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Abstract 

,· 
.,;· 

·Rates of mass transfer are calculated for boundary layers 

on the front of blunt, symmetric cylinders by means of a power 

series in the distance from. -:!;he forward stagnation point. The 

results are in tenns of "universal" series solutions and are 
c . 

~·' . tabulated as a function of the Schmidt number, for Schmidt numbers 

· ... " 

between 0.01 and 1000. 

. . . ~ . 

. ' ~ 

'i 

\ 
.·.:· ... 

. '' ~~ . . . 

.. 
~. 

. ~' 

' ._,. 
~ ., : . 

.. :: . ~ ; ' .. 

; '• 

::. 

. '· : 

..... _;' 

' ' ,·-:· 

,, -;·' 
;.,-, 

.· •' 

,·,' 
'j. 

. :·-
I ' ~ ' .. i . ,' 

. ' 

. .. ' ~ . 

.. ··:_··.·.· 

. . 
. : .. 

. . 

; .. 

',-': : -::' 

.;. 

.• 

: "·' 

j_' 



... \ ' 
~~ . 

. / 

.... 

.. 
,'. 

. . ~ 

. ' 

'..-. 

1 

/ 

Introduction 

Differential equations describing fluid flow and mass transfer in two~ 

dimensional boundary layers are (see, for example, Schlichting (3), PP• 110-: · 

ov . ovx . dU 
x+v ~=U-+ ~x ~ y oy dx 

112). 

(1) 

(2) 

2 o ci 
D-. 

2 
. (3) 

- oy 

The ~oundary conditions for a constant concentration on the solid surface 

are 

} ci co, :c 0 . at y = o . = v = v 
X y 

(4) 
ci = Coo' v = U(x) at y = oo. 

X 

The .velocity U(x) is the inner limit of the appropriate·· outer (Euler) 

solution which describes the fluid motion outside the boundary layer. 

If viscous.dissipation is ignored, the same equations would apply 

' . 
j 

- to heat transfer in boundary layers, in which case ci should be replaced 

by the temperature T and D replaced by the thermal diffusivity ~ = k/pcp. 
In either case the pertinent physical properties are taken to be constant. 

The specified boundary conditions on the solid surface ar~ not com-

pletely general. Nevertheless, a constant concel1tration on the surface 

is commonly encountered in mass-transfer problems as well as in the 

analogous heat-transfer problems and provides a useful starting point. 

The .consideration of an arbitrary variation of concentration with position 

on the surface __ involves a higher order of complexity. 

The normal component v of the velocity is taken to be zero even 
y ' • . - . 

though a non-ze~o mass-transfer rate impli~s a non-zero interfacial velocity. 
; ! 
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The consequences of such an interfacial velocity have been treated by 

. Stewart (5) for flow past a flat plate at zero incidence, by Olander (6) 

for a rotating disk, and by Acrivos (7) for boundary-layer mass transfer 

at infinite Schmidt numoer. In the absence of calculated results of the 

effect of an interfacial velocity applicable to a specific situation, 

the mass-transfer rate calculated for v = 0 can be corrected by a factor 
y 

based on'the papers cited. 

Solutions for the boundary-layer problem stated in equations (i) 

through (4) can be obtained by a number of methods (see Schlichting (3)). 

Exact solutions have beenobtained for certain restricted geometries. 

Approximate methods have also been developed which are less restricted 

. but also less reliable. 
. ~ : .. 

Irt many cases tne validity of approximate methods 

is judged by a comparison with the exact Bolutions. 

One class of exact solutions involves series expansions in terms 
. \ 

of "universal" functions which can be tabulated. These. functions are 
. \ 

:universal in the sense that they are defined so as to be independent of 

the specific form of the .function V(x). How this is done can be seen by 

referring ahead to equations (6), (9), (10), and (11) • 

The Blasius series is perhaps the simplest form of a series solu

tion and involves Taylor series.expansions in x about the stagnation 

point or·the leading edge of the body. This procedure was suggested by 

Blasius in 1908. other series, such as that of Gortler (8), involve ex-

pansions in more complicated functions of x. 

