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In this note we estimate coherent instability 
thresholds for the sse and discuss some of the sub­
sequent design restrictions. In Fig. 1 the various 
instabilities are set out in a block diagram with the 
essential features of each. For the purposes of this 
paper we assume that long wavelength coupled bunch 
effects can be cured effectively by a feedback system 
(both longitudinal and transverse) and that the im­
pedance of the feedback systen is such as to cancel 
that of the environment (at low frequency). 
Alternatively, the long wake field is assumed to be 
exactly canceled, on the average, by a feedback wake 
field. 
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Fig. 1 

This leaves only single bunch effects. First we 
discuss thresholds for "fast-blowup" both in the lon­
gitudinal and transverse and then the transverse mode 
coupling instability more familiar in electron/ 
positron storage rings. The impedances considered 
will be a broadband impedance and the resistive wall 
impedance. 

Thresholds for Fast Blow Up [Im(w) » ws] 

Consider the case of an instability with a wave-
1 ength much 1 ess than the bunch 1 ength. Then there 
is a coasting-beam-1 ike instabil ity both 10ngitudi­
nally1 and transverse1y2. The thresholds are 
given by the coasting beam threshold with the current 
replaced by the peak current. 

*fh is work was supported by the Di rector, Offi ce of 
Energy Research, Office of High Energy and Nuclear 
PhYSics, High Energy Physics Division, U. S. Dept. 
of Energy, under Contract No. DE-AC03-76SF00098. 
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Consider the effect of a broadband impedance at 
the cutoff frequency, wc, 

III = c/2b == w n c 0 c (1 ) 

Then the sufficient condition for no fast blowup for 
a Gaussian bunch is given by 

Transverse: 2 

longitudinal: 1 

where 

..;1 

a = ~ rms 

I: = :eak current = Vf I· R 

I = bunch current = eN
b 

f 0 

a = bunch length (rms) 

E = energy 

a = freq. slip factor 

II = transverse impedance 

III = longitudinal impedance 

B = average beta function 

(2) 

(3 ) 

The chromaticity for the transverse case is 
assumed to be zero. The word "threshold" refers to 
the equality in Eq. (2) and (3). 

In order to compare the two thresholds we relate 
the longitudinal to the transverse with the commonly 
used formula, 

III (w)1 
2c Ilil (w) I 

=:7 w b 

2R I lll(nwo)1 
(4 ) =~ n b 

This is exact for the resistive wall, however, it 
should be used with caution in the general case. 
Substituting into Eq. (2) and (3) yields the 
thresho 1 ds, 

Transverse: 

1 _ e Ipllll(nc)1 (lli Rl') 
- 4. E n a ° b 

c £ nc 
longitud ina 1: 

Thus the two thresholds would be equal if 

b2n 
-==---=c_ b 

o£ = .p; R a = va; a . 

(5) 

(6) 



If 0t: is larger. the transverse threshold 
is lower than the longitudinal. For the parCllleters 
in Table 1 the transverse threshold occurs at 

-4 b 
o = 1.2 x 10 » ... r::- • 

t: V8n ~ 
(7) 

thus at the transverse threshold the longitudinal is 
quite stable. 

The thresholds just calcul ated are not very 
res tri ct ive; the transverse mode coupling ins tab i 1 ity 
has a lower threshold. 

Tabl e 1 

10 
NB = 2.86x10 

f = 3.3134 KHz 
o -5 
I = eNBfo = 1.52xl0 a 

B = 6000 bunches 

IT = 91.3 rna 

o = .192 m 

Ip =.y2; I RIo = 2.86 a 

Sb = 15.08 m 

a = 1.14x10-4 

" = 97 

Z(n)/n = In at nwo = c/2b 
ii = 180 m 

b = 1.5 cm 

R = 1.44x104 m 

Thresholds for the Transverse ftbde 

Coupling Instability3.4 

If the wavelength is the order of the bunch 
length. it is still possible to have instabilities 
which have growth times the order of or somewhat 
longer than the synchrotron period. This instability 
is due to mode coupling and is sometimes referred to 
as the s trlng head tail effect. I t has been observed 
both at ETRA5 and PEp6 and may also have been 
observed much earlier at SPEAR7. In this section 
we assume again that the chromaticity is zero so that 
the normal head tail effect is absent. 

Then at small current the bunch (in the moving 
frCllle) oscillates in a stable way at frequencies 
given approximately by 

w=w +mlll y s 

in the 1 ab this is 

As the current increases these modes move. and 
if any two becane degenerate. there is an 
instabil ity. Note that. in principle. all modes must 
be kept because we don't know which two will becane 
degenerate. For electron positron storage rings the 
ounches are so short that it is mOde m = O. the 
rigid mode. which shifts the most. The instability 
occurs when modes with m = 0 and -1 collide. 

For longer bunches the higher' modes are impor­
tant. however. for simplicity we will estimate the 
threshold using only mode O. The bunches will also 
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be quite short in the SSC, however. this method may 
give a sanewhat peSSimistic answer. 

The shift of mode 0 for a Gaussian bunch is 
given approximately by 

l!.v _ ie I v-; - - 411 E 

(8) 

The threshold occurs when -Av/vs is the order of 
unity. 

