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Patterson-Sullivan theory for Anosov subgroups

Subhadip Dey Michael Kapovich
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Abstract

We extend several notions and results from the classical Patterson-Sullivan theory to the
setting of Anosov subgroups of higher rank semisimple Lie groups, working primarily with
invariant Finsler metrics on associated symmetric spaces. In particular, we prove the equality
between the Hausdorff dimensions of flag limit sets, computed with respect to a suitable Gromov
(pre-)metric on the flag manifold, and the Finsler critical exponents of Anosov subgroups.
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Consider a discrete group I' of isometries of the n-dimensional hyperbolic space H". The
critical exponent ¢ is a fundamental numerical invariant associated with I', which measures the
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asymptotic growth rates of I'-orbits in H". The relation between the Hausdorff dimension of the
limit set A(I') of I" and its critical exponent is now a classical result. In an influential paper
[Sul79], Sullivan proved the following theorem extending pioneering work by Patterson ([Pat76])
on Fuchsian groups:

Theorem ([Sul79, Thm. 8]). Let I" be a convex-cocompact subgroup of the isometry group of H".
Then the critical exponent 6 of I equals to the Hausdor{f dimension of A(T').

Later Sullivan generalized this theorem for geometrically finite Kleinian groups ([Sul84]). An
important ingredient of Sullivan’s proof of this theorem is the existence of a finite, non-null Borel
measure on A(I") that changes conformally under the I'-action. The construction of such measure
goes back to Patterson’s original idea in [Pat76]. Measures of this type (resp. a class of “well-
behaved” measures) are commonly referred as Patterson-Sullivan measures (resp. densities). We
refer to Nicholls” book ([Nic89]) for a self-contained exposition on these results.

Since its introduction, the theory of Patterson and Sullivan has attracted a lot of attention.
Further developments have been made by various people who analyzed more general classes of
discrete groups and their limit sets. We list some of these developments here. Corlette ([Cor90]) and
Corlette-lIozzi ([CI99]) proved the above theorem for geometrically finite groups of isometries of
rank-one symmetric spaces, and Bishop-Jones ([BJ97]) extended these results to arbitrary discrete
isometry groups of rank-one symmetric spaces. Yue ([Yue96]) studied the case of Hadamard spaces
of negative curvature. Burger ([Bur93]), Albuquerque ([Al1b99]) and Quint ([QuiO2b], [Qui02a])
considered the case of Zariski-dense discrete subgroups in the isometry groups of higher-rank
symmetric spaces, while Link ([Lin10]) studied the case of products of rank one symmetric spaces.

In the more abstract setting of Gromov hyperbolic spaces, Coornaert ([Coo93]) generalized
much of Sullivan’s work in [Sul79] to the class of quasi-convex-cocompact groups. See also work of
Paulin ([Pau97]) on actions of subgroups of Gromov hyperbolic groups. More recent developments
by Das-Simmons-Urbariski ([DSU17]) (see also Fishman-Simmons-Urbariski, [FSU18]) achieved
far reaching generalizations the Patterson-Sullivan theory (e.g., a generalization of Bishop-Jones’
theorem) in the case of “infinite-dimensional” Gromov hyperbolic spaces.

The goal of this paper is to study the Patterson-Sullivan theory for Anosov subgroups. Anosov
subgroups, first introduced by Labourie ([Lab06]) and then further developed by Guichard-
Wienhard ([GW12]) and Kapovich-Leeb-Porti ([KLP14, KLLP17, KLP18]), extend the class of
convex-cocompact subgroups of rank-one semisimple Lie groups to higher rank. In this paper,
we mainly work with Kapovich-Leeb-Porti’s characterizations of Anosov subgroups. We briefly
review some of these characterizations (and related background) in Section 1.

Let G be a noncompact real semisimple Lie group, X = G/K be the associated symmetric space
and I' be a 1,04-Anosov subgroup of G. We will be assuming several conditions on G and X; they
are labeled as “assumption” in Section 1. We consider two types of G-invariant (pseudo-)metrics on
X, namely, one is the Riemannian metric of the symmetric space X and the other one is Finslerian.
The critical exponents of I with respect to these two metrics, denoted by ér and O, respectively,
are defined in the usual fashion, i.e. as the exponents of convergence of associated Poincaré series
(see Section 2). Using the classical construction of Patterson, we define a I'-invariant conformal
density on the flag limit set of I (see Section 3).

Throughout this paper, the Finsler metric is given more emphasis than its Riemannian counter-
part. For example, the construction of the above mentioned Patterson-Sullivan density is carried



out in terms of the Finsler metric. The main reason for this choice is that Finsler metrics reflect the
asymptotic geometry of I" better than the Riemannian metric.

We should note that many of the results in this paper are often proven for more general classes
of discrete subgroups of G with the hope that the results may be useful, for instance, in the study
of relatively Anosov subgroups.' Regarding Anosov subgroups, the main results of this paper are
summarized below.

Let omoq be @ maximal simplex in the Tits building of X, ¢ : 0'moqd — Omod be the opposition
involution, Th0q be an t-invariant face of oyeq, P be the maximal parabolic subgroup of G that
stabilizes Ty04, and Flag(ty,oq) = G/ P be the partial flag manifold associated to the face 1,04 (se€
Subsection 1.2).

Main theorem. Let " be a nonelementary Tmoq-Anosov subgroup of G and og be the Finsler critical
exponent for the action of I on the symmetric space X = G/K. Then the Patterson-Sullivan density
1 (constructed with respect to the Finsler metric on X) on the flag limit set A;_ ,(I') C Flag(tmod)
is the unique (up to a constant) I'-invariant conformal density. Moreover,

(i) The density u is non-atomic and its dimension equals to .

(ii) The support of uis A ,(I') and the action T’ ~ A._ (') is ergodic with respect to p.

Tmod

(iit) The critical exponent o (as well as the Riemannian critical exponent Or) is positive and
finite.

(iv) The Poincaré series of I diverges at the critical exponent 6. In other words, I has (Finsler)
divergence type.

(v) The og-dimensional Hausdor(f measure on A._ (') with respect to a Gromov (pre-)metric?
is a member of a I'-invariant conformal density (called the Hausdor[f density). In particular,
the Hausdorff dimension of A;_ (') is Op.

The uniqueness of conformal density is proven in Corollary 8.4. The main ingredients in the
proof are (1) a generalization of Sullivan’s shadow lemma proven in Theorem 6.1, and (2) an
ergodicity argument (see Theorem 8.1) also due to Sullivan. The proof of part (i) of the theorem
is given in Corollaries 6.2 and 7.4. The second half of part (ii) follows from Theorem 8.3 while
the first half follows from [Co093, Cor. 5.2]. The part (iii) is proven in Propositions 2.3 and 3.1.
See also the remarks following these propositions where oR is analyzed. The part (iv) follows from
Corollary 6.5. The Hausdorff density in part (v) is studied in Section 9 (cf. Theorem 9.3). The
background Gromov (pre-)metric is introduced in Section 5 where we also prove that the action
I' ~ A, ,(I') with respect to this metric is conformal (see Corollary 5.6).

While working on this article, we came to know about two recent developments by Pozzetti-
Sambarino-Wienhard ([PSW19]) and Glorieux-Monclair-Tholozan ([GMT19]) which are related
to our work. In these articles, the authors proved that the Hausdorff dimension of the limit set of
a projective Anosov subgroup I' in the real projective space is bounded above by a certain critical
exponent, called the “simple root critical exponent” in the second article. In the second article, the

IRelatively Anosov subgroups are recent extension by Kapovich-Leeb of the class of geometrically finite groups
into the higher rank. See [KL18b].
2See Section 5.



authors also obtain upper and lower bounds for the Hausdorff dimension of the flag limit set*® of
I" while mentioning that they also “hoped to get” a lower bound for the limit set in the projective
space. We obtain a lower bound for this limit set which turns out to be same as in the case of the
flag limit set (see Theorem 10.1).

Acknowledgement: This projectis a part of the first author’s dissertation work. The second author
was partly supported by the NSF grant DMS-16-04241.

§0. Notations

Here we list some commonly used notations.

» B(Y): Class of Borel subsets of a topological space Y
* B(x,r): (Open) ball of radius r centered at x
* dp, dr: Finsler and Riemannian metrics, respectively, on X (see Sec. 2)

* Xy, xy: Finsler* and Riemannian geodesic segments, respectively, connecting x, y € X (see
Sec. 2)

* Of, or: Finsler and Riemannian critical exponents, respectively, of I" (see Sec. 2)

* dg*: Gromov premetric (see Def. 5.2)

s dMr: Horospherical distance (see (3.1))

§1. Geometric preliminaries

In this section, we briefly present some background material needed for the paper.

1.1. Symmetric spaces: A symmetric space X is a Riemannian manifold that has an inversion
symmetry or point-reflection with respect to each point x € X: This is an isometric involution
sy : X — X fixing x and sending each tangent vector at x to its negative. In this paper we only
consider symmetric spaces which are simply-connected and have noncompact type. The later means
that X has no flat deRham factor and the sectional curvature of X is non-positive. In particular, X
is a Hadamard manifold and, hence, is diffeomorphic to a euclidean space. We refer to Eberlein’s
book [Ebe96] for a detailed discussion of symmetric spaces.

Assumption 1. The symmetric spaces X is simply-connected and of noncompact type.

A symmetric space X can be written as G/K where G is a semisimple Lie group whose Lie
algebra does not have compact and abelian factors, and K is a maximal compact subgroup of G.
Moreover, this group G can be chosen to have finite center and be commensurable with the isometry
group Isom(X) of X. For example, one can choose G to be the identity component of Isom(X).

3In [GMT19] the flag limit set is called the “symmetric” limit set. See [GMT19, Thm. 1.1] for details.
4Note that Finsler geodesic segments connecting two points in X are usually non-unique.



Assumption 2. The semisimple Lie group G has finite center and is commensurable with the
isometry group Isom(X) of the symmetric space X.

Each point x € X determines a canonical decomposition of the Lie algebra g of G called the
Cartan decomposition,
g=t+p

where { is tangent to the stabilizer of x which is a conjugate of K. The dimension of a maximal
abelian subalgebra a C p is called the rank of X. The exponential map exp, : g — X identifies a
with a maximal flat ' C X through x and, hence, the rank of X can also be defined as the dimension
of a maximal totally geodesic flat subspace in X. A chosen maximal flat Fi,og C X is called the
model flat which we isometrically identify with R¥ where k = rank(X). The image in Isom(F)
of the G-stabilizer of Fy,oq is isomorphic to R* = W, where the first factor acts on Fyoq = R¥ by
translations while the second factor W, called the Weyl group, is finite, fixes the origin, and is
generated by hyperplane reflections. The closures of the connected components of the complement
of the reflecting hyperplanes (for hyperplane reflections in W) in Fy,oq are called chambers. A
chosen chamber is called the model Weyl chamber; we denote it by A.

1.2. Boundary at infinity: For a symmetric space X, there are multiple notions of (partial)
boundary at infinity. The space of equivalence classes of asymptotic rays is called the visual
boundary of X and denoted 0. X. The visual boundary is naturally identified with the unit tangent
sphere T! X at any point x € X. The topology it gets from this identification is called the visual
topology. Attaching the visual boundary to X provides a compactification of X.

Another (strictly finer) topology on d., X is given by the G-invariant 7its angle metric:

An&én)=mgéﬁén)

where /,({,n) denotes the angle between the rays emanating from x and asymptotic to £ and 7.
The boundary 0., X with this topology is denoted by dris X and called the Tits boundary.

The Tits boundary dtjs X carries a canonical G-invariant structure of a spherical simplicial
complex called the Tits building of X. This can be understood as follows: Consider the ideal
boundary deoFinod Of Fimod Where k = rank(X). This is identified with the unit sphere al of a and
thus, we have an action of the Weyl group W ~ drisFimod. The pair (driis Fnod, W) is a spherical
Coxeter complex which generates a spherical simplicial complex structure on entire drjis X by the
G-action.

Assumption 3. We assume that the Tits building is thick, i.e., every simplex of codimension one is
a face of three maximal simplices.