Velocity. Profiles 
. I 

For a symmetric, two-dimensional flow past a cylindrical surface 

with a rounded nose, the external velocity U(x) .can be expressed as a 

(5) 
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3 
flow, only the odd powers of x are present. 

The Blasius series then expresses the stream function W(x,y) also as a 

power series in x: · 

. where· 

and where W is related to the velocity components. by the equations 

'OW v - .._-
X- oy ' 

(6) 

(7) 

(8) 

On~ wants to tabulate functions independent of~~ u
3

, etc. The 

first two functions,_ f 1 and fy. satisfy this criterion,· but f
5

, f
7

,_ etc., 

do not. Hence, it is necessary to split up the higher order terms. 

For example, 

. \ 
· .. · '. 

. ·.J 2 . 
u ' 

... __l 
f5. - g5 + u u h5 '· 1 5 . 

·, 

:_·:: 

(9) 
; . 

The universal run·ctions thus are f1 , f
3

, g
5
, h

5
, .etc., and have been cal

culated notably by Tifford (4). Such tables are reproduced by several 

authors (Schlichting (3), PP• 150-151, Curie (2), P• 26). Bec~use 

'~ .. 

•. i 

.. . 
I·. 

' J' \ ~. : : . '~-- ' :: ~ -~ ~ 

~: .. :?··.;,:· 
,, .·· 

...... ' 
f :··: 't' 

-... ·~· : :· . . -: 
it is a power series in x, the Blasius series is most useful in the region. 

near the stagnation point. 

Concentration Profiles ..... 
b . 

In a similar manne~ the concentration (or the temperature) can be 

expanded in ;,· powe.r series (see,· for example, Schlichting (3) 1 · p. 319): 

9(x,y) (10) 

\'. ; ' ~- I ..·,. 

• .. -·· 
. ·,. 

I 
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. The functions 9
0 

and e2 are "universal" functions independent of ~~ u3, 

etc., although they do depend on the Schmidt' number. In order to form 

universal functions, the higher order coefficients must be broken up in 

a manner similar to the hydrodynamic functions (compare equations (9)): 

4 

(11) 

) 
.The differential equations for some of the universal mass-transfer, 

boundary-layer functions are .. : ' 

;, . / .. [ 

:. :' ! . 

.!.. e "· + ·f e' . - o; Sc o .1 o 
'···. · ... ' 

. ,· .· 

l:.. e" + 
. ' 

rle2 2fi92 =· 12f39~ ' Sc 2 . \. 

l:.. . ·" + Sc a4 f ' la4.- 4f{a4 == - 30g59~ , 
:; l:...b" + f b' .. 4fib4 = - 12r3s2 + er3e2 30h59~ ~' 

., Sc 4 1 4 
' 

and the corresponding boundary condition~ are 

I. 

e == 1, 
0 

,.' \· 
•'. 

:· ·.:. \'· 
. '. · .... 

.. ' 

e2 ~.a4 ~ b4 =.O'at TJ"" eo 

. . : .. 

., ·.·· 
. r', i .. ,._. 

. ' : ~ . 
' ., ... ' . . . j· ." ',· :-.·· 

· ... '·. t.'· . . ; •,\' 

': ; j •• 

(12) 

J . (13) 
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The functions f
1

, f
3
, g

5 
and h

5 
appearing in equations (12) are the same 

universal functions defined in equations (6) and (9). 

Mass-transfer Coefficients 

The differential equations for the nineteen universal functions 

were so1ved numerica11y. Since the universal mass-transfer, boundary-

layer functions depend upon Sc as well as on ~, their tabulation could 

become unwieldy. The local rate of mass transfer i~ of interest and is 

given by 

) 

N (x) 
y = -

(14) 

The coefficients necessary for the calculation of the rate of mass trans-

fer are given in table 1. For heat transfer, the Prandtl number replaces 

the Schmidt number. The range of Schmidt numbers in table 1 was selected 

to cover heat and ina.ss transfer problems of .practical interest. For heat 

transfer in molten metals the Prandtl number is near 0.01, for gases: it· is 

near 0.7, and for other liquids it ranges from 5 to several hundred. 

