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ABSTRACT

‘Conditions for dynamic thermal similarity of a small-scale building
(scaled in both spatial and temporal dimensions).with its full-scale counter-
part (fully sized and evo]ving in real time) are derived. The conditions
ensure proper scaling of conductive, radiative, and convective transport of
thermal energy. The restrictions impbsed by these cqnditions are discussed
and exemplified with a small-scale model in a Xenon atmosphere at standard
temperature and pressure and one in a sulfuf hexafluoride atmosphere at én
elevated temperature and standard pressure. It is shown that it is possible
to construct models having small physical sizes and acée]erated tempora] data

rates for the exact analog simulation of the thermal performance of buildings.
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SYMBOL LIST

Meaning

Scaling variable, a'/a
Specific heat
Acceleration of gravity
Thermal conductivity
Boltzmann constant
Scaling variable, L'/L
Scaling variable, v'/v
Scaling variable, N'/N -
Scaling variable, Py/P,

Scaling variable, T /T,

Proportion of two-combonent wall

Velocity field .

Heat capacity per unit volume
Radiant energy flux

Incident radiant flux

Grashoff number

Heat rate from a point source
Conductive heat flux |
Net radiant flux

Thermal fluxes

Characteristic length

Mean molar mass

Infiltration rate
Cefide

Equation where first used

(2.24)
(2.1)
(2.7)
(2.1)
(D.3)
(2.23)
(2.24)
(2.37)
(2.26)
(2.22)
(E.3)
(C.1)

(2.12)
(B.1)
(B.3)
(2.7)
(2.36)
(D.10)
~(B.3)
(E.7)
(2.2)
(2.8)
(2.37)



SYMBOL LIST (continued)

AT

Meaning

Pressure

Prandt1 number

Fluid stress tensor

Thermal resistivity

Solar flux

Temperature

Amplitude of temperéture variation

Wall U-value, k/1

Thermal diffusivity
Scaling variable, p'c;)/pcp
Scaling variable, AT'/aAT
Emittance of surface
Scaling variable, H'/H
Scaling variable, k'/k
Dynamic shear viscosity
Kinematic shear viscosity
Mass per unit volume
Scaling variable, S'/S
Scaling variable, Témi
Characteristic time

Angular frequency

Thermal response factor

Bulk viscosity
=jy-

'Equation where first used

(2.19)
(2.6)
(D.1)
(E.4)
(2.33)
(2.5)
(2.7)
(2.12)

(2.1)
(3.7)
(2.22)
(2.4)
(2.36)
(2.24)
(C.2)
(2.6)
(2.1)
(2.34)
(3.1)
(2.12)
(E.7)
(E.7)
(C.2)



SYMBOL LIST (continued)

Subscripts Meaning
W Wall
f Fluid
S Gas property under standard conditions
0 Average value
p Constant pressuke
i Layer index in wall

Subscripts

prime: small-scale model

no prime: full-scale model
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1. Introduction

There are three quantitative methods for learning about the thermal
performance of a building or other complex structure. They are

1. Build the building and then observe its actual performance.

2. Perform a numerical simulation of the performance of the building on

a computer.

3. Build a small-scale model of the building, observe its performance,

and scale the results up to fu]l-scale size.

The first method is not generally practical since it may be excessively
costly and reduire lTong periods of time with corrections both difficult and
expensive to incorporate. The second method is of questionable reliability
due to the many uncontrolled approximations thaf underlie any such numerical
simulation. The third method has not been fully exploited; this paper is
devoted to developing this method into a useful research and design tool.

Small-scale models of buildings have been used by architects to simulate
the visual aspects and spatial relations of a proposed design for many years.
However, sﬁch models have not been used extensiVe]y to simulate the thermal
performance of the building. Some early work along this line was done in
Australia after World War I1.1 In these studies, one-third and one-ninth
' scaie models were used to study the effect of thermal mass on the diurnal
temperature swing of a building. Studies on a one-quarter scale model of a
cubic room have also been reported.2 In both of these studies it was argued
that since radiativé (see Appendix B) and convective (see Appendix C) energy
transport are independent of scale, then conductive transport (see Appendix A)
also should not depend on scale. Thus the U-values of the walls should not be
changed. This can be achieved by either not scaling the thickness of the wall

or by using materials of low thermal conductivity. The first method violates



the 3-dimensional nature of the scaling; the second method is difficult to
enact due to the limited range of properties of available materials.
Furthermore, convective energy transport is independent of scale only in the
domain of fully deVeloped turbulent flow.® This may be marginally true for
the full-scale buildings (which are characterized by Grashof number5'~1010),
but is probably not true of the small-scale model. Furthermore, there was no
temporal scaling in these studies because the small-scale model evolved in
real time or only steady-state phenomena were investigated. Thus, the full
potential of spatial and temporal scaling was not exploited.

The NASA space program provided further impetus for studying small-scale
models. Here, the objective was to undérstand the thermal behavior of a
spacecraft in an extraterrestial environment. The early work is reviewed by

4 has reported a study that is close to the spirit of the

Vickers3; Shanon
present work. He reports a fair agreement in a study of a one-quarter scale
model having cylindrical symmetry. |

A study having the same objective as the present work has been reported
by Thompson, Han, and Azer.> They studied a one-eighth scale model of a
four-bedroom town house that had been treated in full scale at the National
Bureau of Standards. They report results that are within 10% of the
temperature of the full-scale model. However, it is difficult to assess the
validity of their use of forced rather free convection and their neglect of
radiative energy transport in the operation and analysis of this model.
Furthermore, since they have chosen to validate their methods on a complex
structure, one cannot tell whether their 10% agreement is fortuitous or
fundamental.

In the studies cited above, energy transport by convection is para-

"meterized by semiempirical film coefficients or Nusselt numbers. We use



the more fundamental description contained in the Navier-Stokes equations and
‘require that the small-scale model give a similarity solution to the
full-scale building. We also allow the modification of a broader range of
parameters such as the composition Qf'the atmosphere, its temperature and
pressure, etc., in order to échieve this similarity. In further contrast to
these previous works, we include the temperature and pressure dependence of
the transport coefficients of the gas (see Appendix D) in our scaling
equations. |

In summary, the past work on thermal models of bui]dings does not
properly account for the interconnections between the properties of materials
and spatiai and temporal scaling while allowing all three thermal energy
transfer mechanisms to fully participate. |

The three processes of thermal energy transport, conduction, radiation,
and convecti6n, are of roughly equal importance in a typical building. This
can be seen from the fact that radiation and convection contribute about
equally to wall/film coefficients and these film cbefficients are large
compared to typical wall conductances. The films, of course, are exposed to
smaller temperature differences than are the walls. Thus, any dynamically
similar scale model mﬁst scale all the three transport processes properly.
We address this scaTing in Sec. 2, where we derive a set of six scaling
relations that ensure that the small-scale model will be dynamically similar
to the full-scale building. We have placed the technical details associated
with this section in a series of appendices. Thus, conduction, radiation, and
convection are treated in Appendices A, B, and C respectively and the mean-
free-path expressions for the tkansport coefficients of a gas are discussed
in Appendix D. The implementation of the scaling relations is discussed in

Sec. 3. There we show by examples that interesting results can be obtained



using a Xenon atmosphere at room temperature and pressure or an SFg atmos-
phere at elevated temperature and standard pressure. However, we have not
fully explored the possibility of using mixtures of gases. The discussion is
given at two different levels. At the first level, we assume that heat
conduction in the walls is one-dimensional, i.e., only in the direction
perpendicular to the wall; at the second level we require full three-
dimensional similarity. The assumption of one-dimensional heat conduction is-
used in every known numerical simulation and it is a virture of our formula-
tion that we can build models with or without this assumption. We conclude
with a discussion of some areas of future investigation in Sec. 4. Appendix E
is devoted to the detailed design considerations of full- and small-scale
boxes the thermal performances of which can be compared and used as a test of

our scaling relations.

