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Abstract—A non-orthogonal multiple access (NOMA) ap- power allocation region. The expected increase in capacity
proach to user signal power allocation called Fair-NOMA is petween OMA and NOMA are derived for each bound as well,
introduced. Fai-NOMA 'is the application of NOMA in such —\hich provides insight as to how much the capacity improves
a way that two mobile users have the opportunity to always . T
achieve at least the information capacity they can achieve even with th_e rgstrlctlon |mp0§ed bYen. . )
by using orthogonal multiple access (OMA), regardless of th The practicality of the Fair-NOMA approach is that it
user selection criteria, making it suitable for implementaion requires the receivers to possess the ability to perform SIC
using any current or future scheduling paradigms. Given ths |t must be stressed that Fair-NOMA will always improve
con_dmon, the bo_unds of the power aIIo_catlon coefficients " the sum capacity of the networnd the capacity of each
derived as functions of the channel gains of the two mobile . ~. ° .
users. The NOMA power allocation is analyzed fortwo scheduled  iNdividual user compared to OMA. Furthermore, Fair-NOMA
users that are selected randomly with i.i.d. channel gains. The does not require any additional feedback when compared to
capacity improvements made by each user and the sum capacity other NOMA techniques, which is the absolute value of the
improvement are derived. gain (no channel phase information is required). Thergfore
there is no need to discuss the probability of NOMA failing
to improve capacity performance, and we can focus only on
how much capacity gain will provide. A simple analysis of

A system that employsrthogonal multiple access (OMA)  outage capacity is briefly discussed to provide a more thgitou
is defined as a system that schedules multiple mobile usgeatment of the performance of Fair-NOMA.

(MUs) in non-overlapping timeslots or frequency bandsmigiri  Another unique feature of our approach compared to the
a certain transmission time period. Therefore, if the d®ngrevious work is the fact that prior studies on NOMA
for users MU#%, k = 1,... K are scheduled to be transmittechave focused on demonstrating that NOMA has advantages
over a time periodl’, where T is less than the coherencefor increasing the capacity of the network when users are
time of the channel, then both MU-1 and MU-2 have theicheduled and paired based on their channel conditions (i.e
signals transmitted only’/ K" amount of the total transmissiontheir location in the cell). Fair-NOMA does not rely on this
period (or fraction of the total bandwidth). Since only orfe acondition in its analysis and simulation, since users’ cren
the signals is transmitted at any given time slot (or fre@yenconditions are i.i.d. distributed (i.e. location in theldslnot
band), that particular signal is allocated all of the traitsmconsidered). Hence, all users will have equal opporturity t
SNRE. be scheduled, and thus is also completely "fair” from a time-

A system that employsion-orthogonal multiple access sharing perspective. However, Fair-NOMA can be applied to
(NOMA) is one that, given the same users as above, scheduw@g system with any scheduling and user-pairing approach.
the transmission of their signals over the entire transomnss  The paper is organized as follows. The discussion of the
period and bandwidth by using superposition coding (SGportant previous work on the development of the NOMA
However, since the total transmit SNR must be shared concept is outlined in sectidn II. The system model is oatlin
between thé: signals being transmitted, a fractiop € (0,1) in section[Ill. Section[IV defines the Fair-NOMA power
of the transmit power is allocated to uerand"4_, ax, = 1. allocation regionAry, and develops its basic properties. The
In order for NOMA to be viable approach to scheduling useranalysis of the effects of Fair-NOMA on the capacity of
each user must employ successive interference cancellaé@ich user is provided in sectiéf V for the boundary power
(SIC) at the receiver to remove the interference of the $sgnallocation coefficient values, and simulation results fyeri
from users that have lesser channel SNR gains [1]. the analysis and demonstrate the performance improvement.

