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ABSTRACT
The m‘athei‘nétiéai rh’odél_ here presented of steaciy-state iron
kinetics in. tHe human exélicitly displays the influence of the maturative
aﬁd proliferative behavior of erythrons (erythrocytes or their precursory

cells). Based on a compartmented iron kinetics scheme, the model is in

‘the form of a system of linear integrodifferential equations and describes

the distribution of administered radioactive tracer as a function of time.

Erythron behavior is characterized by three functions specifying iron up-

take, proliferation, and survival., Simulative uses of the model are dis- '

cussed and il'lustrated.-by an vexample.
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INTRODUCTION
This paper presents a mathematical formulation of steady-state

iron kinetics of the human blood and blood-forming system. The formu-

~ lation or model describes the distribution in the body of administered

tracer iron (Fesg) so as to make evident the influence of maturation and’
préliferation of erythrocytes and their precu;'sors, the erythropoietic
ceils, For both types of-vcel‘l..ls we use the collective term erythron,

| A central role in iron metabolism and iron kinetics is played
by thes‘c erythrons, but ecarlier mathematical models of iron kinetics ig-
nore their detailed behavior (Huff and Judd, 1956; Pollycove and Mortimer,
1961; Sharney et al,, 1963). A more recent paper (Gafby et al,, 1963) |
provides for very restricted consideration of the erythron., My model de-
scribed here explicitly reflects the essential details of erythron matﬁra-
tive and proliferative behavior, The result is not only a desc‘ription of
iron kinetics that is more accurate than previous ones, but is a unified
description as well, one which offers the opportunity forvinvestigatic‘)n of

the behavior of erythron itéelf. We have presented a si)ecial case of the

" new model, chosen and modified for use with certain rddioiron tracer

procedures (Nooney, 1965, referred to in the following as IK), and we

have inaicated the use of simulative computations in con'nection.. with both
the special case and the general model; the general model and its special- '
izations are parts of a more extensive theory of age-dependent cellular
pr.ocesses, also applicable, for instance, to neutrophilkinetics (Nooney,
1964), |

In the paper presented here, we establish the general iron-kinetics

model as a system of integrodifferential equations' based on a compart-
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m.en~te_d iron-kinetics system. This model isv compatible with all ob-
served erythropoietic and hemolytic mechanisms, as well as with most‘
plausible conjectured mechanisms. The generality, acéuracy of repre--
sentation, and novelty 6f the model are provided by allowing the erythron
to influence intercompartmen‘tal transfers explicitly and naturally.

We discuss applicatio.n of the model and illustrate its use in an

- example,

DEFINITIONS AND ASSUMPTIONS

This sectibn departs but élightly .f:rom the corresponding parts of
IK, whe:re more detail is provided., In accordance with pfeviéus‘ models
(especially thét of Pollycove and Mo-ftimer, 1961), w.e assign i.‘ron in the
.bloodvsystem tg éix mu’;ﬁally exclusive compartments. For convenience
in reference, we shali use the term erythrocyte for both circuiating
reticulocytés and érythrocytcs,f reserving the .term .erythropovietié cells
for the erythropoietic cells of the marrow, .'The six compartments are
(1) iron in circulating-erythrocy"te's, ' (ii)'iron_'ir; pia’sma, ) (iii). iron in‘non-
circulating erythropoietic cells, (iv) ‘bone -marrow iro;l, (v)iron in sforage
as fe_rfitin,v and (Qi) ivrvon‘ in storage as hemovsideri.n‘. The bone'—.marrOW'

iron, which cohstitutés ;'the labile marrow pool introduced by ‘Pollycove and

Mortimer (1956), may include iron compounds on the exterior membranes -

of erythropoietic cells or the ferritin of certain observ-ed,reticulaxf cells
(Bessis and Breton‘-Gorius, 195;1); The "ferr.i‘tin'and hemosiderin s'tofage :
may be considered as short- and long;tefm storage, or as labile an_d‘
reserve storage, respectivély, according to evidence éres.ented By Polly -
cove and Mortimer (1961). The defini_tioxj_ of these six compartments may

be mad.e unique by defining them maximally and in the order given. We
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shall ignore other iron m the body, reaardmg the six compartmcnts as’

bemg a closed sys em W1th regard to tracer, except for the 1ntroduct1on o

of tracer.

