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ABSTRACT: We study the angle between i) the standard jet axis, ii) the axis of a jet
which has been groomed using soft drop, with reduced sensitivity to soft radiation, iii) the
jet axis obtained with the winner-take-all recombination scheme, which is insensitive to
soft radiation at leading power. We calculate the distributions for these angles at next-
to-leading logarithmic accuracy, including non-global logarithms. The angle between the
standard and groomed jet axis directly probes soft wide-angle radiation, leading to a novel
factorization formula. This angle is also very sensitive to nonperturbative physics, which is
directly connected to nonperturbative contribution to the rapidity anomalous dimension for
transverse momentum distributions. Comparing our predictions to PYTHIA we find good
agreement, and we foresee applications to jet substructure in proton-proton and heavy
ion collisions.
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1

Introduction

Jet substructure techniques have become important tools at the Large Hadron Collider

(LHC) to study the properties of Quantum Chromodynamics (QCD) and extract the strong

coupling ag, search for physics Beyond the Standard Model, and probe the quark-gluon

plasma (QGP) in heavy-ion collisions. Both experimental and theoretical advancements

have been crucial to enable precise comparisons between first principles calculations in QCD

and LHC data. For recent reviews of jet substructure techniques and their applications,

see refs. [1, 2.



4 Standard

Groomed

Figure 1. The various jet axes: the standard jet axis (black) is along the total momentum of the
collinear (blue) and soft (orange) radiation. For the groomed jet axis (green) groomed away soft
radiation (gray) is not included. The winner-take-all axis (blue) is insensitive to soft radiation.

In this paper we study three different jet axes, with varying degrees of sensitivity to soft
radiation, which we now introduce: we start from an inclusive sample of jets, obtained by
using the anti-kp algorithm [3] with jet radius parameter R = 0.8, and refer to the resulting
jet axis as the standard (ST) jet axis. Only jets with rapidity || < 2 are considered, and
results for several bins in the jet transverse momentum pr will be reported. Applying soft
drop [4] with zcy = 0.1 and several values for 5 to remove soft radiation, the axis of the
resulting groomed jet will be called the groomed (GR) jet axis. Finally, we recluster the
original jet using the winner-take-all (WTA) recombination scheme [5, 6], for which the
effect of soft radiation is power suppressed, yielding the WTA axis. To ensure that all
radiation is inside the jet (i.e. that the jet algorithm returns a single jet) the jet radius is
increased. These various axes are pictured in figure 1, where the offset between the ST
(black) and GR (green) axis is due to groomed away radiation (gray). The WTA axis
(blue) clearly tracks the energetic collinear (blue) radiation.

We will consider the distance § = y/An? + A¢? in pseudorapidity 7 and azimuthal
angle ¢ between these axes, denoted with Ost gr, fst,wta and Ogr,wra, respectively.
This distance is boost invariant and for a jet at zero rapidity, i.e. perpendicular to the
beam axis, 0 is equal to the angle between these axes (in the small angle limit, which we
focus on). We therefore refer to this as an angle. These angles characterize the different
sensitivity to soft radiation of these axes. In our calculations it will be convenient to express
9 as a vector k, transverse to the jet axis, with § = |k |/pp, since vectors can easily be
added. To simplify the notation, we will omit the vector symbol when referring to the
norm of a vector, i.e. ki = |k.|.

Given this identification between angles and transverse momenta, it should come as
no surprise that all three angles between the jet axes considered here involve some form
of transverse momentum resummation [7—12]. As such, it provides another window into
the physics of transverse momentum dependent fragmentation functions and parton dis-
tribution functions, focusing on the bulk distribution of transverse momentum within jets



relative to energetic collections of particles within the jet, not the energy spectrum of the
underlying individual particles, similar to refs. [13-20].

We derive the factorization in the small-6 limit within Soft Collinear Effective Theory
(SCET) [21-25] and carry out the resummation at next-to-leading logarithmic (NLL or
NLL’.!) accuracy, including the contribution of non-global logarithms [35] in the leading-
color approximation. In order to derive the factorization structure for the angle between
the standard and groomed jet axis Ost gr, we need to simultaneously consider the soft
drop groomed jet radius R, [4, 36]. We perform the joint resummation of logarithms of the
transverse momentum and the soft drop groomed jet radius Ry, and afterwards integrate
over R,. While for the other observables we achieve NLL' with the resummation of the
non-global logs, the factorization for the angle Os1 gr is considerably more complicated,
limiting our accuracy to NLL in the global logarithms.

There are several potential applications of the observables introduced in this work: first
of all, by comparing parton shower event generators to our perturbative calculations and
to data from the LHC, models of nonperturbative physics can be constrained, similar to
e.g. refs. [37, 38] where jet substructure results were used to constrain the hadronization and
underlying event contribution. This is particularly true for the angle between the standard
and groomed jet axis, which is very sensitive to nonperturbative physics as it measures
the soft radiation which fails the soft drop criterion. Interestingly, for the observables
considered here the (leading) nonperturbative component is relatively well understood as
it is related to the nonperturbative part of the rapidity anomalous dimension in transverse
momentum resummation. Indeed, various extractions are available in the literature [39-
42], and it was recently proposed that this evolution kernel can also be extracted from
lattice QCD [43]. Explicitly, our analysis predicts how the grooming parameters affect
the nonperturbative part of the rapidity anomalous dimension on our observables, which
can be compared to hadronization models in Monte Carlo parton showers. Moreover, we
expect that the observables considered here will have important applications in heavy-ion
collisions where jets are used as probes of the created hot and dense QCD medium [44].
For example, the measurement of the angle between the groomed and WTA axis provides
a handle on the soft radiation contained in identified jets in the large background produced
in heavy-ion collisions. Since the different jet axes considered in this work exhibit a very
different sensitivity to soft physics, these observables are ideally suited to quantitatively
explore the effects of parton energy loss and jet broadening.

The remainder of this paper is organized as follows. In section 2, we introduce the
different factorization and resummation formulae in physical terms, which are necessary for
the calculation of the angles between the three jet axes. We present all relevant expressions
and technical details for the three cases in section 3 to section 5. In section 6, we discuss

!For NLL', we simply mean the inclusion of the full matrix element of each function truncated at O(as)
convolved with resummation kernel, including NGLs in the kernel when their exact structure is known. In
ref. [26], a distinct definition of NLL’ was adopted, where one includes all matrix elements at the order where
the logarithms generating the resummation first appear. For NGLs, this requires an O(a?) contribution
(see ref. [27]), which is beyond our definition of NLL'. For further developments in the theory for NGLs,
see refs. [28-34].



different aspects of the implementation in impact parameter space and describe our non-
perturbative model (which we take from transverse momentum resummation). Numerical
results for LHC kinematics are presented in section 7, and in section 8 we draw conclusions
and present an outlook.

2 Factorization and resummation of angles between axes

In this section we describe in physical terms the structure of the cross sections that encode
the angles between the different jet axes described in the Introduction. The necessary
factorization and resummation techniques are introduced but technical details and expres-
sions of the various functions that appear in these factorization formulae are relegated to
subsequent sections.

2.1 Jet production

As a first step, common to the calculation of all these angles, we factorize the hard scattering
from the jet production, by working in the narrow jet approximation, R < 1. In several
examples it has been observed that the O(R?) power corrections to this limit are still small
for values of R up to 0.7 [45, 46]. The cross section differential in jet transverse momentum
pr, (pseudo)rapidity 7, and k. (describing the angle between axes) is given by

do /d%‘ dz. dz .
FRETT fl Li, /Jf‘x‘7 /Hi‘xhx'a , P Z,
dn dpr A2k, ~ T (zi, 1) 7 (x5, 1) . ]( 51,01/ %5 1)
X gk(zakL7pTRvu) |:1+O(R2)} . (21)

Here, the parton distribution functions (PDFs) f; ; describe extracting a parton with flavor
i, j and momentum fraction z; ; from a colliding proton. The hard function Hfj [45, 47, 48]
encodes the hard scattering of the incoming partons ¢ and j, and the distribution of the
resulting partons with flavor &, rapidity n and transverse momentum pr/z. The jet function
Gy, describes collinear final-state radiation, i.e. how parton k (inclusively) produces jets,
with transverse momentum z X pr/z = pr, as well as the angle between the axes of the jet,
encoded in k. We will indicate which axes we are considering by including the appropriate
superscript on the cross section ¢ and the jet function Gy.

