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On MAC-BC Duality of Multihop MIMO Relay
Channel with Imperfect Channel Knowledge

Ali Cagatay Cirik, Yue Rong, Senior Member, IEEE, Yiming Ma, and Yingbo Hua, Fellow, IEEE

Abstract—In this paper, we establish the signal-to-interference-
noise ratio (SINR) duality between multiple access (MAC) and
broadcast (BC) multihop amplify-and-forward (AF) multiple-
input multiple-output (MIMO) relay systems under an imper-
fect channel state model, which is a generalization of several
previously established MAC-BC duality results. We show that
identical SINRs in the MAC and BC systems can be achieved
by two approaches. The first one is to use the Hermitian
transposed MAC relay amplifying matrices at the relay nodes in
the BC system, under the same total network transmission power
constraint. The second one is to use the scaled and Hermitian
transposed MAC relay amplifying matrices in the BC system,
under the transmission power constraint at each node of the
system, where the scaling factors are obtained by swapping the
power constraints of the nodes in the MAC system. Moreover, we
derive the MAC-BC mean-squared error (MSE) and achievable
sum-rate (or mutual information (MI)) duality properties based
on the SINR duality. Numerical results show the utility of the
duality results established.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) relays are impor-
tant for wireless communication networks because they can
be used to reduce the path loss, increase the power efficiency,
and improve the network coverage. MIMO relays can be used
for multiple access (MAC) — from multiple users to a base
station. They can also be used for broadcast (BC) — from a
base station to multiple users. In this paper, we consider a
chain of multihop amplify-and-forward (AF) MIMO relays for
either MAC or BC. To achieve a desired performance for such
a system, the transformation matrices applied at the source,
the destination, and the relays need to be chosen properly.
Our contribution in this paper is about MAC-BC duality
properties of the multihop MIMO relay system in terms of
these transformation matrices under an imperfect channel state
information (CSI) model. Due to the multihop topology and
imperfect CSI assumption, the achievable rate is a complicated
function of the source, relay and receiver matrices, which
makes both the proof of duality and the optimization problems
associated with multihop MIMO relay networks much more
challenging than the existing works with simpler network
topology and/or perfect CSI assumption. In other words, a
rigorous proof of the MAC-BC duality of multihop MIMO
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relay channel with imperfect channel knowledge is much more
complex than that of the existing MAC-BC duality results.

A. Literature Review of Existing MAC-BC Duality Properties

To the best of our knowledge, MAC-BC duality results
available in the literature can be divided into the following
three main categories (also summarized in Table I).

1) SINR Duality: The MAC-BC SINR duality for single-
hop multiple-input single-output (MISO) systems was de-
rived independently in [1] and [2]. Based on this SINR
duality, sum-power minimization problem subject to mini-
mum SINR requirements and the SINR balancing problem
were solved in [2]. The SINR duality result for MISO sys-
tems was extended to MIMO systems with multi-antenna
receivers/transmitters in [3] and [4]. Recently, the MAC-BC
SINR duality for single-hop MIMO systems has been extended
to two-hop amplify-and-forward (AF) MIMO relay systems,
where all nodes in the system are equipped with multiple
antennas [5]. It is shown in [5] that in a MAC system, SINRs
identical to that of the BC system can be achieved by employ-
ing a scaled Hermitian transpose of the relay amplifying matrix
used in the BC system, and the scaling factor is obtained
by swapping the transmission power constraints at the source
node and the relay node. This result generalizes the SINR
duality established for single-hop MIMO systems in [1]-[4].
The authors of [6] extended the two-hop MAC-BC SINR
duality results in [5] to multihop AF MIMO relay systems with
any number of hops and any number of antennas at each node.
Recently, a generalized multihop MIMO AF relay network,
which has multiple sources, multiple destinations and multiple
relays is considered in [7]. Dualities for this network under
single network linear constraint and per-hop linear constraint
are established.

The aforementioned SINR duality results are established by
assuming that the exact CSI is available in the system. How-
ever, in practical communication systems, the CSI knowledge
is obtained through channel training/estimation. Due to lim-
ited length of training sequences, channel noise, quantization
errors, outdated channel estimates, and/or time-varying nature
of wireless channels, there is mismatch between the estimation
and the exact CSI, which may substantially degrade the system
performance. Therefore, robust precoder/receive filter design
that explicitly takes into account the uncertainties in the
channel model should be considered in practical applications.
This motivates the authors of [8] to establish the SINR duality
under imperfect CSI for single-hop MISO systems, which
generalizes the SINR duality with perfect CSI in [1] and [2].
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TABLE I
EXISTING MAC-BC DUALITY RESULTS
MISO MIMO
SH TH MH SH TH MH
SINR (1], [2] (5] (61, [7] (3], [4] (5] (6], [7]
PCSI MSE [9] [17] this paper [4], [10], [11] [17] this paper
Capacity/MI | [18]/[1], [2] | NA/[S], [21] | NA/[6]-[7], [21] | [19]-[20)/[3]-[4] NA/[5] NA/[6]-[7]
SINR [8] this paper this paper this paper this paper this paper
ICSI MSE [8], [12] [17] this paper [13]-[16] [17] this paper
Capacity/MI NA/[8] NA/this paper | NA/this paper NA/this paper | NA/this paper | NA/this paper

PCSI: Perfect channel state information, ICSI: Imperfect channel state information
MIMO: Multi-input multi-output, MISO: Multi-input single-output

SH: Single-hop, TH: Two-hop, MH: Multihop
NA: Not Available

2) MSE Duality: The MAC-BC MSE duality was first
derived for MISO systems with a sum power constraint in [9]
and then extended to MIMO systems in [4], [10], and [11]. It
was observed in [10] that under a total power constraint, any
MSE point that is achievable in the MAC system can also be
attained in the BC system.

The MSE duality results obtained in [4] and [9]-[11] are
based on the assumption that the exact CSI is available
in the system. For systems with imperfect CSI, the MSE
duality has been established in [8] and [12] for single-hop
MISO systems, and in [13] for single-hop MIMO systems.
However, channel correlation among antenna elements is not
considered in [8], [12], and [13]. The sum-MSE duality (based
on the Karush-Kuhn-Tucker conditions associated with the
optimization problems in the MAC and BC systems) and
three kinds of MSE duality (individual stream MSE, individual
user MSE, sum-MSE) have been established in [14] and [15],
respectively for single-hop MIMO systems with imperfect CSI
and antenna correlation only at the base station. The MSE
duality results in [15] is extended in [16] by considering the
antenna correlation at both the base station and the users. In
fact, the duality results obtained in [16] can be viewed as the
extension of those in [11] to the imperfect CSI case. Recently,
the sum-MSE MAC-BC duality in single-hop MIMO systems
under imperfect CSI has been extended to two-hop AF MIMO
relay systems in [17].

