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ABSTRACT OF THE DISSERTATION

Advances in Multi-agent Decision Making Systems with Adaptive Algorithms

by

Ashwin Verma
Doctor of Philosophy in Electrical Engineering (Communication Theory and Systems)
University of California San Diego, 2024

Professor Behrouz Touri, Chair

With the growing demand for computation and the increasing prevalence of resource-
constrained agents, the importance of leveraging a network of agents to solve complex problems
has become often more pronounced. A multi-agent system consists of interconnected agents
with computing capabilities, working collaboratively towards a shared objective. Distributed
computation using a multi-agent system provides benefits with regards to privacy, reduction of
computational load and resources. In this dissertation, we study two problems that benefit from

being solved with the help of a multi-agent system namely (i) distributed convex optimization
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and (i1) distributed fact-checking.

In part I, we consider a set of agents collaboratively solving a distributed convex
optimization problem, asynchronously, under stringent communication constraints. In such
situations, when an agent is activated and is allowed to communicate with only one of its
neighbors, we would like to pick the one holding the most informative local estimate. We propose
new algorithms where the agents with maximal dissent average their estimates, leading to an
information mixing mechanism that often displays faster convergence to an optimal solution
compared to randomized gossip.

In Part II, we explore a distributed fact-checking system to detect fake news using inexpert
agents. Each agent labels news as true or false based on its reliability, modeled as a Binary
Symmetric Channel (BSC) with some error probability. We develop an algorithm that estimates
statement validity by thresholding a linear combination of agents’ labels and deriving optimal
weights and thresholds to minimize error probability. Moreover, we present an adaptive algorithm
to learn the agents’ unreliability parameters and prove the convergence of the adaptive estimator.
We also propose a broader class of adaptive estimators for the agents’ unreliability parameters,
providing the necessary conditions for convergence. We show that estimators for ensembles of
two and three agents adhere to a consistent update rule, while hard-decoded estimates fail to
converge for any number of agents.

This dissertation contributes to the theoretical aspects of distributed optimization and
fact-checking in multi-agent systems, offering novel algorithms and insights for efficient and

reliable distributed decision-making.
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Chapter 1

Introduction

As the demand for computation grows and resource-constrained agents become more
prevalent, leveraging a network of agents to solve complex problems has become increasingly
important. A multi-agent system consists of interconnected agents with computing capabilities,
working collaboratively towards a shared objective. These agents can be sensors, computing
devices, or even humans, and they may possess different pieces of information or varying levels
of capability to perform specific tasks. The interaction among agents can occur in a decentralized
manner, or there may be a central entity that coordinates their outputs to make decisions for the
system’s overall objective.

This dissertation focuses on two critical multi-agent decision-making challenges:

1. Distributed Convex Optimization: This challenge involves a collective effort by agents
to minimize the sum of local objective functions through information exchange over a
communication network. Our goal is to develop algorithms that enable convergence to an

optimal solution via local interactions facilitated by the network.

2. Distributed Fact Checking: In environments with multiple imperfect fact-checkers,
determining the validity of a source based on their responses is a significant challenge.
Understanding the reliability of these fact-checkers is crucial. We explore how to formulate
and learn the reliability of various imperfect fact-checkers over time. Our proposed model

for distributed fact-checking utilizes unreliable or imperfect agents to address this issue.



1.1 Maximal Dissent: Distributed Convex Optimization

In distributed convex optimization, a collection of agents collaborate to minimize the
sum of local objective functions by exchanging information over a communication network. The
primary goal is to design algorithms that converge to an optimal solution via local interactions
dictated by the underlying communication network. A standard strategy to solve distributed
optimization problems consists of each agent first combining the local estimates shared by its
neighbors followed by a first-order subgradient method on its local objective function [55, 39, 40].
Of particular relevance herein are the so-called gossip algorithms [51], where the information
mixing step consists of averaging the states of two agents connected by one of the edges selected
from the network graph.

Two benefits of gossip algorithms are their simple asynchronous implementation and
a reduction in communication costs. One common gossip algorithm is randomized, in which
an agent is randomly activated and chooses one of its neighbors randomly to average its state
[11,47,8]. The randomization mechanism used in this gossip scheme is usually state-independent.
We consider a different approach to gossip in which the agent chooses one of its neighbors
based on its state. At one extreme, we may think of agents who prefer to gossip with neighbors
with similar opinions, for example, in an echo-chamber where agents may only talk to others if
they reinforce their own opinions which hinders effective information mixing mechanism. On
the opposite extreme, we consider agents who prefer to gossip with neighbors with maximal
disagreement or dissent. In this dissertation, we focus on the concept of max-dissent gossip as a
state-dependent information mixing mechanism for distributed optimization. We establish the
convergence of the resulting distributed subgradient method under minimal assumptions on the
underlying communication graph, and the local functions.

The idea of enabling a consensus protocol to use state-dependent matrices dates back
to the Hegselmann and Krause [27] model for opinion dynamics. However, the literature

on state-dependent averaging in distributed optimization is scarce and mostly motivated by



applications in which the state represents the physical location of mobile agents (e.g. robots,
autonomous vehicles, drones, etc.). In such settings, the state-dependency arises from the fact
that physically closer agents have a higher probability of successfully communicating with each
other [34, 5, 4]. Unlike previous work, our model does not assume that the state of an agent
necessarily represents its position in space. Moreover, we do not impose strong assumptions on
the network’s connectivity over time such as in [40] and [34].

Our work is closely related to state-dependent averaging schemes known as Load-
Balancing [15] and Greedy Gossip with Eavesdropping [56]. The main idea in these methods
is to accelerate averaging by utilizing the information from the most informative neighbor, i.e.,
the neighbors whose states are maximally different with respect to some norm from each agent.
We refer to it as the maximal dissent heuristics. The challenges of convergence analysis for
maximal dissent averaging are highlighted in [15, 37, 56]. However, concepts akin to max-dissent
have only been explored for the specific problem of averaging [56]. Our work, on the other
hand, focuses on distributed convex optimization, whose convergence is not guaranteed by the
convergence of the averaging scheme alone.

As a broader impact of the results herein, we show a general result regarding schemes
that possibly incorporate a mixing of information between max-dissent agents converging to a
global optimizer of the underlying distributed optimization problem almost surely. Our result
enables us to propose and extend the use of load-balancing, and max-dissent gossip to distributed
optimization. The key property of max-dissent averaging is that it leads to a contraction of the
Lyapunov function used to establish convergence. While recent work has considered similar
contraction results (e.g. [31, 30]), they are not applicable to state-dependent schemes and do not

establish almost sure convergence, but only convergence in expectation.



1.2 Distributed Fact Checking

Transitioning to the problem of distributed fact-checking, we confront the increasingly
complex challenge of discerning the veracity of information disseminated across online platforms.
As online social networks become increasingly effective in disseminating information, the
task of distinguishing between true and false information becomes increasingly challenging.
This growing efficiency of information dissemination has led to a number of studies on how
misinformation spreads through networks [1, 2, 12, 43, 41]. Conversely, there is growing interest
in the development of automated fact-checkers that can perform tasks such as document retrieval,
evidence extraction, and claim validation in an automated manner [25, 26, 54].

When there are multiple imperfect fact checkers, determining the validity of a source
based on their responses becomes a challenge. In such cases, it is important to know the reliability
statistics of the fact checkers in question. As a result, a natural question arises: in the presence of
multiple imperfect fact checkers, how can we formulate and learn their reliability over time? We
provide a model for distributed fact-checking using unreliable or imperfect agents. A key step in
our model is that we model each agent as a BSC channel where the cross-over probability of the
channels models the unreliability of each agent. Given an estimate of the unreliability parameters,
a weighted thresholding estimator can be used to identify the validity of the statement [52, 42, 59],
where the weights are the log-odds based on the agents’ unreliability estimates. We propose and
study a learning rule to estimate the reliability parameters of the agents. Our algorithm provides
the advantage of requiring a minimal memory and having a simplified update rule.

In our problem, we are working with a mixture of product distributions. Determining
the parameters of an identifiable mixture, has been widely researched [20, 22, 23, 14, 19]. The
parameter estimation problem typically involves finding a hypothetical model that produces

samples with a distribution that closely resembles the true model.



1.2.1 Related Work

Given the unreliability parameters of the agents, an optimal approach to reconstructing
unknown labels involves employing weighted majority voting. In this method, the weights
assigned to the output provided by each agent are equal to the log-odds based on the knowledge
of the workers’ unreliability [52] [42]. In [59], we provide the characterization of weights which
would result in the optimal estimator for labelling of validity of statements.

On the other hand the estimation of unreliability parameters is intertwined with literature
on crowdsourcing labeling. In the realm of machine learning, significant attention has been
devoted to the crowdsourcing of data labeling, where multiple workers are tasked with labeling
data. This process is susceptible to errors arising from various factors such as task complexity,
low incentive for accurate labeling, and the repetitive nature of tasks. Estimating the unreliability
of workers is challenging since the true labels of the data are unknown.

The challenge of distributed fact-checking shares similarities with the extensively studied
problem of crowdsourcing labeling tasks for classification of patients’ diagnosis, notably explored
within the Dawid-Skene model introduced through empirical studies by Dawid and Skene in
1979 [16]. Initially applied in the medical context, where multiple clinicians label a patient’s
state, Dawid and Skene proposed an Expectation-Maximization (EM) algorithm. Over the years,
various extensions and variants of this algorithm have emerged [48, 6, 53, 28], with a notable
line of work employing spectral analysis of matrices representing correlations between agents
and labeling tasks [60]. Recent years have witnessed a growing body of research focused on
performance guarantees for EM and its variants. Notably, Chao and Dengyong [21], as well as
Zhang et al. [60], have provided performance guarantees for different versions of EM employing
diverse initialization techniques. The convergence analysis of these variants of the Dawid-Skene
estimator, rooted in the EM algorithm, has been explored for the offline scenario. In this context,
where the sequence of statements to be verified is available as a batch, studies by Gao et al. [21]

and Zhang et al., [60] have delved into the convergence aspects.



The analyses of the EM-based algorithms hinge on a sufficiently accurate initialization
derived from the output of a substantial batch of statements being validated. Importantly, all
these works assume access to the storage of all labels of all agents, given their focus on an
offline setting. The only notable work presenting an algorithm in a streaming setting, without
the necessity to store the entire dataset, is found in the work of Bonald and Combes [9]. Their
proposed Triangular Estimation (TE) algorithm focuses on estimating the unreliability parameters
of agents based on correlations between triplets of agents. This algorithm directly utilizes three
agents, rather than the entire set, for estimating the unreliability parameter of a specific agent.
The knowledge of all agents’ output becomes indirectly relevant in determining which three
agents to select for computing the unreliability parameter of a given agent. Our work is the first
attempt at providing an online estimator that has similarities to the EM variants. In establishing
convergence results for our online estimator we draw connections to stochastic approximation

concepts within the literature of control theory [7].

1.3 Thesis Organization
The subsequent sections of the dissertation will be organized as follows.

(i) In Part I (Chapter 2), we consider a set of agents collaboratively solving a distributed
convex optimization problem, asynchronously, under stringent communication constraints.
In such situations, when an agent is activated and is allowed to communicate with only
one of its neighbors, we would like to pick the one holding the most informative local
estimate. We propose new algorithms where the agents with maximal dissent average
their estimates, leading to an information mixing mechanism that often displays faster
convergence to an optimal solution compared to randomized gossip. The core idea is that
when two neighboring agents, whose local estimates have the greatest difference among all
neighboring agents in the network, average their states, it results in the largest immediate

reduction of the quadratic Lyapunov function. This reduction helps establish convergence



(i)

(i)

@iv)

v)

to the set of optimal solutions. As a broader contribution, we prove the convergence of
max-dissent subgradient methods using a unified framework that can be used for other
state-dependent distributed optimization algorithms. Our proof technique bypasses the
need to establish the information flow between any two agents within a time interval
of uniform length by intelligently studying the convergence properties of the Lyapunov

function used in our analysis.

In Part I1, we focus on the problem of distributed fact-checking. We introduce the problem
formulation and novel estimators in Chapter 3. We formulate the problem of fake news
detection using distributed inexpert agents. We consider the source for news/statements as
a binary source (to model true vs. false statements). Upon observing news, each agent
labels the news as true or false, which equals the validity of the statement with some
probability depending on the agents’ reliability. In other words, each agent is viewed as
a Binary Symmetric Channel (BSC) that misclassifies each statement with some error

probability.

In Chapter 4, we provide a solution to the problem where the agents’ unreliability is
known and we need an estimate for the validity of the statements. For an algorithm that
estimates the validity by thresholding a linear combination of the individual agents’ labels,
we characterize the optimal weights and threshold to minimize the probability of error. We

establish an upper bound on this probability of error and that of the naive majority rule.

In Chapter 5, we study the algorithm to learn the unreliability parameters. We focus on
the two-agent case, we extensively analyze the discrete-time limit of our algorithm, and

provide convergence results for the adaptive estimator.

In Chapter 6, we analyze the variation of the adaptive algorithm to learn the unreliability
parameters, introduced in Chapter 3. We extensively analyze the discrete-time limit of our

algorithm proving the convergence of the variant adaptive algorithm to the equilibrium



points of the mean-field Ordinary Differential Equations (ODE).

(vi) In Chapter 7, we introduce a class of adaptive estimators for the unreliability parameters of
the agents. For the class of estimators, we provide the necessary conditions for the adaptive
estimator to converge to the true unreliability parameters. We show that the estimators for
ensembles of two and three agents eventually adhere to a consistent (fixed) update rule.
Furthermore, we also show that, surprisingly, the estimator for the unreliability parameters
based on the hard-decoded estimate of the statement truths fails to converge to the true

unreliability parameters for any number of agents.

1.4 Notations

Let N denote the set of all natural numbers, N denote N U {0}, and for any n € N, define
[n] :={1,2,...,n}. Forany i € [n], we define [n|_; := [n] \ {¢}. We denote the set of real
numbers by R and denote the n-dimensional Euclidean space by R".

We use boldface letters, such as x, to represent vectors and lower-case letters, such as z,
to represent scalars. Upper-case letters, such as A, represent matrices. We use A’ to denote the
transpose of a matrix A. For i € [n], we denote by b; the i-th standard basis vector of R™. We
denote by 1, the vector with all components equal to one, whose dimension will be clear from
the context. For a vector v, we denote the ¢;-norm by ||v||, and the average of its entries by ©.
We say that an n X n matrix A is stochastic if it is non-negative and the elements in each of its
rows add up to one. We say that A is doubly stochastic if both A and AT are stochastic. For two
vectors a, b € R", we define (a,b) = a’b. Given a vector ¢ € R™ and a scalar y € R, we use
(x,y) to denote (1, To, ..., T,,y) € R*HL

The trace of a square matrix A is defined to be the sum of entries on the main diagonal
of A and is denoted by tr(A). For matrices A, B € R™™ we define (A, B) = tr(A” B) as the
inner product and || A|| to denote the resulting norm, i.e., Frobenius norm of A.

For a set S, we use S€ to denote the complement of S. Moreover, for z € R" and S C [n]

we define z(S) := . s x;. For a statement A, we denote 14, to be the indicator function for



A, ie., Tiay = 1,if A holds true, and 0, otherwise. In Part II, we use capital letters, such as R,
S, and X, to denote random variables.

Throughout each part of the dissertation, all random variables are defined with respect to
an underlying probability space (€2, F, Pr). In Part II, when the probability measure is defined
through a parameter, say x, we denote the probability measure by specifying « as Pr(-; x).
Throughout part I when the parameter @ is not specified the probability measure is defined
through the true parameter (described in the problem formulation in Chapter 3) .

In Part II, we abuse the bar notation, for a scalar a € [0, 1]. We use a to denote 1 — a. We
use 1, 0 to denote all one and all zero vectors respectively. For a vector € R", z; denotes its
i-th element. For a sequence of entities such as { P(¢)}, we denote the entry at time ¢ by P(¢).
However, for step-size specifically, we denote the step-size at time ¢ by using subscripts such as

¢, V4. Throughout the dissertation, we use logarithm with respect to base e.



Part 1

Distributed Convex Optimization
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Chapter 2

Maximal Dissent

In this chapter, we study the problem of distributed convex optimization and a state-

dependent class of algorithms to solve it. The main contributions of this chapter are:

* presenting state-dependent distributed optimization schemes that do not rely on or imply

explicit strong connectivity conditions (such as B-connectivity).

* characterizing a general result highlighting the importance of max-dissent agents on a graph
for distributed optimization, significantly simplifying the task of establishing contraction

results for a large class of consensus-based subgradient methods.

* proving the convergence of state-dependent algorithms to a global optimizer for distributed
optimization problems using a technique involving the aforementioned contraction property

of a quadratic Lyapunov function.

 presenting numerical experiments that suggest that the proposed state-dependent subgradi-
ent methods improve the convergence rate of distributed estimation problems relative to

conventional (state-independent) gossip algorithms.

The rest of the chapter is organized as follows. First, we formulate distributed optimization
problems, and outline a generic state-dependent distributed subgradient method in Section 2.1.
In Section 2.2 we introduce Local and Global Max-Gossip, and review Randomized Gossip and

Load-Balancing distributed averaging schemes. We discuss the role of maximal dissent agents
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and their selection in averaging algorithms in Section 2.3. In Section 2.4, we present our main
results on the convergence of maximal dissent state-dependent distributed subgradient methods.
We provide a numerical example that shows the benefit of using algorithms based on the maximal
dissent averaging in Section 2.6. We conclude the chapter in Section 2.7 where we outline future

research directions.

2.1 Problem Formulation

Consider a distributed system with n agents with an underlying communication network
defined by a graph G = ([n],£). Each agent i € [n] has access to a local convex function
f; : R — R. The agents can communicate only with their one-hop neighbors as dictated
by the network graph G. Our goal is to design a distributed algorithm to solve the following

unconstrained optimization problem

n

F* = min F(w), where F(w) 2 Zfz(w) (2.1

Rd
we i=1

We assume that the local objective function f; is known only to node ¢ and the nodes can
only communicate by exchanging information about their local estimates of the optimal solution.

The solution set of the problem is defined as

W* £ arg min F(w).

weRd

Throughout the chapter, we make extensive use of the notion of the subgradient of a

function.

Definition 1 (Subgradient). A subgradient of a convex function f : RY — R at a point w, € R?

is a vector g € RY such that

f(wo) + (g, w —wy) < f(w)
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for all w € R, We denote the set of all subgradients of f at wq by Of(wy), which is called the

subdifferential of [ at w.

We make the following assumptions on the structure of the optimization problem in

Eq. (2.1).
Assumption 1 (Non-empty solution set). The optimal solution set is non-empty, i.e., W* # ().

Assumption 2 (Bounded Subgradients). Each local objective function f;’s subgradients are
uniformly bounded. In other words, for each i € [n), there exists a finite constant L; such that for

all w € RY, we have ||g|| < L;, g € 0fi(w).

There exist many algorithms to solve the problem in Eq. (2.1). Nedic and Ozdaglar [39]
introduced one of the pioneering schemes, in which each agent keeps an estimate of the optimal
solution and at each time step, the agents share their local estimate with their neighbors. Then,
each agent updates its estimate using a time-varying, state-independent convex combination
of the information received from its neighbors and its own local estimate. For t > 0, let a;;(¢)
denote the coefficients of the aforementioned convex combination at time ¢ such that a;;(¢) > 0,
foralli,j € [n], a;;(t) = 0if {7, j} ¢ £, and Y 7_, a;;(t) = 1, forall i € [n]. Let x;(¢) denote
the ¢-th agent’s estimate of the optimal solution at time ¢. The convex combination is followed by

taking a step in the direction of any subgradient in the subdifferential at the local estimate, i.e.,

n

zi(t+1) = a;(t)m;(t) — a(t)g(t), (2.2)
j=1
where g,(t) € 8 f;(x;(t)), and a(t) is a step-size sequence.
Herein, we generalize the algorithm in [39] by allowing the weights in the convex
combination to be state-dependent in addition to being time-varying. Let each agent ¢ € [n]

initialize its estimate at an arbitrary point z;(0) € R%, which is updated at discrete-time iterations
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t > 0 based on its own subgradient and the estimates received from neighboring agents as follows

n

wit+1) =Y ay(tzi(t), za(t), ..., @a(t)) 2, (L),

=1

zi(t+1)=w;(t+1)—alt+1)g;t+1),

where a;; (¢, 1(t), a(t),. .., 2,(t)) are non-negative weights, a(t) is a step-size sequence, and

g,(t) € 0f; (wz(t)) for all £ > 0. We can express this update rule compactly in matrix form as

W(t+1)=A(t X ()X(¢), (2.3)

X(t+1)=W(t+1)—alt+1)G(t+1),

where
A(t, X (1)) 2 [aij(t’wl(t)"' @t L,J‘E[n]
and
27 (1) w?(t) g1 (t)
X(t) 2 , W(t) = YOk
27 (1) wl(t) gn(t)

Note that another difference between Eqs. (2.3) and (2.2) is that agent 7+ computes the subgradient

for the local function f; at the computed average w;(t + 1) instead of x;(t), ¢t > 0.

