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COUPLED CHANNEL ALPHA DECAY RATE THEORY APPLIED TO Po
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University of California
Berkeley, {alifornia
and

tK. Harada

Japan Atomic Energy Ressarch Institute
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Abstract

A new appllcatlon of the coupled channel formalism is maie for the

212
case. of the alpha decay of the hlgh spin, J=18+ state of Po to the ground

203

-state and various exc1ted states of Pb. In the first part of this paper

Sec. we app]y the mlCFOuLOplL or "shell model" rate theory neglecting
) - g 5

: bcoupling. It.is found that-the theory underestimates both the ekperimental,
: 3 e 20 \ '
-l% alphe branch to the 3-, _first excited state of 8Pb and the 2% branch to

_the se cond 5- state, for connection radlus, R=9 “m Ch01ce of a small R.

of'7.5 Fm results in a satlsfactory agreement for the branchlng;tovtheVB-_-

’state'but leaves a discrepancy of over an order of magnitude for the brancn

to the 5- state.
In ‘the second part of ubls paper (Secs. 3,&,5}, we SOIVe_thegfadial

Schrfdinger equations for L=18 and L=15 waves coupled by the collective octu-

]

effect on over-all burriar penshrability, but that coupling does not help much

o
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in removing the underestimste of the 3- intensi

the
paraneters wve used. It is suggested that neglected octupole core polarization
in parent nuclear wave functions may be responzivle for the remaining dis-

crepancy .

"Present address: Lawrence Radiation Laboratory, Livermofe, California
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‘1. Introduction
e : L | 1
In the first part.of the paper we apply shell model rate theory ~)
CL . i . 212m g
and simple barrier penetrability calculations to Po. 1In the second part
ve consider the effects of collective octupole coupling between different
channels in the alpha decay.

MacroScopic theory in lts ordinary form of a particle in a'potential
well yields alpha decay rates roughly'propdrtional to a Coulomb barrier
penetration factor arising from the solution of a separate Schrédinger

T ‘ N L _ . .. 2
equation for each alpha group of given I value. Preston early considered ©)
the effects of considering the coupling arising from the electromagnetic field

sociated with transilions between various states of the daughter nucleus,

" these considerations led to sets of coupled second order linear differential

.equations.

The Couollng effects have been btuuled ;xtenﬂlvelj for the rotationel
states of deformed nuclei, vhere such effects are’predominantly due to the
»large collectivé Eé tranéition strengths‘andvthe small energy differences

A\

he magnitude of the coupling terms for alpha particle outside the

range of nuclear forces is uniquely related to the reduced electric transi-

tion pfdbabllltj between the states in question (cf. eq. (6.3) of ref. 3).

It is'well known that one-body alpha decay theory, even when augnente

by the treatment of interchannel coupling, is inadequate to explain even the

‘relative intensities of elpha dPLQJ to VerOus excited states oL daughter

4]
U |

L. ' . o .
nuclei ). . The "microscopic' or shell model theorstical zpproach of Mﬂng b
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in-calculzting alpha relative intensities in
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~and in spheroidal nuclei , taking sucn,coupllqv into aCﬂonnt b» Froman's

matrix method 7). It ié necessary oo ;gecifv a nucleér su?facé,'characterizei
by a radiué RO’ Qhere the alpha wavé functicn'df'tﬁé inner région joins that
..of the outer. Foftunatély;_relatife:ratés of the theory dppéar usually not
’séhsiﬁive to_the‘exact choice of RO. | |
2. Alpba Rate Tneorj Neglecting Channel Coupling
We study here a case in the reglon of SanFlcal nuclei where the'
shéll~modél theoretical'method without intewvnﬂnnel COupllnc has dlIflculty
with the relative alphu lntpnthLEQ and where the results appear‘sensitive
to the choice'of_RO. This case is the remarkable super—high?spin‘isqhervof
Po, which ve now believe to be spin 18, even parity, on'thg basis of recent
sheLl model caiéulétioné v);
AThé experiﬁental;alpha aecay energies and-ipﬁénsiﬁiés'Q for ngo_
-arébéamﬁarized>in“Fig.Vl,
'This aipha émitter isvgnusﬁal invthat the angular momentum‘valﬁes in’
the alpha deca/ are so hlgh "Suppose we_také the following"alpha-nuclear

vpotpntlal Wzlca is the real cart of a potentwa] used for optlcal model IL

of alppa elastic'scattering angular dlstrluutlona:f'

e e = S o et e e £ AP A ey e
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witii V. = 35.0 MeV, R, = 1.17 Fm, a = 2.17 P, and d = 0.575 Fm. The result-

0 o
ing effective potentials in the radial wave equatibn for various alpha partial
vaves afe plotted ianig. 2. The alpha deca& energy of 212-m'Po'is 11.65 MeV,
‘and we see that we afe confronted with the unusualﬁsituation'of thé absence
of an inner classical turhing'ﬁoint"for the L = lS‘paftial wafel becavse the
,innér minimﬁmvpotential enérgy.is'more:than 27IMéV7 The: same is true of.the
v lower encrby groupf 'ovthe‘ﬁ- and 5—'excited stutes. |
Tne alpha decay bqrrlcr w1dth and heﬁcc haxxlezipenttlablllty és
ﬂcalculated-using realistlcvoptlcal potentlals, is curiously undefined. To
 be sure,.if'wg.used a Woodsfsaxon:nqciear potehtial yith well debth:VO;exceed;v
ing 50 MeV,.ﬁhe inner.turning-ppints would reappesar, bgt_thé arbitrariness of
the prpblem femains;:"Optical mode} gpalyéés for alpha scattering have been
 unable to.detefmihe vér& weil the botentiailiﬁ the nuclear interior, because
alpha partlcles have-quuh short mean free- path 1nrnucl°al matter that alpha
‘scattexlnb doas not sample the nuclear 1nterlox but only the surface reg*on
Durlng txg flnal stage of wrltlng this paper thL thorougn alpha
optical model analy31s of Mc Fadden‘and Satchler wgs publlshed 1O).  Thelfy
work favors very deep potentidls of thevbrder of 200 Mev; and would have uged
tneir pote ntials if we nad knoun of them earlier
Let us first apply simple microscopic alpha dccay rate theory witﬁodf
channel coupling tovthigbpase. ‘ |
.Forithe 3;:fifstfexéited.state or 2%y calculatibhs‘baSéd“onrthé‘
. - . vli) o

random phase approxim JL on (RPA) have been made by Gillet et al.”~).. The REA

method admixes 2 particle-2 hole (2P - 2H) states into the ground state wave



b ' ' UCRL-16351

208 ' . ‘ S .
function of Pv, and 3P - 3H states into the 3- state function in addition

to the 1P - 1H states. Since the ground state core correlations wers not _ M'_

- . 212m_ - . . 8 208
included in the Po wave functions ) we shall use, the use of the Po

wave functions obtained by usual Tamm-Dencoff shell theory ares more consistent

- in what follows. Two different shell model wave functions for the 3- state

. 208
£

' 12 :
0 Pb were availeble to us. One is calculated by Pinkston™ ), and another

13)'

is by Trae and Pinkston The former could not reproduce the correct energy,
but in the latter True succeesded in getting a nice agreement by taking into

