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GRIBOV-POMERANCHUK POLES IN SCATTERING AMPLITUDES

Stanley Mahdelstam and. Ling~Lie Wang
Départment of Physics and Lawrence Radiatibn Laboratory-

Universify of California, Berkeley California

ABSTRACT
It.is shown that the argument of Gribov‘ahd‘Pomeranchuk
for the existence of fixed poles in the J-plane at "nonsense" values
of J goes through in the presence of cuts, even though their argu-
ment for an essential singularity then_fails...Such poles have no _
effect onbthe.asymptotic behavior but, in cases where the contri-
bution of the third double~spectral function is large, they will
invalidate both the Schwarz super—convergénce.relations and the
presence of dips in the asymptotic region. A Regge trajectory will
" not choose sense or nonsensé at a pOint where it‘passes-thfough.an

integer of the wrong signatﬁre.» .

¥ Research supported in part by the Atomic Energy Commission and in part by
the Air Force Office of Scientific Résearch, Office of Aerospace Research,
under Grant No. AF;AFOSR—232-66.
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| | i INTRODUCTION
In a well-known paper Grlbov and Pomeranchukl p01nted out that a
- partlal-wave amplltude necessarlly has s1ngular1t1es in the J-plane at
nonsense values of J, i.e., at all negatlve 1ntegral values of J, and at
p051t1ve 1ntegral values satlsfylng the 1nequallty J < max(K At ), where A and
A' are the 1nccm1ng and outg01ng total hellcltles._ They examlned the left-
.hand cut of the partlal-wave amplltude in the s-plane, and showed that it had
a pole as a functlon of J when J assumed a nonsense value. AAsense-nonsense_
matrix element would have 3 one-over-square--root-s;n_gularlty;2 It mignt
therefore be expected that the wholevamplitude'would have a'pele in ﬁhe J-plane.
However, a unitary'amplitnde is bounded for.real £ and J, and it cannot have |
va fixed pole in the J-plane. Gribov and Pomeranchuk showed that the amplltude.
therefore has an accumulatlon of poles about nonsense values of J, or, in
other words, an essentlal singularity. Such 51ngular1t1es only occur at ;nte-
gral values of J of the wrong signature, at'odd integral values of J for even-
signature partial waves'and af eﬁen integral values of J for odd-signature
partial waves;. v‘ | |
: It was subsequently shewn by Mandelstam3 that the aignments of_Gribov
and Pemeranchuk must be modified if cuts are nresent in the J-plane, and that
the essential singulariﬁies do not occur on the physical sheet ef.the J=-plane.
Renewed interest in 51ngular1t1es at nonsense 1ntegers has recently
arlsen as a result of the Schwarzh superconvergence relatlons, which we shall
- menfion—below.. Jones' and 'I‘eplltz5 have suggested that a pole 1s present even
whenAthere are cuts in the J-plane. They gave arguments which made their

suggestion ver& plausible.‘
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In thls note we w:sh to p01nt out that the arguments of Grlbov and

Pomeranchuk for poles (or one-over-square-root s1ngular1tles) at nonsense

integers go through.even in the presence of cuts. We thus confirm the.suggestkn
of_Jonesvand Teplitz,_but'ue belieue our arguments to be,simpler and more
rigorous than theirs. We:shall contrast:our ergument for the pole with-the-
subsequent arguments for the essential singularity, which fails in the presence
of cuts. | _ | |

We begln by reminding the reader that a fixed ?ole'in_the_partial—
wave amplitude'at a nousense value of J with che.wrong signature has no effect‘
on the asymptotic behavior of the amplitude.v We shall not restate the_reasons
for this fact, which have been given several £imes before. In essence the |
full amplitude acquires zeroes both from the factor asscciated with the

nonsense value of J and from the'signature factor, these zeroes cancel the

pole in the amplitude and in the factor l/sinﬂJ. The infinite accumulatioﬁ

of poles around nonsense values of J with the wrong signature does contribute -

‘to the asymptotie behavior.