Assumption 3 (Diminishing step-size). The step-sizes a(t) > 0 form a non-increasing sequence

that satisfies

Za(t) =00 and Zoﬂ(t) < 0.

t=1

For a step-size sequence that satisfies Assumption 3, if the sequence of matrices
{A(t)}, where A(t) = [a;(t)]i e[, is doubly stochastic and sufficiently mixing, and the
objective functions satisfy the regularity conditions in Assumptions 1 and 2, then the iterates

in Eq. (2.2) converge to an optimal solution irrespective of the initial conditions x;(0) € R¢,
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ie., limy o x;(t) = x*, i € [n], where * € W* [40, Propositions 4 and 5]. Our goal for the
remainder of the chapter is to establish a similar result for state-dependent maximal dissent

distributed subgradient methods.

2.2 State-dependent average-consensus

In this section, we discuss three state-dependent average-consensus schemes that can
potentially accelerate the existing distributed optimization methods, in so doing, we endeavor to
unify the state-dependent average-consensus methodology. The first scheme, Local Max-Gossip,
was studied in [56] exclusively for the average consensus problem. We provide two novel
averaging schemes, the Max-Gossip and Load-Balancing averaging schemes, that provide faster
convergence. The dynamics of these algorithms can be understood as the instances of Eq. (2.3)

with constant local cost functions f;(x) = ¢, i € [n], i.e.,
X(t+1)=A(t, X (1)) X(2).

We will consider three (two asynchronous and one synchronous) algorithms. The first
two algorithms are related to the well-known randomized gossip algorithm [11, 51]. First, we

present a brief description of Randomized Gossip.

2.2.1 Randomized Gossip

Consider a network G = ([n],€) of n agents, where each agent has an initial estimate
x;(0). Ateach iteration ¢ > 0, a node i is chosen uniformly from [n], independently of the earlier
realizations. Then, i chooses one of its neighbors j € N, where N; 2 {j € [n] : {4,5} € &},
with probability P,; > 0. The two nodes exchange their current states x;(t) and x;(¢), and update

their states according to

(zi(t) +x;(t)). (2.4)

DO | —

zi(t+1)=z;(t+1) =
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The states of the remaining agents are unchanged. The update rule in Eq. (2.4) admits a more

compact matrix representation as
X(t+1)=B(e)X(t), (2.5)

where e = {i, j}, and

A 1
Ble) 21 — §(bl- —b;)(b; — b;)". (2.6)

It is necessary that ", | P,, = 1 for all i, where P;; = 0 if and only if {7, (} & £. The dynamical

system described in Eq. (2.5) and its convergence rate are studied in [11].

2.2.2 Global Max-Gossip

The standard gossiping algorithm described above is state-independent in the sense that
the selection of the gossiping edge e does not depend on the states at the agents at any time.
Herein, we propose Global Max-Gossip where we select the edge connecting the agents with the

largest possible dissent (disagreement) among all edges in the graph G = ([n], £), i.e.,
emax(G, X) = arg max ||x; — ;]| (2.7)
{i,j}e€

In case there are multiple solutions to Eq. (2.7), we select the smallest pair of indices (i*, j*)
based on the lexicographical order, without loss of optimality. For brevity, we use e, (X) to
denote the max-edge.

Global Max-Gossip serves as a benchmark as to what is achievable via state-dependent
averaging schemes. Global Max-Gossip requires an oracle to provide the edge resulting in the
largest possible Lyapunov function reduction across all network edges. Obtaining a decentralized
algorithm to determine the max-dissent edge is a challenging open problem beyond the scope of
this chapter.

Given an initial state matrix X (0), the Max-Gossip averaging scheme admits a state-
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dependent dynamics of the form

AL X)) = B(emax (X(t))),

where the gossiping matrix is given by Eq. (2.6) and the max-edge is selected according to

Eq. 2.7).
2.2.3 Local Max-Gossip

In Local Max-Gossip introduced in [56] under the moniker of Greedy Gossip with
Eavesdropping, a random selected node gossips with the neighbor j € N that has the largest!

possible state discrepancy with 4, i.e.,
J = argmax [l;(t) — ai(t)]] (2.8)

Convergence is accelerated by gossiping with the neighbor with the largest disagreement as this
leads to the largest possible immediate reduction in the Lyapunov function used to capture the
variance of the states in the network.

Since the edge over which the gossiping occurs depends on the current state of the
neighbors, the resulting averaging matrix is a state-dependent, random matrix. For a sequence of
independently and uniformly distributed index sequence {s(t)}, the Local Max-Gossip dynamics

can be written as a state-dependent averaging scheme as follows

A X(1) = B({s(0) rn (X(1)}),

where

rs(X) = arg max |lzs — .|| 2.9

In case there are multiple solutions to Eq. (2.8), we may select the agent with the smallest index, without loss of
optimality.
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2.2.4 Load-Balancing

Another state-dependent algorithm known as Load-Balancing can also be used to speed
up convergence of average-consensus [38]. However, in contrast to the previous two cases, where
only two nodes update at a given time, Load-Balancing is a synchronous averaging algorithm
where all the agents operate simultaneously.

In the traditional Load-Balancing algorithm, the state at each agent is a scalar, which
induces a total ordering amongst the agents, i.e., the neighbours of an agent are classified by
having greater or smaller state values than the agent’s current state. When the states at the agents
are multi-dimensional vectors, a total ordering is not available and must be defined. We introduce
a variant of Load-Balancing based on the Euclidean distance between the states of any two agents
as follows.

At time t, each agent ¢ € [n] carries out the following steps:

1. Agent ¢ sends its state to its neighbors.

2. Agent ¢ computes the distance between its state and each of its neighbors. Let S; denote

the subset of neighbors of agent 7 whose state have maximal Euclidean distance, 1.e.,

S = arg max |z — x;]|. (2.10)

Agent 7 sends an averaging request to the agents in S;.

3. Agent i receives averaging requests from its neighbors. If it receives a request from a single
agent j € §;, then it sends an acknowledgement to that agent. In the event that agent ¢
receives multiple requests, it sends an acknowledgement to one of the requests uniformly

at random.

4. If agent ¢ sends and receives an acknowledgement from agent 7, then it updates its state as

x;, — (z; +x;)/2.
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The conditions for interaction between two nodes in Load-Balancing is characterized in

the following proposition.

Proposition 1. Consider a connected graph G and a stochastic process { X (t), A(t, X (t)) },
where A (t, X (t)) is the characterization of averaging according to the Load-Balancing algorithm,
Le. A(t, X(t))X(t) is the output of the Load-Balancing algorithm for a network with state

matrix X (t), t > 0. The following statements hold:

1. Two agents i, j such that (i, ) € E average their states only if

x;(t) —x;(t Zmax{ max ||x;(t) — @, (t)||, max ||x;(t) — x,(t } 2.11
i (t) — a;(t)]] reNi\{j}ll (t) @)l re/\/j\{i}” i(t) O ¢ (2.11)

2. Let (i,7) € E. If Eq. (2.11) holds with strict inequality, then i, j average their states.

Proposition 1 is proven in Section 2.8.1.

2.3 On the selection of Max-edges

Consider the stochastic process { X (¢), A(t, X (¢)) }, where X () is the network state
matrix, and A(¢, X (t)) a state-dependent averaging matrix. Let {F;};2, be a filtration such that

F is the o-algebra generated by

{00, AR, X(R) |k < 3\ {A(1 X (1)}
We establish a non-zero probability that a pair of agents that constitute a max-edge will
update their states for the averaging schemes discussed in Section 2.2.

Proposition 2. Let { X (t), A(t, X (t)) }zo be the random process generated by either Randomized
Gossip, Local Max-Gossip, Max-Gossip, or Load-Balancing consensus schemes. Then, for the

random indices i*, j* € [n] defined through the max-edge in Eq. (2.7) as emax (X (t)) = {i*, j*},
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we have

E[A(t,X(t))”A(t,X(t)) |ft] >4 as, (2.12)

i*j
where 0 = ming; jyee Pij/n for Randomized Gossip, such that P; is the probability that node i
chooses node j € N;; § = 1/n for Local Max-Gossip; § = 1/2 for Global Max-Gossip; and
6 =1/(2(n — 1)?) for Load-Balancing.

Proposition 2 establishes that given the knowledge until time ¢, in expectation, the agents
comprising the max-edge based on the network state matrix X (t), exchange their values with
a positive weight bounded away from zero. Qualitatively, for gossip-based algorithms, this
implies that there is a positive probability bounded away from zero that the agents comprising
the max-edge carry out exchange of information with each other. We use Proposition 2 along
with Theorem 3 to establish that the averaging matrices characterizing the algorithms discussed
in Section 2.2 are contracting. Therefore, the subgradient methods based on these averaging
algorithms converge to the same optimal solution almost surely as stated in Corollary 1 of
Theorem 4. In other words, as long as the averaging step involves gossip over the max-edge
with positive probability (bounded away from zero), we will have a contraction in the Lyapunov
function capturing the sample variance, which is a key step in proving the convergence of our

averaging based-subgradient methods. Proposition 2 is proven in Section 2.8.2.

2.4 Convergence of state-dependent Distributed Optimiza-
tion

In the previous section, we have set the stage for studying the convergence of state-
dependent averaging-based distributed optimization algorithms. Our proofs rely on two properties:
double stochasticity and the contraction property (Theorem 3).

To state the contraction property, we define the Lyapunov function V' : R"*¢ — R as
VX) £ e x| (2.13)
=1
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where X = @, ,@,]T andz = 23" | @;.

Theorem 3 (Contraction property). Consider a connected graph G and the stochastic process
{X (), A(t, X (1)) }Zo with a natural filtration {F; }+>o for the dynamics given by Eq. (2.3). If
A(t, X(t)) € Fi11 is doubly stochastic for all t > 0, and for the random variables i*, j* € [n]

defined through the max-edge in Eq. (2.7) as emax (X (1)) = {i*,5*},

E[A(t, X (1)) A(t, X (1)) | .Ft} >0, as. (2.14)
e
where § > 0, holds for all t > 0 and X (0) € R™*?, then
E[V(A(t,X(t))X(t)) |]—"t] <AV(X(1) as., (2.15)

where A =1 — 25/ ((n — 1)diam(G)?).

Theorem 3 is proven in Section 2.8.3 and provides our key new ingredient: proving a
contraction result for doubly stochastic averaging matrices containing the maximally dissenting
edge. The proof of Theorem 3 makes use of the double stochasticity of the matrices to characterize
the exact one-step decrease in the Lyapunov function and then uses a clever trick to characterize

its fractional decrease based on the fact that underlying communication graph is connected.

Remark 1. Theorem 3 also holds for time-varying graphs provided they remain connected at
each time t. More precisely, the theorem holds for a sequence of connected graphs {G;} and
at every time t > 0, for i*, j* defined through e,.x (G, X (t)), the inequality in Eq. (2.14) holds,
then the inequality in Eq. (2.15) will hold with scaling at time t being

20 20

M=t (n — 1)diam(G;)? S

Therefore, the contraction property for connected time-varying graphs holds with a factor of at

most A =1 —20/(n —1)3.
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For a connected graph G and the stochastic process { X (t), A(t, X (t)) }zo with the
filtration {F;}?°, generated according to the dynamics in Eq. (2.3), we define a contracting

averaging matrix as follows.

Definition 2 (Contracting averaging matrix). A state-dependent averaging matrix A(t, X (t)) is
contracting with respect to the Lyapunov function V () in Eq. (2.13) if there exists a A € (0,1)
such that

]E[V(A(t,X(t))X(t)) |]—"t} <AV(X (1) (2.16)

holds a.s. forallt > 0.

The main result of this work establishes convergence guarantees for these dynamics as

stated below.

Theorem 4 (Almost sure convergence of state-dependent subgradient methods). Consider the
distributed optimization problem in Eq. (2.1) and let Assumptions 1 and 2 hold. Assume a
connected communication graph G and the subgradient method in Eq. (2.3). If the random
matrices A(t, X (t)) in Eq. (2.3) are doubly stochastic and contracting, and the step-sizes {c(t)}
follow Assumption 3, then for all initial conditions X (0) € R™¥,

lim w;(t) = w", Vi € [n], a.s.,
t—r00

where w* € W*.

Theorem 4 establishes the almost-sure convergence of the state variables to an optimal
solution of Eq. (2.1), based on the consensus-based subgradient methods where the averaging
matrices are doubly stochastic and contracting. Theorem 3 provides a simplified condition,
the presence of averaging over the ‘max-edge’, which, when satisfied, implies the averaging
matrix is contracting. Note that, as shown in Proposition 2, this simplified condition holds for
Local Max-Gossip, Max-Gossip, and Load-Balancing averaging. Thus, we have the subsequent

corollary following immediately from Proposition 2, Theorem 3, and Theorem 4.
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Corollary 1. Consider the distributed optimization problem in Eq. (2.1) and let Assumptions 1
and 2 hold. Assume a connected communication graph G and the subgradient method (2.3) where
the averaging matrices A(t, X (t)) in Eq. (2.3) are based solely on either the Local Max-Gossip,
Max-Gossip or Load-Balancing averaging, and the step-sizes {«(t)} follow Assumption 3. Then

lim w;(t) = w*, Vi € [n], a.s.,
t—o00

for all initial condition X (0) € R"*%, and some w* € W*.

For the remainder of this section, we provide the key steps and results that are needed to
prove Theorem 4. We defer the proof of these technical results to the end of the chapter.

The proof strategy for Theorem 4 can be broken down into two main steps: (i) showing
that the evolution of the dynamics followed by the average state variable {Z ()} converges to a
solution of the optimization problem in (2.1) and (ii) every node ¢ € [n] tracks the dynamics of
this average state variable such that the tracking error goes to zero. The first step requires the
following result which establishes a bound on the accumulation of the tracking error for every

agent.

Lemma 1. Let G be a connected graph and consider sequences {W(t)} and { X (t)} generated
by the subgradient method in Eq. (2.3) using sate-dependent, doubly stochastic and contracting
averaging matrices A(t, X (t)) If Assumptions 2 and 3 hold, then for any initial estimates

X (0) € R™ 9, the following hold a.s. for all i € [n]

tliglo |lwi(t+ 1) —z(t)|| =0, and

Yo alt+ DE[wi(t +1) = 2(1)] | Fi] < oo.

t=0

Lemma 1, which is proven in Section 2.8.4, establishes guarantees on the consensus error
for the local estimates w;(¢). Lemma 2 will be used to bound the distance of the average state

Z(t) to an optimal point.
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Lemma 2 (Lemma 8, [36]). Suppose that Assumption 2 holds. Then, for any connected graph G,
initial condition X (0) € R™*%, v € RY, and t > 0, for the dynamics {X (t), A(t, X (t))} of the

subgradient method Eq. (2.3) where A(t, X (t)) are doubly stochastic, we have

Efl2( + 1)~ ol* | 7] < 2() ~ o] ~ a(t +1)> (F(2() - F(v))

Falt+ 1)% S LE[wi(t +1) - &(0)]] | F + 02t + 1)

—, a.s.
: n?’
=1

We note that Lemma 8 in [36] was originally intended for state independent dynamics.
However, its proof only relies on the double stochasticity of the averaging matrices, convexity
of the local functions, boundedness of the subgradients, and not on whether the averaging is
state-dependent or not. Finally, combining the above two results implies that the distance of
each agent’s local estimate x;(t) to the optimal set WW* will be approximately decreasing. The
following result then will be used to show that this approximate decrease results in convergence

to W*.

Lemma 3. Consider a minimization problem mingcga f(x), where f : R? — R is a convex
function. Assume that the solution set X* of the problem is nonempty. Let {x;} be a stochastic

process such that for all x € X* and for all t > 0,
Efllze — 2l | F < 0+ bz — o) — aulf(@) — f@) +e as,
where by > 0, a; > 0, and ¢, > 0 forall t > 0 and > ;2 by <00, Y opar = oo, and

Yoot < 00 a.s. Then the sequence {x;} converges to a solution * € X* a.s.

This result has been proven as part of [3, Theorem 1] but due to the stand-alone
significance of the result we have stated it as a lemma above and its proof is provided in
Section 2.8.5. Now, we are ready to formally prove Theorem 4 by combining the aforementioned

results.
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Proof of Theorem 4. From Lemma 2, for v = w* € W*, we have

Bl 1) - w? | £ < 20) - w? - 22O (pa) - ) et
ot Zm it + 1) — (0)] |

=1

for all t > 0. From Lemma 1, we know that

>0 S Bt 4 1) - a(0)] | ) =

) 43 > a(t+ DE[|wi(t + 1) — 2(t)]| | Fi] < o a.s.

i=1 t=0

Furthermore, «(t) is not summable and >, a*(t) < oco. Therefore, all the conditions for

Lemma 3 hold with a; = 2a(t + 1) /n, by = 0, and

i+ 1)% S LiE[wit + 1) — @(0)] | Fi + o(t + 1)%.

=1

Therefore, from Lemma 3, the sequence {Z ()} converges to a solution w € W* almost
surely. Finally, Lemma 1 implies that lim; ., ||w;(t + 1) — &(¢)|| = 0 for all ¢ € [n] almost
surely. Therefore, the sequences {w;(t + 1)} converge to the same solution w € WW* for all

i € [n] almost surely. |

2.5 Convergence Rate

In this section we discuss the convergence rate of the time-averaged version of the
discussed state-dependent consensus based subgradient methods when the step size at time ¢ is
setas 1/4/t for t > 1. The convergence rates for the different algorithm differ via the contraction

factor \ defined for the contracting averaging matrix through (2.16).
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Let \; be the contraction factor defined through the contracting property of the matrices

at time ¢. More precisely, forall ¢ > 0

E[V(A(t, X () X ()] < AV (X (1)),

where \; = A¢, with ¢, € (0,1). Here, A is the uniform bound on the contraction factor and
At = M (X (1)) is a state-dependent (and possibly time-dependent) contraction factor. We refer to
the tighter contraction bound to point out the improvement in convergence rate in state-dependent
consensus based subgradient method. The proof of the convergence rates closely follow the proof
provided in [36].

In the following lemma, we establish the convergence rate of the accumulation of error

between the estimate for each agent from the mean of the estimates over all agents.

Lemma 4. Under the assumptions of Theorem 4 with o(t) = 1/+/t, we have

t

% (l{:—i—l)Z]E[sz(k—l—l) —w;(k+1)]]] < <K1]E[||X(0) — X(0)||¢] (2.17)
k=0 i=1
+ LK5(1 —Hnt))
and
1 d _
oty 2 Y Z At Tl
1 _
< T (K7E[| X (0) — X(0)||p] + LK2(1 4+ Int)), (2.18)
where K1 = Ky = ‘/\7\&

Proof. From triangle inequality similar to (2.30), we know for all ¢ > 1

E(|W(t+1) = W(t + Dlle] < VAENW(E) = W)l + VAEIE®) - E(@)]r].
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Repeatedly applying the above inequality and since the perturbation is bounded as V' (E(t)) < L2
forall ¢ > 1 we get

B[[W(t+1) - W(t+ 1] < H VAE[IW (1) = W(1)l]

+ZHWEM E(s)||p]

s=1 k=s

sﬁwmww n+ZHfl—

s=1 k=s

For brevity, define ¢(t : s) = [[,_, ¢(k) and rewrite the above inequality as

E[[W(t+1) — Wt + D] < VA ot : OE[IW(0) — W(0)]#]

(2.19)

H“‘ g

—|—Z\/Xt_s+l¢(t: )

To obtain the bound on accumulation of the errors, using (2.19) we get

TZ alk+1 ZEszkntl) w;(k+ 1)|] <Z (k+ D)Wk +1)-W(k+1)|r
<3 LRk OE[IX(0) - X Z__Z M%%@
_k=0 k_l_l

= a(E[[X(0) — X(0)]|r] + Lea(t),

where ¢, (1), cy(t) are given by

t \/Xk’-i-l

_ | N ! VAT (k)
o (t) == 0 k+1¢(k.0), eft) = ; 12 . (2.20)

k

Using the decreasing property of «.(t), the fact that ¢(¢) < 1 for all ¢ > 0, and the expression for
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a sum of a geometric series, we can uniformly bound ¢, () by 1%. For ¢ (t), note that

k+1—s

<y YA j“”kzz

k=1 s=1

k—l—l s

k—i—ls \/X tl \/X
= - < (1+Int 2.21
; Z_:f > ST pdm. ey

§

where the second inequality in (2.21) follows from

Define K := 1:?5 and K, := % Therefore, we have
1 t n
— > alk+1)> Ef|wi(k+1) — w;(k + 1)]]
\/ﬁ k=0 i=1

< KJE[||X(0) — X(0)||#] + LK2(1 4+ 1nt).

