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Abstract A fin-and-tube heat exchanger was modeled

based on Volume Averaging Theory (VAT) in such a way

that the details of the original structure was replaced by

their averaged counterparts, so that the VAT based gov-

erning equations can be efficiently solved for a wide range

of parameters. To complete the VAT based model, proper

closure is needed, which is related to a local friction factor

and a heat transfer coefficient of a Representative Ele-

mentary Volume (REV). The terms in the closure expres-

sions are complex and sometimes relating experimental

data to the closure terms is difficult. In this work we use

CFD to evaluate the rigorously derived closure terms over

one of the selected REVs. The objective is to show how

heat exchangers can be modeled as a porous media and

how CFD can be used in place of a detailed, often formi-

dable, experimental effort to obtain closure for the model.

Abbreviations

A Area (m2)

Af Fin surface area (m2)

Ao Total surface area (m2)

Aw Wetted surface (m2)

Awp The cross flow projected area (m2)

cp Specific heat (J/(kg�K))

Di Inner diameter of the tube (m)

Do Outer diameter of the tube (m)

Dc Fin collar outside diameter, Dc = Do ? 2df (m)

Dh Porous media hydraulic diameter (m)

dp Diameter of the spherical particles (m)

F1, F2 Blending function

Fp Fin pitch (m)

f Friction factor

h Heat transfer coefficient (W/(m2�K))

k Turbulence kinetic energy per unit mass

kf Thermal conductivity of the fluid (W/(m�K))

ks Thermal conductivity of the solid (W/(m�K))

kT Turbulent heat conductivity (W/(m�K))

m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2hð Þ
�

kf df

� �

q

, parameter

_m Mass flow rate (kg/s)

mh i Average porosity

N The number of tube rows

Nu Nusselt number

Pk Shear production of turbulence

Pr Prandtl number

PrT Turbulent Prandtl number

Pt Transverse tube pitch (m)

Pl Longitudinal tube pitch (m)

p Pressure (Pa)

ReDc
Reynolds number based on fin collar outside

diameter and maximum velocity, ReDc
¼ umaxDc=m

ReDh
Reynolds number based on hydraulic diameter

and average velocity, ReDh
¼ ~uDh=m

Req Equivalent radius for circular fin (m)

r Radius of tube, including collar thickness (m)

S An invariant measure of the strain rate

Sw Specific surface of a porous media,

Sw ¼ oSw=DX (1/m)

Swp The cross flow projected area per volume (1/m)

T Fluid temperature (K)

Ts Solid temperature (K)

u x direction velocity term (m/s)

w z direction velocity term (m/s)
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XL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pt=2ð Þ2þP2
l

q

�

2, geometric parameter (m)

XM Pt/2, geometric parameter (m)

Greek

a Turbulence model constant or scale attack angle

b; b� Turbulence model constant

u1 Represent any constant in the original k-x model

(rk1; . . .)

u2 Represent any constant in the transformed k-e
model (rk2; . . .)

u Represent the corresponding constant in the SST

model (rk; . . .)

df Thickness of a fin (m)

l Viscosity (Pa�s)

lT Turbulent eddy viscosity (Pa�s)

m Kinematic viscosity (m2/s)

mT Turbulent kinematic viscosity (m2/s)

q Density (kg/m3)

re k-e turbulence model constant

rk Turbulence model constant for the k equation

rx k-x turbulence model constant

swL Laminar shear stress (N/m2)

swT Turbulent shear stress (N/m2)

DX The volume of the REV (m3)

x Specific turbulence dissipation rate

Subscripts and superscripts

* A value averaged over the representative volume

– An average of turbulent values

^ Fluctuation of a value

fh if Means the superficial average of the function f

f Fluid phase or fin surface

in Air-side inlet

out Air-side outlet

T Turbulent

s Solid phase

1 A value in the air side

2 A value in the water side

0 Evaluated at the wall or surface

b Evaluated at the bulk temperature

1 Introduction

A plane fin-and-tube heat exchanger (FTHX) consisting of

tubes and plate fins with air as one of the fluids has many

engineering applications, such as air conditioning systems,

air heaters, waste and process heat recovery, radiators, etc.

