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Nuclear Structure: 174,176,178,180Hf, 174Yb; calculated 

configuration mixing higher K bands. 

ABSTRACT 

Evidence of configuration mixing of higher K bands in deformed even 

nuclei is surveyed. A general formulation for configuration mixing due to a 

two-body neutron-proton force is developed. A fit to the energy-splittings of 

Gallagher-Moszkowski pairs in odd-odd nuclei is made to obtain an effective 

Gaussian, central force except for the undetermined Wigner component. With 

this force, off-diagonal band-mixing matrix elements are calculated for various 

configurations in 176Hf, 178Hf, and 174Yb. By solving BCS equations, the 

~~ relevant occupation amplitudes are calculated. The effective n-p Wigner force 

component is fixed to give best over-all agreement to experimental band-mixing 

information. The resulting force is compared with the Anantaraman Schiffer 

force for spherical nuclei. 
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I. INTRODUCTION 

LBL-1693 

Among certain classes of two-quasi-particle states of deformed nuclei 

configuration mixing has been extensively treated, while for other classes 

there has been almost no attention to this problem. 

On the one hand, the excited bands of Krr = 0+, 1+, 2+, 0-, l-, 2-, and 

3 in even-even nuclei have been extensively treated microscopically. These 

treatments are usually carried out with some simple separable interactions 

(quadrupole-quadrupole, octupole-octupole, spin-quadrupole, or surface delta 

interaction). Some bands in the systems treated may become "collective" and 

consist of a linear combination of many two-quasi-particle basis states. 

On the other hand, there has been little theoretical attention to the 

question of configuration mixing of higher K-bands than those mentioned above, 

and the general question of the effective nucleon-nucleon force appropriate in 

this context is quite open. 

II. EXPERIMENTAL EVIDENCE 

In the past several years interesting measurements have been made con-

cerning band-mixing of two-quasi particle states in even-even nuclei. The 

178 even-even nuclei,in the region around Hf, are interesting because of their 

prolific isomerism, associated with the availability of only large-n Nilsson 

orbitals near the Fermi energy: For protons the orbitals involved are 7/2+[404], 

9/2-[514], and 5/2+[402], and for neutrons they are 5/2-[512], 7/2-[514] and 

9/2+[624]. Thus, relatively low-lying r = 6+, 8-, and 7- states can be formed 

either as two-quasi-proton or two-quasi neutron states. 
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1 Khoo et al. have carried out impressive measurements of excited bands 

176 in Hf. TI 6+ 6 Their analysis shows that the. K = bands at 1333.1 and 17 1. 5 keV 

are highly mixed between two-quasi-proton and two-quasi-neutron configurations 

with a 2p-2n mixing ratio of 38:62. 
2 

Ejiri et al-. have independently made 

similar measurements and come to a similar conclusion. Ejiri et al. analyzed 

the 1549 keV KTI = 6+ band in 174Hf as being at least 90% two-quasi-proton, 

whereas we determine, from the comparison of the E2 hindrance factors of 174Yb 

with those of 176Hf, that the KTI = 6+ isomeric state in 174Yb is nearly pure 

two-quasi-neutron. 

Ej iri et al. and Khoo et al. differ somewhat in their analysis of 

. ' h TI 8- d . l 76 f d ' t t h. dd. t . 1 1' m1x1ng of t e K = ban s 1n H , ue 1n par o t e a 1 1ona comp 1ca-

tion of Coriolis mixing. Because of the Coriolis complication, we shall exclude 

this case .from our quantitative analyses to follow. That is, one needs to 

consider mixing of more than two bands, and we wish here to confine ourselves 

to cases of two band mixing. 

In l78Hf the two KTI = 8- states have been known from beta decay proper­

ties to be highly mixed. Studies by Helmer and Reich3 and by Ward, Chu, and 

Cumming4aindicate that the 1147-keV state (mainly two-quasi-neutron) and the 

1480-keV state (mainly two-quasi-proton) have mixing ratios of 33:67 and 35:65 

respectively. The 178~u beta decay rates measured by Tamura4b give mixing of 

36:64 in good agreement. 

