ (1 -+ a5¥20 (6) - a'/hn)” sin 0d6d9 |

o}

2 50° |
(3/5)2 By (L + F =+ -0 ) , _ (2)

neglecting terms of higher power in @. Our result is 5/7 that of Peaslee‘s')+
and,Reiner's,2 since we included the second order volﬁmeﬁconserving term .in the
gsurface expan51on in thé numerator. . Reiner discusses thquuestion of the
nclu51on of thls term and decides against it; we feel .a true test of the
'_volume-conserv1ng oscillation model requires its 1nclu31on as we have done
ubstltutlng B + v for & we obtain for the linear term in vy, which is the only

one connectlng the nuclear states in questlon,

3 2 o ' A
<§rp>‘ thRoBY+"' _ (5)

From .(3), (5 ); and. . (l) we have the result
. : | . ) R b : -
i (R—> - (6)

We may well choose our R the same as Church and Weneser's R, and the last
factor will be unity. The ‘contribution of the hlgher order term in (1) canebe
similarly evaluated and its effect can be expressed by an additional factor -
of [1 -2 0. (RE/R z multiplying the right hand side of Eq. (6).

The reduced E2 transition probability from the O+ first beta-vibrational
state to the 2+ state in the ground band is, according to Egs. (V.33)‘and

(V.34) of Alder et,al,,6

B(s2; 0 —> 2) = -3—— 22 .Rg % (80)7Y2, (7)
32n '
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We see from Eq. (6) and (7) that the dimensionless ratio
‘ 2 2.4
P e RO

X = B(E2; 0 —> 2)

is independent_of B, C, RO and Z. Thus, the ratio of EO to E2 depopulation

may be compared with theory, even in the absence of knowledge of B and C.
X =1ip. o - (8)

, | 1 :
'The quantity. (BC) /A'is-essentially the zero-point amplitude of vibration.
That the ratio in Eq. (8) is independent of it simply means that the dependence

of EO and E2 transition probabilities on the vibration amplitude is the same.

Individual Particle Descriptim-

The model of the nucleus as a uniformly charged body undergoing quadrupole
oscillations neglects many significant details in describing the motion of the
nuclear charge. It would be preferable to describe the motion as a coherent
superposition of individual excitations of the'more-easily polarizable protons
near the Fermi surface. Fof calculations of only the EZ to EO ratios and not
thé absolute transition probabilities it is sufficient to evaluate only the
relative weight of the various proton excitations making up the "vibrational"
motion. We shall evaluate these weights by separating off one at a time each
single proton in the quadrupole vibrational field provided by the other A-l
nucleons. .This approach bears a close analogy to formulation of rotational
properﬁies of nuclei in terms of single nuoleon,excitations.T' The calculation
of absolute transitioo probabilities by this model wouldfraise many fundamental.
gquestions (regarding éelf-coﬁsistency, eto.) not-easily answéred, but we
believe the calculation of thé'relative;probabilitiea as outlined here is valid.

Bohr and Mottelson in their comprehensive paperg in 1953 outlined a per-
'turbation,approximation as well as the widely-used strong coupiing approximatia
for the .coupling of individual particle ahd collective surface motions. The
latter approximation has proved applicable in greater detail to a larger group
of nuclei and in that sense has been more fruitful. We should like to apply

here a hybrid of these approximations for treatment of the "vibrational
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Texcitatidns” of'strbngly deformed nucle:i about their spheroidal equilibrium
shape. The basis functions df the individual nucleons are to be chosen
appropriate to the spheroidal well, and for simplicity we shall use harmonic
oscillator functions separated in cylindrical coordinates z, p, @. (The
"asymptotic representation" of Egs. (L) and (6) of'Alaga9). The wave functions
are labelled by the familiar asymptotic quantum numbers, N, nz, A, and Z.

