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Abstract

On Lattice-Like Subgroups of Witt Group Schemes, and Associated Moduli

Spaces
by

Frederic Theodore Nitz

In this work we define a moduli problem for subgroups of powers of Witt group schemes
which we believe to be a good analogue for the lattices used in the construction of
the classical affine Grassmannian. We then develop some tools for describing these
subgroups. With these tools in hand we are able to show that the moduli problem is

representable in general, and we construct the representing scheme in some cases.
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Chapter 1

Algebraic Geometry

In this thesis we will make extensive use of Grothendieck’s language of schemes.
This chapter should by no means be considered a complete exposition on the topic, our
goal here is only to fix notation used throughout the remainder of this text, and to
provide some less well-known results which will be essential to the remainder of the
text. For more information on this topic we would encourage the reader to seek out
Hartshorne’s text [Har77], and of course the foundational works of Grothendieck |[FGA;
EGAIL |[EGAIL EGAIIIL; EGAII2; [ EGAIVI EGAIV2; EGAIV3:; [ EGAIV4].

Although we will only need a small amount, we will freely use the language of
category theory where appropriate. For background information in this area we suggest

the texts [ML9I§| and [KS06].

1.1 Essential Definitions

For our purposes, rings will be commutative with identity, and ring morphisms
will be required to preserve the identity. If p is a prime and ¢ = p/ is a power of that
prime, we will denote the field with ¢ elements as F,. As is standard, we will refer to
the ring of integers by Z, and the field of rational numbers by Q. For a fixed prime p
we will call the p-adic integers Zj,, and the p-adic numbers Q,.

We will call the category of sets by the name Set, the category of groups &tp,
the category of rings Ring, and the category of (locally noetherian) schemes S¢h. Given
a fixed scheme S we will often have call for the slice category over S which we will call

Gchg. In the case that S is an affine scheme, S = Spec(R) for some commutative ring



R, we will call the slice category Gchp; in context there will be no chance for confusion.

Definition 1.1.1. A geometric point of a scheme S is a map s — S with § = Spec(k),

for an algebraically closed field k.

Definition 1.1.2. A geometric fiber of a map f: X — S is the fiber X5 = X Xxg § over

a geometric point 8 — S of S.
Definition 1.1.3. A map between schemes f: X — S is called smooth if
(i) it is locally of finite type,
(ii) it is flat,
(iii) and it has regular geometric fibers.

We say a scheme X € Gchg is smooth over S if the map X — S is smooth.

1.2 Group Schemes

Given a scheme S, a group scheme over S is a functor G: Schg” — Grp which
is representable, that is to say there exists a scheme G, over S, such that we have a
natural isomorphism of the functors G(—) = Homgpg (—, G). Although there are many
interesting examples of group schemes which are not affine, we will concern ourselves
only with affine group schemes in this text. That is, we will demand that there be a
sheaf of Og-algebras R such that G = Spec(R). Then as G is a group scheme, we will
have that R is a sheaf of (commutative) Hopf algebras over S.

For our purposes there are a few important examples of group schemes defined
over Spec(Z) that are worth discussing briefly. First there is the additive group which
we denote G,. This group has the Hopf algebra Z[z|, and for a ring R, we have that
G.(Spec(R)) = R, where R is thought of as a group under addition. When we want
to work with G, as a group over an arbitrary base S, we will denote it G,/g, unless
S = Spec(A) is affine, in which case we will call it G, /4.

We will also need to consider the multiplicative group Gy,. This is the group
with Hopf algebra Z[z,y]/(xy — 1), and for a ring R we have Gy, (Spec(R)) = R*, the
unit group of R. When we wish to work with Gy, over an arbitrary base S, we will

denote it Gy,/g, and, similarly to Ga, if S = Spec(A) is affine, we will write Gy, /4.



Considering for a moment the characteristic p setting we have that G, g, is affine, with
Hopf algebra Fp[z,y]/(zy — 1), and the endomorphism which sends = — 2P, y — yP, is
a Hopf algebra map, which induces a group homomorphism F': Gy, /p, = Gp/r, which
we will call the relative Frobenius map for Gy, /r,-

A wealth of examples of algebraic groups can be found under the umbrella
of matrix groups. In the work at hand we will restrict ourselves to considering the
general linear groups. As is standard we will give the name GL,, to the algebraic group
which for any ring R we have GL,,(Spec R) is the group of n x n invertible matrices with
coefficients in R. The Hopf algebra in this case is Z[z1,1, 21,2, . .., Znn, y]/(det(z; )y —1).
If we need to consider GL,, as a group over an arbitrary base scheme S, we will denote
it GL,,/g, and if S = Spec(A) is affine we will call it GL,,/4. The ring homomorphism
Ziz,yl/(xzy — 1) = Zlz11,T12,- ., Tnn, Y]/ (det(z; )y — 1) which sends = — det(z; ;)
and y — y is a Hopf algebra morphism, and induces an algebraic group homomorphism

det: GL, — Guq.

Theorem 1.2.1. If G is an affine group scheme over a field k, then G is connected if

and only if it is irreducible.

This result is proven in [Wat79, §6.6]. Unfortunately the proof requires a fair

bit of machinery that would be too complicated to recreate here.