K8rner, Wagner, and Dunlap5 measured the magnetic moment of the 1142-keV 

KTI = 8- state in 180Hf as 8.6 ± 1.0 nuclear magnetons, signifying nearly pure 

two-quasi-proton configuration. 
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Another case of such configuration mixing occurs in 174Yb. The 174Tm 

(5.2 min) ground state has been assigned a Nilsson configuration of 1/2+[411] , 
p 

7/2-[514]n (which is consistent with general systematics). The 174Tm ground 

state beta decays to two states of 174Yb at 1886 keV (rv 80%) and 2383 keV (rv 20%) 

with log ft values of 4.90 and 4.65, respectively. The log ft values of less than 

5.0 would require that these transitions involve the [514]in, [514]tp orbitals. 

The strong gamma transition between the two states in 174Yb, the observed log 

ft values, and the general energy systematics of two-quasi-particle states would 

suggest that the state at 1886 keV (mainly two-neutron) and the state at 2383 

keV (mainly two-proton) are highly mixed. These two states can be assigned 

to the 1/2-[521] , ,9/2+[624] , and 1/2+[411] , 9/2-[514] orbitals, respect~vely, 
n n p · p 

• 7f -wlth K = 5 • From the log ft values one would deduce a 35:65 mixing ratio for 

these bands. 

. 6 . . 176 
Bernthal et al. measured electron capture log ft values to Hf of 

7f + . . 
7.21 and 6.85, to the K = 1 states at 1672.3 and 1862.8 keV, respectlvely. 

With the reasonable 176Ta ground state assignment by Valentin and Santoni7 of 

KTI = 1- (7/2+[404] , 5/2-[512] ), it is easy to see that the beta decay can 
p n 

proceed via a first-forbidden unhindered transition to the two-quasi-neutron 

component of the final KTI = 1+ state but not to the two-quasi-proton part. 

+ -This conclusion is the same even if configuration mixing of (5/2 [404] , 7/2 
p 

[514] ) is allowed in the initial state. Thus, the ratio of ft values tells 
n 

us that the lower 1+ state is 70% two-quasi-proton and 30% two-quasi-neutron, 

+ + while the upper 1 state is the reverse. We note that the mixing of the 1 

s~ates is also im~lied by the strong 190.4-keV y-ray transition between these 

levels. There might be some reservations about treating these two KTI = 1+ states 
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1T + 8 
in isolation .from all other K = 1 poles. Gabra.kov et al. , and Hamamoto 

et a1. 9 have made random phase approximation calcUlations of 1+ states taking 

into account the spurious state problem associated with the rotational degree 

of freedom. We feel that our isolated treatment here may be approximately 

justified, since the j+ matrix elements between our 5/2 and 7/2 states are very 

small (hence, little coupling with the spurion) and since other 1+ poles should 

be considerably higher lying in 176Hf. 

III. GENERAL THEORY AND RESULTS 

Can we obtain from theory at least a qualitative explanation of the 

phenomena so far observed? Very generally, when considering two states which 

interact with one another (but don't interact with any other state) the 

Schr8dinger equation can be written in the form: 

¢) (1) 

We introduce X as the mixing ratio between the two states, letting X= S2/a2 . 

If m = 0 (i.e. no mixing) then X= 0 or oo. When solving eq. (1), one easily 

finds: 

m = ~AvX 
1 + X 

( 2) 

.... 
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where /:,A = A> ...,. A< is the difference of the eigenvalues of the 2 x 2 matrix, 

i.e. is the energy difference of like-spin members of the two bands of the con-

figurations considered. In fig. 1 we have graphed the relationship of eq. (2). 

The different mixing ratios form a family of straight lines relating the 

proportion~ity of the energy separation of the bands with the absolute value 

of the mixing matrix element lml. The lines have been labeled with mixing 

ratios less than unity, but those ratios X greater than unity correspond to 

the line of their reciprocals 1/x. 

< < . ) When the mixing ratio is near unity (0.5 _X_ 2 , the mixing matrix 

element lml is very insensitive to X and dependent on !;,,A. 