: Je 1P - onfi ions. He i =d b ' y
accglnt thnty P - 1H conllgurathns_ included 31/2’ 2g7/2, andjd)/2
heutron levels'in_his particle configuraticns, while they»were.neglected in

8 212 .
the shell model~calcu1ations ) on 1 Po. Among the many configuratirns in

zlngo involving the above neutron orbitals only the following four coufigura-

.tions caé.have §pin 18: [(i15/2)2(87/2)2}, [(115/2)2(g9/287/2)]) [(i15/2)2(111/227/2)]
and [(115/2)2(d5/2g7/2)]. (Tﬁé proton configuraﬁionvis wri?ten_firét, then the .
"neutron.) Since the amountsvof_the mixing of those componente in the isomeric = - »_%
state wéuld surely bes very small, we may'use True's Bf state wave function as |

'is fof.our caleulations. To facilitate comparisoﬁ wigh earlier alpha rate ' ) "
calculationé of Zéhlu) we list the principal componéntsv(>l%) in parent and

daughter wave functions.

L 2lem ' 2 . .y | A
X15, (T Po) = -0.810 [‘(h9/2)3 (09/2111/2)10> | | | L

’?‘570'1 (hg)o%q /008 (g9/ei;1/2>1o>
+0.10h | (h9/2)

|

2 2 . : !
N TS b , o
3 “11/2710 | | e
+2h smalisr components N . :
I

|
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(208Pb)(re;. 15);

208

b) (ref. 12) = .12k] f5/2 )/n/\ +
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/'\}'

757ld5/9 9/2>P 257057} 1/2" 7/2 P

l_cpmpoheht (< .1)

- l66lf5/2g9/2 N u’l|p5/2°9/2 N

el T
28|d5/2 9/0 + ,5991f5/211l/2>N

3 -1 I T
) flgolpl/2d5/2>N * '575{51/2f7/2>P

4+:<j

A

Pb)(rnf 1))

H

oA

+.

l5lld 3/2 7/2)P lBQif%}2g§/2>N

227‘ 15’2315/2>N 185‘?1/2g7/2>N‘

o -1.” | S ) 1_  o
715?lf5/2$7/2>N +_9;compon,?ts (< 0.1) .

:,"Sql‘Pi/259/2>N;‘ j1511?5/289/2>N-

3 .

-1 _f.‘;,‘ ;Fl. N
fzsglpl/2lll/2>N +_-{20ig1/2h9/2?2,

I ~
I .
--?l*?*lps/e%/al‘m 925” /2" o/e P
171| L%)Ii 1
*c/o 11/2 W ahsyi-s 7/2 P
e ;173'7 . : - ,
a-lQ5h34f foyy +o 1L com t”n=rt3 (< 0.1).

LTI
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' A S : RN
Adopting the approximation of the small alpha size limit 5), vie gat

the follovwing expression for the reduced width amplitude Yo at ‘the radius R,

AW&‘ ‘ZE\/ < ( )Jp(jij“)J?JM!-ﬁlg(LjM-mmng)YLM‘m(ﬁ)x j@fjgl;jm“>-dxﬂd¥3ng
- ¢ eﬁ je ‘. 20 )(39'12 1(2 (35'3*5‘1/2)J‘[ji][321[J5][J51£Jn]u;][.ﬂ
39, g : ‘ , : . S
e (3,3,1/2 f‘}/EIJéO)(j3j51/2vf'l/QL&;b)(;pq;bétLO)
% (- )é§*35+J +Jn N(JyjuT SO )J(JTnJ#é n‘)
| g, Rl(R)Re(R)§3(R)R5(R) _ . o | ; | o f' . . (@)

where C 1is & constant independent of nuclear structure, Ri(a) is the value
~of the i-th particle wave function at the radius R;[ji]

Ny is

stands for 251+1; and °
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We heve used for numerical zalculation the radial wave functions of Bloagvist

A 1 . ) ..' - o . i
and Wahiborn™ ') evaluated at a radius "R" of 9.5 Fm. The re

0N

ults of our

[¢7]

nunerical calculations are summarized in Table T.

The usual definition of barrier penetrabllity factor is

12 .- : 2 . ‘l . ' . . B § . . .
LJL(HO) +‘GL(HO)]. , vhere F and G ere’the regular and irrsgular Coulomb
functions, or ‘their continuaticns in the presence of a nuclear potential. For

. 2 2 2 . . e Y
- our cases PL-<< GL and FL is ignored. The first order WKB approximation for

this penetrability is as follows:

ok p R o) 7 L
2 I t L NE S (3)
l/_GL(RO) ~ g—L- exp '..2 _E[{ 5 darf o Lo ' ()

feu(v, () - )1

where  §_ = - .

51, A

We'defihe a "zeroth order" penetrability factor]diffefing in that it drops the

==

pre-exponential factor, which has a troublesom: singularity as a feature of the

first order WKB approximation at the inner classical turning point. Thus our



Table T. Shell-lModel Theoretical Alpha Reduced
°

Transition Matrix Elements and
2=3,5 fm)

. and their sguares. (Rzijius 2= :
212 : 0o_, : o
“po (18+) o2 Po(0+) L Yar, Y o
13 +0.556 0.309
5285y (50 (rer.12) 15 -0.2039 0.0b415
_ —>208Pb(3-)(ref.15) 15 - -0.0720 10.0052
17 +0.0326 '0.0011
19 - © +0.0005 . 0.0000
21 '~ -0.0000 © 0.0000
208,y o e ;
S Pu(5-)(ref.13) 13 +0.3284 0.1078
N | 15 +0.0156 - 0.0002 -
17 -0.0020 0.0000
19 - +0.0001 ©0.0000
21 -0.0001 0.0000

25

intrinsically Torbidden




“berrier penzatrability factor distinguished by the supsrscript zero, is simply
. the exponential function of argumsnt twice the WiB integral from outer turning

point, Rf to the radius R.