1.3 Moduli Problems

A common theme in algebraic geometry is the task of finding moduli spaces.
A good first example is the idea of classifying lines through the origin in the plane.
From the perspective of smooth geometry the answer is simple enough, the projective
line RP! classifies all of the lines through the origin in R?, in that there is a bijection
between the points of RP! and the lines in R?. From the perspective of schemes things
become somewhat more complicated, first because we no longer have a single object
which we might call the plane, but instead many candidates. Changing our idea of what
constitutes a plane will also require that we change our idea of what constitutes a line.
There are several reasonable choices for both, but perhaps the best is to replace the idea
of the plane with the idea of a plane for each scheme S, what we will use is the sheaf O%,

and we will replace lines in the plane with rank 1 Og-submodules that have a locally free



quotient. This definition fits well with our intuition, but allows us to define a projective
line not just for fields, but in fact for any scheme. In this way we see that the idea of a
projective line can be thought of not just as an object, but as a functor P!: GchP — Set
where we send a scheme S to the set of rank 1 Og-submodules of OF with locally free
quotient and functions act by pullback. Now the question of understanding the space
of lines is transformed into the question of understanding this functor. The best way to
understand such a functor is to first hope that it is representable, and if it is, you can
examine the space that represents it.

This is a common theme in moduli problems, first you must state the problem
as a functor from &ch°? to Set, and then you look for an object which represents
your functor. At times finding the correct statement of the problem is just as hard as
finding the moduli space which represents the functor. One important aspect to keep
in mind when searching for a moduli problem is how the functor treats morphisms,
often a morphism of schemes becomes a morphism of sets by pullback. In this case it is
important that any properties of schemes that are used be stable under base change, so
that the moduli problem is actually a functor.

For our purposes in this text there are a couple of classic moduli problems
that will show up, and so we will define them now. First is the Grassmannian: we will
call Grd (vesp. Gr?), is the functor which takes a scheme S to the set of rank r (resp.
arbitrary rank) Og-submodules of O¢ with locally free quotient. Let Gr? (resp. Gr?)
be the scheme that represents grff (resp. Gr?); as a special case we at times call Grﬁll_l
by the alternate name P?~1,

The other is the famous Hilbert scheme. If S is a noetherian scheme, and
X € Gcbhg is of finite type over S, then we have a functor Hilbx s: Gchg — Get which
sends a scheme T to the set of all closed subschemes Y C T xg X that are proper and
flat over T. This functor is represented by the Hilbert scheme of X, denoted Hilbx /s.
For more details see [Fan+05|, and [FGA].



Chapter 2

Witt Vectors

Much of the exposition in this chapter follows the presentation in Serre’s text
[Ser79]. For this chapter fix a prime number p.

If 0: F, — Z, is a section of the quotient map Z, — Z,/pZ, = Fp, then we
call the image of o a set of representatives for IF, in Z,. Let S C Z, be such a set of
representatives; then we can write any x € Z, as a power series in p with coefficients in
S

T = Zanp” with a, € S.

n>0
A common choice is S = {0,1,...,p — 1}, but if we chose instead the Teichmiiller
representatives

S={weZ,|w—w=0}

then there is a description of the ring operations of Z, purely in terms of algebra in the
residue field due to Witt [Wit37], and Teichmiiller |Tei36] [Tei37]. Their insight was to

consider the polynomials
n i
W(Xo, ..., Xn) =Y _p'XI" 7,
i=0

which we now call the Witt polynomials, whose usefulness is found through the following

theorem.

Theorem 2.0.1. For any ® € Z[X,Y], there exists a unique sequence (g, ..., pn) of
polynomials in Z[Xo, ... Xn, Yo, ..., Ys]| such that:

Wiy - yon) = (Wi (Xo, ..., Xn), Wn(Yo, ..., Ya)).



Proof. The proof of this theorem can be found in Serre [Ser79|, or Witt [Wit37]. O

Applying this theorem to the polynomial ®(X,Y) = X + Y we obtain a se-
quence we call (Sp, S1,...), and applying it to ®(X,Y) = XY we obtain a sequence we
call (Py, P1,...). These polynomials can be computed recursively and the first few are
given in Tables and 2.2] As you can see from looking at these tables, the complexity
of the polynomials in question grows rapidly as n increases, although when p is small it
is easy to work out the coefficients explicitly as in Table [2:3]

These polynomials can be used to place a novel ring structure on the set A™
for any ring A, where for two elements (xg,...,Zn-1), (Y0, --,Yn—1) € A™ the sum and

product are given by

(3707 ceey xn—l) + (y07 .. 7yn—1) - (SO(x07y0)7 . 7Sn 1(:1:07 ey Tn—1,Y0, - - - 7yn—1))

(.f(), .. 7xn—1) . <y07 R 7yn—1) == (PO(J;Oa y())v o 7Pn—1(x07 ey Tn—15,Y0, - - - 7yn—1))

We call the resulting ring the truncated (p-typical) Witt vectors of length n over A,
which we denote W, (A).

In the event that p is an invertible element of A, this ring structure is isomorphic
to the standard structure on A™, but our interest lies in the other direction, as we are
most interested in the situation where A is an F-algebra.

Also of interest is the ring of Witt vectors over A which we denote W (A), and
is equal to I'&an(A), which we can describe explicitly. As a set W(A) = AN the set
of sequences of elements of A, and we add and multiply elements essentially as in the

case of the truncated Witt vectors; that is to say, given two sequences (z;), and (y;),

n | Sy,

0| Xo+¥p

1 X1+Yl+;(xg+Y§—(Xo+%)P)

2 X2+Y2+;<Xf+Yf—(X1+m+;(xg+yg’—(X0+Y0)p)>p>
43 (X 49 - (o 1))

Table 2.1: The first few polynomials S,,.



n | P,

0] XoYp
1| YPX + VX)) +pXiYa
p? p? p p 2
2| Xy Yo+ XoYy +pX7Yo +pXoY] +p°XoYs

1
- (XEYF+ XPYE 4 XY — (VX + VXD + pXan)Y)
p

Table 2.2: The first few polynomials P,.