In the rest of this paper we will focus on the jet, and therefore denote the parton that
initiates it with ¢, rather than k. We note that eq. (2.1) is simply a more differential version
of the factorization for inclusive jet production [49-51], since integrating our jet function

over k| yields the semi-inclusive jet function J; of ref. [50]

/d2EJ_ gi(zv kJ_vaRa ,U’) = Ji(Z,pTR, /'L) . (22)

We will exploit this sum rule to factor out the jet production from the jet measurement [16,
49], writing:

gi(Z, kJ_7pTRa ,LL) = Z Jij(zapTRv M)g] (kJ_>pTR7 Ug (:u)) . (23)
J



The coefficient J;; is akin to a jet flavor-tagged fragmentation function: it describes how
a parton of flavor ¢ fragments into a jet of radius R of flavor j. Note that this is not a
factorization of physics at different scales, and requires keeping track of the jet flavor j. As
indicated, the new jet function G only depends on w through the strong coupling. These
functions satisfy

/dZEJ_ g~] (kJ_vaR7 Oés(,u)) = 17 Z JZ] (Z7pTR7 /'L) == Ji(zapTR7 ,LL) ) (24)
J

which are sufficient to determine J;; and g} from the full expressions for G; and J;. To the
order we calculate, we further introduce

~ 1
Gi(ki,prR, as(p)) = p §(k%) + 0(1 — 2)AGi(ky,prR, 1), (2.5)

reporting only on the (simpler) AG;. This equation defines the function AG;. Note that
we do not need any flavor indicies on the 6(k?) term.

The natural scales of the ingredients in eq. (2.1) are the same as for inclusive jet
production

py~Aqep, {3 ~ PT jg ~ prR, (2.6)

and the resummation of logarithms of R = ug/puy is achieved by using the DGLAP [52-54]
equation

d Ld2 oy
M@ gl(za kJ_apTRhu) = Z/ 7 ?PJZ(Z/Z/) gj(zlkaJpTRmu) ’ (27)
j 7z

to evolve the jet function G from the jet scale ug to the hard scale pgy. The splitting
functions Pj; are at one-loop order given in eq. (A.1).

If £k, ~ prR, there are no additional logarithms to resum as G involves a single
scale. In this case one simply has to calculate AG for the angle between each pair of axes.
However, these distributions are in fact dominated by &k, < prR, in which case G contains
two hierarchical scales and needs to be factorized. We will outline this below for each of
the angles, relegating much of the details to subsequent sections. To keep the discussion
concise, we have focused on the mode structure contributing to each factorization formula
we present, which dictates its form. For an introduction to factorization within the SCET
formalism, we refer the reader to refs. [55, 56]. For specific examples in the literature on the
technical derivation of the factorized cross section for jet observables from the underlying
modes of the effective theory, see e.g. refs. [12, 57-61].

2.2 Angle between the standard and WTA axis

We start with a leading logarithmic (LL) analysis of the angle between the standard and
WTA axes using the Lund diagram [62] shown in the left panel of figure 2. The horizon-
tal axis corresponds to the angle # and the vertical axis to the momentum fraction z of
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Figure 2. Lund diagrams for the angle between the standard and the WTA axis (left) and the
groomed and the WTA axis (right). The modes that appear in the factorization for these two
observables are indicated with red dots, whose parametric scaling can be read off from this diagram.

emissions in the jet. By using the indicated logarithmic coordinates, emissions have a uni-
form emission probability at LL accuracy, allowing one to directly determine the Sudakov
factor from the area of the region where emissions are not allowed. In this LL picture
the WTA axis is along the single hard parton in the jet, and the offset of the ST axis
is due to the transverse momentum k, of the dominant emission. Thus cutting on the
transverse momentum k; < k9 prohibits emissions in the red region. This leads to the
following expression for the jet function G that describes the angle between the standard
and WTA axes,

5ST,WTA L 1 d asCi . o (prR
o k R, o = _— - =] 22700 2.8
gl ( L it @ (M)) 27TkJ_ ko_ eXP [ m i kJ_ ( )

This is differential in & 1, and the color factor C; = Cr (Cy) for i = q (i = g).

Extending this analysis beyond LL using SCET, the corners of this region correspond
to the degrees of freedom (or modes) in SCET, as encoded in the factorization of G in the
limit £, < prR:

gy WIA (ki,prR, as(p))

NgL/ I;[z(pTRau) /d2E’iCZ( /Lnu’a V) \/d2l_€»ﬁ SZG(EJ__E/L_EZ’M’VR)

x SNG kL 1+0 L : (2.9)
‘" \prR p%R?

The WTA axis is only sensitive to collinear radiation inside the jet, and the argument
k', of the collinear function C; simply encodes the angle of the WTA axis with respect
to the initial collinear parton. The ST axis is along the total jet momentum, so the
collinear and soft radiation inside the jet must balance each other, k Le+ k 1s = 0 (see
e.g. figure 2 of ref. [16]). Consequently, the offset of the initial collinear parton with
respect to the standard axis is given by k| s, which is the argument of the soft function,



Mode: Scaling (7i-p,n-p,p, )
hard pr(1,R* R)
collinear (pr, kf /pT: kL)
soft ki/R(L, R* R)

Table 1. For the angle between the ST and WTA axis, the modes that enter in the factorization
of the jet function G are listed above.

and k L= /21 +k 1,s- Because only soft radiation inside the jet contributes to £k, 4, and
radiation outside the jet is completely unconstrained, non-global logarithms [35] appear.
The function SZNG encodes the leading non-global logarithms, which in the small R limit
are the same as for the hemisphere soft function in ete™ [63]. This is the reason why
eq. (2.9) is limited to NLL/ accuracy. The hard function Hj; in eq. (2.9) describes collinear
radiation with energies pr at angles of order R. Such emissions are not allowed inside the
jet, since they would displace the WTA axis but not the ST axis, leading to k; ~ prR.
Following eq. (2.3), we have removed the contribution from jet production, i.e. this is the
factorization for G not G.

The power counting of the modes that underpin the factorization in eq. (2.9) are
summarized in table 1, in terms of light-cone coordinates

nk Ak

Pt + (2.10)

3l

pt =

where n# = (1,0,0, 1) is along the jet axis, n* = (1,0,0, —1), and p/| denotes the transverse

components. The corresponding scales are?

ug =prR, pe =k, s =k,
ve = 2pr, vs =2k, /R, (2.11)

where p corresponds to invariant mass scales and v to rapidity scales. By evaluating each
of the ingredients at their natural scale and evolving them to a common one using the RG
equations

d - _
e Hi(prR, 1) = v (prR, p) Hi(prR, 1) ,
d
i Ci(ky, pu,v/pr) = (v /pr) Cilky, gy v/pT) |

d
SZG(I{ZJ_,'M,I/R) = ’yf(lu’a VR) SiG(kJJN? VR);

Han
d &K - o ,
V@ Ci(kJJM’ V/pT> == (27’(’)2 Vi (kl_ - kJ_vM) Ci(kLvuay/pT) )
d G dQ]Zl v i Gt
vy S (ki,p,vR) = )2 vi (kL — K\ ) Sy (K, uvR), (2.12)

2In our numerical implementation we choose scales in terms of the impact parameter b, , instead of its
Fourier conjugate to k1, to avoid a well-known problem in transverse momentum resummation [64]. See
section 6 for details.



Mode: Scaling (7i-p,n-p,p,)

hard pr(1,R* R)
soft ZcutpT(]-a R2 ’ R)
collinear (pT, kf /PT, ku_)

collinear-soft | (a = zcutkf_plT_ﬂR_ﬁ, k% Ja, k)

Table 2. For the angle between the GR and WTA axis, the modes that enter in the factorization
of the jet function G when k| < z.upr R are listed above.

we resum the global logarithms of k; /(prR). The anomalous dimensions are collected in

appendix A.

2.3 Angle between the groomed and WTA axis

We start by briefly reviewing the soft drop grooming procedure [4]. First, the identified jets
are reclustered with the Cambridge/Aachen (C/A) algorithm [65, 66]. The C/A cluster-
ing metric only depends on the geometric distance between particles in the 7-¢ plane and
yields a jet with an angular ordered clustering tree. Second, the obtained jets are declus-
tered recursively where at each step of the declustering procedure, the soft drop criterion
is checked

. B
min [pri,pra] (ARU) . (2.13)

pr1 + P2 R
Soft branches that fail this criterion are removed from the jet. Here, the p7; denote the
transverse momenta of the two branches and AR5 denotes their geometric distance in
the 1-¢ plane. The soft threshold parameter z.,; and the angular exponent [ are free
parameters that determine how aggressively the grooming algorithm removes soft radia-
tion from the jet. For 8 = 0, the soft drop criterion reduces to the modified mass drop
tagger (mMDT) of ref. [67]. The groomed radius R, = ARy is determined by the geo-
metric distance between the two branches that satisfy the soft drop criterion, after which
the soft drop procedure terminates. See refs. [68-74] for experimental measurements of
groomed jet substructure observables. Related recent theoretical calculations of groomed
jet substructure observables can be found in refs. [75-89].