Finally using the fact that 3, _ a(k + 1) > fOtH du >/t +1 we get inequality (2.18). W

Using the accumulation of variance of the state estimates we establish an upper bound on
the expected deviation of the global function at the time-averaged version of the average state

estimates from the optimal value in the following lemma.

Lemma 5. Under the assumptions of Theorem 4 with a(t) = 1/+/t for all t > 1 and for any

w* € W* we have

Yok +DE(K)\ o) | < PENZ0) —w ") | L*(1 +In(t + 1))
| (S ) e =T T

QL\/EKl — 2 1+lnt
VIR X (0) = X (0) || 6] + 202 Koy/n - |
where K1 = Koy = 11{%.
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Proof. By taking expectation on both sides for the inequality Lemma 2, for any v € R¢ and

t > 0 we have
S 22 D p(ah)) - Flo)) < B2(0) — o) +Za k+1L2
+Z4O"“+1 ZLE |w;(k+1) —w(t+1)|],

since w(t + 1) = Z(t) for all ¢ > 0. Define S(t + 1) = 3", _, a(k + 1). Dividing the inequality

t+1)

aboveby we get
~ak+1) nE[l|2(0) — v||]?
%mE[FWM) —Fo)ls3 S(t+1) t+1 kz
" f:ll ZLE ik + 1) — @ (t + 1)

From Lemma 4 we have

ZZSIZLI ZLE||wZ(k+1) w(t+1)|]

i=1 k=0
Kl\/_ (1+1Int)
< —= 1 E[[|X(0) — X(0)] #] +LK2\/EW‘ (2.22)

Furthermore as >, _ o?(k+1) = 3, _, w5 < 1+4+In(t+1)and S(t+ 1) > Vit +1, for

v = w* we have

t _
ak+1) nE[|2(0) — w*[’]
—=E[F(z(k)) — F(w")] < =
> Sy B E) - Pl < 5T
LKl\/_ 2 1+1Ht
+2 X(0) - X(0 + LK.
1+1n(t+1)L_2
Vit+1 2n
which upon rearrangement gives us the result. |
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Finally, we provide a bound on the expected deviation of the global function computed
at the time averaged version of the state estimates of any agent from the optimal value in the

following theorem.

Theorem 5. Consider the assumptions of Theorem 4 with o(t) = 1/+/t for all t > 1 and

. ZZ:O a(k+1)w;(k+1)

w* € W*. Forw;(t+1) = ST e e have

- . nE[||Zz(0) — w*||?] L*(1+1In(t+1))
E[F(w;(t+ 1)) — F(w")] < T

= -
2 2/t + 1

L2y + 1)K, ~ ) 1+Int
+ = e BIXO-XO)llr] + P 2vr+ D)o,

where Kl = K2 = 1;()\&.

Proof. By the boundedness assumption of the subgradients we have

S0 @k + 1>c‘c(k>) < LXpalk + DE[lwi(t +1) — (k)]
ZZ:O a(k+1) a ZZ:O a(k+1)
L LUGE[| X (0) =X (0)][#] + LK>(1 + Int))
B Vi+T

E[F (w;(t + 1))—F(

Using the above inequality and Lemma 5 we get

L
t+
nE[|z(0) — w*|?] N L*(1+1In(t +1))
2 VEF1 2nyt+ 1
+ X (0) - X(O)e] + 222 Kan
nE[|Zz(0) — w*||?] L*(1+1In(t+1))

_l’_
2 t+1 2nvt+1

E[F(w;(t+ 1)) — F(w*)] < (K7\E[|| X (0) — X(0)||p] + LKo(1 +1Int))+

—_

1+1Int

ViF+1

LE1(2yn +1) v 9 1+ Int
T ElIX(0)-X(0)lr] + L*K2(2vn + Do=T
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2.5.1 Discussion

The subgradient method converges to the optimal at the rate of O(MTZ) For randomized
gossip, the convergence rate is comparable to the result that can be obtained from the result in
Theorem 5 from the result in [36, Theorem 2]. However the approach in [36] cannot be directly
used to state the result in Theorem 5 since the proof involves establishing inequality for every
coordinate of the vector estimates and summing up the resulting inequalities. Such an approach
cannot be extended to state-dependent averaging algorithms discussed in this work since the
averaging step depends on the /5, norm of the difference between the nodes’ estimates and cannot
be decoupled to establish result on individual coordinates. Another reason behind using the
contraction factor approach is the lack of B-connectivity result for the interaction between the

agents when using state-dependent averaging.

Int

NG

algorithm used with the subgradient descent. In Theorem 5 the consensus step of the algorithms

The hidden constant terms of the convergence rate, O (== ), are influenced by the consensus

influences the convergence rate through the constants Ky, /5 such that the convergence becomes
faster as the constants decrease. Note that K, Ky are upper bounds for ¢;(t), co(t) defined

through (2.20). Based on Theorem 3, the contraction factor A = 1 — > 18 obtained in

25
(n—1)diam(G)
the following corollary, where ¢ for Randomized Gossip, Local Max-Gossip, Max-Gossip, and

Load-Balancing are provided through Proposition 2.

Corollary 2. In Theorem 5 the constants K1, K5 are given by 1:(’\& which are bounded above

by n*(n — 1)diam(G)? for Randomized Gossip, n(n — 1)diam(G)? for Local Max-Gossip,
2(n — 1)diam(G)? for Max-Gossip, and (n — 1)*diam(G)? for Load-Balancing being used as

the averaging scheme with the subgradient method.

Proof. For Randomized Gossip, 1 — VA > (=X > nZ(n—l)iiiam(g)Z > n2(n_1)1ham(g)2.

Therefore K, K, are bounded as 11(’\& < n?(n — 1)diam(G)?.

Similarly,

i. for Local Max-Gossip, 1 — v\ > m leading to llﬁ < n(n — 1)diam(G)?,

S
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ii. for Max-Gossip, 1 — v\ > m leading to 1% < 2(n — 1)diam(G)?,

iii. and for Load-Balancing, 1 — v\ > m resulting in 1;(’\& < (n — 1)3diam(G)>.

Remark 2. We may also comment that the above result uses a conservative bound on the
contraction factor A > 0. The values mentioned in Corollary 2 are upper bounds on the constants
in the convergence rate. However, tighter bounds on the constants K1, Ky are possible. For
Randomized Gossip, the contraction factor can be improved to the square of the second largest
eigenvalue of the expected averaging matrix E[A(t, X (t))].
In principle, in the proof of Theorem 5, for each of the state-dependent algorithm, such
a contraction factor would depend on the sample path (past trajectory) of the dynamics. For
example, when the consensus scheme used is Load-Balancing, we know that in practice, when the
nodes do not have multiple neighbors with maximal disagreement, the constant § in Proposition 2
(X)

. . ... C,
is even grater than % more precisely, it is ==~

5—, where C is the number of edges over which

the exchange is taking place in the averaging step with the state estimate X € R™ . With the

(n—1)diam(g)? < (n—l)diam(g)2'

improved 0, the bound on the constants K, Ky can be improved to SO = 5

Similarly the bounds on the convergence rate for Local Max-Gossip can be improved by
using tighter contraction factor for the averaging matrices. However as seen from [56, Theorem
2], the contraction factor may take cumbersome form which cannot be readily used to establish
better bounds on cy(t), co(t).

The problem of finding useful convergence rate for state-dependent averaging is a

non-trivial open problem.
2.6 Numerical Examples

To illustrate our analytical results, we present a simulation of a distributed optimization
problem where the local functions’ subgradients are not restricted to be uniformly bounded. In

particular, we look at the standard distributed estimation problem in a sensor network setting with
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n = 180 agents. Here, each agent i € [n] wants to estimate an unknown parameter 6y. Each node
has access to a noisy measurement of the parameter ¢; = ¢y + n;, where n;’s are independent,
zero mean Gaussian random variables with variance o2 > (. In this setting, the Maximum
Likelihood (ML) estimator [57, Theorem 5.3] is the minimizer of the separable cost function
F(w) =31 (w— ¢;)?/o?. Note that this problem is a distributed optimization problem with
the local cost function f;(w) = (w — ¢;)?/c?. For the variance o2, we picked 1/c? independently
and uniformly over (0,1). For each node i € [n], the initial local estimates z;(0) are drawn
independently from a standard Gaussian distribution.

We consider the performance for different topologies of the underlying communication
graph G ranging from dense graphs (Complete and Barbell), moderately dense graphs (Erdos-
Rényi), to sparse graphs (Line and Star). We chose a connected graph with the edge probability
p = 0.4 for Erdos-Rényi graph. For the Barbell graph, we chose equal number of nodes for the
three components — two Complete graphs and the connecting Line graph.

We ran the averaging-based subgradient optimizer with four different averaging update
rules: Randomized Gossip [11], Local Max-Gossip, Max-Gossip, and Load-Balancing. For the
Randomized Gossip, at each time a node in [n] wakes up uniformly at random, and it chooses one
of its neighbors uniformly at random for communication. To account for the stochastic nature of
Randomized Gossip and Local Max-Gossip algorithms we average the error values over 10 runs
keeping the initial conditions and samples at the nodes the same. The resulting plots in Fig. 2.1,
show the decay of the error ||w(t) — w, 1| as a function of ¢, where w, = Y, %/ DV % is
the optimal solution for F'(w). For the Erdos-Rényi communication graph, we also plot the decay
of the error with the number of bits exchanged between the nodes in Fig. 2.2 for Randomized
Gossip, Local Max-Gossip, and Load-Balancing.

In the simulation, 32 bits are used for exchange of the estimates and 1 bit is used for
the exchange of each acknowledgement. Therefore, the number of bits exchanged per step for
Randomized Gossip is 64. For Local Max-Gossip, at time ¢ with s(¢) € [n] being the randomly

chosen node, [Ny + 32| Ny)| + 32 bits are exchanged for waking up the neighboring nodes,
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obtaining their values, and sending the neighbor with the maximum disagreement its own value.
Finally, for Load-Balancing, 32" | |V;| + n + ACK(t) bits are exchanged for sharing the
values with the neighbors, sending request to the neighbour with the maximum disagreement, and
sending the acknowledgement, where ACK(¢) is the total number of bits exchanged for sending

the acknowledgement bits at time ¢.2

2.6.1 Comparison of Asynchronous Methods

From Fig. 2.1, the performance of the subgradient methods using state-dependent
averaging shows an improvement in convergence rate. The convergence rates increase as we go
from Randomized Gossip, Local Max-Gossip, Max-Gossip to Load-Balancing averaging based
optimizers. We will refer to the subgradient methods using the state-dependent averaging by
their averaging algorithm in the succeeding discussion.

In general, the performance of Max-Gossip is superior to the one of Local Max-Gossip.
Clearly, Local Max-Gossip converges faster than Randomized Gossip. However convergence rate
also depends on the graph topology: Local Max-Gossip applied on a Star graph has essentially
the same rate as Randomized Gossip since the nodes at the periphery have only the central node
as the choice to gossip with, and the probability of the first node being selected for gossiping is
n — 1 times larger to be a peripheral node as compared to the central node. Overall, we notice the
increase in the performance of Max-Gossip and Local Max-Gossip as compared to Randomized
Gossip with increasing connectivity. Moreover, from Fig. 2.2 we note the significantly better
performance of Local Max-Gossip with respect to the number of exchanges between the nodes as

opposed to that of synchronous Load-Balancing.

2.6.2 Max-Gossip vs. Load-Balancing

When comparing different state-dependent averaging schemes, it should be noted that

unlike gossip, Max-Gossip, and Local Max-Gossip, Load-Balancing is a synchronous scheme

2In the numerical simulation, there are no cases with multiple neighbors with maximum disagreement.
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where in addition to the max-edge, other local max-edges are often incorporated in the averaging
scheme simultaneously. Therefore, it is only natural that the convergence rate of Load-Balancing
is superior to that of Max-Gossip, since it averages not only the two nodes defined by the
max-edge, but, additionally, other nodes connected by edges with large disagreement at the
same time. By a similar logic, for the Complete graph, the performance of Load-Balancing and
Max-Gossip are the same since all the nodes are holding scalar estimates and due to the ordering
between the estimates, all the nodes send their request for averaging to either the node with the
maximum or minimum estimate resulting in only the max-edge performing the updates.

We observe that the gap in performance of Load-Balancing and Max-Gossip, which has
the best performance amongst the discussed asynchronous methods, increases with the diameter
of the graph. Characterizing the analytical dependence of convergence rate as a function of graph

topology metrics is of interest for future work.

2.6.3 Logistic Regression

In order to illustrate the applicability of the results to a more general high-dimensional
convex problem, we look at an example of regularized logistic regression for classification over
MNIST dataset containing 56000 samples. In the experiment we train a model with the loss

function defined as

1 & 1 exp(—(z;Tw) +b) )
J(w,b) = — —y;ilo —(1—wy;)lo
o b) =2 Z ( b w75 B T e (T w) 9
1 o 1
= ]
where {(z;, ;) }5%" are the samples used for training. The samples are used to classify the

digits in MNIST dataset into two classes based on whether the digits are greater than or equal to
5 or not. The experiment is run over a graph with 20 nodes with each node containing the same
number of samples from the dataset. We initialize the nodes with all zero vectors.

The communication graph representing the underlying connection between the nodes is a
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Figure 2.1. Error decay for different graphs with 180 nodes

ladder graph. We consider the performance for the averaging-based subgradient optimizer with

Randomized Gossip, Local Max-Gossip, Max-Gossip, and Load-Balancing. For Randomized
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Figure 2.3. Network Variance for Ladder Graph with 20 nodes

Gossip, as in previous experiment, at each time a node in [n] wakes uniformly at random
and chooses one of its neighbor uniformly at random. We average the performance for
Randomized Gossip and Local Max-Gossip over 3 runs. In Fig. 2.3 we plot the network variance,
W () — LW (#)]|3 + [|b(t) — b(t)||? for step-size a(t) = 1 for all t > 1. We observe that
the decay in the loss of the function for the consensus-based subgradient method is similar to
each other. However the decay of the network variance, defined as the sum of the square of

the deviation of the state estimates from their mean, over time in decreasing order of speed is

observed for Load-Balancing, Max-Gossip, Local Max-Gossip, and finally Randomized Gossip.
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2.7 Conclusions

We proposed, studied, and analyzed the role of maximal dissent nodes in distributed
optimization schemes, leading to many exciting state-dependent consensus-based subgradient
methods. The proof of our result relies on a certain contraction property of these schemes. Our
result opens up avenues for synthesizing or extending the use of state-dependent averaging-schemes
for distributed optimization including the Max-Gossip, Local Max-Gossip, and Load-Balancing
algorithms. Finally, we compared simulation results of a distributed estimation problem for
gossip-based subgradient methods and the proposed state-dependent algorithms. Our numerical
experiments show the faster convergence speed of schemes that use maximal dissent between
nodes compared with state-independent gossip schemes. These simulations strongly support the
intuition behind our main result, i.e., mixing of information between the maximal dissent nodes is
critically important for the working (and enhancing) of the consensus-based subgradient methods.
Although, we have shown the convergence of such state-dependent algorithms, establishing their
rate of convergence, and especially relating them to various graph quantities such as diameter and
edge density of the graph remains open problems for future research endeavors. The introduction
of a state-dependent element for other class of algorithms specifically those which provide linear
convergence rates such as distributed gradient tracking method [46, 45] and their convergence

analysis are part of future direction for the problem.

2.8 Skipped Proofs
2.8.1 Proof of Proposition 1

Proof of Proposition 1. For any w € €, consider X (t;w) € R™ . If nodes i and j update their
values to their average, that is (a:,»(t; w) + x;(t; w)) /2, then we know that during the round of
Load-Balancing algorithm starting at value X (¢;w) in step 2, node ¢ and node j have sent their

averaging request to each other. Therefore, we have j € argmax,cy;, ||z;(t; w) — ., (t;w)|| and
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i € arg max,ey;, ||€;(t; w) — x,(t;w)||. Hence, for any w € €,

z;(tw) —xi(t;w Zmax{ max ||x;(t;w)— x-(t;w)||, max |x;(f;w)— T (t;w }
(1) = (1) | s () — @ (1), mas s (150) — (50|

(2.23)

On the other hand, if Eq. (2.23) holds with strict inequality, then node ¢ and node j send

averaging requests only to each other in step 2 and respond to each other in step 3, and carry out

their averaging according to step 4. [

2.8.2 Proof of Proposition 2

Proof. We first discuss the result for Randomized Gossip, Local Max-Gossip, and Max-Gossip
averaging. The averaging matrices for the gossip algorithms where two agents update their states

to their average takes the form of Eq. (2.6). Therefore, for these gossip algorithms we have
At, X(6)A(t, X (1)) = A(t, X (1))

and

E[A(t X(0)A(L X)) | 7] =E[A( X (1) | ]

Consider two nodes i,j € [n] such that {i,j} € £. For Randomized Gossip,
E[A(t,X(t))ij | Fi] = (P + Pj;)/2n. Moreover, since {i, j} € £, we have P;;, Pj; > 0. Let
P, = miny; jyee P;;. For the max-edge {i*, j*}, Eq. (2.12) holds with § = P, /n > 0.

Let i € [n] and state estimate matrix X (¢). For Local Max-Gossip, let r;(X (t)) be
determined according to Eq. (2.9). Consider the max-edge €max (X (t)) = {i*,j*}. Then,
ris (X (t)) = j* and rj» (X (t)) = *. Thus,

E[A(LX(),., | F] =2
n

and Local Max-Gossip averaging satisfies inequality Eq. (2.12) with 6 = 1/n.
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Similarly, for the Max-Gossip averaging with state estimate X (¢) at time ¢, for the

max-edge eax (X (1)) = {i*, j*}, we have

£ [aex0),, 17] -}

*j*

and Eq. (2.12) holds with 6 = 1/2.

Let us now discuss the presence of max-edge in the Load-Balancing averaging scheme.
Consider the state estimate matrix X (¢) and ey (X (t)) = {i*,5*} to be the max-edge with
respect to X (¢). By the definition of a max-edge we know that nodes i*, j* satisfy inequality
Eq. (2.11).

Consider the case when nodes ¢*, j* satisfy Eq. (2.11) with strict inequality. From

Proposition 1, we know that A(t, X ())s;+, A(t, X (1)) ... A(t, X(t)),

j* gk

A(t,X(t))j*i* are
equal to 1/2, which implies that A(t,X(t)).., = A(t,X(t))ej* = 0 for all ¢ & {i*,5*}.
Therefore,

E[A(t,X(t))TA(t,X(t)) | ]—“t] =172,

i*J
and the inequality in Eq. (2.12) holds with § = 1/2.
Finally, consider the case when there are multiple neighbors of nodes ", j* with distance

equal to ||x; (t) — x;-(t)||. Let |S;

> 1 and |S;-

> 1 where S, is given by Eq. (2.10). Then,

according to Load-Balancing algorithm, nodes ¢*, 7* update their states to their average with

probability 1/(|S;«| - |S;j«|). Since |S;«| < n — 1 and |Sj+| < n — 1, we have
T 1
>___ -
E[A(XO) A6 XO).., | F] 2 50—
and Eq. (2.12) holds with § = 1/2(n — 1)2. ]
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2.8.3 Proof of Theorem 3

To prove Theorem 3 we must first define a few quantities related to the distance between

the nodes on the graph and their relationships.

Definition 3. Consider a connected graph G and a matrix X =[xy, ..., x,]|T € R"™4 such that

x; € RY is the estimate at node i in the graph G. Let d(X ) denote the maximal distance between

the estimates of any two nodes in the graph

d(X) = max : i — ;. (2.24)

1,5€{1,2,...,n

Let dg(X) denote the maximal distance between the estimates among any two connected nodes
in the graph

dg(X) & p— | 2.25
o(X) £ max @ - ;| (2.25)

Finally, let diam(G) denote the longest shortest path between any two nodes of the graph G.

Proposition 6. Given a connected graph G and a matrix X = [z, ..., x,])7 € R"™, such that
x; € R is the solution estimate at node i in the graph G, we have

d(X)
diam(G)

< dg(X) <d(X).