We denote the intersection of A with the unit sphere in F,og centered at the origin by oypnoq. This
is a fundamental domain for the action W —~ Orits Finod Where Orits Fnod 1S identified with the unit
sphere in F,oq centered at the origin. We call oy,0q the model chamber. Any other chamber (i.e. a
top-dimensional simplex) in the Tits building is naturally identified with op04 via a G-equivariant
map, called the type map,

0 : OtitsX — Omod-



We reserve the notation 704 for the faces of oped. An ideal point { € Orjs X (resp. a simplex
T C OrisX) is called of type 8 € opoq (resp. of type Timod C Tmod) if 8() = 6 (resp. 6(T) = Tmoa)-
For 0 € T4 and a simplex 7 of type Tmod, We use the notation 6(7) to denote the unique point in 7
of type 6. The opposition involution ¢ is an automorphism of o"moq Which is defined as the negative
of the longest element in the Weyl group.

Two simplices 71, 72 in the Tits building are called antipodal if there exists a point-reflection
s, swapping these two. Their types are related by 6(1;) = t6(12). In particular, when 7| has an
t-invariant type Tmod, then any antipodal simplex 7, also has type tmoq. In this paper, we only
consider types that are t-invariant.

We now describe an important class of partial boundaries of X which are central to our study.
Consider the action of G on the Tits building. The stabilizer of a face T0q 0f Omoq is @ parabolic
subgroup P, of G and we identify the quotient G/P-, , with the set of all simplices in the Tits
building of type Tmoq. This quotient G/ P, , is a smooth compact manifold, called the partial flag
manifold of type Tmoq and is denoted Flag(tmoq). The partial compactification of X by attaching
Flag(timoq) is denoted

X™md = X U Flag(Tmod)

which is topologized via the topology of flag convergence (see Subsection 1.6). In the special case
when Timed = O'mod, the associated parabolic subgroup P, . is minimal and Flag(omed) = G/Po,,
is the full flag manifold, also called the Furstenberg boundary of X.

A subset A C Flag(tmoq) is called antipodal if any two distinct simplices in A are antipodal.

1.3. A-valued distances and generalized triangle inequality: There is a canonical map dp :
X X X — A which is defined as follows: For a pair of points (x, y) in X, there is an element g € G
which maps x to the origin in A and y to a point v € A. We define da(x, y) = v. Note that the
norm ||da(x, y)|| (induced by the euclidean inner product on Fyoq = R¥) equals dg(x, y) where dg
denotes the distance function induced by the Riemannian metric on X.

For a pair (x, y) € X X X, the value da(x, y) is called the A-valued distance between x and y.
This is a complete G-congruence invariant for oriented line segments in X. The A-valued distances
satisfy generalized triangle inequalities (see [KLLM09]). In the paper we will need the following
triangle inequality. For x, y,z € X,

lda(x, y) = da(x, 2)|| < dr(, 2). (1.1)

1.4. Parallel sets, cones, and diamonds: For a detailed discussion on this subsection, we refer
to [KLP14, Subsec. 2.4], [KLP17, Subsec. 2.5].

Let 7. be a pair of antipodal simplices in the Tits building of X. The parallel set P(t,,7_) is
the union of all maximal flats in X whose ideal boundary contains 7, U 7_ as a subset. This is a
totally geodesic submanifold of X.

For a simplex 7, the star st(t) of 7 is the union of all chambers in the Tits building containing
7. The open star ost(t) of 7 is the union of all the open simplices whose closures contains 7. For
a face Tynoq Of omod (Viewed as a complex), define the open star ost(7oq) similarly. The boundary
0st(Tmoq) is the complement of 0St(Tmed) iN Tmod.

Let Tmoq be an ¢-invariant face of oeq. An ideal point ¢ € 0., X is called Tyoq-regular if its
type is contained in ost(7h04). Moreover, given an t-invariant compact subset ® C 0st(7yoq), an



ideal point ¢ € 0., X is called @-regular if its type is contained in ®. A nondegenerate geodesic
segment (or line or ray) in X is called 7yoq-regular (resp. ®-regular) if the ideal endpoints of its
line extension are Ty,oq-regular (resp. ®-regular).

For a simplex 7 in the Tits building and a point x € X, the Ty,0q-cone V(x, st(t)) with apex x is
the union of all rays emanating from x asymptotic to a point & € st(t). For a 1y,04-regular geodesic
segment Xy C X, the tyoq-diamond &, ,(x, y) is the intersection of the opposite cones V/(x, st(14.))
and V(y, st(7_)) containing it. The points x and y are called the endpoints of &, (x,y). The cones
and parallel sets can be interpreted as limits of diamonds where, respectively, one or both endpoints
diverges to infinity. All of these are convex subsets of X (see [KLLP14, Prop. 2.14], [KLP17, Prop.
2.10]). In particular, the cones are nested: For every y € V(x, st(1)), V(y, st(t)) C V(x, st(1)).

Let ® be an ¢-invariant compact subset ost(7yoq). In a similar way as above, the ®-cone
V(x, ostg(7)) with apex x is the union of all rays emanating from x asymptotic to a point & € st(7)
of type ®. Note that V(x, oste(7)) is strictly contained inside V(x, st(7)).

1.5. Morse embeddings: The Morse property in higher rank was introduced by Kapovich-Leeb-
Porti in [KLP14].

Recall that a quasigeodesic in X is a quasiisometric embedding ¢ : I — X of an interval
I c R. We say that ¢ is Toq-regular quasigeodesic if for all sufficiently separated points #, 1, € 1,
the segment ¢(t1)P(12) is Tmoa-regular. We say that ¢ is a Toq-Morse quasigeodesic if it is Tmod-
regular and for all sufficiently separated points 71, #, € I, the image ¢([t, t2]) is uniformly close to
Orinoa (P(11), D(12)).

Let Z be a geodesic Gromov-hyperbolic metric space (cf. Definition 4.2). A quasiisometric
map ¢ : Z — X is called a t,oq-Morse embedding if the image of every geodesic is a 7p,og-Morse
quasigeodesic with uniformly controlled coarse-geometric quantifiers: There exists a constant
D > 0 and an ¢-invariant compact subset ® C ost(7y0q) such that if z;z, is a geodesic segment in
Z of length > D, then ¢(z1)¢(z2) is a @-regular geodesic in X and the image ¢([z1, z2]) is D-close
10 Or,0a(#(21), $(22))-

A discrete finitely generated subgroup (equipped with a word metric) I' < G is called Tyog-
Morse if it is hyperbolic and, for an(y) x € X, the orbit map ' — T'x is a 7,04-Morse embedding.

1.6. Discrete subgroups of G and their limit sets: We consider discrete subgroups with various
levels of regularity and their flag limit sets. Most of these notions first appear in the work of Benoist
([Ben97]); our discussion follows [KLLP14] and [KLP17].

We first recall the notion of regular sequences in X. Let 7,04 be an ¢-invariant face of
Omod- Let V(0, dst(Tmoq)) denote the union of all rays in A emanating from 0 asymptotic to points
& € Ost(tmod)- A sequence (x,) on X diverging to infinity is Tyoq-regular if for all x € X, the
sequence (da(x, x,)),en in A diverges away from V(0, dst(Tmoq)). Furthermore, a Tyoq-regular
sequence (x,) is called uniformly tmod-regular if the sequence (da(x, x,)),cx in A diverges away
from V(0, Ost(tmoq)) at a linear rate,

llm lnf d (dA(-x’ -xn)’ V(O’ aSt(TInOd)))
n—eo d(0, da(x, xp))
where d denotes the euclidean distance on A. Accordingly, a sequence (g,) in G is Tpoq-regular
(resp. uniformly 7,0q-regular) if for some (equivalently, every) x € X, the sequence (g,(x)) is
Tmod-Tegular (resp. uniformly 7y0g-regular).

> 0.



For x € X and A C X, define the shadow of A on Flag(tmoq) from x as
S(x : A) = {r € Flag(tmoq) | A N V(x, st(1)) # 0}. (1.2)

Let (g,) be a Thoa-sequence on G. A sequence (7,) on Flag(toq) is called a shadow sequence of
(gn) if there exists x € X such that, for every n € N, 7, = S(x : {gyx}). A Tmod-regular sequence
(gn) is said to be Tmed-flag-convergent to T € Flag(tmoq) if a(ny) shadow sequence (7;,) of (g,)
converges to 7.

The notion of flag-convergence leads to the definition of flag limit sets of discrete subgroups
I' < G. The (Tmoa-)flag limit set of T" denoted by A,,_,(I') is the subset of Flag(tmoq) Which consists
of all limit simplices of 7,04-flag-convergent sequences on I'. The flag limit set A, is I'-invariant.

More generally, one defines 1p,0q-flag-limit sets of a subset Z C X as the accumulation subset
of Z in Flag(t,oq) With respect to the topology of flag-convergence.

Next, we review definitions of several classes of discrete subgroups of G.

(R) A discrete subgroup I' < G is Tyoq-regular if for all x € X and all sequences of distinct
elements (y,) in I, the sequence (y,x) is Tmoq-regular. For t,04-regular subgroups I, the

flag limit set A, ,(I') provides a compactification of the orbit 'x C X, i.e. Tx U A, () is
compact.
(RA) A 1y04-regular subgroup I' is Tiod-RA (regular antipodal) if its limit set A, (') is antipodal,

i.e. every two distinct elements of A,  (I') are antipodal to each other. For Tpoq-RA
subgroups I, the action I' ~ A,_,(I') is a convergence action (see [KLP14, Prop. 5.38]).
A Tod-RA subgroup I’ is called nonelementary if A, (') consists of at least three (hence
infinitely many) points; otherwise I' is called elementary. If I" is nonelementary then the
action I' ~ A, (') is minimal, i.e. every orbit of I' is dense, and A, ,(I') is perfect.®

(RC) For a tyog-regular subgroup I', a limit simplex 7 € A, ,(I) is a conical limit point if there
exists x € X, ¢ > 0 and a sequence (y,) of pairwise distinct isometries on I" such that

dr(ynx, V(x,st(1))) < ¢

where dr denotes the Riemannian distance on X. The set of all conical limit simplices is
denoted by AZ" (I'). A subgroup I' < G is called Tyyoq-RC if Ay, () = AT (T).

(RCA) A subgroup I is Typoq-RCA if it is both Tp,04-RA and 7104-RC.

(U) A finitely generated subgroup I' < G (equipped with the word metric) is said to be undistorted
if one (equivalently, every) orbit map I' — I'x C X is a quasiisometric embedding.

(UR) A discrete subgroup I' < G is uniformly tmoq-regular if for all x € X and all sequences of
distinct elements (y,,) in I, the sequence (y,,x) is uniformly 7,04-regular.

(URU) A subgroup I' < G is said to be 7yo4-URU if it is both Tpeq-uniformly regular and
undistorted.

5This follows from a general result for convergence actions by Gehring-Martin ((GM87]) and Tukia ([Tuk94]). See
also [KLP14, Subsec. 3.2] or [KLP17, Subsec. 3.3].



In [KLP17, Equiv. Thm. 1.1] and [KLP18], the properties Morse, RCA and URU are proven
to be equivalent to the Anosov property defined by Labourie [Lab06] and Guichard-Wienhard
[GW12].

Theorem 1.1 ([KLP17, Equiv. Thm. 1.1]). The following classes of nonelementary discrete
subgroups of G are equal:

(i) Tmod-RCA,
(ii) Tmod-Morse,
(iii) P, ,-Anosov,
(iv) Tmod-URU.

Ilustrating examples: In this paper, we consider the following two classes of examples.

Example 1.2 (Product of rank-one symmetric spaces). Let X be a product of k rank-one symmetric
spaces,
X=X X X Xg.

The rank of X is k. Let G be a semisimple Lie group commensurable with the isometry group of
X. (For example, we may take G = Isom(X;) X - - - X Isom(Xy).) The Assumption 3 amounts to the
requirement that G preserves the factors of the direct product decomposition of X.

The model maximal flat Fy,,q can be viewed as the product of some chosen geodesic lines
(coordinate axes), one for each deRham factor. The Weyl group W is generated by reflections along
the coordinate hyperplanes and the longest element in it is the reflection about the origin. The
model Weyl chamber A can be realized as the nonnegative orthant. The opposition involution ¢ acts
on it trivially.