An approach called Fair-NOMA is proposed for two userginally, sectiof Ml concludes the paper and discusses toegu
for future wireless cellular downlink systems as a framdwofkvork to be considered.
to implement NOMA fairly. The underlying fundamental prop-
erty of Fair-NOMA is that users will always be guaranteed to
achieve a capacity at least as good as OMA. This is achieved
by deriving the exact bounds for the Fair-NOMA power The concept of NOMA is based on using superposition
allocation regionAen = [aint, asug < [0, 1], as functions of coding (SC) at the transmitter and successive interference
the channel gains of the scheduled MUs. For the case wheeacellation (SIC) at the receivers. This was shown to &ehie
two random users with i.i.d. channel SNR gains are selectebe capacity of the channel by Cover and Thoméas [1]. The
the average capacities for both weaker and stronger userseadistence of a set of power allocation coefficients thatrahd
derived at each lower and upper bound on the Fair-NOMef the participating users to achieve capacity at least asl go

I. INTRODUCTION

II. PREVIOUSWORK ONNOMA
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as OMA was suggested inl[2]. With advances in compultirfgir schedulers are required to guarantee per-user cgpacit
technology, it is reasonable to suggest that a mobile receialways at least better than the OMA case, whiter selection
will possess the capability to perform the required SIC epdrias is taken from channel conditions or previous rates. Like
ation, making NOMA an attractive option for implementatioomany NOMA techniques, we require full CSIT in order for
in future wireless standardsl [3]. the BS to properly perform the superposition coding, while
Non-orthogonal access approaches using SC for futuhe users only need to be notified of the rates and modulation
wireless cellular networks was mentioned [ [4] as a waysed for each signal to enable SIC (if needed). It is importan
to increase single user rates when compared to CDM# note that our NOMA approaciiways guarantees equal or
Schaepperle and Ruedgd [5] evaluated the performance of nbigther capacity than OMA.
orthogonal signaling using SC and SIC in single antenna
OFDMA systems using very little modifications to the exigtin
standards, as well as how user pairing impacts the throughpu
of the system when the channel gains become increasingly disLet a mobile user MU-have a signat; transmitted from a
parate. This was then applied by Schaeppérle [6] to OFDM#ngle antenna base-station (BS). The channel gain is C
wireless systems to evaluate the performance of cell edggh SNR gain p.d.f.fi,:(w) = Le™ %, and receiver noise
user rates, proposing an algorithm that attempts to inereas ~ CN(0,1). If MU-1 and MU-2 each have their signals
the average throughput and maintain fairness. These warkstghnsmitted, with total transmit SNR, each during half of
not assume to have the exact channel state information at the time periodI’” using OMA scheduling, then the received
transmitter. signal for each user in their respective half of the time qubri
The concept of NOMA is evaluated through simulatiofs y; = h;x; + 2,1 = 1,2. If E[|z;|?] = 1, the information
for full CSIT in the uplink [7] and downlink [[B], where capacity of each user is then
the throughput of the system is shown to be on average 1
always better for NOMA than OMA when considering a fully CP = 3 log, (1+ §|hi|2) , (1)
defined cellular system evaluation, with both users ocaupyi
all of the bandwidth and time, and was compared to EDmwhere the% factor accounts for the fact that each user has the
with each user being assigned an orthogonal channel. aygilable channel only half the time. In the case of NOMA,
[9-], the downlink system performance throughput gains avg']ere both Signals are being transmitted SimultanEOUSi'y du
evaluated by incorporating a complete simulation of an LT the entire time period', the user with greater channel gain,
cellular system (3GPP). Further simulation studies wemedowhich we assume to be MU-2 w.l.o.g., can perform SIC at the
to evaluate the performance of NOMA for scheduling multipleeceiver by first treating its own signal as noise and degpdin
users per sub-band in OFDMA systeris][10], and it is showWU-1s signal. If the power allocation coefficient for MU-2 i
that when scheduling users, the users selected in each sul- (0,1/2), then MU-1's signal is allocated — a transmit
band are determined by predicting which sub-band each uBékver, and the received signals for both users are