2. Scaling

We seek the definition of a small-scale model of a room or building that
will be used to simulate the thermal performance of the full-sized version.
The motiviations for such a search are twofold. First, since the scale model
is assumed to be smaller than full size, constfuction wil]vinvo1ve less
material and the model will be more amenable to modification as measurements
proceed. Second, shorter time scales are associated with smaller physical
scales, resulting in a faster rate of data acquisition. The models we discuss
in this section share both of these advantages.

The methods we use are common to classical hydrodynamics--we look for
similarity solutions of the equations describing the system. The physical
properties (such as length, temperature, pressure) in a similarity solution

are related to those of the real solution by simple scale factors. Thus, if



we can find a similarity solution for the basic equations, we can build a
small-scale model based on it and then determine the properties of the
full-scale model by a simple scaling of the observed properties of the model.

The equations that we need to study are those describing thermal energy
transport in an enclosed region. The mechanisms of energy transport are
conduction, radiation, and convection; the equations describing these
mechanisms are presented in detail in the appendices.b Similarity solutions to
these equations are obtained by changing the values of the characteristic
parameters describing the system in such a way that the physical properties
are scaled as described above. There are a total of ten such parameters for
the systems that we are considering and, as an introduction to what follows,
we will now review them. | | |

We conéider a volume that {s bounded by walls-and filled with a
fluid--1iquid er gas. In the real wor]d, these would be a room or a bui]dihg;
in the similarity solution it would be a small-scale model of the room or
building. Quantities pertaining to the walls will be given a subscript "w"
and those pertaining to the fluid an "f". There are two 1ehgth scales in such
a systemv(see Fig. 2.1):

1. Lf which characterizes the size of the interior volume and

determines the fluid motions.
2. Ly which characterizes the thickness of the walls and plays a role
in conductive energy transport.

(The introductidn of these two lengths should not be taken to imply that
we are treating a simple cubic volume having uniform walls. The geometry of
the full-scale system can be arbitrarily complex With all volume-determining

Tengths taken equal to scale-invariant constants times L¢ and all wall



thickness-determining lengths equal to scale-invariant constants times Lw-)
There are two characteristic temperatures:

3. Tg» the average temperature,

4. AT, the amplitude of the temperature variation about T,.

With a gas as a fluid medium the pressure bécomes an important parameter:

5. P, the pressure.

There are three.materia1 properties of the fluid:

6. vf, the kinematic viscosity of the fluid,

7. af, the thermal diffusivity of the fluid,

8. k¢, the thermal conductivity of the fluid.

There are also two material properties of the walls:

9. a,» the thermal diffusivity of the wall,

10. ks the thermal conductivity of the wall.
Thus, there is a total of 10 parameters. We have chosen to list thermal
diffusivities rather than heat capacities per unit volume, PCp> where p is
the mass density and Cp is the specific heat. The relationship between them

is

. (2.1)

_ k
a——pc
P
At certain points it will be more convenient to use pcp rather than o as a
parameter. No assumption about homogeneity of the walls is made by choosing
these parameters, for it is assumed that all these internal characteristics

will be scaled in the same way as the parameters listed above (see Appendix

A).
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We now turn tb the equations of energy transport and derive a set of
relations between the parameters of the real-world solution and those of the
similarity solution. We will assume that the fluid medium is a gas‘whfch is
not too dense so that we can use the properties of an ideal gas. We treat
energy transport by conduction in the walls, by radiation, and by conduction
and convection in the fluid, in that order.

| The details of heat conduction in the walls are presented in Appendix A
(also see Ref. 6). There we show that a Qa]] is characterized by a derived’
time-scale 1, = LyCy/Uy (where L,C, is the heat capacity per unit
area of the wall and U, is the U-value of the wall, i.e., k,/L, for a
uniform wall), a length scale L, (where L, is the thickness of the wall),
and a dimensionless parameter k¢l,/kyLf which relates the heat fluxes
in the fluid and the wall at their interface. In addition, for strict
three-dimensional scaling of the heat conduction, the value of Ly/Lf must
be held fixed. This last requirement need not be satisfied if one
approximates the heat flow in the walls as being one-dimensional as is done in
numerical simulations. Thus, consideration of heat conduction in the walls
introduces two scaling requirehents:

1. Constant ratio of wall and fluid U-values

koL
kaw = constant . (2.2)
wf
2. Constant ratio of wall and fluid-length scales for strict
three-dimensional scaling
L _
= constant . (2.3)

S



In addition, the walls introduce a characteristic time Ty which must be
compared to another characteristic time of the system in order to develop a
scaling requirement.

Radiative transport of energy is treated in detail in Appendix B (also
see Ref. 6). There we show that this mode of transport is characterized by
the emittances of the surfaces of the walls, a set of geometrical factors, and
the temperatures of the surfaces. For typical materials, the values of the
emittances are close to one for radiation in the infrared. We therefore
assume that they are unchanged by the scaling. The geometrical factors are
dimensionless and scale-invariant. This leaves only the temperatures to be
scaled. The net radiative flux from a given surface will be proportional to
the difference in the fourth powers of typical temperatures. For small

temperature differences, this becomes
net radiative flux ~ 4c o T aT | (2.4)

where € is the emittance, o = 5.67x10-8 w/mZ k4 is the Steffan-Boltzmann
constant, T, is the average temperature, and AT is a typical temperature
difference. We obtain a scaling condition by requiring that the ratio of this
flux to a typical conductive flux, k,/Lw AT, be held constant:

3. Constant ratio of radiative flux to conductive flux

engLw
—x = constant . : (2.5)

w

Energy transport in the fluid is treated in detail in Appendix C (see
also Ref. 6). There we use the Navier-Stokes equation and the Boussinesq
approximation to describe the fluid motion and the ideal gas equation of state

to give the pressure in terms of the density and temperature. The resulting



equations are scale-invariant if the Prandt] number Pr and the Grashof number
Gr are held fixed where
v .
Proz — | - (2.6)

a

~h

. - o

where vg is the kinematic viscosity of the fluid and

]
a - esrra—
f [pcp ki

is the thermal diffusivity of the fluid, and

L3
A f

or oz g2l L, o (2.7)
OVf

where g is the acceleration of gravity, Ty is the average temperature, and
AT is the amplitude of the fluctuating part of the temperature. The

approximations made impose the additional requirements

Y- Le << 1 ; (2.8)v
and
2
—5—3-—- « 1 (2.9)
LfcpAT

for their validity, where M is the mean molar mass and R is the gas constant.
These numbers have the values 10-3 ahd 10-15 for air so that these
conditions are easily satisfied. The boundary conditions on the velocity are
scale-invariant, and those on the temperature have been discussed above, see
(2.2) and (2.3). Thds, the scaling requirements imposed by the fluid motion

are
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constant ” (2.10)

.p
D)
©
-3
"

5. Gr

constant (2.11)

in addition to the two weak conditions (2.8) and (2.9) above. For air,

Pr ~ 0.7, and in typical building environments Gr ~ 1010,  This value of the
Grashof number imp11e56 that the convection will span both laminar and
turbulent regimes and convective film coefficients will not have any simple
dependence on the characteristic parameters.