For the angle between the groomed and WTA axis, we will again start with a LL
analysis, using the Lund planes shown in figure 2. Soft drop removes wide-angle soft
radiation in a jet, so the dominant emission that sets k| must now pass the soft-drop
grooming condition, z > z.u(#/R)?, shown in the right panel. This leads to

5CGR,WTA L 1 d asCi [ 5 (prR
;o cuts Yy Xs - - — 1
g, (k1,prR, Zeut, B, as(p)) E dkzL{eXp{ - [n ( L )

1 ) ZewtPT R
Ofeeupr = k) (<5}
(2.14)

Note that if k| > zeutprR the soft-drop grooming condition is always satisfied and the
Lund diagram is in fact the same as for the ungroomed case, shown in the left panel of
figure 2.



Extending our analysis beyond LL accuracy, if k| > zeutpr R, the transverse momen-
tum of the radiation that is removed by grooming is negligible compared to the measured
k1 , and the formula for the cross section is the same as in eq. (2.9). We will therefore focus
on the case k| < zewpr R, and interpolate between these regimes in our numerical results.?
The modes in SCET correspond to the red dots at the corners of the blue region in the
Lund plane and are summarized in table 2. The factorization formula for G is given by

GERWIA (k| prR, Zews By s (1) (2.15)
NgL .FIZ (pTR, ,U,) ngr(zcutpTRa Ba :u)

X /dQEiCl(kla My V/pT)SZ(EL - E/L,pTR, Zcut B’ Hy V/pT)

2 2 tkﬁ 1/(1+8)
SNGL 1 +0( 2L o, [ 2L .
xS t)[ - (Zgutp%RQ’z t’((pTR)ﬁ

The hard and collinear radiation are unaffected by the grooming and the corresponding
functions are thus the same as in eq. (2.9). The collinear-soft function S; describes the
contribution from collinear-soft radiation that passes the grooming condition to the angle
between the jet axes. The soft function ngr encodes the wide-angle soft radiation, which
is always groomed away, and therefore does not affect the shape of the k| distribution but
only the total rate. In this case non-global logarithms arise because the hard mode and
soft mode have the same angular scale, but the soft radiation inside the jet must be much
less energetic in order to fail the grooming condition. Fortunately, the leading NGLs are
again described by the same function as in eq. (2.9), but now with z.u as argument.
By evaluating each function in eq. (2.15) at its natural scale

pa =prR,  pgge = zewpTR, po =k, s =k,

B
1 k 1+8
voe =2pr, Vs =2prZent <L > ,  (2.16)
prR

and evolving them to a common p and v scale, the global logarithms of k| /(prR) and zeyt
are resummed. The renormalization group equations are partially the same as in eq. (2.12),
except for:

d . r T
o SFE (zeurpr R, By 1) = 75 (zeuspr R, B, 1) SFE (zeuspr R, B, 1) (2.17)

d
“an Si(k1,pTR, zeut, By s v/DT) = 75 (DT R, 2Zewt B ity v/p1) Si(k L, TR, Zews, By 14, v/PT)

d a2k L .
V@ S’L(kJJpTR7 Zcutvﬁa/" V/pT) = /(27_[_;5 77, (k;L - kla/'b) Sl(kl)pTRa Zcutyﬁvlua V/pT) .

2.4 Angle between the standard and groomed axis

The factorization structure for the angle between the standard and groomed jet axis is
rather different. Since collinear radiation is never groomed away, this observable is highly

30ne could also separately consider the regime k; ~ zewspr R, constraining this interpolation.
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Figure 3. Lund diagrams for the angle between the standard and the groomed jet axis when
k) < zeutpr R, for regime A (left) and B (right). The relevant SCET modes are indicated by red
and green dots, and their power counting can be read off, see table 3.

sensitive to soft radiation, similar to collinear drop [90]. The effect of grooming is power
suppressed when k| > z.,pr R, so the cross section is power suppressed in this region. We
therefore focus on the opposite limit k| < zcutpr R, smoothly matching the cross section
to 0 when crossing k| ~ zcgprR. It turns out that we must consider the cross section
differential in £, and the groomed jet radius Ry, since there are two different cases that
need to be considered, and then integrate the combined resummed result over R,. It is
convenient to work in terms of 8, = R,/R.

The Lund planes for the LL analysis are shown in figure 3 and will now be discussed.
We start by considering the measurement of the groomed jet radius. The cross section with
a cut 6, < 65 prohibits emissions in the red region with z > zu(6/R)? and 6/R > 65 [4].
Ref. [36] extends this analysis to NLL using SCET, exploiting that for the cumulative
distribution in ¢7 one can separately impose 6 /R < 05 on the collinear and collinear-soft
radiation (analogous to the factorization of the measurement in jet veto resummation). If
in addition one requires k| < kS, emissions with z < zeut(0/R)? and 6/R > 6, (not 03)
are groomed away by soft drop and thus forbidden for k; = z0pr > kS, corresponding to
the blue regions in figure 3. There are now two cases depending on whether 6, is smaller
or larger than [kS /(zeutpr R)]Y1+#)] which we will refer to as regime A and B.* The Lund
diagrams for these regimes are displayed in the left and right panel of figure 3, and the
power counting of the momenta corresponding to the modes is summarized in table 3.

The situation is the simplest for regime A, since the blue region is insensitive to the
precise value of 64, i.e. the resummation of 6, and k£, are independent of each other. At
LL accuracy, we simply calculate the sum of the area of the red and blue regions to obtain

QSX’GR(]{J_,]?TR, Zcut s 67 Hga Qs (/’L))

. 1 d d aC; 9 1 2 ki
_— — ——[BIn“0;+2In6,1n zcy 1
2nky dk, db, exp{ & [ﬁn A t+1+5n ZeutpT R
(2.18)

“In principle one can also consider 8, ~ [k$ /(zeuspr R)]Y M+, but this only enters beyond NLL.

~10 -



Mode: Regime A Regime B

hard pr(1, R R)

soft ki/R(1,R* R)

collinear pr(1, Rﬁ, Rg)

collinear-soft g Zeut 95 pr(L, pr Ry)

collinear-softx | (b = (zewpr)Y P (kL /R)P/(O+5) k3 /b k1)

collinear-soft i ki/Ry(1, pr Ry)

Table 3. The modes that enter in the factorization of G for the angle between the standard and
groomed jet axis, when k| < zcutprR. Regime A (B) correspond to Ry smaller (larger) than
[k RP ) (zeuepr)]H/ 1FA).

This can be extended beyond LL, using the factorization formula for the jet function G
differential in 6,

Gon " (ks pr R, Zeur, B, 0y, s (1)

N d | =~ .
T [Hi(PTR, 1) Cieg (Ogpr R, 1) Sa.i (Zcut9;+BpTR7 B, H)
g
X /d2]_g»l SXJ(kl,pTR) ZcuthaM’ V/pT) /d2k‘j{ SZG(EL - E/l - _ﬁﬁnu’vVR)
k//
NG ([ L) gNGH+AC(, 9By 519
XZ<pTR i (zeuty) (2.19)

For this angle we restrict ourselves to NLL accuracy, which is why the power corrections to
the factorization formula have been omitted. The collinear function C’iegr describes collinear
radiation, which is never groomed away. It can provide the emission that sets ,, and any
other collinear emissions must be at smaller angles. Similarly, for the collinear-soft s mode,
emissions must satisfy §/R < 05 if they pass the soft drop condition, as described by the
collinear-soft function Sg ;. Wide-angle soft radiation is always groomed away, and its total
transverse momentum is described by the same soft function SiG that we encountered before.
Finally, Sx; describes collinear-softx emissions, which only contribute to the transverse
momentum if they fail the soft drop condition. There are also non-global logarithms and
clustering logarithms associated with the collinear function C; and collinear-soft function
Sa,i- The non-global logarithms from correlated hard and soft emissions are the same
as for the standard vs. WTA axis and described by SiG . These are the same as in the
resummation of §, and described by SZNGJrAC [36]. The renormalization group equations
for the new ingredients in eq. (2.19) are given by

d T/ nc e I/ nc
Uy O Opr R p) = A" OgprR. 1) CE¥ (O5pr R ) (2.20)

d
N@ SG,i (Zcut (0;)1+IBPTR7 57 ,U’) = ’Y;S.G (ZCut (9;)1+ﬁpTR7 57 N) SG7i (zcut (9;)1+ﬁpTR7 Bv /j’) )

d
,U,@ SX,i(kJ_7 ZCutpTRa ﬁa M, VR) = ’Y;SX (ZcutpTRa ﬁ? M, VR) SX,i(kJ_a ZcutpTR, 67 M, VR) )

42,

)2 W (kL — K\ w) Sxi(KL, zewpT R, B, 1, VR) .

d
V@ SX,i(kJ_7 ZcutpTRa ﬁa My VR) :_/
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We wrote 0; to explicitly indicate that the functions are cumulative distributions, i.e. in-
tegrated over 6, up to 6;. The natural scales of these modes are

pa =prR, poes = prR by,
HSo = ZcutpTR 9;+Ba HsG = kJ_ ) HSxy = kJ_7
Qk/l 2 1
Vg = f 5 Vsy = E(ZcutpTR kﬁ) 1 (221)