Proof. The upper bound on dg(X) follows from Egs. (2.24) and (2.25) in Definition 3. To prove
the lower bound on dg(X ), we assume, without loss of generality, that the rows of the matrix
X € R™4 are such that d(X) = ||&; — ,||. Since G is connected, its diameter is finite and there

is a path of length k£ < diam(G), denoted by {vg, v1}, {v1,v2},. .., {vk_1, vk}, where vy = 1

and vy = n, withv; € [n] fori =0, 1,..., k. The distance d(x) is bounded as
k—1
||.’.U1 - CUnH < Z Hmvz - in+1H’ (226)
=0
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where Eq. (2.26) follows from the triangle inequality. Finally, each term in the sum Eq. (2.26) is

bounded above by dg(x). Hence,
d(X) < kdg(X) < diam(G)dg(X).

Next, we state a result quantifying the decrease in the Lyapunov function defined in

Eq. (2.13) that is the vector form of [38, Lemma 1].

Lemma 6. Given a doubly stochastic matrix A € R, let ¢;; denote the (i, j)-th entry of the

matrix AT A. Thenforall X = [z, ..., x,|" € R"*% we have

VIAX) = V(X) = Y cijllaes — .

i<j

Proof. By definition, the Lyapunov function in Eq. (2.13) can be written as

V(X) =tr[(X - X)T(X - X)],

where X = #X . The doubly stochasticity of A implies

— 117 117 A117T
AX = — AX =—"— X =

n n n

X = AX.

Therefore,

V(AX) = tr[(AX — AX)T(AX — AX)).

Finally,
V(X) - V(AX) = tr[(X — X)T(I — ATA)(X — X)].
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. T . . . . . .
Since A" A is a symmetric and stochastic matrix, we have ¢;; = ¢j; and ¢;; = 1 — ZZ £ Cij-
Thus,

ATA =T cij(bi —b) (b — b))",

1<j

where b; € R" is the standard basis vector for all i € [n]. Since
tr[(X — X)" (B — b;)(bi — b)) (X — X)] = [l — ;.
we have

V(X) = V(AX) = Y eijllaes — |,
1<j

Proof of Theorem 3. Attime t > 0 consider the state estimate X () = [z (¢), ..., z,(t)]" € R",
the corresponding max-edge e,.x (X (t)) = {i*, 7*} and the doubly stochastic averaging matrix

A(t, X (t)) such that

E[A(t, X (t))"A(t, X (1))

Fi]>0>0 as.

Define
Qs(t) = {w : E[A(t, X (t))"A(t, X (t))i

Fi] = o}

For legibility, we drop the time index in the variables for the rest of this proof and use X, F,
A(X), Qs instead of X (t), F;, Qs(t), and A(t, X (¢)).

Using arguments similar to the ones from [37, Lemma 9], for X € F and doubly
stochastic matrix A(X) such that

E[(A(X)A(X)),.

i*g*

F|>d6>0 as., (2.27)
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where F is a o-field, X € F, and ey, (X) = {i*, 7*}. We will show that
E[V(AX)X) | F] < A\V(X)

a.s. for some \ € (0, 1). From Lemma 6, the difference in the quadratic Lyapunov function V'

evaluated at X and A(X)X is given by

V(X) - V(AX)X) = Z i (X[l — o511,
where ¢;;(X) is the (i, j)-th entry of A(X)TA(X), i.e., ¢;;(X) = (A(X)?A(X));;. Taking the

conditional expectation with respect to the filtration F, we obtain

V(X) - E[V(AX)X) | 7]

= > (BI(AX)AX)),, | F]) [l — )

1<j

where €. (X) = {i*, 7%} and the first inequality follows from the non-negativity of the squared
terms and the second inequality follows from Eq. (2.27). Recall that the constant ) depends on
the averaging scheme.

If V(X) = 0, more precisely for the samples path characterized by w € s(t) such that
V(X (t;w)) = 03, then X = 1¢” for some ¢ € R Therefore, A(X)X = A(X)1le! = 1
since A(X) is doubly stochastic and V (A(X)X) = 0. Thus, the inequality

E[V(A(X)X) | F] < AV(X)

is satisfied.

3We omit the dependency on w and ¢ for legibility.
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Let £ = {1p” | p € R?}. For X = [xy, -, ,]" & L, more precisely for the samples
path characterized by w € Qs(t) such that X (¢;w) ¢ L, the conditional expected fractional
decrease in the Lyapunov function is

VX) - EVAX)X) | F] o e — 20|
V(X) — X -2

where & = L ™" | @;. Using the definition of dg(X) and Proposition 6, we obtain the following

bound
V(X)—-E[V(AX) | F] ) d*(X)
V(X) — diam(G)? 3oL, (| — x>
For X & L, let
g(x) & X)

i Il — 2

Note that g(X) satisfies the following invariance relations
9(X +1p") = g(X), peR,

and

9(eX) = g(X), ceR\{0}.

Therefore, for X ¢ L the following inequality and identity hold

& (Z
ZeRnxd:y" . 2;=0 ZZ‘:1 HleQ

= min d*(Z).

ZeR"Xd:Zi zi:O;Zi HZZ'H2:1

Note that if Y7 | z; =0and >, ||2]|> = 1, then we have

1 o 1
2 (zez)=—3) lal’=—3. (2.28)
=1

1<i<j<n
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By definition, d(Z) > ||z; — z;|| for all 7, j € [n]. Using the fact that the maximum of a set of

values is greater than its average for the set {||z; — z;||*}1<i<j<n. We get

2 2
P(7) > —2 RN [ .
@2 oy 2 ezl =

1<i<j<n

where the last step follows from Eq. (2.28) and the fact that )" , ||2;]|> = 1. Finally, using
Eq. (2.28), we get

V(X) -E[V(AX)X) | F] . )
V(X) ~ (n—1)diam(G)?

Since E[V(A(X)X) | F] < AV(X) for X € Landfor X & £, wehave E[V(A(X)X) | F] <
AV (X) a.s. Thus,
E[V(A(t, X(t)X(t) | F] <AV(X(1)) as.,

where A = 1 — 2§/ ((n — 1)diam(G)?). [
2.8.4 Limiting properties of the Lyapunov function V' (-)
To prove Lemma 1 we will make use of the following result.

Theorem 7 (Robbins-Siegmund Theorem). Let (2, F,P) be a probability space and
Fo CF, C--- be a sequence of sub o-fields of F. Let {u;},{vi},{q:}, and {w.} be
Fi-measurable random variables, where {u,} is uniformly bounded from below, and {v:}, {q:},

and {w,} are non-negative. Let ) . w; < 00, Y o0 qr < 00 and

Eluiq | F) < (1 + q)ug — v + wy, as.,

forallt > 0. Then, the sequence {u;} converges and ) .- v, < 00 a.s.

Proof of Lemma 1. To study the convergence of V(W(t)), we first derive a super-martingale

like inequality for the stochastic process {V (W (t))}. For X (¢) € F; using the contracting
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averaging property of A(t, X (t)) in Eq. (2.16), we get

E[V(W(t+1)) | 7] = E[V(A@t, X (1) X(1)) | F]

<WV(X(1), as., (2.29)

where A € (0,1). We know that X (¢t) = W(t) + E(t), so from triangle inequality on
|W(t) — W(t)+ E(t) — E(t)||r we have

V(X (1) < V(W) +V(EQD) +2y/V(IW0)/V(E®). (2.30)

Using the inequality above in Eq. (2.29), for all ¢ > 0 we get

E[V(W(t+1))|F] < A(V(W(t)) +V(E®)) + 2\/V(W(t))\/V(E(t))) a.s.
Since V(E(t)) = [[E(t) — E@®)||% < |E@®)||% < L2a2(t), we get
EV(WE+1)) | F] <A < V(W) + La(t)>2 a.s.

From Jensen’s inequality, we have

E[ V(W (t+1)) |ft} VEV(W(t+1)) | 7] <\/_( V(W ())+La(t)> as.

Taking the expectation, multiplying by «(¢ + 1) and using the fact that {«(?)} is

non-increasing, we get

a(t+ DE[/V(W(t+1)] < a)E\/V(W () — (1 — VAat)E/V (W (1) +a*(t) as.
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Since the diminishing step sequence {a/(t)} satisfies Y -, a*(t) < oo, Theorem 7 results in

> at)E\/ V(W (1) < oo,

t=1

and by the Monotone Convergence Theorem, we have,

ia(t) \/V(W(t))] < 00, (2.31)

E

which implies that

> a(t) JV(W(t) < oo, as.

t=1

Since V(W (1)) = S [[wi(t) — w(¢)])%, we know that
g@ i) — ()] < ga@)\/V(W(t)) < oo,
for all € [n], a.s. Since S, a(t)|[wi(t) — @(t)]| < 00 and T, a(t) = oo, we have
liminf w,(t) — @(8)]| = 0, Vi € ], as. (2.32)

Further since we have,

ia(t)]E\/

t=1

oo

B |3 a Niwfu

using Monotone Convergence Theorem similar to Eq. (2.31) implies that

> a®)E [[wi(t) — ()] | Ft]] <00

and so, we have



and therefore,

> aE [lwi(t) — w(t)| | Fi] < oo, Vi € [n], as. (2.33)

t=1

Further, for all ¢ > 0, we know
E[V(W(Et+1)|F] <A (V(W(t)) + 2La(t)/V (W (t)) + L2a2(t)> a.s.

Since we have
> 2a(t)/ V(W () + AL (t) < o0 ass.,
t=1

Theorem 7 implies that {V (W (t))} converges a.s. Therefore,
|lw;(t + 1) — w(t + 1)|| converges, Vi € [n], a.s.
Using (2.32) with the above result, we get

lim [[wi(t +1) = @(t + 1) =0, Vi € [n], as. (2.34)

T 1TWE+1) _ 1T A, X(1)
- n - n

Finally, since w(t + 1) JX() from the double stochasticity of

A(t, X (t)), we have

17X (¢t
w(t+ )7 = 20 g7,
n
which from Egs. (2.33) and (2.34) implies Lemma 1. |

2.8.5 Proof of Lemma 3

To prove Lemma 3, we follow the proof in [3, Theorem 1].

Proof. Forallx € X* and t > 0, we have

Ellzi — | | F] <1 +b)z —zl® — ar(f(z:) — f(z)) +cas.
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For any « € X*, Theorem 7 implies that {||x; — x||} converges and

Zat(f(mt) —f(ac)) < 00 a.s.

t=0

Since for any @ € X'* we have f(x) = f*, the event

Qp = {w : tlg?o |z:(w) — x|| exists, and iat(f(:ct(w)) - < oo}

t=0

is such that P(€2,) = 1. Note that here we denote by {x:(w)}:>o the sample path for the
corresponding w.

Let X7 C X'* be a countable dense subset of X* and ; = ﬂme;c; Q. Wehave P(Q;) = 1
since X is countable. For any w € Qq, since >_,° a; = co and >, a¢ (f (ze(w) — f*) < oo,
we have

li{n inff(a:t(w)) = f (2.35)

— 00

From Eq. (2.35) and the continuity of f, for all w € {2;, we have
liminf ||&;(w) — " (w)|| = 0,
t—00
for some x*(w) € X*4. Consider a subsequence {x;, (w) }x>0 of {x:(w)}:>0 such that

lim f (w0, (w)) = f*

k—o00

For any w € Qg, limy_, ||z:(w) — || exists for & € &;. Therefore, the sequences
{z:(w)}+>0 are bounded. Hence, {x;, (w) }r>0 is also bounded, has a limit point *(w) € X,
and without loss of generality,

lim @, (w) = ¥ (w).
k—o0

4v*(w) may not be in X;.
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Since X} is dense, there is a sequence {q,(w)}s>0 in X such that
lim |q,(w) — 2" (w)] = 0.
S§—00

For w € Qg, limy_, ||z:(w) — q,(w)|| exists for all s > 0, which is ||z*(w) — g, (w)||.

Moreover,

lim () — ,(@)]] < liminf 2(w) - 2" @)] + &* () - g, )] < e* () - g,)]|

which implies that

lim lim ||z (w) — q,(w)|| = 0.

§—00 t—00
Finally,

lim sup [J&,(w) — 2"(w)|| < lim limsup ||z, (w) — g,(W)[| + [[g,(w) — 2" (w)] = 0.

t—o0 §7O0 ¢t 00

Therefore, for any w € €4, we have lim;_,, x;(w) = £*(w), where *(w) € X*. So we have,

lim; oo @ = x* a.s. [ |

Chapter 2, in full, is a reprint of the material as it appears in A. Verma, M. Vasconcelos,
U. Mitra, B. Touri, “Maximal Dissent: a State-Dependent Way to Agree in Distributed Convex
Optimization," in IEEE Transactions on Control of Network Systems. The dissertation author

was the primary investigator and author of this paper.
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Part 11

Distributed Fact Checking
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Chapter 3

Problem Formulation and Soft Estimator

In this chapter we move to the problem of Distributed Fact-Checking. The structure of

the chapter is as follow:

1. Formulation of Distributed Fact-Checking Problem: We introduce a model for distributed
fact checking which constitutes agents modeled as Binary Symmetric Channels with

unknown reliability in Section 3.1.

2. Online Estimator: In Section 3.2 we propose an online estimator for the unreliability
parameters of the agents which makes use of the likelihood ratio between source being fake
or true given the agents’ conclusion about the validity of the statement computed using the
error estimate at a given time. Furthermore in Section 3.2.1 we introduce a variant of the

proposed online estimator based on expanding truncation sets.

3.1 Problem Formulation

Consider a source that streams a sequence of statements. Each statement can be true
or false. We use a hidden variable S(t) € {+1,—1} to denote the label (true/false) of the
statement at discrete-time instance ¢ € Ny. A fact-checker is interested in evaluating the
validity of the statements using imperfect (inexpert) agents. We assume that the stream symbols
are independently and identically distributed according to the Rademacher distribution, i.e.,

Pr(S(t) = +1) = Pr(S(t) = —1) = 1, forevery t € N.
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Model for the fact-checker: We model a fact-checker as an overseer of multiple agents,
where each agent is responsible for testing the validity of the statement provided to it. Forn € N,
let [n] be the set of agents verifying the validity of the statements. At each time ¢t € N, the
agents observe the same statement S(¢) and output their evaluation regarding the validity of the
statement to the fact checker, by returning their assessment about the statement. In other words,
if the agent considers the statement correct it marks the statement as True, otherwise, it marks
it as False. However, due to their limited expertise, the agents’ assessments may be different
from the actual label of the statements. Mathematically, we model agent i € [n] as a memoryless
Binary Symmetric Channel (BSC) with the error probability or crossover probability ; € (0, 1),
takes the input S(¢) and outputs R(t), where for every s € {—1,+1}, the distribution of the

output is given as

Pr(R(t) = —s|S(t) =s) =1 —Pr(R(t) = s|S(t) = s) = m;.

Therefore, agent i € [n] observes an output R;(t), which is independent of the past.
Here, 7; represents the unreliability of agent 7 since the agent misclassifies the statement with
probability 7;. Note that 7; € (0, 1/2) embodies the fact that the agents are not adversarial, and
hence, are reliable agent on ‘average’. We represent the collection of crossover probabilities by 7
and the sequence of all agents’ outputs at time ¢ by R(¢).

Properties of Output distribution: Let us discuss some properties of output distribution.

i. Since the statement stream {S(¢)} is assumed to be independent and each agent is viewed

as a memoryless channel, the random vector process { R(t)} is an independent process.

ii. Atany time ¢t € N, given S(¢), the outputs {R;(¢)}"_, are independent of each other.

Moreover, for any ¢t € N and for every i € [n], R;(t) has the Rademacher distribution.
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iii. The joint distribution of the output R(t) is given as

where r € {+1,-1}",andZ =1 — x.

We define the n-dimensional open unit hypercube as X = (0, 1)". For brevity, given unreliability
parameters of the agents are € (0, 1)", we define g, : {+1, —1}" — (0, 1) to be the distribution

of the output vector R € {—1,+1}", i.e.,
go(r) =Pr(R=1r;x).

In this notation, g.(R(t)) refers to the true distribution of the output vector R(¢) at any time
teN.

If the unreliability vector is known 7r, a linear thresholding estimator can be used to
estimate the validity/label of the statements.

We mathematically formulate the problem of optimal estimator for truth detection/labeling.
The result was obtained in [59] which characterizes the optimal set of estimators that minimize
the probability of error of the labeling and will be discussed in detail later in Chapter 4. To
estimate the validity of the statements based on individual agents’ outputs, we focuss on the class
of estimators that make the decision based on whether the linear combinations of the outputs are

above or below a certain threshold.

Definition 4 (Linear Thresholding (LT) Estimator). Given outputs {R;}!'_, of n agents, we
define a Linear Thresholding estimator with the weight vector o = (a1, aa, . .., a,) € R" and

threshold v € R as

Si(a, ) = sgn (Z o R; — 7) , (3.1
=1
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where sgn(x) = (—1) =<0y,

For brevity, we will refer to the LT estimator as S| , and we identify an LT estimator by a
vector (a,y) € R™"! where e € R" is the weight vector and v € R is the threshold. Then, a
fact-checker using an LT estimator with a vector (a,y) € R™™! announces the statement to be
True (or Sy = 1)if >, oy R; — v > 0, and False (S| = —1), otherwise.

In Chapter 4 we study the following problem regarding the optimal LT estimators for a

statement using pseudo-experts (agents).

Problem 8. Consider a fact-checker with access to n agents with known unreliability parameters
T, Ta, ..., Ty, and known distribution of the statement S € {—1,1} with Pr(S = +1) = w.
Determine the parameters (ov,7y) € R"! for the LT estimator S|, defined through (3.1), that

minimizes the probability of error Pr(S_ # S). distribution,).

In other words, our objective is to characterize the parameters (c,y) € R"*! for the LT
estimator to minimize the error probability Pr(S, # S). We state the solution to the problem in
Theorem 10.

For distributed fact-checking another one of our main goals is to obtain reliable estimate
for the unreliability parameters 7. Note that if {S(¢)} was known, 7 could be simply estimated
as the fraction of time at which R;(t) # S(t). The challenge here is to estimate the channel
parameters without the knowledge of channel input. TThe ideal problem would be to identify
an estimator that converges almost surely to the true estimates of the unreliability parameter.
However, some parameters result in agents’ output distributions that are indistinguishable from

each other. Thus, we focus on the following problem for multi-agent fact-checker.

Problem 9. Consider a fact-checker with access to the sequence { R(t)} of the assessments of n
agents, with unknown unreliability parameters T;, for i € [n]. Determine an online estimator for

the unreliability parameters such that

lim d(P(t),S) = 0, almost surely (a.s.),

t—o0
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where P (t) is the estimates of 7 based on the output of the n agents up to time t and S is the set

of parameters that result in indistinguishable distribution for the agents’ output, i.e.,
S:={x € X| gs(r) = go(r) forallr € {+1,—1}"}. (3.2)

In fact, we can characterize the set S for n > 3 as follows.
Lemma 7. Forn > 3, the set S defined in eq. (3.2) is given by S = {mw,1 — w}.

Proof. For r € {+1,—1}", we have ¢g.(r) = g.(r). Taking the sum over the subset where

ry=ry=+1ie,{re{+1,-1}"|r =ry = +1} we get
122 + (1 - 371)(1 - xg) = mm + (1 - 7T1>(1 — 71'2).

Define h(a,b) = ab+ (1 — a)(1 —b) for a,b € [0,1]. In other words, h(xy,z2) = h(m,m).

Using h(a,b) =2 (3 —a) (3 —b) + 1, we have

() ()= G) o)

Similarly for all 4, j € [n] such that i # j, we get

GGG e

The above set of equations gives us (3 — xi)2 =(3- 7r,-)2 for all i € [n]. Simplifying along

with the system of equation (3.3) we get « = 7 or 1 — 7. Therefore S = {w,1 — 7 }. [

Chapter 5 provides the solution to Problem 9 for fact-checker system with two agents.
The solution for the fact-checker system with n > 3 agents is provided in Chapter 6. In the
following section we introduce the online soft estimator and its projection-based variant whose

convergence analyses are provided in Chapters 5 and 6 respectively.
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3.2 Estimator

First, let us introduce an online estimator for the unreliability parameters of the agents
comprising the fact checker for any number of agents n > 2 whose convergence guarantees for
n = 2 agents is provided in Chapter 5.

Consider the stream of output observed by the fact checker { R(¢)}. After any time ¢ € N,
it has an estimate P(¢) of the unreliability parameters 7r obtained at time ¢, which is updated
after observing the output R(t + 1).

Recall that if w was known, the fact checker could evaluate the likelihood ratio

ggggﬂ;}ggﬁ;zﬁ; to decode S(t). Now, without 7r, we can use its estimate P(t), to compute

an approximate likelihood ratio L(t) of S(t +1) = —1to S(t + 1) = +1 based on R(t + 1).