The Prandtl number is equal to the ratio of the characteristic times for
the diffusion of momentum and thermal energy in the fluid; holding Pr constant
ensures that they maintain the samerrelation to each other. The walls provide
a third characteristic time 1, = L,Cy/Uy which also must scale in the

same way that t¢ scales. We therefore have the final scaling requirement

T

6. = constant . ' _ (2.12)

T¢

We will now rewrite and summarize the derived scaling requirements.
Adopting the notation that a parameter with a prime on it refers to the
small-scale model solution while one with no prime refers to the full-scale

solution, the scaling requirements can be written as

k.1 [k L L'
f w w f
1. — —-] [—r][—J = 1 , , (2.13)
kel Lkwd [Lwd Lo

L1 [
2. - rf-] =1, (2.14)
wd L-f
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SR

3. -T =T ™ i = 1 s (2.15)
£ L k .
J L ol W W
ve| [at]
f f : :

4. -[—r Ll =1, (2.16)
Vel Log]

[~ 1 3 ] 2
T L v ) .
- HEEE e

[ 2 fl 2 [ )

L L v a .
6. r‘."-] [L—f] [;f—} a—”] =1 . (2.18)

L W. f. f L "w

The second and fourth requirements in this list have specia] status since they

are relatively weak conditions. The second one ensures that heat conduction
will scale in the strict three-dimensional sense rather than an approximate
one-dimensional sca]ing.A>However,'since the approximafion of one-dimensional
heat conduction is believed to be fairly accurate, the performance of the
model should be insensitive to violations of this conditibn. The fourth
condition -ensures that the Prandt1 number of the fluid remains fixed.
However, for gases, the Prandtl number depends essentially on the number of
degrees of freedom per gas molecule that are thermally excited and has a very
limited range of values (~0.7 to~1). Thus, if we confine our model to gases
having diatomic mo1ecﬁ1es,’then this condition will be automatically
satisfied and, if we use monatomic or triatomic gases, it will be only weakly

violated. Mixtures of gases can be made with the proper value of Pr. .
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The fluid transport coefficients in (2.13) - (2.18) depend upon the
average temperature T, but, in the Boussinesq approximation, not on the
fluctuating part of the temperature AT; they also depend on the average
pressure Po. We use mean-free-path arguments, which are described in

Appendix D, to obtain the following expressions:

To 32 Ps
O | (2.19)
T 1/2
_ ol
kf = kS [T;] " | (2.20)

a, = a - = . 2.21
f S TS P0

where the subscript s refers to standard conditions such as STP. These
expressions assume that the specific heat of the gas is independent of
temperature. That is, no additional molecular degrees of freedom are
thermalized as the temperature is raised. Substitution of (2.19) - (2.21)
into (2.13) - (2.18) exhibits explicitly all the temperature and pressure
dependence of the scaling relations.

Before proceeding, it is useful to define a set of dimensionless scaling

variables. They are:

Two temperature scaling variables

AT /AT

O
m

(2.22)
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Two length scaling variables

N, E L,
| (2.23)
Te = L/l o
Three fluid-property scaling variables
ng = v;/vs s
3, = a/a. (2.24)
K = k;/kg .
Two wall-property scaling variables
a, = a&/aw R
(2.25)
<, T kK, -
One pressure scaling variable
p = P(‘,/P'0 . | (2.26)

Thus, there is a total of ten scaling variables since we have assumed that the
emittances are unchanged in scaling.

We substitute the expressions for the transport coefficients (2.19) -
(2.21) into the scaling relations (2.13) - (2.18) and write them in terms of
the scaling variables (2.22) - (2.26) to obtain
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1/2 -1 -1
1. t 'lf 1w Ko Ky = 1, (2.27)
2 .17 -1, (2.28)
’ f'w ’ °
3 -1
3. e, =1, (2.29)
4. a nl =1 | (2.30)
S S 4
| 4 -1 2.3 2 _
5. t? s 12302 =1, (2.31)
6. £3/2 gl 42242 -1 o (2.32)

f W oW S

These are the desired scaling relations--six conditions on ten parameters.
This leaves much freedom to search for a practical implementation of the
rel ations, which is the subject of the next section.

Before closing this section, however, we briefly discuss the scaling of
heat sources. In particular, we consider how the solar flux, a point source
of heat, and the infiltration of air scale. The solar flux S is energy per
unit time and area. The relevant energy is the heat capacity of the system
times the change in temperature. The heat capacity, which for simplicity is
assumed to be all in the walls, is Cwasz and the temperature change
is AT. The unit of time scales as Tty and the unit of area is proportional

to Lf2 We then have

k
= tﬂ AT . (2.33)
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This last form is just UyAT which shows that the solar flux must scale in_
the same way as the conductive flux in the wall. We define the solar-flux

-variable as
o = S'/S , (2.34)

and then

i -1 _ 3 '
o = & K 1w = 8§t : (2.35)

where we have used a result from the next section, (3.9), to express ¢ in
terms of temperature variables. The heat rate H for a point-source heater in

the room will scale as L¢2S and therefore, if n = H'/H, then

n = &8« 1-1 12 = § t3

2 N
W0 Wl b~ . (2.36)

Infiltration rates must also be scaled. For thermal modeling, infiltration
can be thought of as a heat source (or sink) delivering heat at a rate equal
"~ to the heat capacity per unit volume of the fluid (pCp)f, times the volume
of the f]uid'Lf3, times the inside-to-outside temperature difference ~AT,
times the rate of infiltration in f]uid-vo]uhe changes pek unit time N.
The ratio of these heat rates for full- and small-scale models is then

v£1¢38n, where n = N'/N. Equating this to the last form of (2.36)

yields

. 3 121 -1

(see (3.7) for y) for the scaling of infiltration rates.
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Fig. 2.1. Cross section through a typical room. The constants, a, b, ¢, ...

e scale invariant numbers which define the geometry of the room.
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3. Implementation of the Scaling Relations

We have already noted that the second and fourth scaling relations,
(2.28) and (2.30), have special status. The second one is relatively
unimportant and the fourth one is relatively easy to Satisfy. Therefore,
throughout this section, we assume that (2.30) is satisfied and use it to
eliminate the parameter ng in favor of ag. In the first part‘of this
section, we also assume that (2.28) has been relaxed and we can scale fluid
and wall lengths independently. Later in the section, we will consider the
jmplications of (2.28). Our method involves rewriting the scaling relations
in formsvthat reveal the material properties needed to achieve practical
scaling ahd then substitute the values of specifié material properties to see
. how much scaling can be accomplished with available materials.

Our discussion is facilitated by the introduction of one more parameter
and the re]atioﬁ that defines it. The parameter is the Eatio of a
characteristic time of the model to that of the real-world model. We take the

ratio of the wall times and define

I _ 2 =1 . _
7. | T = Tw/Tw = ]w a, . (3.1)

This parameter fs important from a practical point of view since =1 wil
indicate how much faster the small-scale model performs as compared to the
full-scale system.

The scaling relations are rather complex and the constraints that they
impose are most easily visualized if they are written in several forms. In
this first discussion, we relax the second relation, 1¢ = 1, and elimi-
nate ng using the fourth relation, ng = ag. There are ten remaining
variables, including t, and five relations, including (3.1). One must then

make a choice of dependent and independent variables. The variables &, t, p,
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T¢, and 1, arela natural choice for dependent variables since they are.
arbitrarily (within 1imits) and independently adjustable by thé modeler.