S : R 2u(V:—Q)% v v

where VI is the suwn of coulomb and nuclear potentials, as follows:

)

0767 hg(m 1/2)
(r) = + - - Vv .(r)
r 2. N®
2ur

i
wiﬁh Vﬁ(f) as défined by Eﬁ;_(l), with thevsame parameﬂers3(35'MeV’Nu§1ear
Potential)‘és used fo} Fig; 2. In Taoble II ars given'the'pehetrabiiity factors
according to Eq.. (4) for all possible partial waves to the 0+, 3-, and 5- states
ofvEOSPb, evaluated at several walues of the lower limit R. Also given are
'S-wave‘penetrabilitiesvfof 212Po ground state decéy, To give some feéling for
the uncertainties in abgoiute.penétrabilitiés'assbciated with our uncertainties
about fhe ﬁucléar potential, we give in Table 11T a few penetrability-values
calculated witﬁ the deeper potential fihally choseén by‘PoggénBurg forlhis_
fheoretical calculations 6),‘ (VO = -7&.0 1eV, ro.= l.l?va, a = 1.6 Fn, and

d = 0.565 Fm, are the parameters for eq. (1).) In what follows we shall use

¥

only the paretrabilitiss of Table Ii.:

e L e 2 NN ‘ .
By definition of the reduced width . the partial decay rates are given

L7
1, :)

oy
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ZB" barrier penctration fuclors atb various radil V. =3% uaV.

=y
O//

Qj(Mev), I

Ro(m)é T

1.5

9.5

et
-
0
O
ON
’__J
00
[@2Y

‘8.720 13 3
8.720 15 5
8.720 17 7
8.720 19 7.
8.720 21 6
8.720 25 <
8.729' -o~

LGLo(-2k)

Iso

ner Decay

9.725(-22)

.98h(-2%)  1.2u5(-23)
.867(-28) | 5.523(;26)
.1k3(-31)  7.850(-29)
.598(-3%)  1.262(-31)

.060(-24)  9.832(-23)
Lrk(-27) 0 3.609(-2%)

.612(-30)  1.006(-27)

897(-33) - 2.048(-30)

.091(-35)  3.061(-33)

(-38) 3.397(-36)

Ground States Decay

-
f

(02

O

.538(-21)
.310(-23)
o0k (-25)
8L (-28)

.752(-30)

.533(-22)
.895(-2)
.h25(-27)
.09k (-29)
258(-32)

167(-35)

*
Penetranility

at inner turning point of 9.124 Fm is

-X.

394 (-20)
.591(-22)
513 (-2k)
.éeu(¢27>
.883(-28)

.025(-21)
.080(=2h)
LG (-26)
.721(-28)

779(-31)

Sho(-34)

-1

.706 10 T,

O

203 (-23)

N

£97(-22)
5.2ko(-22)
2.899(-24)
1.857(-26)

L. 784 (-20)

8.655(-22)




. ‘ ] _ . | Table 3 .
"Vzerpth-order~WKB" barrier penetration factors at inner t.p. and 9.5 Fm VO = 74.0 Mev.

qQ, * 11.906 MeV : ' Q, = 8.720 MeV
Ry(#m) P Ry(Fm) R ,Ro(Fm)

_ © o i.t.p. ' _i.t;p. C . ‘ N i.t.p.

1=18  8.368  3.209(-19)
| 9.5 8.305(-18) | |
=13 8.2 6.196(-21)

| 9.5 B Lk 218(-20)

;=15 s "~"  - 8.575 1.898(-21)  8.551 l 55978(-é5)' '
:» - ; o ': 9.5A' 2.217(-20) 9.5 7.697(-22)
=17 ©8.374%  1.100(-22) - 8.349 3.,168(-25)
| - 9.5 2.901(-22) 9.5 9.334(-2h)
’ ‘_L;19’-";  ‘1 S 8.087  %.265(-26) - . 8.053 A8.u55(:e8);
o S 95 egis(ed) 95 T.q5h(-6)
P  1  e 7.5* z.ose(-28) - 7.5 6.799(-31)
H 95 1.683(-26) 9.5 lh.5si(-28)
Cpes s sono(-3)
I o . o o 95 1.9-12(-_39)_" |
o | 9.220  2.1g3(-1h4)

9.5« 3.596(-1k)

;*Inner tufning point is <_6}Q Fm for the L = 21 and L = 23 waves.

-1

1659T-THon
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: - : et af 2 I
or are proportional to the product of vy, from Table I, Pr° at 5.2 Fm in the
0 G _ L &t 9 : .

last column of Tabtle II, and ths wave number, kL.' It is readily seen that

the theory predictsvtnat nar ial waves of 1 igner L. than tne lOW°Su value .
are never more than a few tenths of a percent,' If we ignore higher partial
waves, the tuv ry redicts an alpha intensity *at;o as follo at R of 9.5

'Fm:

%%%Qi_-—i—l 4.0 x 10 5 (rer. 13), or 3.2 x 107" (rer. 12)

to be compared with the experimental ratio of 1.0 x 10-2.

In similar fashion we get theoretically the following

T(18+ 3 5-)
I(18+18 0+)

= 1.5x 10° 3 (rer. 13)
_ " e . 1a~2
to be comg qved wit -h the experimental ratio of 2.1 x 10 .
Before wz turn to channel coupling in an attempt to understand t
serious discrepancies, let us consider the effect of a smaller connection radius-

"R". Because of the very high L  velues involved, there is a considerable

for the predicted intensity ratios. Using Blomgvist-Wahlborn

ty
o
fon
Yo
]
)
L]
o
s
(9]
C
(o]
o
Hy
&)
I
g
n
-J
\Nn
b
3
)
\.
'

iﬁstead 0£ 9.5 15’.m and_otnerwise the sams paranm
sters as for caleulatlons of Table I, we find only moderate.changes in thz ratio
72(13*;i 5-)/y2(1371§>07) specifizally a daerzase of 20% Ffor the-wave functiion of
ref. 13 and an inorease of 15% for that ofrel. 12 in zoing from 9.5 Fa to f.i'Fm
) ' 2 3 - ‘H '