There are many variants relating to fin patterns of the fin-

and-tube heat exchangers such as plane fins, wavy fins,

louvered fins, slotted fins, offset strip fins, etc. Among them

plane fin is still the most popular fin pattern due to its

simplicity, durability, and versatility in application. A

schematic diagram of a plane fin-and-tube heat exchanger

is shown in Fig. 1a.

Extensive investigations on the performance of fin-and-

tube heat exchangers have been done, either experimentally

[1–8] or numerically [9–12]. Most of them [1–3, 5, 6, 8, 9, 11,

12] are investigations on the effect of geometric parameters,

such as tube diameter, tube pitches, fin pitches, etc. on the

flow and heat transfer characteristics of FTHXs or proposal

of correlations for air-side heat transfer coefficient and

friction factor [4, 7]. To find the optimum configurations for

these kinds of heterogeneous hierarchical heat transfer

devices, which require many parameters to describe their

geometries, experiment or CFD simulation by itself is out of

the question. In the case of a fin-and-tube heat exchanger, 15

parameters are required for its description: overall length,

width and height, fin thickness, fin pitch, tube diameter, tube

wall thickness, tube pitch in x and y directions, flow rates of

fluid 1 and 2, initial temperatures of fluid 1, 2, material of

construction and heat source.

If one wants to optimize such a heat transfer device,

simple equations are the only answer but they need to be

made more rigorous and must include conjugate effects. In

this work, VAT, see [13–20], will be used to develop the

needed simple equations allowing clear rigorous statements

to be made that define how the friction factor and heat

transfer coefficient are to be determined. By modeling

FTHXs as porous media, specific geometry can be

accounted for in such a way that the details of the original

structure can be replaced by their averaged counterparts

and the governing VAT equations can be solved for a wide

range of design parameters. This ‘porous media’ model,

which is a function only of porous media morphology,

represented by porosity and specific surface area, and its

closure, can easily be adapted to many different structures.

Closure theories for transport equations in heteroge-

neous media have been the primary measure of advance-

ment and for measuring success in research on transport in

porous media. Obtaining closure for the VAT based gov-

erning equation set is the most difficult aspect of using

VAT to model and optimize a heat transfer device. The

porosity and specific surface area are geometrically defined

terms. The closure terms, which are related to a local

friction factor and a heat transfer coefficient, can be

obtained in two ways. The first is to rescale the available

experimental data reported for fully developed flow, using

the ‘porous media’ length scale suggested by VAT [16–18,

20]. Zhou et al. [21] and Geb et al. [22] demonstrated how

the experimental data and correlations available in public

literature could be collected and used to obtain the closure

by rescaling these data using VAT suggested length scale.

However, sometimes, obtaining closure by relating exper-

imental data to the closure terms is difficult. The difficulty
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is reflected in the following few aspects. First, local values

or values for fully developed flow and heat transfer are the

only two kinds of values that have a physical meaning

when describing transport phenomena with VAT macro

scale equations. Second, different experimental methods,

assumptions or data reduction procedures are adopted by

different researchers, and sometimes this information was

not presented in the papers well due to the space limitation

or some other reasons. Third, only part of the experimental

data, which was enough to explain the phenomenon, was

presented in these papers. At this time, CFD is an alter-

native approach for evaluating these closure terms [23–27].

It should be noted that if CFD is used to obtain the closure,

the friction factor and heat transfer will be calculated more

rigorously by integrating the complete closure formula

over the REV.

In the following presentation, a plane fin-and-tube heat

exchanger is first modeled based on Volume Averaging

Theory. 3-D numerical calculations are made to simulate

the heat transfer and fluid flow across the channels which

consist of 6 REVs and the CFD discretization is validated

by comparison with experiment. Then, the rigorously

derived closure terms are evaluated over one of the selected

REVs for a range of the design parameters, and correlations

for friction factor and Nusselt number are developed for

use with the simple equations.