For regime B we find it clarifying to work differentially in 6,. In the LL analysis there
must a single emission that sets §,, i.e. /R = 6, and z > zcutﬁg . Any other emissions
must be outside the colored area, leading to

QSE7GR (kJJ pTR) Zcut /67 0_(]7 Qs (H)) (222)
L asCp 2 1 d asC; kL
= - S In(zel)) s —— - 20, +2Inf,In [ —=— )|\,
T O n(z tg)27r/m_ ko_exp{ s [n g t2mn gD(%p;pR)]}

In the SCET analysis there are the four modes corresponding to the outer corners of the
colored region, as one might anticipate. However, the emission that sets 6, (and only this
emission) is sensitive to the soft drop condition, which is why there is also a collinear-soft
mode contribution in this case. This leads to unusual behavior: the corresponding collinear-
soft function only contributes if it has a single emission that sets 6,. In particular, if it
has (independent) emissions that do not set 6, these emissions only have the constraint
f/R < 6,4, resulting in scaleless integrals. The factorization formula in SCET for G is
given by

gsg’GR(k}L, pTR; Zeut s /87 997 Qs (IU’))

NLL =~ d . r
=" H;(prR, i) [d@ CF (0gprR, 1) + SG.i (egazcutengaBaM)Cieg (QgPTRHU)]
g
X / K| Sk ik, vy R)SE (kL — K, p, vR)SNC (;Z) . (2.23)
T

The two terms in the square brackets correspond to the collinear mode setting 6, (when the
derivative acts on Ciegr) or the collinear-softg mode setting 6,. While the collinear-soft
mode has the same power counting as in regime A, the function is very different. This is
also reflected in the unusual nature of the renormalization group equation of S&i,s

gy St 00 Zer. B.18) = =52 (O, (2.24)
which follows from consistency of the factorization theorem and agrees with a direct calcu-
lation at order cas. The terms in the square brackets of eq. (2.23) can be interpreted as a
matching coefficient where we integrated out modes at the scales 6,pr R and zcutH;JrB prR.
Its running down to the k| scale will generate non-global logarithms which we conjecture

®Note that only Ry > 0 contributions need to be considered here, since we are differential in R, and
assume regime B. In particular, no (plus) distributions at Ry = 0 are required.
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is also described by the function SZNGJFAC of ref. [36], but with the different argument
ki /(0gprR). These NGLs require further study and are not included in our numerical
analysis. The function Sk ; describes the contribution to k| from collinear-soft - emissions
that are groomed away, which for this mode simply means /R > 6,. It’s renormalization
group equation is given by

d
SK,i(kJ_7 22 VegR) = ’Y;gK (,uv VegR) SK,i(kln 122 VegR) s

Yau
d dzl_{i v 7 /
v, SKilkL, pvbgR) =~ e i (kL =K, pm) Ski(Ky, 1, v0gR) . (2.25)

The natural scales for the modes in this regime are

pr =prR, pces =prRYy, ps, = zewprRO, pse =ki,  ps, = ki,

2k 2k
=L us == (2.26)

3 Standard vs. winner-take-all axis

In this section we provide further details describing our calculation of the angle between the
standard and winner-take-all axis. In section 3.1 we discuss the calculation of jet function
GST-WTA when k| ~ prR, and the resummation of jet radius logarithms. In section 3.2
we consider k| < prR, presenting the ingredients that enter the refactorization of G and
checking the singular /nonsingular decomposition. Details on our numerical implementation

are give in section 6, with anomalous dimensions relegated to appendix A.

3.1 Jet function for k; ~ prR

We are working in the collinear limit R < 1 and can therefore use the collinear phase-space
and squared matrix element [91],

as (€77 p?)e /1 14 a7 /qu
dPyo5, = =B [ qzC —e(1- 1
/ %= =g Jy YO T U ¢
as (e7E ) /1 x 11—z
byl =2 P/ -~ 1—
/d 205, T T—0 Jo dz < Cy 1—a:+ . +z(l —x)
—i—npr[l—Ql‘(l—x)—26$(1—$)}}/(ﬁéﬁ, (3.1)
91

to calculate the jet function for the angle between the standard and winner-take-all axis
AGITWVTA (k1 prR, ag(n)) = /dc1>2 05,0(—E — <Rr)|O(z> 1 ki—ﬁ
: ’ ’ T\ z(1—x)pr 2) 7w z?

+ 9(:1: < ;) ia(zﬁ _ (13%)2) _ ia(kﬁ)} . (3.2)
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The final term in this expression subtracts off the semi-inclusive jet function, see eq. (2.5).
This leads to

AGETVIA (kL pr R, as(1)) (3:3)
OzSCF pTR 1 ki
- - ok < 258){ -5
2
ki 3 ki 3
(D) (o) 325
e 0( prR 2pTR 4

2 o (prft) 3, (prR\ 3 w3
+(5(kl)|: In < >+21< ) sln2+ -2

Ag§T7WTA (kJ_apTRa Oés( )) (34)
pTR Cy 1 k2
htc) k _xAa
@< S ){ 2 p? ﬁl(ﬁ
1 k3 3 k? 3k 1
< o(3)[ S 2
7 I 2 \prRR 2p7R 2prR 2
3 K3 9 k2 3 ki kL prR
C 2 L e L 9 Inl1—-— In ==
* A( 2p%R3+4p%R2 4pTR+ ( JUTR>+ (M >)}

oo (58 5 - 5) 8 (30) )]

where [y is given in eq. (A.2) and the plus distributions are defined as

Lo(z) = {mnxL. (3.5)

X

Note that the terms where the plus distribution multiplies a power of k| do not require
a plus prescription. It is worth emphasizing that in eq. (3.3) the explicit u dependence
cancels between the various terms, so the only p dependence is in the scale as.

3.2 Refactorization for k;, < prR

We now present expressions for the various ingredients entering in the refactorization of
the jet function in eq. (2.9). First of all, we give the coefficients J;; in eq. (2.3), that are
independent of the angle we consider [16]

Jog(2,PTR, u)—&(l—z)+{ln< s )P (2) (3.6)

27 p2R?
1 2
; W) 1—z)—1+z]},

(
)t )t CFZ],
)

—l—C’F[—Q(l—i—z VL1(1—2) +
Joo(z,prRy 1) = 22| In s
sl et ) =5 |\ e
2
Qs I
AT
=52 (n (it
JoaCopro) = 50— )+ 2 dm (2 VB (2)
gg\Z, PTiv, ) = 27 p%wRQ 99

4CA(1 — 2 + 22)? 5 2n 23
— > E1(1*Z)+ |:C <123)+12B0:|5(12)},

Jgq(2,pTR, 1) = ) —2In(1 — 2) | Pyy(2) — Tr22(1 — z)}

where the splitting functions are given in eq. (A.1).
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The hard function is up to one-loop order given by [16, 92]

] s 1 2 2 1 2
Hq(pTRaN):1+a CF<_ID2< 3 >_31n <,u> _3+37T> + 0(a?),

2 2 P2 R2 2 2 R2 2 4
- Qs 1 w2 5 37r 1 w2 23
Hy(prR,pu) =14 = |Ca( — = In? - — -5l — =
g(pT 7,“) + o |: A< 9 n (p%R2> 12 ) ﬁO( 2l <p%R2 192
+0(a?). (3.7)

The global soft function is at one-loop order given by [92, 93]

1 asCy 1 k2 k2 V’R?>  n?
G 2 s“i L 2
Si (k‘J_, /,[/, VR) = ;6(kl)+ 27[_2 |: — TLQ £ (ILLQ ) T/L EO ( NQ ) 4[“/2 — 125<kJ_):| , (38)

where the color factor C; = Cy4 (Cp) for i = g (q). The leading NGLs in the large
N, approximation are taken from the solution to the BMS equation [28] up to five-loop
order [94]

2 4 72
NG (T ™y G 73 =4 G 17C5\ +5 6
D)=1-"7249873y T pa (TS, 287 L
Sq ( ) 24 + 12 * 34560 + < 360 + 480 + O( )’
~ ~12
Sy G(L) = [Sy%(L)]” (3.9)

The argument of this SzNG is in impact parameter space given by

E _ asNe

In(b prR). (3.10)

While eq. (3.9) technically does not resum the NGLs, we have checked that the effect
beyond the cubic term on our numerical results is less than a percent.

The only new ingredient is the collinear function, whose calculation is very similar to
eq. (3.2), except that we can drop the restriction that the two particles are inside the jet
since this is automatically the case for k; < prR. Explicitly,

b= fon, () o= ) 01
+@<:c< ;>i5<ki—(1€%)2>], (3.11)

where we use a rapidity regulator n with associated scale v [12, 95]. This leads to

Colho, povfpr) = ~6(K3) + O‘fF[M ﬁo(’,f )(‘i‘m(z&))

2
+5(ki)<—1n2—7;+7 ]

Cy(kL,p,v/pr) = 5(kJ-) { (:2 <__CAID<2PT)>
B
2

+6(k%) [CA (i: - 7:) - ( —In 2)} } (3.12)
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Figure 4. Testing the refactorization (blue dashed) of the jet function AGST-WTA (red solid),
for the angle between the standard and WTA axis in eq. (2.9) at O(as). The nonsingular (green
dotted) is the difference. The left (right) panel corresponds to quark (gluon) jets.