For description of the beta vibration the contribution of the A-1 nucleons
will be consideréd collectively via creation and destruction of phonons. The
amplitude of each individual preton excitation in the wave funciion of the
first excited vibrational state will be proportional, by pertﬁrbation theory,

o a matrix element divided by an energy denominator (eﬁ - ep - fw + A), where

eﬁ and ep aré upper and .lower orbital energies for.the excited proton in

question, i is the phonon gquantum .energy which is approximately the energy of the
vibrational state,iand A is a term to fepresent.the energy loss in breaking a
proton pair. The matrix elément of interest is of the form of Bohr and
vMottelson's8 Eq. (II.lZ),'but'wé.consider for the interaction Hamiltonian ,

H o not a surface interaction as in their (II.9) but a volume interaction
‘appropriate to quadrupole motion of the harmonic oscillator potential well,i.e.

ne O 2

vhere y is as defined in the‘first section, M is the nucleon mass, is
related to the energy separation of major shells and may be taken, after
Nilsson, as hwo ~U1 A_l/3 Mev.lo r and © are position coordinates of the proton
in the well. In cylindrical coordinates we have

| 2 2 2 |
Hyo - Mg v +f5/B (27 - 07/2). (9a)

The distance coordinates r, z, p are to be understood as having the dimensions
cf distance and are not the dimensionless parameters often introduced in har-
monic oscillator calculations. It could be argued that Hint might better use
& higher power of r than the square, if the interaction is predominantly cu the

surface.veact o o oo e
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The interactionl(9a)Ainvblves a single pgrticle operat or whichlcannot chan ge ‘
the préageedicns, I, A, of the angvlar momenta.. It does have off- dlagonal :
elements in nZ and np. np will be defined as tw¢ce the number of cyllndrlcal
nodes in the nucleon wave function and is 1dentlcally equal toﬂN_j'nZ,-lA ‘and.
can have only even integral values, The selection rules of Hint are Anz = 0,2
with Anp,= 0; also Anp = 0,2 with Anz = Q..ZThe matrix elements of z for the
one-dimensional harmonic oscillator and of p  Fwr the twofdimensional case have
been taken from a paper of W. H. Shafferll and are as follows:

)11/2.

(M(DZ)_l [n_(n -1 (108)

1/2

2, ' -1
<n A o A > = - = (Mo : +24)
<, 167 nes ()7 Tn (03

10b)
v P (.\ )
Thus, the relative amplitude in the first beta-vibrational state of the
proton excitation leaving two odd protons in orbitals of éN, nZ, np,»A >

EN-Z, n, —'B,np, A > 1is as follows:

< H > w f?ﬁ n (n %/2 .
N $ Z § . (lla )
i ' '

-
H‘
N
B
8’ o)
SN

5_23‘[ (BC) /2'

. where we have simplified the energy denominator by considering AR 1 w, a
reasonable assumption, and that eé - ep X 24 @Z.’ Similarly, the amplitude in
the excited vibfatipnal state of the configuration with two odd protons in

orbitals {N, n_, n ,A>and [N, n_, n -2,A > is
' z’ T’ ~ z’ T p

e 58 n (n' + 2A) 71/“
aTT'(An =2) w 02 £ 7 g - (11b)
| e 16wp | 2 (BC)™ s

We wish to calculate the ratio of EO to E2 transition probability for this
5 .
model, hence the ratio, X, of Church and Weneser's p to the dimensionless
quantity B(EZ)/eZRM, where R is the nuclear radius. The contribution o 0 of &

particular proton excitation with orbitals specified by ' - will be

;2 a N\
a / E_\\ T ,/ZZ N p?>§T1 )

TT’\\RZ / -2 AN
T

R
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and its -contribution to the corresponding E2 transition probability will be

fext o2 Agr 2 2
_ T; <r Y20>TT' = ;Rf_;_ %; <2 - P /2>'m"

The contrlbutlons of these components of the total wave function will add co-

herently, since they are coupled in phase to the collective shape oscillation
of the well. Contributions arise only from pairs of orbitals one of which is

occupied and one unoccupied in the grouhd configuration.

nz(nz-l) o ; ﬁb(np+2A)
—_ S ek wma 2
byt Ti' wz Snz’n;iz anp,né ] _;'ng Snz,né Snp np+Zl
£ = 51 n (n -1) ) i) n (n +2A) ® , D 2 (12)
n n +2 "n_,n! p P . n_,n n_,n'+2
7' ———§—f—— . ) aplip + '———3———— z° Z p° P
@ ‘ o hwp

It can be verified that the nﬁmerator vanishes for summation'over all
tvransitions from a closed ogcillator shell where‘wz = wp, th¢ spherical limit.
_As one goes beyond the closed shell, filling successive levels in a spheroidal
well, the numeratoriwill]increasé in value but will agéin decrease ‘as the next
(losed shell is approached.