2 VAT based modeling

A schematic diagram of a plane fin-and-tube heat exchanger

is shown in Fig. 1a. Usually, there are three or more rows of

tubes which are arranged in-line or staggered. Generally,

liquid flows through the tubes and gas flows outside of the

tubes. Because relatively large thermal resistance is

encountered on the gas side, fins are employed to enlarge the

heat transfer area and increase the heat transfer coefficient.

This is a problem of conjugate heat transfer within a heter-

ogeneous hierarchical structure. It is not easy to optimize this

kind of problem since many parameters are required to

describe the geometry. Simple equations are the only answer

if one wants to find the optimum configuration for these kinds

of conjugate heat transfer devices.

2.1 VAT based governing equations

Based on rigorous averaging techniques developed by

Whitaker [15, 16] who focused on solving linear diffusion

Fig. 1 A schematic diagram of

a plain fin-and-tube heat

exchanger and computational

domain

Heat Mass Transfer (2012) 48:1813–1823 1815

123



problems and by Travkin and Catton [18, 20] who focused

on solving nonlinear turbulent diffusion problems, the

thermal physics and fluid mechanics governing equations

in heterogeneous porous media were developed from the

Navier–Stokes equation and the thermal energy equations.

This is the starting point for studying flow and heat transfer

in porous media and also the basis of the present work.

In this section, a model based on VAT is developed to

describe transport phenomena in fin-and-tube heat

exchangers. The air flow and water flow are considered to

be ‘porous flow’, in which the term ‘porous’ is used in a

broad sense.

The momentum equation for the air side is

� 1

q1

o �p1h if
ox

þ o

oz
m1h i ~mT1

þ m1ð Þ o
~u1

oz

� �

þ f �1 Sw1

~u
2

1

2
¼ 0

ð1Þ

and for the water side is

� 1

q2

o �p2h if
oz

þ o

ox
m2h i ~mT2

þ m2ð Þ o
~w1

ox

� �

þ f �2 Sw2

~w
2

2

2
¼ 0

ð2Þ

Because we are dealing with a conjugate type of problem,

the thermal energy equations for both the solid and fluid

states are required. For the air side, the VAT based energy

equation is

m1h iq1
~u1cp1

o~T1

ox
¼ h�1Sw1

~Ts � ~T1

	 


ð3Þ

and for the water side is

m2h iq2
~w2cp2

o~T2

oz
¼ h�2Sw2

~Ts � ~T2

	 


ð4Þ

For the solid phase, the VAT based energy equation is

o

ox
1� m1h i� m2h ið Þks

o ~Ts

ox

� �

þ o

oz
1� m1h i� m2h ið Þks

o ~Ts

oz

� �

¼h�1Sw1
~Ts� ~T1

	 


þh�2Sw2
~Ts� ~T2

	 


ð5Þ

here, 1� m1h i � m2h ið Þ can be considered as the averaged

‘‘blockage’’ (h1 and h2 were revised to h�1 and h�2 respec-

tively in Eqs. 3–5).

2.2 Closure terms of the VAT equations

To complete the VAT based model, four closure terms

need to be evaluated. It is believed that the only way to

achieve substantial gains is to maintain the connection

between porous media morphology and the rigorous for-

mulation of mathematical equations for transport.

Two of the closure terms, the averaged porosity and the

specific surface area are geometrically defined and it is quite

easy to determine them if one selects the REV correctly. The

selection for a fin-and-tube heat exchanger, see Fig. 2 is seen

to repeat in both the cross-stream and flow directions. The

porosity for the air side of the fin-and-tube heat exchanger is

m1h i ¼ DXf1

DX
¼ 1� df

Fp
�

pD2
c Fp � df

� �

4PlPtFp
ð6Þ

and for the water side is

m2h i ¼ DXf2

DX
¼ pD2

i

4PlPt
ð7Þ

The specific surface area for the air side is given by

Sw1
¼ Aw1

DX
¼

2PlPt � 2p Dc

2

� �2þ pDc Fp � df

� �

PlPtFp
ð8Þ

and for the water side is

Sw2
¼ Aw2

DX
¼ pDi

PlPt
ð9Þ

At this point, the VAT based model of FTHX is still not

fully closed. The other two closure terms are the local friction

factor, f*, in the momentum equations and the local heat

transfer coefficient, h*, in the VAT energy equations and

remain to be evaluated. To evaluate the closure terms, a

commercial Finite Volume Method (FVM)-based code,

CFX, was used to analyze the convective heat transfer in

three-dimensional channels of fin-and-tube heat exchangers.