For mass transfer in gases the Schmidt number is near 1, and in ~uids 

it ranges from several hundred to severalthousand. Some idea of the 

accuracy of the numbers in table 1 can be gained from a compariSon·: of 

the results with a basic mesh size of 0.02 with those for a basic mesh 

size of 0.0108. These suggest that the errors of the numbers in table 1 

are less than 0~01 percent for small Schmidt numbe.rs (through Sc = 1) 
·-

but increases to about 0.1 or 0.2 percent for Sc = 1000. 

Asymptotic fonns of. the coeffici~nts for large and for small Schmidt 
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numbers are given in tables 2 and 3, respectively. These are calculated 

from equations (15) and (17) (see, for example, Acrivos (1)): 

6 

(15) 

where 
; 

For Sc-+ o, 

ov 
J3 - X . 
' - dy 0 

y= 

oc . c -c 
i 00 0 

dY y=O = .J nD 

u(x) 

'(16) 

(17) 

Note that when the Schmidt number is small, it iB' still necessary for the, 

product of the Reynolds number and the Schmidt number to be large in order 

for the boundary-layer form of the equation of convective diffusion (equa-. . 
tion.- (j) ). to be applicable. · Otherwise the diffusion layer is too thick, 

and more of the outer Euler solution is needed· than that represented by 

U(x). 

. :· :·. 

.. :. 

;· 
. :1: 

·:. :· . 

The only peculiar feature of the resultS' is that the mass-transfer· . :' · · .... 

coefficients, except e' (0), approach the low sc· asymptote from above 
0 

rather than below. For many of the coefficients .the low Schmidt number 

asymptote is hardly applicable even at· Sc = 0.01, and it was necessary 
. ' -6 

to extend the nume~ical calculations to Sc = 10 in order to verify 

these asymptotes. Therefore a simple interpolation between the low and 

high Sc asymptotes such &s that B'uggested by Acrivos (1). appears to 

become more inaccurate for the higher coefficients • 
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Table 1.. 7 

DIMENSIONLESS MASS TRANSFER COEFFICIENTS FROM BLASIUS SERIES 

sc e~tq_) e:(o) --,a: (o) _-,.-b:(o) ---~~(o)_ ~~ro)_ d:(o)--· 
--------'-o.,_., . ._.o.w.o45_o_. n '2 It 5 o ..... _c~ 2 4 n . o ~. .. o 2 - o. o 1 1 4 o . Cl53.S--=.D---D.2.b..b-___ cL ... QD-'-'-8 ---~ _ 

0.01 0.0760 0.0598 0.0704 -0.0171 0.0781 -0.0414 0.0138 
1-] 
,....,~----~l..L_o 2 o • 1 c c:; 1+ o. QB..b-3 __ Q_J_Q f; q · - n • 026Jl O----Ll3 4 - n__,__o_t,_s 2 n • o 2 2 s 

0.05 0.1610 0.1323 0.1619 -0.0450 0.1856 -0.1177 0.0433 
c--"---'------'-'-''-J,_,0_,__-'---'0...__._. ,__2 ___ , 0__,__, _.,_5 _ ___,Q_.,_l_B 4 7 Q • .23 n 4 - 0 • 0_6 7 5 Q.26 7 8 - o . 1 R 0 3 o • n 6 R 2 

0.20 0.2964 0.2557 0.3250 -0.0996 0.3828 -0.2718 0.1042 
-------'()'-'-,", 3._0 0 • 4?, 3 4 0__..3_8_6 h 0 • 50 2 5 - Q...l6~___D ..... ...6JlQ6 . -n n 4·!±:I9 0 • 1 7 4 1 