For this, let us define L : X x {+1,—1}" — R by

n ) R;
L(R.z) =] <1 fx) . (3.4)

i=1

This represents the likelihood function of receiving R given the unreliability parameters w = x.
Now, for the received vector R(¢ + 1) and an estimate P(t) of their unreliability parameters, for

brevity, let
L(t):=L(R(t+1),P(t)). (3.5)
Using L(t), we can estimate S(t + 1) by setting

. —1 i L(t) > 1,
S(t + 1) = 2]1{L(t)<1} —1= (36)
1 if L) < 1,

where 1, represents the indicator function.

We are ready to discuss the update rule for the unreliability parameters’ estimates, given
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the source symbol estimate S (¢ + 1) and the output vector R(t+1). Note that R;(t + 1) agreeing
with S (t + 1) suggests that it is unlikely that the agent was introducing error sat time ¢ and
hence, we average P;(t) with a value less than half to obtain P;(¢ + 1). Similarly, if R;(t + 1)
disagrees with S (t+ 1), we average it with a value greater than half. More precisely the proposed
algorithm/dynamics updates the unreliability parameters as

P(t+1) = (=m)P(0 + g0 ( TR+ 1) 37

for all ¢t € Ny and 7 € [n] with some initial condition (guess) P(0) € (0,1/2)", where {n;} is a
pre-decided step-size sequence, and L(t) is given in (3.5). Note that with an optimistic view of
the ensemble of agents we set the initial condition in (0, 1/2)", however the analysis covers all

the cases, i.e., P(0) € (0,1)". Allow us to write the above iteration in compact form,

P(t+1) = P(t) + n.f(R(t + 1), P(1)), (3.8)
where f : {+1,—1}" x X — R" is the vector field with its ith coordinate given by

~ 1 L(R,x)—1 N
fi(R,x) = 5 (1 + —L(R,w) n 1RZ) Z;. (3.9

Note that (3.8) is a stochastic approximation-type iteration whose asymptotic behavior

resembles the asymptotic behavior of the mean-field Ordinary Differential Equations (ODE)

&= f(), (3.10)

where f: X — X is defined by

“hy

f(@) == Epy. [f(R, x)]. 3.11)
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We will expand on this viewpoint in Section 6.1 of Chapter 6.
Extension to X': Note that the likelihood function (3.4) can be extended to the vectors
x € [0, 1]™, with only one element being 0 or 1 and such definition is not extendable to the case

of more than two such elements. For this, let us first define singly-extreme vectors as follows.

Definition 5. For i € [n], let us define

20 ={ze0,1]" |z € {0,1},z; € (0,1)V] € [n],}.
n (3)

We also define the set of singly-extreme vectors as Xpouna = U;—1 Xpouna-

In fig. 3.1, we depict the sets X', XL, and X2, for the case where n = 2. Assuming

ound?
the convention % = lim,,_,o+ % = 00, for a singly-extreme vector x € Xb(él)md, we define
0 if(-1)" =R,
l;(]{,(n) = ’
oo if (—1)% # R,
leading to
LRx)—1 |-l iff(=)" =k (3.12)
L(R,x)+1 ' '

1 i (—1)% £R;

Note that if for ¢ # j, z;, 2, € {0, 1}, then the likelihood ratio (3.4) cannot be defined for all
vectors R € {+1,—1}". In particular, if (—1)* R, # (—1)" R;, the product in (3.4) would
contain a 0 and oo term leading to an undefined expression 0 X co. This is in fact a fundamentally
unresolvable phenomena as this is related to the case where the fact-checker is receiving two
contradictory verdicts for a same statement from two fully reliable/unreliable agents.

With this discussion in mind, we can extend the definition of f in (3.9) and f in (3.10) to

the set X := X U Xyound» by considering the ratio (3.12) for x € Xb(é&nd for i € [n].
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Figure 3.1. Parameter set: For n = 2 agents the red and green lines represent the sets Xéj&nd

and Xb(fgnd respectively. The shaded region represents X'. The box excluding the blue points
represents X'.

For the step-sizes 7;, we assume they satisfy the following stochastic approximation

step-size assumption.

Assumption 4. The step-sizes {n,} are positive, non-increasing, and satisfying » - 1 = 00

and Y 7° 7 < o0,

One popular choice for the step-size sequence is the harmonic sequence 7; = Hil for all
t € Ny. To grasp the motivation behind the estimator using such a step-size sequence, examine
the scenario when the fact checker knows the source sequence symbols {S(¢)}. Since, at any
time ¢ € N, the output distribution of the agents given S(¢) is independent of each other, the
problem of estimating the unreliability parameters of the agents is equivalent to n uncoupled
problems of estimating the parameters of n Bernoulli distributions from their independent
samples. Estimation of parameter for This problem is a well-studied problem and a class of

estimators effective to solve it is the add-constant estimator [29]. For the current setting, for any

i € [n], the add-$ estimator, where § > 0 for parameter 7; at time ¢ € N is given by

t
_ B2k Lmw#smy
t+ 28 '

Qi(t)

The estimator makes use of the empirical frequency of agent 7 misclassifying the source symbol
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received and can be expressed recursively as

Qi(t+1) = (1 —1)Qi(t) + Vel (R, (t+1) £S5 (t+1)) -

Here, v, := m and ;(0) = 1/2. The convergence properties of estimator () for different
values of 3 and various loss functions are studied in [29]. Different values of 5 lead to well-known
estimators, including the empirical estimator (5 = 0), the Krichevsky—Trofimov (KT) estimator
(B = %), and Laplace estimator (3 = 1).

To see the connection to our setting, where the source symbol is unknown, consider an
extreme case where L(t) > 1 (which implies S(¢ + 1) = —1). For R;(t + 1) = +1, we get

1/Lt)—1 L(t)
§(—L(t>Jr11~22-(zf+1)+1)=—~1,

whereas for R;(t + 1) = —1 we have ~ 0. Thus,

1
L(H)+1

1/L(t)—1
2 (mRi(t O+ 1) ~ Lin 2y
A similar situation holds when L(t) ~ 0. Therefore, the update rule (3.8) with 7, = H% can be

viewed as an imperfect and adaptive version of the add-/3 estimator (with 5 = 0).

3.2.1 Estimator with resettings

With the presence of multiple agents making decisions, in order to obtain convergence
guarantees, it is important to stay away from the boundary where two or more agents have
estimated unreliability close to 0 or 1. In particular, in line with the concept of expanding
truncations for stochastic approximation in [13, Chapter 2], we maintain a collection of growing
truncation sets. These compact sets gradually converge to a superset. The estimate (but not the
process) is reset to an arbitrary initial value each time it crosses the current truncation set.

We define {K;} to be a sequence of increasing compact truncation sets for X, i.e.,
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Ufi oK = X and for all t € Ny, K; is compact and K; C Ky g.

There are many choices for the sequence of increasing truncation sets A, that sat-
isfy the criterion related to the Lyapunov functions. One such class of sets has the form
Ki=UL{z € [0,1]"|z; € [0,1], |z; — 1| < r,Vj € [n]_;}, where 7, is a sequence of increas-

ing positive numbers converging to %

Algorithm 1. Estimator with expanding truncation

Input: {K;}, P, € Ko,
Initialization: P,.(0) € ICo,t = 0,v(t) = 0.
while ¢t > 0 do 3
y = Pp(t) + nef(R(t+ 1), P(t))
if y € C,(;) then
Py(t+1)=y
Y(E+1) =)
else if P(t + 1) & IC,(4) then
P,(t+1)=P,
V(t+1) =~(t) +1
end if
t=t+1
end while

Consider the set of increasing truncation covers {; }, an initial estimate P,,(0) € KCo.Let
{7(t)} be a sequence of non-negative integers that keeps track of the current boundary set of the
algorithm with y(0) = 0. Then recursively, for any ¢ € Ny, consider the update of the estimate
similar to (3.8) at point Py (t), ¥ = Py (t) + mf(R(t + 1), Pp(t)). We reset the dynamics if

y is outside the current active set ICW), otherwise, let Ppr(t + 1) = y. In other words,

Y, ify € /C,y(t)
Ppr(t +1) = , (3.13)

Py, ify g Ky

where P € Ky is an arbitrarily chosen point from the set /Cy and the counter for the truncation

64



set is defined as

Y+ 1) = v(t) + Lygc )} (3.14)

Chapter 3, in in part, is a reprint of the material as it appears in A. Verma, A. Sharbafchi,
S. Mohajer, B. Touri,“Distributed Fact Checking:A Stochastic Approximation Approach,” in
preparation for /IEEE Transactions on Autamtic Control. The dissertation author was the primary

investigator and author of this paper.
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Chapter 4

LT Estimators

As stated in Chapter 3 for the distributed fact-checker, we consider the class of estimators
that threshold a linear combination of the individual agents’ response to estimate the validity
of statements. In this chapter we provide the set of optimal weights and threshold to minimize
the error probability of the estimator as the intersection of at most 2" halfspaces, leading to
uncountably many optimal linear estimators. For these optimal estimators, we provide an upper
bound on the error probability, which provides insights regarding the decrease in the error
probability of the fact-checker as the number of agents increases. We also provide an upper
bound for an estimator that uses the majority rule to estimate the statements’ validity and compare

the two bounds. Similar problem has been studied in [52].

4.1 Problem Formulation

Let us revisit the problem formulation. For this chapter instead of a stream of statements
{S(t)} itis sufficient to study the one-shot version of the problem. Consider a source that outputs
a statement, which might be True or False. We model the validity of the statement by a binary
hidden random variable that is S = +1 if the statement is True and takes S = —1, otherwise.

Further, we assume that the validity label is distributed as

Pr(S=+1)=1-Pr(S=-1) =w.
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Model for the fact-checker: Recall that we model a fact-checker as an overseer of
multiple agents, where each agent is responsible for labeling the validity of the statement provided
to it. We consider a set of n € N agents, denoted by [n], each responsible for verifying the
statement. The agents observe the same statement and output their evaluation regarding its validity
according to their expertise and knowledge. However, due to imperfections, the label assigned to
the statement by an agent is not necessarily the same as the true label S. Mathematically, we
model the agents as a Binary Symmetric Channel (BSC), parameterized by the error probability
or crossover probability m € [0, 1], which takes a binary! input random variable S € {+1, —1}

and outputs a binary random variable R € {+1,—1} with
Pr(R=—-s|S=s)=1-Pr(R=s|S=s)=m.

Using this, we view agent i € [n] as a BSC channel with input statement S and output R;.

Moreover, R; is the output of a BSC with error probability 7r;. In other words for s € {41, —1}
Pr(Ri=—-s|S=s)=1-Pr(R,=s|S5=s)=m.

We represent the collection of crossover probabilities, and the output received at the fact-checker
by w = (m,me,...,m,) and R = (Ry, Ry, ..., R,), respectively. Moreover, we assume the

agents’ opinions are independent of each other, i.e.,
Pr(R=r|S=s)=]][Pr(Ri=r|S=s),
i=1

for every r € {+1,—1}" and s € {+1,—1}.
To estimate the validity of the statements based on individual agents’ outputs, we focus
on the class of estimators that make the decision based on whether the linear combinations of

the outputs are above or below a certain threshold. Recall the class of LT estimator stated in

!For convenience, we use {+1, —1} symbols instead of the default binary symbols {0, 1}.
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Definition 4.

Definition (Linear Thresholding (LT) Estimator). Given outputs { R;}!" ; of n agents, we define a
Linear Thresholding estimator with the weight vector a = (g, g, . . ., @) € R™ and threshold

v € Ras

Si(e, ) == sgn (Z a; R — ”Y) ) 4.1)
i=1

where sgn(z) = (—1)% =<0},

For brevity, we will refer to the LT estimator as S|, and we identify an LT estimator by a
vector (a,y) € R™™! where o € R" is the weight vector and v € R is the threshold. Then, a
fact-checker using an LT estimator with a vector (a,y) € R™"! announces the statement to be
True (or S| = 1) if ZLI a;R; — v > 0, and False (S| = —1), otherwise.

In this work, we are interested in the study of optimal LT estimators for a statement using

pseudo-experts. Recall Problem 8 stated in the Chapter 3.

Problem. Consider a fact-checker with access to n agents with known unreliability parameters
71, o, . . ., T, and known distribution of the statement S € {—1,1} with Pr(S = +1) = w.
Determine the parameters (c,y) € R™"! for the LT estimator S|, defined through (4.1), that

minimizes the probability of error Pr(S_ # 5).

In other words, our objective is to characterize the parameters (c,y) € R™*! for the LT

estimator to minimize the error probability Pr(S_ # 5).

4.2 Main Result

In order to provide the solution to Problem 8 we define a property involving two vectors

that resembles the parallel condition for two vectors.
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Definition 6 (Almost Parallel Vectors). Consider two vectors o, (3 € R"L. Then the vector

a is said to be almost parallel to 3 and denoted by aﬂﬁ, if for every v € {—1,+1}"" with

S B # 0 we have

n+1 n+1
sgn (Z riai> = sgn (Z nﬂi) . 4.2)

=1 i=1

Note that if Z?Ill r;8; = 0, then there is no restriction on the sign of Z?Ill 0.

Let B-hyperplane be the hyperplane in R"*! whose normal vector is 3. Then the points
in {+1, —1}"*! can be partitioned into three groups, namely, those above the hyperplane, below
it, and right on it. The definition above ensures that the partitions above and below 3-hyperplane
are subsets of the corresponding partitions with respect to ac-hyperplane. It is worth mentioning

that the definition above ignores those points that lie on 3-hyperplanes.

Remark 3. Note that the equality in (4.2) for all » € R"" (instead of v € {+1, —1}"") implies
that the vectors o, (3 are normal vectors to the same hyperplane since they separate points in
R™* in exactly the same way. In this sense, the definition of almost parallel vectors restricts this

separation condition to only points in {+1, —1}"1,

In the following theorem, we define the set of weight vectors and thresholds that minimize
the error probability for the LT estimator to be the set of all vectors almost parallel to a vector

defined through the parameters 7, w.

Theorem 10. For a fact-checker with agents’ unreliability parameters m; € (0, 1) for i € [n), the

set of optimal parameters for LT estimators is given by

A= {(a,v) e R"“’(a,y)ﬂ(éméw)} , (4.3)

where £y = Uy, ..., Ur,) = (log 1;1” yo..,log %) and (,, := log =2 In other words, the

probability of error Pr(S| (a,y) # S) is minimized if and only if (a,y) € A.
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Note that LT estimators can be interpreted as classifiers characterized by separating
hyperplanes: labeling vertices of {+1, —1}" to two labels +1 and —1. Theorem 10 characterizes
all such separating hyperplanes that optimally bisect those vertices as those whose normal vectors

are almost parallel to (£, £,,). We refer to Fig. 4.1 for a pictorial illustration..

Remark 4. In Theorem 10, the value of {, := log =" can be interpreted as the log-likelihood

T

ratio of the conditional probability of received output of agent i being same as source symbol to
the probability of received output being flipped.

Remark 5. Note that A includes B = (), (—141}n A, where A, are open sets defined by

;

R+ lf E?:l 7“1[7” — b, = 0,
AT - {(0,7)’2?:1 ri0y > ’7} lf Z?:l rifm - gw > 07

(it s <o} if 300, vl — b < 0.

Note that (L, 1,,) € B and since B is an intersection of finitely many open sets, it is a non-empty
open set contained in A. Therefore, not only does the optimal set A contain infinitely many
vectors, but also it has a non-zero Borel measure. Therefore, a fact-checker does not need to know
the exact value of unreliability parameters (cross-over probabilities T;) to arrive at an optimal
LT estimator. For example, it is sufficient to run an estimator for the unreliability parameters
until we reach an estimate 7 such that ({4, () € A where (7 = <log 1;—’;”, ..., log %) We

demonstrate the use of this fact through a simulation in Section 4.4.

Example 1. Consider a fact-checker comprised of n = 2 agents with unreliability pa-
rameters m,m € (0,1/2] with 1y < my and a source with parameter w = 1/2. Then
{(a,7) € R? | || <,y = 0} is the subset of optimal weights with threshold -y = 0 for LT

estimators and the probability of error is given by Pr(S; # S) = m1. To show this, we note that
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Figure 4.1. Several hyperplanes (LT estimators) leading to optimal labeling of {41, —1}" for n = 3.

when m < my < % we have

1-— 1-—
k! > log 2
T 9

gﬂ'l == log - gﬂ'g Z 0

Hence, U, — U, > 0and {,, + {,, > 0. Thus, to satisfy the almost parallel condition (4.2), for
the threshold ~y = (,, = 0, the optimal weights consist of vectors o« = (ay, ) with o + ag > 0
and a; — ap > 0, i.e., any vector in {ae € R? | || < a1} along with the threshold v = 0 leads
to an optimal LT estimator. Any such an optimal LT estimator announces S| = R, the output

of agent 1 = 1, as the estimate of source symbol, and hence, the error probability would be
PI’(SE 7é S) = PI’(Rl 7& S) = 7.
4.2.1 Upper Bound on Error Probability

In this section, we provide an upper bound for the error probability for the LT estimator

as a function of the unreliability parameters 7r, and the source parameter w.

Theorem 11. Consider a fact-checker comprised of agents with unreliability parameters
m; € (0,1) for i € [n] and the optimal Linear Thresholding estimator S based on an optimal set

of parameters (a*,v*) € R" satisfying (4.3). The probability of error for (a*,~*) is upper
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bounded as

Pr(S;#8) <2"! Jw(l —w) Hm(l — ). (4.4)
i=1
Remark 6. The symmetry in the upper bound of error probability with respect to m;, 1 — m; is
desirable because the fact-checker knows the unreliability parameters ;. If the fact-checker flips
the output of any pseudo-expert, it obtains an agent with unreliability 1 — 7;. Thus, 7; and 1 — m;

play similar roles in the performance of the fact-checker.

4.2.2 Majority Rule Fact-checker

A heuristic approach to the above fact-checker problem is to decide the validity of a
statement based on the majority of what fact-checkers believe. Here, we provide an upper bound

on the error probability of the majority-rule fact-checker.

Proposition 12. Consider m; € (0,1/2) for i € [n] and a fact-checker with majority-based

estimator Sy := sgn (>°" | R;). The probability of error, Pr (S'MJ =+ S), is upper bounded by

[[vri=7)

=1

4.5)

Remark 7. The Arithmetic-Geometric means inequality implies \ /T]... —2~ + /11 > 2
;éz j J#i 1 —j
and \Jw(l —w) < % Using these, it is straightforward to verify that the upper bound of error

probability for the majority-rule estimator in (4.5) is worse than that of the optimal LT estimator

in (4.4).

4.3 Proof of Main Theorems

In this section, we present the proof of the results discussed in the previous section. We

begin with proving Theorem 10.
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Proof of Theorem 10. Using the law of total probability, the error probability is expressed as
Pr(SL #95)=wPr(SL=—-1|S=1)+(1-w)Pr(SL.=1|S=-1).

Based on the definition of LT estimator, for any parameter vector (o, 7y) € R""!, conditioned

on the statement being true (i.e., S = +1), the LT estimator provides an incorrect estimate (i.e.,

-)

To evaluate the latter probability, we consider all the possibilities for the received vector

SL=—1)when > "  o;R; < ~. Therefore,

Pr(S =—-1]5=1)= (Z%R <7

R e {+1,—1}"suchthat > "  «;R; <+, and add up the probabilities of all such disjoint events.
Note that each R € {+1, —1}" corresponds to a subset Q C [n] where R; = 1 if and only if
i € Q. Then, we have > | a;R; = a(Q) — ax(Q°), and hence, R leads to S| = —1 if and only

=1

= ) Pr({Ri=1Vie Q}n{Ri=-1Vie QY5 =1)

oC|n]:
a(Q)—a(Q°)<y

= > JIa-m) I] m Lia)-ate<n-

QC[n] i€Q i€Qc

if a(Q) — a(Q°) < . Therefore,

Similarly, the conditional error probability when S = —1 is

Pr <Z o R > 7‘5 = —1> = > II= 10 -m)Law-a@)=-
i=1

QC[n]i€cQ i€Q°
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Combining the terms above and rearranging them, we get

(SL 7£ S Z (wH 1 - 7'('Z H Wlﬂ{a(g a(Q°) <~}

QC[n| i€Q i€Q°
(1-w H”% H 7i) L{a(0)- a(Q°)>v}) (4.6)
i€Q  1€Q°

For Q C [n], let us define

Q) =w [ —m) || mlia@r-a@)en + (1 =w) [T m [[ (1 = m)La(@)-ate>m-

i€Q 1€Q° i€Q  1€Qc

Then, the obtained expression for the probability of error (4.6) can be compactly written as
Pr(SL# 5) = 3 gci Pe(Q). To minimize Pr (Sp # 5) we use the fact that the minimum of

a sum is no less than the sum of the minimum of the terms. Therefore,

i Pr (S S) > i . .
(a,'glelIIR}"Jrl r( L # ) = QGZM (a;?el{&lnﬂp (Q)

Recall that argmin,¢ (g 1y ax + b(1 — ) = 1{a=min(a,)} for a, b > 0. Now, consider

a:wH(l—m) Hm

1€Q 1€Q°

and

:(1_W>H7TiH(1_7Ti)

i€Q  i€Q°
for some fixed Q C [n]. Since L{a(0)-a(ac)<y} = 1 — L{a(Q)-a(0)>~}, the minimizers of p.(Q)

are those pairs of (a, ) in the set {(a,7) € R" | a(Q) — a(Q°) > v} when

w[lieo(l = m) [ Ticqe mi
(1 - w) HieQ e HieQC(l - Wi)

> 1,
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and in the set {(a,v) € R"™ | a(Q) — a(Q°) < v} when

w Hz‘eQ(l — i) HieQC i
(1 - w) HieQ Y HieQC(l - 7Ti)

< 1.