Ill. SYSTEM MODEL

should be in, such that the expected throughput is maximized — J1—a¢h h
Fairness in NOMA systems is addressed in some works. The h (1 —a)hizy + v/ alhixa + 21
uplink case in OFDMA systems is addressed in [11] by using Y2 = Vakhamy + /(1 — a)Shazy + 22. (2)

an algorithm that attempts to maximize the sum throughplg-mce|h2|2 > |hy[2, then

with respect to OFDMA and power constraints. The fairness

is not directly addressed in the problem formulation, but is a|hs|? ag|ha|* 3)
evaluated using Jain’s fairness index. [n][12], a propogilo (1—a)he?2+1 "~ (1—a)|hi]?+1

fair scheduler and user pair power allocation scheme is tseqyy-2's receiver will perform SIC and remove the interferenc

achieve fairness in time and rate. In [13], fairness is acide from MU-1's SignaL Doing so, the Capacity for each user in
in the max-min sense, where users are paired such that theimA is

channel conditions are not too disparate, while the power

_ 2
allocation maximizes the rates for the paired users. A dose OY(a) = log, (1 + %) (4)
form solution is reached for the instantaneous CSIT cas#, an N “§|h21| +1
an efficient algorithm is found for the case with average CSIT Cy (a) = log, (1 + a&|hal?). ©)

Ping et. al.[[14] provide an analysis for fixed-power NOMA, By directly comparing the capacities such that we want
where the power allocation coefficient is fixed for the weak%N(a) > 9 andCN(a) > C9, the region that contains the
"cell-edge” user at,,, = 4/5 and for the stronger "near” user - 1 2 = 2

o e alues ofa can be easily found.

ata, = 1/5, and it is shown that the probability that NOMAV . “ ty tou
outperforms OMA approachdsas the number of users in the
network increases. IV. FAIR-NOMA POWERALLOCATION REGION

Qur main contrlbu_tlon IS to d(_aflne the ex_act power allo- For MU-1, the power allocation coefficient that ensures
cation region that will allow for implementation of NOMA N o : :

. et e that CT' (a) > C7 is found by solving

to any system in a "fair” manner. We define "fair” here as
being a technique where all scheduled users have a capacity (1 —a)élh]?

1 2
equal or greater than OMA. In other words, no proportional log, (1 + aélhi|? +1 ) 2 9 log, (1 +&|hl ) ©)



Solving the above inequality far gives In order to determine the bounds of this region, the expected
(14 €lh )2 — 1 value of each user is derived for the caseszof asyp and
=a< 5 . (7) a = ains. The capacity of each user for OMA is derived to
£l compare with NOMA.

Therefore, the greatest value of the power allocation coefft
a to ensure that NOMA is fair to MU-1 is given by the righ
side of [T), and any satisfying [7) will lead toaC(a) > C¥.

Similarly, if the capacity of MU-2 using NOMA is to be at Fih 2 o2 (21, 2) = %e*%_ (13)
least as good as OMA, thedl) (a) > C? leads to B
1+ €lhaf2)/2 — 1 The ergodic capacity of the MU-1's given that MU-1 channel

(8) gain is always less than MU-2 channel gain using OMA is

Since the channels of two users are i.i.d. random variables,
bhe joint probability density function is

a>(

§lhal? given by
Therefore, the least value of power allocation coefficient e
such thatC) (a) > C9 is given by the right side of{8). E[CP) / —e S 10g2(1 + &xq)dzoday
Each of the above values af that ensure fairness in T ﬁ
capacity performance have the form of the functign) = —iE < > (14)
[(1+&x)'/% = 1]/ (€x). - n( )\ Be
Property 1. For a channel SNR gain, the functiona(z) is a where E; (z f u=le~*du is the well-known exponen-

monotonically decreasing function of anda(z) € (0,1/2). g mtegral Note that sinc&€?® = CN(asyp), their ergodic
Proof: If a(z) is @ monotonically decreasing function ofcapacities are also equa|C] can be derived similarly.