We now analyze matrix element m in more detail. The quasi-particle 

operator string for the band-mixing matrix element for even-even states, with 

parallel angular momentum projection n + n ' is: p n 

<v np 

Substituting the inverse Bogoliubov transformation and retaining only those 

tenns conserving charge and particle number yields': 

+ where u and v are the usual BCS amplitudes and a and a are the nucleon 

( 3) 

annihilation and creation operators (the bar over a subscript denotes the time 
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reversed orbital). But <n1i)1 !vnpln2p2> = <n2i12 1vnpln1r\> and <n1 i12 1vnpln2p1> = 

<n2i)
1

!vnpln
1

p
2
> • Therefore we get the following: 

( 5) 

In the case of antiparallel angular momentum projections 1st - s-2 I for p n 

the pairing factors of even-even excited states we get the following: 

= -

In the pairing factors only the combination uv occurs. Thus, the 

matrix elements .can only be large when the two orbitals are on opposite sides 

of the Fermi energy. This condition is approximately fulfilled for the 72-

proton configuration of Hf, since the Fermi energy should be nearly at the 

degenerate 7/2+ and 9/2- orbitals with the 5/2+ orbital lying slightly higher 

( cf. 
10 

diag. 2c and 2d of Nilsson et al. ) . 



-7- LBL-1693 

A. The Pairing Correction Factors 

The uv factors for the cases here considered are shown in Table 1. 

They have been calculated by solving the BCS equations with the single particle 

energies obtained with the same program used in ref. 10, taking into account 

for each nucleus its quadrupole and hexadecapole deformation as given in Fig. 12a 

in the same reference. However, close to the Fermi energy we used energies 

obtained by interpolating the empirical single particles energies obtained from 

experiment by Ogle et a1. 11 in order to get the most realistic uv factors. We 

used the experimental gap parameters 6 given in Fig. 4a and 4b of ref. 10 and 
exp 

then adjusted the pairing strength parameter G so that 6 was in agreement with exp 

the value of 6 obtained by solving the BCS equations. 

For the specific Tf 
case of K = s- states in Hf, with n1 the 9/2+, n

2 
the 

7/2-' p1 _the 9/2- and p2 
the 7/2+ orbitals, the first two terms involve KIT = o-

couplings for the n-p matrix elements, and the second two terms involve Kn = 1+ 

couplings. 

More specifically, for the KTf = 8- states in 178Hf, one has from eq. 5 

and Table 1 

= ·jo.471<9/2 §/2 lv 17/2 7/2 >0 - 0.50~9/2 7/2 lv l~/2 9/2 >1+j n p np n p - n p np n p 

(7a) 

All the contributing matrix elements are of large momentum change (or exchange 

interaction) type, like those of the odd-even shift termS in odd-odd nuclei. 

Similarly, one has 

= jo.515<7/2 '/2 lv . 13/2 5/2p>o-- 0.395(7/2 n p np n n 3/2 lv 13/2 7/2 ~-~ p np n p'l 

('Tb) 
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lm5_(
174

Yb)l= ,0.254<1/2 l/2 lv 19/2 9/2 >0_'""" 0.725(1/2 9/2 lv 19/21/2 )·
4

+1 (7c) n p np n p n p np n p 

7f + . 176 (6) For the K = 1 state 1n Hf one has to use eq. , since in this 

case we have antiparallel angular momentum projections. We get the following: 

.,0.395<7/2 5/2 lv 15/2 7/2 >6_ + 0.51~~12 5/2 lv l~/2 7/2 >0 j (
7
d) · . n p np n p n p np n p -

For those cases where only one of the levels is known (in dther words, !1>... is not 

known), we have insufficient data to solve for the matrix element m. However, if 

the mixing is small, then we may make a theoretical estimate for !1>... and still 

get a good value form. This follows because, as pointed out before, m is not 

very sensitive to !1>... if mixing is small (see Fig. 1) 