Sn

—_

w N

Xo+ Yo

X1+ Y1+ XoY

Xo+ Y2 + X1V + X1 X0V + Y1 XoYp + X3V + XYy

X3+ Ya + X0V + XY+ 7X3YY + XoYy + Xg X Y + XoYiv,
+ XX YE + XEYEY + XEX0 Y + XYY + XX Yoy + XoX Y3V,
+ XoXoYo + X3YoYa + X0 X3Yy + XoXo V3 4+ XoYiYs + XYY,

+ XoX1X0Y) + XoX1YpYs + Xo Xo VoY) + XoYoV1Ys 4+ X3V, + XV
+ X1 X0V + XYY + XoYs

Table 2.3: The first few polynomials S,, with p = 2.



the i*" coefficient of their sum will be S;(zo, . ..,Z:, %o, - - -,¥i), and the i*! coefficient of

their product will be P;(xo,...,Zi Yo, .-, Yi)-

2.1 Important Functions

There are several functions related to Witt vectors that are of essential impor-
tance. The first is truncation: given two natural numbers m, n, with m > n, we have a
map T~ ": W,,,(A) — W, (A) which takes the element (zo,...,z,—1) and truncates
it to (zg,...,%n—1), this is a ring homomorphism. When m — n = 1 we will omit the
superscript, and when the domain is clear from context we will omit the subscript.

The next is the Verschiebung, or shift, map. Again given two natural numbers
m,n with m > n we have a map V;"™": W, (A) - W,,(A) which takes an element
(zg,...,Tpn—1), and shifts it to the right, prepending Os as necessary to fill, to give us
(0,...,0,20,...,2,-1); when there is no chance for confusion, we will omit the sub-
script and call the function simply V™ ~", furthermore when m —n = 1 we will omit the
superscript as well, and call the function simply V. Verschiebung is not a ring homo-
morphism, but it is an additive map between rings; it does have some good properties
with respect to multiplication which we will discuss in Section At times we will
need to consider preimages of subsets under Verschiebung, and in these cases we will use
the alternate name V=" for (V)71

For any natural number n, we also have the multiplicative representative map
r: A — W, (A) which sends an element a to the Witt vector (a,0,...,0). This is not
an additive map (unless n = 1), but it is multiplicative, and so it is sometimes useful to
think of it as a group homomorphism on the unit groups: r: A* — W, (A)*.

In the case that A is an [F-algebra we have one more useful ring homomorphism,
the relative Frobenius homomorphism F': W,,(4) — W, (A) which sends (xq,...,Tp—-1)
to (af,...,20 ).

Lastly, if A and B are two rings, and f: A — B a ring homomorphism, then we
have an induced homomorphism W, (f): W, (A) — W, (B) which sends the element
(0., opn—1) to (f(z0),..., f(xn—1)). This is a ring homomorphism as our multipli-
cation and addition are defined by polynomial maps with integer coefficients, and ring
homomorphisms commute with polynomials. With this it is easy to see that W, is in

fact an endofunctor on fRing.



Interestingly, for any Fp-algebra A, when n > 1 the ring W,,(A) is not of
characteristic p. In fact multiplication by p on W, (A) is given by T'r oV o F, a map we

will call m,,.

2.2 Witt Vectors as Group Schemes

In order to frame Witt vectors in the language of algebraic group schemes,
the best approach is to consider the functor W,, defined in the previous section, and
recognize that it is representable, in fact W,,(R) = Homwging(Z[x0, . . ., Tp—1], R) with a
ring structure coming from extra functions that make Z[xo, ..., z,_1] into a Hopf algebra,
and also functions that encode the multiplicative structure. From this we can build a
functor W, : Gch°? — Ring by calling the scheme W,, = Spec(Z|[zy,...,z,—1]) and,
for any scheme S, having W,,(S) = Homg (W, S). This is more than an algebraic
group scheme, it’s an algebraic ring scheme, but we can apply the forgetful functor
U: Ring — Brp to it to get a functor W,,: SchP? — Brup.

When we wish to work in the category of schemes over a fixed base scheme S
we will use instead the functor defined by W,, /g = W, xz S.

As W, /g is a ring scheme, we can construct new group schemes by composing
other group schemes with it. For our purposes the most interesting of these is GLg/g ©
W,,/s, because of its natural action on Wfl /S

It is important to note that every function discussed in Section [2.1] can be
viewed not just as functions on points W,,(A). In fact each can be defined as coming
from a Hopf algebra morphism on Z[zg,...,z,—1]. We will call these Hopf algebra

morphisms by the same names as the ring morphisms. We have for m > n that

Try " Zlzo, . .. Tn-1] = Zlwo, . .., Tm—1]

is the inclusion homomorphism. For Verschiebung we have
VTt Lz, .oy xm—1] — Zlxo, - - ., Tp—1]

is reduction modulo the ideal (zg, ..., Zyn—n—1), followed by the relabeling x; — ;4.
Using these Hopf algebra homomorphisms we can obtain algebraic group homomor-

phisms V™" W, = W, and Tr""": W,, = W,,.