x, wherexz > 0, then we must havg— < 0. 1
B9 - Cip (L) p (2) )
da(x)  gEo+1-—(1+¢&)'? 2T me) " \Be) ()t \pe
de Ex2(1 + Ex)/2 © ;
Hence, the sum rate capacity of OMA users is
It is easy to show that both the numerator and denominator are n
positiveVz > 0, proving that<%) ””) < 0. To prove thatu(z) € E[So] = ﬁEl (i) _ (16)
(0,1/2), we havelim,_,; a(x ) = %(1 + &x)~1/2. Taking the In(2) BE
limit as z — 0 gives Note that in the case that= ains, SinceC (aint) = C2, their
lim 1 1 (10) ergodic capacities are also equal.
m——x =,
2=02(1 +&x)t/2 2 In the case of NOMA using = ainf, the capacity of MU-1
while taking the limit asz — oo gives is
2 2 - +a:
1 _Z1TZ*2
lim —— =0. 11)  E[CY(ain)] / /
w00 2(1 + £a)1 /2 )

Hence,a(z) is a monotonically decreasing function ofin - [logy(1 + £x1) — log, (1 +(V1+E&xo — 1)E)]d:ﬂ1dw2.
the range(0, 1/2). [ | 2
Define ainy = [(1 + £|ha|?)V/2 — 1]/(£|he|?) andag,, = This double integral simplifies to the single integral

[(1+€]h1]?)Y/2 —1)/(£]h1)?). Then by Propertjl1, it is clear s )
that if [h1]? < |ha|* = aint < asuyp The Fair-NOMA power E [C}(ain)] = S ) (—) (17)
allocation region is therefore defined dsn = [ainf, asud, and In(4) pE
selecting any: € Ary gives B /OO 2 exp (_f <m— 2))
Na) > €O o Bln(2) s\VITer—1
(il = G (7 Gre) & (e )
x—1) B(W1I+&x—1)
SN (a) > 50. (12)

which can be calculated by a software such as Matlab.

Since the sum capacitiiy(a) = C{'(a)+C3/(a) isamonoton-  gimilarly, in the case of NOMA with = asup, the capacity
ically increasing function of;, thenas,p = arg max (CY(a))  of MU-2 is a given by

also maximizesSy(a) whena € Agn. The last inequality is JEEIEE
strict because since at the least one of the MU’s capacitied® [C5 (asup)] / 52 s
always increases, then the sum capacity always increases. o1

. 10g2 <1 + (\/ 1+ 5561 — 1) ) d.fCQdZCl
V. ANALYSIS OF FAIR-NOMA CAPACITY 1

A. Expected Value of Fair-NOMA Capacity This double integral simplifies to a single integral of

The expected value of the Fair-NOMA capacities of MU- oN eBe
1 and MU-2 depend on the power allocation coefficient (€5 (asup)] = In(4) ﬂg 51n

(18)
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Fig. 1. Comparing the capacity of NOMA and OMA Fig. 2. Comparing the capacity of NOMA and OMA