[
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By inspection o¢‘Ta01° II one sees thas the relative values o

renetrability change very markedly‘for a simiW ar- change of R. We get the’

L

ollowing revised. tqeoretical intensity ratios at R = 7.5 Fm

e

~

1.0 xflofh'(ref.'1§)

124

}._0
P
I

H
o
l

or

1.3 x 1077 (re:. 12)

-—————-—-——5—:- ~ 1.9x 10 2 (ref. 13) . ' :
].8—%— - O+ o o o ' . N,

i

We see that the *atter theo“etlcal int nsitj ratio. (decaj to 5-) i

(¢

o .

completely i

s
o

greement with experiment for R =»7,7 Frm, but the theoretical

ct

relative in

an

1]

ity to the 3- state 1s still one or two orders of magnitude
too small, depending on which daughter wave functions are used.
4 4-‘. ) 3 o 9 .. ' v 4 8 ’
Note also that in the paper of Glendenning and Harada ) that the

nicroscoplic alpha rate calcula £ion S‘gave'too large an isomeric decay rate

relative to ground decay rate, i.e., 2 djsc"e ancy fact or of L5 at R = 9.5

7
©
3
jeN
f‘l
w
iy
ct
0
[
O
o
23}
i
9]
173
=
o
i
N
g

iven/formulas ) for m*ér oscovic
theory with R inside the innsr turning poin%; using this approach and con-

sidering roughly that the effective penztrability Tactor is constant at

-1k

. ; . - . : , . . . - .
2.7 x 1¢ for ground deecay for R < 9.124 Fm (see Table II), perfect agreemsnt
_ . : R T
Jith experiment 1s obttainad around R = O Fm, ard at smaller racdii the disagre=-
. Y . .i_‘ v ¥ - 3 R 3+ 2
ment s of th: opposite . Here ws have assumed tne ratios of ~ values to
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The indicztions are that a joining radius R in the-neighborhoodvof
7.2 - 8.5 Fm is more nearly correct with the shell-model nuclear wazve functions

-

employed. However, even with R wvalues in this vicinity the underestimate of
decay intensitj_td the 3- state is sericus. Our diffi cultv is provably consist-

o e o ey : o A
ent with the results ) of Zeh, who fourd for several comblnatlons of unmixed
shell-model initial and [inal tateu Lhat tno theoretical fracuion of alphm
decay to the 3- was too low. Two of'his three combinations giving sgreement
with theory are only minor contributorsvin-the cdnfiguration nixed wave func-
tions ve used but. one,. namely {h initial anﬂ

3 vl 9/2 SP(g 9/2M11/2 1ON>13 ¢

[d3/2 9/2 P fJnal woula be given larae welght in. oir wave functlons.' Pernapo
~the main reason our dlscrcpancj is less with the early fewer term 3- Aave-

functi ¢ 12 is that the igurati a : ‘
Iuan%Oanf ref. ;2 is thit the !d5/2 9/2) conflguratlon has. a larger.

relative amplitude in that case.
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. Alpna Rate Theory with Electromagnszvic Coupling
/ b g S x o

‘We propose here to explore the possibility that interchannel coupling

SR I . : . A . 20 '
‘duz to the collectlve electric octupole transition in Pb affects significantly
the tnPoretlcal decay rate to the 5- sta We consider at first only the two

" channels £ = 18 and 2 = 15, The wave function is of form

u,qo(r) - o '(r> o
18V oM 0 15 . 1 g\ s, Mem
Y=o Yis (W)X + ~=— i(l; 3 m M-m|13 M)Yl5x5

- M, 3 ' : » -
. ) 2 . . . m. . 1 . ' N .
where X g is the daughter nuclear wave function and Y‘ is the spherical harmonic

_of thenalphé angular position;' Upon subﬁtltutlon into the SLhPBdlngcr Hquatlon"

and integratipﬁ ovef_allvariablgs except r we gmt the following coupled radial

equations to be solved:

’(Consider'r 2 12 Fﬁ}vi.e., alpha outside the_rangé of.nuclearvfdrces)

2 ) _ -
d u S 2 , v - - _ v
18 2p -l oZe” 18. 151 . o .
-9 5 1 - Q ]+' = KizU. = o (6a)
dr2 v he [ T “18 ? J 18 ”Q5 15 .
o . r - R o
d"u: L a2 e o :
15 i 2 12Ze” 15.16 . .
. - - < - - - Q ] L= -y, L o= K _u o 5 : : (6b)
WO TR e e

' s : ” | ,th |
-vhere u, is r tlmes the radial function of tha - partldl “afe, u is

the reduced mass, Qz is the de ay energy. The E? reduced'uran51olon probabile
L ‘o 18 Y 2 G . -
ity, B(E3) is PaWCilated ) to be L 3 x 10" eFm from tne axcrrlmsnt 111 y :
el s -1l . : R
measured half flfe o:vp X lO sec Tor- the 3- state. The electromagnstic
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coupling constant, KOB’ is given ) in general for distances r > RO as

' o 1/p

v I'-T . 2e[(Eﬁfl)(2£'+1)h7r(21f+1)31., I(E)x,)] /
vK}EI 'E'I"(r‘) = (") £ g}g‘ ' ol fo> £ . : . (7)
Ry . e (2m1) : -

| 1 » ’ 1Tt E
x_(ﬂEvOO[KO)W(EIfﬂ £ IN).
Following eq. (12) later we discuss the choice of sign associated with
o /2 L 19y L L : - T
~the [B(EN)] . ‘We choose the method ) of inward numerical integration with
toundary conditions at large distance restricted by the experiment relative
.intensities. None of the usual analytical approximations. to solution of these
equations seems suitable, since the diagohal energy differencés_becomé‘large

on either side of the crossover distance. Therefore, we have chosen to carry’

‘out numerical ‘integrations by the_Runge—Kutta‘method using the IBM-TO94 computer

of the Lawrence-RadiationbLaboratory in Berkeléy. The compléts set of four
linearly indcpéndént solutions is computed by the four boundafy conditions at

hO.Q'Fm‘given in Table IV. The qu;ntitiéé, GL and FI, of cowrs=, denote the

lrregular and regular coulomb functions, respectively, with the argu-

standard

=

ments n. and p eppropriate to the decay ensrgy in each casa. The general

ticns.