Recall that the Tits boundary of a product of two symmetric spaces is the simplicial join of
their individual Tits buildings and, for rank-one symmetric spaces, the Tits boundary is discrete.
These two facts imply that the (p — 1)-simplices in the Tits building of X for 1 < p < k can be
parametrized by p-tuples (§,, . . ., &) € 0 Xy X - X 0 Xy, 1 Sy <-+- <rp <k,

&y &) © T =span{éy, ..., & )

We say that such a simplex 7 has type Tmoq = (71, . . ., 7). The incidence structure can be understood
as follows: Two simplices have a common g-face if and only if they have g equal coordinates.
The star st(7) of 7 = (&, . . ., &) is the minimal subcomplex of the Tits building containing all
chambers ({1, . . ., {p) satisfying . = &, foralli € {1,..., p}.
Since the opposition involution ¢ fixes each chamber point-wise, every face Toq 0f O'meq and
every type is t-invariant. Every two chambers (resp. faces of the same type) in drjs X are antipodal
to each other unless they have a common face (resp. sub-face).

Example 1.3 (X = SL(k + 1,R)/SO(k + 1,R)). We take G = SL(k + 1,R), K = SL(k + 1, R); the
symmetric space X = G/K is identified with the set of all positive definite, symmetric matrices
in SL(k + 1,R). In this case rank(X) = k and X is irreducible. The standard choice of a model
flat Finoq is the subset of all diagonal matrices a = diag(ay, . . ., ar+1) € SL(k + 1, R) with positive
diagonal entries. We identify the model flat with a via the logarithm map

log : a = diag(ay, . ..,ar+1) — (logay,...,logai+1)

9



where a is viewed as the hyperplane in R¥*! consisting of all points with zero sum of coordinates.

The Weyl group W = Sym; , ; acts on a by permuting the coordinates. The standard choice for
the model Weyl chamber A = a, consists of all the points in a with decreasing coordinate entries.
The Cartan projection® p : SL(k + 1,R) — a, can be written as g — loga where a is associated
to g via the singular value decomposition g = uav, u,v € SO(k + 1,R). The logarithm of i-th
singular value of g will be denoted by o(g). The opposition involution ¢ sends (o, . . ., Ok+1) € a4
to (—0’k+1, ey —O).

The Tits building of X can be identified with the incidence geometry of flags in R¥*!. The
Fursternberg boundary consists of full flags

ViC- C Vi =RML dim(V) =i
The partial flags are
ViV, c---cV,pcV,

p+l1

=R, dim(V,) = 1,

1 <r <---<r, <rp = k+1, which are elements of Flag(tmoq) Where Tmoa = (11, ..., 7p).
The opposition involution sends Tiod t0 (Tmod = (kK + 1 =1y, ...,k + 1 —ry). It follows that Tpmeq
is t-invariant if and only if r; + rpy1; = k + 1, foreach i = 1,..., p. The partial flag manifold
Flag(tmoq) consisting of all partial flags V of type Tmoq = (71, .. .,7,) naturally embeds into the
product of Grassmanians Gr,, (R*!) x - - - x Gr, (RF*1).

Suppose that Tmeq = (71, . . ., 1) is t-invariant. Then a pair V* € Flag(tmodq) is antipodal if and

only if V" + Vr;ﬂ_i =R foreachi=1,...,p.

§2. Critical exponent

On a symmetric space X = G/K, we consider two natural (pseudo-)metrics. Let dr(-,-) denote
the distance function on X of the (fixed) G-invariant Riemannian metric on X. Furthermore, for a
fixed t-invariant face Tj0q4 Of Omog and a fixed t-invariant type @ in the interior of 704, We let di
denote the polyhedral Finsler (pseudo-)metric on X:

dr(x, y) = (da(x, y)16) (2.1)

(cf. [KL18a, Subsec. 5.1]). The inner product above is the euclidean inner product on Fy,og coming
from the Riemannian metric on X. These two metrics are related by the inequality

dF(X, y) < dR(-x’ y) (22)

Since the Finsler metric dr inherently depends on the choice of 1,0 and 6, from now on we fix
6 and use the notation dr to denote the corresponding Finslder metric.

The metric space (X, dr) is a complete Riemannian manifold and, in particular, it is geodesic,
i.e. any two points in X can be connected by a geodesic segment. The (pseudo-)metric space (X, dr)
is also a geodesic space. The geodesics in (X, dp) are called Finsler geodesics. All the Riemannian
geodesics are also Finsler, however, there are other Finsler geodesics when rank(X) > 2. The
precise description of all Finsler geodesics is given in [KL.18a, Subsec. 5.1.3]. We merely use this
description as a definition of Finsler geodesics.

6Or the A-valued distance in the sense that da(x, gx) = p(g).
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Definition 2.1 (Finsler geodesics). Let I ¢ R. A path £ : I — X is called a Finsler geodesic if
there exists a pair of antipodal flags 7. € Flag(tmoq) such that £(1) C P(ty, 7-) and

() e V(L(t), st(ty)), VYVt < 1.

Moreover, given an ¢-invariant compact subset ® C 0st(T04), @ Finsler geodesic £ : I — X is
called a ®-Finsler geodesic if, in addition to the above, it satisfies the following stronger condition:

t(tr) € V(L(t1), oste(T4)), Vi < 1.

Remark. Finsler geodesics give alternative description of diamonds, namely, the 7y04-diamond
Or0a(X5 ¥) is the union of all Finsler geodesics connecting the endpoints x and y. See [KL18a,
Subsec. 5.1.3].

Notation. In this paper, we use the notation xy to denote the Riemannian geodesic segment
connecting a pair of points x, y € X. To denote a Finsler geodesic segment connecting x and y, we
use the notation xy.

Below we let = be either R or F. Let I' < G be a subgroup, and x, xo € X. Define the orbital
counting function N,(r, x, xo) : [0, 00) — [0, 0],

N.(r) = Ni(r, x, x9) = card{y € T' | d.(x, yxo) < r}.
Using N.(r), following [A1b99] and [Qui02b], we define the critical exponent 6. of T by

log N,
0, = lim sup og—(r) €
r

r—00

[0, co]. (2.3)
The critical exponents o and 6r will be called the Finsler critical exponent and Riemannian critical
exponent, respectively.

Remark. The discussion in [AIb99] and [Qui02b] is mostly limited to the case when 0 is regular,
i.e. belongs to the interior of oyy0q.

We note that the critical exponent is independent of the chosen points x and xy. This can be
proved as follows: Consider the Poincaré series

gi(x,x0) = D exp(=sd.(x,7x0)). (24)
yell

It is a standard fact that g;(x, xp) converges if s > d.(x, xo) and diverges if s < d.(x, xo) where
0.(x, xo) denotes the right side of (2.3). Using the triangle inequality, we obtain

exp (—sd.(x, x0)) g5 (x0, x0) < g5(x, x0) < exp (sdx(x, x0)) g5 (x0, X0).

Hence, convergence or divergence of g;(x, xo) is independent of the choice of x and so is d.(x, xp).
For a similar reason, it is also independent of the choice of xy.

Definition 2.2. A discrete subgroup I of G is of (Finsler) convergence type if the Poincaré series
g¥(x, xo) converges at the critical exponent §g. Otherwise, we say that " has (Finsler) divergence

type.
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Since the action I' ~ X is properly discontinuous, dr is bounded above by the volume entropy
of X which is finite. For the Finsler critical exponent, (2.2) implies the following lower bound,

OR < OF. (2.5

Finiteness of dr is more subtle because, in general, df is only a pseudo-metric and therefore, the
orbital counting function Nr may take infinity as a value. However, if the angular radius of the
model Weyl chamber o704 With respect to 0 is < m/2, then d is a metric equivalent to dr and,
consequently, O is finite in this case. In particular, when G is simple, then diameter of oyoq is
< m/2 and therefore, O is finite.

The following finiteness result holds in the general pseudo-metric case.

Proposition 2.3. For a uniformly tyoq-regular subgroup I < G, the Finsler critical exponent O is
finite.

Proof. When I is uniformly 7,,04-regular, the Riemannian and Finsler (pseudo-)metrics restricted
to an orbit I'x are coarsely equivalent: There exist L > 1, A > 0 such that, for all x;, x; € I'x,

L' dr(x1, x2) — A < dp(x1, x2) < dr(x1, %2). (2.0)
The right side of this inequality comes from (2.2). From this we get 6r < 0 < LoOr. Since dR is
finite, OF is also finite. O
Remark. 1. Itis clear from the proof of Proposition 2.3 that when I is uniformly 7,04-regular,

then o is positive if and only if JR is positive.

2. As Anosov subgroups are uniformly regular (see Theorem 1.1), the above proposition applies
to the class of Anosov subgroups.

Before closing this section, we compute Finsler metrics in two examples.

Example 2.4 (Product of rank-one symmetric spaces). We continue with the discussion from
Example 1.2. The Finsler metric can be described as follows. Let Tmoq = (1, . . ., 7,) be a face of
the model chamber, let 6 = (1/ \Ds - - ., 1/4/p) be its barycenter, and let dr be the corresponding
metric on X. Given x = (x1,...,x¢), y = (V1,-..., V&) € X, the A-valued distance is

da(x,y) = (dx, (x1, 31), - . ., dx, (xk, yi))

where dx, denotes the Riemannian distance function on X;. Then
P
dr(x,y) = Z dx, (Xrj> yr;)- (2.7)
=1

Example 2.5 (X = SL(k+1,R)/SO(k + 1,R)). We continue with the discussion from Example 1.3.
The Riemannian metric on X is given by the restriction of the Killing form B of g = sl(k + 1,R) to

P,
B(P,Q) =2(k + Htr(PQT), P,Q €. (2.8)
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Note that the inner product B on a (which we identify with Fj,oq) can be written as

k+1
(@1 ), o)) = 2k + 1) Y oy, (2.9)
i=1
Let Tmod = (71, - . -, rp) be an ¢-invariant face of the model chamber oynoq and let A, be the
corresponding face of the model euclidean Weyl chamber A,
Ar o= {0‘ =(Ol e s Ol ey Ojye ey Oy s Opgl oo, Opy1) €0y | 1= 2,...,p}.
——— ——— \ ,
ri-times (r;=ri-1)-times (k+1-rp)-times

For notational convenience we denote o in the above expression simply by the (p + 1)-vector
(o1, . . ., 0p41) (by identifying the repeated entries). With this convention, the opposition involution
acts by

o1, .oy Ops1) = (=0 i1, . . ., —OT1).

We identify 7,04 With the unit sphere (w.r.t. the metric in (2.9)) in A, , centered at the origin,
i.e., Tmoa consists of all elements (o1, ..., 0p41) € Ay, , satisfying 2(k + 1) Zf:ll (ri — ;’,-_1)0'1.2 =1.
An element 6 = (07, ...,0p+1) € Tmod lies in the interior of 7oq if and only if o7p > -+ > 07p41.
Moreover, 6 is t-invariant if and only if 0y + 0p10; =0 foralli =1,...,p+ 1.

The Finsler metric corresponding to 6 can be calculated explicitly in terms of the above formulas.
In the special case when Timoq = (1, k) and 6 = (1/2Vk + 1,0, 1/2Vk + 1), for all g € SL(k + 1, R)
and all x € X, we have

dp(x, gx) = Vk + 1(01(g) — 0%+1(8)) - (2.10)

§3. Conformal densities

Recall that Busemann functions define the notion of “distance from infinity”. For 7 € Flag(tmod),
let b; : X — R denote the Busemann function based at the ideal point 6(7) € 0.,X normalized at
xg (i.e., b(xp) is set to be zero). Using Busemann functions, one defines the horospherical signed
distance functions as

d™(x, y) = be(x) = be(y). 3.1)

(Note that these functions can take negative values. However, their absolute values |dM"(x, y)|
satisfy the triangle inequality and, hence, are pseudo-metrics on X.) These functions are related by
Finsler distance functions by

d*(x,y) = lim (dr(x,20) = dr(y. 2)) (3.2)

whenever (z,) is a sequence in X flag-converging to 7, cf. [KL18a, Prop. 5.43].

We define conformal densities on Flag(7y,0q) using these horospherical distance functions.

