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Abstract

Learning Transformations From Video

by

Jimmy Ching Ming Wang

Doctor of Philosophy in Vision Science

University of California, Berkeley

Professor Bruno A. Olshausen, Chair

Our survival depends on accurate understanding of the environment around us through
sensory inputs. One way to achieve this is to build models of the surrounding environment
that are able to provide explanations of the data. Statistical models such as PCA, ICA and
sparse coding attempt to do so by exploiting the second- and higher-order structures of sen-
sory data. While these models have been shown to reveal key properties of the mammalian
sensory system and have been successfully applied in various engineering applications, one
shared weakness of these models is that they assume each observation is independent. In
reality, there is often a transformational relationship between sensory data observations. Ex-
ploiting this relationship allows us to tease apart the causes of the data and reason about the
environment. In this thesis, I developed an unsupervised learning framework that attempts
to find the translational relationship between data and infer the causes of the observed data.

This dissertation is divided into three chapters. First, I propose an unsupervised learning
framework that is able to model the transformations between data points using a continuous
transformation model. I highlight the difficulties faced by previous attempts using similar
models. I overcome these hurdles by proposing a learning rule that is able to compute the
learning updates for an exponential model in polynomial time. I also propose an adaptive
inference algorithm that is able to avoid local minima. These improvements make learning
transformation possible and efficient.

Second, I perform a detailed analysis of the proposed model. I show that the adaptive
inference algorithm is able to simultaneously recover multiple transformation parameters
with high accuracy when given synthetic data where the transformation is known. When
learned on pairs of images containing affine transformations, the algorithm correctly recov-
ers the transformation operators. The unsupervised learning algorithm is able to discover
transformations such as translation, illumination adjustment, contrast enhancement and lo-
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cal deformations when learned on pairs of natural movie frames. I also show that the learned
models provide a better description of the underlying transformation both qualitatively and
quantitatively compare to commonly used motion models.

Third, I describe a plausible application for the continuous transformation model in video
coding. In a hybrid coding scheme, I propose to replace the traditionally used exhaustive
search motion model with transformation models learned on natural time-varying images.
A detailed analysis of the rate distortion characteristics of different learned models is docu-
mented and I show that the learned model improves the performance of traditional motion
models in various settings.
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Chapter 1

Introduction

1.1 Motivation

Our survival depends on being able to accurately understand and reason about our sur-
roundings. Many researchers have suggested that our brain carries out these functions by
learning a model of the environment that is consistent with sensory inputs, such as auditory
and visual signals. A fundamental question here is how would one learn such a model?
One possibility is discussed by Horace Barlow, where he argued that unsupervised learning
should exploit the redundancy in data. Without redundancy it would be impossible to find
any pattern or features in the data and in this sense redundancy provides knowledge
[Barlow, 1989]. In this context, the redundancy in data is a result of the highly structured
environment we live in. For example, in images of the visual world, there exists a consid-
erable amount of regularity among pixel values across both space and time. To illustrate
this fact, the two-point correlation function of natural images is plotted in figure 1.1 as a
function of separation in space and time.

A simple model of the sensory input should capture such correlational structure. Principal
Component Analysis (PCA) is an example of a model that does so. PCA represents signals
using a set of orthonormal bases with decorrelated coefficients. Alternatively, it assumes that
the data can be modeled with a multivariate Gaussian. When applied to natural images,
instead of having the variances spreading over the entire signal, the variance is concentrated
in a few principal components as shown in figure 1.2.
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Chapter 1. Introduction

Figure 1.1: The two-point correlation function of natural images plotted as a function of separa-
tion in space (left) and time (right). 10000 pixel samples are used to generate the plots.

Figure 1.2: A comparison of the distribution of variances between PCA coefficients (red) and raw
pixel values (blue). 1000 9-pixel natural image arrays are used to compute the PCA components
and variance.

As George Box famously states “Essentially, all models are wrong, but some are useful.”
Although we know that real world data contains higher-order statistics, PCA is optimal
for dimensional reduction in the least-square sense and has inspired image compression al-
gorithms such as JPEG, where images are divided into smaller blocks and each block is

2



Chapter 1. Introduction

transform coded with the Discrete Cosine Transform (DCT), which approximates the prin-
cipal components of natural images. Instead of recording all the pixel values, only the few
significant (usually largest 15%) DCT coefficients are needed to capture the image content.

Taking one step forward, one can model higher-order statistics of the sensory data. Doing
so requires moving away from the Gaussian assumption. In fact, [Friedman et al., 1974] ar-
gues that basis functions whose projections are Gaussians are the most ‘uninteresting’ ones,
and proposed to find basis functions whose projections are most non-Gaussian. Indepen-
dent Component Analysis (ICA) [Bell and Sejnowski, 1997] and Sparse Coding [Olshausen
and Field, 1996] attack this problem by describing the data as a multi-variate Laplacian
distribution and are able to describe higher order statistics in data. The difference between
PCA and ICA/sparse coding is depicted in figure 1.3, where a two-dimensional source (e.g.
two-pixel images) are decomposed by both ICA and PCA. As shown, when the signals are
non-Gaussian, ICA/sparse coding correctly identifies the components of some signals even
when PCA does not.

Figure 1.3: The figure on the left shows the two principal components of a two-dimensional signal
that is distributed according to a Gaussian distribution. The figure on the right shows a non-
Gaussian distribution. ICA (red) correctly identifies the signal components while PCA (green)
does not.

By exploiting higher order structures, Olshausen and Field [Olshausen and Field, 1996]

showed that basis functions learned using an unsupervised learning algorithm on natural
images resemble receptive field structures found in early visual cortex. Smith and Lewicki
[Smith and Lewicki, 2006] were able to show similar findings when learning from natural
sound. This provides a strong clue that sparse coding could be a principled way to represent
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Chapter 1. Introduction

static signals. In addition, it provides justification for the use of wavelets in image compres-
sion, which has been shown to provide a more compact description of images than DCT.

So far we have described linear models that account for second and higher-order statistics
in static signals. However, the methods mentioned above consider each signal instance in-
dependently and ignore the relationships between signal instances. In natural signals, there
is often a transformational relationship between signal instances. As a simple example, con-
sider the set of three-dimensional signals formed by translating a three-pixel template by
different amounts, shown in figure 1.4.

Figure 1.4: The space formed by a three-pixel template translated with circular boundary condi-
tion. The top four figures shows four instances of the signal, each translated by a different amount.
The bottom figure shows the one-dimensional manifold embedded in a three-dimensional pixel
space formed by the ensemble of the signals, with each marker representing a particular instance.

The interesting aspect of this signal family is that while the signals are three dimensional,
PCA is able to capture all the data variances with two dimensions. This can be seen vi-
sually from figure 1.4 that the data forms a two-dimensional circle in a three-dimensional
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Chapter 1. Introduction

space. However, this family of signals is created with only one degree of freedom, namely the
amount of shift of the original template. This suggests that there should be a more compact
way to represent this family of signals. More importantly, the generator of the signals is the
translation operator, and neither PCA nor ICA / sparse coding is able to discover this cause.

This suggests that one way to build a better model of the sensory inputs is to exploit the
transformational relationship within the data. Ignoring these relationships makes under-
standing very difficult. Previous work such as Locally Linear Embedding (LLE) [Roweis
and Saul, 2000] attempts to do so by stitching together local neighborhoods in a piece-wise
fashion. While such techniques are great for data visualization, they do not attempt to
tease apart the causes of the manifold, nor can they generate new data consistent with the
manifold structure. This motivated us to develop a general algorithm that is capable of
discovering a compact description of the data manifold by modeling transformation between
data points. Such a model will allow us to tease apart the causes of data such as that in
figure 1.4.

1.2 Modeling Transformations in Image Sequences

The images which fall upon the retinae change over time due to self motion, object motion
and object interactions. While the input is highly dynamic and ever changing, the brain
needs to parse and understand the causes of the data to give us a stable percept of the
world. The same problem is also faced by machine vision systems.

Although the transformation model we develop in this thesis is generic and can be applied
to any signal domain, we concentrate our effort on modeling time-varying images. Below,
we give a brief overview of the currently available methods.

1.2.1 Explicit Representation of Transformations

Transformations in natural scenes are a result of movement and dynamical interaction of
physical objects in the world. For example, object movements parallel to the visual field
produce translation in the visual scene, while perpendicular movements produce scaling.
Therefore, one obvious attempt is to model the dynamics of time-varying images with ex-
plicit transformations such as translation, rotation and scaling. However, parameterizing
such a model turns out to be very difficult, and it is hard to infer the dynamics in the visual
scene (computing the amount of transformation needed to produce the image at time t+1
from time t).
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Chapter 1. Introduction

By restricting the transformations to translation, the transformation parameters can be
computed through an exhaustive search scheme. On digitized videos, such exhaustive search
can be implemented quickly through convolution. For scaling, exhaustive search can be
performed through a spatial pyramid, where each level of the image pyramid represents a
different scale of the scene. Such transformation algorithms provide the basis for the state-
of-the-art video compression [Wiegand et al., 2003], object tracking, depth extraction from
stereo/multi-view camera and video interpolation [Mahajan et al., 2009].

Instead of defining transformations in the image domain, it is also possible to define trans-
formation in a feature domain. Taking a set of features that are used to represent static
images, for example, the Gabor filterbank, one can transform each element in the filterbank
with explicitly defined transformations, e.g. rotation, scaling, etc. One can treat the set of
transformed features as one feature bank and perform image decomposition using existing
techniques [Escoda et al., 2009]. By comparing features in the neighboring time points, one
can infer the transformation parameters. Leveraging recent image decomposition algorithms
[Mallat and Zhang, 1993], [Mairal et al., 2010], this method is often more efficient than ex-
haustive search algorithms defined in the pixel domain. More importantly, by defining trans-
formation in the feature domain, one is able to parametrize the transformation and modern
optimization algorithms can be used to recover the transformation parameters [Kokiopoulou
and Frossard, 2009]. The authors showed that when the two images are compared under tan-
gent distance (distance measured perpendicular to the tangent of the manifold), the optimal
transformation parameters of translation, rotation and isotropic scaling can be recovered.

1.2.2 Spatio-Temporal Representation of Transformations

Alternatively, as Fahle and Poggio [Fahle and Poggio, 1981] and Adelson and Bergen [Adel-
son and Bergen, 1985] have pointed out, image motion is characterized by orientation in
space-time. One may therefore design filters in space-time to capture such dependencies
[Watson and Albert J. Ahumada, 1985]. Watson and Ahumada used hand-coded separable
space-time wavelets and Van Hateren and Ruderman [Hateren and Ruderman, 1998] showed
they were able to learn space-time filters that optimally tile the space of blocks of natural
image sequence. Olshausen [Olshausen et al., 2002] further improved the model by adding
shift invariance to the learning algorithm. The author showed that the learned filters pos-
sess similar properties to the space-time receptive fields found in the mammalian early visual
cortex.

Each unit in the model is bounded to a specific spatial location and orientation in the spatial-
temporal plane. Therefore, the unit provides a description of the local velocity content
instead of visual speed of the object. This is commonly known as the aperture problem
[Hildreth, 1984] and further processing is required to turn the unit activations to object
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Chapter 1. Introduction

transformations.

1.2.3 Hierarchical Representation of Transformations

Neurophysiological data suggest that processing in the brain is organized in a hierarchical
fashion, in that more abstract information, e.g. the identity of an object, is represented
further in the processing stream than lower level information, such as edges. Various at-
tempts have been made to construct multi-layer networks to model static images [Hinton
and Salakhutdinov, 2006], [Serre et al., 2007]. This concept can also be used to model trans-
formations in time-varying images.

One of the earliest work of this kind is by Simoncelli and Heeger [Simoncelli and Heeger,
1998]. Termed energy model of motion, a hierarchical model is constructed to overcome the
aperture problem encountered by typical spatio-temporal filter models, as described in the
previous section. Specifically, a spatio-temporal filter bank consisting of quadrature filter
pairs is used to filter the image content. The activation of each of the quadrature filter pair
is squared and summed to obtain the motion energy. The spatial distribution of the motion
energy is extracted using another layer of filters to produce object motion.