The absehce of poles in the'scattering amplitude at the values of J
under con31deratlon would place a restrlctlon on the scatterlng amplltude, as
was pointed out by Schwarz. He showed that the superconvergence relations in
the crossed channel would then be valld for the left- and right- hand cut
con31dered‘separately. He attempted to fit such relatlons by truncating at
low values of the energy.and found that the relations were not satisfied, eyen
in cases where:the complets super-convergehcé relations held,

Ancther restriction imposed by the absence of poles at nonsense
values of J with the wrong Signature‘is the existence of "dips" in the

asymptotic behavior. Arbab and Chiu6 have shown that a Regge trajectory does
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not contrlbute to the aSJmptotlc behav1orrof the scetterlng amplltude at a
value- of s where 1t passes through an ;nteger 01 the wrong s1gnature and
chooses»nonsense. They were then able to explain several strlklng minima in
the higﬁ-energy"seattering data.VIWe shaii showrthefvthe resiéue asseeiated |
w1th a Regge tragectory has a pole as a function of s at the point where the
tragectory'passes through an integral value of J-cf the wrong signature. As
| Jones and Teplltz poznted out, it then follows that the contrlbution to the
asymptotic behav1or is not strlctly zero. - We may.st;ll have a mlnlmumzlf.
effectsvdue to'the fhird double-spectral'funcsion are sﬁall.ﬂ- | o

In Sectlon 2 we show that a scatterlng amplltude W1th a third double-
spectral functlon has a pole but not an essentlal s1ngular1ty on the phy51cal
sheet of the J-plane at ‘the integers in questlon. ,Thls sectlon really contains
nothing new; and its reasoning is;implicit in'presioﬁs papers onfessential
singularities and on,cutsvin the J?plane. Neveitheiess,twe>feel it Vorthwhile-
to go through the reasohing, with emphasis on the points under consideration,
in the interests of clarity. In Sectioﬁ 3 we examine the.residues associated
with a Regge‘trajectery'af.a,peint where thé-trajeetory passes through an
iﬁteger of the wrong signature at which nonsense states are-preseﬁt,. We show
thaf the nonsense-nonsénse:elements have poles in s, and the sense-nonsense
elements have one-ovei.square root 51ngular1t1es in s, at such vaelues.
Residues associated w1th all trajectories have a szmllar behavior, and., the
dlstlnctiqn between those which choose sense and those which choose nonsense
no lonéériexists at an integer .of the wrong signature.. In Section U4 we add

a few concluding remarks, with special reference to the significance of "dips."
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| 2.v THE-GR1BOV¥PCMERANCHUK POLE
 We nbw showithaf the discontinuity of a partial-wave amplifude across
the left-hand cut in ﬁhe s-plane has a pole in J at nonsense values of the
wrong signature.;f* A - _ R _j What we
shall give.is nothing‘more than a re-state@ent of the aigumeﬁt of Gribov and
Pomeranchuk, but we éhall emphasize’that it is true. even in the presence of
cuts in the J -plahe. We Shall contx;ast this argument .with the 'argument for
an infinite accumulation of poles on fhe physical sheet of ihe J-plane, which
is invalid in the presence of moving cuts.
The aiscontinuity across the left-hénd cut in the s;plahe can be
' .

expressed as the sum of two terms. ' One is an entire function of J, the other

is given by the formula.