For a topological space S, we let M, (S) denote the set of positive, totally finite, regular Borel
measures on S. Recall that a group H of self-homeomorphisms of S acts on M, (S) by pull-back:
For every B € B(S), h € H,

p b, B p(B) = u(h~(B)).
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Let I' < G be a discrete subgroup and let A C X be a nonempty I'-invariant subset. By a
[-invariant conformal A-density u of dimension > 0 (or “conformal A-density” in short) on
Flag(Tmod), we mean a continuous I'-equivariant map

p:A— M (Flag(tmoa)) @ fa,
satisfying the following properties:
1. For each a € A, supp(uq) C A, (D).
2. (Invariance) u is I'-invariant, i.e. y*u, = py, for eachy € I' and each a € A.

3. (Conformality) For every pair a,b € A, u, < up, i.e., u, is absolutely continuous with
respect to up, and the Radon Nikodym derivative du,/du, can be expressed as

dug
dpip

(t) = exp (—Bdfor(a, b)), V1 € Flag(Tmod)- (3.3)

Remark. Though we define conformal densities for any discrete subgroup of G, for the purpose
we restrict our discussion only to Tyog-regular subgroups.

A conformal X-density u is simply called a conformal density. Note that conformal X-densities
and conformal A-densities are in a one-to-one correspondence:

{conformal X-densities} «— {conformal A-densities}. (3.4)

From an X-density, define an A-density by restricting the family. On the other hand, given an
A-density u, extend it to an X-density {u, }rex by

us®) = [ exp (B (x,) dua(r). B < BlFlag(r)

where u, is a density in the family u. Note that this extension is unique because u, and u, are
absolutely continuous with respect to each other. To check I'-invariance, note that

s i
vui)= [ @ = [ (-paex.0) duty 1o

dityx
= Lexp (—Bd?or(yx, ’ya)) dpty(T) = /B dz:a (T)dptya(T) = pyx(B),

for every B € B(Flag(tmod)). The other two defining properties are also satisfied.

Next we construct a conformal density using the Patterson-Sullivan construction. This definition
is standard and already appeared in the work of Albuquerque and Quint, although only in the
setting of Zariski dense subgroups I' < G and regular vectors §; we present it here for the sake of
completeness. We let I' < G be a 1,04-regular subgroup and let Z denote the I'-orbit of a point
xo € X. The union

Z=ZUA,, () c X,
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equipped with the topology of flag-convergence, is a compactification of Z.
For s > op we define a family of positive measures p; = {{t,s}rex On Z by

1
D" exp (=sdr(x, yx0)) D(yxo) (3.5)

Mxs = <
g5 (xo, x0) v

where D(yxp) denotes the Dirac point mass of weight one at yxy. Note that u, s is a probability
measure when x € Z. Also, note that A, (I') is a null set for these measures. For y € I' a
straightforward computation shows that

'y*,ux,s = Hyx,s- (36)

Moreover, it is easy to see that the measures in the family u are absolutely continuous with respect
to each other. Using (3.5) we compute the Radon-Nikodym derivatives du, s /dpiy, s

diy s
dy,, s

Ys(z) = (2), (3.7)

where for s > 0,
Ws(z) := exp (=s (dr(z, x) — dr(z, x0))) -

The formula for ¢, above only makes sense when z € Z. Since A,_,(I') is a null set, we extend i
continuously to A, (') by setting

Tmod

(1) = exp (—sd?or(x, xo)) .

The continuity of this function can be verified using properties of Finsler distances (e.g., see
[KL18a, Sec. 5.1.2] and (3.2)).
Next we prove that ; — 5. uniformly as s — 0. For § > 5,5’ > dp and z € Z,

[ (2) = Ys(2)| = | exp (=5’ (dp(z, x) — dp(z, x0))) — exp (=5 (dr(z, x) — dr(z, X0))) |
= exp (=5 (dr(z, X) = dr(z, x0))) | exp ((s = 5") (dr(z, X) = dr(z, X0))) — 1]
< exp (Sdr(x, x0)) | exp ((s = 5”) (dr(z, x) — dr(z, x0))) — 1].

Switching s and s’ in the above, we also get

s (2) = Ys(2)] < exp (Sdr(x, x0)) | exp (" — 5) (dr(z, x) — di(z, x0))) — 1.

Combining the above two inequalities, we get

s (2) = Ys(2)] < exp (Sdr(x, x0)) (exp (Is” — s| - |dp(z, x) — dr(z, x0)]) — 1)
< exp (Sdr(x, x0)) (exp (|s” = sldr(x, x0)) = 1).

Since Z is dense in Z, the above yields

s = s lleo < exp (Sdr(x, x0)) (exp (|s” = sldr(x, x0)) = 1)

Therefore, s — s, uniformly as s — OF.
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Now we construct a conformal density as a limit of the family of densities {1 }s>s5.. We first
assume that I has divergence type.” Then, as s decreases to o, the family p; = {5 }rex Weakly
accumulates to a density u supported on some subset of A, (I').

By (3.6) we have the I'-invariance of u, namely, fory € T,

Yl = s (3.8)

Any such limit density is called a Patterson-Sullivan density.

Since p, is obtained as a weak limit of the measures 1, ; and the derivatives ¢, = dp s/ dpty, s
converge uniformly to s, it follows that the Radon-Nikodym derivative du, / du,, exists and equals
to the limit

lim dﬂx’s = lpél:,
S—)5F d/lx(),s
or more explicitly, 4
d:ux (T) = exp (_6Fd}l_10r(x, xO)) ) (39)
Hxo

Note that in general weak limits are not unique. In Corollary 8.4 we will prove that for Anosov
subgroups I we get a unique density in this limiting process.

When I' has convergence type, we change weights of the Dirac masses by a small amount (as
in [Nic89, Sec. 3.1]) in the definition (3.5) to force the Poincaré series to diverge. Define

s = = 3" exp (=sdr(x 7x0)) b (dr(x, y0)) Dy xo)

g5 (x0, x0) v

where i : R, — R, is a subexponential function such that the following modified Poincaré series
_F _
gF(x, x0) = ) exp (=sdr(x, yx0)) h (dr(yx, x0))
yel

diverges at the critical exponent s = dg. In this case also, limit density u has the properties (3.8)
and (3.9).

The existence of a conformal density implies that the Finsler critical exponent of I' is positive.

Proposition 3.1. Suppose that I is a nonelementary tmoq-regular antipodal subgroup. Then, the
critical exponent Og is positive.

Proof. Suppose to the contrary that 0 = 0. Let u be a Patterson-Sullivan density constructed
above. It follows from the I'-invariance and conformality that for all y € T,

px(yA) = :uy*lx(A) = ux(A), VAEe QS(A?'moal(r))- (3.10)

Note that this implies that u is atom-free. For if 7 € A;_,(I') were an atom, then, by the minimality
of the actionI' ~ A, (') and (3.10), A, ,(I') would have infinite z,-mass,

Let (y,) be a sequence on I such that y*! — 7. € A, (). Let (U,), U, C Flag(tmoq), be a
contraction sequence® for (7y,). By the definition,

Tmod

7This will be the case for Anosov subgroups. See Corollary 6.5.
8See [KLP14, Def. 5.9, Prop. 5.14] or [KLP17, Defn. 4.1, Prop. 4.13].
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(1) (Uy) exhausts Flag(tmoq) in the sense that every compact set antipodal to 7_ is contained in
U, for all sufficiently large n.

(2) The sequence y,U, Hausdorff-converges to 7.

Let A ¢ A;, ,(I') — {74} be a compact set of positive mass (this exists because 7, has zero
mass). Therefore, by property (1), there exists ng € N such that u,(U,) > u,(A) > 0, forall n > ny,
and together with property (2) above, we get

Hx(Ty) > nh_)r%o Mx(YnUp) = pe(A) >0

Hence 7, is an atom which gives a contradiction. O

Remark. As a corollary to the above proposition, the Riemannian critical exponent dr of a
nonelementary uniformly 7,04-regular antipodal subgroup is also positive. See the remark after
Proposition 2.3.

§4. Hyperbolicity of Morse image

In this section we prove that the image of a Morse map is Gromov-hyperbolic with respect to the
Finsler pseudo-metric dp. As a corollary, we prove that each orbit of an Anosov subgroup is also
Gromov-hyperbolic with respect to the Finsler metric.

We first recall two notions of hyperbolicity.

Definition 4.1 (Rips hyperbolic). Let (Z, d) be a geodesic metric space. Then, (Z, d) is called
0(> 0)-hyperbolic in the sense of Rips (or Rips hyperbolic) if every geodesic triangle A is d-thin,
i.e. each side of A lies in the 9-neighborhood of the union of the other two sides.

Definition 4.2 (Gromov hyperbolic). Let (Z, d) be a geodesic metric space. For any three points
Z, 21, 22 € Z, the Gromov product is defined as

(z1lz2); = %[d(z, z1) +d(z, z2) — d(z1, 22)].

Then (Z, d) is called 6(> 0)-hyperbolic in the sense of Gromov (or Gromov hyperbolic) if the
Gromov product satisfies the following ultrametric inequality: For all z, z1, 20, 73 € Z,

(z1lz2); = min{(z1]z3);, (22]23);} — 6.

It should be noted that Gromov’s definition applies to all metric spaces whereas Rips’ definition
works only for geodesic metric spaces. Moreover, Gromov hyperbolicity is not quasiisometric
invariant whereas Rips hyperbolicity is (as a consequence of Morse lemma, cf. [DKI18, Cor.
11.43])). For geodesic metric spaces, these two notions of hyperbolicity are equivalent (e.g., see
[DK18, Lemma 11.27]).

Let (Z’, d’) be Rips hyperbolic and f : (Z’,d") — (X, dr) be a T,oq-Morse map. We denote the
image f(Z’) by Z. Recall that the Finsler metric is coarsely equivalent to the Riemannian metric on

17



Z.° Therefore, since f is a quasiisometric embedding with respect to dg, it is also a quasiisometric
embedding with respect to dp. Moreover, the image of a geodesic (of length bounded below by
a constant) in Z’ stays within a uniformly bounded Riemannian distance, say 1o > 0, from a
Tmod-Tegular Finsler geodesic connecting the images of the endpoints. This is a consequence of the
Morse property ([KLLP18, Thm. 1.1]), see also [KLL18a, Prop. 12.2]. A consequence of this is that
Z is Ap-quasiconvex in X with respect to the Finsler metric (or Finsler quasiconvex).

For 4 > Ay, let Y = Y, be the Riemannian A-neighborhood of Z in X. From the discussion
above, it is clear that any two points z1, zp € Z (with dr(z1, z2) sufficiently large) can be connected
by a Finsler geodesic zZjz; in Y.

Proposition 4.3. Let c and ¢’ be two Finsler geodesics in'Y connecting two points z1, zp. Then they
are uniformly Hausdorff close. Here the Hausdorff distance is induced by either of Riemannian or
Finsler metric.

Proof. Since Riemannian and Finsler metrics are comparable on Y, it is enough to prove the
proposition for the Riemannian metric.

Let ¢ and ¢’ be the respective nearest point projections of ¢ and ¢’ to Z. Applying the coarse
inverse of f, ¢ and ¢’ map to uniform quasigeodesics ¢ and ¢, respectively, in Z’. Since Z’ is Rips
hyperbolic, ¢ and ¢’ are uniformly close. Applying f to ¢ and ¢’, we see that ¢ and ¢” are uniformly
close. Hence c and ¢’ are also uniformly close. O

Next we observe that geodesic triangles in (Y, dp) with vertices on Z are uniformly thin.

Proposition 4.4. There exists 6 > 0 such that every Finsler geodesic triangle A = A(z1, 22,23) inY
is 0-thin both in Riemannian and Finsler sense.

Proof. Since Z’ is Rips hyperbolic, geodesic triangles in Z’ are ¢’-thin, for some ¢’ > 0. We map
A to a uniformly quasigeodesic triangle A" C Z’ via the coarse inverse map ¥ — Z’ of the map f.
Since Z’ is Rips-hyperbolic, the Morse quasigeodesic triangle A” is uniformly thin. Therefore, A is
also uniformly thin as well. O

Imitating the proof of [DK 18, Lem. 11.27], we prove that (Z, dg) is Gromov-hyperbolic

Theorem 4.5 (Hyperbolicity of Morse maps). Let Z C X be the image of a Tmed-Morse map
f:(Z,d") — (X,dr). Then (Z, dg) is Gromov-hyperbolic.