Taking the logarithm of the expression above, we get

wHi (1_7Ti)Hi < T 1—m 1—m
log<(1 = S ):Zbg —Zlog - — log

- OJ) Hieg U HieQC(l B 7”) icQ i icQe

= £0,(Q) — £ (Q5) — L.

Thus, argmin g, \egn+1 Pe(Q) is given by

R+ if £,:(Q) —£,(Q°) =1,
{(a,))]a(Q) —a(Q°) = v}, ifr(Q) —£x(Q°) > L,
{(aN|a(Q) —a(Q°) <7}, i £r(Q) = £r(Q) < Lo

In order to determine the minimizing weights for Pr (S # S), it suffices to obtain (c, ) that
minimizes p.(Q) for all @ C [n]. Taking the intersection of all the minimizers of p.(Q) over all

possible Q C [n], we obtain a set of (a, ) that minimizes the error probability Pr (S. # S) to

be A given in (4.3). Note that A4 is a non-empty set since (£, Ew)ﬂ(&,, ).

In Theorem 10, when we set (a,y) = (£, {,), the resulting estimator reduces to the

Maximum A Posteriori (MAP) estimator [33, Page 20] which is given by

Pr(S=+1|R=r)
Swiap(T) H wenme) 2
Map(T) = ;
Pr(S=+1|R=r)
—1 se=—m= <!
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where

Pr(S=+1|R=7r)  w [Lico(l — m) [Ticoe mi

Pr(S=-1|R=7) (1-w)[licomillico(l1—m)

with @ = {i | r; = +1}.

Next, we prove the upper bound on the error probability of the optimal LT estimator
stated in Theorem 11.

Proof of Theorem 11: To determine Pr (S} # S) we look at its components
Pr(S; # S|S = —1) and (S} # S|S = 1). Note the error probability is identical for all (a*, y*)
satisfying (4.3), and hence, we can focus on o = log 1;—” for every i € [n] and v* = log 1_Tw

In the spirit of Chernoff bound, for any n > 0 we have

PM%%Sw:—U:P%é:@&ZyS:—Q (4.7)
i=1

S = _1} _ [[-. E [ena:Ri

en en

S =—1]

)

E [677 S ar R
<

where the last equality follows from the fact that {R; | i € [n]} are mutually independent

conditioned on source symbol S. Then, for any ¢ € [n], we have

Elexp (najR;) | S = —1] = me" + (1 — ;)™

= 71— ) " (= )", (4.8)

Plugging (4.8) into (4.7), and setting n = %, we get

P(Sf#5|8=-1)<2" JiqT;mu—my

1—w i=
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Similarly, for S = 1 we arrive at

1— n
Pr(st#s|s=1) <2 /—=[] m(l-m).

W =

Using the total law of probability we get

n

Pr(s;7é5)g2n+l\/w(1—w)n m(l—m). |

=1

Finally, we provide the proof for the upper bound of the Majority Rule Fact-checker as stated in

Proposition 12.

Proof. Following along the proof of Theorem 11, we have

7rz

for any n > 0. Settingnp = 2 37" | log 1=

, we get

J
—
/N

Swmy # S)S = —1)

1—7rz [

Using a similar approach, we can derive the same bound for Pr (SM 1 £ S ‘ S = 1> , and conse-

quently for Pr (SM 1 F S). |

||:::

prey
H]'#i 1 —Jﬂj] '

4.4 Simulations

This section provides some numerical experiment results for the Linear Threshold

Estimator fact-checkers as discussed in previous sections. First, consider a fact-checker that
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does not know the unreliability parameters of the agents but utilizes a reinforcement learning
algorithm to learn them and use them for estimating the validity of the source statements.

For this, consider a fact-checker with n = 9 agents with unreliability parameters 7; = 1%
for i € [n]. We generate N = 10000 i.i.d. labels {S(¢)} from the source with parameter w = 0.2.
Fort =1,..., N, we denote the output vector received by the fact-checker by R(¢). For learning
the unreliability parameters, consider an initial estimate of the parameters {7;(0) | i € [n]}.
Let us denote the estimate of the unreliability parameter at (the end of) iteration ¢ by 7 (¢). At
iteration ¢ + 1, based on the received vector R(¢ + 1) and 7 (t), we estimate S(¢ + 1) as S| 441,
which the output of an LT estimator with parameters (£, {,,) and input R(t + 1). Based on
the proximity between R;(¢ + 1) and a soft version of estimate S ;1, the algorithm adjusts the

policy estimate, 7;(t), for each agent i € [n]. In particular, we use the following reinforcement

learning dynamics

R;(t+1)S°) 4
2

1 1—tanh
t+1 2 ’

. .

t+1 (4.9)

where SF = D00 Ly Ri(t + 1) — L.

In Fig. 4.2 (top), we plot the true channel parameters 7r and the estimate 7r(¢) as a function
of iteration ¢. It can be seen that the estimates approach the true parameters as the number of
iterations grows. Since the estimate of the unreliability parameter {7 (¢)} appears to converge to
the true parameter 7, we expect the estimate S| ; to mimic the optimum estimator S}". Fig. 4.2
(bottom) illustrates the total number of mismatches between S ; and S| at iteration ¢. As it is
shown there, this error becomes less frequent as the number of iterations ¢ grows, leading to only
17 mismatches in 10000 iterations.

The non-zero Borel measure of A allows us to have an optimal LT estimator in spite
of having an imperfect estimate 7 of unreliability parameters. Define the stopping time
T=inf{t > 1| Lz, &,)ﬂ(ﬂm (,)}. Fig. 4.3 shows our algorithm’s histogram of 7" for 1000

sample paths (batches). There, N () represents the number of runs in which the almost parallel
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Figure 4.2. Top: Learning 7;(¢) using (4.9) as a function of ¢. The horizontal lines correspond to
each agent’s true unreliability parameters. Bottom: The number of misclassified labels vs the number of
received statements.
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Chapter 4, in full, is a reprint of the material as it appears in A. Verma, A. Sharbafchi, B.
Touri, S. Mohajer, “Distributed Fact Checking," in 2023 International Symposium on Information

Theory. The dissertation author was the primary investigator and author of this paper.
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Chapter 5
Two-Agent Fact Checker

In this chapter, our focus is analyzing the convergence of online estimator introduced in
Chapter 3 for the two-agent fact-checker (n = 2). An important point to recall is that since the
fact checker has access only to the samples of the output vectors { R(t)}, unreliability parameters
resulting in the same output distribution, i.e., same statistics for R(t) are indistinguishable from
each other from the perspective of the fact checker. In particular, it is easy to verify that for any
= (1, po) satisfying iy pg + figfia = mme + T 72, the probability of observing (R;, Ry) at
the output of the channel  is identical to observing (R, R») at the output of 7r. Hence, p and
7 are not distinguishable. This leads us to the following problem statement. Therefore, we focus

on the following problem for two-agent fact-checker.

Problem 13. Consider a fact-checker with access to the sequence of the assessments of two
agents, with unknown unreliability parameters m,, . Determine an online estimator for the

unreliability parameters such that
lim Pl(t)P2<t) + pl(t)Pg(t) = M Ty + 77'17_'('2, a.s.,

t—o00

where Py(t), Py(t) are the estimates of 71, w2 based on the output of the two agents up to time t.
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5.1 Main Result
Two-Agent Fact Checker

We focus on the study of our proposed learning dynamics (3.8) for a two-agent system.
In this case, the output distribution is determined through a single parameter 775 + 7172 which
is the function of unreliability parameter (vector), 7, i.e., for every s € {+1, —1}, we have

S T179 +7_T177'2

Pr(R(t)=s1)=1—-Pr | R(t) = = 5

Define h(a,b) := ab+ ab for a,b € [0, 1]. Some properties of h(a, b) which will be used
repeatedly throughout the chapter are (i) h(a,b) = h(a, b) and consequently h(a,b) = h(a,b),
(ii) h(a,b) + h(a,b) = 1, and (iii) 0 < h(a,b) < 1 with equality only at the corner points of
0, 1]2.

Remark 8. For the update rule for the two-agent case n = 2, note that if R1(t + 1) = Ry(t + 1),

then

1 /L(t)—1 Py (t)Pa(t)

(A T R ) +1) = .

> (F 8+ 041) = i, oy

Thus, if Ri(t+1) = Ry(t + 1), from (3.8), P(t + 1) will be a convex combination of the current

estimate P(t) and the vector %1. Similarly, if Ry(t) # Ra(t), then

1 (L(t)—1 UL s
S (mRi(tJrl)Jrl)  R(Py(t), Po(t))

and thus, the estimator P(t 4 1) is a convex combination of the current estimate P(t) and

Py(t)Py(t)

h(Pi(t),P2(t)) | =
Pu(t)Bo(t)

In the following theorem, we provide a close answer to Problem 13 by proving that the
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proposed online estimators converge almost surely to the desired set.

Theorem 14 (Convergence of Online Estimator). For a fact-checker comprised of two agents
with unreliability parameters m;, for i € (2], under Assumption 4 on the step-sizes, the online

estimator { P(t)}, defined in (3.8), converges to the set

£ ={x € [0,1| h(x, 22) = h(m,m)} U{(0.5,0.5)} .

5.2 Proof of Main Result

We prove the main result using stochastic approximation techniques. To do so, we first
show that the difference in the updates of the estimates in (3.8) can be decomposed into a

deterministic part and a zero-difference martingale.

Lemma 8. Fort € N, the online estimator (3.8) satisfies

Pt+1)=P()+n (f(P(t) + M(t+1)), 5.1)

where the function f : (0,1)? — (0,1)? has coordinates

h(ﬂ'l, 7T2) — h(![‘l, ZEQ)

fl(w) = h([Eh 172)(]_ — h([Eh T2

))SC@@'(CC:F@' — Z3_4), (5.2)

and the sequence { M (t)} is a bounded martingale difference sequence with respect to the filtration
{Fi}i>0, where Fy = o(P(k), M (k) : k <), ie., forallt € Ngwe have EIM (t + 1) | ;] =0

and || M (t + 1)||oo < 2 almost surely (a.s.) (and hence, bounded in-expectation).
Proof. Let

Mt +1) = %(P(t +1) = P(t) — F(P(1)).
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To prove the claim, first note that

nBIM(t+1) | Fi] = E[P(t + 1) = P(t)|F] — nf(P(1)),

and thus, we need to show E[P(t+1) — P(t)|F] = n.f(P(t)) almost surely. From Remark 8,

we know that whenever R, (t + 1) = Rq(t + 1), we have

Bi(t+1) = (L=n) Pi(t) = m

P(t+1) = (1 —m)P(t) = m ' =

Note that PI’(Rl(t) = Rg(t)) = M Tg + T Ty = h(ﬂ'l, 7T2) and PI‘(Rl(t) 7é Rg(t)) = h(ﬂ'l, ﬁ-2>

for all t € Ny. Thus,

E[Fi(t+1) — B(t) | F]

|
B S Py (1) Py(1)
= (’“ LT 1), Py(0)

for all ¢ € [2]. Therefore, f(x) is given by

T1X2

_ .\ XT3
h — =X |,
(21, 22) + h(my, o) x )

fz(w) = (h(ﬂ'hﬂ'Z)h h(l‘h«’fZ)

for i € [2]. It is convenient to replace the last term (i.e., —z1) by —(h(m1, m2) + h(m, T2))z1 in
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fi(x) to get

. = h(my,m2) e h(m1, 72)
fi(z) = 2121 (22 xz)—h@l’@) + 2171 (72 $2))—h($17j2)
s _ h(ﬂ'l,ﬂ'g) ]’L(’ﬂ'l,ﬁ'g)
= (e = 2) (h(xlaxz) N h(l‘h@)) '
Similarly, we have
h(my, mo h(my, o
f(@) = Taws(01 — 1) <h§x1 x2; B hExl fzi) '

Note that as h(a, b) + h(a,b) = 1,

h(ﬂ'l,ﬂ'g) h(ﬂ'hﬁ'g) . h(ﬂ'l,’ﬂ'g) — ]’L(ZL‘l,I'Q)

h(.f(]l,l'g) h([El,i’Q) N h(l‘l,xg)h<l’1,i‘2)

Therefore, we have

h(my,m) — h(zy,x5) | 21T1(72 — Zo)

@)= h(z1, 22)(1 — h(z1,72))

(5.3)

TaZo(xy — T1)

Finally, we have 1 <Ri(t +1) 20 +1) € (0,1) for P;() € (0, 1). This together with

fi(P(t)) € (—1,1) implies that |M;(t + 1)| < 2 fori € [2]. |

The iterates of the form (5.1) are well-known as Stochastic Approximation iterates and
they were first introduced in [49] to find the zeros of scalar functions and later, were used to find
the zeros of vector fields (functions from R" to R™), using noisy measurements of the vector field
f (). Therefore, the natural next step would be to identify the zeros of the particular function

f(x) given in (5.3), as stated in the following lemma.
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Figure 5.1. The blue with arrows and red curves represent the direction of the function f(x) at
point  and level set {x | h(x) = h(m)} fora m = (0.32,0.36)". The other curves represent the
sample paths for our estimator with different initial states (marked by o) and end states (marked

by ).

Lemma 9. The zero set of the function (vector-field) f(x) (defined in (5.2)) is the set
E={x (0, 1)2 | h(z1,x9) = h(m,m2)} U{(0.5,0.5)}. (5.4)
Proof. Note that f(x) = 0 iff

h(my, ) — h(xy, x2) 2171 (19 — Ta) B 0 55
h(xy,z2)(1 — h(zq,x2)) - . )

xzi’g(fﬂl — 1_31) 0

Therefore, f(x) = 0iff either h(my, me) — h(z1,x2) = 0 0or 2171 (29 — Ta) = xoTo(x1 — T1) = 0.

For x € (0,1)?, the second condition holds true iff z; = 25 = 0.5. [

Although the discrete-time process { P(t)} satisfies the conditions to be viewed as the
Stochastic Approximation scheme for f(x), we cannot use the standard results in stochastic
approximation [10, 32] to establish the convergence guarantees of our learning rule since the

function f is not a Lipschitz function. We use certain potential or Lyapunov (like) functions and
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their properties to show the convergence of the proposed online estimator’s updates.

First, we establish a lemma showing an invariance relation for the estimates P, (t), P5(t),
which we use in the analysis of the limit of the online estimator. The following lemma states that
if the unreliability estimate of an agent is greater than the other, the estimates at any time for that

agent will stay greater than or equal to the estimate for the other agent.

Lemma 10. For a fact-checker with n = 2 agents, and for all t > 0, the online estimator { P(t)},

given by (3.8), satisfies
(P(t) — Pr(1))(P2(0) — P1(0)) > 0.

Proof. Tt suffices to show that the sign of P(t) — P;(t) and Py(t+ 1) — Py (¢t + 1) always agree.

If Ri(t+1)= Ry(t+ 1), then Remark 8 implies that P(¢ + 1) is a convex combination of P (t)

and . Pit)Pa(t)

R O.mmo L e both Py (t) and P»(t) are scaled and shifted by the same amount, and

hence, their order is preserved. Now, let R (t + 1) # Ry(t + 1), and without loss of generality
assume that P(t) > P;(t). Then this implies that P, (t) Py(t) > P;(t) P»(t). From Remark 8 we

know that P (¢ + 1) is a convex combination of P(t) and

1 Py (t)Py(t)
h(Pi(t), Py(t)) Pi(t)Py(t) |

where in both vectors the second entry is greater than or equal is the first one. Thus,

Py(t+1) > Py(t+1). [

In the following lemma, we prove the convergence of our online estimator to a superset of

the zero set £ (given by (5.4)).
Lemma 11. Under the hypothesis of Theorem 14, the online estimator updates { P(t)} converges

almost surely to the set

1 1
& = {x € [0,1)% | h(zy1,29) = h(m, m)} U {:13 €[0,1 |2 = 50Tz = 5} .
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Proof. Define

V(t) := (h(Pi(1), Po(t)) — h(m1, m2))*

for t > 0. From (5.1), we know that the update of the estimates is given by P;(t + 1) =
Py(t) +n.f(R(t + 1), P(t)) where

fi(R(t+1), P(t)) = fi(P(t)) + M;(t +1).

for i € [2]. In order to simplify the notation, we will refer to the above expression as f;(t).

Utilizing this expression, we can simplify the function h(P;(t + 1), Po(t 4+ 1)) as

(Pt +1), Po(t +1)) = h(Pi(t), Pa(t)) + 207 f1 (1) fa(t)

+ 0 (fL(t)(Pa(t) — Pa(t) + fa(t)(Pr(t) — Pr(t)).

Using the fact that for all t € N and i € [2], the terms | f;(¢)| and P;(¢) are bounded above

by 1, for a positive constant /, we can obtain an upper bound on V(¢ + 1) as

V(t+1) S V() + 5, K + 2 (h(Pi(t), Pa(t) — h(my, m2))

< (fi(t)(Pa(t) — Pa(t) + f2(t)(Pr(t) — Pu(t))). (5.6)

Taking the conditional expectation on the past F; of the above inequality, and using the

property that E[f;(t) | F,] = fi(P(t)), we get

E[V(t+1) | F] < V(t) +n’K — 21,V (t)x (5.7)

Py(t)Pi(t)(Py(t) — Py(t))* + PQ(t)EEt)(Pl(t) — Py(t))?
h(Py(t), Pa(t))h(Pr(t), Pa(t)) '
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In order to simplify the last term in (5.7) observe that

aa(b—b)? 4 bb(a — a)* = aab® + aab® + bba* + bba’® — 4abab

= h(a,b)h(a,b) — 4abab.
In addition, we have

h(a,b)h(a,b) = (a® + a*)bb + aa(b® + b*)

> 2aabb + aa(b® + b*) = aa(b + b)* = aa.
Similarly, bb < h(a,b)h(a,b) and hence,
aa(b—0b)* + bb(a—a)* > h(a,b)h(a,b)(1 — 4h(a,b)h(a,b)).
Using the above inequality in (5.7), we obtain

EV(Et+1)|F] <V({E)+nK (5.8)

=20V ()(1 = 4h(Pi(t), Po(t))h(P1(t), Po(1)))-

Note that 1 — 4h(a,b)h(a,b) = 1 — 4h(a,b) + 4(h(a,b))? > 0 with equality iff h(a,b) = 1/2,

1..,a = 5 Or = = SInce a — = — 2 — . mce, _ < 0, usin the
i Lorb = 1 since 2h(a,b) — 1 = (1 — 2a)(1 — 2b). Since, ;7 7? ing th

Robbins-Siegmund Theorem [50] we obtain that V/(¢) converges almost surely and

S nVO(L — 4h(P (1), Ba(t)h(Py(8). Pa())) < oc

almost surely, which implies that with probability one

lim inf V (£)(1 — 4h(P,(t), Pa(t))h( P (), Pa(t))) = 0. (5.9)

t—o00
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By the above observation, the event

Q" :={w € Q| V(t) converges and

liminf V(£)(1 — 4h(Py(t), Py(t)h(Py(t), Pa(t))) = 0}

t—o00

happens with probability one. We can partition 2* into 2* = €2, U {2, where

Q= {w € Q| V(t) converges and (5.10)

lim inf(1 — 4h(Py (), Po(£) APy (1), Pa(#)) = 0}

and 2, = Q* \ Q. Note that for w € Q, (5.9) implies that lim inf; ., V' (¢) = 0 which together
with the fact that V/(¢) converges a.s. implies that 1/ (¢) converges to 0.

Since we have diminishing step-sizes, the increment in h( P (t), P>(t)) decreases with ¢
and the a.s. convergence of \/V (t) = |h(Py(t), Pa(t)) — h(m1, m)| implies that h(Py(t), Py(t))
converges almost surely.