3 Numerical method and procedures

3.1 Computational domain and boundary conditions

The local closure values or closure values for fully devel-

oped flow and heat transfer are the only kinds of closure

Fig. 2 Representative Elementary Volume (REV) for a fin-and-tube

heat exchanger
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values that have physical meaning when describing trans-

port phenomena with VAT based equations. For this rea-

son, attention should be paid to the selection of physical

model. The computational domain should be long enough,

so that closure can be evaluated over an REV that is not

affected by entrance or re-circulation effects near the outlet

[28]. A computational domain with six REVs (twelve rows

of tubes) was selected as the computational domain, see

Fig. 1b.

The air velocity profile at the entrance is not uniform

because of the fin thickness. The computational domain is

extended upstream a distance of longitudinal tube pitch so

that a uniform velocity distribution can be ensured at the

domain inlet. The computational domain is extended

downstream 5 times the longitudinal tube pitch, so that at

the outer flow boundary no flow recirculation exits. The

boundary conditions applied to the computational domain

are tabulated in Table 1.

3.2 Grid system

The grid systems for all the FTHX models are built by Ansys

Meshing. It is known that for flow-aligned geometries, hex

mesh can provide higher-quality solutions with fewer cells

than a comparable tet-mesh. Therefore, a structured hex-

mesh, shown in Fig. 3, is carefully created, aligning the mesh

with the flow to reduce false diffusion. In the fin and tube

region, fine grid is built with prism layers being inserted in

the near wall region, while in the extended parts, a coarser

grid is adopted to conserve computational resources. A grid

system with a gradual variation in and after the fin region is

used to avoid the undesirable effect of an abrupt grid width

change in the computing region.

Grid independence tests were made carefully by recursive

refinement and comparison between the numerical simulation

results. The above process was repeated until the variation of

Nusselt number and friction factor was less than 0.5 %, so that

the numerical predictions can be regarded as grid-indepen-

dent. With the turbulence predictions employed, the meshes

near the fluid solid interface are fine enough to resolve the flow

behavior close to the no-slip wall. For all the simulation cases,

y? values in the near-wall region are\1.

3.3 Mathematical model

In present CFD simulation, we consider the hot water flow

through the tubes while the cooling air flows across the fin

side. Due to the relatively large heat transfer coefficient on

the tube side, the tube inner wall temperature was set equal

to the fluid temperature. The conjugate effect of the tube

wall was treated enabling the fin effect to be properly

incorporated into the problem. The air flow is assumed to

be three-dimensional, incompressible, steady state and

turbulent. Buoyancy and radiation heat transfer effects are

not taken into consideration. The three-dimensional gov-

erning equations for continuity, momentum and energy are

as follows:

(1) Continuity equation

oqui

oxi
¼ 0 ð10Þ

(2) Momentum equation

quj
oui

oxj
¼ o

oxj
lþ lTð Þ oui

oxj

� �

� op

oxi
ð11Þ

(3) Energy equation

quj
oT

oxj
¼ o

oxj

l
Pr
þ lT

PrT

� �

oT

oxj

� �

ð12Þ

The k-x based Shear-Stress-Transport (SST) model

with automatic wall function treatment is used to predict

the turbulent flow and heat transfer through the channel.

The SST model blends the robust and accurate

formulation of the k-x model in the near-wall region

with the free-stream independence of the k-e model in the

far field. The SST model gives a highly accurate

prediction of the onset and the amount of flow

separation under adverse pressure gradients by the

inclusion of transport effects into the formulation of the

eddy-viscosity. This results in a major improvement in

terms of flow separation predictions [29]. The superior

performance of the SST model has been demonstrated for

high accuracy boundary layer simulations in a large

number of validation studies.