B. The n-p Force 

We consider now the matrix elements of the effective neutron-proton 

potential, taking it to be of Gaussian central form 

( 8) 

where PTE, PT0 , P8E, and P80 are projection operators for the spin triplet (T) 

or singlet (S) and even (~) or odd (0) relative orbital angular momentum. We 

will use two different forces in our calculations, force I with ranger =1.5 fm, 
0 

force II with ranger =1.0 fm. Following Jones et a1. 12 and Ogle13 we derive the 
0 

potential strengths (up to a common additive constant) by doing a least square 

fit of energy splittings of Gallagher-Moszkowsky pairs. The arbitrary additive 

constant of the potential strength arises because a pure Wigner force does not 
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contribute to the spli ttings. Recently Ogle13 has pointed out that there is 

still no satisfactory effective force for calculating the energy splitting of 

Gallagher-Moszkowski pairs. We are reluctant to use the force of Jones et al. 12 

as we differ by a factor ~ 2 with their finite range calculations. It is not 

clear why the first order splittings of the effective n-p force give such poor 

quantitative fits to experiment, despite the universal applicability of the 

Gallagher-Moszkowski rule on the sign of the splitting .. It may be that the off-

diagonal couplings with other bands of the same K (n-p force coupling) or K ± 1 

( Coriolis coupling) are responsible for the inability to. obtain detailed agreement 

in first-order splitting calculations. 14 From the general consideration of the 

greater occurrence of low S"2 orbitals in an oscillator shell, it is evident that 

the level density of two-quasi-particle bands is a rapidly decreasing function of 

K. Thus we have sought an effective force by excluding from the fit all cases 

involving K = 0 or l bands, which would be most susceptible to the higher order 

corrections. This exclusion meant we did not attempt to fit the shift terms in 

K = 0 bands. These shift terms have been shown by Jones et al
12 

to be sensitive 

to tensor components, another rea·son for not demanding that a central force fit 

them. Table 2 shows the result of the fitting procedure. The optimum force 

strengths at the different ranges are shown in Table 5. The mixture of our 

forces (specially force II) has some features in common with the force obtained 

by Nunberg and Prosperi.15 · From Table 2 we see a scatter in fit to experiment 

of about ± 20 keV. The fit depends only weakly on range of force, and as Jones 

et a1. 12 showed, even a delta force is rather satisfactory in fitting pair splittings. 

Table 3 gives for the two optimal forces at different range the 

theoretical values. of odd-diagonal, single-particle n-p matrix element~ enter-

ing into the band-mixing cases for which we reviewed the experimental evidence 

in the first part of this paper. These are the single-particle matrix elements 
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entering into the eq. (7) with appropriate weighting factors from the BCS wave 

functions. The matrix elements in Table 3 were calculated from a sophisticated 

program due to Dr. Gordon Struble. In this program the Nilsson wave functions 

are calculate~ by truncating the set of basis states to a single oscillator shell 

in the isotropic harmonic oscillator basis. The deformation parameters used 

were: for Table 2 approximate s = s = 3. 9, for Table 3 approximate s = 3. 70, n p n 

sp = 3.75. The Nilsson potential parameters ~n' ~p' ~n' Kp' were given values 

from equations on page 14 of ref. 10. The major shell spacings hw and hw were n p 

obtained by using equations on page 6 of ref. 10. 

With three of the four fo!"ce strength parameters fixed by the Gallagher-

Moszkowski pair fitting of Table 2 we allowed only the freedom to adjust the 

fourth component (Wigner force) strength to obtain best agreement with experi-

mental band mixing matrix elements from eqs. (7) as shown in Table 4. In the 

last three cases there are data showing band mixing is small, but with the energy 

separation of the admixed band unknown only limits can be set on mixing. The 

agreement is quite satisfactory, though somewhat better for the shorter range 

force II. 

Table 5 summarizes the strengths of our optionalGaussian central forces 

at the two different, somewhat arbitrary ranges. 

We are not able to make a detailed comparison with the remarkably success­

ful spherical shell-model n-p force of Anantaraman and Schiffer
16 

(A-S force), 

since our code will not handle a tensor force component. Furthermore, their 

force has partially cancelling components of different ranges in triplet-odd 

and singlet-even parts. We tried fitting the Gallagher-Moszkowski doublet splittings 

with a force with short- and long-range components, the same ranges as those 
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of ref. 16, but the fit was not much improved, even with the doubling of free 

parameters. 

' It is not clear whether the differences with the A-S force, particularly 

the different Vs0/VTE ratio, arise from our neglect of tensor compcnents or from 

core polarization effect differences between their spherical nuclei and our 

spheroidal nuclei. 