3) Capacity Duality: The MAC-BC rate-region duality for
single antenna terminals or single stream transmission with
multi-antenna terminals can be readily derived from the SINR
duality. In particular, the sum capacity duality was proven for
MISO systems in [1] by showing that the achievable sum-rate
with Costa precoding in the BC system is the same as the
maximum sum-rate in the MAC system. The rate regions of
the MAC and the BC under Gaussian signaling and nonlinear
interference cancellation have been proven to be the same, for
the single-antenna case [18], for the MIMO case supporting
an arbitrary number of data streams per user [19], and for the
overlap of the dirty-paper coding rate region and the capacity
region [20]. The authors of [21] derived the rate-region duality

for multihop AF MIMO relay systems with single antenna
source and destination nodes, which generalizes the MAC-BC
rate-region duality results of [1] and [19].

B. Contributions of Our Work

To the best of our knowledge, so far no work has been
done to prove the SINR (MSE, MI) duality for multihop
AF MIMO relay systems that consider imperfect CSI and
antenna correlation at all nodes (see Table I). In this paper, we
consider that the antennas of all the nodes in the system exhibit
spatial correlations and the CSI at each hop is imperfect. Due
to the coupling between multiple system parameters (source
and relay precoding matrices and receiver matrices) and the
mismatch between the exact and estimated CSI, a rigorous
proof of the duality results is much more complex than that
of the existing MAC-BC duality results. We show that under
imperfect CSI, stream-wise identical SINR (MSE, MI) can be
achieved in multihop AF MIMO MAC and BC relay systems
through two approaches. First, if there is only total network
transmission power constraint and no power constraint at
individual nodes, then duality can be achieved by employing
F,and F¥ ) | = 1,...,L — 1, as the relay amplifying
matrices at the /th relay node of the BC and the MAC MIMO
relay systems, respectively, where L is the number of hops of
the relay network. Second, with transmission power constraint
at each node of the relay network, duality can be established
when ¢F; and Ff_l, Il =1,...,L — 1, are employed as
the amplifying matrices at the [th relay node of the BC and
the MAC relay systems, respectively. In this case, the scaling
factor ¢; > 0 is obtained by swapping the power constraints
at the /th node of the BC system and the (L + 1 — [)-th node
of the MAC system, [ =1, .. .,L.1

Furthermore, we prove that the two approaches developed
above are not only valid for MIMO relay systems with linear
transceivers at the source and the destination nodes, but also
hold if a receiver employing successive interference cancella-
tion (SIC) is used at the destination of the MAC MIMO relay

IThere is no loss of generality in assuming c; to be a non-negative real
number [5].
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system, and a transmitter employing dirty paper coding (DPC)
is used at the source node of the BC MIMO relay channel. As
an application of this MAC-BC duality, the complicated robust
multihop MIMO BC system design problem under imperfect
CSI can be efficiently solved by focusing on an equivalent
multihop MIMO MAC problem.

As an application of the duality results established, we
consider the design of source precoding matrix and relay
amplifying matrices for multihop AF-MIMO relay systems
under sum-MSE optimization problem. Simulation results
demonstrate that both the MAC and BC systems achieve the
same sum-MSE and bit error rate (BER).

In this paper, we define the SINR as an estimated SINR
when only an estimate of the channel response is available.
An estimated SINR is a ratio of signal power coupled with
the estimated channel over interference-plus-noise power plus
the channel estimation error variance coupled with the signal
power. Such a definition of SINR is consistent with those
defined in prior works [22]-[25]. This estimated SINR is more
meaningful than an exact SINR when the channel knowledge
at a receiver is not exact. In fact, when there is only an
estimated channel response, the performance of the receiver is
directly governed by the estimated SINR instead of the exact
SINR, in the sense that the channel estimation error affects
the effective SINR as an additional noise.

The following notations are used in this paper. Matrices
and vectors are denoted as bold capital and lowercase letters,
respectively. For matrices, (.)7 and (.)? denote transpose and
conjugate transpose, respectively. IE [.] stands for the statistical
expectation; Iy denotes an N x N identity matrix; ¢r{.}
stands for matrix trace; diag {a1,- - ,a,} denotes a diagonal
matrix with the diagonal elements given by ai,--- ,a,, and
|-z stands for the vector Euclidean norm. For matrices
A, ®f:l (A;) & A;...Ay. For example, ®?:1 (A;) &
A1AsA; and ®)_5(A) 2 A3AsA;. bd() stands for a
block diagonal matrix, and ${.} denotes the real part.

II. SYSTEM MODEL

We consider a wireless communication system with one
base station (BS), L—1 (L > 2) relay nodes and K user nodes,
where the BS is equipped with N; antennas and the (I — 1)-
th relay node is equipped with N; antennas, [ = 2,..., L.
The ith user, ¢ = 1,..., K, transmits (receives) Néz) data
streams using N gll antennas in the MAC (BC) system. We
denote N, = Zfil Nb(’) as the total number of independent
data streams from all users and Np;; = Zfil N g}rl as the
total number of antennas of all users. In order to support NV,
data streams simultaneously, N, < min(Ny, No, ..., Np11)
should be satisfied. However, if a nonlinear transmitter is
installed at the source node or a nonlinear receiver is installed
at the destination node of a MIMO relay system, /N, can be
greater than min(Ny, No, ..., Np41) [6]. We assume the or-
thogonality among different hops, also adopted in [5]-[7], [21],
meaning that the signal transmitted by the /th node can only
be received by the ({4 1)-th node due to the propagation path-
loss and proper channel reuse. Thus, there are L hops between
the source and destination nodes. Each relay node works in

half-duplex mode and employs a linear AF (non-regenerative)
relay matrix to amplify and forward its received signals.