The values of the variables ag, kg, @, and g, are constrained by the
materials available and therefore are a natural choice forbindependent
variables. For a start, we also choose t as an independent variable since it
would be nice to be able to specify the data rate for the model. With this

choice of variables, Eqs. (2.27), (2.29), (2.31), (2.32), and (3.1) become

7. 1, 0= P CHYE (3.2)
1. 1, = /1 (ag 0 KA (3.3)
.. o e M2 (o 22 () (3.4)
3. t = <% K;z)'i/G , (3.5)
5. s = Y Y (3.6)

When written in this from, the equations show the important role played
by the combination of parameters (a K_Z) for the fluid or the wall. We
write this combination in a more palpable form by introducing the ratio of
heat capacities per unit volume |

= p'c! ' 3.7
Y p cp/pcp (3.7)

for the fluid or the wall. We then have (ax'z) = (yx)‘l. The second
important point that these equations make is that 1 and ]w obey curiously
different scaling laws. This difference provided the motivation for relaxing

the second scaling relation, 1§ = 1., in this first discussion.
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Further progress in understanding these equations can be made by
using (3.5) to eliminate ayky~2 = (Ywncw)'1 in favor of t. This
choice is motivated by practical considerations that restrict the range of t

to roughly 1<t <2, while yyxy is less severely restricted. We then

have
3. Yo 5w C t tb R . : | (3.8)
R R | 69
1. 1, = t7/2 < (3.10)
6. po= tB (v e, | (3.11)
5. 6§ = 24732, - (3.12)

S

The last two equations suggest which gas propertjeé one should look for. We
“hope that t is a small number. Therefore, sinceks is proportional to =2 in
(3.12) which is large, we want a small xg to keep & to a reasonable value.

Af the same time we don't want vg kg to be small since then p would be

large. Thus; we want a gas that has a small thermal conductfvity and a large
heat capacity per unit volume. Such a gas is uncommon because thermal
conductivity is proportional to heat capacity. We should be looking for a gas
having massive molecules with large collision cross sections which would
suppress its transport prdperties (see Appendix D). This kind of compromise
between p and § is exemplified by'the‘numbers'given in Table 3.1. There, we
1ist the values of p and & for the noble gases with the Choice t=1/24 and

t = 2. We see that p is an increasing function of atomic number while § is a

decreasing function.
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As a final form of the relations, we change the status of T to that of a

dependent variable and p to an independent one using (3.11). We then have

_ -13/2
6. T - YS KS p t ’ (3.13)
5. 5 = y2 7l p’2 £23/2 , (3.14)
S )
3. vk = pt M2y o, | (3.15)

Wow s S
These equations emphasize the antagonistic nature of the requirements of small
t and not too large 6. One promising possibility is that of working at room
temperature and pressure, p =t = 1. We specialize the equations to this case

and give the numbers resulting from choosing Xe as the gas:

To= yg kg = 0.15 (Xe) (3.16)
s = v2 et = 94 (xe) (3.17)
Yy Ky = Y K¢ = 0.15 (Xe) , (3.18)
1, = %, = ?(Xe) , (3.19)
Te = kg = 0.21 (Xe) . (3.20)

This gives a factor of 6.6 speed up, a 4.6-fold reduction in Lf¢, and a

scaling of L, that is unspecified.

The fact that 1, is not specified in the above example suggests that it
may be easy to satisfy the second scaling condition, 1¢ = 1, which we
have ignored up to now. Equating (3.9) and (3.10) shows that this condition

will be satisfied if

K. . (3.21)
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However, this may be difficu]t to achieve in practice because we seek a gas
having small kg and t1/2 cannot be large. Thus, (3.21) implies that we
“use materials having small ky, ky = 0.21 and v, = 0.70 in the above
example, and such materials may not exist. NeVerthe]ess, full three-
dimensional similarity is sufficiently important, both in the-context of the
above discuésion, and in the broader context of a volume made up of several
rdoms having interior walls and doorways, that a search for such materials
should be made.

We conclude this section by presenting our scaling relations in their
most useful form and giving some more examples.' We write the scaled para-
meters in terms of fluid parameters and. pressure and tehperature on the
assumption that wall parameters can be adjusted by making composite walls.

We then have the wa11'parameters given by

Kstl/z | (3.22)

Y
1]

] 2 . . -
Yy = Ys Pt s (3.23)

the length sca]ing with 1, = 1¢ = 1 and

1= £=3/2 (3.24)
5 = y2 ol p2 232 (3.25)
S S
and the time scale
o= oy, x pt 132 , (3.26)
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The values of the coefficients in these equations are given in Table 3.2

for the fo110wingvchoices of gases: SFg, S02, Ar, Xe. Note that these
numbers are much more uncertain than the two significant figures given. For
example, the values of the thermal conductivity of air at 0 °C giQen in Refs.
9, 11, and 12 rounded off to two significant figures are 24, 25, and 23 x
10-3 w/m K respectjve1y. Nevertheless, one can_see'that these four gases
span a large range of possibilities. In order to emphasize this\poinf, in
Table 3.3 we present the values of 1, § and t for these four gases for p = 1
or10and t =1 or 2. In practice, tables such as this should be searched for
small values of 1 and T that are associated with not-too-large values of §,
e.g., & < 10. Thus, SFg with p = 10 and t = 2 looks like good possibility.
However, SFg has an infrared vibrational band at 347 cm=1 which is at an
energy equivalent to 516K. Thus, the requirement that the gas in the scale
model be optically thin to the predominant thermal radiation probably imposes
the requirement that t < 1.5 for SFg. Nevertheless, SFg is a good

candidate and any competing gas must pass all the tests presented in the

preceeding discussion.



23~

Table 3.1. Values of p and § for the noble gases ca]cu]ated from Eqs. (3.11)
and (3.12) with .= 1/24.and t = 2. .

Gas He Ne Ar Kr Xe
D 0.245 2.84 7.81 14.6 25.3
§ 1170 381 139 781 42.8

Table 3.2. Values of the coefficients in Egs. (3.22) - (3.26) for several

gases.

-2 -1
Gas s Y s X Ys¥s
SFéO 0.55 3.3 0.17 1.8
5029 0.36 1.4 1.4 0.50
arll | 0.68 . 0.70 3.0 0.48

xell 0.21 0.70 9.7 0.15
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Table 3.3. Values of 1, §, and T derived from Egs. (3.22) - (3.26).
Gas p t 1 s T
SFg 1 1 0.55 0.17 1.8
10 1 0.55 0.0017 18
1 2 0.10 497 0.020
10 2 0.10 4.97 0.20
507 1 1 0.36 1.4 0.51
10 1 0.36 0.014 5.1
1 2 0.064 4,100 0.0056
10 2 0.064 41 0.056
Ar 1 1 0.68 3.0 0.48
10 1 0.68 0.030 4.8
1 2 0.12 8,700 0.0053
10 2 0.12 87 0.053
Xe 1 1 0.21 9.4 0.15
10 1 0.21 0.094 1.5
1 2 0.038 27,000 0.0017
10 2 0.038 270 0.017
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4. Conclusion

We haye derived a set of six scaling conditions on the ten scaling
variables that characterize a scale-model building. These conditions, based
upon spatial and temporal scaling, allow a rich variety of possibilities which
have not yet been fully explored. We discuss below three areas that need
further study: (1) the use of gas mixtures; (2)lthe proper wall materials;
and (3) the validity of the Boussinesq approximation used to describe free
cohvection.

The use of a mixture of gases for an atmosphere may allow additional
freedom in meeting the requireménts of scaling. The desirab1é properties of
such a mixture are: (a) the Prandtl number must be the same as that of air
( 0.72); (b) the thermal conductivity should be Tow and the heat capacity per
unit volume high for proper scaling; and (c) the gases should not have any
absorption bands in the infrared as they would impede radiative transport.

In order to have full three-dimensional scaling, the walls of the scale
model must be made 6f materials of moderate heat capacity per unit volume and
low thermal conductivity. These goals may be achieved by a combination of
good design and the use of exotié materials. However, this is an area for
future study. See Appendix E for one solution to this problem.