In any practical example there will be a great number of terms in the

surmations in Eq. (12). We have evaluated the expression numerically for Pu’ 238
and.SmlSZ. In Pu238 we have taken the deformatlon.parameter ® as 0.24, and
have used the following equation from Nilsson.
@, :
&= /@ - 1737)/(1 + 25]33) (13)
P ‘ .

Taking the level schemes from Nilsson and Mottelson's Figs. 3 and 5,7 there

are three occupied proton levels with N = 6 and nine with N = 5. Lower shells

are completely occupied. There are thus six terms between N = 6 .and N = 8,

eighteen terms between N = 5 and N =-T7. There are twelve terms between the

completely filléd N = 3 and the partially unoccupied N .= 5. There are 27

terms between N .= 4 and N .= 6. Using Eq. (12) we calculate for Pu 238 the ratio
= 0.86. '
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Similarly we céiculaté'fof$8m152 ét thé séﬁé'deformation the-vaiue
- 0.98. | |

These values are to be compared ﬁiﬁh a value of 0.23 from Eq. (8) for the
vibrating spheroid model. 'How is this'considerable difference in predictions
to be understood? It seems most likely that the protons in only slightly filled
shells are contributing éspecially’heavily.to the EC transitiop probability,
tecause they lie predominantly in the tipe of the nuclear well. :

Somé additional insight into this 1nd1v1dual particle model 1is afforded by
examining the contributions from a completely filled oscillator shell N to a
completely empty shell N + 2. It can be shown in such a case that the numerator
c¢f Eq. (12) vanishes when'wZ’Q wp, the case of no_defofmationq Thps, in terms-

c¢f w and w
Z

Xclosed shell ﬁ;

Substituting from Eq. (13) and expanding for small & in powers of & we have to

lowest order

Using from Nilssonlo the relation ® = (3/2)\f§71ﬁ "B

=9 az + oo : (14)

. That this result is over twice that for the vibrating spheroid model in Egq. (8@
probably reflects the fact that the volume-conserving second order term was
specifically_included theré and was not taken into account in the indi#idual
particle mbdel here. It is possible to include th volumn-conserving term in
the derlvatlon of Eq. (12) by raduc1ng the matrix eloments of &z / by the

factor (1 - %ﬁ?) and increasing the matrix olements of <o > by the factor
. \ .

238

(1 +Wf§5 ).

This alteration reduces the Pu calculation of X to 0.50 and
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fheuSmlBZ value of X to 0.6l. Thus, the individual particle mode 1 here predicts
X values about twice that of Eq. (8). |

From a theoretical standpoint it certainly seems prqﬁer to introduce the
higher order volume-conserving factors discussed above; at least the formulation
is apprépriate for testing what we set out to test, whether volume-conserving
collective motion can‘explain the observed EO to E2 ratios without explicitly
involving compressional modes of vibration.

To the extent that the surface interéction has anharmonic terms such as
rMYzo there will be an involvement of proton excitations within the same oscilla-
tor shell (i.e. via <z2 pz,‘;» ). These excitations will contribute to the second
term of Eq. (l) and further decrease the individual particle estimate of X.

The matrix elements will be much smaller than the harmonic terms previously con-
sidered but the energy dénominators will be an order of magnitude smaller,
being about equal to 2 @iu iM>) The model also suffers from the use of

pure cylindrical wave functlons and the neglect of the pairing interaction,
which blurs the Fermi surfac%e Corrections for theveffects mentloned in this
paragraph would probably not/very large but would be in the dlrectlon of further

reducing the relative strength of the monopole trans1tlons.

Comparison with Experiment

Only a preliminary comparison,with experiment is appropriate here, since
the experimeﬁtal_work is still largely unpublished and result s are not in final .
form. V

Asaro, Stephens, and Perlman— have worked out the ratio of EO to E2 de-
excitation of the 935 kev O+ state in Pu 238
(EO) to ground and E2 photons to the ULk kev 2+ state of 0.5. Choosing R, =
1.20 A 1/3 fermis the dimensionless ratio X = ——T-—i = 0.1k. |

and find‘the ratio between K electrons

Nathan 13 has measured the similar ratio in. 2 following electron

capture of EulSZm and finds the K/photon ratio from the 687 kev O+ state to be
0.013. Recently Graham, Ewan, and Gelgerlh haye beta spectrometrically resolved
the EO K line fromia very near-lying line, finding the two lines to be of

- about equal intensity. Thus, the K/photon ratio of Nathan's report should be

reduced a factor of 2, to .0065, yielding the ratio X = 0.016.
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Table I summarizes the results of this paper.