D.70 0.4959 0.4476 0.5859 -0.1906 0.7036 -0.5319 0.2075 
'------:----'-'"_Q 0 ' Q.5 7 Q5 __ (L,_5 2 1 (') () --fJ_Ej'l8 - 0 • 22_6 2 0 • 8 ? 8 4 ____::::LL...63 4 J n e 2 4 8 2 ___ ._;..f' 

2.00 0.7~37 0.6931 C.9246 -0.3106 1.1235 -0.8772 0.3450 
.c----,------''-"-O_D 1 • 0..:±3_5 __ Q.._9_93J __ L • .3..b-l8 - r:_._ 45.95 1 ._6_4 2 7 - 1 • 3DJ__5 o • 5 1 6 o 

-~--, 10.00 1.3389 1 •. 2011 1.7556 -0.6077 2.1587 -1.7372 0.6890 
---------..c...u ... ~o~o'---____,J_.,._.!7_JJ'-'-r:L:;; 4t:__--L1. &6 5 6 ;; • 2 1 1 2 - n.o....I.93 o ? • .B_Q9 s - 2 • 2 so q n • 9 n 7 1 

50.00 2.3529 2.3132 3.1797 -1.1196 3.93h7 -3.22 1t5 1.2863 
/~ 

____..:_ ...... .:1 '--------'-0_0_._0 0 / 9_8_6_9 2 • q 5 1 p, Ito ()6 9 8 - ] ._4it..D 2 c:; ._O!.:t .. 8 4 -4 .l5..1.3 1 • 6_6j_3 __ 
200.00 3.7855 3.7556 5.1899 -1.8441 6.4474 -5.3330 2.1340 

.---'-----s"'-"o o.J o o s .J_6J3~!...__5_.~ s 4 7..,..l2.65 __ =.2.3~ 6 a_._a6.6_0 - 1 • 1 1 013 __ ~.~3"-'-"o'-----,_ -o 1000.00 6.5353 6.5160 9.0355 -3.2348 11.2500 -9.3864 3.7622 

('I 
~,IJ 

sc a~(o) b~(o) d8 (0) e8 (0). p 8 (0) 
·-------'o"-'._Q_Q5__a_.J:' 51 1 - cJ>_c.J 0 '+ - Q._.Ql_c._o___i1 .. _DJ3 9 -o_._O_ll_Q, __________ _ 

p.Ol 0.0846 -0.0488 -0.0263 0.05A2 -0.0193 
.-----,-------"o"-'.'-'o"--'2~_· _o~. 1 2 4 2 - o ~-c 1 R4 - n ._D4 ;;_~.--o 9 R 1 -o .il3 '-----'-9 __________ _ 

0 0.05 0.2064 -0.1443 -0.0804 0.1888 -0.0640 
_______ ·_,.o.w.,_l.._,(,L_Q_..? C!_U · - 0 .22 41 - () .. 1 ?S 9 Q._?_9 o~_JJ)-'--'-"-----------

0.20 0.4345 -0.3393 -0.1019 0.4591 -0.1559 
() . __ _,__ __ --:-o._.3o o_ • ..J::>..ttR 9 - n .•.. 5.6...7...B __ .::-_o_,.32D_l__O_._I.6!3.1 -o ... 21)lJJ,_· _________ _ 

0.70 0.8095 -C.A696 -0.3814 0.9173 -0.3113 
;:-----'-----"-'•-0 o Q.__9_7_M_- o_ • ..J_~L9_8---=.D_.!t.'i_6 2 1 ._Q9_g 1 - o .3_1.2fJ, __________ _ 