A. Multihop BC MIMO Relay System
In the multihop BC MIMO relay system shown in Fi%. 1,

B _ | B 4B B
the source symbol vector s;> = [siﬁl,sm’...,si N(7>:| of
»Vp
()

size N,

UiQi% € CNlXNLSi), where U; = {ugl),uz@),...,u

x 1 from the ith user is linearly precoded by matrix
(")

K2

. i . N
with ||uz(4j)||2 =1and Q; = dlag{qgl),q§2),...7q§ b )}

with ¢, j = 1,...,N\", i = 1,..., K, being the power
allocated to the jth data stream of the ¢th user. We assume
that user symbols are independent and have unit-power, i.e.,

E [SB (SB)H} = INéi). The BS transmits the N; x 1 linearly

precoded symbol vector xP = 32K UZ-Qi%sjB = UQ3s?,
where U = [Uy,Uy,...,Ug], Q = bd(Q1,Q2,...,Qxk),
and s? = [(SF)T , (SJQB)T N (sﬁ)T} . The N;x 1 received
signal vector at the (I — 1)-th relay node of the BC system
can be written as

y2 =H;_1xP | +ny, 1=2,...,L (1)

where H; € CNvoxXNe | = 1,... L — 1, is the MIMO
channel matrix between the (I + 1)-th and the I/th node,
xB | € CNi-1*1 s the signal vector transmitted by the (I—1)-
th node, [ = 2,...,L + 1, n; € CV**! is the independent
and identically distributed (i.i.d.) additive white Gaussian noise
(AWGN) vector at the (I —1)-th relay node, [ = 2,..., L. We
assume that all noises are complex circularly symmetric with
zero mean and unit variance. The transmitted signal vector at
the (I — 1)-th relay node is written as

x{ =aaFiyl, 1=2,...,L 2)

where ¢;_1F;_; € CNv*Ni is the amplifying matrix at the

(I —1)-th relay node, and ¢; > 0 is a scaling coefficient which
is important for studying the MAC-BC duality [21]. Using (1)
and (2), the received signal vector at the first and I/th relay
node is written, respectively as

y¥ =H,UQ?s” 4+ ny, 3)
1

leiH =H, ® (CmFmHm) UQ%SB +n;q

m=[l—1

l k
+Z®(an—1HanL—1)nk,; 1:27~-~,L*1- (4)

k=2m=l
The received signal vector at the ¢th user node is given by

0" _ Qg F B () i=1,--- . K (5
Yii1 =HrpcoaFroayr +nply, 1=1,---, K (5)

where H;,, € C Ngil *NL is the MIMO channel matrix
between the ith user node and the (L — 1)-th relay node and

i (1) . .. .
n(Lerl € CNei1*! ig the i.i.d. AWGN vector at the ith user

node.
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Fig. 1.

Multihop BC AF MIMO Relay System

(1), .
A linear receiver matrix V; € CV XN is applled at

the ¢th user node to estimate the symbol Vector sP, where

the columns of V; are assumed to satisfy Hvl
GND =1,

expressed as

Hz_l’]:

, K. The estimated symbol vector §7 is

B
= Vilyi. (6)
Using (3)-(6), we have the decision variable of the jth data
symbol of the ith user as

1

\NH .
§fj:(vz(3)) H;, ® (cmFmH,,) ul @) (qg”)zsfj

m=L—1

desired signal

NH N 3
+ (V,E?)) HLL ® FmHm ( ) (qz(l)) Sfl
l=1,l#j m=L—

intra-user interference

inter-user interference

N L-1 &
+ <V£])> CL—lHLiFL—1<Z ®(Cm—1HmFm—1)nk- +ny,

k=2m=L-1

noise propagated from previous hops

o () a0,
—_——

noise at the destination

j=1,....,N" i=1,... K. (7

B. Multihop MAC MIMO Relay System

For the multihop MAC MIMO relay system shown in
Fig. 2, the roles of the BS and user nodes at the BC MIMO
relay system are swapped. The Hermitian transpose of the
channel matrices used in the BC system are employed in
the MAC system. The ith user node line%rly precodes the

M M

symbol vector s} = {sl 10 Si2s--sS using the matrix

M
i, N
() .
VP2, where P; = diag{ W p@ M )} with p\,
j= 1,...,lei), 1 =1,..., K, being the power allocated to
the jth data stream of the ith user. The /th node, i.e. (I — 1)-

th relay node, [ = 2,..., L, employs Ff+1_l to amplify and
forward received signals. The received signal vector at the first

Fig. 2. Multihop MAC AF MIMO Relay System

and the (L + 1 — [)-th receiving node of the MAC system is
given, respectively, by

=HYVPis™ +n, (8)
L1
)’24+2—z = ® (HfrILFH) HHVPzSM T
m=l
k
+Z® nk+1; lzl,,L—l(g)
k=1 m=l
T
Here, we defined s™ = [(S?I)T,(Sy)Ta---a(s%)T} ,

V =bd(V1,Va,...,Vk), P = bd(P1,Ps,...,Pk), and
HH [Hf ,Hfz .,HfK]. A linear receiver matrix U, is
used at the BS to estimate the transmitted symbol vector of

user 4, and the estimated symbol vector §} is expressed as
oM H M
8. =Ul'yri1- (10)

Using (8)-(10), we have the decision variable of the jth data
symbol of the ith user as

oM (@) H H
Sig = ( ) ® HmF'm

m=1

7 1,7

Y ) (pm)% M

desired signal

N
M
z,l

N
X
o
eE

-
35

o
=
—
\S

[N

intra-user interference

k
N()L1

( (])) i Z ® (HIFH)

=1,k#i I=1 m=1

N[

1 l
HLkVI(c) (p?) ﬁz

?T‘

inter-user interference

®

k=1 m=1

~

)n;Hl—i— (ul(-])) n;. (11)
—_——

noise at the destination

+ (ugj)>H

noise propagated from previous hops

III. CHANNEL MODEL

Unlike [5], [6], and [21], where the exact CSI is perfectly
known, in this paper, we investigate the MAC-BC duality
under imperfect CSI at each hop. There are two classes of
models frequently used to model imperfect CSI: the Bayesian
(stochastic) and the deterministic (or worst-case) models. In
the stochastic model, the channel is usually modeled as a
complex random matrix with normally distributed elements.
The system design is then based on optimizing the stochastic
measure of the system performance, such as the mean or
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outage performance under the assumption that the transmitter
knows the mean and/or the covariance. On the other hand,
the worst-case model assumes that the instantaneous channel,
though not exactly known, lies in a known set of possible
values. The error belongs to a predefined uncertainty region
(with no inherent statistical assumption). In this case, the final
objective is to optimize the worst system performance in this
error region, which leads to a maximin formulation. In this
paper, we consider the stochastic model, where the true CSI
at each hop is modeled as

l=1,....L—1
i=1,....K

12)
13)

A L 1
H = Rf Hw,lr]:‘l2 ;

HLv = Rzl Hw,L

i

-
-

where the elements of H,,; and H,, ;, are i.i.d. zero mean
circularly symmetric complex Gaussian random variables all
with unit variance, T; € CV >Nt and R, € CNi+1xNin
are (from the perspective of BC system) antenna correlation
matrices at the transmitter end of the [th node and the receiver
end of the (I + 1)-th node, respectively [26], [27]. Similarly,

T, € CNexNe oand Ry, € CNEL NS are antenna
correlation matrices at the transmitter end of the (L — 1)-th
relay node and the ith user node, respectively.