Instead of modeling the amplitude distribution of the quadrature pairs, Cadieu and Ol-
shausen [Cadieu and Olshausen, 2009] built a generative model to model the phase com-
ponent of the first layer basis functions. They showed that the model is able to capture
translation, rotation, scaling and local deformation when trained on natural video. While
this model is able to reproduce key aspects of the observed response in early visual cor-
tex, one drawback is that a particular unit in the top layer is only able to produce a small
change in the image domain. Therefore, multiple units have to be active when for example
a bar moves across the scene and requires further processing to convert unit activity into
transformation.

1.2.4 Bilinear and Lie Group Representation of Transformations

Another way to representing transformation in time-varying images is with Lie group oper-
ators. In particular one assumes that the infinitesimal change of a movie x at time s can be
modeled by a linear operator A

∂x (s)

∂s
= A x (s) (1.1)

where s ∈ <, x (s) ∈ <N is a N dimensional signal evaluated at s, A ∈ <N×N is an
infinitesimal transformation operator and the generator of the Lie group. The solution of
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Chapter 1. Introduction

the above differential equation is

x (s) = eAsx (0) = T (s)x (0) (1.2)

eAs is a matrix exponential defined by the Taylor expansion and x(s) can be obtained by
transforming the original template x(0) with the operator A by an amount s.

The advantage of this model is that it can facilitate transformation with arbitrarily large
range and has been proposed for application in image processing [Nordberg, 1994] and com-
puter vision [Van Gool et al., 1995]. While these work focuses on the inference problem with
fixed transformations, learning the transformation in this framework has been proposed by
[Rao and Ruderman, 1999], [Olshausen et al., 2007], and [Miao and Rao, 2007]. Specifically,
one aim to find the optimal operator A that satisfy the following objective functions

argmin
A

∑
t

∣∣∣∣∣∣x(t+1) − eAs(t)x(t)
∣∣∣∣∣∣2

2
(1.3)

where t is the t th sample in the training set. In practice, equation 1.3 is very difficult to
optimize because

• learning is computationally expensive due to the matrix exponential

• the inference is full of local minima

Therefore, to make learning intractable, the authors propose to approximate the full model
with its first order Taylor expansion. Equation 1.2 is then approximated by:

x(s) ∼ x(0) + sAx(0)

x(s)− x(0) = ∆x = sAx(0)
(1.4)

Because it is a linear approximation, inference and learning with this simplified model is
easy. However, by comparing against equation 1.1, it is easy to see that this linear model
assumes that the two image frames contain only infinitesimal changes. This is generally not
true for videos that are sampled at 25 frames per second. As a result, the learned operators
converges to the same transformation and each one is selective for a different speed. Alterna-
tively, [Miao and Rao, 2007] used toy data with only small transformation in each image pairs.

1.3 Thesis Outline

In chapter 2, I describe a continuous transformation model formulated with Lie Groups. In
contrast to previous attempts where the inference and learning are done with a linearized
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Chapter 1. Introduction

model, I propose methods that allow us to work with the full model described in equation
1.2. In particular, I propose

• an efficient and tractable learning rule using the full model

• an inference objective that avoids local minima

In chapter 3, I demonstrate the proposed inference algorithm is able to correctly recover
the transformation coefficients with high accuracy when given images transformed with pre-
determined operators. I show that the learning algorithm is able to recover the transfor-
mation operators when trained on pairs of images contain pre-determined transformations.
When trained on pairs of natural movie patches, the learning algorithm discovers operators
performing transformations such as translation, intensity scaling, contrast enhancement and
local deformations. In addition, I show that the learned models provide a better description
of the underlying transformation both qualitatively and quantitatively compare to commonly
used motion models.

In chapter 4, I show that the proposed transformation model can be used for video coding.
In current video coding standards, the frame-to-frame motion is estimated and compensated
with an exhaustive search motion model. I propose to replace this motion model with the
continuous motion model learned on natural videos. I show that doing so leads to a coding
gain in the low and high bit regime.

9



Chapter 2

Learning Continuous Transformation:
Model and Implementation

2.1 Continuous Transformation Model

To remind the readers, the continuous transformation model is formated as

Y = eAsX + η (2.1)

where X, Y ∈ <N×M contains M pairs of signals of dimension N. Notice that X and Y do
not need to be related in time but can be related arbitrarily and is described by the matrix
A. η represents Gaussian I.I.D. noise. The two major hurdles that prevent one from learning
transformation with the full exponential model are

• Computational Expensive Learning Stage

Matrix exponential are computational intensive operations. It is on the order of O(N3)
for the evaluation of eAs. Moreover, it is necessary to compute dA

deA
when optimizing

A. This derivative has computational complexity O(N6) [Ortiz et al., 2001] when

computed naively (the derivative
daij

d(eA)kl
is O(N2) and there are four set of indexes

[i,j,k,l]). This makes learning intractable for large N.

• Non-convex Inference

The inference procedure, which is the search for optimal coefficient s under equation 1.3
when the transformation matrix A is fixed, is unfortunately highly non-convex. This
makes gradient descent based optimization algorithms very difficult as the inference
landscape is plagued with many local minima and can be easily trapped in a local min-
imum. To illustrate, a 11 × 11 white noise image patch is generated and it is translated
3 pixels to the left to create another image. The error function (equation 1.3) is plotted
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Chapter 2. Learning Continuous Transformation: Model and Implementation

as a function of the transformation coefficient s, shown as the red solid line in figure 2.1.

Figure 2.1: This figure shows the error function described in equation 1.3 for a pair of randomly
generated white noise patch, one shifted 3 pixels to the left from another. There are many local
minima in the objective function.

[Miao and Rao, 2007] proposed to use random initial condition with multiple repeats
and choose the solution with lowest energy. Not only it is computationally expensive,
the number of repeats required grows exponentially with the number of transformations
in the model. This makes this approach only valid for small number of transformations.

The issues listed above strongly limited the application of the Lie group transformation
framework in practice. For the rest of this chapter, we will provide solution to all these
problems.

2.1.1 Eigen Decomposition

To make learning feasible, we exploited that the matrix A can be re-parametrized as

A = UΛU−1 (2.2)

where U ∈ CN×N is an invertible matrix and Λ ∈ CN×N is a diagonal matrix. The U matrix
in this formulation is not required to be orthonormal, in contrast to PCA or SVD. This setup
is also proposed by [Culpepper and Olshausen, 2009] to solve similar problems around the

11
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same time this work is being developed.

The advantage of this representation is that the matrix exponential in equation 1.2 simplifies
to

eUΛU−1s = I + UΛU−1s+
1

2
UΛU−1UΛU−1s2 + . . . = UesΛU−1 (2.3)

As shown, under this formulation the matrix exponential is only applied to the diagonal
matrix sΛ, which is equivalent to a point-wise exponential on each diagonal element. Hence,
we have reduced a full matrix exponential to two matrix multiplications and a point-wise
exponential.

2.1.2 Computational Complexity of Learning

The model now becomes
Y = UesΛU−1X + η (2.4)

As a reminder, learning in this thesis refers to the optimization of the model under equation
1.3. In particular, the optimization equation is

argmin
Λ,U

M∑
m=1

(
y(m) − UesΛU−1x(m)

)2
(2.5)

The computational complexity of learning (and inference) of the model is dominated by the
evaluation of esAX. The most expensive part of this to compute the matrix exponential,
which is O(N3). The entire operator is then O(N3). In contrast, by using the representation
in equation 2.3, when the vector X is multiplied sequentially from right to left, the only
operation involved is a vector-matrix multiplication, which has computational complexity
O(N2). As a result, we have reduced the computational complexity of learning to O(N2),
which is the complexity of a linear model.

2.1.3 Adaptive Inference

Inference in this thesis refers to the search for optimal coefficient s such that Y = eAsX. To
remind the readers, the inference objective is

argmin
s

∣∣∣∣Y − UesΛU−1X
∣∣∣∣2 (2.6)

As have mentioned in the previous section, there are multiple local minima in the inference
energy landscape and any gradient-based optimization algorithm is likely to be trapped in
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a sub-optimal solution.

To overcome the non-convexity of the optimization problem, we introduce an inference ap-
proach that adaptively smooths the objective function. This is inspired by the coarse-to-fine
matching scheme used to compute optic flow [Lucas and Kanade, 1981], [Black and Jepson,
1996] and image matching [Vasconcelos and Lippman, 1997]. The idea behind this match-
ing scheme is based on the observation that it is easier to find the global minimum under
transformations such as rotation, translation and scaling with lower resolution images. The
coarse-to-fine algorithm avoids local minima by first match matches at lower resolution and
uses the result to initialize the matching at higher resolution.

A similar procedure can be implemented using the Lie group operators. Specifically, the
image smoothing is achieved by averaging over all possible range of transformations weighted
by a Gaussian distribution

T (µs, σs) =

∫ ∞
−∞

T (s)
1√

2πσs
e
||s−µs||2

2σ2s ds

The above integral can be solved analytically and the result is

T (µs, σs) = UeµsΛe
1
2

Λ2σ2
sU−1 (2.7)

The coarse-to-fine scheme introduce an extra term in the inference objective function and
new objective function is

argmin
µs,σs

∣∣∣∣∣∣Y − UeµsΛe 1
2

Λ2σ2
sU−1X

∣∣∣∣∣∣2 (2.8)

The advantage of this inference scheme can be seen in figure 2.2, where the reconstruction
error of equation 2.8 is plotted as a function of µs with difference values of σs. As shown,
the inference landscape becomes smoother as the value of σs increases and eventually the
objective function becomes convex. The introduction of σs variable thus opens up paths to
the minimum and helps the optimization procedure from getting into local minima.
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Figure 2.2: This figure shows the reconstruction error as a function of µs with different values of
σs. It shows that the inference landscape only have one minimum for large σs values.

The major advantage of this inference scheme over traditional coarse-to-fine matching is that
the blurring is part of the objective function. In most coarse-to-fine matching, the lower res-
olution images are constructed using a multi-resolution pyramid with fixed scales. In our
inference method, the blurring is continuous and the optimal level of smoothing is found by
the optimization procedure. More importantly, the blurring is operator specific. This makes
our inference method valid even when applied to non-imagery data, such as DCT coefficients,
where simple spatial blurring makes less sense.

As a final note, the smoothing operator can be viewed as a transformation operator in the
form of

T (σs) = Ue
1
2

Λ2σ2
sU−1

2.2 Multiple Transformations

There are often more than one type of transformation present in natural videos. To accom-
modate multiple transformations in the model, the operators can be concatenated in the
following way:
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Tmulti (sµ, sσ) = T1 (sµ1 , sσ1)T2 (sµ2 , sσ2) ... =
∏
k

Tk (sµk , sσk) (2.9)

Tk (sµk , sσk) = Uke
sµkΛke

1
2

Λ2
ks

2
σkU−1

k (2.10)

where k indexes the transform. Note that the transformations T (sµ1 , sσ1) do not in general
commute, and thus the ordering of the terms in the product must be maintained.

Because of the fixed ordering of transformations and the non-commutativity, the multiple
transformation case no longer strictly constitutes a Lie group for most choices of transforma-
tion generators. Describing the group structure of this new model is a goal of future work.
For the present purposes of this thesis we note that transformations observed from video
transformations such as affine transformations, brightness scaling and contrast scaling can
still be reached using the model in equation 2.9, though choice of coefficient values sµk may
depend heavily on the order of terms in the product.

2.3 Regularization

2.3.0.1 Regularization on U

There is a degeneracy between the norm of U and U−1, in that if the norm of U grows by a
scale factor α, the norm of U−1 shrinks by α, and the norm of A stays the same. Although
theoretically this does not pose a problem, in practice it makes learning very unstable. To
over come this problem, we propose a renormalization step at the end of each iteration such
that U and U−1 have the same norm. In particular, let us introduce a diagonal matrix R.
We notice that the following equation would hold given any non-zero diagonal elements

A = V ΛV −1

= V RR−1ΛV −1

= V RΛR−1V −1

= (V R)Λ(V R)−1

by setting
U = V R

we have
A = UΛU−1

where R represent the degeneracy in the set of U we are allowed in our decomposition. We
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hence propose to regularize U by choosing R such that the joint power is minimized

R = argmin
R

∑
i

∑
j

V 2
ijR

2
jj +

∑
i

∑
j

(R−1)2
jj(V

−1)2
ji (2.11)

and its analytical solution is

Rjj =

[∑
i(V

−1)2
ji∑

i V
2
ij

] 1
2

(2.12)

2.3.0.2 Regularization on sσ

A small L2 penalty is placed on sσ to encourage it to shrink to zero.