In this context it is best to view the multiplicative representative map as a map
r: Zlxg,. .., tn-1] = Zlz,y]/(zy — 1)

which sends x; — :):pi, and thus gives a scheme theoretic map r: Gy, — W,,, that

X

~, which we can use to define an action

restricts to a map of group schemes G, - W
of G, on W,
an: Gn Xz W, > W,

which can be thought of either as being r x Id followed by the ring multiplication, or as

coming from the ring theoretic map
Z[l’o, s ,xnfl] - Z[w,y](:ﬂy - 1) ® Z[:an s 71'7171]

which sends z; — 2P’ ®x;. In either case this induces a grading on Z[xg, ..., xn—1] where
x; is given degree p'.

Lastly, if we work in GChFP then we have a map
F: W, r, = Wyur,,
called the relative Frobenius homomorphism, induced by the ring homomorphism
F:Fplzo,...,xn-1] = Fplzo, ..., 2n—1]

that sends z; — a?.

2.2.1 Basic Facts

For any natural numbers 7, n, and d these functions give us a Gy,-intertwining

short exact sequence of group schemes

n Tr"
0 wic V wd, o wWd 0
QO (Fn X Id) Qr4n (077} (221>
7d x V" Id x Tr'
G x W IV a owe e, oW

where the first row is the short exact sequence, and the Gy, actions are given by the

vertical arrows.

10



Lemma 2.2.1. For natural numbers r < n < m we have Try, .oV =V  oTry, as

functions from W, to W1 _p.

Proof. This is simply the statement that we can either shift the indices of our indetermi-
nates down by d and then add m —n more to the end, or add m —n more indeterminates
and then shift the indices. This is clear as long as we have at least d indeterminates to

begin with. 0

For more details on Witt vectors see [Ser79, Chapter 2 §6], or [Haz78|.

11



Chapter 3

Results

3.1 Lattices

Inspired by the work of Haboush in [Hab05|, we would like to describe the
space of Zjy-lattices in Q, vector spaces, and hopefully be able to obtain a geometric
Satake like correspondence in this mixed characteristic case. However Kreidl raises some
objections to Haboush’s methods in [Krel0|, and so we need to be cautious about the
representability of the moduli problem we construct. To that end we will make a slightly
unconventional definition of what constitutes a (truncated) lattice, describe some nice
properties of our definition through some easy results, and in Section [3.2] prove that with

this definition our moduli problem is indeed representable.

Definition 3.1.1. Let S be a scheme over [F,,. A lattice in W4 . is a closed S-subscheme

r/S
X — Wd

/S such that

(i) X is a subgroup scheme of W¢ /s
(ii) X is smooth as a scheme over S.
(iii) X is stable under the action of Gy, /s on Wff/s.

Proposition 3.1.2. Let S" — S be a morphism of schemes. If X — Wf/s s a lattice,

then base extension to S’ gives a lattice Xgr — Wf/s,

Proof. That Xg/ is smooth over S’ is well known, [EGAIV4, 17.3.3(iii)], and it is a
G, -stable subgroup scheme of Wff /s by transport of structure. O

12



Definition 3.1.3. Let Lat? be the covariant functor from Schy, to Get, sending any

scheme S over I, to the set of lattices in Wf /s
Proposition 3.1.4. Lat? is a sheaf on the big Zariski site over Fp.

Proof. What needs to be shown is that for any scheme S over [F,, affine open cover

{U; = Spec(R;) }ier of S, and collection {X; € Lat?(R;)} such that
Vi, 7, X Xy, (UZ N Uj) = Xj Xy, (Uz N Uj) ;

then the scheme X obtained by gluing the X; is a lattice, that is to say X € Lat%(S).
We have that X is a Gy-stable subgroup scheme of Wf /s by transport of
structure, and the map X — S is smooth since smoothness is a local condition on the

target. Therefore X € Lat?(S) as desired. O

Our definition of a lattice can be difficult to work with at times, and the
properties we chose may seem to be lacking, but in fact they are quite restrictive, as
they imply many other desirable properties for our lattices. In Proposition we will
see an equivalent set of properties that define a lattice that can be easier to work with

in practice.

Proposition 3.1.5. Let S be a scheme over F,. Let X — Wf«l/s be a closed subgroup

scheme over S, stable under the action of Gy, s. Then X has connected geometric fibers.

Proof. The Gy-orbit of any point z in a geometric fiber Xz is the image of a connected
set under a continuous map, and is therefore connected. Taking the closure of such an
orbit gives a Zariski closed, G,-stable subset of X3, which is therefore the zero locus of a
graded ideal I = (p1,...,p:), with each p; homogeneous. As the grading is positive, and
x € V(I), we must have that the degree of each p; > 0, and so we also have 0 € V'(I).
Thus the closure of the orbit is a connected set that contains both = and 0. So every
point  must lie in the connected component of 0, and therefore the entire geometric

fiber must be connected. O

Corollary 3.1.6. Let S be a scheme over IF,,. Let X — Wf«l/s be a closed subgroup

scheme over S, stable under the action of Gy s. Then X has irreducible geometric

fibers.

13



Proof. By Theorem [I.2.1] an affine algebraic group scheme over a field is irreducible if

and only if it is connected. O

Proposition 3.1.7. Let S be a scheme over F),. Let X — Wf«l/s be a closed subgroup

scheme over S. The following conditions are equivalent:
(i) X is smooth over S.
(i) X is flat over S and the morphism X — S has reduced geometric fibers.

Proof. First, if X — S is smooth, then it is also flat with geometric fibers that are
smooth varieties, and are therefore reduced.