Proof. Let ¢ be as in Proposition 4.4. Then the following holds.

Lemma 4.6. Let z, 71, 2p € Z, and let 7125 be any Finsler geodesic inY connecting z, and zp. Then,
(z1lz2); < dr(z, 2122) < (z1]22); + 26.

Proof. The proof is exactly same as [DK 18, Lem. 11.22]. Note that the proof uses ¢-thinness of a
triangle with vertices z, z1, 22. O

9This is also true for any finite Riemannian tubular neighborhood of Z.
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Let z, 71, 22, 73 be any four points in Z, and let A be a Finsler geodesic triangle in Y with the
vertices zi, 22, 23. Let m be a point on the side 71z, nearest to z. By Proposition 4.4, since A is
6-thin, dr(m, 2273 U Z123) < 6. Without loss of generality, assume that there is a point n on z3, 73
which is 6-close to m. Then, using the above lemma, we get

(22]23); < dr(z, 2223) < dr(z, 2122) + 0,

and
dr(z,7122) < (z1l22); + 26.

The theorem follows from this. ]

Quasiisometry of hyperbolic metric spaces extends to a homeomorphism of their Gromov
boundaries. At the same time, it is proven in [KLLP18] that each 1,,4-Morse map

f:Z -Z=f(Z)cX
extends continuously (with respect to the topology of flag-convergence) to a homeomorphism
O f 1 0nZ' — A C Flag(tinoq).
Thus, we obtain

Corollary 4.7. The Gromov boundary 0sZ of (Z,dg) is naturally identified with the flag-limit
set A C Flag(tmoq) of Z: A sequence (z,,) in Z converges to a point in 027 if and only if (z,)
flag-converges to some T € A.

For a 1py0q-Anosov subgroup I we know that the orbit map I' — T'x is a 7yo4-Morse embedding
(see Subsection 1.6). Then, using Theorem 4.5 we obtain:

Corollary 4.8 (Hyperbolicity of Anosov orbits). For xg € X, let Z = I'xg where I is a Tpoq-Anosov
subgroup. Then (Z,dg) is Gromov-hyperbolic. The Gromov boundary of (Z,dg) is naturally
identified with the Tymoa-limit set A, ().

§5. Gromov distance at infinity

The definition of horospherical signed distances given in (3.1) is free of choice of any particular
normalization for the Busemann functions. Note that

—dr(x1, X2) < d(x1,x2) < dp(x1, X2).
Furthermore, d?or satisfies the cocycle condition: For each triple xi, xp, x3 € X,
d™(x1, x2) + d™ (x2, x3) = d(x1, x3). (5.1)

For a pair of antipodal simplices 7. € Flag(tmoa), the Gromov product with respect to a base
point x € X is defined as
1
(rele-) = 5 (dh70n )+ d(x, ) (52)
where z is some point on the parallel set P(7, 7_) spanned by 7.
The following lemma proves that the Gromov products do not depend on the chosen z €
P(ty, 7).
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Lemma 5.1. For z,z; € P(t4,7_), one has b; (z1) + b+ (z1) = br,(22) + br_(22).

Proof. Let z be the midpoint of 7z, and let s, : X — X be the point reflection about z. Assuming
that Busemann functions are normalized at z, s, transforms b, (z1) + b_(z1) into b, (22) + b7, (z2).
Hence the quantities are equal. O

Using horospherical distances, we define a premetric'® on Flag(tmod)-

Definition 5.2 (Gromov premetric). Given fixed x € X, € > 0, define the Gromov premetric dé’x
on Flag(toq) as

4 (11, 1) = exp (—€(t1|m2)x), if 71,7 are opposite
G VP 0, otherwise.

Note that a pair of points 7. € Flag(tmoq) is antipodal if and only if ;" (7, 7-) # 0.
Lemma 5.3. d;" is a continuous function.
Proof. The claim follows from [Bey17, Lem. 3.8]. O

Lemma 5.4. Let y € G and A C Flag(timoq) be a y-invariant antipodal subset. Then the map
y : A — A is conformal with respect to the premetric d°.

Proof. Given distinct points 7. € A,

A5yt yT-) = exp (—e(yTalyT_))
€
= exp (5 (2 (v, 2) + (5, 2))
(d?f "y ) +dM(y 7‘%)))

€
e (-
(a2 ) + @2 ) ) ) 4 (),

2

€

ool

where the last equality follows from the cocycle condition (5.1). Moreover, the continuity of
Busemann functions b, as a function of 7 implies that "' (y~'x, x) — d?fr(y_lx, x)as 1. — T,.
Therefore,

A5 (yTe, y1o)
lim GXZ/—+y = E(y,7y) := exp (—6df°r(y_1x, x)) . (5.3)
= dg (T4, 72) *
The lemma follows from this. m]

The premetric dé’x is not a metric in general since:

1. Pairs of distinct non-antipodal points have zero distance.

2. The triangle inequality may fail.

However, as we shall see below, dé’x defines a metric when restricted to “nice” antipodal subsets
A C Flag(tmoq) for sufficiently small € > 0.

10A premetric on X is a symmetric, continuous function d : X X X — [0, o) such that d(x, x) = 0 for all x € X.
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Theorem 5.5. Let Z C X be the image of a Tmoa-Morse map [ : (Z',d") — (X,d), and A C
Flag(tmoq) be the flag limit set of Z. There exists €y > 0 such that, for all 0 < € < €y and all x € Z,
the premetric di" restricts to a metric on A. Moreover, the topology induced by dZ;* on A coincides
with the subspace topology of A C Flag(tmoq)-

Proof. For the first part of the theorem we only need to check that dé’x satisfies the triangle inequality
for sufficiently small € > 0. The idea of the proof is due to Gromov [Gro87]: We show that the
Gromov product defined in (5.2) restricted to A satisfies an ultrametric inequality (see (5.7)).

Let Y c X be a Riemannian A-neighborhood of Z. We assume that A here is so large such
that x € Y and the image of any complete geodesic / in Z’ lies within distance A from the parallel
set spanned by the images of the ideal endpoints of / under f : dZ’ — Flag(tmoq). Note that A
satisfying the last condition exists as a consequence of the Morse property.

Observe that (Y, dr) is a Gromov §-hyperbolic metric space for some 6 > 0. This follows from
the Gromov hyperbolicity of (Z, dg) (cf. Theorem 4.5) and the fact that Z and Y are (Hausdorff)
A-close to each other.

We recall from Viisdld [V05, Sec. 5] that there are multiple ways to define Gromov products
on A viewed as the Gromov boundary of (Z, dr) and, hence, of (Y, dp). For a distinct pair 7. € A,
define using the Gromov product {-|-), on (Y, dg) the following two products:

inf

(relr)y" = inf{lggggf@ﬂypx |62 € Yoyt — Ti}

and
(i) = Sup{li.m sup{y; 1y e | ) € Y,y — Ti}.
i,j—00
Then the difference of the above two quantities is uniformly bounded (see [V05, 5.7]), namely, for

all distinct pairs 7. € A, _
0 < (T |t )3 — ()i < 26. (5.4)

Finally, (-| -);“f satisfies the ultrametric inequality (see [V05, 5.12]), i.e., for distinct triples 71, 70, 73 €
A,
(t1|02)" > min {(ﬁlﬁ)?f, <72|73>iff} - 0. (5.5

By (5.4), (-|-)}" also satisfies the ultrametric inequality but with a different constant, 56.

Next we compare Viisild’s Gromov products with ours (see (5.2)). Let 7. € A be a pair of
opposite points and let P = P(t4, 7_). Note that our assumption on largeness of A implies that there
exist uniformly 704-regular sequences (y,’) and (y,) on Y N P such that y; — 7. asn — oo. Let
p € P(t4,7_). Then, the additivity of Finsler distances on 7py0q-cones (cf. [KL18a, Lem. 5.10])
yields, for large n, (y,r|y, ) = 0. By definition,

Onlymde = Oy + % [(de(yyy, x) = dr(yy. p)) + (dr(yy, x) — de(y;. p))] .

and for large n,

[ (dr (v, x) = de(vi, p)) + (de(vy, x) = dr(yy, )] -

B 1
Onlydx = 3
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The limit, as n — oo, of the right side of this equation equals (7, |7_), (cf. (3.2)). Therefore,
(Tl ) < (1) < ()3T (5.6)
Hence, by (5.4) and (5.5), (:|-), satisfies the ultrametric inequality with constant 59, i.e., for distinct
points 71, T, T3 € A,
(t1lm2), 2 min {(11|713),, (12]73)} — 56. (5.7)

This completes the proof of the first part of the theorem.

For the second part, note that the inequality (5.6) implies that dé’x induces the standard topology
on A as the Gromov boundary of (Y, dr) (see [V05, 5.29]). Since, as we noted earlier, this topology
is the same as the subspace topology of the flag-manifold Flag(tyoq), the second claim of the
theorem follows as well. m|

Corollary 5.6 (Conformal metric on Anosov limit set). Let I" be a Toq-Anosov subgroup, x € X.
Then there exists €y > 0 such that for all 0 < € < € and all z € T'x, dg* is a metric on Ay, ,(T).
Moreover, the action I' ~ A, (') is conformal with respect to dé’z.

Proof. Since Anosov subgroups satisfy the Morse property, corollary follows from Theorem 5.5
combined with Lemma 5.4. O

Example 5.7 (Product of rank-one symmetric spaces). We continue with Example 2.4. Let 7 =
(ér5 - - -» &, ) beasimplex in the Tits building of type Tmoa = (71, . - rp)and@ = (1/+/p, ..., 1/+/p) €
Tmod- We compute the horospherical distance, Gromov distance associated with 7,04 and type 6.

Let x = (x1,...,%), ¥y = (V1. .., yx) € X. Then d'"(x, y) = lim;_co dx(€x(t), x) — t, where
(1) is a geodesic ray emanating from y and asymptotic to (7). A direct computation yields

1 & 1 &
dhOI' , — (b ) — b s ) = — dhOI‘ ( o ,..) .
1T (x, y) Nz ;:1 &, (Xr;) = be, (yr;) 7 JE:I B

Hence the Gromov product can be written as
1 &
= — TS V1. = (&5 &) € Flag(tmod)
<T+|T_>X - \/ﬁ Z<§rj|§rj>xrj’ Ty = rye b g mod
j=1
and, finally the Gromov predistance is
P 1
1/+/7, X \7
" @y = | | dy (g;,grj)” . (5.8)
j=1

Example 5.8 (X = SL(k+1,R)/SO(k+1,R)). In this case the computations of Busemann functions
(see [Hat95]) and Gromov products (see [Bey17]) are explicitly known, and therefore, the Gromov
distance can also be computed explicitly. We only give a formula for the Gromov distance in the
special case when Timoq = (1, k) that corresponds to the partial flags {line C hyperplane} of R¥*!.

We continue with the notations from Example 2.5. The unique t-invariant type is 6§ =
(1/2Vk + 1,0, —1/2Vk + 1). After equipping R**! with the inner product induced by the choice of
x € X, the Gromov product (with respect to x = I, the identity matrix) can be written as

(1) | (2 ) = =5 o sin 201, hz) - sim 2, )
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where /(, h) denotes the angle between the line / and the hyperplane /. Thus, the Gromov distance
can be written as

dé/m’ (B )y (I, o)) = sin 21y, ho)? - sin £(b, )3 (5.9)

§6. Shadow lemma

In this section we prove a generalization Sullivan’s shadow lemma in higher rank. The proof we
present here is inspired by that of Albuquerque’s ([A1b99, Thm. 3.3]) who treated the case of
full flag manifold and Quint ([QuiO2b]) who treated general flag-manifolds but only in the case of
regular vectors 6.

Recall the notion of shadow from (1.2). We mainly consider shadows of closed balls (with
respect to the Riemannian metric) of non-zero radii in X from a fixed base point x € X. The
topology generated by these shadows is the topology of flag convergence.

The main result in this section is the following.