When an effective force of some reliability is available, one can address 

the problem of predicting the energies and band-mixing character of the multi-

quasiparticle bands expected in the region. s 1 
. . h . d17 o ovlev as summarlze many 

calculations on three- and four-quasiparticle states of deformed nuclei; these 

calculations are for the most part done in the framework of the independent 

quasi-particle picture. There is also need for more data on such states. 

Awaiting discovery are surely other four-quasiparticle isomers like the 16+ isomer 3 

of 178Hf and perhaps five- quasiparticle isomers like the 37/2- state
18 

in 177Hf. 

IV. CONCLUSIONS 

An interesting pattern emerges from analysis of band-mixing of two 

quasi-neutron and two quasi-proton basis states of deformed even nuclei. The 

conditions for strong mixing to occur are 1) that the zero-order energies of 

the 2qp and 2qn basis states be reasonably close and 2) that the two proton 

(neutron) orbital energies be on opposite sides of the Fermi surface. The 

first condition follows from the requirement of a small energy denominator in 

the mixing determinant, and the second from the appearance of BCS weighting 

factors of form u
1

v
2

. From analysis of these mixing ratios we can deduce a 
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value for the Wigner force strength in the effective n-p residual interaction. 

The Wigner component does not affect the splitting of Gallagher-Moszkowski 

doublets in odd-odd nuclei. The off-diagonal matrix elements extracted here 

also may manifest themselves in configuration mixing in odd-odd nuclei. It 

will be valuable to have more experimental information to further constrain 

the effective force. 
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Notes Added in Proof 

l. We have recently received a letter from Dr. N. Onishi to the effect 

that the program used in Ref. 12 is correct; however, in deducing the 

force strengths appearing in Table IV (of Ref. 12) a slight error was 

made. They plan to publish an erratum in the Phys. Rev. listing the 

correct force strengths for their Table IV. 

2. J. I. Zaith and R. K. Sheline (Phys. Rev. c6, 506 (1972)) have studied 

176 the levels of Hf populated in the (d,t) reaction. In their level 

scheme {Fig. 2) they do not show the levels of Kl10o' s- upper KTT = 6+ band, 

which, if pure two-quasi-proton, should not be populated by the (d,t) 

reaction. (The first two levels of this upper KTT = 6+ band are at 

E6+ = 1761. 5 keV and E
7

+ = 1926.7 keV. ) However to the extent that this 

TT 6+ ( is mixed with the K = band at 1333 keV which is mainly two-quasi-

neutron) then the levels of the upper KTT = 6+ band should be populated 

l . h KTT 6+ . t . t . . . re at~ve tot e lower = ~n propor ~on o the~r mix~ng rat~os. In 

Fig. l (of the reference cited above) there _are two unassigned peaks (peak 

number ll and 16) with the appropriate energies and intensities to be the 

members of the upper KTT = 6+band, consistent with the mixing ratio of 

Khoo et al. 1 The KTT = l+ bands are evidently populated too weakly to 

be seen in the spectrum of Fig. l. Thus, we can gain no evidence to 

supplement the beta decay information on the l+ band mixing. 
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Table 1. Values of u and v Amplitudes from BCS Wave Function. 

Configuration 174Yb 174Hf 176Hf 178Hf 180Hf 

u 0.490 0.292 0.292 0.292 0.292 
1/2+ (411) p v 0.871 0.956 0.956 0.956 0.956 

U. 0.928 0.747 0.747 0.747 0.747 
7/2+ (404) p v 0.372 0.665 0.665 0.665 0.665 

u 0.938 0.819 0.819 0.819 0.819 
9/2- ( 514) p v 0.347 0.574 0.574 0.574 0.574 

u 0.972 0.911 0.911 0.911 0.911 
5/2+ (402) p v 0.233 0.412 0.412 0.412 0.412 

u 0.308 0.614 0.449 o. 346 0.261 
1/r (521) n 

0.951 0.789 0.893 0.938 0.965 v 

u 0.483 0.685 0.507 0.397 0.285 
5/2- ( 512) n 0.876 0.728 0.862 . 0. 918 0.958 v 

u 0.886 0.904 0.812 0.590 0.466 
7/2- (514) n o. 465 0.427 0.584 0.807 0.885 v 

u 0.904 0.944 o. 898 0.778 0.619 
9/2+ (624) n 0.427 0.331 0.440 0.628 0.785 v 

.. 