1 : - J | t o\, ANJ | t -
Layn: (s59)] = - ;(—1-2—7;/:145 Atu(s,t){e}\%‘,(l+,;;-§)_(il) ¢>\,_?\,(—‘1- -2-;—2-)3 (2.1)

where A is the third double-spectral function, q the center~of-mass momentum,

tu
and the eix,'s bear the same relation to the Wigner dix,'s‘aé the Legendre
Q;

odd signatdre;j The function eix, has a poie at é nénsense value of J (or a

's do to the PJ’s.' The * sign is positive for even signature, negative for

square root pole for Vaiﬁes of‘J.sgtisfyingilxﬂ g7 < ]Kil'or &iée versa).
Thus aXK’ hés'a pole at a nohsense value;§f J. The»twd terms in the curly
bracket of (2.1) add when J has the wrong'signature.and cancel when J has the
right signature. It follows that the partial-ﬁave amplitude‘has a pole at a
nonsense value. of J with the quﬁg.Signatgré.*ifor:yalues‘of'Si§u£fi¢i§ntly_ g
small in magnitude the third.double-specﬁral functi§n is known exactly, and
the t-integral in (1) does not vanish. If the left~hand cut of an amplitude

. 3
has a pole in J for a range of values of s, it can be shown that the complete
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amplitude‘hgs-such a_pole. 'The remainder of'thé‘lefﬁ—hand éut,énd fhe right;
 hand égt caﬁnb%rgive a,capéélling contribution»except possibiy at igélated
vélués of s. o | o | |
| it ié;now:easy to see'th@t.thefafgﬁment goes‘through éven.iﬁ the
: presence“of cuté@  We begin at d value ¢f vaufficiently far to the right,
where cuts play;ﬁo part. quﬁation (2.1)‘is thén valid. We can now continue'
gnalyticany in'J, and the left-hand side will continue to be given by (2.1),
;which is an analytic»function of J.-béﬁé only way in which such a cbncluéion
could be alteréd would-be for another cut in ﬁhe's-pléne to mdve ontb_thé lefis
"hand cut as J is variéd.»/However, the motiqn of cuts in the sjplané vas :
studied in reference 3, and it was found that.the moving cut d4id not overlap.
the left;hand éut as J was varied fiom a large real value io the first nonsense
integer. | |
Let ué now écntrast_fhié grguméntvﬁiﬁh theAgrgument for én infinite

accumulationlbf poléé. Gribov and'Pomeranchuk argué_thatva unitary scgfteiing
amplitude is bounded when.s and J are real with s above threshold, and that it
can therefore not have a pole at a fixed integral value of J. vThey show thdt‘
the right-hand discontinuify of the amplitude has an infiﬁité aécdmulation of
poles around thé value of J iﬁ question. This aigument of Gribov and Pomeran-
chuk, unlike’ﬁhe original ergument for the first pole, involves the right-hand
cut in thé é-plane. Now the moving cuts in the's-plane’do overlap the right-
hénd cut as the value of J is decreased to the integer in question. The
unitarity eqﬁatibn,in‘the>form Ina=kaa canhot therefore be used if J is .

reél and suffiéiently small, and the argument of Gribov and Pomeranchuk breaks

dovn..
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v.Ouf5oone1usfon'is thus that o scattering anplitude with a third
double-spectral functlon possesses.s1mple poles 2t nonsense values of J with
»the wrong s1gnature, but no accumulat1on of poles.

Hav1ng shown that the scatterlng amplltude has a pole on the first
sheet of the J-plane, we can easmly find 1ts value on the second sheet by
unlterlty.7 When J is equal to the value under conSlderatlon, the fixed
unitafity cut end the moving cut in the J-plene w1ll both lie along the real
axis starting from threshold. The amplitude on the second sheet of the J-
plane will correspond to the amplitude between these'twolcuts in the s-plane;
Now the change of the amplltude across the fixed cut in the J- plane is still

glven by the unltarlty condition -

{l+2ikal(s,J)}{l+2ika2(s)J)) =1 N (2.2)
where the:kinematioal factor k is defined to be positive just above the fixed
right-hand cut on the first sheet, and therefore negative just below the cut
on the first sheet. If we first'consider a negative value of J, where all
states are nonsense states and all matrlx elements of al have a pole, we see
from, (2 2) that