Menter [30, 31] proposed the equations for the SST

model as

D qkð Þ
Dt

¼ ~Pk � b�qkxþ o

oxj
lþ rklTð Þ ok

oxi

� �

ð13Þ

D qxð Þ
Dt

¼ aqS2 � bqx2 þ o

oxi
lþ rxlTð Þ ox

oxi

� �

þ 2 1� F1ð Þqrx2

1

x
ok

oxi

ox
oxi

ð14Þ

where the blending function F1 is defined by:

Table 1 Boundary conditions

Inlet u = const, v = w = 0,

T = const

Outlet oui

ox ¼ oT
ox ¼ 0

Eight surfaces of the extended

region

Symmetric, slip and adiabatic

wall

Interface between air and solid No-slip, no thermal resistance

Tube inside wall u = v = w = 0, Tw = const

The other surfaces Symmetric

Heat Mass Transfer (2012) 48:1813–1823 1817
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F1 ¼ tanh min max

ffiffiffi

k
p

b�xy
;
500m
y2x

 !

;
4qrx2

k

CDkxy2

" #( )4
8

<

:

9

=

;

ð15Þ

in which

CDkx ¼ max 2qrx2

1

x
ok

oxj

ox
oxj

; 10�10

� �

ð16Þ

The turbulent eddy viscosity is computed from:

mT ¼
a1k

max a1x; SF2ð Þ ð17Þ

where S is the invariant measure of the strain rate and F2 is

a second blending function defined by

F2 ¼ tanh max 2

ffiffiffi

k
p

b�xy
;
500m
y2x

 !" #2
8

<

:

9

=

;

ð18Þ

To prevent the build-up of turbulence in stagnation regions,

a production limiter is used in the SST model:

Pk ¼ lt

oui

oxj

oui

oxj
þ ouj

oxi

� �

! ~Pk ¼ min Pk; 10 � b�qkxð Þ

ð19Þ

Each of the constants is a blend of the corresponding

constants of the k-e and the k-x model:

u ¼ F1u1 þ 1� F1ð Þu2 ð20Þ

The constants for this model take the following values

b� ¼ 0:09;

a1 ¼ 5=9; b1 ¼ 3=40; rk1 ¼ 0:85; rx1 ¼ 0:5;

a2 ¼ 0:44; b2 ¼ 0:0828; rk2 ¼ 1; rx2 ¼ 0:856:

ð21Þ

The CFD code solves the Reynolds-averaged Navier–

Stokes equations with a high resolution scheme for the

advection terms as well as turbulence numerics. The fully

coupled momentum and energy equations are solved

simultaneously. The RMS type residual for solution

convergence criteria is set to be 10-5 for the momentum

balance and 10-6 for the energy equation.

4 Closure evaluation

Closure evaluation described in this section consists of

three parts. First, the two different length scales used to

evaluate the flow and heat transfer characteristics of the

scale-roughened channels are defined. Second, the com-

putational model and the method adopted in current

numerical simulations are verified and validated by com-

paring the CFD results with experimental data. Third, two

correlations which serve as closure for the VAT based

model are developed based on the simulation results.

4.1 Length scales

Before evaluating the closure terms, it is interesting to note

that using a particular length scale leads to a parameter that

is very beneficial when evaluating the heat transfer coef-

ficient and friction factor. It was shown by Travkin and

Catton [20] that globular media morphologies can be

Fig. 3 Grid system of one fin-

and-tube heat exchanger model
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described in terms of Sw; mh i and dp and can generally be

considered to be spherical particles with

Sw ¼
6 1� mh ið Þ

dp
ð22Þ

Dh ¼
2

3

mh i
1� mh ið Þ dp ð23Þ

This expression has the same dependency on equivalent

pore diameter as found for a one diameter capillary

morphology leading naturally to

Sw ¼
6 1� mh ið Þ

dp
¼ 6 1� mh ið Þ

3
2

1� mh ið Þ
mh i Dh

¼ 4 mh i
Dh

ð24Þ

This observation leads to defining a simple ‘‘universal’’