We assume that channel estimation is performed on H,, ;
and H,, ;, using the orthogonal training method developed in
[26]. Based on (12) and (13), the true channels H;, Hy,,
and their minimum mean-squared error (MMSE) estimates

H;, H;, are related as [26]

- 1 1 .
Hl:Hl-i-Rwa’lTlQ:Hl-i-El, l=1,...,L—-1
5 1 1 _
H;,, =H;, +R[2/iEw7LiT[2/i =H;,, +E;, i=1,...,. K

-1

~ 1 1
where Ry 2 (In, +02 Ri) B 2 RPE, T} is the

-1
estimation error of H;, Ry, £ (IN(Ll + O’iLi RZ}) and
E;, £ R%iEw,LiTa is the estimation error of Hy, . Here,
the entries of E,,; and E,, 1, are i.i.d. with CA (0,02 ;) and
CN(0, 027 1,)» respectively. For the ease of explanation, let us
take the BC system as an example. We assume that the /th node
((I = 1)-th relay node), I = 2,..., L, estimates its backward
channel H;_; through channel training and feeds the estimated
CSI back to the (I — 1)-th node without any error. Thus, both
the [th and the (I — 1)-th nodes have the same CSI mismatch
on H;_;. Similarly, the ith user node estimates its backward
channel Hj,, through channel training and feeds the estimated
CSI back to the (L — 1)-th relay node without any error. In
this paper, we assume that E,, ; is unknown, but fIl,Rl,Tl,
and o7 ; are available at the Ith and the (I 4- 1)-th nodes, | =

1,.. ;,L — 1. Similarly, we assume that E,, 1, is unknown,
but Hy,,Ry,, Ty, and o7, are available at the (L — 1)-th
relay node and ith user node, ¢ = 1,..., K.

IV. MAC-BC DUALITY

In this section, we establish the duality between the MAC
and BC multihop AF MIMO relay systems under imperfect
CSI and antenna correlation at each hop. We define duality as
the achievement of identical stream-wise SINR (MSE, MI) at

the MAC and the BC systems with the same amount of total
network transmission power under imperfect CSI.? In order to
establish this duality, given a MAC MIMO relay system, we
need to determine the scaling factors ¢;, [ =1,...,L —1, of
the relay amplifying matrix F; and the source power allocation
matrix Q in the BC system.

Note that for the simplicity of presenting the proof of
the duality results in this paper, we analyze the duality for
the single user case. Let us group all users together in BC
and MAC to form one “super” destination node and one
“super” source node with Ny; antennas, respectively. The
BC system and the MAC system can be equivalently viewed
as a single-user downlink and uplink multihop MIMO relay
system, respectively. The following theorem establishes the
MAC-BC duality of multihop MIMO relay communication
system under imperfect channel model.

Theorem 1: Let FH and ¢;F be the relay amplifying matri-
ces at the multihop MIMO MAC and BC systems, respectively.
Under imperfect CSI, stream-wise identical estimated SINRs
(duality) in the MAC and BC systems can be achieved through
the following two approaches:

1) With transmission power constraint at individual nodes,
duality holds by setting P, , = P?, 1 =1,... L,
where PP and P are the total transmitted powers at
the /th BC and MAC node, respectively. The values
of ¢, | = 1,...,L — 1, can be obtained from relay
transmission power constraints of the BC. In other
words, duality can be achieved by employing F#_, and
cF; respectively as the relay amplifying matrix at the
lth relay node of the MAC system and the BC system,
l=1,...,L —1, and the scaling factor ¢; is obtained
by switching the power constraints at the I/th node of
the BC system and the (L + 1 —)-th node of the MAC
system, [ =1...., L.

2) Under a total network power constraint, MAC-BC du-
ality holds when F; and FlH, l=1,...,L —1 are the
relay amplifying matrices used in the BC and MAC,
respectively. In other words, MAC-BC duality holds
when¢, =1, 1=1,...,L — 1.

Proof: See Appendix A. [ ]

Theorem 1 includes the SINR duality results in [1]-[6], [8]

as special cases. It extends the MAC-BC SINR duality results
to multihop AF MIMO relay systems under imperfect CSI,
and thus generalizes all previous SINR duality results. Note
that Theorem 1 holds for any linear transceiver matrices U, V,
and linear relay amplifying matrices ¥;, [ =1,..., L — 1.
Theorem 2: If the source node of the BC MIMO relay
system employs DPC and the destination node of the MAC
MIMO relay system employs SIC, then under imperfect CSI,
stream-wise identical estimated SINRs (duality) in the MAC
and BC systems can be achieved through the same two
approaches in Theorem 1.
Proof: See Appendix B. [ ]

2As described in the Introduction, in this paper we define the SINR as an
estimated SINR, which is a ratio of signal power coupled with the estimated
channel over interference-plus-noise power plus the channel estimation error
variance coupled with the signal power. See (28) and (32) of Appendix A for
BC and MAC, respectively.
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Theorem 2 extends the duality results in Theorem 1 to
the scenario where nonlinear transceivers are used at the
source node of the BC system and the destination node of
the MAC system. Similar to Theorem 1, Theorem 2 holds for
any transceiver matrices U, V, and relay amplifying matrices
F;, l=1,...,L—1. By choosing V (the destination receiving
matrix in the BC and the source precoding matrix in the MAC)
as a block diagonal matrix, i.e., V.= bd (V1,Va,..., Vg),
both Theorem 1 and Theorem 2 are applicable to multiuser
MIMO relay scenario. Moreover, the two duality results are
proved under the fair condition that MAC and BC systems
consume the same amount of total transmission power.

We can also derive the MSE duality based on the SINR
duality by using the relation of MSE? = 1/(1 + SINR?),
i =1,...,Np, as shown in Appendix C, where MSE;B and
SINRZB stand for the MSE and SINR of the ¢th data stream
in the BC system, respectively. Thus identical SINR values
in the MAC and BC systems imply identical MSE values.
Therefore, it can be concluded from Theorem 1 that each MSE
point achievable in the MAC system can be attained in the BC
system. Clearly, the converse holds as well.

Based on the SINR duality SINRM = SINR?P, i =
1,..., Ny, where SINRlM is the SINR of the ith data stream
of the MAC system. we can prove the MAC-BC MI (or
achievable sum-rate) duality as

Ny
CM =" "log, (1+ SINR}")
i=1
Ny
= "log, (1+SINR/)
i=1
=CP (14)
where CM and CP are the MI of the MAC and BC systems,
respectively.