2.3.0.3 Regularization via Manifold Distance

In order to encourage the operators to transform between image patches in the most direct
way possible, a penalty is placed on the total distance traveled by the operator between
the two patches. The total distance can be computed by summing over all the infinitesimal
changes that leads from the starting patch, denoted x(0), to the ending patch, denoted x(sµ).
Specifically, the distance measure for a particular transform k is

d (Tk (µsk, σsk) ;x(0)) =

∫ sk

τ=0

||ẋk(τ)||2dτ (2.13)

Expanding the equation we have

d (Tk (µsk, σsk) ;xk(0)) =

∫ sk

τ=0

||Akxk(τ)||2dτ (2.14)

=

∫ sk

τ=0

||AkeAkτxk(0)||2dτ (2.15)

Finding a closed form solution for the above integral is difficult, but it can be approximated
well using a linearization around τ = s

2
,

d (Tk (µsk, σsk) ;xk(0)) ≈ µsk||AkeAk
µsk
2 xk(0)||2 (2.16)

Numerical integration of equation 2.15 is compared against this approximation, shown in
figure 2.3. We can conclude from the figure that the zeroth order approximation closely
resembles its true value, especially at small sµ values, where most of the coefficients lie in
practice.
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Figure 2.3: This figure shows two examples of comparison between the zeroth order approximation
(red) to the manifold distance vs its numerical integration (blue). The transformation operators
used here are picked from a subset of operators learned from natural movies.

d (Tmulti (µs, σs) ;x(0)) =
∑
k

d (Tk (µsk, σsk) ;xk(0)) (2.17)

Since this penalty is applied individually to each operator, it also acts similarly to an L1
penalty on the path length of the transformations. This penalty will encourage travel between
2 points to occur via a path described by a single transformation, rather than by a longer
path described by multiple transformations. In other words, this penalty will encourage
independence amongst learned operators.
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2.3.1 The Complete Model

Given the above conditions, the full model’s objective function is thus

E (µs, σs, U,Λ, x) =
1

2σ̃2

∑
m

∣∣∣∣y(m) − Tmulti
(
µ(m)
s , σ(m)

s

)
x(m)

∣∣∣∣2
2

+ ηm
∑
m

∑
k

µ
(m)
sk ||Ake

µ
(m)
sk
2

Akxmk||2

+ ησ
∑
m

∑
k

(σ
(m)
sk )2

(2.18)

2.4 Inference and Learning with Region Buffer

When considering pairs of natural movies patches at a fixed spatial location, it is not un-
common to find that the underlying object travels outside of the patch. This situation is
graphically illustrated in figure 2.4.

Figure 2.4: An illustration of the motivation for the use of region buffer during inference and
learning. The dotted line represents the boundary of the buffer region.

Therefore, to account for such scenarios, we introduce an image buffer to the inference and
learning algorithm. In particular, the image buffer is an extended region around the original
image patch. The inference and learning algorithm ’sees’ both image patch as well as the
buffer region. However, during inference and learning, the reconstruction error within the
buffer region does not count towards the objective function. This setup therefore allows the
algorithm to bring information inside the buffer region to reconstruction the central part of
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the image patch, while without getting penalized for not reconstructing details inside the
buffer region.

2.5 A Probabilistic Model

This model can be recasted in a probabilistic framework as follows:

p (x, s, U,Λ) =
1

Z
exp (Efull)

p (x|s, U,Λ) ∝ exp
(
ηx ||Y − Tmulti (sµ, sσ)X||2

)
p (sµ) ∝ exp

(
−ηsµ

∑
k

|sµk |

)

where Z is the partition function.

2.6 Model Estimation

In equation 2.5, the coefficient values s are latent variables, hence unknown. This poses a
chicken and egg problem; the model cannot be updated without knowing each individual
coefficient but the model is unknown to begin with. In this thesis, we employ a varia-
tional Expectation-Maximization (EM) optimization approach [Olshausen and Field, 1997]

by alternating between the following two steps:

1. coefficients are inferred for each pair of signal using equation 2.8 with the model fixed.

2. the model is updated with the inferred coefficient values using equation 2.5

For each of the steps, the optimization is carried out using Minfunc [Schmidt, 2009], a
gradient Matlab optimization package developed by Mark Schmidt. Please refer to Appendix
A for the detail computation of the objective gradients.

2.7 Conclusion and Future Works

In this chapter we have proposed an algorithm for learning continuous transformation mod-
els from data. Different from previous attempts, we have introduced a tractable learning
algorithm via a reparameterization of the model and an inference algorithm that avoids local
minima via adaptive smoothing. Both of these features are key to make the algorithm work
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in practice.

There are several lines of possible extensions on the model we proposed here. We list a few
of them below:

• The learning algorithm used in this thesis is based on an alternative EM approach,
where we replace the expectation over the hidden variable sµ and sσ with a single
value at the maximum a-posterior (MAP). This type of approximation is valid when
the underlying hidden variable distribution is unimodal and is heavily peaked. For the
model proposed here, we have relatively little intuition of how the underlying hidden
variable distribution should behave and thus the solution maybe biased by this learning
method.

The reason for using the MAP solution to approximate the expectation is because
finding the expectation is very slow and often intractable. However, with the recent
advances in Monte-Carlo sampling and the use of highly parallel computing architec-
tures such as GPU, various groups have shown the it is now plausible to estimate the
true posterior. Therefore, a interesting line of future work maybe to develop a sampler
based learning algorithm and observe how the learned solutions change.

• The continuous transformation model can be used to understand the representation
of natural scenes. Olshausen and Field [Olshausen and Field, 1996] showed that local
image structures can be captured by using an overcomplete linear generative model,
known as sparse coding. However, the dictionary elements show a large degree of
redundancy, in that multiple elements have very similar spatial structure but differ
in spatial positions and orientation. We believe that the sparse coding model can be
greatly enhanced if the transformation is represented explicitly using the continuous
transformation model. In particular, we propose

x =
∑
i

βiT (sµ, sσ)Φi +
∑
i

|βi| (2.19)

where x is an image patch, Φ is the overcomplete dictionary and β are the corresponding
coefficients. In this model, there is a common set of transformations shared between
all the basis functions and each dictionary element Φi is independently transformed
by T (sµ, sσ) and summed to form the image patch x. We propose to learn both the
transformation T and the basis functions Φ.

• There are two main attributes in sensory data, namely ‘what’ and ‘where’. For ex-
ample, in visual data, the ‘what’ attribute can describe the identity of the objects in
the image and the ‘where’ attribute can describe the physical location of the objects.
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The transformation model developed in this chapter describes the relationship between
observed variables, hence the ‘where’ attribute. PCA, ICA and sparse coding are often
used to recover the ‘what’ attribute.

One way to simultaneously recover both ‘what’ and ‘where’ is to construct a dynamical
model with hidden variables. Specifically, the observed variables are generated with
a set of features and the dynamics of the features are modeled . One of the most
common dynamical model with hidden variables is a hidden Markov model (HMM),
shown in figure 2.5. In a hidden Markov model, the dynamics of the hidden variable x
is modeled with a linear operator A, to generate the observed variable y.

Figure 2.5: The graphical model of a hidden Markov model.

In the standard HMM depicted above, the dynamics of the hidden variable is modeled
with the first order Taylor approximation of the full exponential model described in
equation 1.2. As explained throughout this chapter, we are able to make a better
model by learning with the full exponential model using algorithms we have developed
in this chapter.
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Chapter 3

Learning Continuous Transformation
from Video

3.1 Overview

This chapter is divided into two parts. The first part of this chapter concentrates on demon-
strating the correctness of the inference and learning algorithm for the continuous transfor-
mation model developed in chapter 2. We show that when pairs of images are generated
with previously determined transformations, the inference algorithm can recover the trans-
form parameters with high accuracy. In addition, the transformation operators themselves
can be recovered by the learning algorithm when trained on image pairs with pre-determined
transformations. We will compare our results with findings from previous work whenever
possible. There are only a handful of groups that have attempted to solve similar problems
and we believe our work is the first that tries to quantitatively analyze such model.

In the second part of this chapter, we show the transformations learned on natural time-
varying images. Here the actual underlying transform operators are unknown. Some of the
learned operators exhibit global behavior, such as intensity scaling, local contrast enhance-
ment or translation; other transformations only operate on a part of the patch. Some of the
learned transformations are very hard to interpret and methods are still need to be developed
to understand the learned operators. Finally, we show quantitative results on how well the
learned models describe the image when as a function of degree of freedom in the model and
we compare against models that are currently used for motion modeling.
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3.2 Parameter Recovery with Affine Transformed Images

The proposed inference algorithm is tested with pairs of images that are generated with
affine transformation. The algorithm is then used to infer the transform coefficients given
the pairs of images and the affine operators. The inferred coefficients and the true coefficients
are thus compared and reported.

3.2.1 Affine Transformed Dataset

Affine transformation is a family of transformation that can be described by a linear trans-
formation in the vector space followed by a translation:

x′ = Ax+ b (3.1)

where x and x′ are typically pixel coordinates when the transform is applied to images. There
are seven types of image transformation that can be described through affine transformation:

• horizontal and vertical translation

• rotation

• horizontal and vertical scaling

• horizontal and vertical sheer

Affine transformation serves as a perfect candidate to test the proposed inference / learn-
ing framework because they can be easily parametrized. To generate test data using affine
transforms, 13 × 13 image patches are randomly selected and cropped out from a corpus of
video clips obtained from the BBC documentary series Animal World. The videos can be
obtained from Hans Van Hateren’s repository at http://hlab.phys.rug.nl/vidlib. The videos
contain footage of animals dwelling in their natural habitat and they consist of various types
of motion such as camera motion, object motion, tracking and occlusion. Some example
frames are shown in figure 3.1.

Each image patch is then independently transformed by each of the seven affine transfor-
mations listed above, with the degree of transformation chosen randomly from a uniform
distribution with range specified in the table below.

Transformation Range comments

Translation [-0.5, 0.5] 0.5 corresponds to shifting half the image.
Rotation [-180◦, 180◦]
Scaling [0.7, 1.3] scaling between 70% to 130%
Skew [0.7, 1.3] skew between 70% to 130%
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Figure 3.1: Sample frames exacted from Animal World.

Please refer to Appendix B for a detailed treatment of affine transformation generation.

In this experiment, translation is periodic with wrap around boundary condition (e.g. for
horizontal translation, image content shifted to the right will wrap around and appear on
the left). Rotation and translation are applied at their maximum range. Scaling and skew
contain transformations as large as half of the image patch. Transformation larger than
these specific range causes severe image degradation.

This dataset is difficult compare to ones used in previous literature because of the large
transformation range. Previous attempts tested their inference algorithm with much smaller
transformations, for example, [Miao and Rao, 2007] restricted translation to ±2 pixels and
rotation is restricted to ±15◦.
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3.2.2 Parameter Recovery Accuracy

In this test, 2000 image patch pairs containing affine transformation are generated. Both
inference with adaptive blurring (equation 2.8) and without (equation 2.6) are used to infer
the transformation between a given pair of image patches and their performance is compared.

The operators used in this experiment are hardcoded in the model. In particular, translation
operators are created using the Fourier transform (see Appendix B for detail) and the rest
are learned individually given pairs of images containing only the specific transformation
(the detail is described in section 3.3).

All the sµ coefficients are initialized at 0 and the sσ coefficients are initialized at 0.2 to start
the inference.

The errors between the true coefficient values and the inferred values are reported as per-
centages computed as follows:

error =
|θ − θ̂|
θ

where θ are the parameters used to generated the image pairs and θ̂ are the parameters
inferred using our algorithm.