Conversely, if X is flat over S and X — S has reduced geometric fibers, then
for any geometric point Spec(k) — S, we have that Xj, is a reduced group scheme over
a field, which by [Wat79, §11.6] is smooth, therefore X is smooth, as smoothness can be

checked at geometric points. O

Proposition 3.1.8. If X is a lattice in Wf/s, then for allm < r, V-""™(X) is a lattice

: d
m Wr_m/s.

Proof. As V™ is a smooth group homomorphism we have that V=™ (X) is a subgroup of
Wf_m /s and is also smooth over S. What remains is to ensure that V~"(X) is stable
under the action of Gy, /g on Wf_m/s. The Gp-action is given by a1 Gy, /s XSWg/S —
Wf /S then following subsection we have . o (F™ x V™) = V"™ o ay_p,. Then

ar—m(Gm/S xg VT (X))

VT o ([F™ X V7(Grys xs V(X))
V7 0 (F™(Gys) xs X))
V_m(X)7

(678
Qp

N

So V™™(x) is stable under the Gy,-action. O
Corollary 3.1.9. We have that V™™ is a natural transformation from Lat? to Latl_,,.
Proof. This follows immediately from Proposition [3.1.8 O

As a last stop before moving on to some results about this functor, there is
a technical result in algebraic geometry we will need about subgroup schemes of Witt

schemes.

14



Lemma 3.1.10. If X is an affine algebraic group over an algebraically closed field k
with a G -action, then X is reduced if and only if its projectivization with respect to the

G, -action, P, is reduced.

Proof. Let A be the graded K-algebra such that Spec(A) = X, then Proj(4) = P, and
if zp € X is the point corresponding to the irrelevant ideal of A, we have a morphism
X\ zg — P, as X is the affine cone over P. If X is reduced, then so is X \ z, and
therefore so is P, as it is the scheme-theoretic image of X \ z¢ under this map.

For the converse, consider a point (closed or not) p € P which corresponds
to a homogeneous prime ideal in A. The stalk of the structure sheaf of P at p is just
Op = A(p) — the localization of the ring A at the prime ideal p.

Thus if P is reduced, than there exists a point p € X such that A, is reduced
— just view the homogeneous prime ideal as a prime ideal. It follows that Ay is reduced
for any maximal ideal m containing p.

But now, since X is an algebraic group, we have a translation isomorphism
ag : X — X for every € X(k). It follows that X is reduced at az(m) as well. Hence
A(m) is reduced for all maximal ideals m. This implies that A is reduced, since the

homomorphism:

¢A_>HA(m)
m

is injective; an element of A is determined by its images in all localizations at all maximal

ideals. If a € A were nilpotent, then ¢(a) would be nilpotent, hence zero. O

Theorem 3.1.11. Let S be a Noetherian scheme over F,. Then for any Guy-stable
subgroup scheme X C Wg/s with X — S flat, the subset U C S of points for which the

fiber of X has reduced geometric fibers is open.

Proof. Tt suffices to work affine locally on the base, so assume S = Spec(A) with A a
Noetherian ring of characteristic p; then X is affine, cut out by a homogeneous ideal J
in Alz10,...,24n—1] with the appropriate Witt grading.

If s € S (a scheme-theoretic point, i.e. a prime ideal p C A), write Xy for
the fiber of X over s. We say X, is geometrically reduced if for any A/p — k with
k an algebraically closed field, the base change Xy is reduced. Equivalently, Xy is
geometrically reduced if, for every geometric point of S in the closure of s, the fiber at

the geometric point is reduced (i.e., reduced geometric fibers on the closure of s).

15



Let P denote the projectivization of X with respect to the Gy-action. In
other words, locally on S, take Proj of the graded ring A[z10,...,24,—1]/J. Then as
the Gy,-action comes from a positive grading, P — S is proper, flat, and locally of finite
presentation. Moreover, by Lemma for any s € S, Py is geometrically reduced if
and only if X is geometrically reduced.

So consider the set U C S consisting of those s for which X, (equivalently Py
by Lemma is geometrically reduced. By |[EGAIV3, Theorem 12.2.1 (viii)| (with
X =P and Y =S and F equal to Op), the set U is open. O

3.2 Representability

Theorem is the main result of this section, but we will first prove the
representability of a broader moduli problem, and see how our problem can be cut out

of that broader problem as the intersection of an open and a closed subset.

Proposition 3.2.1. Let ’HSf: GChE{: — Get be the functor that takes a scheme S to the
set of closed, flat over S, Gy, g-stable subschemes of W‘Ti/s. There exists a scheme HS;‘?

over I, which represents the functor ’HS?.

Proof. By the proof of Proposition we can see that HS? is a sheaf on the big
Zariski site, and so it is enough to prove that it is representable on the subcategory of
affine schemes. To show this we consider the related functor HS%: Ring — Get, which

sends a ring R to the set of homogeneous ideals
ICR®Zx10,...,24r-1],

such that the rank of (R ® Z[z1,...,%4,-1])a/ls is finite for each a € N, subject to
the Witt grading on Z[z1,...,Zar—1) (Which gives degree p’ to z; ;); and show that it
is representable, which establishes the result.