?"\ 
~ •• M>" 2.00 1.3032 -1.1096 -0.6342 1.5291 -0.5190 
---------'--"'--"-0 n L2.15_6 - 1 ._6_'1..9_5_____::_0 • 9 so 5 ? • .23_6..6 - o ...l8ill'-------------

lO.oo 2.5249.-2.2094 -1.2670 3.0665 -1.0429 
r) 
~_,_;..;> '--------2_Q._a n 3_._z 9 4_'L__=._2_._9SJ 6 1 - 1 • ..6_6_8 1 · 4 ._Q 4 3 s -1 .3_7..6..8·--------,----

50.00 4.6266.-4.1162 -2.3652 5.7439 -1.9581 
------~1_0_0_._00 5 ._9_ft_L2 __ ::~:5-L3_U_0---=-.3_.Jl5 t+ 7 T._~2_6_9~-·-~':)_4_D:____:____ ________ _ 

(". 
I 

·~ ... -' 

() 

200.00 7.5956 -6.8223 -3.92'+4 c.5495 -3.2605 j 

-----~5 QO • QO 10 • 4 S 5 9 - 9_._1:L3.9.~3_-::_..')_. 4 3--'?J:/__1_3_,._2_2_3_6 -4 ._5__1'-Gz_. 0L··· -----------~ 
1000.00 13.2752 -12.0294· -6.9254 16.8658 -5.7647 . . . . 

'----'----- Sc , a~Q(O)_ 1)~0(6) d~~-- -e~0 (o),. p~~o) r~0(0~- s~0 (0) -. -
,_~-----""-'o • OJl5___Q_. o 52 7----=:J:,__!_n3 4 1+ -o _._0~3 B3 __ o_._fl~2_9 _ _Q__._o lt: a 1 · - o • o 6_ 51 · 9 • o 1a g _ 

i""') 
''·- 0.01 0.0849 -0.0561 -0.0642 D.0742 0.0849 -0.1157 0.0334 

________ o~ • .!Lo~z-~o. 1 ~J 5 -c. 0911 -o ~ 106 s c. 12 59 __ (::__J...j-48 -o ._L2J31 o. 0571 

(~ 
',._,;_..1 

0.05 0.2251 -0.1696 -0.2024 0.2431 0.2806 -0.3840 0.1103 
0. 10 0. 3 31 7 -0 • '?64 7 -0. 3191 __ 0!_3 855 O._!i_~5-"''L==.9_. 6_QJU=-_JLd3.4:4 
0.20 0.4822 -0.4022 -0.~883 0.~912 0.6H38 -0.9322 0.2663 

:.:.·· _ _._ ____ =0.:....-"---'50 0.7701t -0.6691 -0.8173 0.990? 1.1460 -1__.5583 0.;4441 
0.70 0.9076 -0.7969 -0.9749 1.1812 1.3673 -1.8581 0.5292 

______ __,1Llo~O.L;;OL·' _·_-l • 0 7 4 2 - 0. 9 5? 6 -] • 1 h 7 2 1_. 41 42 l. 6 3_7_3 -2 ! 2 2 4 l __ Q_. 6 3~?,~, 2~-
2.00 1.4699 -1.3238 -1.6257 1.9705 2.2824 -).0993 0~~822 

~-·-"-------.2_!00 2 .• 1688 -L9836 "'-2!'4416 2._2623 3.4333 ,..4.6637 1:::1280 
10.00 2 .. 8652 -2.6tt42 -3.259tt 3.9585 4.5899 -6.2384 L~1774 
20.00 3.7449 -3.4818 -4.2969 5.2?41 6.0597 -8.2420 ±.3498 

' ., 
' 

50.00 5.2690 -4.9374 -6.1009 7.4271 8.6190 -11.7341 ~.3483 
100.00 6.7730 -6.3776 -7.BA65 9.6088 11.1540 ~15.1951 4.3385 

r~ 200.00 8.6661 . -8.1944 -10.139L 12.3614 14.3528 -19.5635 5.5887 
,J-o__,__,__,. __ ~5L.'OO.OO 11.9?:91 -11.3457 -14.0475 17.1337 19.8993 -?7.1387 7.7569 

1000.00 15.1652 -14.4658 -17.9175 21.8536 25.3852 -34.6297 9.9010 
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· Table 2 •. Asymptotes for 
large Schmidt numbers. 