Theorem 6.1 (Shadow lemma). Let I' be a nonelementary Tmoq-RA subgroup, x € X, and u a
I'-invariant conformal density of dimension . There exists ry > 0 such that for all r > ry and all
v € I satisfying dr(x, yxo) > r,

C™' exp (—Bdr(x, yx0)) < px(S(x : B(yxo, 1)) < Cexp(=Bdr(x,yx0)),
for some constant C > 1.
Before presenting the proof, we note two consequences of this theorem.

Corollary 6.2. Let I be a nonelementary uniformly tyoq-RA subgroup. Then any conformal density
u does not have conical limit points as atoms.

Proof. Any conical limit point T € A, ,(I') lies in infinitely many shadows S(x, B(yxo,r)) for
sufficiently large r > 0 (depending on 7). If 7 is an atom, then (by Theorem 6.1) the Poincaré series

gh(x,x0) = > exp (~Bdi(x, yx0)) (6.1)
yell
diverges for every § > 0. Hence 6 must be infinite. But this contradicts Proposition 2.3. m|

The second application of Shadow Lemma will be given for the following class of subgroups.

Definition 6.3 (Uniform conicality). A 7y04-RA subgroup is called uniformly conical if for a given
pair of points x, xop € X, there is a constant 7 > 0 such that for each conical limit point 7 € A;_,(I'),
there exists a sequence () on I" flag-converging to 7 satisfying dr (v xo, V(x, st(7))) < r, Vk € N.

We observe that Anosov subgroups satisfy the uniform conicality condition:

Proposition 6.4. Anosov subgroups are uniformly conical.
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Proof. This follows from the fact that the orbit map I' — I'xp C X is a Morse embedding. Let
T € A, ,(I') be any point and ¢ € O.I" be the preimage of v under the boundary map. Let
(vx), Y1 = Ir be a geodesic sequence in I asymptotic to &. Then the sequence (yxxp) is a Morse
quasigeodesic in X that is uniformly close to V(x, st(7)) (by definition of a Morse embedding). O

Corollary 6.5. Let I" be a nonelementary uniformly conical Ty0q-RA subgroup and u be a conformal
density of dimension 3. If the conical limit set A5°" (I') is non-null, then the Poincaré series g’g(x, X0)

mod
(see (6.1)) diverges.

Proof. Writing the elements of I' in a sequence (y,), define Sy = - exp(=Bdr(yaxo, X)).
Convergence of the series (6.1) asserts that limy_,. Sy = 0. Since I' is uniformly conical, there
exists » > O such that forall N € N,

A () ) S(x s Blyaxo, 7).

n>N

Applying Theorem 6.1, we get

Hx(Aryoy (D) < " 1 (S(x 2 B(yaxo, 7)) < const - Sy
n>N

and, the bound above approaches to zero as N — co. Hence we must have u, (A" (I)) =0. O
The proof of Shadow Lemma occupies the rest of the section.

Proof of Theorem 6.1. In this proof, we equip Flag(tnoq) With a Gy-invariant Riemannian metric.
We use the notation L(7) to denote the set of all 7" € Flag(ry0q) Which are not antipodal to 7. The
complement of L(7) in Flag(7yoq) is denoted by C(7). Note that L(7) is closed and hence, compact.
Moreover, if 7,, — 79, then the sequence of sets (L(7;,)) Hausdorff-converges to L(1).

Lemma 6.6. Given € > 0 there exists & > 0 such that, for every 19 € Flag(tmod) and every
T € B(19,0),
Ngja(L(7)) € No(L(70))-

Proof. We equip the set
Y = {L(7) : 7 € Flag(Tmoq)}

with the Hausdorff distance dy. Then, as we noted above, the function f : Flag(tmed) — Y,
T +— L(7), is continuous and, hence, uniformly continuous. Therefore, for every & > 0, there exists
0 > Osuchthat d(r, 79) < 6 implies dy(L(7), L(79)) < £/2, which then implies L(7) C N¢/2(L(7)).
The lemma follows from this. O

Let m = uy (A, ,(I')) denote the total mass of yu,, and [ = sup{u,(7) | T € A, ,(I')}. Since
My is a regular measure and A, () is compact, [ is realized, i.e. if u, has an atomic part, then it
has a largest atom. Moreover, since I is nonelementary, supp(u,) is not singleton. In fact, if 7 is
an atom, then the every point in the orbit I't (which has infinite number of points) is an atom. In
particular, [ < m.

Lemma 6.7. Given | < g < m, there exists an gy > 0 such that for all T € A, (') and all
B € B(Flag(tmod)) contained in Ng,(L(7)), ux(B) < gq.
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Proof. If this were false, then we would get a sequence (B,,) of Borel sets, a sequence (&) positive
numbers converging to zero, and a sequence (7,) on A, ,(I') converging to a point 7y such that for
everyn € N,

B, C Nsn(L(Tn))’ ux(By) > q.

To get a contradiction, we will show that u,(79) > ¢. Let U be an open neighborhood of L(ty).
As L(7) is compact, there exists € > 0 such that N.(L(1p)) € U. Let § > 0 be a number that
corresponds to this € as in Lemma 6.6. Choose n so large such that 7, € B(1),d) and g, < &/2.
By Lemma 6.6, we get N, (L(1,)) C€ Ng(L(70)) and, consequently, B, C U. This shows that every
open set U containing L(7p) has mass u,(U) > g. Therefore, u,(L(19)) = ux(10) = q. O

Lemma 6.8. Given € > 0 there exists r; > 0 such that for all r > ry, the complement of
S(x : B(xg, 1)) in Flag(tmoq) is contained in N (L(7)), for some T € S(xo : {x}).

Proof. Forr > 0 and 1y € Flag(timoq), 7" € C(19), consider
U(to, x0,7) = {7" € Flag(tmoa) | P(70,7") N B(x0,7) # 0}.

This is an analogue of shadows (1.2) as viewed from infinity. It is easy to verify that

| U, x0,7) = C(xo).

r=0

Moreover, for g € G, these shadows from infinity transform as g U1, xo, ) = U(g70, gx0, 7).

If k € K = Gy,, the stabilizer of x¢, then kU (7, xo,7) = U(kTo, x0, 7). Since K is compact, there
exists M > 1 such that the action k ~ Flag(tyoq) is M-Lipschitz for all k € K. Let r; > 0 be such
that U(to, x0,71/2)° € Ng/m(L(10)). Here and below, for A C Flag(tioq), A = Flag(tmod) — A.
Then, for any 7 € Flag(tmod),

U(t, x0,r/2) C Ng(L(7)), Vr >ry. (6.2)

For x € X, let 7 € Flag(tmoq) be a simplex such that x € V(xp,st(r)). Then there exists
a parameterized geodesic ray x; starting from xp, passing through x and asymptotic to some

& e st(r).

Claim. Forallr > 0, S(x : By-(x0)) D U(, xo, 7).

Proof of claim. Pick v € U(t, xo,r) and let Xy € P(t,7’) denote the nearest point projection of
Xxo. In addition to the ray x;, we define another parameterized geodesic ray X;, starting at Xy
and asymptotic to &. Due to the convexity of the Riemannian distance function on X, the distance

dr(x;, X;) monotonically decreases with z. Moreover, the cones V(&;, st(t7”)) are nested as t decreases.
Then,

dr(x0, V(xz,8t(7"))) < dr(x0, V(%:, st(7"))) + dr(x;, X;)
< dr(xq, V(%g,st(t"))) + r < dr(xo, Xo) + r < 2r.

Therefore, 7 € S(x : By (xp)). O

Using (6.2) it follows from the above claim that whenever r > ry, the complement of the shadow
S(x : B(xp,r)) is contained in N (L(7)) for some 7 satisfying x € V(x, st()). O
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Lemma 6.9. For all r > 0 and all T € S(x : B(xo, 7)), |dr(x, x0) — d™"(x, xo)| < 2r.

Proof. We recall that the Finsler distance can alternatively be defined as

de(y,z) = max d™(y,z),

TeFlag(Tmod)

where the maximum above occurs at any point in S(y : {z}) (see [KL18a, Sec. 5.1.2]). Fix some
70 € S(x, {x0}). Then for any 7| € S(x : B(xo, r)),

|dr(x, x0) = d™"(x, x0)| = |bgy(x0) = by, (x0))|
= |bry(x0) — bry (k™ x0)| < dr(x0, k" x0) = dr(kx0, x0),

where k € K, stabilizer of x, is some isometry satisfying 71 = k7p. In the above we chose the
normalizations of the Busemann functions at x.

Let y € V(x,st(r)) N B(xp,r). Then y € V(x, o) for some chamber o in st(r). We identify
V(x, o) with the model Weyl chamber A. Let k; € K suchthatk;x € V(x, o). Then kjxp = da(x, xo)
via the identification above. Moreover, since the map

X > A z+-dax,2)
is 1-Lipschitz (by the triangle inequality for A-distances (1.1)) and da(x, y) = y, we obtain,

dr(y, k1xo) < d(y,xo) <r
and, in particular, d(xo, k1x9) < 2r. O

Using the above lemmata, we now complete the proof of Theorem 6.1. We first fix some
auxiliary quantities. Let g € (I, m) and &y be corresponding constant as given in Lemma 6.7.
Let 6 be a constant given by Lemma 6.6 which corresponds to € = g. By A we denote the
o-neighborhood of A;_ . and let

Tmod
V= U V(x, st(r)) c X.
TEA

Since I is discrete, the elements of I" which send x outside V form a finite set ®. Let
ro = max{ry, dr(x, yxo) | y € @}

where r; is a constant that corresponds to £p/2 as in Lemma 6.8.

For every y € I satisfying dr(x, yxo) > r > ro, we assign an element 7, € S(x : {yxo}) N A
(the intersection is nonempty by above). Using Lemma 6.6, for every such 7, there exists 7o € A
so that

Tmod

Nso/Z(L(Ty)) - Ns()(L(TO))'
By Lemmata 6.7 and 6.8, 1, (S(y~'x : B(xo, 7)) > m — g and by properties of conformal measures,

1x(S(x = B(yxo,7))) = py-1,(S(y~"x : B(xo,1)))
-/ exp (~Ba™(y~\x. ) i, = exp (~Bee(x, y30).
S(y~'x:B(x0.r))

where in the last step we have additionally used Lemma 6.9. This completes the proof. O
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§7. Dimension of a conformal density
In this section, we establish a lower bound for the dimension of a conformal density. For Anosov
subgroups, we prove that the dimension equals the Finsler critical exponent (see Corollary 7.4).

Theorem 7.1. Suppose that T is a nonelementary Tmoq-RA subgroup. Let u be a T'-invariant
conformal density of dimension 8. Then 8 has the following lower bound.:

B = 6 — 6% (7.1)

The proof of this theorem is given at the end of this section. The number 6}, above quantifies
the maximal exponential growth rate of the orbit I'x( in a conical direction. The precise definition
is given below.

Definition 7.2 (Critical exponent in conical directions). Suppose that I" is a 1yy0g-regular subgroup.
For 7 € A, ,(I'), define

Ni(r, ¢, x, x0,7) = card{y € T" | dr(x, yxo) < r, dr(yxo, V(x,st(1))) < c}

and

log N&(r, ¢, x, x, T
Op(I) = sup (lim (limsup g Vi 0 )))

TeA, D) \TF N\ roe r

Note that it is sufficient to take the supremum in the definition of 6;(I") over the conical limit
set A7 (I'). For rank-one symmetric spaces, and, more generally, for opoq-regular subgroups, this
number is zero. Below we see that for 1,0g-Anosov subgroups also, 612(1") = 0. It should be noted
that, however, for general discrete subgroups, 6f; could be co.

Proposition 7.3. Suppose that T is a nonelementary tyoq-Anosov subgroup. Then the function
N(r) = Ng(r, ¢, x, x0, T) grows linearly with r. In particular, 65(T') = 0.

Proof. Without loss of generality, we can assume that x = xp.!! Fixc > 0, 7 € A‘[_’z‘;d(l“) and,
denote the preimage of 7 in d.I" under the boundary homeomorphism d..I' — A, ,(I') by £.