To analyze the sample paths for w € €, recall that 1 — 4h(a, b)h(a,b) = 0 iffa = 1/2

or b = 1/2. Therefore, for the sample paths with

lim inf(1 — 4h(Py(1), Py(t))h(P1(1), Pa(£))) =0,

we know that i (P (t), P,(t)) must converge to 1/2. This along with the continuity of A, implies
that on Qp, limy_,oc P(t) € {x € [0,1]* | 21 = S orz, = 1}. |
With the convergence result on our online estimator, in the following lemma, we prove

the convergence of sample paths corresponding to w € €2, to the point (1/2,1/2)% in order to

establish the convergence of the updates to the zero set £ itself instead of the superset.

Lemma 12. Under the assumptions of Theorem 14, for w € )y, (as defined in (5.10)) the online

estimator updates { P (t;w)} converges to (3, %)T
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Proof. Without loss of generality assume that P (0) > P;(0), which by Lemma 10 implies
that P5(t) > P;(t) and hence AP(t) := Po(t) — Pi(t) > 0 for all ¢ > 0 (surely). Since
Pr(Rl(t + 1) = Rg(t + 1)) = h(?Tl, 7T2), we get

E[AP(t +1) | F] = h(mi, m)(1 — n) AP(t)

+ (1 = h(my, 7)) (1 T T,
_ h(m, m) = WP (1), Po(t)
= AP(t) + TP ), Pa(0) (P (1), Ba(1))

X (Po(t) Po(t) (Pi(1) = Pr(t)) = Pi())Pi()(Pa(t) — P(1))

— AP(t) — mAP(t)h(m,m) — h(Pi(t), Py

~
N—
N—

h(P1(t), Pa(t))
NG i
(h(my, m2) — h(PA(E), Po(t)))”
e (VG 1

where 1 = max(z,0) and = = max(—=x,0). Define

C = {w 0 ’ intAP@) <h<7T177T2> — h(Pl(t)a PQ(t>>>_

t=0

The generalization of Robbins-Siegmund Theorem (cf. Theorem 1.3.12 in [17]) implies that for

all w € C, we have

i mAP(t) (h(m1, m) = h(Pi(t), Pa(1)))"

= < 00
ION:0)
and AP(t) converges. Therefore, for w € C, we get
ZﬂtAP(t) |h(m1, m2) — h(Pi(1), Pa(t))] < o0,

h(Pi(t), Pa(t))

t=0

On the other hand, we know that if w € €2, then we know for any € > 0 there exists a time 7, (w)
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such that |h(Py(t), Ps(t)) — 1/2| < eforall t > T,(w). Choosing € < h(my,m) — 3 we see that

hminfh(m,m) — h(P1<t),P2(t)) > 0,

t—o00

which implies that w € C, i.e., ), C C. For w € ), we get that lim, ,, V (t) = 0 (since
liminf, ,o V(¢) = 0 from the finite-sum conclusion above and V'(¢) converges for w € )
or lim; ,,, AP(t) = 0 (since liminf, ,,, AP(t) = 0 from the finite-sum conclusion above
and AP(t) converges for w € C). By the definition of the set €, for w € Q,, we know
that lim; ., V'(t) # 0. Therefore for w € Q,, AP(t) converges to 0, i.e., P(t) converges to
(1/2,1/2). The same arguments hold for the case when P»(0) < P;(0). |

Finally with Lemmas 11 and 12, we prove Theorem 14.

Proof of Theorem 14. Combining the results of Lemma 11 and Lemma 12, we know that
for w € €, the online estimator converges to {x € [0, 1)? | h(z1,xs) = h(m, )} and for
w € €, the online estimator converges to (1/2,1/2). Therefore P(t) converges to £ a.s. since

P(Q) = P(Q,UQ,) = 1. n

5.3 Conclusion

We presented a model for fact checking of binary facts involving agents modeled as
memoryless binary symmetric channels and proposed an online algorithm to estimate the
unreliability parameters of the agents and for n = 2 agents, we proved that the estimates form a
dynamic process which is a stochastic approximation scheme and using results from martingale
theory, we showed that it converges almost surely to the set of equilibrium points of the mean-field
ODE. In particular, we characterized the zeros of the mean-field ODE, which are, interestingly,
the set of unreliability parameters resulting in the same output distribution as the true unreliability

parameters.

93



Chapter 5 in full, is a reprint of the material as it appears in A. Verma, S. Mohajer, B.
Touri, “Distributed Fact Checking:Learning Unreliability," in 2024 American Control Conference.

The dissertation author was the primary investigator and author of this paper.
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Chapter 6

Convergence in Systems with n > 3 Agents

In Section 3.2 we proposed an online estimator for the unreliability parameters of the
agents which makes use of the likelihood ratio between source being fake or true given the agents’
conclusion about the validity of the statement computed using the error estimate at a given time.
In this chapter we study the convergence properties of the proposed online estimator involving
resetting introduced in Section 3.2.1 of Chapter 3. To establish convergence, we utilize results
akin to the Stochastic Approximation theorem presented in [7]. However, since the hypotheses of
the theorem, specifically the assumptions on the Lyapunov function, in [7] are not met in our
case, we extend the result and provide a proof tailored to our specific problem.

In the following theorem, we offer a solution to Problem 9 by demonstrating that the
online estimator defined in (3.13), almost surely converge to an intended set. To articulate the

theorem, recall that h(a,b) = ab+ (1 —a)(1 —b) for a, b € [0, 1].

Theorem 15 (Convergence of Online Estimator). For a fact-checker comprised of agents with
unreliability parameters © € X , under Assumption 4 on the step-sizes, with probability one the
online estimator { P, (t)}, defined in (3.8), converges to the set € = £ U G where & is the set of
equilibrium points of the mean-field ODE (3.11), i.e., € = {x € X' | f(x) = 0} and G is the
collection of 2n points G = {x € X | x; € {0,1},i € [n], x; = h(m;, x;7; + Z;7;)V] € [n]_;}.

In other words, limy_,o. d(P,,(t),€) = 0 a.s.

To understand the set £ to which the estimates converge, note that it is comprised of &,
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the set of zeros of the mean-field ODE f(x) = Eg,,. [f (R, x)] and 2n points at the boundary
of the set X. We know that points 7r and 1 — 7r are present in the set £ and they should naturally
be there as w and 1 — 7 are indistinguishable from the distribution of the output vector R.

Moreover, we conjecture that the set £ is comprised of these two points and the trivial point %1.
Conjecture 1 (Characterization of £). For n > 3, we conjecture that £ = {mw,1 — m, %1}

In fact for n = 3 we show that £ = {m,1 — 7, 11} in Theorem 22 of Chapter 7.

On the other hand to understand the points on the boundary note that /i (7;, 7;) represents
the probability of agents ¢ and j declaring the opposite verdict regarding the validity of the
statement. Given that z; = 0 then h(m;, 7;) = Pr(R; # R;). In other words, since the
fact-checker has decided that agent 7 is completely reliable for agent j instead of estimating
7; = Pr(R; # S), itis estimating h(7;, 7;) = Pr(R; # R;). Similarly, if z; = 1 the fact-checker
has decided that agent ¢ is completely unreliable, or that 1 — R;(¢) is the true label. Hence for

x; = 1, for agent j the fact-checker is estimating Pr(R; # R;) = Pr(R; = R;) = h(m;, ;).

6.1 Proof of Main Theorem
6.1.1 Stochastic Approximation

A stochastic approximation of an Ordinary Differential Equation (ODE) is a recursive
algorithm to find the zeros of a function ' : Z — R? from noisy observations of the function F

and is commonly expressed as

Zt+1)=Zt) +n(F(Z(t)) +£1t+1)), teNy, 6.1)

where the initial condition is Z(0) € Z, {n,} is a step-size sequence that often assumed to satisfy
Assumption 4. Furthermore, {£(¢)} is a martingale-difference sequence, i.e., E[£(t+1) | F:] =0
for all t € Ny, where F; = 0(Z(k),&(k) : k < t) is the o-algebra generated by the past [10].

The update vectors Z(t) can be viewed as an approximation of the path taken by the so-called
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mean-field ODE z = F'(z).
To prove the main result, we first show that the difference in the updates of the estimates

in (3.8) can be decomposed into a deterministic part and a zero-difference martingale.

Lemma 13. Fort € N, the online estimator (3.8) satisfies

P(t+1) = P(t) + 0 (F(P(1) + M(t +1)). 62)

where f is the mean-field ODE given in (3.11) and M (t + 1) := f(R(t+ 1), P(t)) — f(P(t)).

Moreover, for the sequence { M (t)}, for all t > 0 we have the following with probability one.
i. E[M(t+1)|F]=0and
ii. ||M(t+1)||e <2 (and hence, bounded in-expectation),

where the filtration {F,} is defined as F; = o(P(k), M (k) : k <) forallt € N.
In other words { M (t)} is a bounded martingale difference sequence with respect to the

filtration {F}.

The proof of Lemma 13 is provided in Section 6.4.1.

Although the discrete-time process { P(t)} satisfies the conditions to be viewed as the
Stochastic Approximation scheme for f(x), we cannot use the standard results in stochastic
approximation [10, 32] for convergence guarantees of our learning rule since the function f is
not a Lipschitz function. We use certain Lyapunov functions and their properties to show the
convergence of the proposed online estimator’s updates.

In the following lemma, we provide an alternative way of expressing the probability of

the output vector g, (r) and the update value f(r, ).

Lemma 14. For any r € {—1,+1}" and x € X, the expression of output probability for R
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based on unreliability vector x, Pr(R = r;x), is given as

I —(re) 1 )\ -
(1) = <§ exp % + 3 exp %) H Vi (1l —x;) (6.3)
i=1

Moreover, the function f(r,x) can be expressed as

f(r,z) = % (1 — tanh (%mew)) r> —z. (6.4)

The proof of Lemma 14 is provided in Section 6.4.2. We express the resetting based
update rule (3.13) in a recursive stochastic approximation form using a correction term p(t)
during the step of resetting. We later show that the correction term p(t) is non-zero finitely often
in Lemma 18.

Note that the projected update rule { P, (t)} defined in (3.13) can also be expressed in

the stochastic approximation form as
Poo(t 4 1) = Poo(t) + £ (Ppe()) + Mt + 1) + plt + 1))

where f(-), M (t + 1) are as discussed in Lemma 13, and the correction term for the event of

resetting is given as

1
P+ 1) = L) X (6.5)
t

(Po = (Pult) + mf (Rt +1), Py(t) ).

where P, € K, is the reset estimate.
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6.1.2 Lyapunov Function

In this section, we propose and study a Lyapunov function for the mean-field ODE
(3.10), and we prove the desirable properties related to the function to establish the almost
sure convergence of the projected update rule. To define the Lyapunov function, we utilize the

Kullback-Leibler (KL) divergence which is defined as follows.

Definition 7 (Kullback-Leibler Divergence [44]). Let i, v be distributions on discrete set/alphabet
U. The KL divergence between y and v is defined as Dy (j1||v) = Y _,c 14(u) log %, where we
use the conventions (i) 0 -log § = 0, (ii) if there exists u € U such that v(u) = 0 and p(u) > 0

then Dy (u||v) = oc.

For a Lyapunov candidate, we focus on the Kullback-Leibler divergence between the
output distribution R generated by the agents having the unreliability parameters vectors 7 and

x. More precisely, for any w € X we define the Lyapunov candidate as V : X — [0, co) with

V(z) = DxiL(gr|gz)- (6.6)

Note that here the alphabet is &/ = {41, —1}". Note that this Lyapunov candidate is finite for all
x € X = (0,1)" because g, (r) > 0 for any r € {+1, —1}". Similarly, V(x) is a continuously
differentiable function as it is the difference between a constant and a convex combination of 2"

functions that are logarithms of polynomials g, (7). More precisely,

V(z) =Cr — Z g=(7)log gz(7),

re{+1,—1}"

where C := Zre{ﬂ,q}n gx=(7)log g () is a finite constant for any 7 € X.

Extension to X': Note that the Lyapunov candidate function (6.6) can be extended to the
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set of singly-extreme vectors & € Xyouna- For r € {+1,—1} and = € (0, 1) we can rewrite

147 1—r 1+T 1_T
= 1—2x).
5 T+ 5 ( x)

. 1+r . — _
From the above representation for x = 0, we adopt 03" = lim,_. IQix + 1—2’"(1 —x) = 12—7"

for r € {—1,+}. Based on the new representation, we can extend the definition of the output

distribution, g, for & € Xyoua. For ¢ € [n], for a singly-extreme vector x € A, ®

bound and vectors

r € {+1,—1}", the output distribution is defined as

1—'r]C 1+Tk

) 2 1-— 2 if P = —1)%
galr) = er[n}_l‘rk ( ) ifr; = (1) ‘ 6.7)

147y 1—r

[ecm_, z® (1— m) T ifr A (=)

For © € Xyouna We extend the definition of V() = Dky (gx||gs) using definition (6.7) for g,.

Moreover, for i € [n], we define the gradient of V' (x), VV (), for x € X, G | as

bound?

oV(x) limy, o+ V(w+(_(1_):;fie,f)_v(m) ifj=1
ox; NS 7

where e; is the i-th standard basis vector of R".
In the following theorem, we show that V() satisfies the conditions to be a Lyapunov

function for the ODE & = f(x).

Theorem 16. For the mean-field dynamics (3.10) and the function V(x) given in (6.6), we
have (NV (x), f(x)) < 0 for all x € X. Furthermore the equality holds iff x € £, where

E={x € X | f(x) = 0} is the set of equilibrium points of the ODE.

The proof of Theorem 16 is provided in Section 6.4.2. To prove the convergence we use
the Stochastic Approximation result in [7]. In [7, Theorem 2.3], it is established that under certain

assumptions related to the functions f(x) and V' (x), if the updates stay in a compact subset K of
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X, and the step-sizes and error term satisfy certain boundedness conditions, then the updates
converge to the set I N £. In doing so a key property that is being used is the compactness of
the sublevel set of Lyapunov function V' () associated with the ODE & = f(x). However, note
that the Lyapunov function V(x) = Dy (gx||¢9.) defines a non-compact sublevel set for levels
greater than a certain value. In other words, for large enough M {x € X' | V(xz) < M} isnota
compact set, as will be clarified as a consequence of Lemma 15 in Section 6.1.3. Consequently,
if we focus only on the updates over X', the compactness assumption essential for Theorem 2.3 in
[7] would not hold. However, we can address this issue by extending the function to the set X

ensuring the assumptions are satisfied, as detailed in the following subsection.

6.1.3 Boundary Behavior with Extreme Unreliability

In this subsection we discuss the behavior of the Lyapunov function V' (x) and the
mean-field function f(x) when one of the agents’ estimate is at the extreme limit, i.e., the
unreliability vector « € [0, 1]™ is such that x; € {0, 1} for exactly one i € [n]. In other words,
we discuss the functions for x € X} guna, Where Xjoung s defined in Definition 5.

A singly-extreme vector represents an unreliability parameter vector where one agent
deterministically provides either the true validity or the opposite. Note that we would not have
such an unreliability parameter as the true unreliability parameter of the agent since 7; € (0, 1) for
all i € [n]. However, the estimates might converge to a singly-extreme point. This convergence
implies that the fact-checker would solely rely on the agent with an unreliability estimate as O or
1 disregarding the opinions of other agents. It is worth noting that the scenario where multiple
agents’ estimates are in {0, 1} is not meaningful since the true unreliability for these agents lies
in (0, 1) ensuring the existence of outputs where the agents would disagree. Such a situation
would lead to an impossible estimator of the statement’s validity.

To motivate the inclusion of the study of these singly-extreme points, we broaden the
scope of our study by expanding the definition of the Lyapunov function V' and the ODE f as

the value of the functions in the limit taken along any trajectory inside X'. With these values we
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show that the Lyapunov function takes finite value over &}unq. Note that for € € Apgung, the
definitions of the functions for f(x) and V' (x) in (3.11) and (6.6) respectively remain valid and

yield the expressions presented in Lemma 15.

To introduce the next lemma, let’s define H,(z) for a,x € (0,1) as
H,(x) = —alogx — (1 —a)log(1 — z).

Lemma 15. Let C; = Eg.,, [log g=(R)]. Then for anyi € [n] and x € Xb(jzmd, we have
i. V(z)=Cr+10g24 3 i, Hamimo (i, 21)),

ii. f(x) is defined through f;(x) = 0 and

fi(x) = h(m, h(zy, 7)) — x5, Vj € [n]_;.

iii. f(a) = 2;(1 — 2;) %2, forall j € [n].
The proof of Lemma 15 is provided in Section 6.4.3.

Corollary 3. For x € Xppuna, f(x) = 0 iff & € Epoundary Where

gboundary = U{a: € Xbound | xX; € {0, 1},.1']‘ = h(ﬂi,l’iﬂj + flﬁ]>v‘] € [n],l} (68)

i=1

Since the function H,(x) is minimized at x = a, we have H,(z) > H,(a). Additionally,

H,(x) is an unbounded function of x. Therefore,
V(%) = {V (@) | € X2 € {0,1}}

= (Cﬂ- + 1+ Z Hh(m,wk)(h(ﬂ-ivwk))? OO)

kG['rL]_i
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Note that that Wy, = {x € X' | V(x) < M} C X = (0,1)" is not closed for any level

M > My, := min Cr +log 2 + Z Hi(ry ) (R(705, 1)),
1€

] ke[n]—s

as for such an M, V(x) < M for some x € x

bound fOT sOmMe i € [n] but as a sublevel set in X,

We conjecture that there exists a level set of the Lyapunov function which contains the

zeros of the derivative of the Lyapunov function along the trajectory of the ODE & = f(x).

Conjecture 2. For the Lyapunov function V(x) = Dk (gx||gz), there exists a positive constant

Moy > 0 such that
E={xeX|f(x)=0}C{xeX|V(x)< My}. (6.9)

Note that although we state (6.9) as a conjecture it immediately follows if £ is a proper
subset of X'. In fact if £ has finitely many points then the condition (6.9) holds true. Since
we show that £ = {mr,1 — 7, 21} in Theorem 22 of Chapter 7, condition (6.9) is known to be
satisfied for n = 3 agent fact-checker system.

In the following lemma, we prove that the Lyapunov function V' (x) satisfies certain
properties with the function f (). For any M > 0 we denote the sublevel set of V' (x) over X as

Wiy ={x e X|V(x) <M}

Lemma 16. The function V : X — [0, 00), defined through (6.6), for the vector-field f : X — R"

satisfies the following properties.
i. (VV(x), f(x)) <0foranyz c X;

ii. there exists My such that

(9_ =E&U gboundary g {w € ‘/? | V(m) < MO}’
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iii. for any M, € (My, o0), Wiy, is a compact set;
iv. the closure of V (€) has an empty interior.
The proof of Lemma 16 is stated in Section 6.4.3.

6.1.4 Convergence of Estimator

In the following lemma, we show that the total error accumulated through the zero-

difference martingale term converges almost surely.

Lemma 17. Consider the estimates { P, (t)} defined through the update rule (3.13). For all

t € Ny, let X(t + 1) =nM(t + 1). The series ||>_,~, X (t)|| converges a.s.
The proof of Lemma 17 is provided in Section 6.4.4. We will refer to the sample paths
for which ||>°;°, X (¢)|| converges as Qcony, i.€.,
oo
Qeony = {w € Q||| Z X (t)|| converges}. (6.10)
t=0
From Lemma 17 we know that Pr(Qoy) = 1. Using Lemma 17, we establish that the estimates
lie in a truncation set.

Lemma 18. For the projected update rule defined through (3.13), for every sample path w € .o,

there exists a index q(w) such that { P,,,(t;w)} lies in K. Moreover, £ C Ky a.s.

The proof of Lemma 18 is provided in Section 6.4.4. Lemma 18 establishes that with

probability one, { p(¢)} is non-zero finitely often implying that resetting takes place finitely often.

Theorem 17. For the projected update rule defined through (3.13) consider the sequence of
updates associated with the sample path w € Q.. Consider a compact subset K,(w) of X such

that Ky, N E # 0. Then we have limsup,_, . d(P,.(t;w), Ky N E) = 0.

The proof of Theorem 17 is provided in Section 6.4.5.
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Finally, using the fact that the estimates of the projected update rule lie in a truncation set
and the cumulative error term convergence almost surely, we establish the almost sure convergence

result of the estimates.