,· ~ 
:: e'(o) a :o.66of3 sc 1 

0 

( ) . '66 8 . I l~ 9 1 0 = ,0. 5 Sc 
2 

a'(O) = 0.9280 Sc 1l;, 
4 

b 1 (0) = -o. 3339 Sc 11 z 
4 

· Table 3· Asymptotes for 
small Schmidt numbers. 

··e'(o) 
' 0 

= • o. ·r919 .s~ 112 

0.5984 Sc 112 6' (0) = 
2 

a'(O) = 
4 

. b' (0) = - 0.1247 Sc 11 2 

4 

. . i . . a 1 (0) 
. 6 

= 1.1592 Sc 11~ 
= - 0 .. 9719 Sc 11 ~ .· 

· ·._ . a'(O) =r • o.6g31 'Sc1 / 2 

6 

·.· .. ·· 

b I (0) .. b'(O) =- 0.2327 Sc 112 
6 ' 

d' (0) = 0.0436 Sc 112 -d'(O) = 0.3917 Sc 11~ 
6 

6 
' 

6 
' lb 

a ' ( 0) ·'1. . . . . 1. 3711 Sc a ' ( 0) 
8 8 

b ' ( 0) = - 1. 24 75 Sc 11 ~ · b ' ( 0) 
8 8 

d' ( 0) : = .. o. 7190 Sc 11 ~ , ' d' ( 0) 
8 8 

e'(O) .,;. 1.7590 Sc 11~ e'(O) 
8 8 

p ' ( 0) = o. 0 .. 6028 Sc 11 ~ ' p 1 ( 0) 
B 8 

a' (o) = 1.5690 Sc 21~ .. a' (0) 

· = o. 7181 Sc 112 
. 

= - 0.2~44 Sc 11 2 

= - 0.0997 Sc 112 

-. 0.1122 Sc 112 

= .. 0.0175 Sc 112 

= 0.7314 Sc 112 

. 1o · · 10 

b' (0) =·~-1.5016 Sc 11~ b' (0) =- 0.2194 Sc 112 

J.O . J.O · · 

d' (0) = -·1.8628 Sc 11~ d' (0) = ~-0.1828 Sc112 ·.· 
J.O · 10 ·' 

e' (0)=. 2.2556Sc 11~ e' (0)= ·0.1029Sc112
_ 

J.O · ' ; · , . 10 

p
2
'

0
(0) =. 2.6516_ Sc 1 / :3' .·· . : p' (0). = 0.0914--Sc112 · 

. . · .. 10 . ' 

r~0(0) =.- 3.6335 Sc 11Z ·,, ; ,· r' (0) = • 0.0571 Sc112 

s' ( 0 )' = 1. 0_ 5o6 Sc 1 / z .. · ·. __ ,· s ~
0 

( 0) = . o. 0075 Sc 1 / 2 _- .. 
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Nomenclature 

- concentration of diffusing species. 

concentration at solid surface • 

concentration far from the surface. 

D diffusion coefficient. · 

fl,1'3: ••• coefficients in Blasius series for stream function. 

N · - y-component of the flux of the diffusing species. 
y 

.Sc = v/D, -the Schmidt number. 

·, u1,u3 •• • •. - coefficients in power-series expansion of u. 

u velocity at outer edge· of boundary layer. 

. ~ . v ,v 
X y. - components of the velocity. 

X - distance from the stagnation point along the surface. 

y 

f3 

r'(4/3) 

Ti 

e 

eo,e2~ •• 

v 

\: -- .. 

- perpendicular distance from the surface. '· · · 
''.· 

':· velocity derivation at the surface. .··.: 

' ... 

... :· 

- dimensionless distance from the surface •. 
'!• 

- dimensionless concentration. 

coefficients in Blasius series for mass transfer. 

kinematic viscosity. 

stream function. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