V. NUMERICAL RESULTS

The implication of the two duality results is that the achiev-
able SINR (MSE, MI) regions in both MAC and BC systems
are the same, i.e. the set of SINR (MSE, MI) is achievable
in the BC if and only if it is achievable in the MAC. As
a direct application of these duality results, the complicated
BC MIMO multihop relay system optimization problems can
be carried out efficiently by focusing on an equivalent MAC
MIMO multihop relay system. For example, the optimal source
precoding matrix and the optimal relay amplifying matrices for
MAC multihop MIMO AF relay system with a linear receiver
at the destination node is considered in [28]. The multihop
AF-MIMO relay system with a nonlinear receiver (SIC) at the
destination node is considered in [29]. Although [28] and [29]
focus on MAC (uplink) system, an optimal design of the
source precoding matrix and relay amplifying matrices for BC
(downlink) multihop AF-MIMO relay systems can be designed
by exploiting the MAC-BC duality results for multihop MIMO
AF relay systems established in this paper.

The optimal multihop MIMO relay design problem for BC

6
can be formulated as

min SINR? 15

. din f( ) (15)

st PP <pP, l=1,...,L (16)

or s.t PTB <pP a7

where f(.) stands for a unified objective function [30],
and SINRf highlighting the imperfect CSI assumption is
a function of U, Q, {¢F;} given in (28) of Appendix A.
PB, 1 =1,...,L and P¥ are the power consumed by the
Ith node and the total power consumed in the BC system
given by (24)-(26) and (27) of Appendix A, respectively. Here
pB,1=1,..., L and p? are the individual power constraint at
the /th node and the total power constraint of the BC system,
respectively. Function f(.) includes a broad class of frequently
used objective functions in MIMO system design such as the
negative source-destination mutual information, and the MSE
of the signal waveform estimation at the destination.

We apply the theorems established in this paper to optimize
BC MIMO multihop relay system. The optimization problem
for the dual MAC MIMO multihop relay system can be written
as

f (SINR})

min
V.P{F¥_,}

st M < p,

L
or st ZPZMSpM
=1

(18)
l=1,....L (19

(20)

where SINRﬁV ! highlighting the imperfect CSI assumption is
a function of V,P {F¥ ,} given in (32) of Appendix A.
PM | =1,...,L is the power consumed by the Ith node
in the MAC system given by (21)-(23) of Appendix A. Here
pM 1 =1,...,L and p™ are the individual power constraint
at the /th node and the total power constraint of the MAC
system, respectively.

As an example of the duality results established here, we
consider the sum-MSE optimization problem for multihop
MIMO relay systems under imperfect CSI through numerical
simulations. We simulate a flat Rayleigh fading environment
where all channel matrices have entries with zero mean. The
variance of entries in Hyp, is 1/N£:)Ll, 1 =1,---,K, and
the variance of entries in H; is 1/N;, I =1,--- ,L — 1. All
noises are complex circularly symmetric with zero mean and
unit variance.

All simulation results are averaged over 1000 independent
channel realizations. We use the iterative algorithm in [31] to
design the optimal MAC parameters F [ = 1,..., L — 1,
V;,,j=1,...,K,P;, j=1,...,K and use the proposed
duality theorem to obtain the dual BC parameters ¢;F;, [ =
,...,.L-1,U;, j=1,....K, Qj, j = 1,...,K> For
all examples, we set Pi” = PlB = 20dB and assume that
PP =pPM, =P 1=2,... L for simplicity.

We simulate five-hop multiuser MIMO relay systems in our
examples. Since there are many parameters on the system

3The proposed algorithm in [31] holds for both the cases with and without
perfect CSI.
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Fig. 3. MSE versus P. K =3, M =2, N = 10, PM = PP = 20dB.
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Fig. 4. BER versus P. K =3, M =2, N = 10, PM = PP = 20dB.

setup for multihop relays, for simplicity, we consider relay
systems where all users have the same number of antennas
G.e., N}f}rl =M, +=1,---,K) and all relay nodes and the
destination node in the MAC have the same number of anten-
nas (i.e., Ny = N, Il = 1,---,L). The extension to systems
where different nodes have different number of antennas is
straightforward. Moreover, we assume that channel estimation
errors have the same variance, ie., o7, = 0., = o,
l=1--,L—14=1,---,K. Fig. 3 shows the MSE
performance of the MAC and BC systems versus P with
K =3, M =2, and N = 10. It can be clearly seen from
Fig. 3 that the curves overlap, indicating that both the MAC
and BC systems achieve the same sum-MSE under both perfect
CSI and imperfect CSI. The BER performance of both systems
with QPSK constellations is illustrated in Fig. 4 versus P. It
can be clearly seen from Fig. 4 that under perfect CSI the
curves overlap, indicating that both the MAC and BC systems
achieve the same BER. However, under imperfect CSI, the
curves diverge slightly when P is large. The reason for the
divergence is explained in [8] and [17] that the derivations of
SINRs or MSEs depend largely on the first-order and second-
order statistics of transmitted signal, fading, channel noise and
channel estimation error, which are the same for both BC
and MAC systems. Therefore, it is expected that the MSEs of
both links seem to be the same. On the other hand, the BERs
depend on the interference-plus-noise distributions, which vary
with the relative strengths of the interferences. When there is
channel estimation error, the interference strengths depend on
P and this dependence is possibly different for the MAC and
BC. Therefore, the BERs become noticeably unequal when P
is relatively large (and thus channel estimation error becomes
the dominant source of errors). Similar results can also be
obtained for other transceiver design approaches.

VI. CONCLUSION

We have investigated the MAC-BC SINR (MSE, MI) duality
in a multihop AF MIMO relay system under imperfect CSI and
antenna correlation at each hop, which is a generalization of
several previously established results. We proved that identical
stream-wise SINR (MSE, MI) in the MAC and BC systems
can be achieved by two approaches. Firstly, under the same
total network transmission power constraint, the relay nodes of
the BC system employ the Hermitian transposed MAC system
relay amplifying matrices. Secondly, under the individual
transmission power constraint at each node of the system,
the relays of the BC system use the scaled and Hermitian
transposed MAC system relay amplifying matrices, where the
scaling factors are obtained by swapping the power constraints
of the nodes of the MAC system.

APPENDIX A
PROOF OF THEOREM 1

In order to establish the SINR duality for multihop AF
MIMO relay systems under imperfect CSI, we have to show
the conditions on P, Q, and ¢;, I = 1,...,L — 1, that
identical estimated SINRs are achieved in both the MAC and
BC systems. The proof consists of the three main steps.

1) We write the total transmission power and the estimated
SINR of each stream for both the MAC and BC systems
using (8)-(11) and (3)-(7), respectively.