00 2 2 
. e I a I . -p 0 0 
1 = 411 E "s 1 Zi (PIllO) e dp • (9) 

-00 

Due to the symmetry properties of Zi it is only the 
reactive part which contributes to this integral. 
The bunch factor cuts off the integral at p - 1/ 0 0 or at 

llWo = clo • (10) 

However. if we assume broadband impedance at the 
cutoff frequency. then the impedance varies littl e 
in this range. Thus. the threshold is given approxi­
mately by 

e I a i Zi (0) 
1 = -,----;r---

411 Vs E 

e Ip ii i Zi (0) 1 = _.r:.. ___ ==-_ 
411 Vs E V2 

eISiZ1(Oj 
1 =----:::;..-

4YW a (AE )rms 

(11) 

For the broadband impedance assumed (0 a 1 
resonator) the reactive part of the transverse imped­
ance at III co 0 is related to the resistive part at 

(12) 

Therefore, using Eq. (4) to relate the 'trans­
verse impedance. we find 

1- elp (ZII(n))V2R~ 
- 411 E Vs n -r 

(13 ) 

No~e that this instability is driven by Zl(~ clo); 
thlS has been converted to an effective Z(n)/n. 

Thus. given we know all quantit ies except 
(AE)rms. this threshold tells us how much energy 
spread we need at injection. For the parCllleters in 
Table 1 this yields at 1 TeV 

which yields 
1 -4 

0t: = 4x 0 • (14 ) 

v· = 
S 

3.7x10-3. [.19 m/o] (15 ) 

.. 
( 

t 
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at injection. These are threshold values. During 
acceleration (AE)rms must be kept larger than or 
equal to its value at injection. 

Scaling Laws, R vs. b 

For the purposes of scal ing it is useful to re­
write the threshold conditions in terms of the total 
current 

(16) 

where B is the number of bunches separated by a 
distance ~. Rewriting the thresholds for trans­
verse mode coup1 ing and transverse fast blowup we 
have 

r-tJde Coupl ing: 

Transverse Fast Blowup: 

e 
1 = 

(17) 

(18) 

00nc must be 1 arge in order to apply the 
transverse fast blowup threshold.2 In our case 

oRa 6 3 
0 0 nc = If "2D = '20 = • • (19) 

This means that the fast blowup threshold is much 
less restrictive than the mode coupling threshold. 
This makes physical sense because for fast blowup 
Im(..,) »"'s. Thus more coherent force is neces­
sary to drive this instability and thus a larger 
(peak) current is necessary. 

To scale to rings of different magnetic field 
strength, consider a fixed interaction point with 
near 1 y head-on collis ions of short bunches spaced 
equally by a distance SB. If we scale the optics 
to yield a dispersion which is independent of radius, 
R, then IT and Sb are independent of radius 
while y ex R1/2 and B ex R1/2. If in addition 
the effective Z (n)/n is scaled simil arly to the 
resistive wall, 

Z(o)/o • [Z(O)/~o ~:). (20) 

and liE is scaled to fill a fixed fraction of the 
chcrnber, liE ex b, then we find that the threshold 
for mode coupl ing scales as 

R3/2 
1 = (constant) ~ • 

b 
(21 ) 

Thus if we scale b ex R3/8, then the threshold 
condition remains invariant. 

If we allow the geometry of the interaction 
point to vary with radius (for example large crossing 
angle and very long bunches), then the scaling law 
above should not be appl ied. For very long bunches 
("s - 0) all modes must be kept, and it is the 
"fast blowup" threshold that is important. In 
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addition the impedance at lower frequencies is also 
important in this case. 

However, if again we fix a different interaction 
point geometry and bunch length, this sets a fre­
quency at which the impedance becomes important 
(n..,o > 1/0). Thus Eq. (18) y i e 1 ds a sca 1 in g 1 aw 
identTcal to Eq. (21) except the constant may be 
quite different. 

The Resistive Wall, Single Bunch Effects 

The resistive wall will drive transverse coupled 
bunch modes; however, since at higher frequency the 
impedance falls off as ..,-1/2 the effects for 
single bunch instabilities are weaker. In addition 
if a cold chcrnber is envisaged, this decreases the 
resistivity and the skin depth. However, for the 
frequencies of interest here (.., - 1/0), the an~no­
lous skin effect plays a role also. Thus, the en­
hancement of the skin depth at low frequency cannot 
be simply translated to a similar enhancement at high 
frequency. In addition the frequency dependence at 
high frequency of the effective skin depth is altered 
at low temperature. 

With these caveats consider just the normal skin 
effect. To include qualitatively the low temperature 
effects, the sk in depth can be replaced by an effec­
t ive sk in depth. The transverse impedance is given 
by 

where 6(..,) is the skin depth and 10 is the im­
pedance of the free space. Us ing .£!!!.l a res ist ive 
wall to calcul ate the transverse mode coupl ing 
threshold (Eq. (9» yields 

Mode Coupl ing: 
e I Zo r(1/4) 

1 = P 
411 "s E V2; 

(22) 

where r is the g~a funct ion and 6 is evaluated 
at 1/0. Rewrit ing in terms of the total current for 
the purpose of scaling yields 

2 -e IT Zo r(1/4) YT SB B 6(1/0) 

411l1E rms (211) b3 1 (23) 

If we compare this threshold to that obtained with 
the broadband impedance, then for a copper wall at 
room temperature we find 

Ith~Resis. Wall) = 8 • 
I h(b. band) 

(24) 

Thus the res ist ive wall does not pose a prob lem 
for the parameters gi ven in Tab le 1. 

However, it does yield a much more fundamental 
constraint and may become important for larger ma­
chines in spite of improvements due to a cold vacuum 
chamber. 

Conclusion 

To conclude note that the above considerations 
are based on estimates of the transverse and longitu­
dinal impedances and on estimates of the thresholds. 
Since there exist methods both to calculate 



impedances and thresholds much more precisely, the 
numbers cal cul ated mus t be cons idered prov is i on al • 
However, using the es t ima tes above it is cl ear that 
for the parcrneters in Table 1: 

1. There will be no fast blowup either longitudi­
nally or transversely. 

2. The transverse mode coupl ing instabil ity can be 
con tro lled by adjust ing the energy spread in the 
beam. 
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