The validity of the Boussinesq approximation in studies of free
convection is taken more or less as an article of faith. A quantitative
justification of its use in this particular context would place this‘study on
firmer ground. This is a question for which there is already a large

literature.
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Appendix A. Energy Transport by Conduction in Walls

The sole mechanism of energy transport through the solid walls of a
building is conduction. There is also transport by conduction in the fluid
medium but there it plays a secondary role to convective transport. In this
appendix we consider conductive transport in the walls.

The conduction of heat is described by the heat equatioh (see Ref. 6).

pcpz—Iﬂ = Vek¥TI o, (A.1)
where p is the mass density, Cp the specific heat, and k the thermal
conductivity of the wall, all of which may depend upon position in an
- inhomogeneous medium. The temperature distribution of the wall Ty(r,t) is
determined by (A.1) plus boundary and initial conditions. The transients thaf
are excited by the initial conditions are of no interest since they die out
quickly. Thus, we need only consider (A.1) plus boundary conditions. Note
that (A.1) is just the statement of local conservation of thermal energy.
For, o Cp is the heat capacity per unit volume and therefore the left-hand
side of (A.1) is the time-derivative of thermal energy density ¢ p Tye
The rfght-hand side is minus the divergence of the thermal energy current
& VT,

We assume that a given wall can be represented by N layers having

constant properties; Eq. (A.1) for the ith 1ayer then becomes

and the boundary conditions become:

. continuity of the temperature

(A.3)
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and continuity of the current

k.n+VT. = k

; ; ey 0 VT (A.4)

1 s

at the interfaces between the layers. The unit vector A is the normal to the
interface in (A.4). We can include the external boundary conditions if we
interpret i = 0 or N+1 to be:-the fluid f in (A.3) and (A.4). For the
discussion of this appendix, the fluid temperature T¢ is assumed to be
given.

We denote the thickness of the ith layer by Lj and define the total

thickness of the wall

N
L = ¥y L. (A.5)

(A.6)

and the effective static thermal resistance

The static properties of the wall are completely determined by L, and k.
The dynamic properties will also depend upon C, and the dimensionless
internal parameters Li/Ly, (p cp)i/Cy, and kj/ky. In our

search for similarity solutions, we assume that these dimensionless internal
parameters are fixed and we vary L,, Cy,, and ky,. This may be easier to

do on paper than in practice.
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We now rewrite Eqs. (A.2) - (A.4) in a form appropriate for scaling.
Since temperature carries its own dimensions, there is nothing to be gained by
rescaling it. We choose Ly as our unit of length, Fy = /Ly, Vy =

>
Ly vV, and write (A.2) as

(pc.). aT. k. :

' p’i i _ 1 2

T = — VT, (A.8)
Cw ot kw

where we have introduced the characteristic time of the wall

_
[

=

and the effective thermal diffusivity of the wall

ko |
w

« = 2 (A.10)
CW

which is strictly a material property. Egs. (A.3) are unchanged and, for i=1,

«eey, N-1, Egs. (A.4) become

k. S |
[k—’] RedoT = [;*1] eV Ty - - (A.11)

For i = 0 or N, Eqs. (A.3) and (A.4) involve an interface between the wall and

the fluid. For example, setting i = 0, we have T¢ = Ty = T7 and

’fn-vT =k16-§Tl. , (A.12)

We assume that the fluid volume has a characteristic length Lf so that

_)

= r/Lf and Vf LfV. Equation (A.12) then becomes

k. k. .
fFl1 - B il A~
[E;]t;"‘ﬂ Te = [‘k‘w]rw A v, Ty A

A similar expression is obtained for i = N,
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Apart from the internal wall parameters that are assumed to be held
constant during scaling, the above equations involve the characteristic time
for the wall 7, (A.9) and the parameter k¢ly,/kyLf in (A.13), both of
which may change during scaling. These are the only scaling variables if one
assumes, as in numerical simulations, that the heat conduction is one-
dimensional in the direction perpendicular to the wall surface. If one
requires exact three-dimensional scaling, then the ratio L,/Lf is also a
scaling variable. This variable ente;s through the specification of the
boundary conditions such as (A.13). This is best demonstrated by an example.
Consider a square wall surface of dimensions Lf x Lf which crosses the
x-axis at the point x = L¢/2 and is oriented perpendicular to the x-axis.

The surface is the set of points satisfying: x = L¢/2, Lg/2 < Yy,
z < L§/2. If we translate these conditions into conditions on rf, the
argument of Tf in (A.13), we have: xf = 1/2, -1/2 < y¢, 2§ < 1/2.
This is independent of scale. However, if we translate these conditions into
conditions on F@, the argument of T1 in (A.13), we have:

X =Lf -i-< y. z<LL

W 2L 2L wo w20
which is not independent of scale unless we hold L,/Lf fixed ddring the
scaling. The condition x, = Lf/2L, does not break the scaling since it
can be removed by a translation of coordinates. Thus, L,/Lf only enters
in the transverse y- and z- directions and holding it constant is necessary
for exact three-dimensional scaling. However, if we assume that the heat con-
duction is one-dimensional, then the temperatures in (A.13) are independent of

y and z, and L,/Lf can be varied without violating scaling requirements.
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We argue that the condition Ly /Lf = constant is a relatively
unimportant scaling condition. This condition ensures that transverse heat
conduction scales properly. However, if transverse heat conduction is a 10%

effect, then we will not make large errors if this condition is violated.
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Appendix B. Energy Transport by Radiation

We assume that the walls of the enclosure radiate as gray bodies.

They radiate energy as

E = eaT’ |, (B.1)

where E is the total power radiatéd per unit area, the emittance € is about
one for typical materials radiating in the infrared, and o = 5.67 x 10-8
w/m? k4 is the Stefan-Boltzmann constant. We also assume that the fluid
medium is transparent so that radiation transports energy from and to the
interior surfaces only. The power radiated from an element of area d2r1

of surface 1 and incident upon an element of area d2r2 of surface 2 is

given by (See Ref. 6)

~ > ~ >

E, (ny°ry,) (n,or,,)
_ 1 1 12 2 21 2 2 :

™12

d

where E7 is given by (B.1) for surface 1, ﬁl and 62 are the
inward-pointing normals of the two surfaces, ¥jj = Fj-rj is the vector
from point ¥j on surface j to point ¥; on surface i.
In addition to radiating energy, the surfaces will also reflect it. The

power leaving surface i per unit area will be

_ 4
Ji = (1 - ei) Gi te o Ti . (B.3)

where G; is the incident flux of radiant energy and we have used the
gray-body assumption to write the reflectance of the ith surface as l-€1.
The geometry of the system is simplified if we assume that all surfaces

are flat. We then obtain the incident fluxes Gj from the set of equations
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6, = I Fiids o, . ~ (B.4)

where the Fjj are geometrical factors obtained from (B.2)

(ﬁl';ij) (ﬁj'Fji) 2 |
7 dry , (B.5)

I |
Foo = =

This treatment assumes that the surfaces chosen are small enough so that each
one has a constant temperature and radiative environment. Substitution of
(B.4) and (B.3) yields avset of equations for the radiosities Jj.

The net rate of energy loss from surface i is the difference between what

goes out and what comes in,

. 4
J; - 6 = GloTi-6] .

‘The parameters that figure in the above discussion are the emittances
ej, the geometrical factors Fij, and the temperatures Tj. We assume
that the emittances are not changed by the scaling since they are close to one
for most materials radiating in the infrared. The‘geometrica1 factors are
dimensionless and scale-invariant by definition. The temperatures are the
only variables that can be changed by scaling.