e}
et

solution may be expressed as a linsar combination of these basis so




o
\N
\
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Table L

Boundary Conditions for the Coupled Eauation

163

Set T ' Set II Set IIT Set IV
ul8 : o . G18' o P18 . 0 )
du . o ’ : ' ‘ .
} .18 : dG dF -
= _ _ kg 18 kg 18 ) 0
v dp. ' dp

we oo o - 0 ¢ Fo_

15 | - | s 15
du “=

& w—zdé klﬁ-—-—dgb

The desired solutiong for the-aipha deécay problem behave asymptoticslly
like outgoing coulomb waves, although there may be additioaal phase shifts 518

and & - ariSing.from'the coupling. That is,

ui8 ~>A[Q18(klar) + iFlB(kl8r)]e' - . | (8a)
, . | v ' i815 ' .
Uy B[Gl5(kl5r) + iFij(kIBr)‘]e S | (dp) |

Tne solutions are to be joined at the nuclear surface with guasi-
" stationary state solutions, in whicli the real components vastly dominate over

the imagirary components.
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(1)
18

Let us denote the components of tile basis set of ‘solutions as u

5;2 ugél), uiél) etc. Then the above conditions at the nuclear surface are

essentially expressed by the equations for btoct

5%

1,

h I, values setting the
imaginary components to. zero,

Im(uL) = Al sin 518u£1)(RO) + .CO3 Slguéll)(Ro)]

+ B[sin 6l5u£?II)(RO),+ cos 615u£IV)(RO)]v= 0. . ,v ' (9)

" The other two equations necessary to solve for the four real quantities:A,B,Bl8,

&
and 15

nodel, or in the approach we use a large-distance toundary condition fixed by

may be either supplied near the nuclear surfdce by a microscopic nuclear

~experimental alpha decay rates.

Let Kl8 and A .. be the partial decay constunts (sec-l) for the two

15
alpha groups. Then we equate the constants to the prbbability,fluxvthrough a

spnere at large R.

¥ brnad |
MB T U8 T T oar 48 (10a)
— *‘ _uﬂ[)é d (lbb)

Ms T s o1 oar Yis

Substituting from Egs. (3) into Egs. (10a) and (10¢) and using the asymptotic

foraus Tor the conlomb functions we obtain

o, _ : -
= b L — = 247?_' F . ’ . Q
k18 . ATvi s | | .‘ (lLC)



-19- UCRL-16351-
n . = lmB® =22 - ey 5 . (10n)

where Vi3 and Vv are the velocities of the respective alpha groups at

15

infinity. From the experimental values of AN's and v's we calculate
M _

2.2 x 107 2

=
I

1/2

jes}
1

- 2.3 %X 10" Prn”

L. Alpha Rate Theory Including Electromagnetic and Nuclear Force Coupling

If we wish to continue the alpha wave functions into the region of the
nuclear force field, we must make more specific assumptions about models.

' oM . . ‘

As to the electric 2 -pole coupling terms, we might assume the socurce
‘currents to be on a sphere in the nuclear surface region. Then the coupling

. . . . - _)\-_l . s s ‘ . +
~potential with radial dependence of r outside joins continuously at the

A ' s

sphere to an r dependence inside.

The meost fundamental form of nuclear potential for the alpha particle
would sum over various nucleon-nucleon codrdinates in a microscopic fashion.
A simpler approximate procedure that may be realistic for collective "shape
vibrational" states wonld be to describe the alpha-nuclear potential in terms

o q . L : o ) . . o 208 :

of coilective shape cordinates. Consider in the case of Fb and an alpha

particle a shape-dspendent nuclear potential

Yo f

(’-‘"Rﬁ?_f‘b’%ﬂl
J

Vd(rie ’(L)C{sv ) =

(11a)
1+ SXp A )

L a
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with ‘ . a
Cox 3
= 5, A
R(8,¢,05,) = Ryl 1 + 25,5, (6,0)] . (110)

208

e . s L 200_ e o
We consider the first-excited 3- state of Pb as the first octupols
v . . : b

Y as . . . . 20 '
shape oscillation excitation and have earlier derived ) the coupled radial
. . e s _ 212 .
equations for alpha decay for the ground state of Po. These equations we
modified for the case of the high spin isomer calculations of this paper. 1In
. Ve ’ : \ . - 2]-\
the course of writing this paper we noted tnat Tamura has given ) very compre-
hensive and general formulations of the problem. Aside from differences in
notation we find our formulas identical to the appropriate special cases‘of'
his. ience, we shall refer for derivations to Tamura's work.
To include the nuclear potential coupling in our egs. (%a) and (&v)
it is only necessary to add to the electromagnetic coupling term (6c) the

nuclear coupling term given by Tamura's eq. (27), althouch we must multiply
& ] o J - P.‘/

A -4 i
his coupling matrix element by i = (-)(1Z }2 since we use ordinary

v , S £
spherical harmonics Y? and he uses i'Yﬁ .
L-4! ' £- 4"

(72 (agtlv, e (-2 2 vx(t)(r) <IHQx(t)HI'>A(EJI,ﬂ'jI',xJ)

it

coupl

In our specizal case of egqns. (6), the alpha spin- S is zero; the multipolarity
N=3; 8= =18; £' = j' = 15; the total angular momentum J = 1) the final . .
nuclear spin states are I = 0, I' = 3; the teasorial rank t = 1 is considered.

1

Therefore, by Tamura's eq. (29.2),. assuning . the £L' therein is-a

(5}

we got

o ) AN
typographical error for !
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bl 1/2 ’ .
- i( oL )- (18 15 00| 30)

T 7

The Racah coefficient. in Tamura's equation for ocur case has a zero . as one
argument, and we replaced it above by the equivalent algebraic factor.

) YORE] ' ] 22 . . . . . L

In Bohr's model ) of irrotational vibrations of a uniformly charged
spherical nucleus, the reduced electric matrix elements are given in terms
of surface phonon oscillator constants. From this relationship we can express
the reduced matrix element as follows:

'-I<IHQ§1)III'>IIQ '.= (21+‘1>B(E5; I ﬁI'){B—Z—:—;’?—

where Re.‘isfzhe radiu;_df_the equivalent uniformly charged spherév(¥7.5,Fm).
xrrhis éqﬁatibp’differs from that of Tamura's 21) footnote i8a only oy the
' sQuaréd'factérfi |
| His vil)(;)
»potehtiai is purely real.and:becémes just the first term Qf his. eq. (13.1).
.Thus'we.take vgl) .