The followmg transfers betWeen compartments are permztted 'As_'
we shall see, some of these transfers may be omltted accordmg to. the

demands of 1nd1v1dua1 phy51ology or preJudlce Erythro,ns ,may- enter 'the'_'

C1rcu1at10n wrth thelr iron.. Upon the destruct1on of an erythrocyte or of
an erythropo1et1c cell, its 1ron may go 1nto ferr1t1n stora.ge _ plasma .or'l'
bone marrow, Iron in bone marrow may go 1nto plasma or erythropo1et1c

cells, 1r0n m plasma may go into ferrltm storage erythrocytes or ‘bone N

marrow, Iron m ferr1tm storage may go 1nto plasma or hemos1der1n '
storage iron in hem031der1n storage may go only into ferntm storage

Our system has the form shown in F1g 1, where the arrows denote di-

" rected transfers, The number below each compartment wxll be used to

“identify that compartment.

‘ We shall assume t‘he"sy'stem to be:’in a steady state, by which is
meant that the amount of iron in each compartment and th‘e rate of each
transfer are constant Smce we later mtroduce a probability dlstnbutlon
a more precise and correct statement of the steady state assumptmn is:
that the expected amount of 1ron,v,1n each compartment and the expected
rate of e'ach transfer r.emain ¢5ﬁs£aﬁt_. vNo’te_" that this cloes not excltide
certain disease states, .'l‘heﬂrequirements for and the implications of the
steady-state assumption have _be_en discussed elsewhere _(Sharney et al,,»”.
1963, and Sheppard,v 1962_)..

Let us measure the age of an"erythron from the time its earlle-st
progenitor began. iron accnmulation,‘ and let us assume for each steady

state that the pertinent erythron behavior depends on age alone. Define
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‘P(s) to be the p'.r’o‘babi’ltvty‘of'surviyal to age s‘ of an erythron and 1ts
_ descendents along a part1cular branch of the1r genealogmal tree. Thus
~1f an erythron has d1V1ded only once before age 5, P(s) is the probablhty ‘.
of survwal to ag‘e s of each daughter. Defme q(s) to be the number of

_ erythrons of age s if no erythron death were to occur defme r(s) to be

the rate of iron acqu1s1t10n by an erythron of age s. We allo_w T to as-

- sume negatwe values.to -account for concewable 1ron'loss, but r is not

to account for loss by m1tosxs, in wh1ch iron content is approx1mate1y

‘halved. 'I‘huis_,- r. descr1bes the iron uptake of each erythron except at the,-:

_instant of divismn We set R(s) = q(s) r(s) We further assume that ery-".‘

throns pass mto the cuculatmn at the fixed age T
| Suppose admm1strat1on of Fe59
We assume inje'ction of isotope to occur instantaneously 'at t= 0 'but our -

con51derat1ons are not restncted to. th1s mode of 1sotope adm1n1strat1on

| "Of course, the underlylng steady state of the system is assumed undls-

turbed by the add1t1on of 1sotope. Denote 'by I. the constant amount of

iron in compartment Je Denote by X. ( ) the amount of radloactlve 1ron in
”,compartment i at time t by X, (t) the der1vat1ve of X, (t) with respect to
“t, and by x (t) that portlon of X. (t) due to transfer from compartment

'i to compartment j. Some of these symbols w111 be used also to denote _

e:;pected values’ of the correspondmg quantltles w1th respect to the prob-- -

: ab111ty -functmn' P.‘ - We assume. six oi' the tra‘nsfers'to be- of f1'rst o'rder on

‘the basis of chemical and tracer k1net1cs That is, we assume the exist-

ence of constants .'kij such that
Xq, () = kyp x4l0), 5, 4(8) = kg xg(t),
%40 =k X (t), &g () = kg xg(t),
F,s0 Skgs X0, g (8 = kg xg),

into. plas_ma is begun’ attime t=0. o |
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Note that these transfers are physiologically independent of erythron be-

havior.