2) We rewrite the total transmission power of the BC sys-
tem obtained in Step 1 based on the definition of duality
that both channels should achieve identical SINRs.

3) Using the final expression of the total transmission
power of the BC system obtained in Step 2, we find
the conditions on P, Q, and ¢;, [ =1,...,L —1, such
that both the MAC and BC systems consume the same
amount of total transmission power.

A. Step 1

In this step, we first write the total required transmission
power for the MAC and BC systems. For this purpose, we first
express the transmitted power at each node of both systems.

Using (8) and (9), the individual transmission power for all
the transmitting nodes in the MAC system can be written as

PM = tr{P} (2D
P =B [ir(BY, (HEVPVIH, + 1y, ) i)

— 0 {FE F, )+ tr{ (ﬁLFL_lFf_lﬁf
+ o2 tr{TF  FI_ 1R, VPVH} (22)
H
Py =E [tr {F£1YJLV{+24 (yg/[+2fl) Flfl}}

=tr { (ﬂLFLleg)Flgflﬁg

(23)

+ ag,Ltr{TLFL,lB?Ff,l} RL) VPVH}

L—1
+3 {FﬁlDl(fl)Fl_l} ftr{FEFL), 1=2,... L1

noise power

propagated noise power
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where B,(ﬁ ) and D,(ﬁ ) are recursive functions and given by

In,. if m=n
B(W={H, F,, B \FI_HI
+U§,m—1t7“{ mlem72B() FH Q}Rmfl, 0.W.
INn+17 ifm=n
D)= Hi L P DO Foa o
to e,m+1t7’{Rm+1Fm+1Dm+1Fm+1}Tm+1, 0.W.

The total transmission power of the MAC system P> can be
calculated with the summation of all individual powers (21)-
(23). We would like to note that since the exact CSI is
unknown, the transmission power is averaged over the im-
perfect CSI through the expectation operations in (22) and
(23) with respect to E,, ;. Here, we have used the result of
E {EAEH} = o2tr{A}1, when the entries of E are i.i.d. with
CN(0,02) and A is a given matrix [26].

Using (3) and (4), the individual transmission power PlB of

the /th node, [ = 1,..., L, in the BC system can be written
as

PP =tr{Q}
P =E [tr{iF, (HUQUHY + 1y, ) FI}]

(24)

= tr{F,FH} + cftr{ (ﬁ{fF{fplﬁl
+ 02 tr{RFIF}Ty) UQUH} (25)
H
‘Plil =E {C?tr{Flyﬁ-l (yﬁ—l) FF}]

_ (ﬁ c3n> tr{(ﬁfFngl)Flﬁl
m=1
+02 ltr{RlF{ng”Fl} Tl) UQUH}
. z( 10 - ) o {FB{ e

= m=k—1
propagated noise power

+ tr{ciFFHY}, 1=2,... L — 1.
N————

(26)
noise power

Note that the expectations in (25) and (26) are taken with
respect to E,, ;. The total transmission power of the BC system
can be calculated using (24)-(26) and given by

PE
L—1
=pPP+PP+> P,
=2

L—-1 l
= tr{UQUT} + Y ( 11 c$n> tr{ (ﬁ{’F{’Dg”Flﬁl
=1 m=1

L-1
+o2,tr{RiIFIDUF | T ) UQUY | 4+ 3 tr{ R}
=1

L—1 1 1
+ ZZ( I1 c3n> tr{FlBl(_’?lFH} 27)
=2 k=2 \m=k—-1

Then we write the estimated SINR of each stream for the
MAC and BC systems. Estimated SINR is defined as the ratio
of the signal power to the summation of the interference power
(interference from all other data streams), total noise power
(propagated noise from previous hops plus the thermal noise
at the destination node), and the residual power of the signal
due to the channel estimation error. By using (7), the estimated
SINR of the 7th data stream, ¢ = 1, ..., N, at the destination
node of the BC system is given by*

qi (H’fﬂ 11 m)

2

HHL ®z L-1 (FlHl)
P

SINR? = (28)

where P}f is the total interference plus noise power of the ith
stream, ¢ = 1, ..., N, in the BC system, and is shown at the
bottom of the following page.

The first term RP 7, in PIB is the residual interference power
of the desired signal in (7) stemming from the mismatch
between the true and estimated CSI, and is given by
RY (30)

L-1
=gq; H vl [agthr{TLFL,lA(LlllFffl} R.
) L—2 _
L (Z O—z,k tT{Tka'flA](;llFffl}
k41 L-1
%) ( ) F.RF] X (Hf,{Fﬁ{)
m=L—1 m=k+1
+ 0l patr {TL—lFL—2A5322FL—2} FL—lRL—lFL—l) HL}
where A,(Cj ) are recursively defined as

ifk=0
ifk=1

Fo'wul/Fg ",
Hluj HHH + Ue 1tr{T1uju }Rl,
H,F,_ 1A ) FH A
+ae’ktr{Tka_1A,(jlekal} Ry, ifk>2.
(€29
Here we introduced the matrix Fy in (31) for the simplicity
of presentation. In partlcular Fy is an invertible matrix that
is canceled by F; " in A when k£ = 1 in the second term
of (30).
By using (11), the estimated SINR of the ith data stream,

i = 1,..., N, at the destination node of the MAC MIMO
relay channel is given by

AECJ) —

2
. ~ ~
LoD 2 (APES) s
SINR," = i (32)
pr
where PIJ:/I is the total interference plus noise power of the

ith stream, ¢ = 1,..., N}, in the MAC system, and is shown
at the bottom of the next page. The first term R}’ in PM is

“4For the stochastic channel estimation error model adopted in Section III,
the channel estimation error is seen as noise [8], [26], [32].
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the residual interference power of the desired signal in (11)
stemming from the channel estimation error and is given by

Rﬁ[ = piuH |:L')'2 1tT{R1FHC(i)_2F1} T1

+ Zae wr{RFICy, F}

-1

1
Q (AP T @ (Fka)] w (34
k=1 k=l-1
where C,(Cj ) are given by
F, vv JFL if k=—1
HHVJV] H, + o’ Ltr{RLV }TL7 ifk=0

() _
Co=\ar ¥¥ cV ¥, A, ,

+061L_ktr{RL_ka_kCkleL_k}TL_k, if k>1.

Similar to Fg in (31), here we introduced the matrix ¥y for
the simplicity of presentation. In particular, F', is an invertible
matrix that is canceled by FEl in C(f)l when | = L in the
second term of (34).

B. Step 2

In this step, we rewrite the total transmission power of the
BC system obtained in Step 1 based on the definition of the
SINR duality.