Woods-Saxon potential designated V_ 3 the coupling term i

is given in his-eq. (13.1); in our case the nuclear

(r) as Jjust _RD times tiwe first radial derivetive. of th=s real

i

 very nearly a

1

nuc

8 . Gaussian pealking on the nuclear surface.
‘Finally, combining the above expressions we get the nuclear coupling

L ) - . . : : ' “
term to add to tne electromagnetic coupling term of our. eg. (62) -



! 2 . Y1/2
e b v oije] 3 P N
T nuc F7T 0 .~ — 7 1"__)_‘_ -8 }- oY T~
KnLIC(r) = P‘O dr - B Y[U(FB; v ))1 '47{7 (-L >0 !9“); (
jZGRe \ .

- .

where we insert a;factor_ v to allow forvpossible deviations from'tne yiﬁréf
ticnal model.

it éhould be ﬁnderstoo'fthat the ‘relationship betweén B(Ex) aﬁd the
electric coupling matrix eleﬁent in (6;) is exéct in the long-wave—&enéth:limitﬂ
(If the distances over which the alpha-nuclear éoupiing is effective are not
»small compared to the wave length»of the photoq of ehergy equal to the nuclear.
transition energy, tien a more complicated expfession'based,én_a retardgd
‘potential wduld be n¢ceéé§ry. For Ourbcase fhe reduéed wave lengtﬁ X of a”2;515
McV photon is 75 Fm and intégrétions vere carriced only from’ho i in@ardf)- How-
éver, the rgiationship of eq. (i?) is model-dependent, depending'oh the assump-
tion that the'B;_excitation of 2‘_OSP‘O is an oétupole osciliation'of a_nucieaf
flﬁid of'cﬁnstant proLch-tQ—noutrdn‘ratio. The factqr Y. mighi be less than
unity if the micrbscopic descripﬁion gave a prédominanﬁ sﬁapeféf excitation
protons, and, conversély;vthe-factbf Y éo@ld bé éreatér than @nity if theAB—
excitation was predominantiy'ﬁeutron~excitation. |

.Wé noté tha£ the signs ofvthe nuclear énd the eleéfrbmagnetiC'coupling

her. This res:ilt accords with the

_térms,are svarywhere opposite to one anot!
qualitative argument that an =sxcursion of th2 nuclear surface toward the alpia
-near the nucleus preduces a lowered nuclear potential energy and a more repul-

sive elzctrostatic potential energy.

~
iU

Thcpg is5 = subtl§'poinﬁ to be noted regarding the proper_signvof

o

square root of B(E3) in 2az. (7) and (12). In section 2.

A S  ~ : v -
of this pavper ve gave,

s

- ’k‘./J E



-2%-  UCGRL-16551

208

‘the microscopic wave functions used for the 3- state of Pt. The choice

o

of overall sign of these wave functions is coupletely arbitrary. .However,

once the choice is made the sign of the electric octupsle matrix elemsnt is

fixed, determining the sign of the coupling term of eg. (12); alsc the choice

N

ives

)

the sigﬁ of fhefréduced‘alpha widthvto the 3- state, With owr arbitrary
choice of phaéesvfor therparenf'13+ andvdaughtéf 3~ wafe'fuﬁcﬁion as listed iﬁ
the first section, the Vo, yalues.have'thevsigds showﬁ iﬁ Taﬁlé.I éﬁd Qe mus t
tale the plus sign for the electric octupole matrix élement [B'(EB)]I/2 in egns.
(7)_and (12). fhus,Athe final théOretical results of a coupied—équétion calcu-
1ati5n with the.microécopié bouﬁdary condition are, as they must bg, independent

of choice of phasé»of'ﬁhe shell model wave functions.
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5. MNumevical Solutions of Coupled Equation

7

We now present the resu}tsrof inward nurerical inte~“aulon< of’the
“two coupledtradial'eqs}'(ﬁj; where tHe coupling matrix. eleﬂenp KO} is the
sum of electromagﬁeﬁic (éq{ (7))jaqd nucledr (eq. (lE))ite?me; The nucleer_
potential of egs. <1i)'qas used with Vy =.35.0 MeV, d =f0.576 Fm, and. .
Rd'= 9.iO me A model dependence factdr ’y vof‘2.7 waé used.in order;ﬁe see

the effect of.Very strodg"surface_coupling. A second calculatlon was=made

fl

1, and a third with Vov~ Tk, o MeV d = . 0. 56) Fm, and Ry = 8 53 Fm

’3:ﬁith o
2.7 es ébovel The electrlc coupllno term has radial dependence r

3

Cand Y

i

outs1de R ':7.5 Fm and r 1n51de. (cf Tamura s eq.. (lp 1)).

The boundarv condltlons of Table IV were used and the resultlng
amplitudes near the'nuciear‘surfece for the'four_lineerly'independentwbasis
solutions,areagiyen in”TableeHV; VI; and VII. Id the ab3ence.of COupling,
solutions II andeV baéed'eﬁ:the fégular soiuﬁionsvehould be:extremely'small,
'v;end.indeed‘ceuld not be c&Lcuiéted:ﬁyAinward infegfaﬁion; sinee rounding
errors would grow exponentlally in tne barrier reglon.v Howeer, w1th couplln;
'present the varlaulona of magnltude of all wave amplltudeo is not 50 great

fand the signifieanceﬂqf.phe fina} resulte should ﬁ?ti'e seriously a;tered'by
:rgunding errors; The‘§bograﬁdﬁas cﬁeeked by.runding'calcdlations;with'codpiiné
turned opf and den andln~ thaﬁ_solutione:based on tﬁe iﬁgdlar'yL couiombdfuﬁetion

boundary conditions be much less than those sed ~irregular"'GL.

'Usingvthe experimental decay rates of "po to ground and 3- state . and ..

egs. (lOc (lud and (9) we solve_for the phase shifts due to couplinz. There

'5

&re two acceptable

cbst ° S D% and A = 51200 wtip B A
ets: B ld 57 10" with 8 F;Q°‘add 3,5 f_2l5°101 with 9530

Y
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The phase shifis are essentially the same for the calculation with different

O; for the phate shifts are meinly determined by coupling strangtn and

potential energies in the vieinity of the outer classical turning point.

h

e}

o .