This is a direct consequence of Theorem 1.1 of |[HS04], by taking A = Z,

S =1Z[x10,...,24,-1], and taking the union over all possible Hilbert functions. O

Lemma 3.2.2. The subfunctor of HSf consisting of the subschemes that are subgroups

1s represented by a closed subscheme of HSﬁl.
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Proof. Consider the automorphism o: W% x W¢ — W% x W¢ = W24 given by (z,y) —
(x —y,7). Note that the subgroup schemes of W¢ are exactly the subschemes X ¢ W¢
such that o(X x X) € X x X. We have that o respects the G, action (as W is a ring
scheme), and therefore gives an automorphism & of HS2?. The subscheme of HS? we
are interested in is exactly the preimage under the diagonal map A: HSj‘f — HS%d of
the closed subscheme Y C HS%d of points fixed by &, which is closed. O

Lemma 3.2.3. The subfunctor of ’HS,‘? consisting of the subschemes for which the struc-

ture has reduced geometric fibers is represented by an open subscheme of HSf.

Proof. If we take X to be the universal family sitting over HSff, and apply Theo-
rem [3.1.11} we get that the subset U of HS? that corresponds to X having reduced

geometric fibers is open. O

Theorem 3.2.4. The functor Lat? is representable by a locally closed (i.e., intersection

of a closed and open) subscheme of HS?. We will call this subscheme Lat?.

Proof. By Lemma we have a closed subscheme X C HSf corresponding to sub-
groups of W;il, and by Lemma we have an open subscheme Y C HSf which
corresponds to those subschemes of W¢ with reduced geometric fibers. Therefore the
intersection Latff = X NY corresponds to the Gy,-stable, closed, flat over the base,
subgroup schemes of W¢ with reduced geometric fibers which, by Proposition is
exactly the set of lattices in W2, O

Note that the action of GL; o W, on W;‘,l commutes with the G-action, in
fact Gy, acts as scalar matrices, which lie in the center of GL4 0 W,.. Also the action is
smooth, and therefore the image of a lattice under the action will again be a lattice, so
we obtain an action of GL; 0o W, on Lat‘ri. In fact as lattices are stable under the G,
action, the center of GLg4 acts trivially, and so the GLg4-action descends to an action of

PGLy o W, on Lat?.

3.3 The Shape of a Subgroup

3.3.1 Definition and Basic Results

Let k be an algebraically closed field of characteristic p, and G be an algebraic
subgroup in Wz/k. For i < n we give the name G; to the subgroup V~"(G) in ng/k,,

17



and set Gg = 0. If we identify W?l/k with its image under V"¢ in Wz Ik then this is
the same as defining G; = G N W¢ e We will use this identification to consider G; as
a subgroup of G, and at times WZ. i8S @ subset of WZ Ik Then we define the shape of

G to be the sequence d = (do,di1,...,dn—1) of natural numbers, given by
d,‘ = dim(Gn_i) — dim(Gn_Z‘_l).

Considering k-points we have a commutative diagram of abelian groups with

exact rows:
1% Trz:fl
0 —— W (k) —— W(k) k4 0
] ] ] (3.3.1)
v Ty
0—— Gi_l(k> E—— Gz(k) Sz 0.

We have identified W¢ (k) = k¢, and defined S; to be the image of G;(k) under
Trffl. Note that .5; is closed under addition as it is a subgroup, and Gp,-stable, therefore

it is a vector subspace of k%. Considering the second row we have that

dlmk(SZ) = lel(GZ) — dim(Gi_l)
= dn—ia

and also as S; C k% we have 0 < d,,_; < d.

Proposition 3.3.1. If G is a subgroup of W‘i/k of shape (dy,...,dn—1) and H is a
subgroup of G of shape (eq,...,en—1), then e; < d; for all 0 <i < n.

Proof. Since H C G, we also have H; C G; for all ¢. Then we can considere the diagram

1% TT:' !
| N
0—— Gi_l(k) ‘L Gz(k Sz 0 (3.3.2>
00— W (k) Y Wik K 0.
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By identifying spaces with their image under V', we can see that

H, 1(k) = H;(k) N W (k)
= H;(k) N Gi—1(k).

If t € T; is mapped to 0 by «, then it comes from an element = of H;(k), which after
embedding in G;(k), truncates to 0; and therefore is in the image of V. Then z is in
Gi_1(k), and H;(k), so it is in H;_1(k), and then by exactness of the first row ¢t = 0.
Thus showing that « is injective, and therefore e; = dimg(7;) < dimg(S;) = d;, exactly

as desired. O
Theorem 3.3.2. For all0 <i<n—1 we have d; < dj41.

Proof. If we replicate the second row of Diagram [3.3.1]for G, and G;_1, use the fact that
m,, gives not just a map from Gy, to itself, but has an image lying inside of the subgroup
G_1, and apply the snake lemma to the resulting map of short exact sequences we get

the following diagram:

0 0 0
I L4 J K
174 Tri—1
0O —— Gi_l(k') — GZ(/{) Sz 0
3.3.3
My myp 9 f ( )
v Tr*=
0O — GZ;Q(]C) — Gifl(k') Sifl 0
L M N
0 0 0

Here I,J, and K are the kernels of the relevant maps; and L, M, and N are their

cokernels. The rows and columns are exact, and our goal is to show the map labeled f is
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an injection. We will do this by showing that K = 0, and for this it suffices to show that
¢ is a surjection and L = 0. First, over a perfect field m,, is surjective, and so L = 0;
also as V' is an injection, F' is a bijection, and m, = F oV oT'r: we have that the kernel
of my in G;_1(k) is the kernel of T'r on [V o F](G;-1(k)) C G;(k) but the kernel of T'r
sits in the image of V| so ¢ is in fact a surjection, thus K = 0, as desired. This gives
that f is an injection, and therefore dimy(S;—1) > dimg(S;), or dyp—iy1 > dp—4, exactly
as desired. O

3.3.2 Applications to Lat?

For d a shape of length r, we will give the name Lat? sto the subfunctor of Lat?