In order to achieve identical estimated SINRs at the MAC
and BC systems, SINRB = SINR ,i=1,..., N, must be
satisfied. Using (28) and (32), such SINR equality leads to
Ha_ll mqZPI]\f = pLPI]? . Summing this over all N, streams,
ie, YN SINRP = S SINRM, we have

Ny - Ny
5 (H m> T
=1

i=1 \m=1

(35)

By substituting (29) and (33) into (35), it can be seen that
only the last terms (noise terms) in (29) and (33) remain and
the other terms related to interference are canceled out, since’

Ny, L—1

ZHCm% RI + Z p;ju

i=1 m=1 j=1,7#1

+ ailtr{RlF{{CgZQFl} Tl} ui)

*zpz S q](er m> Vi

j=1,j#1 m=1

x {HLFL AY pH Al

+ Ug,LtT{TLFLflAszlFf,l} RL} vi) )

7 AR cy) i,

(36)

In other words, (35) can be written as

Ny, L—-1 L—1 B R
IR
i=1 m=1 =1

+ ailtr{RlFHD?)Fl} T )] wi+1)
Ny

3o (v[32
i=1

=2 m=Il-1
o2 i { TP BOFY VR vt 1)),

(HLFL BRI

(37

5The relation in (36) was used for single-hop, two-hop and multihop
channels in [33], [5] and [6], respectively.

b -
P{=R[+ ) 4 (H Ci) vy [HLFL—lAgll L HY + 07 Ltr{TLFL—lA(L]lef—l}RL vi
j=1,57#i m=1 -

interference power

L L-1
> ( IT « > (HLFL BYFE HY 4 52 Ltr{TLFL_lB(Ll)Ff_I} RL> +In, | vi. (29
=2 \m=l-1 R
propagated noise power + noise power at the destination
Ny
=R +ull Y gy [AIFICY P + 02 tr{RiFECY B T
Jj=1,j#i
interference power
L-1
(H{{F{ngl)Flﬂl + agltr{RlF{ngwFl} Tl) Iy | w
=1
propagated noise power + noise power at the destination
2 u'Mu;. (33)
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L-1/ L L—1
Substituting (37) back into (27), PE can be written as
¢ O tekino (. 7 (11 fetpe)
PE 1=2 \m=l =
L-1 l -1 L-1
=tr{UQU"} + )" ( 11 cfn> tr { (ﬁ{f FADVF H, + (1 - c$n> a (40)
=1 \m=1 =2 m=l+1

2 HpyD) H
+toeatr {RlFl D; Fl}Tl) uQu } where we have used the fact that tr{FkB(l) FH} =

k+1
Lz_lzl Hl Lz_l FZ DO F,_ L w Iso wri
T ( Cgﬂ) tr{ Bl(f-)l }+ tr{leFlFlH} tr{ 1D l,l}. e can also write

1=2 k=2 \m=k—1 =1 L
L—-1 L—-1 2 H
tr{c;F,F;"}
() evavy -5 (1T ) 2 i
m=1 =1 m=1 L—1
x tr{(H{fF{ng”Flﬁl - Z tr{cFFH}

~

L

. e Tt F P - z (H) o (FEH)
+Z< H )tT{<ﬁLFL1Bg)Fflﬁf 1=2 m=I ot

m=[{—1

+ agltr {R1F¥D§’>F1} Tl) UQUH}

equal to zero

OpH H L L
+ol ptr {TLFLABL FL71}RL) VPV +P} Z H 2 (FE R, )
where the first four terms are from (27) and the last three 1=2 m=l
terms are from (37). L-1 L1
After some simple manipulations, Pf can be written as + ( H C$n> tr {C%FZFfI }- 41
I I—1 =1 m=Il+1
Pf = Z ( H c?n> {(H LFr_ 1B( )F 1HH Substituting (40) and (41) back into (38) and after rearranging
1=2 \m=I-1 terms, PF is shown at the bottom of the next page.

+ Ug,Ltr {TLFL—1B(LI)F5_1} RL) vPVvH 4 P}
L—2 L-1 l C. Step 3
- . -
+ Z(l H C?n) tr { ( H Ci) (H{IF{{Dg )FlHl In this step, using the final expression of the total transmis-
m=i+1 m=1 sion power of the BC system in (42), we find the conditions on
+ 02 tr {RIF{IDgDFl} T1) UQUH} P,Q,and c;, [ =1,...,L — 1, such that both the MAC and
BC systems consume the same amount of total transmission

L—1 L-1
+ (1 — cz,,) tr{UQUH} + Z tr {leFlFlH} power.
=1

Using the expressions of PlM in (21)-(23) and PlB in (24)-

m=1
-1 1 . (26),l=1....,L, (42) can be written as
2 (k) pH
+S 3T cm> tr{FBF G8)  po )
1=2 k=2 \m=k—1 1L
For notational simplicity, for [ = 2,..., L — 1, we denote Z (H A 1) M+ PM o PM

l l =2
A 2 (k) mH L—2 L—1 2 L—-1
a2 (I cm> w{RBEFL. @9
k=2 <m_k—1 1- H an Pﬁ-l + E 1—= H an PlB

. . . . =I+1
Using (39) and with some manipulations, we have =

(i) o)

=1 \m=l m=l

L-1 / L-1 L-1 L—1 B L-1 pM )
B ) ) y adding and subtracting (E Ppy ;) to and from (43),
B IEATES S I

1=2

which is the total relay transnnssmn power for the MAC

1=2 \m=l+1 m=1+1 system, we obtain®
L—-1 1 L—1 L—1

. . L—-1 —

—ZZ( ‘ ) r{FBLF }+Z<1 H“) pEop =Y (] - PP). (44)
=2 k=2 \m=k—1 = m l+1 T T - L+1 | .
L—1L-1/ L—1 =1 Am=l

l) H

= c tr{F F }+ 1- Crm

e (m—l—l > kP k41 Z ml—z[+1 P2 on the left hand side of (44) is obtained by adding Y_; ' PM |,

and PM in (43).
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Since the MAC and BC systems should consume the same
amount of total transmission power, we need to find the
conditions such that PB PM = 0. Obviously, for any L > 2,

the condition PF — PM =0 is true if an 11 2 =1forl=
1,...,L—1, which is equivalent to¢; =1, [ =1,...,L — 1.

Thus, the first part of Theorem 1 (without transmission power
constraint at each node) is proven. Moreover, the condition
PE—P}M =0alsoholds if PM,_, =PF, 1=1,...,L—1.
Then we have PM = PP due to the fair assumption

Pf PM Thus, we have PLJrl ! —PZB, l=1,...,L
and the second part of Theorem 1 (with transmission power
constraint at individual nodes) is proven.