Since T is discrete, we can arrange the elements of {y € I | dr(yxo, V(x,st(7))) < ¢} c T
in a sequence (y,). The sequence x, = y,xy converges conically to 7. Let @ : Z>y — X be the
image (under the orbit map I' — I'x) of a parametrized geodesic ray Zso — I starting at 1 and
asymptotic to . Then « is a Thog-Morse quasiray starting at xo and asymptotic to 7. Hence « is
uniformly close to V(x, st(1)).

We claim that:
Claim. The points x,, lie within a uniformly bounded distance from the image of «.

Proof of claim. Since x, and a(n) are uniformly close to V(xy, st(7)), it is enough to understand the
simpler case when for all n, both a(n), x,, € V(xo, st(7)).

Assuming that the claim fails, we deduce that, after extraction, (x,) diverges away from a.
Since a is a Morse quasiray, a eventually enters each cone V(x,, st(7)), but further and further away
from the tip x, as n grows. However, the separation between two successive points on @ (being a
quasigeodesic) is uniformly bounded. This means that we can find arbitrarily large m’s such that
a(m) is uniformly close to the boundary of a cone V(x,, st(7)) and is arbitrarily far away from its
tip x,,. But this contradicts the 7,0q-regularity of the group I'. O

"Note that the number 6§(I") does not depend on x and xo as we have seen in the case of JF in Sec. 2.
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Since each Tyog-Anosov subgroup I' < G is uniformly 7y,04-regular, we may work with the
Riemannian metric in place of the Finsler metric. Moreover, we may assume that the sequence
(x,,) is sufficiently spaced. Let X, denote the nearest-point projection of x, to the image of @. The
above claim implies that d(x,, X,) is uniformly bounded. Since x,,’s are sufficiently spaced, x,,’s are
also sufficiently spaced which guarantees that dr(X,, xo) > const - n, for all large n, which in turn
implies that dr(x,, xo) > const - n. The proposition follows from this. O

As a corollary of the above results, we obtain that any I'-invariant conformal density must have
dimension g when I is 7,04-Anosov. The Patterson-Sullivan densities constructed in Section 3
also had this dimension.

Corollary 7.4. Suppose that T is a nonelementary tmoq-Anosov subgroup. Let u be a I'-invariant
conformal density of dimension . Then 8 = OF.

Proof. By Corollary 6.5 we know that the Poincaré series gg(x, xp) diverges and, consequently,
B < or. The reverse inequality is obtained in combination of Theorem 7.1 and Proposition 7.3. O

To close this section, we prove Theorem 7.1.

Proof of Theorem 7.1. We fix some r > ry where ry is given by Theorem 6.1. Passing to a finite
index subgroup'? we assume that the orbit points in I'x( are sufficiently spaced, say by 3r. Further,
we also assume that the stabilizer of xq in I is trivial in which case the function N(R) = Ng(R, x, xo)
counts the number of orbit points (in I'xp) within the Finsler r-ball centered at x.

We place a Riemannian ball of radius r at each point in the orbit. In this proof, we reserve the
word ball to specify this type of balls. The spacing between the orbit points ensures that the balls
are pairwise disjoint. Note that the shadows in Flag(7y,0q) (from x) of two distinct balls are disjoint
unless they intersect some common Tye4-cone with tip at x. Also note that, at large distances from
x, the balls do not intersect the boundaries of the 1j,04-cones because of the 1p,q-regularity of the
orbit.

Let ng denote the maximal number of balls in Bgr(x, R) that intersect a particular Tp,04-cone
V(x, st(7)). It follows from the definition of o(I) that

logng

lim sup

R—o0

< 64(I). (7.2)

On the other hand, for each 7 € A,_ ('), the maximal number of balls in Br(x, R) whose shadows
intersect 7 is ng. Therefore,

Nr(R, x, x0)
ng

s(R) < m = total mass of uy, (7.3)

where s(R) is any lower bound for the measures of the shadows of balls in Br(x, R). We note that
the shadow lemma (Theorem 6.1) produces such a positive lower bound'3, namely, we may take
s(R) = const - e R _Then (7.3) yields

m-ng
eﬁR.

Ne(R, x, xp) <
const

Together with (7.2), the above results in (7.1). O

'2This does not change the numbers 6 and Jp..
13We may need to disregard a finite number of balls from the picture.
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§8. Uniqueness of conformal density

Recall that an action of a group H on a measure space (S, o) is said to be ergodic if each H-invariant
measurable set B C S is either null or co-null. In [Sul79], Sullivan proved that for a discrete group
I" of M6bius transformations of the Poincare ball B3, a I'-invariant conformal density u of non-zero
dimension is unique (here and henceforth, by “unique” we mean unique up-to a constant factor)
in the class of all conformal densities of same dimension if and only if the action I' on the limit
set A(T") is ergodic with respect to any u, € u. See also [Nic89, Thm. 4.2.1]. Generalizing this
statement in our setting, we obtain the following result. The proof is essentially same of Sullivan’s
theorem, hence we omit the details.

Theorem 8.1. Suppose that I is a nonelementary Tmoq-RA subgroup. A T-invariant conformal
density u of dimension B > 0 is unique in the class of all I'-invariant conformal densities of
dimension (3 if and only if the action I’ ~ A._ (') is ergodic with respect to any u, € .

It is then natural to ask

Question 8.2. For which Tyod-regular subgroups T, the action I ~ A, (I') is ergodic with
respect to a conformal measure?

In this section we prove that the Anosov property is a sufficient condition:

Theorem 8.3 (Anosov implies ergodic). Suppose that I is a nonelementary tyoq-Anosov subgroup.
Then the actionT" ~ A_ (') is ergodic with respect to any I'-invariant conformal density p.

As a corollary, we obtain that when I is 7,0g-Anosov, then, up to a constant factor, there is
exactly one I'-invariant conformal density, namely, the Patterson-Sullivan density.

Corollary 8.4 (Existence and uniqueness of conformal density). Suppose that I is a nonelementary
Tmod-Anosov subgroup. Then, up to a constant factor, there exists a unique I'-invariant conformal
density u, namely, the Patterson-Sullivan density.

Proof. First of all, by Proposition 3.1, any such density must have a positive dimension. Secondly,
by Corollary 7.4 this dimension equals to the critical exponent d. Then the uniqueness follows
from the combination of Theorems 8.1 and 8.3. O

The proof Theorem 8.3 requires studying the behavior of u near density points: Let Y be a
metrizable topological space and o be a Borel regular measure on Y. A point a € Y is called a
density point of a (measurable) subset B C Y if for every sequence (S,) of measurable sets in ¥

converging to a,

o(SnNB)

lim =1.

n—eo 07 (Sy)
Hence a sequence of subsets (S,) of a topological space Y converges to a point a € Y if for every
neighborhood U of a, there exists N such that for alln > N, S, c U. The set of all density points
of B is denoted by D(B). Note that D(B) need not be a subset of B.
The following theorem is a generalization of the well-known Lebesgue density theorem; we
refer to [Fed69, 2.9.11, 2.9.12] for a proof.
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Theorem 8.5 (Density theorem). For every measurable set B C Y, the set of density points D(B)
is measurable in o. Moreover, c(A — D(A)) = 0.

Now we return to the proof of Theorem 8.3.

Proof of Theorem 8.3. Let u be a I'-invariant conformal density. Note that the dimension S of u
must be positive (by Proposition 3.1 and Corollary 7.4).

Let B be a I'-invariant Borel subset of A, (I'). We need to prove that if B is not a null set,
then it is co-null. From now on, we assume that B is not a null set, i.e. u(B) > 0.

We need the following lemma.

Lemma 8.6. There exists ri > 0 such that for every r > r; and every y € I, the shadow
S(x, B(yxo, r)) intersects A+, ().

Proof. The proof simply follows from the Morse property of the Anosov subgroup I'. O

Let 7 € B be a density point (which exists since B has positive measure, see Theorem 8.5) and
(vnx0) be a sequence conically converging to 7, y,, € I'. Note that the sequence of shadows (S}, ),en
where S, = S(x : B(y,xo,r)), converges to 7. Since 7 is a density point, we have

Jim 0By (8.1)

n—e 1(Sy)

Also, when r is sufficiently large, by Lemma 8.6, the ratios in the above are finite. On the other
hand, I'-invariance of B and u implies that

(S 'x : B r) 0 B) _ (S0 B) _ 1 pya(Su = B)

pe(SO'x B, 1) Hy(Sa) T py(Sy)
[Sn—B exp (—,de.mr()/nx, x)) dpi Hx(Sn — B)
=1- — >1-const: ————=,
fS” exp (—Bdr (y,x, x)) dpix Hx(Sn)
where the inequality follows by Lemma 6.9. Together with (8.1), we get
«(S(y'x s B(xo,r)) N B
lim M (SGr x: Blxo,r)) N B) _ { 82)

n=o 1 (S(yy'x : B(xo, 7))

Note that by Corollary 6.2, u is atom-free. Therefore, for every € > 0 there exists r > ry such
that

1x(S(yy ' x : B(xo,r))) > m — &,

for all large n, where m denotes the total mass of u,. The above follows from the combination of
Lemmata 6.7 and 6.8. Therefore, by (8.2),

pe(B) > lim p (S(y;'x : B(xg,r)) N B) > m — &,
n—>oo

which holds for every € > 0. Hence u,(B) = m. O
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§9. Hausdorff density

In this section, we restrict our attention to Anosov subgroups. Usually, one defines Hausdorff
measures and Hausdorff dimension for metric spaces. In the appendix to this paper we verify that
the theory goes through for premetrics as well. The reader who prefers to work with metrics can
assume that € > 0 is chosen so that d;° defines a metric on A, ,(T') (cf. Corollary 5.6).

For 8 > 0 we let H? denote the B-dimensional Hausdor{f measure on (Agpoa(T), d5°) (defined
with respect to the premetric dé’e as in the appendix). The Hausdorff dimension of a Borel subset
B C A4, ,(I) is then defined as

HA(B) = inf{B | H{(B) = 0} = sup{B | H[(B) = wo}.
Note that if for some 8 > 0, 7—(5(3) € (0, 00), then Hd(B) = .
Proposition 9.1. Suppose that for some 8 > 0
HE (A, o(D)) € (0, ). (9.1)
Let Z = Tx. Then HP = {WZ’B }oez is a Be-dimensional T-invariant conformal Z-density.
Proof. Lety, z € Z. Define a function f : A, (') X A, ,(I') = Ry by

d (11, 1) [d&E (11, 12), T # T
exp (—ed™(y, 7)), T =T =T.

Tmod

fr,m) = {
By a calculation similar to the proof of Proposition 5.4, we obtain

d> (11, 12)
lim 20—~ —ex (—edhor , )
T1,72—T déE(Tl,Tz) P T (y Z)

which shows that f is continuous. For 7 € A, (I') and small n > 0, let U, be a neighborhood of
Tin A, ,(I') such that V11, € U,

a5y (ri,m2) < {exp (~ed™™(v,2)) + n} di (m. ).

Hence the identity map id : (Ar, (). d5%) — (Ag,,(I).d3%) on Uy is Lg-Lipschitz, where
L, = exp (—€d™ (y,z)) + 1. In particular, the map id is locally Lipschitz. Therefore, for any
B € B(U), ‘Hyﬁ(B) < L,f?-{Z’B(B). This also shows that 7—(5 < ‘Hf Taking limit as n — 0, we

obtain
B

Hy hor
e (-Bear(r.2))
and switching the role of y and z in the above we also obtain the reverse inequality. Hence
T oy = (-Bedi"(v,2))
dH? T

which proves conformality. Suppose that y = yz for some y € I'. Then for any B € B(A,, (),
HB) = [ exp(~pedrzn)antl = [ a(yH?) =y o)
B B
and T-invariance also follows. Therefore, H” is a conformal Z-density of dimension Se. O
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Remark. 1. Note that if such a family {ﬂf | z € Z} exists, then it may be extended to a full
conformal density via the correspondence in (3.4).

2. By the uniqueness of conformal density (Theorem 8.4), the number 8 in Proposition 9.1
equals to op/€.

3. In the following we shall see that, indeed, the 6g/e-dimensional Hausdorff measure H fF/ €is
finite and non-null (i.e. it satisfies (9.1)).