Alternatively, since at this order there are at most two partons and the WTA is along the
most energetic one, we can extract this collinear function from the TMD fragmentation
function. In impact parameter b space, using the conventions of ref. [93], this relationship
is given by

Ci(bJ_wU’a V) = Z/dz@(z - ;) éj/i(zabL7M7 V) . (313)
J

See also [96]. We conclude this section by verifying the validity of the refactorization
in eq. (2.9) in figure 4, by plotting the jet function AG, the singular expression ob-
tained from the right-hand side and their nonsingular difference. We have converted the
transverse momentum to an angle, including the appropriate Jacobian d?k; = 27T9p% de,
and taken g = prR, which only affects the scale in as. The nonsingular indeed van-
ishes for small angles. In fact, the refactorization seems to hold over most of the range,
ie. 6= kJ_/pT 5 0.4R.

4 Groomed vs. winner-take-all axis

In section 4.1 we calculate the jet function GERWTA when k 1L~ ZetpTR ~ prR. In
section 3.2 the ingredients that enter its refactorization for k| < zeuprR < prR are
given, and the singular/nonsingular decomposition is checked.

4.1 Jet function for k; ~ prR

The calculation is similar to the one in section 3.1. In terms of the collinear phase-space
and matrix element squared in eq. (3.1),

AgiST’GR (kj_a pTR> Zcut 67 egv Ug (/’L))
:/dcb c.0 ! ONVL5(ke - L)
20'271 (0<R) © 2>m>zcut R . 0 kJ_ (1—3’;)2 (S(kl)
0\" 1\ 1 2
+ 9(1 — Zeus <R) > > 2) - [5(1& - ‘ié) - 5(1@)] } : (4.1)

using the shorthand 6 = ¢, /[z(1 — x)pr]. The additional condition compared to eq. (3.2)
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is that the partons must pass soft drop. This leads to

Ag{?R,WTA (kJ_v pTR7 Zeuts /87 997 Qs (N))

sC R
= c 2F (9 (ZcutpTR <k < pT)
s 2

1 k2 k2 pTR k‘J_ 3 k-J_ 3

. [_W&(u ) e £0<u ><ln (u) i <1_pTR> +2pTR_4>}
k2 k2

lhs < soupr){ - 2(15+5> 20 (5) iﬁ“(u) ()

8 B

3 i kL \TF HB k, T8
1 In z¢y
< +In Zeut pR 1+,8 N Zeut —

X

2Zcut R
pTR 1 2 2
| cu T3 0 Zeut ]
k)[ " <u>+1+6n2t+1+5n2tn
3 3zcut w° 3
21n< )+ = Lis(2eut) — 3 +6_2}>7
AggGRW A<kJJpTR7'Zcut7/87eg’as('u))

R Ca 1l k?

ZcutpTR < kJ_ < pL 7A ﬁ -4

2 2 2\ p?

DL (R\TR( s a1
2 2 \p3R? 2p2R* 2prR 2

3 k3 9 k2 3 ky ky prR
Oal —S—L 2L 2 In(1— 25 ) 4 (222
* "‘( 2pBRS | ApLR? 4pTR+n< pTR>+ (u ))H

oy Uﬁ ()

+0(kL < zewprR){ — C — L2 L

( tpT){ A(+ﬂ)2 2) T\ 2

Bo( % ki \T 3 R ™1
X |—| = = = — - =

2\ \ prR T g g R prR 2

23

R P (o Z hd AC

+CA<1+ﬂ ) e e pTR + prR
B B

3 k 8 fN) 1
ZHB( L ) +1n (1—zclu+tﬁ< > )—1+Blnzcut>]}

4 cut pTR
— 1 In®zeut + ——= Inzeyg In | ——
—1—5(1@_){0;;[ 1+Bn< >+1+5nzt+1+6nz tn(u
2. 2 5 1 9 3
+BL12(Zcut)+ 6 +16+ﬁ< Zout — 4zgut+2zcut>]

R\ 20 1/ 2, 3
() a5 o]

4.2
2 20 24 p (42)
Taking 3 — oo we recover AGSTWTA  We can obtain the result for 3 = 0 by taking the

limit of the above expressions. Two particular types of terms that require care are

np
1 45 ki \ 15 2(1+8) pTR

=0(k — " | 220 1
(pTR ( J—) Tlﬁ Zeut Cut I Zeut — 4Z¢cyt 1 [

+ L L <ki> re+0O(B)
) ) ZCU. Y
p2 O\ 2 ) Tent

2 ~cut
kJ_
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1 _1 1+3 9 2 . .
E In (1 — zot? (pTR) > =0(k7) [ — Bng(sz) — 2L (2cut)

—2In <pTR> In(1 — zeut) — 2In(1 — zeue) In 2oyt
1

n Ml £0<’;2> (1 — Zeut) + O(B) .

(4.3)

The 1/ poles that appear in these expressions exactly cancel those already present in

eq. (4.2). This leads to the following expression for 5 =0

AGIRWIA (| prR, Zews, B = 0, (1))

= a;Cp“(@(zcutpTR < kJ_ < pr R)
T 2
1 k2 1 k?
X{‘mﬂ“<u>+ 509
2
1
2o ) m

+6(k2) {ln Zewt + 1N Zeut <2 In

1 1 — Zcut

+ 0 (kl < zcutpTR>
1

3
X (—21n(1 — Zeut) — 3Zeut + 2) 2 Lig(zcut)

(28)-

—In zeut + izcut -

kL), 3k 3
prR 2prR 4

3

(-

pr ) —2In(1 — zeut) — Bzcut> +In (pTR>
1

72 3 3
+3Zcut+6—2—21n2:|>,

AGIRWIA (| prR, Zews, B = 0, (1))
Qg prR k2
:ﬁ @<ZcutpTR<kl<g>{_ ( é)
1 /30 k3 3 K 3 kL 1
+ =Ly = -
w2 uQ R3 2 pTR2 2prR 2
3 k3 9 k2 3 k| prR
Cal — o=z +-—5= -2 In(1-—=)+1l
T A( 2p3TR3 4p2R2 4pTR+ < TR>+n< iz >>]}
Bo 3 3 1
+ @(kj_ < ZcutpTR) £0<M ) |: 5 Zcut 2 c2ut + 2zcut 2
3 5 9 3
+ CA( 2 cut + - 4 gut - chut + 111(1 - Zcut) —In Zcut>:|
+ 5(kf){CA {an Zeut + 210 zeyt In <pTR> + <ln Zeuwt + 1n (pTR>> <32§ut
[ I
9 3 9 3 . 7 5
- §Z§ut + 5 Feut — 2In(1 - Zcut)) cut + - 1 Cut 5 Feut — 2Lia(zeut) + g + 16]
prR 3 3
+ o [(ln Zeus + 10 <,u>> <_Z§ut + §Zc2ut - QZCUt>
1 4 3, 3 1 prR 29
. I ((EX2) 220 L) 4.4
+3Zcut 4 cut+2zC t+2 ( 2/,L 48 ( )

which we checked by also calculating it directly.
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Figure 5. Testing the refactorization (blue dashed) of the jet function AGER-WTA (red solid),
for the angle between the groomed axis (with z.,t = 0.1, § = 0) and WTA axis in eq. (2.9) at
O(as). The nonsingular (green dotted) is the difference. The left (right) panel corresponds to
quark (gluon) jets.

4.2 Refactorization for k;, < prR

The two new ingredients compared to eq. (2.9) are the soft function [83]

2
Fer —1 asCy 1 In2 Zeutpr IR ™ 4
Sz (ZcutpTRa ﬂ? :u') + = n [ 24 |’ ( 5)
with color factor C; = C4 (CF) for i = g (g), and the collinear-soft function®

SiG(kJJ pTR) Zcut ﬁa M, V/pT)

I DNe B 1 k2
=00+ 52 - 5y () o

B
1 k? v _1/(1 prR\ 1+8 153 2
A (BLY (2 -va+s () ) B s
+M2 O(NQ) n<2pT Zeut L 1+/8 ( J_)24

Taking the 8 — oo limit, Sfégr — 1 and SE(kL,prR, zeut, B, s v/p7) — SE (K1, u,vR) in
eq. (3.8), recovering the result without grooming. The NGLs are encoded by the same

expression in eq. (3.9), but now involve the following logarithm

asNe
™

L=-

In zeyt - (4.7)

We numerically test the size of the power corrections to the refactorization in eq. (2.15),
by plotting the jet function AG, the singular expression obtained from the right-hand side
and their nonsingular difference. As in figure 4, we show the distribution differential in 6
and take u = prR. The nonsingular encodes the size of power corrections and is very small
at small angles. There is a transition at 0 = z.y R, since for larger angles there is no effect
of grooming, and the plot coincides with that in figure 4. Since this transition is still in
the resummation region, this does not imply that there is no effect of grooming for larger

angles in the resummed cross section.