Takle I

Summary of theoretical and.eXperimentél reduced EOEEi'ratibs, X

Assumed Uniform spheroid ncdel Individual proton model v
deformation . Without - Withe Without Witho - Experi-
Nucleus -~ ' B . vol. conserv. vol.conserv. vol.conserv. vol.conserv. ment
2 : : . -
Pu2J8 .2l .32 .23 .86 _ .50 ° olh
sm 2% ey 32 .23 .98 61 016

38

The agreement of theory with experiment is satisfaqtor& in the Puz case,
and we méy conclude that volume-conserving guadrupole surface oscillations are
of predominant importance in the EQ transition here and that monopole'com—
pressional modes certainly must make a considerably lesser contribution.

The bad disagreement in the Smls2

case 1s not easy to explain. We note
that-Sml52 is on the.very borderline of the region of strongly deformed nuclei,
and the model.may be breaking down in ways which would.either depresé the EO'
transition or enhance the competinngB transition., One such.effect, capable of
treatment, would enhance the Eé transition in the following way: The nuclear
spheroid for thevfiTSt‘ekcitéd state {2+) will bé somewhat more distended than
in the ground state by virtue of centrifugal effects (vibration—rotétion
interaction). In other words the vibration-rotation interaction causes
configuration mixing between the 2+ state in the ground rotational tand and
the 2+ state in the beta-vibrational

band. This mixing causes an enhancement of the E2 matrix element between the
excited O+ and the 2+ state of the ground band. Our preliminary estimates15
set this enhancement of théﬂorder of a factor of 5, nct sufficient to explain
the observed EO. to E2 ratio. This effect is quite small in~Pu238fwith its
‘considerably largef moment of inertia. It will be of‘interest‘to.Coulombic
excitation considerations from ground to the B-vibrationsl band that this
configuration-mixing effect depresses the E2 transition probability here -

below expectation from the'simple vibrating spheroid formulas.



e

UCRL-908%4

~12-

‘Acknowledgments

I am grateful to Drs. Perlman, Asero, Nathan, and Graham for communication

of their unpublished results and to Dr. Gaja Alaga for helpful discussions.

1.

2.

10.
11.
12.
13.

1h.

15.

References

E. L. Church and J. Weneser, Phys. Rev. 103, (1956),1035.

'A. S. Reiner, "Structure Effects in the Interaction between Nuclei and

»Atomic’Electrons". Thésis,vUniVersity of Amsterdam (1958), (unpublished).

F. Asaro, unpublished results given by Reiner in ref. Z.

'R. G. Albridge and J. M. Hollander, "The Decay of Neptunium-238".

UCRL-803% (1958) (to be published).Also R.G.Albridge,Ph.D.Thesis, Univ.Calif. (1960)
D. C. Peaslee,v"Nuclear Monopole Matrix Elements". UCRL-3523,(1957)
(unpublished). ’

Alder, Bohr, Huus, Mottelson,Aand'Winther, Revs. Modern Phys. 28 (1956),
w2, ' |

B. R. Mottelson and S. G. Niléson, Kong, Dan. Vid. Selsk.,Mat-fys. Skr. 1
(1958),No. 8. S. T. Belyaev., Kong Dan. Vid. Selsk., Mat-fys. Medd. 31
(1959),No. 11. ' _

A. Bohr and B. R. Mottelson, KongsDan. Vid. Selsk., Met-fys. Medd 27
(1953), No. 16. | |

Alaga, Nuclear Phys. 4 (1957),625.

G. Nilsson, Kong Dan. Vid. Selsk., Mat-fys. Medd. 29 (1955), No. 16.
H. Shaffer, Revs. Modern Pays. 16 (194k), 245.

. ‘Asaro, F. S. Stephens, Jr., and I. Perlman, to be published.

O"-'d‘E:'U)Q

Nathan, private communication (1959).
R. L. Ggﬁ%ﬁm, G. T. Ewan, and J. S. Geiger, private communication (1959).
n : )

L. Pérsonipd. O. Rasmussen, unpublished results.



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.: 1 '

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides -access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