Figure 3.2 shows the fraction of the recovered coefficients for which the error is equal or
less than 1%. The inference algorithm with adaptive blurring outperformed the inference
algorithm without blurring. This is expected as it is shown before that inference without
adaptive blurring can be easily trapped in local minima and results in sub-optimal coef-
ficients. This result also shows the difficulty of inferring transformation parameters with
traditional approaches and the reason why earlier works have so much trouble working with
such models.

While one may expect that the error should be consistent across all transformations, the fact
that translation performs better than other types of transformations is probably due to the
specific operators we used. In particular, the two translation operators are constructed from
theory while the rest are learned because they are less straightforward to construct theo-
retically. The problem is caused by the fact that the training images the algorithm learned
on are generated with coordinate-wise affine transform followed by bilinear interpolation.
While the proposed model can handle the particular type of transformation, it cannot simul-
taneously model the effect of bilinear interpolation with the same operator. This causes a
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Figure 3.2: The fraction of all simultaneously inferred coefficients which differed by equal or less
than 1% from the true coefficient values. Inference with and without adaptive blurring is being
compared.

mis-match in the very high frequency components of the image, where bilinear interpolation
operates. This mis-match we believe have interfered with the parameter recovery, especially
at a high fidelity regime where we require the error to be within 1%.

While the parameter recovery shows a 70% to 90% accuracy, we believe that most of the
image patches are indeed reconstructed well, which is the original objective for the inference
algorithm. To validate this claim, we compared the error between the reconstructed image
and the target image, in terms of peak signal-to-noise ratio (PSNR), defined as follows

PSNR = 10 log10

(
MAX2

I

MSE

)
MSE = ||I − Î||22

where I is the affine transformed image patch and Î is the reconstructed image patch using
our algorithm. MAXI is the maximum pixel value in the image.
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The distribution of PSNR is shown in figure 3.3. As shown, this distribution is bimodal.
The small distribution on the left centered at 0dB represents the population of parameters
that are wrongly inferred. We believe that larger distribution on the right centered at 35dB
contains most of the data whose parameters are correctly inferred. We have verified that
for a reconstructed image patch, a PSNR over 30dB appears to be visually similar. The
percentage of the reconstruction that exceed the 30dB threshold is 82%.

Figure 3.3: The distribution of PSNR for image patches reconstructed using coefficients for all
transformations simultaneously inferred with adaptive blurring.

This result confirmed that the proposed inference is working well, even under the circum-
stances where the testing images contain large range of transformation. We expect that
the inference result will be better if one is able to construct ’clean’ affine transformation
operators. This is under investigation and will be a direction of future work.
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3.3 Learning Affine Transformations

In this section, we focus on demonstrating the correctness of the learning algorithm. This
is done by showing that our proposed algorithm can recover the operators from images that
are transformed with affine transformation. For this experiment, we used the same affine
transformed image dataset that is created in the previous section.

3.3.1 Model Initialization

It is important to choose an initialization of the model since the parameter space for learning
is large (N free parameters for each Λ and N2 parameters for each U) and and highly non-
convex. For affine transformations, the total power of the image remains constant, and
therefore correspond to simply a rotation in the high dimensional image vector space. For
the operators in the continuous transformation model to be norm preserving, Λ is restricted
to be purely imaginary. Therefore, Λ is initialized to be imaginary only with entries drawn
from an uniform distribution between [-0.1, 0.1]. We do not have strong intuition about
the initialization of U. Therefore, we simply initialized U to an diagonal matrix with small
random Gaussian noise drawn from an uniform distribution between [-0.01, 0.01] added to
each entry of the U matrix. The noise provides traction for the learning algorithm to leave
from its original initialization.

3.3.2 Convergence Property

The first question we would like to ask is how fast does our learning algorithm converge, if it
converges at all. To answer this question, we would like to look at the reconstruction error
of the data. In particular, while learning, we use a hold-out set of 200 image pairs that is
not used for training. After every iteration, the updated model is applied to this dataset
and reconstruction error is recorded. Ideally, the reconstruction error should decrease after
each model update and the learning is done when the error plateaus. Figure 3.4 shows the
total reconstruction error of the 200 image patches as a function of iteration when learning
the vertical and horizontal transformation simultaneously.

Although this is not a direct measure of model convergence, it implies how much the model is
changing after each iteration. In the example given above, the learning algorithm converges
after approximately 120 iterations with 500 pairs of images used per iteration. The learned
model can perfectly reconstruct the data at the end of learning.
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Figure 3.4: Reconstruction error per pixel as learning progresses.

3.3.3 Learned Affine Operators

In this section, the learned affine operators using the proposed learning algorithm are shown
and discussed. The horizontal and vertical operators are learned together, while the other
transformation operators are learned individually.

The learned translation operators are shown in figure 3.5. In the figure, each square repre-
sents one row of the operator matrix, reorganized into the same size as the input image. The
position of each square corresponds to the pixel position in the image patch. The raw value
within each square corresponds to the weight applied by the operator to the input image. In
other words, this figure shows the weighting of the operator at each input pixel location to
the output image.
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Figure 3.5: Two learned translation operators (top left and top right) and their corresponding
Eigen-vectors. Each square represents one row of the operator matrix, reorganized into the same
size as the input image. The position of each square corresponds to the pixel position in the image
patch. The raw value within each square corresponds to the weight applied by the operator to
the input image.The red components denotes real Eigen-vectors and the green denotes imaginary
Eigen-vectors.

Recall in the continuous transformation model that the infinitesimal change ẋ is represented
as a linear combination of the input Ax. Therefore, for image translation, we expect the
operator A to be derivative operator oriented in the shift direction. This intuition correlates
well with the finding, where the learned translation operators resemble the shape of numeri-
cal differentiators. To facilitate translation in the X and Y direction, the two operators need
to be directionally orthogonal to each other. This is also evident in the figure.

In addition, the eigen-vectors of the learned operators are sinusoidal and the corresponding
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eigen-values are strictly imaginary. This shows that the learned operators is able to recover
the original translation operators that is used to generate the training image. The fact that
the learned Eigen-vectors do not appear to be the exact Fourier basis is because the phase of
the traditional Fourier basis all starts at zero. This is not a requirement to translate an image
because it is only the relative phase between sinusoidal components that matters. Therefore,
in our model, the learned Eigen-vectors all start at a random phase but its functionality is
exactly the same as the Fourier basis.

With the same principle, the rotation operator should correspond to angular derivatives.
This indeed can be seen in figure 3.6. The eigen-vectors resembles the Fourier basis on polar
coordinates.

Figure 3.6: The learned rotation operator (left) and its corresponding eigen-vectors(right)

The scaling operators (figure 3.7) resemble derivative operators symmetric about the image
center. In addition, the size of the derivative operators increases as they move away from
the center, reflecting increasing expansion/contracting away from the center of the image.
On the other hand, the skew operators (figure 3.8) are derivative operators symmetric about
the diagonal.
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Figure 3.7: The learned scaling operators in the vertical (left) and horizontal direction.

3.3.4 Visualizing Learned Operators

One major advantage of the proposed model has is that image transformation can be easily
generated from the model. This can be done by applying different values of sµ to the model
with fixed operators and observe the input image changes under the learned operator. We
find this to be a very effective way to visualize the functionality of the learned operators.
Figure 3.9 shows a given image patch transformed by various amount under each of the
learned affine operators. The image change under different transformation coefficient is also
recorded as a movie and can be viewed at https://redwood.berkeley.edu/jwang/affine.html.
The movie in fact further validates that our learned algorithm performs correctly.
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Figure 3.8: The learned skew operators in the vertical (left) and horizontal direction.

Figure 3.9: Example of the learned affine operators applied with different coefficient value to an
image patch. 33
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3.3.5 Linear vs Exponential Model

Finally, we would like to qualitatively compare the difference between the operator learned
with the exponential model against its linear approximation. This is done by comparing
the difference between images generated with the learned operator and the images generated
with an analytical operator with various coefficient values. Figure 3.10 shows such a compar-
ison for a rotation operator. Because we cannot construct the analytical rotation operator,
we approximate it by a coordinate-wise rotation operator with bilinear interpolation.

The red line in figure 3.10 is reproduced from figure 7 in [Miao and Rao, 2007]. The operator
is learned using a linear transformation model. As we can see, the error between the images
generated from the learned and analytical operator grows as a function of rotation angle.
This is expected as the linear approximation of the exponential model only holds for small
transformation values.

The blue line shows this for the rotation operator learned using the exponential model. In
contrast to the linear model, the error stays small over the entire transformation range. The
small error is mainly due to the bilinear interpolation. In particular, the model cannot rotate
and account for the effect of bilinear interpolation with the same operator. In other words,
this small error is caused by the imperfection of the analytical operator, not a weakness of
the learning algorithm.

This result further demonstrates the advantage of using a full Lie group model over its first
order approximation.
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Figure 3.10: This figure compares how much a learned rotation operator deviates from an an-
alytical operator (coordinates-wise rotation operator with bilinear interpolation) by showing the
difference between images generated by the operators as a function of rotation angle. The red
curve refers to operator learned with first order Taylor expansion (reproduced from Miao and Rao
2007). The blue curve refers to the operator learned with the full model.

3.4 Learning Transformations on Natural Video

One of the goals in this thesis is to learn a set of optimal operators that describes the
dynamics between frames in natural video. We attempt to fulfill this goal by learning
continuous transformation models on pairs of natural movie patches. The learned models
are further quantified by comparing their image reconstruction ability with a rigid translation
model, which is often used in video compression and computer vision to describe transition
between video frames.

3.4.1 Natural Video Dataset

The training set we used to learn the transformation operators consists of pairs of 17 × 17
image patches randomly cropped from two neighboring frames in time from a corpus of video
clips obtained from Animal World (see section 3.2.1 for detail). To ensure that the pair of
images contain sufficient motion for the algorithm to learn on, image pairs with a variance
smaller than 0.005 on the pixel difference between the pair are rejected.
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3.4.2 Learning Procedure

The transformation model in this experiment is trained on 17 × 17 image patches with a
4 pixel buffer region around each side of the patches. The effective region for which the
transformation model learned to reconstruction is therefore the central 9× 9 region.

In this experiment, the operators are learned in two different settings. For one setting, the
translation operators are pre-coded in the model and the rest of the operators are learned.
Specifically, the translation operators appear in the front of the entire operator chain and is
applied prior the other learned transformations. The justification for pre-coding translation
is two fold:

• firstly, previous work such as [Cadieu and Olshausen, 2009] and
[Memisevic and Hinton, 2010] have shown that the vast majority of the transformations
found in natural video is translation. In fact [Memisevic and Hinton, 2010] only learned
translation operators from natural video.

• secondly, rigid translation operators are widely used in engineering applications such
as video coding and we would like to compare our learned results with this motion
model. By pre-coding translation in our model allows us to immediately see the gain
over the translation only motion model.

In a different setup described next, we learn the entire set of operators all initialized at
random.

3.4.3 Learned Operators with Pre-coded Translation

Figure 3.11 and 3.12 show the additional operators learned when three and four operators
are learned respectively, with vertical and horizontal translation operators pre-coded.
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Figure 3.11: This figure shows the Eigen-vectors of the learned operator (left) and the operator
matrix (right) when one operator together with two pre-coded translation operators is learned
from natural video patches. A 4 pixel buffer region is used during learning.
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Figure 3.12: This figure shows the Eigen-vectors of the learned operators (left) and the operator
matrix (right) when two operators together with two pre-coded translation operators are learned
from natural video patches. A 4 pixel buffer region is used during learning.

While one might think that the most interesting aspect of this experiment would be to un-
derstand the functionality of the learned operators, we find it extremely difficult to analyze
them. The learned operators are very structured and even contain similar structure when
we learned three and four operators independently, as shown in figure 3.11 and 3.12. In
addition, the learned operators seem to describe changes in lower frequencies, which fits our
intuition since most of the power in natural movies lies in the lower frequency range.
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Leaving the interpretation of the learned operators aside, we are able to quantify the addi-
tional transformation’s contribution to the motion model. In particular, 2000 pairs of image
patches are cropped from a subset of corpus from Animal World which are not used during
learning. The reconstruction fidelity in terms of PSNR is compared when we learned one,
two, three and four additional operators together with pre-coded translation. The result is
shown in figure 3.13.