é-"'('s'-,J)-:f-l/eik- g (2.3) -
There is thus no s1ngular1ty at J=n. At-a value of J where sense and nonsense

states are present the matrlx elements involv1ng the nonsense states wzll

have the behav1or (2. 3), while those 1nvolv1ng only sense states w1ll have an = -

arbltrary flnlte value (unless Regge tragectory passes through J~n on the
second sheet'at the value of s under consideration). There is no Gribov-

Pomeranchuk essential singularity on either the first or the second sheet.
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We thus conf:rm the suggestlons of Jones and Teplltz regardlng the behav1or of

a(s,J) on the second sheet._

'f3' SINGULARITIES OF THE REGGE RESIDUE
We now show that the res1due assoc1ated with a Regge traaectory has

+he behavior

. B =~ o o - : , _' (3.'18.)

58 1 . » » |
Bsn z.cg(s_sl--é ;o'y';'i{';-‘ B ..2 '_(3.lb)f
Ban ~ C5(s e R C ST

wnere.sl is the value at whlch the tragectory goes through an 1ntegral value::
of J of the wrong s1gnature.' The subscripts s_and n refer to thevsense and
nonsense channels respectlvely. o | B |

o{u# method will be to examine a case in vhich the third double-’
spectral function is small, so that terms 1nvolv1ng the square of the thlrd
double-spectral function may be neglected. The result will then be a direct |
consequence of those already established. By working wltn an example with a
small third double-spectral‘function we arevable to avoid complications due
to cuts in the angular momentum plane, since dlagrams W1th cuts contaln the

third double spectral functlon at least twice. We can therefore use the

unitarity condition for-non-lntegral J

la(s,T)] = kal(s,J)aQ(s,J) o S (3.2)
vhere the_subscripts 1 andvzsrefer to the first and secondASheets in the s-
plane. If we were working to second order in the third double-spectral function

we would not be able to use Eq. (3.2).

To first order in the third double-spectral functlon, we may write
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v.(3.3)f

( )

The factor a

(3.4)

o Slnce there 1s no thlrd double-spectral functlon 1nvolved 1n ﬁ(o), the elements

iiw1ll have one of the two behav1ors. | ‘,?f:{i ‘ |
i §§)r 1 Bﬁﬁ’ v <s ,s B <°’ , <s-s> Gow)

" The quantlty a(l (s,J) will have no pole at J = a(s), since we are on the

:'second sheet 1n the s-plane, but 1t w1ll have the behav1or

3nn

:('The superscrlpt avlndlcates that we are. examinlng the flrst term of (3 3)
Equatlons (3 8a) and (3 8b) correspond to (3 5a) and (3 5b) respectively.

Since the amplitude a(s,J) on the second sheet in the ‘s-plane has no pole at
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J =a(s), we can conclude from (3.7) that the amplitude a(s,J) oh the f;rst
sheet has a pole at J a(s) whose res1due B has the behav1or (3 8)
Flnally we can cons1der the second term of (3 3).. The reasoning
Just glven shows that the farst factor a( )(S,J) will have a pole at j = a(s),

and the residue of the pole will behave as 1nd1cated in (3 8). ?The second .

factor a( )(s J) will have the behavior
' i
2

NORNE ggg vopems)® e e (39)
We then find that B(l ) behaves like 5(la) By use'of the factorization
theorem, we then see that B,, must have a pole at s=s; in higher orders. The
alternative that Bgg has such a pole is excluded by the reasoning of reference
3, which shows that there are no fixed powers in the asymptotic behavior. The
factorization theorem is valid in the presence of cuts, as may Be shown by
‘analytic contlnuatlon from high values of J.

We can easily see,by reductio ad absurdum that the singularities

‘contributed to B by the two terms in (3.3) cannot cancel againsg one another;
For, if we assume a canéellation, we conclude fhat’the 6'correaépnding to the
first factor in the second term of (3.3) is fﬂnltefg—n.b The seéond factor |
agaln behaves as in (3 9) Thus the second term of (3.3) gives a cqnfribution'
to B which is flnite at J=n, and the singularity of the.firstrtermvcannot be
cancelled. |

We have no proof that the singularity of the Regge residue does not
cancel througﬁ some méchanism as &et unknown."However,vin the aisence of such
an unknown mechanism the B's would be expected to behave as has been indicated
- above, and we have no reason to believe that a cancellation ex1sts.