A prime requirement l’or_ the validity of the assumed fir'st—orde'r;‘.‘ :
relations is the.homogeneity of tracer iron relative to _total iron in each
compartment appearing on the right sides of those relations. . This re-
quirement is probably satisfied for compartments 1 and 2, but its satls-
faction may be doubtful for the storage compartments 5 and 6. Thus the
foregomg first- orcer transfers from storage compartments must be re-
garded only as approximations to the true form of those transfers, More
precise formulations ot these 'transfers‘mUSt take into.ac‘count the speci-
fic mechanisms of stor‘lagevand ‘r.etriev_al .and will depend on the history. a.s

well as the amount of stored material, Since our present concern is with

~ the influence of the details of erythron behavior on iron kinetics, we shall

postpone consideration of storage details,

Some further comments are nec'essary relative to the ferritin ‘and

hemos1der1n compartments and the1r transfers We shall treat those

' compartments as lab1le and reserve st-orage respectlvely, although such )

correspondence has not been rlgorously estabhshed It is nat-ural then to_

requxre 'that reserve iron pass through‘the ‘lablle ista’ge before further' par-

t1C1pat10n in the system - That hemosxderm is- physmlogmally assomated

‘with ferr1t1n and the iron of ferr1t1n is more readlly avallable for the syn—

-thes1s of hemoglobm (Bell et al. , 1961) supports such treatment Our _

use of the ferr1t1n hemos1der1n nomenclature is an attempt to spec1fy the
composxtxon of the storagc compartments Wthh otherW1se are identified

only fu_nctxonally, The cons1derat1ons that follow are not mfluenced by

‘that nomenclature,
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DERIVATiON OF THE EQUATIONS
The steady-stéte condition implies that there is transferred to
each compartment a constant fraction of the iron made available through
the death of erythrons.( Thus, there are constants a; and B all between
zero and unity, suéh that
% ()= °i[*3, MRAE S ULESY (],

)‘c4, i(t)f pi [>E4, 1(t)-l» >':4, Z(t) + >';4’ 5(t:)] , for i= 1, 2, 5.

;t follows, of course, that a, ta,t ag = Byt B?_ + ;35 = 1,
At any time, the rate of transfer of iron from compartment 2 to

erythropoietic cells in compartment 3 is

T

k23('r)-=-f ~ P(s) R(s) ds.
s=0
Therefore
. k23(T)
2
- Similarly, v
| K, (T)
%y, 4(0) = = — (0,
where
k14(T) = f P(s) R(s) ds.
s=T

An erythropoietic cell in compartment 3 reaching age u at time.

t was age s at time t - u+ s, Therefore, if no death were to occur,

’tl-_.lc amount of radioactive iron in all such cells of age u at time t would

be
u

Cz(u,t) =L f R(s) x,(t -u+‘s.) ds.

I.
2 s=0
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Taking into _accbunt the probability of death, erv’@rit_e -

X3’4(t) = P(T) C,(T, t),
"_’.‘3,5 (t) = -ai‘f C,(u, t) dP(u), . for i=1,2,5

u=0
An erythrocyte of age 'u af tim¢ t enfer'éd the circulation at t;irh_e t- u+ T
and was age s at; tirﬁe t ~u+s*. '.Therefore, if no death of érythrocytes. K
were to occuf, the amouht_ of radio;'a,ctivc ironin all erythroéytes of age u
at time t would be CZ(T' t-u+T) + Ci(u, t), where the term
| u

1

I R(s) xi(t-u+s) ds

C,(u,t) =
. s=T -

represents radioactive-iron acquisition in the circulation, Again, taking

into account the probability of death, we write -

>'c t) = -p J t t- u+T) + C (u t)]dP(u), for i=1,2, 5.