Figure 3.13: The average PSNR of 2000 image patch pairs evaluated using different motion
models. The left most bar refers to the result obtained from a translation only model. The rest
of the bars correspond to result obtained from 1, 2, 3 and 4 additional operators learned together
with vertical and horizontal translation operator pre-coded.

As shown, the PSNR of the motion estimation steady increases when the learned model
contains more operators. This is reassuring that each additional transformation encodes
something useful and adds to the predictive power of the model.

39



Chapter 3. Learning Continuous Transformation from Video

3.4.4 Learned Operators without Pre-coded Translation

In this experiments, the motion models are learned with all the operators initialized at ran-
dom. Figure 3.14 and 3.15 shows a subset of the learned transformation from a total of 15
transformations.

Figure 3.14: Two of the 15 learned operators that behaves like translation operators. The Eigen-
vectors of the operator is shown on the left and the operator matrix is shown on the right.
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Figure 3.15: Two of 15 learned operators that behaves like intensity adjustment (top) and local
contrast adjustment (bottom). The Eigen-vectors of the operator is shown on the left and the
operator matrix is shown on the right.
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Figure 3.16: An example of the learned operator with unknown functionality when 15 operators
are learned from natural video.

In figure 3.14, we see that the learning algorithm learned two translation operators. This
confirms our previous experiment setup for which the pre-coded translation operators are
useful initializations. Apart from the translation operators, the algorithm also learned global
transformations such as intensity scaling and contrast scaling, shown in figure 3.15. Unfor-
tunately, a large portion of the learned transformations are still very difficult to interpret,
an example is shown in figure 3.16. On the other hand, this model has a clear advantage
in modeling the motion in terms of reconstruction PSNR over all the other models. This is
shown figure 3.17
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Figure 3.17: The average PSNR of 2000 image patch pairs evaluated using different motion
models. The left most bar refers to the result obtained from a translation only model. The
rest of the bars correspond to result obtained from 1, 2, 3 and 4 additional operators learned
together with vertical and horizontal translation operator pre-coded. The last bar represents
result obtained from 15 learned operators.

We have also tried to learn smaller sets of transformation with random initialization, such as
4 or 5 operators. Unfortunately, the learning algorithm does not converge. We believe this is
due to the fact that a larger number of transformations are needed to model frame-to-frame
changes in patches. When the number of available operators in the model is too few, the
learning algorithm is overwhelmed by the diversity of the image transformations and is not
able to find a stable solution that satisfy all the training data.

On the other hand, the learning algorithm converges when two translation operators are
pre-coded, even when the number of operators available is also small. We hypothesize this is
because translation is one of the major type of transformation in natural image patches. This
has been confirmed by previous studies, such as [Olshausen et al., 2007], [Cadieu and Ol-
shausen, 2009] and [Memisevic and Hinton, 2010], where a vast majority of transformations
the authors learned constitutes translation of different speed and orientation. We further
confirmed this as two of the 15 learned transformations constitute translation in orthogonal
directions. By pre-coding translation in the model, we therefore made the problem much
easier for the algorithm as two operators have already accounted for most of the signal trans-
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formation. We have further experimented with learning a smaller set of transformations with
two of the operators initialized to translation, but they are not hardcoded, in that they can
change as the learning progresses. This also leads to convergence, and the two operators that
are initialized to translation stays very much unchanged (except the columns of A that fall
inside the image region buffer are zeroed out. We believe this is due to the manifold penalty,
where pixel transformations inside the buffer still contribute to the manifold penalty func-
tion). We can then conclude from this experiment that the learning objective is non-convex
and is hard to get to a stable solution when initialized at random. Initialize the model with
translation places the algorithm closer to the minimum and helps learning converges.

3.4.5 An Illustration of Learned Models

While most of the learned transformations are hard to make sense of, the model provides
better motion estimation as the number of operators increases. This is also evident in the
visual quality of the reconstruction. While it is hard to judge the image quality of a 9 × 9
image patch, we picked two frames from the Foreman sequence and show the reconstruction
of the entire frame using different learned models. Figure 3.18 shows two frames in the
sequence that contain fairly large interframe changes.

Figure 3.18: Frame 13 and 14 of the Foreman sequence.

To code the image, each frame is divided into 17 × 17 blocks with an overlap of 4 pixels.
The blocks in frame 13 are used to estimate blocks in frame 14 with different transformation
models. The result is shown in figure 3.19, 3.21, 3.20. As we can see, both the visual quality
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and the PSNR increases as the model gets more complex.

Figure 3.19: Reconstruction of frame 14 with motion model consists of only translation operators.

Figure 3.20: Reconstruction of frame 14 with motion model consists of 15 learned operators.
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Figure 3.21: Reconstruction of frame 14 with motion model consists of 1, 2, 3 and 4 learned
operators in additional to two pre-coded translation operators.
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3.5 Conclusion and Future Work

In this chapter we have shown that the proposed learning and inference algorithm perform
as we expected. In particular, the inference algorithm is evaluated using pairs of affine
transformed images. The algorithm is able to correctly recover 80% of the transformation
coefficients. In addition, we have shown that the algorithm is able to correctly learn the
operators when trained on affine transformed images. We believe that both of these results
are novel and have not been attempted before with similar experimental settings.

Another novelty in this thesis is the learning of transformations from natural videos. We
have shown that when learned on pairs of patches of natural movie, the learned operators
resembles functionality such as intensity scaling, contrast enhancement, translation and local
deformation. The finding differs from previous work, where translation is the only trans-
formation that was discovered. Moreover, we have shown that motion estimation using the
learned model performs better both qualitatively and quantitatively when the number of
operators available to the learning algorithm increases.

Perhaps the most interesting question raised in this chapter is what are the functionality
of the learned transforms. While we have characterized a handful of learned operators,
the function of a large portion of the operators remain unknown. It would be very useful
to develop methods that is able to systematically analyze the learned operators. More
importantly, one should be able to theoretically design these operators so that they can be
applied in more general settings with different image patch size.
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Video Coding with Learned
Transformations

4.1 Overview

A flexible and accurate motion estimation algorithm has countless applications. One such ap-
plication is video coding. In the current video coding standard H.264/MPEG-4 AVC, frame-
to-frame motion is estimated and compensated with a rigid translational model. However,
the dynamics in natural video resulted from complicated object interactions and a simple
block-based translation model is insufficient to capture the changes between video frames.
Richer motion models are needed to describe such dynamics. The continuous transformation
model developed in previous chapters is an example of such model. In particular, we showed
in chapter 3 that the learned models are qualitatively better than the rigid translational
model.

In this chapter, I propose to improve the current video coding method by replacing the
rigid translational motion model with motion models learned from natural videos. A hurdle
one may encounter is that while the learned motion models provide a better description of
the underlying motion, they have more parameters. This makes the learned model more
expensive to encode. The question is how to trade off between the coding cost of motion
model and the motion estimation error and how this influences the final bit rate of the
compressed video. In this chapter, I analysis this trade off in detail in the context of a
hybrid video coder.
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4.2 Background

4.2.1 H.264/MPEG-4 AVC

The current video coding standards are developed and maintained by two independent
groups, namely the ITU-T Video Coding Experts Group (VCEG) and ISO/IEC
Moving Picture Experts Group (MPEG) . The VCEG standard is original developed
to distribute video content over the same channels used to carry telephone communication.
In most part of the world, this limits the transfer bit-rate to a multiple of 64kbit/s (e.g.
64kb/s, 128kb/s, etc), depending on the specific transmission protocol. In other words, the
VCEG standard facilitates low bit rate video transfer applications and a low end-to-end de-
lay is often desired. In contrast, the primary goal of the MPEG standard was to standardize
a compression system capable of delivering higher quality video and audio than that offered
by the VCEG standard, where the end-to-end delay is not a key consideration. In recent
years, there is a growing demand for very low bit-rate applications such as internet video
streaming, mobile phone streaming and video conferencing. To facilitate such needs, MPEG
worked together with VCEG and developed a partnership effort known as the Joint Video
Team (JVT). The VCEG’s H.264 and MPEG’s MPEG-4 AVC (Advanced Video Coding)
standard are jointly maintained so that they contain identical content.

In the H.264/MPEG-4 AVC standard, videos are coded using a hybrid coding scheme. In
particular, the temporal redundancy is exploited with block-based translational motion es-
timation. The motion prediction error, also known as the motion compensated residual, is
then coded using block-based Discrete Cosine Transform (DCT). The total coding cost is
the sum of the coding cost of the motion vectors (coefficients of the motion models) and the
coding cost of DCT coefficients of the motion compensated residual.

4.2.2 Local and Global Motion Model

The dynamics of video result from a combination of camera motion, object motion and
object interaction. One sensible approach to encode video is therefore to factor the video
into different objects and model the motion of each object. For example, Han and Woods
[Han and Woods, 1998] have utilized more complicated affine motion models for object-based
video coding. In their work, the motion parameters are estimated such that they lead to an
efficient representation of the motion field inside each segmented region. The difficulty of
such methods is that the motion model parameters and the object segmentation needs to be
simultaneously estimated and often leads to complicated optimization scheme.

Taking one step back, Josawa et al [Jozawa et al., 1997] proposed to only model the changes of
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the background using an affine motion model. The affine motion model is able to model back-
ground changes due to camera motion and focal length changes and this allows the authors
to exploit long-term statistical dependencies in the video. Because the background motion
often changes slowly with respect to the foreground objects, the global affine transform coef-
ficients needs only to be updated sparsely over the length of the entire video sequence. After
compensating for global motion, local deformation is estimated using block-based transla-
tional model similar to those used in H.264/MPEG-4 AVC. Because the global motion is
already compensated, the motion field due to local deformation is likely to be sparse. Im-
proving on this work, Weigand et al [Wiegand et al., 2005] uses several sets of coefficients
to model multiple independently moving objects in combination with camera motion and
focal length changes. This function is now supported by the MPEG-4 standardization group
[Subgroup, 1997].

While affine transformation is used to model global motion, there are a few attempts that
used affine model in a block-based setting. Tsai and Huang [Tsai and Huang, 1981] is among
one of the earliest attempts that used a parametric motion model to relate motion of planar
objects in the scene to observed motion field. However, the parameter estimation accuracy
is strongly influenced by the presence of noise in the corresponding feature points.

4.2.3 Coding Motion Compensated Residual with Wavelets and Over-
complete Dictionaries

The motion compensated residuals in H.264/MPEG-4 are coded frame by frame indepen-
dently with block-based DCT. This is possibly inspired by the success of JPEG image coding
standard, which uses almost exactly the same algorithm. Following the success of JPEG2000,
where block-based DCT is replaced by wavelets for image coding, one obvious line of work
is to use 2D wavelets to encode motion compensated residuals [Zhang and Zafar, 1992]. Un-
fortunately, the improvement is only marginal comparing to block-based DCT.

Instead of using orthonormal wavelets, Neff and Zakhor [Neff and Zakhor, 2002] showed
that it is possible to improve video coding gain at very low bit rate using an overcomplete
dictionary consists of oriented Gabor-like filters. The authors used Matching Pursuit to
encode the motion compensated residual sparsely where the first few coefficients is able to
capture most of the residual content. This type of coder is desirable for ultra-low bandwidth
applications such as video streaming on mobile devices.
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4.2.4 Video Coding with Spatio-temporal Wavelets

So far we have only considered the hybrid coding scheme, where the spatial and temporal
redundancies of time-vary image sequences are coded independently. Several attempts have
been made to encode these properties simultaneously, as these properties of video are in-
timately connected. One of the earlier works done along this line is the use of separable
spatio-temporal wavelets. While one can simply apply the spatiotemporal filter blindly over
the entire video sequence, Ohm [Ohm, 1994] proposed a way to improve coding gain by first
estimate the global motion within a space-time block using a translational motion model.
The frames are then wrapped and aligned along the motion trajectories such that most of the
signal energy lies in the lower frequency wavelets, resulting a very sparse decomposition of
the video. Rahmoune et al [Rahmoune et al., 2006] further proposed to use an overcomplete
set of spatio-temporal filter elements instead of separable space-time wavelets.