Ty

of subgroups of shape d at every geometric fiber. We then have the following results.

Theorem 3.3.3. There is an isomorphism of functors given by V :

d ~ d
Eat?",(o,dl,,..,dr_1) - Eatrfl,(dl,...,dr_ﬂ .

Proof. If G is a lattice in Lat? Oty 1)’ then V provides an isomorphism G, &£ G, _1,

Ty

as dy = 0. Therefore V™! is the desired isomorphism of functors. O

Theorem 3.3.4. There is an isomorphism of functors given by Tr:

d ~ d
Ea’tr,(do,...,dr_g,d) = ‘Catr,(do,...,dr_g)'

Proof. Any lattice in Eatf (dosody—2,d) is the preimage under truncation of a unique lattice

: d
in Lat, 1 (go,....dv_2)" O

3.4 Description of Lat{

~

Theorem 3.4.1. There is an isomorphism of functors Cat‘il >~ Grd which preserves

dimension in such a way that Eati(m) =~ Grd | and therefore Lat‘i(m) &~ Grﬁl.

Proof. When r = 1 we have that HS¢ = ‘Hilbpa-1 and so by Theorem Lat‘ll is
a locally closed subfunctor of Hilbps—1. If we fix a noetherian S and take a subgroup
scheme X corresponding to an element x € Lat{(S) then if we call Y = (X \ e(S))/Gn,
where e: S — X is the unit of the group, and e(S) is the closure of the scheme-theoretic

image of S under e. We have Y € P?~!, and as Y is flat over S we have that the Hilbert
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polynomial of Y considered as a family over S is constant on irreducible components. If
we take a geometric point of S, 7: Spec(k) — S for some algebraically closed k, then we
can consider the base change Y =Y Xxg Spec(k), and detect the Hilbert polynomial of
Y by considering Y. As Yy is smooth over k, we have that Y (k) is Zariski dense in
Yy, but Yi (k) = (Xi(k)\{0})/Gm(k), and Xy (k) is an additive subgroup of the vector

space Gg /k(k) which is stable under the action of k>, and is therefore a vector subspace of

Gg/k(k). This implies that X = X(k) is a linear subscheme of Gg/k. Thus the Hilbert
polynomial of Y}, (and also Y) is that of a linear subspace, and therefore z € Gré(S).
Together this shows that Lat?(S) € Gre(S) when S is noetherian, and so when restricted
to the full subcategory of noetherian schemes, Gchyy, Eat‘ll is a subfunctor of Gre.

Conversely for an element z € Gr?(S) we have a subscheme X C G /g cut out
by linear homogeneous polynomials locally on the base. This is clearly a closed subgroup
of Gg /s and G, /g-stable. It is smooth over S by the properties of the Grassmannian,
therefore Gr? is a subfunctor of Lat‘f.

It is clear from the construction that this isomorphism preserves dimension,

and so gives an isomorphism L'atcll’(m) =~ Grd for any m. O

Notice that the action of PGLg on Lat{ is exactly the normal action of PGLg

on Gr?, and is therefore transitive on every component Grd,.

3.5 Description of Lat?

The two theorems [3.3.3 and [3.3.4] allow us to reduce understanding of Lat?

to the case of understanding Lati(o), Lat%@), and the schemes Lati’(m’m,l). The first
two, as well as the n = 1 case of the third are addressed by Theorem All that

remains is to describe the remaining schemes Lati (1,1,...1) for n > 1.

Lemma 3.5.1. If we call the total space of the line bundle O(p) over P! by the name
E(p), then we have a morphism of schemes p: E(p) — Lat;(l’l) such that the following
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diagram commutes:

(3.5.1)

Here the arrow from E(p) to P! is the standard bundle map, and the arrow from P to
Lati(l) is defined to make the bottom triangle commute. Additionally for any Fp-algebra
R the induced map of sets ¢: E(p)(R) — Lat (1,1y(R) is an injection, therefore ¢ is a

universally injective morphism of schemes.

Proof. Every object in the picture is a sheaf on the big Zariski site, so it is enough to
define ¢ on affine schemes. Let R be an [, algebra, we will begin by defining coordinates
on &£(p)(R) which we will use to define the map . Let A € PL(R), then \ defines a
locally free rank 1 quotient of R?; by passing to an open cover {Spec(R;)} of Spec(R),
we can assume that the quotient is free, rather than only locally free. In this case we can
view A as amap \: R? — L where L is free of rank 1. By picking an isomorphism L = R
we obtain a pair a = A(1,0), and 5 = A(0,1). These satisfy the property (o, 3) = (1).
Changing the isomorphism changes the pair «, 8 to a new pair ua, uf for some u € R*.

Then for any g € (R[z,y]/(cx + By)), homogeneous of degree p we can identify

g(p)(R) = {(047,8,9) ‘ O‘?B € R such that (aaﬁ) = 179 € (R[$,y]/(ax + 6y))p}/ ~,

where ~ is the equivalence relation («, 3,9) ~ (ua,uf,uPg) for u € R*.