Table 2. Fit of Energy Splittings of Gallagher-Moszkowski Pairs. 

Configuration Krr 
llEth llEth llE exp 

Nucleus Proton Neutron L: +L: =0 L: +L: =1 ro=l.5 fm r 0=l.O fm Ref. n p n p 

(keV) (keY) (keY) 

HO 164 7/2- ( 523)t 112+ (4oo)t 3- 4- 118 124 102 12 

3/2+ C4o2H 5- 2- -123 -131 - 85 12 

3/2- ( 521 )t 2+ 5+ 165 159 171 12 

Ho 166 7/2- (523)t 112- (521H 4+ 3+ -147. -156 -171 12 

Tm 168 112+ (411H 5/2- (512)t 3- 2- -242 -231 -234 12 

7/2+ (633)t 4+ 3+ -138 -145. -157 12 

Tm 170 112+ (411H 5/2- (512)t 3- 2- -239 -236 -232 12 

Lu 174 112+ C4o4H 3/2- (52l)t 5- 2- - 59 - 58 - 90 12 

1/2- C 521H 3- 4- 93 69 80 12 

Lu 176 7 ;2+ (4o4H 1/2- ( 510 )t 4- T -130 -138 -118 12 

Ta 182 112+ (4o4H 1/2- ( 510 )t 4- T -127 -135 + -174 15 

3/2- (512H 2- 5- 166 168 * 154 15 

More recent experimental values (R.-G. Helmer, R. C. Greenwood andC. 1-l. Reich,-Nucl. Phys. Al68, 
. ' . ·-----

449 (1971)) are: + -100; t+ 140. 

< ~ 
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I 

fu 
t"' 
I 
f-' 
0'\ 
\0 
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Table 3. 

Matrix-Element 

<112 I/2 lv 19/2 9/2 > n p np n p 

< 112 9;2 I v 1912 112 > n p np n p 

< 112 112 I v 15!2 5/2 > n p np n p 

<112 5/2 lv 15/2 7/2 > n p np ·· n p 

< 112 5/2 I v 15/2 112 > n p np .· n p 

<5/2 5/2 lv 17/2 7/2 > n p np n p 

<912 9/2 lv 17/2 7/2 > n p np n p 

< 912 712 I v 1712 912 > n p np n p 

··..._/ 

' ·~·' 'l 17 
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v Matrix-Elements np 

Force I 

(keV) 

-152 

319 

-151 

318 

191 

-123 

- 61 

209 

LBL-1693 

Force II 

(keV) 

-148 

292 

-165 

288 

140 

-155 

-108 

213 
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Table 4. Comparison of.Theoretical and Experimental Mixing Matrix Elements (keY). 

Case exp. !mthl lmthl lmexpl 
ref. (Force I) (Force II) 

m8- (178Hf) a 133 158 158 

m6+ ( 176Hf) b 203 199 208 

m5_ (174Yb) c 270 249 235 

~+ 
( 176Hf) d 12 25 88 

m8_ (180Hf) 122 144 

m6+ ( 174Hf) 194 190 < o. 3 !J.A. 

m6+ (174Yb) 129 126 

v 



I 

Force 
Component 

VTE 

VGO 

VTO 

VSE 

' v . j .,. J 

-19- LBL-1693 

Table 5. Potential Strength of Forces Used in this Work 
16 

and Comparison with the One Used in ref. . ) . 

Force I Force II Anantaram-Schiffer Force 

(r0 = 1.5 fm) (r0 = 1.0 fm) Short-range Long-range 

(MeV) (MeV) (r0 = .1.0 fm) (r = 0 
3. 2 fm) 

--117 -262 -195±30 

- "{:: + 35 -195±30 

- 62 -169 -230±20 6.5±10 

- 25 - 51 -165±20 6 .5±10 
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FIGURE CAPTIONS 

Fig. 1 Relation between !:..).. , m, and X· See text for definitions. The 

experimental points co:::-respond to: a) K7T = s- states in 178Hf; 

b) K7T = 6+ states in 176Hr; c) Kn = 5- states in 174Yb; and d) KTI = l+ 

t t . 176 f s a es 1n H . 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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