Using space-time wavelets, Secker and Taubman [Secker and Taubman, 2004] derived a
space-time scalable coder using spatio-temporal wavelets, where the resolution in space and
time can be delivered incrementally based on the channel bandwidth.

4.3 Block-based Exhaustive Search Motion Estimation

The motion model used in H.264/MPEG-4 is based on rigid translational model. In partic-
ular, this type of motion models divide a given video frame into blocks (the basic version
divides the frame into 8 × 8 blocks while the latest standard uses a pyramid search scheme
where the largest block size is 32 × 32). These blocks are known as macroblocks in video
compression jargon. For each macroblock bN(x, y) at position (x,y) in frame N, the algorithm
search exhaustively in the previous frame N-1 within an area centered at (x,y) to find the
best matching block in the least square sense. In other words, given two image patches with
fixed vertical and horizontal translation operators, the algorithm finds the optimal transfor-
mation coefficients by performing an exhaustive search over all discretized pixel positions.
This process is depicted in figure 4.1.

Sub-pixel interpolation up to a quarter of a pixel is often used to improve the accuracy of
the match. Despite being a crude motion model, it is popular within the video compression
community partly because it is very efficient to compute. Specifically, the exhaustive search
can be implemented using a 2D convolution and many of the image/video processing chips
has designated hardware to perform such computation.

The block-based exhaustive search motion model establishes the baseline for this research
and all the models used in this chapter will be compared against it.
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Figure 4.1: An illustration of block based exhaustive search motion estimation.

4.4 Proposed Video Coder Outline

We propose to evaluate different motion models with a realistic coding scheme. Its block
diagram is outlined in figure 4.2.

Figure 4.2: Predictive hybrid video coder based on Lie Group transforms.

In this video coder, frames in the image sequence are divided into two types:

• Intra-frame (I-frame). The I-frames are coded without any motion prediction. On
the encoder side, the I-frames are divided into non-overlapping 9× 9 blocks and each
block is independently transform coded with DCT. Each DCT coefficient is uniformly
quantized into 8 bits and entropy coded before transmission.

• Inter-frame (P-frame). The P-frames are encoded with a combination of block-based
motion prediction from the previous (reference) frame and the quantized prediction
residue. In this experiments, the encoder divides each P-frame into non-overlapping
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9 × 9 blocks and motion estimation is performed independently on each block. The
motion model coefficients are quantized and the motion compensated residual is eval-
uated as a difference between the original frame and the estimation obtained using
the quantized model coefficients. The motion compensated residual is divided into
9 × 9 non-overlapping blocks and each block is coded and quantized independently
with DCT. All the quantized coefficients are entropy coded before transmission.

In this setup, the motion model coefficients are the set of µk and σk found using equation 2.8,
where k ∈ [1, K] for K be the number of operators in the continuous transformation model.
This is denoted as LGI (Lie Group Inference) in the block diagram. The inverse process,
where the image patches are reconstructed given the quantized coefficients, is denoted by
LGT (Lie Group Transform).

On the decoder side, the received bit-stream is entropy decoded and de-quantized. The
coefficients are inverse transformed to recover the original signal. I-frames are reconstructed
from the decoded DCT coefficients while the decoded motion predictions and the motion
compensated residues are summed to produce the final P-frames.

The main goal of this chapter is to perform motion estimation with learned transformation
models. We investigate how quantization effect the quality of motion estimation and how
different motion model influences the coding cost of motion compensated residue. The result
is then compare against the traditional exhaustive search motion estimation. For simplicity,
we use a I-P-I-P... coding scheme in this chapter.

4.5 Coding Motion Model Coefficients

For the exhaustive search motion estimation model operating on 8× 8 blocks, every motion
coefficient is 3 bits at full pixel resolution. Even at quarter pixel resolution, every motion
coefficient can be coded with 5 bits. In contrast, every coefficient in the continuous trans-
formation model is 32 bits. This posts a great disadvantage for our model when used for
video coding. In this section, I attempt to reduce the number of bits used to represent the
coefficients via quantization, a process to approximate a larger set of values by a relatively
smaller set of values. Unavoidably, quantization introduces error to the coefficients and the
quality of motion estimation reduces. The goal of this section is to understand how quanti-
zation error relates to the quality of motion estimation and also to the compressibility of the
motion coefficient. We also derive analytically the relationship between quantization error
and reconstruction quality at the end of this section.
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4.5.1 Quantization Schemes

Given the number of bits available to the quantizer, the goal of quantization is to minimize the
distortion introduced to the signal. In this section, we investigate the following quantization
techniques and compare their performances.

• Uniform quantization. As its name suggests, the continuous number line is divided
into equal size bins and all the number falls within a given bin is represented by the
median of the bin (some uses the smallest value of the bin). This is illustrated on the
left of figure 4.3.

Uniform quantizers are often found in compression algorithms due to their simplicity.
For example, H.264/MPEG 4 AVC uses uniform quantization to quantize the motion
compensated residual. More importantly, the uniform quantization is near optimal
in the least square sense when the underlying continuous distribution does not form
multiple clusters, i.e. when there is no ’gaps’ in the underlying distribution. Having
gaps in the distribution results empty bins, which is wasteful and means that the
quantization scheme can be improved by moving the empty bin somewhere else.

• Deadzone quantization. It is the same as the uniform quantizer, except that the zero
bin( the bin of which its quantized value is 0 ), is twice as large as the other bin. This
is illustrated on the right of figure 4.3.

Similar to uniform quantization, deadzone quantization works well when the underlying
continuous distribution does not form multiple clusters. In addition, the deadzone
quantizer is designed for distribution that has a strong peak at 0. For example, it is
used in JPEG2000 for quantize the wavelet coefficients. The deadzone quantizer also
assumes that quantization error is proportional to the reconstruction error. Since the
contributions of the near zero coefficients to reconstruction error are small, it is able
to trade off signal quality with compressibility.

• Lloyd-Max quantization. Given the number of desired bins, the Lloyd-Max quantizer
finds the optimal bin-widths and bin-centroids that minimizes signal distortion in the
least square sense [Lloyd, 1982] . It is essentially the K-mean clustering algorithm
applied on scalar variables. It is mostly used when the underlying distribution is com-
plicated or unknown. The drawback is that training is needed to find the quantization
parameters.

The uniform and deadzone quantizer can be formulated mathematically as

x̄ =
⌊ x

∆
+ τ
⌋

(4.1)
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Figure 4.3: Uniform quantizer (left) and deadzone quantizer (right).

where x is the continuous variable, x̄ is the quantized variable and ∆ is the bin size. τ
governs the size of the zero bin, for which it is an uniform quantizer when τ = 0.5 and the
deadzone is 2∆ when τ = 0.

4.5.2 Distortion in Quantized Coefficients

In this section, we determine the relationship between reconstruction quality and compress-
ibility empirically. We study this relationship for each of the quantizer type listed above so
that we can find the most suitable one for this application. Figure 4.4 shows the average
PSNR of the reconstruction of P-frames for the first 40 frames of Foreman sequence in a
I-P-I-P coding scheme. The motion model is a continuous translation model (see appendix
B for detail) applied on 9 × 9 blocks with a 8 pixel search radius around each side.
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Figure 4.4: The 9 × 9 block average PSNR of motion estimation of P-frames with handcoded
translation operators without sσ of the first 40 frames of the Foreman sequence. The three
different quantizers are uniform, deadzone and Lloyd-Max.

The first observation is that by quantizing the coefficients into 8 bits, there is no signifi-
cant reduction in PSNR of the model reconstruction (0.2dB for Lloyd-Max and 0.3dB for
uniform). For an uniform quantizer, the quantization error for a 8 bit quantizer is approxi-
mately 0.04 of a pixel. Given that the highest resolution traditional motion estimation uses
is quarter of a pixel, this result should not be surprising. The uniform quantizer shows a
1.5dB PSNR reduction when the coefficients are quantized into 6 bits. This translates to a
0.14 pixel error. On the other hand, the Lloyd-Max quantizer only showed a 0.7 dB degra-
dation when quantized use 6 bits. This shows that the Lloyd-Max quantizer is much better
in capturing the information at lower bit rate. The justification for this can be seen by
looking at the underlying continuous motion coefficient distribution. In figure 4.5 we plotted
the coefficient histogram of a vertical translation operator where the coefficients are inferred
using a continuous translation operator without sσ variables.
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Figure 4.5: The histogram of the vertical translation operator coefficients inferred with a trans-
lation only model with no sσ. The histogram is collected over the P-frames of the first 40 frames
of foreman.

As shown, the distribution of the coefficient is multi-modal. This agrees with the energy
landscape of the objective function, shown in figure 2.1. The exact reason for why the
algorithm prefer some shift values over others is unknown and would be a topic for future
work. In the case of an uniform quantizer, the bins are lay down evenly over the entire
range and some bins are wasted when put in places that has a small histogram count. The
Llody-Max algorithm however places the bin at the peaks of the histogram and therefore is
more efficient. This is shown in figure 4.6.
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Figure 4.6: The histogram of the vertical translation operator coefficients quantized into 5 bits
using Lloyd-Max quantization.

Moreover, the bin width of the Lloyd-Max quantizer is approximately proportional to the
bin centroid, i.e. the bin width is small for small coefficient values and bigger for bigger
coefficient values. This is evident in figure 4.7 and is a direct reflection of the sparse nature
of the underlying coefficients.
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Figure 4.7: The quantization learned by the Llody-Max algorithm to quantize vertical translation
operator coefficients into 5 bits. The coefficients are inferred with a translation only model with
no sσ on the P-frames of the first 40 frames of foreman.

This also explains the poor performance of deadzone quantizer in lower bit regime. The
major assumption in deadzone quantizer is that the reconstruction error is proportional to
the coefficient values, which is the case for all linear models. However, the model used here is
nonlinear and reconstruction error is not proportional to coefficient values. As an example,
for translation, the error resulted by translating an image by 1 pixel can be as large as the
error resulted by translating the image by 2 pixels. This can be also seen from the objective
function in figure 2.1. Therefore, given the underlying coefficient is heavily peaked around
zero, quantizing all the smaller values to exactly zero causes a large error in reconstruction.

Similar quantization error behavior is also observed in the learned transformations, shown
in figure 4.8.
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Figure 4.8: The 9×9 block average PSNR of motion estimation of the P-frames with handcoded
translation operators + 1 learned transformation of the first 40 frames of the Foreman sequence.
The sσ values are kept at 32 bits and only the sµ are quantized in this setting. The three different
quantizers are uniform, deadzone and Lloyd-Max.

Now that we have compared reconstruction quality of different quantization scheme, we need
to compare the compressibility of the quantized coefficients. It is obvious that the deadzone
quantizer results a more compact representation compare to the Lloyd-Max quantizer. The
compressibility of a quantized symbol stream can be calculated using its entropy. The entropy
of a symbol stream is defined as follows:

H(X) =
∑
k

p(xk) log2 (p(xk)) (4.2)

where H(X) is the number of bits required to code each symbol in the symbol stream. In
figure 4.9, we show the total number of bits needed to code the quantized coefficients versus
the PSNR of the motion model reconstruction with the quantized coefficients. This curve is
often known as the rate distortion curve in the signal processing literature.

The optimal quantizer would lie on the top left corner of the the rate distortion curve, which
correspond to high PSNR with low bit rate. In general, the bit rate increases as the PSNR
increases and the rate distortion curve allows one to inspect the PSNR of a given rate (and
vice versa) for different models. As shown in the figure, the Lloyd-Max quantizer behaves
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Figure 4.9: The rate distortion curves of the translation only model without sσ evaluated on the
P-frames of the first 40 frames of the foreman sequence. Each point on the curve corresponds to
a different coefficient quantization, ranging from 3 bits to 8 bits. The average PSNR is computed
over all the non-overlapping 9× 9 blocks. The three different quantizers are uniform, deadzone
and Lloyd-Max.

very similar to the uniform quantizer at high bit rate (5 bits or more) while performs slightly
worse at lower bit rate. On the other hand, the Lloyd-Max quantizer is able to reach a
higher PSNR at maximum bit rate. Judging from this plot, it is safe to say that uniform
quantization should be used for low bit rate while Lloyd-Max quantization should be used
for high bit rate.