porous media length scale

Dh ¼
4 mh i
Sw

ð25Þ

that meets the needs of both morphologies: capillary and

globular. This was also recognized by Whitaker [16] when

he used a very similar (differing by a constant) length scale

to correlate heat transfer for a wide variety of

morphologies. Zhou et al. [21] also showed that using the

‘porous media’ length scale is very beneficial in collapsing

complex data yielding simple heat transfer and friction

factor correlations. For the present fin-and-tube heat

exchangers, the hydraulic diameter of the air side is

defined as

Dh1
¼ 4 m1h i

Sw1

¼
4PlPt � pD2

c

� �

Fp � df

� �

2PlPt � 2p Dc

2

� �2þ pDc Fp � df

� �

ð26Þ

The hydraulic diameter of the water side is defined as

Dh2
¼ 4 � m2h i

Sw2

¼
4 � pD2

i

4PlPt

pDi

PlPt

¼ Di ð27Þ

The Reynolds number defined using the VAT suggested

length scale is

ReDh
¼ q~uDh

l
ð28Þ

To validate the CFD simulation results, the Reynolds

number is defined the same as that used by Tang et al. [10]

ReDc
¼ qumaxDc

l
: ð29Þ

4.2 Validation and verification

To verify the computational model and the method adopted

in numerical simulation, preliminary computations were

first conducted for a FTHX which had the same dimensions

as the one experimentally tested by Tang et al. [10].

Definitions for the characteristic quantities which are used

in the validation and verification are presented the

following:

Nu ¼ hDc

kf
ð30Þ

h ¼ _mcp Tin � Toutð Þ
AoDTgo

ð31Þ

DT¼ max Tin�Tw;Tout�Twð Þ�min Tin�Tw;Tout�Twð Þ
log max Tin�Tw;Tout�Twð Þ=min Tin�Tw;Tout�Twð Þ½ �

ð32Þ

go ¼ 1� Af

Ao
1� gf

� �

ð33Þ

gf ¼
tanh mr/ð Þ

mr/
ð34Þ

where

m ¼
ffiffiffiffiffiffiffiffi

2h

kf df

s

ð35Þ

/ ¼ Req

r
� 1

� �

1þ 0:35 ln
Req

r

� �� �

ð36Þ

Req

r
¼ 1:27

XM

r

XL

XM
� 0:3

� �1=2

ð37Þ

XL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pt=2ð Þ2þP2
l

q

2
ð38Þ

XM ¼ Pt=2 ð39Þ

f ¼ Dp
1
2
qu2

max

� Dc

L
ð40Þ

Fig. 4 Comparison between the present CFD results and experimen-

tal data by Tang et al. [10]
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From Fig. 4 it is seen that the maximum deviation of

Nusselt number and friction factor from experiment are 4.8

and 2 % with the average deviation being around 3.5 and

1 % respectively. Our predicted results and the experi-

mental data agree very well, thereby showing the reliability

of the physical model and the adopted numerical method.

4.3 Closure

Travkin and Catton [20] rigorously derive the closure terms

for VAT based model from the lower scale governing

equations. The closure term in the VAT momentum

equation, f*, has the form

f � ¼ 2

R

oSw
�p � ds~

qf
~u2Awp

Swp

Sw
þ 2

R

oSw
swL � ds~

qf
~u2Aw

þ 2

R

oSw
swT � ds~

qf
~u2Aw

�
o

oxj
ûiûj


 �

f

1
2
q~u2

þ
o

oxj
~mT

o~ui

oxj

D E

f

� �

1
2
q~u2

ð41Þ

The first three terms are form drag, and laminar and tur-

bulent contributions to skin friction, respectively. The

fourth term represents the spatial flow oscillations, which

are a function of porous media morphology and tell one

how flow deviates from some mean value over the REV.