SWe thank Z. B. Kang and K. Lee for corroborating this result.
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5 Standard vs. groomed jet axis

We present results for the jet function GSTGR at fixed order, in the kinematic regime where
ki ~ zewprR ~ prR, in section 5.1. The ingredients entering its refactorization are given

in section 5.2.

5.1 Jet function for k; ~ prR

The measurement for the jet function differential in the groomed radius ¢, and the angle
between the standard and groomed jet axis, encoded in &, , is given by

AgiST’GR (kL, pTR, Zcut s Ba 997 Qs ('LL))
_ / A9, 05,0(0 < R)

X [@ (2> 2t (0/R)?) O(1 — & > zeu(6/R)°) %5(/{) 5(6, — 0/R)

1 s 4
+0(1 - < zu(0/R)") W&(lﬂ — $2> 5(6,)
1

2
+0(z < zewt(0/R)P) Wa(zﬁ e zlx)2>5(eg) — %5(1@)5(@) , (5.1)

using the shorthand 6 = ¢, /[z(1 — z)pr|. When the softest particle is groomed away,
the groomed axis lies on top of the remaining parton, whereas the axes coincide when the

parton passes grooming. We find

AgST GR(k’L,PTR Zeuts B ega as

= @;CQ’F (5( 9 < 1 |: SZcut — /8*61( )

<3zcut — —2In zeyt > In(1 — zcuteg)] +6(09)0(k1 < zeutprR)
) Lo, kj i 3k 3( k)T
2(1+ ) p 2 2prR 2\prR ot
/3
) ( (o )”B ””) ()]
+In(l—— ) —-In({1l—(— Zen + In
( prR prR ¢ 1+ 2 1
1 ZeuwtPT R 3
5(6,)8(k? 12<C“t ) UD
+(g)(¢){ 113 7 +th

AggST,GR(

kL)pTRa Zcut s 6) 995 aS(M))

= % (5(1433_)@(39 < 1){620 [( Zeut 3Zcut

9
+ 3zcut — 1)Lo(0g) + (623, — 6224 + 32cut) BL1(0,)] + Ca [( 323 + Zqut

3 3
— et 21n zcut> Lo(0y) + ( 923 + 922, — 5 et = 2) BL1(0,)
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-l-zln 1 — zew0? +0(64)0 (k1 < 2 R) —iiﬁ ﬁ
eg cut g g 1 CutpT 2(1 +/8) ILL2 1 l,LQ
1

k 2 k‘3 1375 3 /{2 1273 2
+ Lo = bo Lo (A +ﬁz:m + S M3k szm
pr 7\ p?) 2 \phR®  \prR cut T2 pQTR2 2\prR out

B 3,3

3 k. 3 kL \TF L 3 k3 ko \
_ = - C +8
2prR T2 (pTR) Fa ) TEA\ T 55 Rs + prR) et

28 _B_
9 ki _9 ki \ 1+ zﬁ—éh § ky 1+Bzﬁ
4p2R2 4\ prR cat  AprR prR cut

B
+ In +hn(l-— | -In({l1-|—7 Zin
148 < I prR prR ¢
1 9 3 1 Z R
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When taking the limit 8 — 0, similar care needs to be taken as for the angle between the
groomed and the WTA axis, see eq. (4.3). The corresponding results for quarks and gluons

with 8 = 0 are given by
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5.2 Refactorization for k;, < prR

We start with the new functions that enter in the factorization for regime A. The same
collinear function appeared in the factorization of the soft drop groomed jet radius, and is
up to one-loop order given by [36]

asCp L 3 U 13 37?2
CS8 (65prR, p) =1 In? 1 == 5.4
Ogpr By ) =1+ @ { ! <9CPTR> T <9§pTR> T 8 |’ (54

) 37T 23
€gr(pc -1 In 2 H ﬁo H N )
CE5 (0pr R, 1) +[C <9;pTR>+ T +Cal 57— = )= Bo3

It is related to the unmeasured jet function of ref. [60]. Next, we consider the collinear-soft

functions. Sg; also appeared in the factorization of the soft drop groomed jet radius, and
is given by [36]

C; 7 2
S (e Ppr R, B ) = 1 O‘“[—H() ] 5.5
ety Cort So) =14 2y | ) Ta) s O

The collinear-soft function Sx; is sensitive to k; and the soft drop grooming condition,
and is up to one-loop order given by

SX,i(kJ_apTRa Zcut s Ba M, V/pT)

1o asC; 15} ki
— T [(Hﬁ) £1<u2>

k Vo _1/(1+8) <pTR> 1+5> B o\ T
- 7£ L) In(— — 0k ) — | . 5.6
-~ °(u> (5 2o ; 25T (5.6)

Note that the O(a;) term here is the same as the collinear-soft function S& in eq. (4.6),

but with opposite sign.

In regime B, the SlG,z’ is in fact simply the derivative of Sg; with respect to ¢,. The
only additional result needed is the collinear-soft Sk ;, which is differential both in k; and
4. A one-loop calculation yields,”

Sri(ki, vy R)

= —o(k) + 75 [2u2£1<u2> u£0<u n (=5 245(1.%). (5.7)

"Note that the one-loop contribution to Sk is equal to that of the global soft function S in eq. (3.8)
with R — 0,R and a different overall sign.
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Figure 6. Testing the refactorization of the jet function AGST-GR where we include both regions

A and B, see egs. (2.19) and eq. (2.23) at O(as). We show the full fixed order result (solid red),
the singular distributions (dashed blue) and the difference between the two which corresponds to
the nonsingular pieces (dotted green) is the difference. The left (right) panel corresponds to quark
(gluon) jets.

Similar to the other angles considered above, we finish this section by comparing the
singular and nonsingular terms at order ag, as shown in figure 6. Specifically, we compare
the singular terms to the full fixed order expression for both quark (left) and gluon jets
(right). Here we merged the contributions from regime A and B and integrate out the R,
dependence. We observe that the singular terms dominate over the entire range of 6.

6 Numerical implementation

In this section we present details of the numerical implementation relevant for the results
presented below. We start by describing how the resummation of k; /(prR) is carried out
and matched to fixed order in section 6.1. In addition, we discuss scale choices and how
we obtain perturbative QCD scale uncertainties for each angle. A discussion of nonpertur-
bative effects can be found in section 6.2.

6.1 Resummation, matching and uncertainties

The refactorization formulas in sections 2.2, 2.3 and 2.4 are written in terms of convolutions
in k | since the individual contributions to the transverse momentum from each mode are
added up vectorially. By going to impact parameter b, space, these equations become
multiplicative which thus avoids the convolution structure and makes the implementation
more straightforward. The same reasoning applies to the RG evolution equations, for which
the convolution integrals also become multiplicative in b, space. We then implement the
b, space version of the formulas in section 2 and carry out the resummation, after which
we perform a numerical inverse Fourier transform to obtain or predictions for the angle
in k£, space in the resummation region. We note that the natural scales of the different
functions in b, space can be obtained from egs. (2.11), (2.16), (2.21) and (2.26) with the
replacement k; — pp = 2e 72 /b .

Instead of using profile scales to merge the resummation of k; /(prR) with the fixed
order (FO) calculations for G, we perform the matching by directly interpolating between
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the two results

Gmatch = g(0) Gro + [1—g(0)] Gresum- (6.1)

The function ¢ is 0 in the resumation region, 1 in the fixed order region and it smoothly
interpolates between both regimes. For our numerical implementation we choose the fol-
lowing double quadratic function

0 z <z
(x — x1)2
<zx<
(z2 — 1) (23 — 21) eTem
g(x) = (6.2)
(x — x3)*
1— To < x < x3

(23 — z1)(23 — 72)

1 r3 < T .

\

The choice of the transition points x1 and x3 depends on the angle we consider. For each
angle, we determine the transition point between the resummation and fixed order region
by comparing the singular and nonsingular terms at fixed order as shown in figures 4, 5
and 6.

For the angle between the standard and WTA jet axes, we conclude from the left panel
of figure 4 that the refactorization of the cross section is valid until 8 ~ 0.35, where the
singular and the nonsingular (power corrections) become of comparable size. This indicates
we have reached the region where one should use the fixed-order expression. Likewise, for
the gluon (right panel) we see the resummation is necessary for almost the entire range
that is shown in the figure, and we can transition to fixed-order result at slightly higher
values, here 6§ ~ 0.38.