For the rest of this chapter, we will consider both the uniform quantization and Lloyd-Max
quantization such that we can compare the model performance in both low and high bit rate
regime.

4.5.3 Relationship between sµ and sσ

In the continuous transformation model, the sµ and sσ variables represent different properties
of the transform and the distortion behavior is expected to be different under quantization.
To investigate this, we plotted the rate distortion curve for the handcoded translation model
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in figure 4.10 with different quantization of sµ and sσ. The coefficients are quantized using
the Llody-Max quantizer.

Figure 4.10: The rate distortion curves of the translation only model evaluated on the P-frames
of the first 40 frames of the foreman sequence. The average PSNR is computed over all the
9× 9 blocks. Each individual curve is a fixed quantization of sµ with varying quantization of sσ.
The dotted blue line represents the outer hull of the rate distortion curves.

First, the sµ variables are much more sensitive to the quantization error than the sσ variables.
In particular, the for a given sµ quantization, the quantization error for sσ plateaus after
approximately 4 bits. There is very little gain from quantizing sσ beyond 4 bits. In contrary,
every bit increase for the sµ coefficients cause a large jump in PSNR. More importantly,
the rate distortion characteristics of the continuous translation model, represented by the
outer hull of the set of rate distortion curves, plotted as the dotted blue line, can be largely
captured by changing the precision of sµ. This means that if we have a limited resources,
it is better to vary the precision in sµ rather than sσ. Similar observation is found for the
learned transformation model too, shown in figure 4.11.
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Figure 4.11: The rate distortion curves of the translation model plus 1 learned operator evaluated
on the P-frames of the first 40 frames of the foreman sequence. The average PSNR is computed
over all the 9 × 9 blocks. Each individual curve is a fixed quantization of sµ with varying
quantization of sσ. The dotted blue line represents the outer hull of the rate distortion curves.

4.5.4 Rate Distortion of Different Motion Models

Using the rate distortion curves, we compare the coding efficiency of different motion models,
shown in figure 4.12. In the figure, the series of rate distortion functions of a given motion
model resulted from changing the quantization level of sµ and sσ is presented by their outer
hull. In this experiment, the sµ are quantized between the range of 3 bits to 8 bits and
the sσ are quantized from 2 bits to 6 bits. All combinations are explored. In this figure,
we also showed the rate distortion curve of the exhaustive search motion estimation with
sub-pixel accuracy. The five points on the curve represent full pixel, half pixel, quarter pixel,
one-eighth and one-twelfth pixel accuracy.

First, we can see that the exhaustive search motion estimation is more efficient in the low
bit regime. While disappointing, the result is not too surprising because its motion vectors
do not suffer from quantization error, as the motion vectors themselves are already discrete.
Therefore, this may pose an advantage over the continuous transformation models, where
the inference algorithm is ignorant about the quantization distortion. One plausible future
work would be to incorporate quantization inside the inference algorithm.
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Figure 4.12: The rate distortion of the P-frame of the first 40 frames of foreman with different
motion models. The average PSNR is computed over all the 9 × 9 blocks. The motion model
coefficients are quantized using uniform quantization.

While the exhaustive search algorithm triumphs at low bit rate, it plateaus at approximately
43dB. On the other hand, the continuous transformation models are able to reach 44dB or
more. This gives them an advantage at higher bit rate. Finally, at very low bit rate, the
continuous transformation models are also more efficient than the exhaustive search motion
model.

4.5.5 Analytical Distortion Analysis

In this section, we attempt to derive the relationship between signal reconstruction error and
quantization error analytically. First, the total distortion between the original image patch
Y and the quantized reconstructed image patch Ŷ can be lower bounded by the triangle
inequality:

Dtot = ‖Y − Ŷ‖2 ≤ ‖Y − Ỹ‖2 + ‖Ỹ − Ŷ‖2 = Da +Dq, (4.3)

where Da is the distortion due to the approximation error in the inference process, Dq is
the distortion due to quantization of the transform coefficient. For algebraic clarity, we will
develop the quantization-distortion relationship for sµ only. However, a relationship can be
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derived for s2
σ as well by following a nearly identical derivation.

Let T̂ be the transform using the quantized coefficient ŝµ, T̂ = T(µ̂, σ). For simplicity, we
will denote sµ to be µ and sσ to be σ. The distortion Dq due to quantization error can be
written as

Dq = ‖Tx− T̂x‖2 = ‖(T− T̂)x‖2 = xT∆TT∆Tx. (4.4)

Using the multiple transformation equation in 2.9, we get:

∆T =
K∏
k=1

Uke
µkΛke

1
2
Λ2
kσ

2
kU−1

k −
K∏
k=1

Uke
µ̂kΛke

1
2
Λ2
kσ

2
kU−1

k (4.5)

Writing eµ̂kΛk as a Taylor expansion around eµkΛk , we have

eµ̂kΛk = eµkΛk + ∆µkΛke
µkΛk + ... , (4.6)

where µ̂k = µk+∆µk, i.e., ∆µk is the quantization error for the transformation coefficient µk.
Since ∆µ is typically small, especially in medium and high rate regimes, we can approximate
∆T using only the zeroth and first order terms. We substitute back into Eq. 4.5, expand
the product, and drop the higher order terms in µ,

∆T =
K∏
k=1

Uke
µkΛke

1
2
Λ2
kσ

2
kU−1

k −
K∏
k=1

Uk

[
eµkΛk + ∆µkΛke

µkΛk + ...
]
e

1
2
Λ2
kσ

2
kU−1

k

=
K∏
k=1

Tk (µk, σk)−
K∏
k=1

Tk (µk, σk)

−
K∑
l=1

(
l−1∏
k=1

Tk (µk, σk)

)
Ul∆µlΛle

µlΛle
1
2
Λ2
l σ

2
l U−1

l

(
K∏

k=l+1

Tk (µk, σk)

)

−
K∑
l=1

K∑
m=1

...

∆T ≈
K∑
l=1

∆µlM
l

where

Ml = −

(
l−1∏
k=1

Tk (µk, σk)

)
UlΛle

µlΛle
1
2
Λ2
l σ

2
l U−1

l

(
n∏

k=l+1

Tk (µk, σk)

)
(4.7)
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This gives us a quadratic form for the quantization distortion Dq,

Dq ≈ ∆µTQ∆µ, (4.8)

where the coupling matrix Q is quadratic in x,

Qkl = xT
(
MkTMl

)
x. (4.9)
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4.6 Coding Motion Compensated Residual

In the previous section, we have shown that a more complex motion model is often more
expensive to code. The justification for using such a model in the video compression context
is that a richer motion model is able to better model the changes between video frames.
This can be seen in figure 4.13, where we plotted the PSNR of the video reconstruction
of the P-frames of the foreman sequence with different motion models using unquantized
coefficients.

Figure 4.13: The PSNR of the reconstruction of each individual frame of the P-frames of the
first 40 frames of foreman using different motion models with unquantized coefficients.

As we can see, each additional operator (2 additional coefficients per macro-block) results
a 0.5 - 1 dB PSNR increase. We can also see that the PSNR gap between the exhaustive
search motion model could be as large as 3dB compare to even the continuous translation
model. This quantitative difference can be also seen qualitatively. In figure 4.14 and 4.15,
we show the motion compensated residue in the pixel and frequency domain for different
motion models.
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Figure 4.14: The motion compensated residue of P-frame 14 of foreman computed with different
motion models. All the sub-figures are normalized to the same scale.
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Figure 4.15: The power spectrum of the motion compensated residue of P-frame 14 of foreman
computed with different motion models. All the sub-figures are normalized to the same scale.

Evidently, the total power in the motion compensated residue reduces as the number of op-
erators in the transformation model increases. In addition, there are less visible structures
in the pixel domain as the motion models become more complex. The power distribution
over difference frequencies is also flatter. This shows that the residue approaches the noise
distribution. More importantly, the learned operators mainly account for motion with lower
spatial frequencies as power in the lower frequency band decrease significantly with addi-
tional operators. This is understandable because the power in natural scene is inversely
proportional to the frequency. When the learning algorithm is penalized by a sum of square
error, it is most essential for the model to correctly reconstruct the lower frequency content.

As we have discussed earlier, the total coding cost of a given video in a hybrid coding scheme
is the sum of coding cost of the model and the coding cost of the residue. The motivation
for using a more complicated motion model is that a richer motion model results better
approximation and hence lower residual energy. Therefore while the coding cost of motion
model is higher, the coding cost for the residue may be lower and thus the total cost may be
lower. In particular, while there are two additional coefficients for one additional operator in
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the motion model, there are a total of 81 coefficients for the residue in a 9× 9 macro-block.
The coding cost for the residue therefore seems to dominate the coding cost of the video.
In fact, previous work [Secker and Taubman, 2004] has pointed out that the motion model
often contributes to a small faction of the total coding cost in a high rate regime. In this
section, we are going to investigate this.

4.6.1 Residual Coding Strategy

In H.264/MPEG-4 AVC, the motion compensated residue is coded per frame with a spatial
transform. In the earlier standards, the residue frame is divided into 8×8 blocks and contin-
uous valued DCT is used to code each block. The continuous DCT coefficients are quantized,
in which the older VCEG standards (H.261 and H.262) quantized the coefficients using uni-
form quantization while MPEG quantized the coefficients using a quantization table. Such
quantization table quantizes the lower frequencies much finer than the higher frequencies
and is derived from the human contrast sensitivity function.

The more recent H.264/MPEG-4 AVC standard uses a 4 × 4 DCT-like invertible integer
transform. The advantage of using such a transform is that the coefficients are integer val-
ued and hence does not subject to quantization error when transmitted as is. Furthermore,
the computation required for this transformation is much smaller than the continuous value
DCT transform and is preferred for real-time compression applications.

In this chapter, we will investigate the following residual coding strategies

• 9× 9 Discrete Fourier Transform. DCT is used to code natural image patches (JPEG)
because it closely resembles the structure of the principle components of natural im-
ages while being efficient to compute. Specifically, principle components represent the
optimal directions in the lease square sense for dimensionality reduction.

• 9× 9 Eigen Vector Transform. The Eigen vectors of the motion compensated residue
is computed and the residues are projected onto the Eigen vectors for which the co-
efficients are used for coding. The Eigen vectors represents the principle components
of the residual and when the distribution of the residue deviates away from natural
images, the Eigen vectors would be more efficient in dimensionality reduction than
DCT.

• 4× 4 integer valued DCT used in H.264/MPEG4-AVC.
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4.6.2 Rate Distortion of Residual

Firstly, we would like to compare the performance of the motion compensated residual cod-
ing methods listed above. To do so, a continuous translation model is used to estimate the
motion in the P-frames of the first 40 frames of foreman. The sµ and sσ parameters in the
model are quantized into 6 bits and 4 bits respectively. The resulting motion compensated
residue is then coded using one of the three methods listed above, and each of the transform
coefficients are quantized into different bits using uniform quantization. Figure 4.16 shows
the rate distortion curve due to the residue coding only.

Figure 4.16: The rate distortion curve of the residue using a translation only model. The sµ and
sσ are quantized into 6 bits and 4 bits respectively. The residue is coded with 9× 9 DCT, 9× 9
eigen vectors and 4× 4 integer value DCT.

As we can see, the performance for the 9× 9 DCT and 9× 9 Eigen decomposition is almost
the same, with the Eigen decomposition performs slightly better than the DCT. This result
is unexpected because the structure contained in the Eigen vectors, shown in figure 4.17, is
rather different than DCT. However, similar rate distortion result is also observed in three
operator and 4 operator models. This shows that the rate distortion curve is insensitive to
the particular basis used.

On the other hand, the 4× 4 integer value DCT performs poorly. This is possibility due to
the fact that the motion estimation is applied on 9 × 9 image patches and therefore there
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Figure 4.17: 81 Eigen vectors obtained by applying principle component analysis on 9× 9 blocks
for motion compensated residual extracted from the P-frames of the first 40 frames of foreman.
The continuous translation model is used.

exists motion artifact across the 4×4 blocks. This effect is not persistent in H.264/MPEG-4
because it uses 8× 8 blocks. As part of the future work, all the operators should be learned
on 8× 8 blocks.