With these phases we calculate the real part the acceptable
solutions by the appropriate linear combination of basis solutions as
follows:

(11)

Re(uL) é A[u£?)cos 8i8"-vuL §inv§lg]

+ B[u£11I>cos 615 -»uL‘ sin 815}



Table 5

1471
o)
3
LS
v
3
=]
m
l_J
Q
w
&)
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Bzsis sets, wave amplitude

" UCRL-16351

I1 18

JIr 18

x. -
" . Boundary

Y = 2.7, Vy = 35.0 MeV

8.7hu5x109 | 1.2509x109 1.962&x;08 . 2.0577x10 2

conditions, see Table IV.

‘Radius 6.1 Tm 7.1 8.1 9.1 0.1 -
-5.5182010%T  -5.526910™0 <7.0773x20% -6.3428x10° -6.7685x20"
3.6619x1011 ' 3.6oeuxlolo h.élauxlog : hu&617x108 h.u135x107
1.2860><1o:Lj 1.263Ex1012 1.5828x1011 l.l99hx1010 u.5o58x108
| -l.7562x1010 -1.725bx107 -2.1616x108 -1.637ux107 -6.1319x106
2.7hlox1011 5.9089x1010 | 5.9u10x109 : u.6u&8x108 1.672uxlo7
-178ex10tt c2uskipaot® -3.8719¢10% -3.0255x108A»-1fo8uhx107

-6.u028x1012 -9.i59hx1011 —l.h568xl©ll_—175061x1010>41.63h6x109v
T 2.o3u6a0°

w0

oW
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Table 6

Basis sets, wave amplitudes, 2 channel case,

| ¥ = 1.0; VY = 35.0 tieV

. C. L 6.1 7.1 : 8.1 9.1 10.1
T 18 -2.259 (11) -2.3%00 (10) -3.622 (9) -5.415 (8) -6.611 (7)
IT 18  1.473 (11) 1.500 (10) . 2.362 (9) '3.533 (3) A.515 (7)
IIT- 18 3.173 (12)  3.195 (11) k.500 (10)  h.027 (9) 1.553 (8)
V18 4330 (9) 360 (B)  -6.139 (1) -5.485 (6)  -2.0%8 (5)
I 15 6.466 (10) 9.708 (9) 1.700 (95 , | 1.572 (8) 5.8&7 (6)
IT° 15 -h.212 (10) -6.325 (9) -1.107 (9)  -1.021 (8)  -3.745 (6)
o1 15 -1.905 (12)  -2.953 (11) -6.321 (10)  -1.143 (10)  -1.59% (9)

v 15 2.602 (9) 4,03k (8) 8.636 (7) 1.563 (7) 2.179 (6)




.21u9 (8)‘

1925 (7)
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 Table 7 '
- Basis sets, weve amplitudes, 2 channel case.
o y = 2.7 Vo= TeOMeV |
Cc. L 6.1 7.1 | 8.1 | 9.1 10.1
I 18 48.25611(10) 7765 (10) L1.0831 (10) -7.2851 (8) -6.8738 (7)
II 18 5.3812 (10) 3-7550 (10) - 7.0915 (9) h7507 (8) Lk.k357 (7)
'111 _18 1.9025 (12): 1.33k3 (12) 2.559b (11) 1.2849 (10) 5.6252'(8)
IV 18 -2.5980 (9) -1.8222 (9) -3.4677 (8) -1.7541 1) -.9300 (5)
T 15 2.9143 (10) U778k (10)  1.0307 (10) 5.1116 (8) ‘1l5568'(7)
11 15 -1.8995 (10) -5,1118‘(10)' -6.7180 (9)  .3.3297 (8) -8.7831 (6)
11T 15 -6.7788'(11)‘ -i.louj (12) -2.3540 (11)' -1.60k49 (10) -1.6605 (9>"
IV 15  9.2580 (8)  1.5028 (9) 3 2 42{2761 6)

i ¢
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Tables 8, 9, and 10 give the values of the real parts of the L=18 and
L=15 coupled alpha waves at various radial distances Tor the two phase choices
satisfying experimental intensities and for the three different choices of

‘nuclear potential parameters.

Table 8

' Real part of alpha wave amplitudes near - the nucleus for.

Vg = 35.0 MeV andy=2.7.
818 = 33°10' - _Y . 818 = 213°10"
815~ 0% 815 ~ 0°
R  Re (uié)_'. Re (u) i | Rgtio: Rev(u18)" §e<u15) Ratio
6.1 Fm 1.49 (0) -1.18 (0) - -1.261 4.3 (0) -1.77 (0) -2.31
7.1 Fn j1.55,(-1)’ -1.08 (-1) -1.25 _'h§25 (-1) -5,1&_(-1) -1.35
8.1 Fﬁ' h 1,79 (-2)  -1.43 (-2) -1.2k | 5.50 (-2) 'u.87'(-2) -1.13
v9.l.Fm o 9.60 (k) 5é.2ﬁj(-5) -0.k29 4.56 (-3) _LL68 (-3) -0.97
01 F  -7.89 (-5)  -3.32 (-h) | ;0.238'% 2.82 (-h) -k.20 () -0.67

| ;J.;
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|
Table 9 .
Real part of alpha wave amplitudes near the nucleus for : i
VO = -35.0 MeV and vy = 1.0 o | . ‘v ."'J x
818 = 33°10° 818 = 213°10" |
815 ~ 0° 815 x O° g
I
' - io | R i o .
R ~ Be (u18) Re (ul5) Ratlojj Re (u18) e (ul5) Ratio , o
6.1 Fm  1.35 (-1) -2.67 (-1) -0.51 é 1.29 (0) -56.07 (-1) -2.1¢ ' -
7.1 Fm 1.30 (-2) -k.25 (-2) -0.5065 1.34 (-1) -9.35 (-2)  -1.b3 ' o
8.1 Fm 8.2 (%)  -1.00 (-2) +0.082) 1.98 (-2) -1.90 (-2) -1.0k | o
: j ' ' R
9.1 Fm  -2.09 (-k) -2.22 (-3) +0.09% 2.07 (-3) -2.94% (-3) -0.70 ' _ E
10.1 Fm -1.43 (-4)  -3.51 (-b)  +0.hok 2.12 (-h) -5.19 (-k) -0.k08 g
| L o
| o
.?
i
y
o
Yy
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10.
11.

12.