The solution of Eqs. (B.3) and (B.4) will yield net fluxes that are
proportional to differences in the fourth power of temperature or, assuming

small temperature differences, we have
net radiative flux~ 4 € ¢ Tg AT, (B.6)

where To is the average temperature and AT is a typical temperature
difference. For scaling, this flux must be compared to other fluxes of

energy.
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Appendix C. Energy Transport by Conduction and Convection in the Fluid

The fluid motions are described in the hydrodynamic approximation of the
Navier-Stokes equations (see Ref. 6). This approximation is valid as long as
the fluid properties change insignificantly ovef a molecul ar mean-free-path
(2'one micron for a gas at standard conditions) and during a molecular mean-
free-time (2'10'9 sec for a gas at standard conditions). These conditions
are well satisfied in the situations that we are concerned with. A further
approximation to these equations--the Boussinesq approximation7--1s used to
describe free convection. This approximation can be crudely described as one
that takes buoyancy fofces into account only to leading order. The validity
of this approximation is hard to quantify. In practice, however, it has
proven to be a useful quide in studies of convection, and we will assume that
it is a satisfactory representation of our system.

THe equations resulting from these approximations are written in a
dimensionless, scale-invariant form which involves certain dimensionless
groups of parameters such as the Prandtl number and the Grashof number. These
numbers must be held constant during scaling so that dynamic similarity is
maintained; this requirement imposes scaling conditions on the parameters.

The Navier-Stokes equations are statements of local conservation of mass,
momentum, and energy. The state of the fluid is described by the mass density
p, the velocity V, and the temperature T which are all functions of position r

and time t. Conservation of mass is expressed by the continuity equation

B4y Fe(ov) =0 . (C.1)



-35-

Conservation of momentum is expressed by

0{3_7 +($.§)V] = -§P+p§+u\72?+(c+§)‘7(§°7) , (C.2)

where P is the pressure, § is the gravitational acceleration, and u and ¢ are
viscosities. This equation is a disquised version of the statement: time
derivative of the momentum density plus divergence of the momentum current

equals zero. The final conservation of energy equation is

aT 2
pcp [a_t + ('\7 . §)T] = kV" T + u [VaVB + vaa] VGVB

s (g2 (@ .07,

where cp is the specific heat and k is thermal conductivity of the fluid (we
suppress the subscript "f" in this appendix whenever our meahing is
unambiguous.). The left-hand side plus the first term on the right-hand side
describe convective and conductive transport of thermal energy. The remaining
- two terms .on the right-hand side describe the dissipation of fluid kinetic
energy into thermal energy. In the first of these latter tWo terms, the
indices a and B are summed over the three components of the respective

vectors. Equations (C.1) - (C.3) are five equations in the five unknowns--p, |
7, and T plus the additional variable--the pressure P. They are completed by
an equation of state for the fluid: P = P(p,T). We will use the ideal gas

equation of state
P = = poT , _ (C.4)

for the systems we treat. Here, R is the gas constant and M is the mean molar

mass of the gas. The transport coefficients are discussed in Appendix D.
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These equations must be supplemented by boundary conditions.

The appropriate ones for free convection in an enclosed volume are

v =0, - (C.5)
Te = T (C.6)
kfn-$Tf=k1n-vr1 , (c.7)

at the surfaces. Here, T1 is the temperature of the innermost surface of
the wall, kj its thermal conductivity, and n its unit normal (see Eq.
(A.12)). The first of these is the standard no-slip boundary condition of"
viscous hydrodynamics. The last two impose continuity of temperature and heat
flux at the surfaces.

We first consider the static isothermal solution to Eqs. (C.1) - (C.7).

This is given by

&>
p = po(z) , T = To , v = 0 , (C.8)

where z is taken in the vertical direction and
pv(z) = 02 exp (- Mg z) (C 9)
0 0 RT; > y

with po0 equal to the constant density of the gas at the floor z = 0. The
scale height of the atmosphere RT,/Mg has the approximate value of 8 km for
air at standard temperature. Thus for most purposes, py can be treated as a
constant over distances less than tens of meters; quantitative]y,lp0 can be
treated as a constant if

ML o« (C.10)

0

where Lf js the characteristic length scale of the fluid volume.
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vIn order to estimate the magnitudes of the various terms in the
Navier-Stokes equations and to write them in a scale-invariant form, we
consider the various units we can form from the constants that appear in
them. We have'already introduced a unit of length Lf -- the characteristic
size of the fluid votume: We have two chdices for a unit of time

or Te = , Where v =

ole

is the kinematic viscosity (or better--the momentum diffusivity) and a =
k/pcp is the thermal diffusivityQ The ratio of these two time scales is the

Prandtl number

Pr =

Rlc

. (c.11)

For most gases Pr ranges hetween 0.7 and 1, and there is no reaéon to choose
one time scale over the other--we choose t¢ as our unit of time. However,

for dynamic similarity we must require that momentum and heat diffuse with
equal relative rapidity, which leads to the scaling requirement: Pr =
constant. With these units of length and time, we have v/Lf as our unit of
speed. We will use Po a5 a weakly variable unit of density. In spite of

the fact that these are "natural” units, they turn out to have values that are
not well suited for the problem at hand. If we consider air at STP, then v = -
1.5 x 10=5 m2/s and, if we take Lf = 5 m, then t¢ = 460 hours and the |
unit of velocity is v/Lf = 3 x 10-6 m/sec. Thus, in these units, we can
expect dimensionless times to be small and dimensionless velocities to be

large. For air, the density is given by pg? = 1.3 kg/m3.
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We write the density and velocity in the syétem of units just described

as
p(F,t) = o (Leze) B (Feote) | (C.12)
Wrt) = =V (Fe, te) (C.13)
f

where py is given by (C.9) and

.t
s tf - T—f . (C014)

In addition, we write the temperature as

T(F,t) = T, +aT T (P t (C.15)

S

where T4 is the average temperature and AT is the amplitude of the
fluctuating part of the temperature. Substituting these expressions into
(C.1) - (C.3) and using the ideal gas equation of state (C.4) for the pressure

yields the equations

_ai_ .Mj_ > ® ~:;’ =
3t; ~ R Lev, + §f (o¥) = 0 , (C.16)
0
where V¢ = L¢V,
~ 2 ~
3 ~ ~ RT L _ V.p N
%%— + (V) Vo= GrTZ- 9 ; (1 +4 7 L +-$I V]
f Mv 0 0
23 z 1 .3
+ Vf- v + (; + 3‘) $f (§f V) 9

(C.17)
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where we have defined the Grashof number as

—
Nf—h W

Gr = g$—T (C.18)
0

v

with g the magnitude of the gravitational acceleration and 2 a unit vector in

the vertical direction. For air at 300 K, we have

L 3 .
« 1011 |2T Az
Gr 10 [-S—rc'] [Sm] ’

which indicates that the flow is in the transition region between laminar and

turbulent, 109 < G6r < 1011, . The temperature equation is

~ ~ ~ =~ 2
3T P - I vV (v W v v
ot (V)T =t (Ve¥g * Ve Vo) Veo¥g
p .
z 2 2
+ (—U- - 'g) (61‘: V) ’

(C.19)

where the Prandtl number Pr was introduced in (C.11).

We now perform some drastic approximations to simplify the form of the
equations. We first note that the second term in (C.16) is proportional to
the small parameter Mg/RT, Lf, (C.10), and we ignore it. The buoyancy
forces have been taken into account in the term proportional to Gr in (C.17).