4.7 Rate Distortion of the Hybrid Coder

In this section, we will consider the coding efficiency of the entire hybrid coder. In order to
gain insight of how the different parameters (sµ, sσ and residue coefficients) in the model
interact, we plot the rate distortion of the video using the translation only model fixing the
quantization of either sµ and sσ. In particular, from figure 4.10, we know that the PSNR
saturates for the quantization of sσ more than 4 bits. For simplicity, we will fix sσ to 4 bits.
Figure 4.18 shows the rate distortion of the continuous translation model with varying sµ
and residue quantizations.

One can immediately notice that the sµ parameters play a major role in the performance of
the video coder. More importantly, only the smaller quantization of the residue contributes
to the outer hull of the rate distortion function.

Finally we consider the coding efficiency of different learned motion models. This is shown
in figure 4.19. In the graph, the lines represents the outer hull of the rate distortion of each
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Figure 4.18: The rate distortion curves of the P-frames of the first 40 frames of foreman encoded
with translation only model. For each given quantization of sµ, the motion compensated residue
is quantized into 2 to 6 bits. The computation of PSNR is based on the entire image. The sσ
coefficients are quantized into 4 bits.

model.

As shown, the continuous translation model outperforms the traditional exhaustive search
motion estimation method in the low rate and high rate regime. The continuous translation
model performs better than the exhaustive search algorithm at higher rate because it is able
to achieve a higher PSNR. It outperforms the exhaustive search algorithm at low bit rate
because sσ can be quantized coarsely while deliver a boost in PSNR. Unfortunately, we are
unable to show that the more complex models with learned operators are more effective in
terms of coding than the simpler handcoded motion models.

4.8 Conclusion and Future Work

In this chapter we illustrated video coding using learned motion models in a hybrid coding
scheme. Different methods for quantizing and coding the motion model coefficients and the
motion compensated residues are considered and compared. We showed that the continuous
translation model outperforms the exhaustive search motion compensation model used in
current video coding standard H.264/MPEG-4 AVC in the low and high bit rate regime.
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Figure 4.19: The rate distortion curves of the P-frames of the first 40 frames of foreman encoded
with different motion models.

There are lots of room for improving the proposed video coding framework. We outline some
of them in the following:

• The proposed inference and learning algorithm models motion in each video frame
independently. The algorithm ignores the fact that the same motion often extends
over multiple frames in natural video. To model such long range dependencies, we
can augment our model to learn and infer on a group of frames. One particular
implementation can be done with the following

f(t) = T (tsµ, tsσ)f(0) (4.10)

where t ∈ [0, T ], for which T is the number of frames in the group. In particular, the
single set of coefficient sµ, sσ is common between all the frames in the group and is
inferred together. The time index t is used to model the transition between frames. In
doing so, we implicitly assume that the changes between frames within the group is
constant.
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Such model can be extremely beneficial for video coding since only one set of parameters
is needed to model the entire group of frames. This also allow us to perform motion
interpolation and prediction between video frames.

• As we have pointed out earlier, block-based DCT may not be the optimal coding strat-
egy for the learned motion models, because the motion compensated residue become
more sparse in the pixel domain as the motion model becomes more complex. There-
fore, one possible alternative that is able to take advantage of the residue structure is
to use full-frame coding with a per-coded/learned overcomplete dictionary, such as the
coding framework used by Neff and Zakhor [Neff and Zakhor, 2002].

• In the current coding framework, the motion model and residue model are considered
separately. The result would be better if the motion model and the residue model is
learned and inferred together. Specifically, one could consider the following generative
model

Y = T (sµ, sσ)X + Φα + |α|0 (4.11)

where Φ ∈ <M×N and α ∈ <N×1. In the model, the coefficients of the motion compen-
sated residue is encouraged to be sparse through a L0 penalty.

• The Llody-Max quantizer optimizes the quantization parameter by minimizing the
distortion between quantized coefficient and the true coefficient. However, minimizing
this distortion does not guarantee that the image reconstruction error is also minimized,
as the two are nonlinearly related. One way to improve this is to optimize quantization
parameter by directly minimizing distortion in the image domain using equation 4.8.
For further improvement, one can factor the quantization process into the inference
and learning scheme.
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Contributions

In this chapter I summarize the major contributions of this thesis and discuss the implications
of these contributions.

Continuous Transformation Model

Regarding the continuous transformation model, we

• derived an unsupervised learning algorithm that computes the model update of an
exponential transformation model in polynomial time.

• derived an adaptive inference rule that is able to avoid local minima.

• demonstrated that the inference algorithm can simultaneously recover multiple trans-
formation parameters with high accuracy.

• demonstrated that the algorithm is able to learn novel transformation operators when
trained on natural videos.

• demonstrated that the learned models provide a better description of the underlying
dynamics compare to currently used motion models.

Having an efficient learning rule and an inference rule that avoids local minima allows us
to learn the continuous transformation model without using approximations. This differ-
entiates us from previous approaches where they linearize the exponential model to make
learning / inference tractable. The benefit of using the exponential model is that it can
handle data with all transformation ranges, in contrast to the linearized models, where
the approximations only holds for infinitesimal transformations. This feature allows us to
successfully apply our model in practice, where the range of transformations is unpredictable.
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I am able to show that the algorithm learned interesting transformations such as translation,
brightness adjustment and contrast enhancement when learned on natural videos. There are
still some fraction of the learned transformations that are uninterpretable, but nevertheless
their contribution can be quantified. One line of work in the future would be to develop
methods to analyze these operators.

In this thesis, I demonstrated inference and learning on natural video data. However, there
are a lot of other areas where transformational relationship in data can be exploited. For
example, in hand-written characters, the same character can be written in many different
ways. To recognize them, it is important to tease apart the identity of the character and the
writing style. Current recognition system more or less ignores the style and simply assign
different appearance of the same character to the same label. A better alternative is to
model the transformation between data so that we can tease apart the style and the content.
Other possible applications include video interpolation and view interpolation.

Video Coding with Learned Transformations

Regarding the video coding framework, we

• described a hybrid coding scheme that replaces the traditional exhaustive search motion
estimation model with the continuous transformation model using learned operators.

• investigated the distortion of the continuous motion models due to quantization error.

• demonstrated that the continuous transformation model outperforms the traditional
motion model at low and high bit regime.

This work proposes an alternative to the exhaustive search motion model for video coding,
which has been in use for the last thirty years. As discussed in chapter 4, a relatively small
amount of work has been done on finding better motion models for video coding. Part of
this is due to the fact that there is no satisfactory method for describing and parameterizing
block based motion. We hope our work here provides a plausible path for the video coding
community to pursuit.

There are a lot of improvements that can be made to the current implementation. To start,
we currently only model frame-to-frame transformations. We expect that the coder would
be more efficient if we consider a group of frames and exploit long range dependencies among
them. In addition, we believe that the quantization step can be factored into the inference
and learning algorithm. In this way, the quantization error can be minimized.
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Objective Function Derivatives

Let
ε =

∑
n

(Yn − UeµsΛe
1
2

Λ2σ2
sU−1Xn)2

A.1 Derivative for inference with one operator

The learning gradient with respect to µs is

∂ε

∂µs
= −

∑
n

2err(n)U
∂eµsΛ

∂µs
e

1
2

Λ2σ2
sU−1Xn

= −
∑
n

2err(n)UΛeµsΛe
1
2

Λ2σ2
sU−1Xn

where err(n) is the reconstruction error of the nth sample

err(n) = Yn − UeµsΛe
1
2

Λ2σ2
sU−1Xn

Similarly, the learning gradient with respect to σs is

∂ε

∂σs
= −

∑
n

2err(n)UeµsΛσsΛ
2e

1
2

Λ2σ2
sU−1Xn

79



Chapter A. Objective Function Derivatives

A.2 Derivative for learning with one operator

The learning gradient with respect to Λ is

∂ε

∂Λ
= −

∑
n

2err(n)U
∂eµsΛe

1
2

Λ2σ2
s

∂Λ
U−1Xn

It is easy to see then this derivative with respect to each element in Λ is

∂ε

∂λk
= −

∑
n

2err(n)U(µse
µsλk + σ2

sλke
1
2

Λ2σ2
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Therefore, in matrix form, the derivative is

∂ε

∂Λ
= −

∑
n

2err(n)U(µse
µsΛ + σ2

sΛe
1
2

Λ2σ2
s ) U−1Xn

The learning gradient with respect to U is

∂ε

∂U
=−

∑
n

2err(n)
∂U

∂U
eµsΛe

1
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Λ2σ2
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−
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Λ2σ2
s
∂U−1
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Recall that
dU−1

dU
= −U−1dU

dU
U−1

The learning gradient is hence

∂ε
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+
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A.3 Derivative for Complex Variables

To accommodate for the complex variables U and Λ, we rewrite our objective function as

ε =
∑
n

err(n)T err(n)

where err(n) denotes the complex conjugate. The derivative of this error function with
respect to any complex variable can be then broken into the real and and imaginary part

∂ε
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=
∑
n

err(n)T
∂err(n)

∂Λ
+
∂err(n)T

∂Λ
err(n)

=
∑
n

err(n)T
(
∂err(n)

∂Λ

)
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}
= 2<
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(
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}
= −2=
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(
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A.4 Derivatives in Matrix Notation

For completeness, we can write the derivatives in matrix notation as follows.

∂ε

∂µs
= −2ETUΛKU−1X

∂ε

∂σs
= −2σsE

TUΛ2KU−1X

∂ε

∂Λ
= −2ET (µse

µsΛ + σ2
sΛe

1
2

Λ2σ2
s ) U−1X

∂ε

∂U
= −2ETKU−1X + 2ETUKU−1U−1X

where

K = eµsΛe
1
2

Λ2σ2
s

E and X are matrices with columns of err(n) and Xn respectively.

81



Appendix B

Affine Transformation Operators

Affine transformation refers to a linear transformation of the vector space followed by a
translation:

x′ = Ax+ b (B.1)

In image transformation, x and x′ are typically image coordinates. A total of seven different
transformation can be described under this framework:

• horizontal and vertical translation

• rotation

• horizontal and vertical scaling

• horizontal and vertical sheer

B.1 Coordinate-wise Affine Transformation Matrices

Let x and y be the image coordinates before the transform and x’ and y’ be the coordinates
after the transform.

Translation in X direction [
x′

y′

]
=

[
x
y

]
+

[
tx
0

]
Translation in Y direction [

x′

y′

]
=

[
x
y

]
+

[
0
ty

]
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Rotation [
x′

y′

]
=

[
cosθ sinθ
−sinθ cosθ

] [
x
y

]
Scaling in X direction [

x′

y′

]
=

[
sx 0
0 1

] [
x
y

]
Scaling in Y direction [

x′

y′

]
=

[
1 0
0 sy

] [
x
y

]
Skew in X direction [

x′

y′

]
=

[
1 k
0 1

] [
x
y

]
Skew in Y direction [

x′

y′

]
=

[
1 0
k 1

] [
x
y

]
After the coordinate-wise transform, the image is created using bilinear interpolation.

B.2 Analytical operator for translation under proposed
model

The translation operator under our proposed model can be formulated analytically. To
remind the readers, our proposed model is

I1 = UesµΛU−1I0

On the other hand, one can perform translation in the Fourier domain as follows

FT [I(x− x0, y − y0)] = e−i2πωxx0e−i2πωyy0FT [I(x, y)] (B.2)

where FT denotes Fourier Transform, x0 and y0 are real numbers denoting the amount of
translation in x and y direction respectively. Therefore, to perform translation, one would
take the image, compute its Fourier transform, scale the phase of the complex amplitude
according to equation B.2, and compute its inverse Fourier transform. Therefore, to equate
our model to equation B.2, we can easily see that
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• U−1 is the Fourier transform basis of one direction

• U is the inverse Fourier transform basis of the same direction

• Λ is a diagonal matrix which its nth entry is −i2πn

Figure B.1 shows the horizontal and vertical translation operator created by the method
above.

Figure B.1: Vertical (left) and Horizontal (right) translation operator
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