C 1k
15,

16{"

Re‘(ulB).
2.18 (-1)

1.68 (-1)

- 2.99 (-2)
8.0 (k)
=965 (-5)

-1.934 (-5)

-2.91 (-6)

488 (-7)
 _?9-55 ("8)

22,08 (-8)

-5.21 (-9)

818 = 33°10"
815 ~ 0° -

Re (ui5)'

" -8.00 (-2)
-1.28 (-1)
-2.69 (-2)
-2.35 (-3)
-5.69 (-4)

oL (-5)

-7.26 (-6)
-1.24 (-6)

-2.40 (-7)

’} -5.27 (-8)
-1.86 (-8)

,Ratio

-2.72

'1‘51' ‘_

- -1.11

-0.36
0.26
0.3
O;h6
0.39
0.39

0.39

0.28

818 = 213°10'

815 ~ 0°

~ Re (uia) Re (uis)

6.5 (-1)  -2.32 (-1)

Lobh (-1)  -3.80 (-1)
,8.71.(-2) -8.11 (-2)
b.68 (-3)  -5.05 (-3)
1.56 (-4)  -L.19'(-¥)

1,06 (-5)  -5.02 (-5)
fl,El_(-é) -7.28 (-6)

1.92 (-7) -l.24 (-6)

3.65 (-8)  -2.ho (-7)

8.18 (-9)  -5.27 (-8)

2.29 (-9) = -1.86 (-8)

Ratio -

-2.82

-1.07 .
-0.93
-0.37

-0.17
-0;16
C_0.h

-0.16

 -0.12




The amplitudes are normalized by the absolute decay rates such that when-sguared

+ %

and multiplied by Ar in Fm one gets the absolute provability of finding the

alpha between spherical surfaces at r and r + Ar: The square of the amplituds

and tabulated at 9.3 Fm for even-even ground state transitions in Table 7 of

23y

Periman and Rasmussen
To display the effects of coupling on the wave aﬁplitudes we have plotted
in figs.'E and 3 the ra’tios‘uig/uLS at various radial distances. The three coupled_

solutions are shown along with the ratio for no coupling, and in the lower part of

the graph ve show the ratioé givén by the mictbséopic‘shell-mddel caleulation

(Table 1). One sees

low u ampiitude at

15

-RO value reduces the

for the cases of the

that even with.coupling, the.microscdpic theory gives too
the larger radii, but it'appeafs that a choice of a small
discré?éncy markedly. The most favorable éipuation occdrs

deepest potential (7 MQV) and the strongest surface coupling

(y’='2.7). There ié,:surprisingly, not much'diffgrénce at radii less than 8 Fn
‘between'ghe amplitude ratioé ofvthe .818.: 33° and 518 = 215f solutions for the,
'»deep potential'and strong coupling

One is resﬂraiﬁéd from inwerd extrapolation'of tﬁef v, vratios.iﬁ figs.:
3 and k4 fo get apparent camplgte.agreement at R ~ B Fm,vfor several reasons:
(l} Inéide-thé_expdnential tail fegion of the nﬁcleon.wave funcfidné the .7L

values will greatly fluctuate and microscopic alpha theory has not been formu-

lated for R in this region. (2) From Tables 8, 9, 10 it is evident that the

solutions imply alpha protabilities in excess of unity for the volums outside 5 Tm,

jan

and the solutions at suech small radins nust therefore have nc physical significsnaes.
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6. Discussion
By no means can ve claim a satisfactory explanation of the large (1.0%)

2085y 1t may well

alpha decay groﬁp’frqm 21ngo_to the first ekcifed state of
Se that ghe lack of octupole core polarization in the initial wave function is
a major}cause of the remaining discrepancy. It does, howevgr, seem clear that
the connection radius RO of microscopic alpha_décéy ﬁheory should be chosen-
significantly smalier than the values hitherto usad (8-10 Fm). If a sﬁaller ﬁo
is chosen.theﬁ the strong alpha-channel coupiingiinvolﬁing méjor enllective
shape Oscillational‘modes must be taken into agcount, forvour numerical calcu-
létions here show substantial effects from coupling to.the octuéole mode. Not
only is the'ratiozof amplitudeé to grouhd and excifed states affectéd, but also
the absolute decay rates:will be affected. Since we have not resolved the alpha
branching ratio problem, we shall not‘try to use our numerical solutions for
quantitati&e absolute deéay'fate célculations. Suffice it to note qualitatively
.ﬁhat there are substantial effects of chanﬁel coupling bn theoretiéélvabsoluté
rates. Note in Tables 8, 9, and 10 that fhe.total.alphé probabilities (!ul8]2
}[u15|2)atsmﬂl radii are_usually abqut an order of'magnitudevlarger for the 213°'
" cases than for the 33° cases. This result means that the effective barrier pené—
trability in the 213° cases is an order of magnitude Smalier than for 33° casés;
 The.effectvof_£he surfaﬁe coqpling potential is to raise the effective varrier
for both partial wéves in the é13° ca§eé end to lower the barrier for 35?_§a§es,'
As mentiéned earlier in‘Séc.‘E, Glendenning»and Harada;calcﬁiated fhegpetf  ‘
ical alpha dééay £at103 between the ElEmPo isomer and the gréunj Suate,vfindingv |

the theoretical ralative rate for the iscmer toc fast by a factor of »~ L5 for
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R_= 9.9 I'm or ~ 13 for RO & 9.0 Pm. YWe noted in Sec. 2 that their apparent
discrepancy factor may reverse for RO < 8 Pm. A careful recalculation of the

decay rate ratio of isomer -and ground state might provide the basis to decide

also

Ls7)

between the 213° case and the 33° case. The ground state decay rate i
affected by channel coupling but less than the isomer.
e A v s 212mP
The alpha decay theory applied to nigh-spin isomers, such as, 0

211m, PSS, s . L
and — 0 1s deserving of further study for the light it may shed on funde-
mentals of the theory. We have ergued above for joining bound and open-channsl’
soluticns at smaller radii than previous practice; however, such will aggravate
the problem of the usual mismatch at R, of logarithmic derivatives of the alpha
amplitude in inner and outer regions. There is clearly a need to reformulate
alpha theory along the lines of Feshbach's "Unified theory of nuclear reactions"” ),
where the arbitrary division of space into inner and outer regions nead not be made.
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. _ Figure Captions
i | 208 1om
" Fig. 1. Energy levsls of Pb and th;_;‘pxﬂ decay scku 2 of 219‘?@
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Fig. 2. Potential energy {including ceﬁtrifugal term) for various alpha

'partial waves on goan.
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with
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Fig. 3. Wave amplitude ratio Eié for 33° 10' solutions as a function of

radial distance
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