Therefore, to Towest order, we can set = 1 and (C.16) becomes

.7 =0, | (C.20)
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or incgppressib1e flow. A1l terms in (C.17) and (C.18) that are proportional
to VF-V or 3}5’now can be dropped. The term in (C.17) propqrtiona1 to
G}f'represents the acceleration of the gas due to‘its own thérma] expansion.
This is known to be a small effect, so this term is dropped. The dissipation
term in (C.19) is multiplied by the constant vzlhfchAT the value of - - -
which is 1.8 x 10-15 for air with L¢ = 5m and AT = 5°C, so we drop this

term. Equations (C.17) and (C.19) then become

N - - ~

v > > iy 2>

3{; + (v~$f)v = Gr Tz + Vv, (C.21)

3T . ST .1 27 |

3t (Ve¥O)T = 5= Ve T (C.22)
These equations are scale-invariant if Gr and Pr are held fixed and the -
approximations (C.10) and

2
- &1, | (C.23)
LfcpAT

remain valid. These approximations are easily satisfied.
The boundary condition on the velocity (C.5) is independent of scale.
The boundary conditions on the temperature (C.6) and (C.7) have been discussed

in Appendix A, see Eq. (A.12).
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Appendix D. Mean-Free-Path Transport Coefficiehts

Mean-free-péth expressiqns are discussed in Ref. 8. Here we present the
results needed for our treatmént of the scaling Taws. We do not use the
subscript f in this appendix. |

The viscosity of a fluid expresses its ability to exert shear forces and
is defined by

v
= y :
ny - - ax ’ (Dol)

where ny is xy-component of the fluid stress tensor, which is the
transverse force per unit area or the transverse momentum flux, u is the
viscosity, and Vy is the y-component of the fluid velocity.

- Mean-free-path arguments_for the value of u are based upon kinetic theory
and the assumption that,von the average, the mo1ecu1es‘of the fluid have
properties characteristic of the location of their last collision. This leads
to the expression-

_y = eV, | _ (D.2)

where g, is a constant (~0.3 - 0.4), p is the mass density of the fluid, v
is the average speed of the molecules, and 1 is the mean-free-path between

molecular collisions. Simple kinetic theory arguments give

where kg is the Boltzmann constant, T is the absolute temperature, and m is

the molecular mass. Furthermore, the mean-free-path is given by

1~ | ~ (D.4)
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\

where n is the number-density'df molecules and o, is their total collision

cross section.
The kinematic viscosity is defined by
v = u/p .

Putting the above expressions together yields

A T

and then we have

<
S Ts p >

(D.5)

(D.6)

(D.7)

(D.8)

where the subscript s refers to some set of standard conditions. This is the

expression used in (2.19). From (D.6), we expect that

This can be used as a quide in selecting gases.

The thermal conductivity k of a fluid is defined by

_ 3T
He = kgx

-
where H is the heat flux. Mean-free-path arguments yield the expression

k = Ede Tes

(D.9)

(D.10)

(D.11)
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for molecules with no thermally excited internal degrees of fréedom. In this
expression, & is a constant (~5/2) and c,¢ is the contribution of the
translation degrees of freedom bf the molecule to the specific heat at
constanf volume. If the specific heat has a contributibn from internal

degrees of freedom cyj then

k = oVI(EcC, + Cyi) - - (D.12)

We have assumed that the specific heat is independent of temperature. For
simplicity we will use (D.11) rather than (D.12) in what follows. The
quantity pecyt is the heat capacity per unit volume of the gaé; for an ideal

gas, this is 3/2 nkg. Putting this into (D.11) and using (D.3) and (D.4)

gives
T 1172 _ . , ' _
o=k, {T-] , (0.13)
sd
where again
K. o~ — (D.14)
S T2, .
m OC

This is the expression used in (2.20).

The thermal diffusivity is defined by

« = K | (D.15)

We assume that pcp = 5/2 nkg in accordance with the discussion of pcyt

above. Then, using (D.7) for n, we have
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‘ 3/2 [P |
a = a [;—] [P—S] ) | (D.16)

S

This is the expression used in (2.21).

Equation (D.14) is an important guide in a search for gases that have low
thermal conductivity and are thereforé desirable for use in scaling. It
states that we should seek a gas the molecules of which are massive and which

have a large collision cross section.
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Appendix E. Doghouse Modeling

The results described in detail in Sec. 3 can be tested by comparing the
thermal performance of a small-scale structure with that of a full-scale one.
Such a test is discussed in this appendix. For simplicity, we have chosen a
cubic box having six identical sides--a doghouse--as our structure. One
vertical side of the box is covered with electrical heaters in order to simu-
late the incidence of solar energy. We present below the design cqnsideraA
tions, instrumentation, mode of operation, and data ana]yéis for modeling such
a structure. This exercise illustrates what must be done to model a realistic
structure as well as serving as a test of our scaling relations. Throughout
this appendix we will use fhe mean-free-path expressions for the transport
coefficients derived in Appendix D. However, more accurate design parameters
will be obtained if semi-empirical fits to the observed values of these
coefficients are used. This technique will be reported in a subsequent paper.

The results of Sec. 3 plus considerations of cost; ease of handling,
etc., suggest that SFg be used as the atmosphere in the small-scale model.
This choice dictates the parameters to be used in Egs. (3.22) - (3.26) for
scaling variables. These are given in Ta51e 3.2.

The next design choice is that of the operating pressure and temperature
of the small-scale model. Here, considerations of time scale and temperature

swing are dominant. The time scale for the smai]-sca1e model is given by

r = 1.85 p t3¥/2 (E.1)

for an SFg atmosphere. Since we want a small value of 1, this suggests that
we work at low pressure and/or high temperature. However, the amplitude of

the temperature swing is given by
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-2-t23/2

§ = 0.161 p , (E.2)

and keeping this number reasonable puts limits on the values of p and t. We
choose & = 10 as a practical maximum value of & thus relating p to t through
(E.2). Cost considerations 1imit the value of p to the neighborhood of one,
0.75 < p < 1.25. In what follows, we choose p = 1. However, p might be
changed slightly in the field in order to fine-tune the system. Equation
(E.2) then yields t = 1.43 or T,' = 146°C (295°F).

The parameters for the walls are determined by Eqs. (3.22) and (3.23)
plus the above choices. We have k, = 0.661 and y, = 2.34. In Table E.1
we list the values of the thermal conductivity and heat capacity per unit
volume for various materials. No two materials in this table have the
proper ratios k, and y, . We solve this problem by making each wall out of
two different materials. This will result in walls that have the proper
static properties but have dynamic properties that are not matched. We hope
that the mismatch is small. This hope can be checked quantitatively once the
design parameters are chosen.

In accordance with the preceding discussion, we seek two two-material
walls, made from the materials listed in Table E.1, the thermal conductivities
and heat capacities of which have the given ratios x and y (we drop the
subscript "w"). We denote the materials in the full-scale wall by 1 and 2
with thicknesses proportional to y and l-y respectively, (see Fig. E.1l). We
denote the materials in the small-scale wall by 1' and 2' with thicknesses
proportional to y' and 1-y' respectively. The thermal resistivity and heat

capacity per unit volume of the full-scale wall are given by

o y C1 + (1-y) Cr s (E.3)

x
1]

y R+ (1-y) Ry (£.9)
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and those of the small-scale wall by .

o=y ) G, (E-5)

Rl

y' Ry + (1-y') RS (E.6)

In these equations, we have used resistivities R = 1/k rather than conducti-
vities since they are additive, as are the heat capacities. If we use C' = vy
C and R' = R/k, then Eqs. (E.3) - (E.6) are a two-by-two system of linear
equations'fof y and y' in terms of y, «, and the material parameters. These
equations can be solved and if y and y' lie in the physical range between zero
and one, then we have an acceptable combination of materials. More than
50,000 combinations of materials can be chosen from the list in Table E.1, and
many of them pass the test.. A more efficient method of choosing materials is
the graphical method, which we now describe.