For the angle between the WTA and groomed jet axes we need to perform two transi-
tions. The refactorization formula (2.15) is expected to accurately describe the full fixed-
order expression in the limit k| < zoywpr R, implying that it will only reproduce the terms
proportional to ©(k; < zewprR) in AG. Once we go to values of k; that are larger
than zeypr R, the fixed-order expression becomes equal to the ungroomed case, where the
singular terms still dominate. This explains why in figure 5 there is a sudden change in
the behavior of the power corrections at 8 = z.ut R, which corresponds to the transition
between the theta functions of the fixed order expression. Therefore, we need to switch
from the groomed resummed case to the ungroomed resummed result at 0 = zR. We
then proceed to transition from the ungroomed resummed to the fixed order result just as
in the case of the angle between the standard and WTA jet axes.

By examining figure 6, we notice that the refactorization for the angle between the
standard and groomed jet axes is particularly good throughout the whole range of 6. Thus
we transition to the fixed-order expression only at the very end, requiring that the cross
section vanishes at 6 = zq R.

The predictions for the angle between the standard and WTA axes and the groomed
and WTA axes are computed at NLL’ accuracy. The perturbative QCD scale uncertainties
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are obtained by varying all scales simultaneously up and down by a factor of 2, by individ-
ually varying them by a factor of 2, and then taking the envelope. The angle between the
standard and groomed axes is calculated at NLL accuracy. At this accuracy the scale vari-
ations give rather large uncertainties which may be up to 50% in some kinematic regions,
because there is no (partial) cancellation between the evolution kernels and fixed-order in-
gredients as the scales are varied. We therefore only show the central curve for this angle.
However, the general features of the prediction, such as the angle at which the distribution
peaks, do not change much. In order to integrate out the dependence on the soft drop
groomed radius Ry, we freeze the running of the coupling constant at the scale 0.5 GeV.
We explored the dependence of our results on this cutoff scale by varying it by factors of 2
and found that the impact on the final numerical results is very small, especially compared
to the QCD scale uncertainty at NLL accuracy.

6.2 Nonperturbative effects

For all observables considered in this work, we work in impact parameter b, space and
perform a numerical Fourier inverse transformation. For large b, we enter the nonpertur-
bative regime and therefore we adopt the so-called b,-prescription [7], modifying the scale
py = 2e”7E /b, with b, = by /y/1+ (b /b7*)2. Here byax is chosen such that b, avoids
the Landau pole for all values of b, and approaches b, at low values of b;. We follow
ref. [97] in making the approximation that the dominant nonperturbative hadronization
effects are due to the nonperturbative component of the rapidity anomalous dimension,
as it is multiplied by a large logarithm of the ratio of the respective rapidity scales of
the b, -dependent collinear(-soft) and soft functions. The all-orders result of the rapidity
anomalous dimension is given by

1 X .
voi(p) = —2/ dlnp' T [ ()] + 75 (1) — g (b, BT (6.3)
I

b

where the non-cusp part fyj} vanishes to the accuracy at which we are working. The choice
of up as the lower bound of the integral in eq. (6.3) is compensated for by introducing the
nonperturbative model function gg, which needs to be determined by a fit to experimental
data. For the two variables g2, 0''** which parametrize our nonperturbative model, we use
the fitted results of ref. [98] where

gx (b1, bT™) = ga(BT*)b7 (6.4)

with b7 = 1.5GeV~! and go(b7**) = 0.18 GeV?. For the gluon case, we include an
additional factor of C4/CF in go. Note that this parametrization of gx vanishes in the
limit b, — 0. Other extractions of these or related nonperturbative parameters can be
found for example in refs. [39-42]. For example, for the angle between the standard and
the groomed jet axis, we include in regime A the following nonperturbative exponent in
b, space

1 ZeuwtPpT R

exp —gK(bL,b*)lJrBln i

(6.5)
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Figure 7. Numerical results for the angle between the WTA and the standard jet axis at NLL’
accuracy (orange curve and band) for four jet transverse momentum intervals as indicated in the
figure. We choose proton-proton collisions at /s = 13 TeV where jets are identified with the anti-kp
algorithm with R = 0.8 at central rapidity with || < 2. For comparison, we show PYTHIA 8.2
results at parton level (dotted blue) and when ISR, MPT and hadronization are included (solid blue).
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Figure 8. PYTHIA results for the angle between the standard and WTA jet axis, for the kinematics
corresponding to the upper row in figure 7. Shown are the partonic result (blue), including ISR
(red), MPI (green) and also hadronization (black).

We note that the nonperturbative component in this case vanishes in the limit 8 — oo,
which is consistent with the expectation that the two axes are aligned in the limit that
the grooming condition is removed. Similarly in regime B, the nonperturbative component
vanishes when ¢, = 1 which corresponds to the case where the standard and groomed jet
axis are aligned.
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Figure 9. Quark (blue) and gluon (red) distributions for the angle between the standard and the
WTA axis for pr = 100 GeV (dashed) and 200 GeV (dotted). The solid line shows the pr integrated
result summed over quarks and gluons which corresponds to the central curve in the upper right
panel of figure 7.
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Figure 10. Left: numerical results for the angle between the WTA and the soft drop groomed jet
axis with z., = 0.1 and different values of 5 =0, 1, 2, 10. Right: results for a fixed value of g =1
but different values of z.,t = 0.05, 0.1, 0.2, 0.3. In both panels we show the ungroomed result (solid
black) for comparison.

7 Results for the LHC

In this section, we present numerical results for the angles between the different jet axes
as introduced in the previous sections. We start with the angle between the standard
and the WTA axes, see section 3. Throughout this section, we use the CT14 NLO PDF
set [99]. In figure 7, we show the perturbative results at NLL' accuracy including a QCD
scale uncertainty band, which is obtained by varying all scales and taking the envelope,
as discussed in section 6.1 above. We consider inclusive jets in proton-proton collisions at
Vs = 13TeV at central rapidities |n| < 2 where jets are reconstructed using the anti-kp
algorithm with R = 0.8. We choose four exemplary jet transverse momentum intervals
between pr = 30-1200 GeV as indicated in each panel of the figure. As expected, we
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observe the typical Sudakov suppression for small angles. As the jet pr is increased, the
distribution becomes narrower and peaks at small values of #. For comparison, we also
show PyTHIA 8.2 [100] results at parton level and including Initial State Radiation (ISR),
Multi Parton Interactions (MPI) and hadronization effects. Note that the spike seen in the
lowest 6 bin of the PYTHIA results at parton level is due to the shower cutoff. Overall, we
find very good agreement between our perturbative results and the PYTHIA 8.2 simulations.
Only for the lowest jet transverse momentum bin py = 30-50 GeV, we observe that the
PyTHIA results are not within the displayed uncertainty band. This is the case with
the largest contribution from ISR and MPI, which are not (or only partially) contained
in our calculation. Note that in this (and subsequent) figures we show results for fairly
small angles. To access these experimentally it would be natural to consider track-based
measurements, since these have vastly superior angular resolution. On the theory side this
could be included in the calculation by using ref. [101].

We explore ISR, MPI and hadronization in more detail within PYTHIA 8.2 in figure 8§,
for the two jet transverse momentum intervals pp = 30-50GeV (left) and pr = 100-
200 GeV (right) (corresponding to the upper row in figure 7). All three contributions are
sources of additional soft radiation in the jet. The standard jet axis is sensitive to this
additional soft radiation whereas the WTA axis is insensitive, leading to the broadening
of the distribution seen in the figure. We observe that in the lower pr interval in figure 8
ISR and MPI are the dominant effects, which are relevant over the entire displayed range
of #. For the higher pp interval, ISR is the most important effect. The correction due to
hadronization is only relevant for small values of 6 for both pr intervals considered here,
in agreement with our model in section 6.2.

Next, we investigate differences between quark and gluon jets. We separately show
the quark (blue) and gluon (red) distributions in figure 9 for pr = 100 GeV (dashed) and
200 GeV (dotted). The pr integrated result where we include appropriate quark/gluon
fractions is shown by the solid red curve. Gluons radiate more, and therefore the standard
and WTA axes are further separated, leading to a broader distribution for gluon jets
compared to quark jets.

We now consider the angle between the WTA and the soft drop groomed jet axes.
First, we study the impact of soft drop grooming in figure 10, choosing the same kinematical
setup as in figure 7 with the jet transverse momentum interval of pr = 100-200 GeV as
a representative example. The ungroomed result is shown for reference. For the soft
drop grooming parameters we choose zcy; = 0.1 and 8 = 0, 1, 2 (left panel) and zqy =
0.05, 0.1, 0.2, 0.3 and 8 = 1 (right panel), and the corresponding curves are shown at
NLL' accuracy. From the left panel, we observe that the ungroomed result is approached
for large values of 3, which is expected as the ungroomed result is recovered in the limit
B — oo. Similarly, the right panel shows that for smaller values of z., the ungroomed
result is approximated. We also note that the transition point between the groomed and
the ungroomed distribution depends on z.,t but it is independent of 8. This is consistent
with the perturbative results presented in section 4 above. In general, we observe that
the grooming leads to a distribution that peaks at smaller values of the angle 8. This can
be understood in the sense that soft drop grooming removes soft radiation from the jet
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Figure 11. Numerical results for the angle between the WTA and the soft drop groomed jet axis
with zeye = 0.1 and 8 = 0 at NLL accuracy. We consider the same kinematics as in figure 7 and
compare to the corresponding PYTHIA 8.2 results.

and therefore the groomed axis and the WTA axis, which is insensitive to soft radiation
by construction, are closer in angle than the WTA and the standard jet axis. The size of
the peak at small values of 6 is enhanced when more aggressive grooming parameters are
chosen, i.e. small values of 5 or large values of z¢yt.