APPENDIX B
PROOF OF THEOREM 2

When the destination node of a MAC MIMO relay system
employs SIC, the source symbols are detected successively
with the last symbol detected first and the first symbol detected

pP=>%"1I anfltT{<ﬁLFL—lBg)Fgflﬁ +oe Ltr{TLFL B'FY

L pR) VPV

part of first term in (38)

e otr{ (AR P A + 02 tr{TLF L FI R, ) VPV 4 (P}

part of first term in (38), particularly when | = L

L—-2 L—1
+Y° (1 - 11
=2 m=Il+1 m=1

l
c3n> tr{ I1 (fIIfIF{ID(l”1?11111 + agln»{RlF{ng”Fl} T1) UQUH}

part of second term in (38)

L—-1
+ (1 -1I c,%n> tr{ct (AFFIFH, + o2 (R FFFL )T ) UQUT
m=2

part of second term in (38), particularly when [ = 1

Ju

L-1 L

L—
+ (1 - C?n) tr{UQU"} + Z H 1t {F{L Fia} + ey tr{F{_ Fr1}
m=1

=2 m=l

third term in (38)

first part of the fourth term in (38) given in (41)

L—2 L-1 L-1
+ Z (1 - H cfn> tr{ciF | FI} + (1 - H cfn> tr{c2FFH}
1=2 m=1+1 m=2

second part of the fourth term in (38) given in (41)

L-1 L

+> I & 1tr{ZFH1D F 1}+Z<1 I

=2 m=l

L—-1

l l
cfn> tr{ Z H canlBl(j_)lFH}
m=Il+1 k=2m=k—1

L-1

2
L—
+ Fl 1D(k) Fl 1+Fl 1Fl 1}

=2 m=l
1

k=l

last term in (38)

L
-3 11 c,2nlt7{ (HLFL BYFE AY 4,2 Ltr{TLFL BYFRH 1}RL) VPV

- C%‘W{ (ﬂLFL‘ng—lﬂg + Ug,Ltr{TLFL—ng—l}RL) VPV 4 Ff_lFL—l} +tr{P}

L—-2 L—-1
- Z (1 - 11
= m=I[+1 m=1

l
+Z [[ &FBYF+ chlFff} + <1 -

k=2m=k—1

L—1
n (1 -TI c3n> tr{cf (f{{fF{fFlﬁl n oiltr{RlF{{Fl}Tl) uQut ¢ chlFH}

m=2

l
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(42)
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last, and thus the interference from the previously detected
symbols is subtracted to detect the current symbol. Therefore,

the estimated SINR of the ith data stream, ¢ = 1,..., N, at
the MAC MIMO relay system is written as
~ - 2
L P @ (HEE) Al
SINR," = (45)

M
Py

where PI]iV[ is the total interference plus noise power of the
ith stream, ¢ = 1,..., N, in the MAC system, and can be
expressed as

i—1
PM =RY +ul"y p, [f{{f}?{fc(” FH,

(46)
j=1
n ailtr{RlF{{C(leQFl} Tl} w
L—1 B ~
+uf |3 (BFFIDF
=1

+ af,ltr{RlF{{DgnFl} Tl) n INI} u;

where R} is defined in (34).

When the source node of a BC MIMO relay system employs
DPC, the source symbols are encoded successively with the
first symbol encoded first and the last symbol encoded last,
and thus the interference from previously encoded symbols
is subtracted to encode the current symbol. Therefore, the
estimated SINR of the ith data stream, ¢ = 1,..., N, at the
BC MIMO relay system is written as

q(H'an 1102 ) VﬁI:IL ®l1:L71(FlI:Il)ui
P

2

(47)

SINRZ =

where Pﬁ is the total interference plus noise power of the ¢th
stream, ¢ = 1,..., Ny, in the BC system, and can be written
as (using the definition of RF in (30))

PP = gb:q]<Hc

j=i+1 m=1
+ ag?Ltr{TLFL,lA(LQlFf,l} RL] v+ RP

3

=2

) zH{I:ILFLflA(LjLFf—lI:Ig

L-1

I

m=[—1

+V,H

63,1) (I:ILFL_lBg)Fg_ll:Ig

+ o2 ptr{ T P BUFL PR ) + T, | Vi)

Using (45) and (47), and the identity below (similar to (36)),

Ny L—1
i I e | RY +ZpJ {HHFHCg)QF H,
i=1 m=1

+ ae,ltr{RlF{fcg_2F1} Tl} ui)

St 43 (11

) ZH[I:ILFL%A(lengﬂﬂf
j=i+1 m=1

+ Uz7Lt7”{TLFL_1Ag11F}LLI_1} RL:| Vi) (49)

we obtain P2 as in (38) from 31, SINRE = "™ SINRM,
and the steps in (39)-(44) are still the same. Thus Theorem 2
is proven.

APPENDIX C
SINR-MSE RELATION

To prove the MSE duality, we first rewrite SINwa in (32)
as

L1 (qHERH I:IHV~2
1 TR LVi
H
u; P;u,

<pvIiH, ® (FlI:Il>

I=L—-1

D
SINRM = — (50)

~1 ®(H{f F )HL v,

where M; is defined in (33), and the inequality comes
from Cauchy-Schwarz’s inequality [34]. The upper bound is
achieved by
L-1
u$™ = o, MR (HFFF) Hilv,. (51)
=1
Here a; # 0 is an arbitrary scalar.
Using (11), we can express the MSE of the ith data stream
for the MAC channel as’

MSE} = E (|5} — s} ?]

7

(52)

u’ X) (HF/)H]
1=1

Using M; defined in (33), (52) can be written as

2

H
+ u; Miui

L—1
u’ Q) (fllefI) v,
=1
1 L1 -
— 27 R {u{f R (H FH) 3y vz}+ 1.(53)
=1

The optimal receive vector u; minimizing (53) is the Wiener
filter [35] and given by

MSEM = p;

u)F = (M; +v1 v
M
_ Mo 54
1+ vIM; 1y, oD

where v; = pl L ! (HH FH ) HH v; and the matrix in-

version lemma, Wthh is given by (A + BCD) ' = A1 —

7Since we consider single-user downlink and uplink multihop MIMO
relay system in our proof, the inter-user interference term from (11) can
be eliminated. In other words, the inter-user interference becomes intra-user
interference when we treat multiple users as a “super” node as in Section IV.
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A~'B (DA 'B+C~1) 'DA!, is applied to obtain the
second equation in (54).

Comparing (51) with (54), we find that uMSE in (54) also
maximizes the SINR with a; = p? /(1 + vIM; 'v;). By
substituting (54) back into (53), the MSE of the ith data stream
of the MAC system is given by
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1
MSEM - -~
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