If we take Eqs. (E.3) and (E.4) and plot C as a function of R then we see
that these equations are just'a parametric representation of the straight Tine
segment from the poiht (Ry> Cq) to the point (R2, C2) on the C vs. R
plane. Any'point on this line segment is a possible value of R and C. On the
other hand, if we take Eqs. (E.5) and (E.6) and use C' = y C and R' = R/«x,
then we see that it represents a straight line segment betkeen the point
(«R1's Cq'/y) and the point («R,', C»'/y) on the C vs. R plane. An
acceptable combination of materials is represented by an intersection bf these
two line segments. Thus, in the graphical method, one plots the two sets of
points (R;, C;) and («R;j, Cj/y), where i ranges over the materials of
Table E.1. One joins the pairs of points in each set with straight lines and
looks for intersections between the lines of the two sets. Most of this

" procedure can be carried out by eye and it leads to a rapid identification of
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acceptable combinations of materials. This method has the further advantage
that near-miss combinations of materials can also be easily identified.

The graphical method has been used to select plywood as the single
component of the walls of the full-scale model. The walls of the small-scale
model are 34% corkboard and 66% NEMA G-10. This leads to the values k = 0.674
and y = 2.26, which is a near miss. However, uncertainties in material
parameters more than mask the discrepancy.

The dynamic response of the two walls will be different due to their
different internal structure. We can quantify this difference by considering
the response of the wall to an applied temperature with a harmonic dependence
upon time. We construct the wall in a symmetric fashion with two sheets of
material 1 on the outside, each having a proportional fhickness y/2, and one
sheet of material 2 on the inside having a proportional thickness 1l-y, (see
Fig. E.1). A temperature variation T, e-Twt g applied to the right-hand
side while the temperature is held constant on the left-hand side. The heat

flux on the left-hand side is given by

k

I, = - T et (E.7)

and that on the right-hand side by

J, = --tlxl T et (E.8)
The factor k,/L in these expressions is just the wall U-value; xo and

x1 are dimensionless, frequency-dependent response factors normalized to one

at zero frequency. Solving the heat equation yields the following expressions

for the x's:
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For a single-material wall

_ K | |
Xo T Sinh K (E.9)
Xy = K coth K , (E.10)

where k2 = -iwty and T, = Cwsz/kw.

For the three-layer, two-material, wall

k.K
MM
X, = kw s (E.11)
k,X k,K '
1 171 22 X .
xi = |5 (/= + =) sinh X; sinh X, + cosh X, cosh X s
1 2 TkoKy " kiKy 1 2 17 T2 %
where
K.K, kK kKo koK
1 171 22 171 22 .
A = 5 | (== + =) cosh X; + (== - ———) | sinh X2
2 k2K2 lel 1 k2K2. lel
+ sinh Xl'cosh X2 .
(E.13)

and X1 = K1y, X3 = Kp(1-y) with K32 = ~jur,(C5/C,) (K, /K;

and C, and k,, are given by (E.3) and (E.4). These expressions are

compared in Table E.2 for various values of wr, for the one- and
two-material walls described above. Note that scaling implies that the
comparison should be made at equal values of wr,. From this table we see
that there is fairly good agreement between the response factors ovef a wide

range of wr, It is clear from this table that case II (corkboard on the

outside) is a better approximation to case I (single material) than case III
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(corkboard on the inside). Thus, the walls of the full-scale box should be

plywood of thickness L ; the walls of the small-scale box should be a

W’
layer of NEMA G-10 of thickness 0.66 L,' with a layer of corkboard on
each side of thickness 0.17 L,'. Scaling then implies that L ' = gL
with £ = 0.225. Note that we are using full three-dimensional scaling so that
L¢' = 2Lf.‘ The overall size of the boxes and the thicknesses of their
walls are determined by Lg¢ and L, --these are free parameters which can be
chosen to simplify the construction of the boxes.

The time scale for the full-scale plywood box is given by

chi L, 2 |
ro= Moo 44 (E) hes (E.14)

The time scale for the small-scale model is t,' = 1, With t = 0.179 for
our choice of parameters. Tests of scaling for time-dependent phenomena

should be run at frequencies such that

wr, = 0, 1, 10 . (E.15)

Note that for wrt, = 1 and a 5 cm-thick wall we have a period of 27 hours.
While the tests might best be run at a single frequency it is probably just as
good to use a square-wave power input the fundamental frequency of which
satisfies (E.15).

The power level for the full-scale model is dictated by its total heat
capacity and the desired rate of temperature change. The six-sided plywood

cube has a total heat capacity

L 2 L
a 5 °f W J
Ctot = 26X 10 (15) BTk -
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For a rate of temperature change T, the total power-shou]d be

L 2 L '
P = 360 (1= ) (o) (G w . (E.16)

tot 5 cm

A1l of this heat will not go into the walls, but this expression will still
yield an- estimate of the total -power needed. The total power in the
small-scale model scales as Pot = 8 t3 o2 Ptot With s t3 22'=

1.5 for our choice of parameters. Thus, both of these power levels

are well below 1 kw for a reasonable choice of sizes and are therefore
easily manageable.

Both full- and small-scale models should be instrumented so that the
temperature distributions throughout their volumes can be compared. This must
be done in the least intrusive fashion possible. We envision a 3x3x3 array
of thermistors sensing the température thfoughout each volume. If these
temperatures are sampled at é»frequency ten times that of the power input
we have 270 data points pef model. Good statistics can then be built up by
signal-averaging techniques. In this way, é digestible amount of good quality

data can be generated.
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Fig. E.1. Structure of two-material, three-layer wall.
Material 1 is split into two symmetrical layers about one layer of

material 2. Dimensions are given as fractions of the total width

Ly
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Table E.1. Thermal conductivities and heat capacities per unit volume for
selected materials.

Material : k [—ﬂK—] ¢ E—E%— ]
. m } m~K

Gypsum board - _ 0.170 872
Fiberglass insulation 0.0397 ‘ 29.5
P1ywood ’ 0.138 866
Paper ; ' 0.100 1240
Asphalt shingle : 0.145 979
White pine , 0.120 . 1260
Fiberboard 0.0580 602
Corkboard 0.0400 376
Styrofoam ' 0.0300 252
Nylon-6 : 0.290 ' ' 1920 "~
Concrete 0.420 1350
Aluminum (6061) . 171 2610
Copper (0FHC) 391 ' 3430
Lead (common) : 33.9 1480
NEMA G-10 0.294 2772
Epoxy (unfilled) : 0.350 2180
Teflon 0.240 2310
Kapton ' 0.170 1550
Steel (C1015) - 47.0 . 3450
Graphite - 150 ' - 2810

Hard rubber - 0.121 : -1900




Table E.2.

Amplitudes and phases of the response factors xg and x1 for three wall structures.

Case I:

single-material wall.
NEMA G10) in three symmetrical layers (see Fiq. E.1).

and Case II NEMA G10 on the outside.

Cases II and III:

two-material wall (34% corkboard, 66%
Case II has corkboard on the outside

Case

I1

wT
w

Xp

X1

0.01
0.1

10
100

(1.00, 0.00)
(1.00, 0.02)
(0.99, 0.17)
(0.67, 1.44)
(0.02, 0.00)

(1.00, 0.00)
(1.00,-0.03)
(1.07,-0.31)
(3.15,-0.81)
(10.00,-0.79)

(1.00, 0.00)
(1.00, 0.02)
(0.98, 0.24)
(0.43, 1.46)
(0.02,-2.04)

(1.00, 0.00)
(1.00,-0.03)
(1.08,-0.23)
(2.07,-0.31)
(2.84,-0.48)

(1.00, 0.00)
(1.00, 0.01)
(1.00, 0.06)
(0.96, 0.58)

(0.16,-2.34)'

(1.00, 0.00)
(1.00,-0.04)
(1.10,-0.41)

(4.60,-1.19)

(22.64,-0.79)

-vg_
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