Next, we show the comparison of our perturbative results to PYTHIA 8.2 simulations.
In figure 11, we show the comparison of our perturbative results for z.,y = 0.1 and 8 = 0,
including the nonperturbative model as described in section 6.2, and the PYTHIA results at
parton level and including ISR, MPI and hadronization. We choose the same kinematics
as in figure 7. In the highest jet pr bins, the difference between the two calculations is very
small and the cross section for the angle between the WTA and the groomed jet axes has a
narrow peak at very small values # < 0.01 which implies that the two jet axes almost agree.
In the lowest pr bin there is still a small discrepancy between the perturbative results and
PyTHIA due to ISR, MPI and hadronization. We observe that soft drop grooming does not
significantly reduce the size of these effects at low pr, compared to the ungroomed case
shown in figure 7.

Further, we present numerical results for the angle between the standard and the soft
drop groomed jet axes. Our numerical results at NLL accuracy are shown in figure 12
along with PYTHIA results, for the same LHC kinematics as in figure 7. We integrated
out the dependence on the soft drop groomed radius Ry, but note that in principle it
is possible to directly obtain double differential results from our numerical setup. This
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Figure 12. Numerical results for the angle 8 between the standard and the soft drop groomed
jet axis with z¢y = 0.1 and 8 = 0 at NLL accuracy. We consider the same LHC kinematics as
in figure 7 and compare to the corresponding PYTHIA 8.2 results.
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Figure 13. The angle between the standard and soft drop groomed jet axis for the same kinematics
as in the upper right panel of figure 12 but for different values of 8 = 0-3 (left), and for different
values of zey; (right).

may be advantageous if it is experimentally necessary to impose an additional cut on
the soft drop groomed radius R, as is sometimes the case for groomed jet substructure
observables [69, 71, 73]. Even though this observable is more sensitive to soft physics, the
agreement between PYTHIA and our perturbative results is nevertheless good. We observe
that the perturbative results vanish for § — 0, whereas the PYTHIA results show a spike in
the leftmost bin. In PYTHIA the spike corresponds to jets where no branch gets groomed
away and, hence, the standard and soft drop groomed jet axis are exactly aligned. We note
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Figure 14. The nonperturbative sensitivity of the angle between the WTA and ST axis (upper left),
WTA and GR axis (upper right) and ST and GR axis (bottom), for the kinematics corresponding
to the upper left panel of figure 7. Shown are our NLL' (or NLL) result with the default go(b'1'**) =
0.18 GeV? (orange), as well as double (blue dashed) and half (blue dotted) this value.

that in general the difference between the two PYTHIA curves shown in figure 12 is larger
than for the other two angles considered above. This is expected as the angle between the
standard and groomed jet axes is very soft sensitive making this observable a promising
candidate to tune parton shower event generators.

In figure 13, we show the dependence of the angle between the standard and groomed
axes on the grooming parameter 8 for pr = 100200 GeV which corresponds to the upper
right panel of figure 12. We choose four exemplary § values 0, 1, 3, 4 (different dashing
and colors) but the same zcy; = 0.1. In the limit 5 — oo, the grooming is removed and
the ungroomed jet is recovered, which implies that the two jet axes considered here are
aligned. This manifests itself in our numerical results by the fact that the curves shown
in figure 13 eventually approach a delta function at 8 = 0 for large values of 5. Note that
we obtain the correct limit numerically because the nonperturbative exponent in b, space
approximates unity for 8 — oo (regime A), see the discussion in section 6.2. Similarly, we
consider four different values of z.yt, suggesting that in the limit z.,+ — 0 the distribution
also approaches a delta function, even though our formalism is strictly speaking not valid
in this limit.

We next examine the sensitivity of each observable to nonperturbative physics. In
figure 14 we focus on the lowest ppr-bin, 30-50 GeV, where the effect of nonperturbative
physics is largest. At larger jet transverse momentum, the nonperturbative effects arise
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at smaller angles and are therefore strongly Sudakov suppressed by the resummation. To
gauge the nonperturbative sensitivity, we vary the model parameter g»(b'1'**) defined in
eq. (6.4) between our canonical choice of g2 (b1%¥) = 0.18 GeV? to twice and half its value.
The angle between the winner-take-all axis and either the standard or the groomed axis
has the least sensitivity to our choices of nonperturbative parameters. The effect of the
nonperturbative model does not change the spectrum at large angles, so the nonperturba-
tive sensitivity is most apparent in the peak of the distribution. Furthermore, the variation
of go(b''**) is within the perturbative uncertainty estimated from scale variations. In stark
contrast, the angle of the standard to groomed axes displays a large sensitivity, and at no
point in the spectrum do we see any turning off of the nonperturbative physics.

8 Conclusions

In this work we presented a first calculation of the angles between different jet axes. We
considered three different jet axes: the standard jet axis, the soft drop groomed jet axis and
the jet axis using a winner-take-all recombination scheme. Our studies were motivated by
the different soft sensitivity of these different jet axes. The winner-take-all scheme yields a
jet axis which is insensitive to soft radiation at leading power and also the soft drop groomed
jet axis has a reduced sensitivity to soft physics compared to the standard jet axis. By
considering the angles between different axes, the soft radiation pattern inside reconstructed
jets can be studied. Within Soft Collinear Effective Theory, we performed calculations at
next-to-leading logarithmic (NLL’ or NLL) accuracy, where large logarithms of the angle
between the standard and groomed vs. the winner-take-all axes are resummed to all orders,
including the contribution of non-global logarithms in the leading color approximation. We
presented numerical results for relevant LHC kinematics at /s = 13TeV and compared
our results to PYTHIA 8.2 simulations. Overall we found very good agreement except for
jets with very low jet transverse momentum, where different nonperturbative and power-
suppressed effects play an important role.

The angle between the standard and soft drop groomed jet axes is particularly soft
sensitive, as shown in figure 14, as it is a measure of the radiation which is groomed away by
the soft drop algorithm. The corresponding factorization theorem depends on the soft drop
groomed jet radius R,;. We resummed large logarithms of both the angle between the jet
axes and the groomed radius R, integrating over R, after the resummation is performed to
obtain a distribution for the angle between the axes. The all-order structure of non-global
logarithms for this observable is nontrivial, limiting the accuracy of our calculation in this
case. The soft sensitivity of the angle between the standard and groomed jet axis makes
this observable very well suited to tune parton shower event generators, however, further
theoretical work must be done to extend the resummation to NLL’ including non-global
correlations, before such studies can be conducted.

We included nonperturbative effects in impact parameter space by introducing a model
function, which is related to the nonperturbative component of the rapidity anomalous di-
mension relevant for transverse momentum resummation. This was crucial to obtain a
sensible B-dependence for the angle between the standard and groomed jet axis. There-
fore, the observables considered here can provide important constraints on this universal
nonperturbative quantity.
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We expect that the observables considered here will have important applications in
proton-proton as well as heavy-ion collisions at the LHC and RHIC. In addition to the
aforementioned tuning of parton shower Monte Carlo programs, or studying the nonper-
turbative contribution to the rapidity anomalous dimension, it could provide valuable in-
sight into the effect of the medium in heavy ion collisions. Furthermore, for jets with a
large radius parameter, these axes could be sensitive to the color flow of a collision, similar
to the pull [20, 102]. As we noted, a measurement using charged particle tracks would
be necessary to access the small angles we consider. Thus, another future direction is to
directly incorporate the effect of a track-based measurement in our calculations.
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A  Anomalous dimensions

The one-loop splitting functions are given by

Pp(2) = C <(1 +22)Lo(1— 2) + 25(1 - z)> ,

Pl = o 020
Pyylz) = 2Ca [zﬁg(l _ )+ l%z b1 - z)] + % 51— 2),
Ppy(2) =Tr[z* + (1 —2)%] , (A.1)
with
Bo = %CA - g . (A.2)

Here we list all relevant anomalous dimensions in b -space

i asCr prR 3
= oln (=) -2
Yy (PT R, 1) - [ n( . ) 2},

7 Qg R 1
v (prR,p) = = [QCA In (pT ) - 50],
s I 2
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where C; = Cp (Cy) for i = ¢ (i = g). We achieve full NLL' accuracy by including the
two-loop cusp anomalous dimension which amounts to multiplying all In ¢ and Inv terms
in eq. (A.3) by
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