expected gap between NOMA and OMA in the sum capacity
increases steadily a$ increases, further demonstrating that
the effects of NOMA are magnified whehis large.
B. Comparison of Fair-NOMA and OMA Figure[3 shows the expected capacity of each MU, and the
To observe the gains that are made by using Fair-NOMA, #§M capacity, as functions of the power allogation cqeﬁ'tcie
performance is simulated to confirm the analysis and comparé@nd for¢ = 30 dB. An interesting observation of this plot
directly with OMA by varying¢, and settingd = 1. As the 1S that the_ largest increase in sum capacny fqr NQMA occurs
analysis demonstrates, there is an increase in the sumitsapd@ the region0 < a < ainr (that is the first vertical line), and
when using NOMA compared to OMA. then becomes nearly constant once> ajrs (second vertical
Figure[l shows NOMA performance for both= ain; and line). T_his is a very promising_result, as it means_that when
a = asyp SinceC = CY(ain) andCO = CN(asyp), the plots  transmit SNR is large, t_h(_ere is almost no bgneflt of using
of CN(ain) and CY(asup) demonstrate the expected capacit POWer a_llocatlon coefficient gref';\ter thagy, in _order to
increase at the bounds ofgy. From the plot, the expectedattempt to increase the sum capacity, because itis almast ne
increase in capacity that is made for= ain is significantly its maximum value. Thus, when |t.c0me.s to increasing the
less than the expected increase madedfot agy, when the SUM capacity of the system, there is no incentive to_allocat_e
transmit SNR¢ is small. This leads to the conclusion that af0re power to the stronger user MU-2, and thus fairness is
lower transmit SNR levels, larger increases in capacitylel actually a nearly optimal power operating point.
observed for the stronger user, and hence the power athocati
coefficient should be closer i@y VI. CONCLUSION AND FUTURE WORK
However, when the transmit SNR is largex 30 dB), the The performance of NOMA when using a fair power
expected increase in capacity for either case @fppears to allocation coefficient approach, as defined by the power al-
be the same. Also, the expected capacity of MU-1 seems tolbeation coefficient sefdgy, was shown to always provide an
always upper-bounded by the expected capacity of MU-2, hiniprovement in system performance. It was shown that the
whena = ajn the expected capacity of MU-1 asymptoticallinformation capacity of each user is always improved when
approaches the expected capacity of MU-2 with increagingusing a power allocation coefficieat € Agy, and that the
This seems to agree with intuition that when the transmit SNRiprovement in capacity is expected to increase as thertrians
is large, the channel SNR gain will become a less significaBNR increases. Moreover, the sum capacity of the system is
factor. What is nice about this result is that the expectemt improved when the power allocation coefficient favoes th
capacity increase becomes less dependent on the chanmel gimonger user unfairly, and thus fairness in power allocati
of the user, and more dependent on the fact that NOMA iss desirable. The fact that the sum capacity for NOMA is
being used to begin with. nearly the sam&a € Agy for large values of transmit SNR
Given that the expected capacity gain made when the traastually gives flexibility in how to approach maximizing the
mit SNR increases is roughly the same for eithgr or as,p,  SUM capacity, in the sense that it can be done by focusing on
this implies that the expected sum capacity of NOMA shoulthaximizing either the capacity of MU-1 or MU-2.
increase by the same amount for all valuesiaf Agy. This The next step in this work is to analyze the implications of
is shown in figuré 2, where three different valuesuof Ary  using NOMA fairly, and extend this concept to more general
are used to illustrate this fact. The plot also shows that thgstems such as MIMO. In a more general system, such as a

o (5 (em1)) P (e o)
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[13] S. Timotheou and I. Krikidis, "Fairness for Non-Orttawal Multiple
Access in 5G Systems|EEE Sgnal Processing Letters, Vol 22, No 10,
October 2015.

[14] Z. Ding, P. Fan, H.V. Poor, "Impact of User Pairing on 5GrmN
Orthogonal Multiple Access Downlink Transmission$EEE Transac-
tions on Vehicular Technology, Future Issue, 22 September 2015.

[15] B. Kim et al, "Non-Orthogonal Multile Access in a Downk Multiuser
Beamforming System,” IEEE MILCOM 2013

[16] J. Choi, "Non-Orthogonal Multiple Access in DownlinkoGrdinated
Two-Point Systems,EEE Communications Letters, Vol 18, Issue 2, pp
313-316, 2014.

multi-user MIMO system, the ability to eliminate the need to
employ algorithm searches to find the power allocation that
improves capacity becomes necessary, since this can become
computationally expensive once the number of antennagin th
system grows. The effects of NOMA in systems that employ
user pairing approaches should also be investigated, §ince
these systems the channel SNR gains will no longer be i.i.d.,
and hence a different effect in the expected improvements in

capacity will be observed.
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