For any (a, 8, 9) € £(p)(R) we define the ideal

I, 3,4 = (axo + BYo, g(xo,y0) +aPxy + BPy1) C Rwo, T1,y0,Y1]-
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Note first that if («, 8, g) ~ (ua, uf3,uPg) then we have

Lyaupurg = (uoxo + ufByo, uPg(xo,yo) + (ua)Pzy 4 (uf)Py1)
= (u(axo + Byo) , uP (9(xo,y0) + Px1 + BPy1))
= (axo + Byo, g(wo,y0) + aPx1 + BPyr)

= Iaﬁ,gv

so the definition makes sense. Next notice that for distinct elements g, h € (R[z,y]/(az+

By))p we have that I, g 4 # Ing.h-
We define ¢ to send the point (o, £, g) € E(p)(R) to

X/R = Spec(R[:Uo,fUl,ym?Jl]/joz,ﬁy)7

which we claim is an element of Lat%y(ljl)(R). First note that as I, g 4 is a homogeneous
ideal for the Witt grading, X is Gp,-stable. Also as I, g4 is prime, X is geometrically
reduced. Also as dim X = 2, and V"}(X) = Spec(R|[xo, yo]/(aPz0, fPyo)), all that
remains is to show that X is a subgroup of W2: or equivalently that I,p4 is a Hopf

ideal, that is to say

A(lapg) C Inpg @ Rlzo, 21, Y0, y1] + R[20, 21,90, y1] ® Lo gy

for the Witt comultiplication function

A: R[xO)xl)y07y1] — R[x07$lay0)y1] & R[$0,$1ay0ay1]-

As the GLy o Wo-action on Latgy(m) descends to a transitive action of GLy o W1 on
Lat%v(l) =~ P! we can perform this calculation with a = 1, and 3 = 0 without loss of
generality.

In this setting we can take the representative g(zo,yo) = cyf for some ¢ € R.

Then I 4 = (o, cyg + x1), and we only need compute

Alzg) =201+ 1®xg

Clipg® R[zo, 1,0, 1] + R[wo, T1,%0, y1] ® I 0,4;

23



and

Aleyh+a1)=cyo@1+1@y) + 11 @1+ 10 x
+x§®1+1®x§—(:p0®1+1®m0y’
p

—1

1% A »

:cyg®1+l®cyg—|—x1®1+1®xl+];§ :<€>-’E6®l‘g i
i=1

-1
1% : i
= (cyg®1+x1®1)+ <1®cy§—i—1®x1+pz <];>x6®x8 2)
i=1
C 104 ® Rlzo, 21, Y0, Y1 + Rlzo, 21, Y0, 1] @ T1,0,4-
Thus I, g4 is a Hopf ideal, and X € Lat} (1,1)(R) as desired. O

Theorem 3.5.2. The map ¢: E(p) — Latg (1,1) defined in Lemma 15 surjective on

geometric points.

Proof. Let Spec(k) — Lat;(Ll) be a geometric point, then we wish to show that it
factors through ¢: 5(p)—>Lat§7(171). That is to say let X C Wg/k: be a lattice in
Eat% (1 1)(k), and call by the name I the ideal in k[zg, 21, Yo, y1] which defines X. Then
if we call V"1(X) = X', we have X' C W%/k in ﬁati(l)(k), and therefore, by Theo-
rem we have that X' is cut out of k[zg, yo] by an ideal of the form I = (axg + byo).
As X is a lattice it is Gy,-stable, and therefore irreducible by Corollary so I is a
homogeneous prime ideal. As V~1(X) = X', we have that V(I) = I’, so it must be that

I = (fi(xo,21,%0,91), 9(x0,y0) + azxy + byy)

for some homogeneous polynomials f;, and g, with g of degree p all contained in the

ideal (x9,yp). As X is a subgroup, p- X C X, and therefore
(axg + byg) = (fi(0,0,23,5), 9(0,0) + axg + byf) = p(I) C I.

As k is algebraically closed there exist o, and § such that o = a, 8P = b. Then we have
azh 4+ byh = (axo + Byo)? € I, and since I is prime we have axg + Byo € I. As the
dimension of X is 2, the height of I is 2, and so

I = (fi(zo,71,90,%1)) mod (g(zo,¥0) + ax1 + by1))
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must be of height one, and therefore principal. So it must be that f; — f; € (g(zo,%0) +
ax1+byy) for any pair i, j, therefore we can write I = (f1(xo,x1,v0,v1), 9(0, yo) +axi +

by1). Now, as azg + Syo € I, we must have polynomials P and @ such that

axg+ Byo =P - fLr + Q- (g + Pz + BPy)

As the left hand side is of degree 1, and both f; and g + oPz1 4+ SPy; are homogeneous,
we must have that the degree of f; is either 1 or 0. If f; is of degree 0, then I =
klxo,x1, Y0, y1], and X is trivial, which cannot be. So we must have f; is homogeneous
of degree 1, and then P must have degree 0, so we may as well replace f; with axg+ Syo.
So I = (axo+PByo, 9(xo, yo)+aPx1+LPy1) with g € (R[xo, yo]/(azo+SBYyo))p, homogeneous
of degree p. This is exactly the ideal I, g, defined in the proof of Lemma which
is by definition in the image of .

This shows that all of the geometric points of Lat%(m) lie in the image of ¢

as desired. O

We suspect that the schemes Latg are normal, in which case the results of
Lemma [3.5.1] and Theorem would imply that ¢ is in fact an isomorphism of
schemes.

The techniques in this Section may generalize to provide descriptions of the
spaces Lati,(l,l,...,l) with n > 3, but it seems that increasingly more complicated ideal
computations are likely an inefficient way to describe those schemes. It is more likely
that an approach through the theory of Dieudonné modules (see for example [Car62))

would prove more fruitful in order to describe these spaces.
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