Next we show that if 8 = /€, then the S-dimensional Hausdorff measure H’ f satisfies (9.1).
Let us first discuss the simpler case, namely, when the Finsler pseudo-metric dp is a metric. There
is an abundance of examples when this occurs, e.g., in the case when X = G/K is an irreducible
symmetric space.

Let (Y, d) be a proper, geodesic, Gromov hyperbolic metric space and I" be a nonelementary
discrete group of isometries acting properly discontinuously on Y. Let A be the limit set of I
in 05Y. Further, assume that I" is quasiconvex-cocompact, i.e. the quasiconvex hull QCH(A) is
nonempty and the quotient QCH(A)/I" is compact. In [Co093], Coornaert proved the following
result.

Theorem 9.2 ([Co093, Cor. 7.6]). Suppose that the critical exponent 6 of U is finite. Then the
6-dimensional Hausdorff measure on A with respect to a Gromov metric d, is finite and non-null.

To apply this theorem to our case, we need an appropriate setup. In Section 4, we proved that
the orbit Z = I'x is a Gromov hyperbolic space with respect to the Finsler metric (cf. Corollary
4.8) and it is also proper. But Z fails to be geodesic. This problem can be remedied by taking a
uniform neighborhood Y of Z in X such that Z is quasiconvex in Y, and then putting the intrinsic
path-metric d on Y induced by df (this requires positivity of dr), and finally by completing Y in
this metric. Then (Y, d) is proper, geodesic and Gromov hyperbolic. Moreover, (Y, d) and the
isometrically embedded (Z, dr) are Hausdorff-close and, in particular, (Y, d) is quasiisometric to
(Z, dg) by a (1, A)-quasiisometry. This implies that there is a bi-Lipschitz homeomorphism from
0¥ (equipped with the metric d(; defined by d§, (&1, £2) = d5(€1, £2)€ where d; is a Gromov metric
on dY) to (A, (), dé’e). Note that the action I' ~ (Y, d) satisfies all the properties needed to
apply Theorem 9.2. Therefore, by this theorem the 0r/e-dimensional Hausdorff measure on dsY
(and, consequently, also on Ar_ (")) is finite and non-null.

In the general case where the positivity of dr is unknown, the above argument still works after
some modifications. Let us go back to our construction in the above paragraph. Let ¥ be a uniform
Riemannian neighborhood of Z in which Z is Finsler quasiconvex. Define a new I'-invariant metric
dp on Y by

d_F(y’ Z) = max {dF(y’ Z)’ SdR(y’ Z)}’ Vy’ zeY

where & > 0 is some number that is strictly lesser than L~! given in (2.6). Note that for y, z € Z,
if dp(y, z) is sufficiently large, then dg(y, z) = dg(y, z). Moreover, for a given t-invariant compact
subset ® C ost(Tpmoq) and a possibly smaller £ (depending on the choice of ®), any ®-Finsler
geodesic (see Definition 2.1) connecting these two points remains a geodesic in this new metric. In
other words, Z remains quasiconvex in ¥ with respect to dg.

Note that the identity embedding (Z, dr) — (Y, dg) is a (1, A)-quasiisometric embedding for
some large enough A and the image is Hausdorff-close to Y. Therefore, in this case also we get a
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natural identification of the Gromov boundaries of (Z, dr) and (Y, dp). Next, considering intrinsic
metrics, we complete Y as before to get a proper, geodesic, Gromov hyperbolic space (Y, d). The
rest of the argument works as before.

Using Proposition 9.1, we obtain the following result.

Theorem 9.3. Suppose that I is a nonelementary tyoq-Anosov subgroup. If B = Og/€, then the
B-dimensional Hausdorff density HP = {Wf }oery is a T-invariant conformal density of dimension
ogp. In particular, the Hausdorf{f dimension with respect to the metric dé’e satisfies

HA(A (D) = O/e.
Moreover, HP equals to a non-zero multiple of the Patterson-Sullivan density.

We have mostly completed the proof of this theorem. The remaining “moreover” part follows
from the uniqueness of I'-invariant conformal densitiy (Theorem 8.4).

Corollary 9.4. With respect to the Gromov premetric df;, := dé’l the Hausdorff dimension satisfies

Hd(A,,(I) = 6.

§10. Examples

10.1. Product of hyperbolic spaces: Let I';, ['; be isomorphic discrete cocompact subgroups of
PSL(2, R) where the isomorphism is given by ¢ : I’} — I',. Welet f : S' — S! be the equivariant
homeomorphism of ideal boundaries of hyperbolic planes determined by ¢.

The discrete subgroup

['={(y1,¢y1) | y1 € T1} < G = PSL(2,R) x PSL(2,R)

acts on X = H2 x H? as a 0'pog-Anosov subgroup. (This follows, for instance, from the fact that I"
is an URU subgroup of G.) The opog-limit set of I' (in the full flag-manifold S Ix s equals the
graph of the map f.

We denote d; (resp. d») the distance functions of the constant —1 curvature Riemannian metrics
on the first (resp. second) factor of the product H? x H2. Also, we let §; denote the critical exponent
for the action of I'; on the hyperbolic plane, i = 1,2. Since I'; and I'; are cocompact, the limit sets
are S! and, hence 6, = 6, = 1. By [Sul79, Cor. 10], the corresponding orbital counting functions
(w.r.t. a fixed base point) satisfy

Cle" <Ni(r)<Ce, i=12, (10.1)

for some constant C > 1.
We work with the Finsler metric on H? x H? given by

di(x1,y1) + da(x2, y2)
2

de((x1, x2), (y1, y2)) =
(cf. (2.7)4). Note that

min {d;(x, y1), d2(x2, y2)} < dp((x1, x2), (y1,¥2)) < max {di(x1, y1), da(x2,¥2)} .

14We multiply the distance function (2.7), for p = 2, by a factor 1/ V2 in order to avoid unnecessary radical constants.
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Together with (10.1), the above yields
Cle" < N(r) < Ce'.

Therefore, 6 = 1. By Theorem 9.3, the Hausdorft dimension of A, (') (w.r.t. to the Gromov
premetric (5.8), p = 2) equals to 1.
Note that the above argument also works for an arbitrary product H? X - - - X H?.

10.2. Projective Anosov representations: Recall that a representation I' — SL(k + 1,R),
k > 2, is called projective Anosov if it is Tpoq-Anosov for tmoqa = (1, k) (see Examples 1.3,
2.5, and 5.8 for notations). The Finsler critical exponent associated to the t-invariant type
0 = (1/2Vk + 1,0,—1/2Vk + 1) will be denoted by 6.

LetI" — SL(k + 1,R) be a projective Anosov representation. In [GMT19], the authors defined
the following two critical exponents of I', namely, the Hilbert critical exponent

L logcard{y € I' | oy(y) — oy41(y) <7}
O1.k+1 = lim sup

r—00 r

and the simple root critical exponent

1 d{y eT _
515 = lim sup ogcard{y € I | oi(y) — o»(y) < ,,}'

r—oo r

A direct computation yields
Vk + 1OF = 01k+1 < 012/2,

where the left equality follows from the formula for the Finsler metric given by (2.10) and the right
inequality follows from 2(o| — 03) < 0] — 0%+1. Also note that (by (5.9)) for a pair of partial flags

(i, ), (I, h2) € Flag(Timod),
dcl;/m’ * (I ) (I, o)) < sinc2(l, D)

where the right side equals the distance (with respect to the constant curvature Riemannian metric
on RPK determined by x € X) between the lines /1, , in RP*. This together with Theorem 9.3
implies that

S1xs1 = 0pVk + 1 = Hd(Ax,,,(T) < Hdr (&' (9T)) (10.2)

where &' : 9, ' — RP* is the I'-equivariant embedding !5 of d.I" into RP* and Hdg denotes the
Hausdorff dimension with respect to the Riemannian metric. Together with a recently obtained
upper-bound for Hdr(¢'(0.I)) (see [PSW19, Prop. 4.1] or [GMT19, Thm. 4.1]), we obtain the
following result.

Theorem 10.1. Let I' — SL(k + 1, R) be a projective Anosov representation. Then
S1k+1 < Hdr(£'(0el)) < 612

Also compare [GMT19, Cor. 1.2] where the authors obtain identical bounds for the Hausdorff
dimension of the flag limit set equipped with a certain Gromov metric.

15Composition of the I'-equivariant boundary embedding d.,I" — Flag(Tmeq) and the projection map Flag(tiyoq) —
RP¥* = Gri(R¥*1).
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Appendix: Hausdorff measures on premetric spaces

Let X be a metrizable topological space. Recall that an outer measure is a function y : P(X) —
[0, oo] that satisfies

1. w(®)=0,
2. forall A, B € P(X) with A C B, u(A) < u(B), and
3. for all countable collection (A | kK € N) of subsets of X,

JAc| < ) uAn).

keN keN

u

A set A C X is called u-measurable if for every E € P(X), u(A) = wW(AN E) + u(AN E°). By
Carathéodory’s theorem (cf. [Fol99, Thm. 1.11]), u-measurable sets form a o-algebra to which u
restricts as a complete measure.

Assume now that X is compact. The outer measure u is called good if additionally,

4. forall AAB c X withANB =0, u(AUB) = u(A) + u(B).

The next lemma asserts that, for outer measures u on compact metrizable spaces, the o-algebra
of Borel sets is a subalgebra of the o-algebra of u-measurable sets.

Lemma A.1. Let X be a compact metrizable space. If u is a good outer measure on X, then every
Borel set B € B(X) is measurable.

Proof. Let d be a metric on X. Then the condition 4 above implies that
4. forall A, B c X with d(A, B) > 0, u(A U B) = u(A) + u(B).

Therefore, u is a metric outer measure on (X, d). By [Fol99, Prop. 11.16], Borel subsets of X are
measurable. g

Definition A.2 (Premetric space). Let X be a topological space. A symmetric continuous function
d: XxX — [0,c0]is called a premetric on X. A pair (X, d) consisting of a metrizable topological
space X and a premetric d on X is called a premetric space.

In what follows, we consider only positive premetrics, i.e.
dix,y) >0 = x#y, Vx,yeX

Let (X, d) be a compact positive premetric space. Then d satisfies the following separation

property:
d(A,B)>0 < ANB=0, VABcCX. (A.3)

Lete > 0, 8 > 0. For every A C X, define

Wf(A) = i%f {Z diamy(Uy )P "Ll = {Ui | k € N} covers A, mesh(U) < e} )
keN
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In the above, mesh(?{) is the supremum of the d-diameters of the members of U. Then
HE : P(X) = [0, 0]

is an outer measure on X (cf. [Fol99, Prop. 1.10]). Define the S-dimensional Hausdor{f measure
HP by

HE(A) = lim HE(A).
Theorem A.3. The Hausdorff measure HPB is a good outer measure.

Proof. We need to check the properties 1-4 above. Since, for all & > 0, 7—(5 is an outer measure,
taking limit & — 0, properties 1-3 are easily verified. Therefore, we only need to check that H#
satisfies property 4.

Let A,B C X suchthat AN B = (0. By (A.3), d(A,B) = dy > 0. Let & < dj be a positive
number and U be a countable open cover of A U B with mesh(?{) < &. If such open cover does
not exist, then ‘7—(5 (A U B) (and hence, HP(A U B)) is infinity. Otherwise, U can be written as a
disjoint union U4 LI Up where U4 consists of all open sets in U that intersect A and Up consists
of the rest. Clearly, U4 and Up are open covers of A and B, respectively. Therefore,

Z diamy(E)? = Z diamy(E)? + Z diamy(E)? > HP(A) + HE(B).
EeU EeclUx EelUp

Since the above holds for any cover U with mesh < &, we have
HP(A U B) > HE(A) + HE(B).

Taking limit & — 0, we get HP(A U B) > HP(A) + HP(B). The reverse inequality follows from
property 3. Therefore, HA(A U B) = HP(A) + HP(B). This completes the proof. O

By Lemma A.1 and the above theorem, we obtain the following result.
Corollary A.4. Every Borel subset of X is HB-measurable.

The Hausdorff dimension of a Borel subset B C (X, d) is then defined as

Hd(B) = inf{B | HF(B) = 0} = sup{B | H"(B) = co}.
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