~ We have now furnished expressmns for all nonzero transfer components, .

For initial injeétion of Fe59 into plasma, the sought system of

integrodifferential equations is
xi(t) = Zx,},l(t) - in.J(t)’ . “for "1:.]‘=1; 2:”':6- (1)
] j R |
Due to the conservation bf'isd_topé, thesek equations contain o_nlf five inde-

pendent X;. For example, the fifst'of these eqhatiohs is
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ii(t) = -l Ky g+ Ry TV, () + K, 6, (8) + gy %, (1),

a T u : o
- _1_1 J R(s) x,(t-u+s) ds dP(u) | (2)
2 u=0 s=0 »
By ™ & ' |
- j f R(s) xz(t-u+s) ds dP(u)
2 u=T s=0 -
5 o u t .
'._I_}_ j ' j R(s) x1(t-u"+s)‘ds dP(u).
1 u=T s=T

Since these equations‘ are linear iﬁ the X,, We may assume the normalized
initial conditions xi(O) = 1, x.l(O) =0, where 1 =2,3,-° 6.

If another mode of isotope introduction is used (e. g., infusion),
with the rate of introduction given by f(t), then we must add f(t) to the -
rigﬁt-hand side of the equation for ;{i aind' change the corresponding initial

condition_'to x'i(O) = 0.

DISCUSSION

Equations (1) uniquely define functions X if the rate parameters
and erythron-behavior».functions are given and physiologically accveptable‘-
(fi"pite erythrocyte life s;;an and piece wise continuous ‘R and P, for |
instéﬁce). The proof may be madé as a slight extension of the classical
Picard-Lin.delgff proof for ordinary differential equations; that proof
shows that the solution' of equations (1) may be obtained by successive
approximations or by stepwise integration (Bieberbach, 1926). Thus, these
equations may be used in the simulating 6f iron kinetics ox;, v;/hat is per-:‘
haps molre important, in the testing of conjectures about erythron behaQiof. :
The conjectures must specify the erythron-behavior functions used in the
quel, but some parameters might be deterrﬁined in the usuai way, . by
fitting the moael to experimental data, In a previous paper (IK) we h‘ave

described a method for the calculation of the erythron-behavior functions



e A

R

9o - -, ' UCRL- 16406 Rev
frOm such da_ta. The present model venfles the. calculatxon by allowmg |
i‘epro‘ducti_von of the data if the calculated erythr,on behav;oz_- ftmctzons azfe '
_cérfc_ct. | | - | N o

Extensions of the model are immediately obvious, 'Fo»r.-,in_stanCe','

facquisi'tion of iron from plasrﬁa by noncirculatiﬁg‘ erythio’ns could be ac-- . :

commodatcd by d(.unmg, an ‘extra iron- uptake functxon The restriction to

-a f1xcd crythron maturatmn tlme could be rela\ed by mtroducmg a sto-

dﬁastlc maturatxon time; th1s would reqmre replacement of all expressmns .

1nv‘oly1ng- T by t_:_hen: expected values,, and would requxre also as a ref-

‘cfec has obse’r-\ied ' the extension ef our steady-state'assumptmn to 1mply

steady expected state of the system w1th respect to thxs add1t1ona1 stochast1c-

'v_arxable. Such extens_lqns compl‘lcate but do not prohlblt calculatmn and

simulation with the model.