The fifth term represents flow oscillations that are due to

Reynolds stresses and are a function of porous media

morphology and its time averaged flow oscillations.

The closure terms in the VAT energy equation, h*, can be

defined in various ways and in general will depend on how

many of the integrals appearing in the VAT equation one uses

and lumps into a single transport coefficient, see Travkin and

Catton [20]. The nature of the equation shows that the energy

transferred from the surface is integrated over an area and then

divided by the chosen REV volume; therefore, the heat

transfer coefficient is defined in terms of porous media mor-

phology, usually described by specific surface and porosity.

The complete form of the closure term h* is

h� ¼
1

DX

R

oSw
kf þ kT

� �

rTf � dS

Sw
~Ts � ~Tf

� � �
qf cpfr � mh igûf T̂f

	 


Sw
~Ts � ~Tf

� �

þ
r � kf

DX

R

oSw
Tf dS

	 


Sw
~Ts � ~Tf

� � ð42Þ

In most engineered devices, the geometry is regular and a

well-chosen REV will lead to only the first term being

needed. The second term is identically zero for regular

repeating geometries and the third is Biot number depen-

dent. However, when in doubt, one should use the complete

form given by Eq. (42).

After solving the three-dimensional governing Eqs. (10–

12) with appropriate boundary conditions, the closure for the

VAT based momentum equation and energy equation is

obtained by integrating Eqs. (41) and (42) over one of the six

REVs selected from the fully developed region to compute

the friction factor and heat transfer coefficient. The readers

can refer to the former work by the authors [28] to see how to

select a correct REV to do the closure evaluation.

To demonstrate the value of the VAT based length scale,

6 more different sets of design dimensions besides the one

which is the same as what Tang et al. [10] experimentally

tested, see Table 2, were simulated at different ReDc
,

ranging from 2,000 to 12,000.

The Nusselt number and friction factor evaluated using

the length scale Dc as a function of ReDc
for fin-and-tube

heat exchangers with different dimensions are shown in

Figs. 5 and 6. The numerically predicted results are scat-

tered, leading to seven different NuDc
� ReDc

and fDc
�

ReDc
curves. However, the Nusselt number and friction

factor obtained by evaluating the rigorously derived clo-

sure terms, Eqs. (41) and (42), collapse to two single

curves, shown in Figs. 7 and 8.

Travkin and Catton [17] and Zhou et al. [21] showed

that using the VAT suggested length scale, enables one to

write the friction factor of porous media in the following

form:

f � ¼ A

ReDh

þ B ð43Þ

The constants A and B correspond to different types of

morphologies of porous media, with A = 100/3 and

B = 7/12 for the Ergun equation for packed bed porous

media, A = 50 and B = 0.145 for the pin fin array [26].

With the help of JMP 9, an available statistical analysis

tool, the collapsed data enabled us to develop a simple

correlation of friction factor for the air side,

fDh
¼ 128:2

ReDh

þ 0:149 ð44Þ

A comparison of values of A and B with other morphol-

ogies is shown in Table 3.

Similarly, the collapsed Nusselt number was correlated

as

NuDh
¼ 0:171Re0:559

Dh
Pr1=3 ð45Þ

Figures 9 and 10 show the comparison between the

numerical simulation results and the results predicted by

the proposed correlations. The proposed friction factor

correlation, Eq. (44), can predict 83.3 % of data within a

deviation of 10 % and an average deviation of 2.6 %. The

correlation of Nusselt number, Eq. (45), can describe all

the simulation results within a deviation of 10 % and an

average deviation of 1.6 %.

It should be noted that the correlations proposed by

Zhou et al. [21] was obtained by rescaling experimental
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data available in public literature which were average

values, while the correlations proposed in the present paper

were obtained by evaluating the rigorously derived closure

terms over a selected REV which were local values. The

comparison of the two different sets of correlations is

shown in Fig. 11. It should be pointed out that these cor-

relations are not necessarily the most accurate available,

however, they have wide application, are easy to use, and

are quite satisfactory for most design calculations [16].