It should be emphas1zed that multiple poles of the sca;terlng ampli-
tude do not occur at the values of J under consideration when higher-order

¢

" terms in the third double-spectral function are taken into account. (We are
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assuming that no elementary particies are present.) This folibws from the
reasoning of Ref. 3, where it is shown that the correéponding terms in the
aéymptotic behavior are absent. It is important to mentiqn_this point, since
one familiar mechanism for the cancellation of a pole»is the occurrence of
muitiple poles in higher terms of a perturbation series. 1In such a case the
pole may move from its original position when the series is summed. Such a
mechanism does not occur in our example.

We thus conclude that Bsn has é one-over-square-root singularity,

and Bnn a pole, at a value of s where a trajectory pasées through an integer

(0)

of the wrong signature. The residues 6(1) hgve such a behavior whethgr B
has the behavior (3.5a) or (3.5b), so that there is no precise distinction
between trajectories which choose sense and those which choose nonsense at an
integer of the wrong signaturé.' There may stili be an approximate distinction
if effecté aue to the third double-spectral function are small.

Another point worth mentioning is that the Pomeranchuk trajectory
now does contribute to forward Compton scattering and forward photo-production
of transverse vector mesons. It had been.pointed out by Mur8'and by Abarbanel
and Nussinov9 that oﬁly nonéénse states contributed to these processes, so
that the nonsense wrong-signature dip reduced the contribution to zero.
According to the reasoning of this section, the contribution is no longer zero,
“and the difficuities pointed out by Mur no longer exist, even if cuts in the

J-plane are neglected.

4, CONCLUDING REMARKS

We first observe that the scattering amplitude does not have any

effective singularities at integral values of J of the wrong signature with
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'honsense chanhelé. We could redeflne the scatuer ing amplltude w1th ac extre
'factor (J-n) -3 in a sense-nonsense element and & factor (J-n) ‘in g nOnsense-:‘
nonsense-element. Such an amplltude would normally be f1n1te at J—n. A-zero -
in the amplltude would correspond to a restrlctlon, a pole to an observable
term in the asymptotlc behav1or. | | | |

One must now re-examine the 51gn1f1cance of the experlmental "dips"
| in the asymptotlc tehav1or of scatterlng amplltudes at momentum transfers where
the Regge trajectory passes through an 1nteger of the wrong 51gnature. In the
presence of a thlrd double-spectral functlon the term in the asymptotlc ' :
behavior as5001ated with a particular Regge pole w1ll no longer contaln & zero )
at such a point. . Nevertheless, if the effects of the third double-spectral
functlon are not too large w§l§§§§% §§§1§°§x§2§tf§°§1§h$i¥§125\19 qcest%gg.
contrlbutlon of the third double-spectral functlonvls large,'one would‘e#pect i,
the cuts in the J-plane to give appreciable coctribctions; atd one wocld not »
expect the scatterlng amolltude to have a Regge asymptotlc behav1or. Oﬁe
might therefore conclude that dips should stlll e present 1n an amplltude
vhich has a Regge asymptotlc behav1or. One would probably expect dlps in some?
channels and not in others, but, if they occur -in a number of cases at the .
expected values, one would be Justifled in explalnlng them in the usual way.
The gross failure of the Schwarz super-convergence relatlon, whlle 1t may well
- be due to truncation at too low ‘a value, should be taken as a warning against
a consistent neglect of effects of the third docble-spectral function.

We ehould.like to aCknowledge”etimﬁleting correspondehce'with Je

Schwarz, as well .as discussions with G. F. Chew, J. Finkelstein, and C. I. Tan.
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