Fot those who w1th the author, are unsatlsﬁed w1th >storage par—
ticipation .m th1s model an alternatwe approach is ava11ab1e The func-
tion _x1 has been measured for many sub_]ects w1th various hematolog1ca1
d_iso‘-rders (e. g. , Pollycove and Mortimer, 19_56, _1961; _Sharney, et al., ,
1963 Gevirtz et al,, ‘196'5). If aci' is taken as _knewn ffom. these measvure'.- 3
ments, then a review of equations (1) reveals that the explicit appearance
of Xg and X, may be su.ppre»ssed' aqd that vattention may be confined to
X0 Xy, Xy and the known Xy 'Sucl.u_ a procedure reduces the dimensions
of the problem from 5 to 3.

- EXAMPLE
Equations {1) have been implemented by a general and efficient |

computing machine program, SBLOOD, written by Thomas Mahan (1966)

- of the Lawrence Radiation Laboratory, The results giveh in the following
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example were obtained with that program. '

To illustrate application of the model, we have used equations (1) ': .
to calculate some effects of differences in severity and timing of intra-
medullary hemolysis, For this purpose we chose a system with kiS =0,
ay = 1, and for s >T, R(s) = 0 and P(s) = coﬁstant, so that storage plays
no role in isotope distribution, all isotope released by intramedullary
hemolysivs“_ivs transferred to plasma, and erythrocytes neither acquire iso-
toﬁe nor ;elease it by death in the time period cons;ideredv. We set T =5
(:"days), a plausible maturation period (Harris, 1963), and specified

K,,=9.21, k,,= 0.431 (days™ ), and I

12° 21 2

z:;pparently hematologically acceptable, are mean values for 13 normal sx;b've?

= 84.9 (mg ). The last three values,

: jeéts as obtained by Pollycove and Mortimer (1961). The mean daily de-

livery of 21.4 mg of iron to compartment 4 was taken from the same source,
The iron uptake rate R was taken as linearly decreasing to zero at 5 days
and was adjusted for each hemolytic situation to yield that same daily de-
li';/ery. The foﬁr cases considered were then distinguished by the foll-owix_xg
hemolytic behavior: a 10 percent (case I) gnd a 50 percent ‘(ca‘se II) hemol-.
ysis of erythropoietic cells midway in their maturation period, é.nd a 10
percent (case III) and:a 50 percent _(éase vy hemoly;is of erythropoietic

cells at the end of their maturation period, More precisely, P(s) was

specified as continuous and composed of three linear segments for each case:

.
_ 1 - s <25

Case 1. P(s) = JL 0.9 s>2.6 |

" Case lI. P(s) = { (1) ; : ;;Z :
Case III. P(s) = { (1)9 Z:‘;“’
Case IV, P(s) = { 3 5 : :‘;.9
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It should be emphasized that none of the values used is known to be phys- '

iologically correct, Iﬁdeed,’ some were obtained with models that we

. have implied are faulty. We use these values only in an illustrative

‘sense,

The calculated proportion in plasma of injected isotope as a func-

‘tion of time after injection is displayed for each case in Fig, 2 or Fig. 3.

The most striking feature of the curves shown is the obvious departure
from convexity (the appearance of bumps).in' Fig. 3. Gevirtz and
co-workers (196 5 showed that such aberrations occur in the plasma curves ‘
of nofmal subjects; they attributed this to ineffective erythropoiesis and
hemélysi‘s.. Our sirriple example .suggesfs that if this phenomenon is due
to the hemolysis of erythropoietic cells, then_that hemolysis probably oc-
curs late in the maturation period, A comparison‘ of Fig, 3 with the data

of Gevirtz further suggests that such hemolysis results in the death of

10 to 50 percent of the erythropoietic cells that would otherwise reach

maturation,

The author acknowledges the aid of H, S. Winchell for providing

hematological background, -
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FIGURE CAPTIONS

Fig. 1. Iron compartmentation and transfers.

Fig. 2. Proportion of isotope in plasma; hemolysis of 10% and 50% at
erythron age 2.5 days. |

Fig. 3. Proportion of isotope in plasma; hemolysis 0f'10% and 50%at .

erythron age 4.9 days,
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