Also, for optimization, extreme accuracy is not vital

because variation in the parameter being optimized can be

as much as an order of magnitude.

For closure of the water side, the friction factor and

Nusselt number correlations for fully developed flow in a

pipe are applicable to close the water side VAT equations

Table 2 Geometric dimensions of the numerically tested fin-and-

tube heat exchangers

Pt=Dc Pl=Dc Fp

�

Dc

Base case 2.26 1.83 0.167

Case 1 2.53 2.05 0.187

Case 2 2.04 1.65 0.150

Case 3 2.26 1.72 0.167

Case 4 2.26 1.94 0.167

Case 5 2.04 1.83 0.167

Case 6 2.47 1.83 0.167

Fig. 5 Friction factor as a function of ReDc
using Dc as the length

scale

Fig. 6 Nusselt number as a function of ReDc
using Dc as the length

scale

Fig. 7 Friction factor as a function of ReDh
using Dh as the length

scale

Fig. 8 Nusselt number as a function of ReDh
using Dh as the length

scale
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since Dh2
¼ Di. Petukhov correlated the friction factor for

turbulent pipe flow as follows

f �2 ¼ 0:790 ln ReDh
� 1:64ð Þ�2 ð46Þ

As for the heat transfer coefficient, h�2, Whitaker showed

that the experimental data of Nusselt number from a

number of investigators for turbulent pipe flow is quite

nicely re-correlated by the expression

Nu�2 ¼ 0:015Re0:83
Dh

Pr0:42 lb

l0

� �0:14

¼ h�2Dh2

kf 2

ð47Þ

At this point, the VAT based model of FTHXs is fully

closed. With the closure correlations, the governing

equation set is relatively simple and can be solved

discretely in seconds. With the help of a statistical tool

for Design of Experiments (DOE) or Genetic Algorithm

(GA), a FTHX could be designed and optimized in an hour,

instead of days of CFD or experimental work. How to

design and optimize a FTHX based on VAT will be

presented in a future paper.

5 Concluding remarks

Volume Averaging Theory is little more than a judicious

application of Green’s and Stokes’ theorems to carry out

the integration needed to average the point-wise conser-

vation equations in a rigorous way. By treating the closure

part of the problem carefully, the result remains rigorous in

spite of its simplicity. Many everyday engineered devices

are hierarchical and heterogeneous and can be effectively

treated by application of VAT. It is an approach that can be

applied to many different types of transport phenomena,

see Travkin and Catton [20].

The present paper describes an effort to develop a VAT

based hierarchical model for a plane fin-and-tube heat

exchanger and obtain the closure for the model by CFD

code. A length of 6 REVs was selected to be the

Table 3 Closure coefficients of friction factor for different

morphologies

Morphology A B Porosity

range

Packed bed 100/

3

7/12 0.3–0.72

Pin fins-inline 50 0.145 0.65–0.91

Pin fins-staggered 50 0.145 0.65–0.91

Staggered plain fin-and-tube HX

(average)

112.4 0.252 0.65–0.9

Staggered plain fin-and-tube HX

(local)

128.2 0.149 0.65–0.9

Fig. 9 Deviation of the proposed friction factor correlation

Fig. 10 Deviation of the proposed Nusselt number correlation

Fig. 11 Local and average closure
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computational domain. The rigorously derived closure

terms of heat transfer coefficient and friction factor were

evaluated over the carefully selected REV. Two correla-

tions of friction factor and Nusselt number were estab-

lished based on the simulation results.

With closure of the friction factor and the heat transfer

coefficient, the problem is closed and the porous media

governing equations derived from VAT are

~M mh i; Sw; f
�ð Þ ð48Þ

~Ts mh i; Sw; h
�ð Þ ð49Þ

~Tf mh i; Sw; h
�ð Þ ð50Þ

where ~M stands for averaged momentum equation vari-

ables, ~Ts and ~Tf stand for averaged energy equation vari-

ables for solid and fluid phase. The macro scale equations

are functions only of porous media morphology, repre-

sented by porosity and specific surface area, and its closure.
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