Proof of Theorem 15. Through Lemma 17 we know that the error term >~ n,M(t + 1)
converges a.s. From Lemma 18 we know that for all sample paths in the set w € ()., the
sequence { P, (t;w)} stays in some compact subset K, of X'. We also know that £ C K,
from Lemma 18, therefore Cy(.) N £ = £. So, applying Theorem 17 to every sample path in

Qeony, We conclude that d( P, (), £) converges to 0 a.s. [ |

6.2 Simulations

In this section we provide simulation results for both synthetic and real data, to conduct a
thorough investigation into the performance of proposed estimator. In addition to analyzing the
distributed fact-checking dynamics using our proposed algorithm, referred to as Soft Algorithm,
we also employ the Triangular Estimation (TE) algorithm [9] as a comparative benchmark. TE
algorithm estimates worker reliability by analyzing the correlations among workers’ answers. At
any time ¢ we determine the estimate S(t) of the validity of the statement S(¢) using the current
estimates of the unreliability parameters and use the LT estimator eq. (3.1). To be consistent with
the plots in Chapter 4, we denote the estimates of unreliability parameter at time ¢ by 7 (¢). For
®)

the LT estimator we use weight vector £; ;) whose i-th coordinate is given by £, ;) = log #

1—
7t

and threshold v = 0.

6.2.1 Synthetic Data

In this subsection, we provide a simulation that involves a synthetic dataset comprising
n = 9 agents. The unreliability probabilities, m; = 0.1i — 0.01 for ¢ € [n], incremented in steps
of 0.1, representing a wide spectrum of agent behaviors. We generate 7' = 10000 1.i.d. labels

S(t) for t € [T] according to the Rademacher distribution. We run the proposed algorithm with
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step-sizes 1, = t% and initialization 7;(0) chosen independently from a uniform distribution

over (0.1,0.4). In simulations, the algorithm converges even without the truncation component

of the algorithm. The minimum distance of the estimates from the boundary of (0, 1) was 0.091.

Soft Algorithm Estimation . TE Algorithm Estimation

0.9 —=—— i = 0.9 b P 4

—

O I L 1 1 0 L L 1 L
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Number of statements (t) Number of statements (t)

Figure 6.1. Convergence of proposed and TE Algorithms over 10000 Statements

Figure 6.1 illustrates the convergence behavior of the proposed algorithm and the TE
algorithm in estimating the true unreliability parameters of agents. Each colored line corresponds
to one of the nine agents, showing the trajectory of the estimated unreliability parameter as the
algorithm processes more statements. The proposed algorithm’s estimates approach the true
unreliability values and maintain stability. On the other hand, the TE algorithm’s performance,
while ultimately converging to the true values, suggests a possible requirement for a larger dataset
to stabilize its estimates. The early estimates of the TE algorithm estimation exhibit noticeable
variance, indicating the potential need for a larger initial dataset for stabilization of the estimates.

To highlight the behavior in Figure 6.2 we plot the convergence of the two algorithms over the
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Figure 6.2. Convergence of unreliability parameters for proposed and TE Algorithms over 1000
Statements

early 1000 statements. Figure 6.3 shows a comparison of the cumulative number of mismatches
between the estimates of the two algorithms. The behavior of the two algorithms is comparable
in this aspect. Note that once the estimator of unreliability gets close to the true unreliability
parameter, the behavior of the plot of the estimators imitates the behavior of the optimal linear
threshold (LT) estimator discussed in Theorem 10.

Finally, Figure 6.4 presents the error dynamics of the proposed algorithm and the TE
algorithm over the 10000 statements. As the number of statements increases, both algorithms
demonstrate a decrease in the error magnitude, reflecting the convergence of the estimates to
the true unreliability parameters. The figure indicates that the proposed algorithm may provide

more stable convergence in estimating the unreliability parameters than the TE algorithm.
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Figure 6.3. Cumulative mismatches between estimated validity S(¢) and true validity S(t) of
proposed and TE Algorithm for synthetic dataset
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Figure 6.4. Average /1-error per agent of unreliability parameter estimates for proposed and TE
Algorithm for synthetic dataset
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6.2.2 Real Dataset

In this subsection we illustrate the performance of the estimators on a real-world dataset,
specifically one concerning the binary classification of bird observation. This dataset, henceforth
referred to as the "Blue Bird Dataset", presented in [60]. The dataset consists of a 39 number of
agents and 108 statements, categorized into two distinct classes, that are labeled 1 and 2. We
associate instances of label 2 with label —1, and those with label 1 with +1 in our setting.

The original structure of the dataset presents an ordered sequence, with all instances
of label 1 positioned prior to those of label 2. Such an arrangement does not demonstrate the
performance of a randomly streaming source. To address this issue we have randomized the
order of the observations, thereby mitigating any potential bias that could arise from the initial
ordered state. The shuffling ensures that each observation is equally likely to be sampled at any
point in the analysis, adhering to the i.i.d. assumption.

In Figure 6.5 the cumulative number of mismatches is plotted for a random permutation of
the data. The performance of proposed algorithm is better than the performance of TE algorithm

for blue bird dataset.

6.3 Conclusion and future work

We presented a model for fact-checking of binary facts involving agents modeled as
memoryless binary symmetric channels and proposed an online algorithm to estimate the
unreliability parameters of the agents. We proved that the estimates form a dynamic process
which is a stochastic approximation scheme and using results from stochastic approximation
theory, we showed that it converges almost surely to the set of equilibrium points of the mean-field
ODE over an extended domain X. In proving the convergence we studied the properties of
the KL divergence used as the Lyapunov function V' (x) for mean field ODE f(«). Finally,
through synthetic and real-data simulations, we showed that the proposed estimator has merits in

certain cases over the streaming TE estimation algorithm. The online estimator proposed in this
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Figure 6.5. Cumulative mismatches between estimated validity S(¢) and true validity S(t) of
proposed and TE Algorithm for Blue Bird dataset

dissertation and its analysis open up a variety of avenues for future work. We conjecture that the
set to which the online estimator converges can be further reduced to a smaller set containing the
stable equilibrium points such as 7v and 1 — 7w when we have 7; # % for any ¢ € [n]. Further
work involves studying the convergence of variants of the proposed online estimator when not all

the agents participate in the fact-checking task at every time ¢ a new statement arrives.
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6.4 Skipped Proofs
6.4.1 Proof of Stochastic Approximation Lemmas

Proof of Lemma 13. To prove the claim, first note that
nE[M(t+1) | F] = E[P(t+1) — P()|F] —n.f(P(1)),

and thus, we need to show E[P(t+1) — P(t)|F:] =n.f(P(t)) almost surely. By definition,
we know that 7, f(R(t + 1), P(t)) = P(t + 1) — P(t) which results in the conclusion that
f(P(t)) =E[f(R(t+ 1), P(t)) | Fi] = Egey.[f(R, P(t))] since {R(t)} is i.i.d. according

t0 9.
Since %Ri(t + 1) € [-1,1] and P;(t) € [0,1], we know that the value of the
coordinates satisfy f; € [—1, 1]. Therefore, | M (t 4+ 1)|| < 2 a.s. [

6.4.2 Proof regarding Lyapunov and ODE functions

Proof of Lemma 14. For a fact-checker with unreliability vector x € X, we define the log-
odds value associated with agent ¢ as (,, := log% and the log-odds vector as £, =
(Coys by - - - ,fmn)T. Then the probability of the output vector being r for a set of agents

with unreliability vector , Pr(R = r; x) is given by

1 147 1—r; 1 o 14r;
oa(r) =5 [To ™ @ —a) T 5[ a1 —a) ¥ 6.11)
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Taking the exponents of the logarithm to express the probability using the log-odds vector £, we

get

1 14y 1—r
gm(r)ziexp (Z —;T log z; + 2T log(l—xﬂ)

1 L [ 147
+ 2 eXP (Z; 5 ! log z; + —gr log(1 — xz)>
= —eX — 10 og x; — X
9 &P le 1z 8
+1e zn:_rilo N (1 )
— ex og T; — T
g P g BT, T

=1

= <% expM + 1eXp W) H V(1 — ;).

2 2

Moreover since the likelihood ratio given the unreliability vector & for output realization

ris L = exp (— (£, 7)), the function f(r,x) can be rewritten as

Proof of Theorem 16. Note that the KL Divergence between g, and g, can be expressed as
V(@) = Eg~g, [l0g gr(R)] — ER~g, [log g=(R)].

Therefore for any ¢ € [n] the partial derivative of V' (x) with respect to x; is given by

OV(x) = OEp.g,[loggz(R)]

8!@' B 8@ B _ERNgW [ 8$Z
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where the second equality follows due to the finite support of random variable R.

From (6.4) we know that

108 9a(r) = 5 > log(a(1 — 1)

1 —(r,ly) 1 (r, Ly)
+ log (5 exp——— + &P |- (6.12)

Therefore the partial derivative of log g, (7) with respect to z; can be obtained as follow.

0log ga(r)
8.’13'1'
1 exp <""72e:c> — exp —<"'2,£w>
=5\ Ty —(r i)
22;(1 — ;) exXp 5 + exp —5
_ l 1— 2ZEZ _ T tanh <T;£:):>

= ; 1—2xz'—7’l-tanhM

- m (% (1 — r; tanh <T’T£m>) — :)3,)

1 ~

= mfi(r,a:).

For any i € [n], the partial derivative of V' with respect to x; is given as

oV (x) Olog gu(x) 1 -
1

For € X the derivative along the trajectory of & = f(x) is

n

n 2
==Y w(l-a) (%g’”) <0, (6.13)
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where equality holds if and only if f;(x) = 0 for all i € [n].
Therefore we have {x € X | (VV (x), f(x)) =0} = {x € X | f(x) = 0}.

6.4.3 Proof of Results on Extreme Behavior

Proof of Lemma 15. The Lyapunov function V() is given by
V(z) = EReg,[10g gn(R)] — ER~y, [l0g go(R)].

For brevity, we denote the expectation as Eg.
Without loss of generality assume that x; = 0 and z; € (0,1) for all i € [n|_;. Then the

probability of the output vector R is given by

ge(r) =Pr({R;=r;,Vi€ [n] 1} | S=1—1r1)

n
—r

:—(1+T1)H:p121(1—x1)%

4 ,
=2
]_ — " 1tr; 1—r;
+( 4T1)z]:12:$i2 (1_351) 7

By Theorem 4.1.13 (Law of Iterated Expectations) in [18],

Erllog gz(R)] = Eg, [Erjr, [log g=(R)] | 1 = +1]

= Egjp,=+1[log g=(R)] | Ry = +1],

where the last equality follows due to g, (r) = g,(—r) and Pr(R; = +1) = 1.
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Therefore

ER\R1=+1 [log Jx (R)]

1—-R; 1+ R;
ER\R1:+1 [Z 5 log T; + 5 lOg(l — «Tz)] -1

=2

. 1-R; 1+R;
= ZER\RFH [ 5 log z; + 5 log(1 — xl)} —log2
i=2

1 Erip—1[Ri], 1—u;
og +;2 og(x;( z;)) + 5 og .
" log(zi(1 — 2 N —1 1 —a;
g 3o el =)+ Ch(mm) — 1)1
i=2 2 Li
2?12 2]’L(7T1, 7Ti> lOg(l — IZ) + (2 — 2h(7’(’17 7Tz'> lOg (L’z)

= —log2 + 5

= —log2+ > h(m,m)log(l — ;) + h(my, 7;) log 2;
=2

Finally, due to the symmetry g, (7) = g1_«(7),

n

V(z) =Cr+log2 — Z(h(m, mi)log x; + h(m, ;) log (1 — x;))

=2

for any € Xyoung With 1 = 1. Compactly expressed for x € lejgnd we have

V(z) = Cr +log2 + Z Hi(ry bz o) (@) (6.14)

k=2

On the other hand, for € Xj,ung such that z; = 0, by taking the limit as the argument

goes to  in the set X we get f(x) = 1Eg.,, [1 — RiR| — x. Therefore, fi(x) = 0 and for
any i € [n]_1, we get %E[l — R1R;) = Pr(Ry # R;) = h(my,7;). Similarly for @ € Xyoua With
z1 = 1, we would have f(z) = iEg.,,[1 + RiR] — = and E[l + Ry R;] = h(m, ;) which

— 2

gives us the result.
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For x ¢ X(l)

bound> 10T @ € [1]_1 we know

IV (x) h(my, h(z1,7;)) N h(my, 1 — h(xq,m;))

0x; T I —
~xy— himy, by, ;)
On the other hand for ¢ = 1, since ag—g) is finite, we have f(x) = —x1(1 —11) a‘afz(f) =0
forx € Xéj&nd.
Therefore for all © € AXoung We have f;(x) = —x;(1 — xi)a‘afif) forall i € [n].
[

Proof of Lemma 16. From Theorem 16, for any x € X, we know that (VV (x), f(x)) < 0.

oV (x)
ox;

Moreover, from Lemma 15, for € € Xyouna, We have fi(x) = x;(1 — ;) for all i € [n].

Therefore, (6.13) holds for x € Xyouna, (VV (), f(x)) < 0. Thus we have property (7).
Define the maximum value that the function V' () takes on the equilibrium points at the

boundary set, Eyoundary b€ Mmax = max{V (x) | © € Evoundary }» Where Epoundary is defined through

(6.8)

From Conjecture 2, we know that & C W,,,. Define

My > max(Mo, Muay). (6.15)

Therefore £ C {x € X | V(x) < My}.

For any C' > 0, we know that W, is a closed subset of X'. Therefore, W is a compact
set.

Finally from Sard’s theorem, we know that the closure of V/(£) has an empty interior
since £ = {x € X | VV(x) = 0}. On the other hand, Eyoundary has finitely many isolated points.

Therefore the closure of V(€ U Eyoundary) has an empty interior.
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6.4.4 Proof of Recurrence

Proof of Lemma 17. We know that | f (r, ) — f (x)||? < 4n, forany r € {—1,+1}"andx € X.
So we have

E[IX(t+ D)* | 7] < 4nn;.

Since ) 2, n? < oo, by the convergence theorem in [24, Theorem 2.17] for any coordinate
i € [n], we know that »_.°  X;(¢) converges a.s. Therefore, the series ||> .~ X (¢)|| converges

a.s. |

In order to prove the recurrence of estimates in a compact set, we need the following
result. The following theorem ensures that after a large enough time such that the step-sizes and
the accumulated error from that time forward are small enough, then the estimates stay within a

sublevel set of the Lyapunov function. The following theorem is based on Theorem 2.2 in [7].

Theorem 18. Consider the function f : X — X and V : X — [0, 00) defined through (3.11)
and (6.6) respectively (with function definitions extended to X ). For any M € (My, My] there
exist 8, Ao € R such that for all t > 1, all 0(0) € Wy, all sequences {n;} of non-negative

numbers, and all sequences {£€(t)} of n-dimensional vectors satisfying

> n(t+1)

=0

sup N < Ao,  sup
0<k<t 0<k<t

S 507

we have for k € [t], V(0(k)) < M, where (k) = 0(k — 1) + m_1(F(0(k — 1)) + &(k)).
Using the above result we can prove Lemma 18.

Proof of Lemma 18. We prove the result for every sample path w € Qe = {w € Q |
YoM (t + 1;w) < co}. For brevity, we drop the w from the notation of random variable
unless needed for clarity.

Define the supremum of the function V'(-) over the initial set Ky as Cp := sup{V () |

T € IC()}
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We know that Cy < oo since Ky is a compact subset of X' and V (x) < oo forall z € X.

Define C); = max{Cy, My}, where M is defined through (6.15). C); represents the
constant for which the sublevel set of V contains the union of the equilibrium set £ and the initial
truncation set K. Recall that the resetting estimate P, € K.

So, we have £ UKy € We,,. Recall that for any C' > 0, W is a compact subset of X’ and
U2 K: = X. So we know for any C, € (Cy, 00) there exists ¢ € Ny such that Wc;w C Ky

According to Theorem 18, there exists 4y, \g € R* such that for any ¢, > 0 for all

t >ty + 1, any Py(ty) € W¢,,, if we have

I=tg

sup nr < Ao, sup < do, (6.16)

to<k<t to<k<t

then for k € {to,...,t}, V(Py(t)) < Y.

Let us assume, contrary to the conclusion, that the resetting takes place infinitely often.

For t > tg, define 7(t) := min{k < t: (k) = v(t)} as the most recent index at which
resetting takes place.

We have limy o || > o, X (k)|| = 0 as. since from Lemma 17 we know that
| > "2, X (t)|| converges a.s. Therefore there exists a Ty after which the step-sizes sequence
{n: | t > Ty} and zero-difference martingale sequence { M (t + 1) | t > T} satisfy (6.16).

Due to the assumption that resettings occur infinitely often, we know there exists 77 such
that 7(7T7 — 1) > Ty, T) = 7(11), and y(771) > ¢. In other words, 7} is a time after 7y by which

two resettings have taken place. Define

y = Pp(Ty — 1) + 15, 1 F(R(TY), Py(T1 — 1)), 6.17)

We know y & K, since v(11) > ¢+ 1l and 7(T7) = 1.
Additionally 7 (7} —1) being a time at which resetting occurs implies that P, (7(71 —1)) =

Py € Ky. Since 7(Ty — 1) > Ty we also have {n; | t > 7(T1)}, {M(t+1) |t > 7(T1)}
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satisfying (6.16). From Theorem 18 we know that for y defined in (6.17) V (y) < ', which

contradicts the inference that y ¢ K, since Wer  C K. |

6.4.5 Proof of Stochastic Approximation Result

The proof in this section closely follows the proof provided in [7]. We begin with proving

the following generic properties regarding functions f and V.

Lemma 19. Consider the functions f : X — X and V : X — [0, 0) defined through (3.11)

and (6.6) respectively (with function definitions extended to X ).

i. Let K C X be a subset such that 0 < infocxc |(VV, f)|. Forany 0 < 6 < infgexc [(VV, f)

)

there exist X\ > 0 and > 0 such that, for any p € [0, )], ¢,
V(0 +pf(6) + pC) < V(6) — po.

¢l < B, and 6 € K,

ii. Forany M € (My, M,), (where My, M, are defined in Lemma 16, there exist A > 0 and

B > 0 such that, for any p € [0, )], ¢, ||| < B, and @ € Wy, 0 + pf(0) + p¢ € Wy

Proof. i. Forany 0 < § < infgexc [(VV, f)|, there exist A > 0 and S > 0 such that for all
p €1[0,\ and ||¢]| < B,and t € [0,1] we have 8 € K, 8 + ptf(0) + pt{ € X, whose

existence ensured since f will be finite over K when compact since f is bounded, and

[(VV(0), £(0)) — (VV(0 + ptf(0) + piC), £(0) + C)

<i -
< Wnf [{(VV, f)| —o.
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We know

V(O + pf(6) + pC) — V()
—) / (VV(O + ot £(8) + ptc), F(6) + C)dt
— p(TV(0). £(0)

o (VO + pt£(0) + pic). F(8) + C) — (VV(0), £(6)))dt.

ii. Consider M’ € (My, M). There exists A, 5y € R* such that for all p € [0, \o] and
I<|| < Bo, and @ € Wy, we have @ + pf(0) + p¢ € Wy since f is bounded and V is

continuous.

Applying the result of <. to the set

K={0cXM<VE®) <My=Wy\{0cX|V(O) <M.

From Lemma 16 we know that 0 < ¢ < infgcc [(VV, f)|. Therefore there exists Ay, 51 €
R such that for all p € [0, \;] and ||€|| < 51, and 8 € K, we have V(60 + pf(0) + p¢) <
V(6) < M showing that 8 + pf(0) + p¢ € Wy;.

[

Now we provide the proof for Theorem 18 following the proof of Theorem 2.2 in [7].

Proof of Theorem 18. Consider some M’ € (My, M). From Lemma 19, we know that there
exists \g, By € R such that for all 0, p, and ¢ satifying V(8) < M’, p € [0, Ao, and ||¢]| < Bo,

we have

V(0 +pf(0) +p¢) < M.
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By continuity of f and V' there exists &y € (0, 3] such that for all @ x 8’ € X x X satisfying
V(@) < M and |0 — 6'|| < dy, we have

1£(8) — £(6")] < Boand [V(0) — V(0')| < M — M. (6.18)

We will use induction to prove for all k& € [t], we have V (6'(t)) < M’,and V (0(k)) < M, where
the sequence {0'(k)} is defined as 8'(0) = 6(0) and for all k € [t],

0'(k) = 6'(k — 1) + 1 £ (O(k — 1)).

Under the stated assumptions V(0'(0)) = V(0(0)) < M,. Since 0 < 17y <
X and ||0'(1) —O(1)|| = ||n€(1)|| < dp, on the one hand Lemma 19 shows that
V(0'(1)) = V(0'(0) + 10 £(0(0))) < M’ and on the other hand

V(€'(1)) = V(6(0) + nof(6(0)) + no&(1)) < M,

which proves the result for ¢ = 1.
Assuming the result holds for k € [t — 1] for ¢ > 1. By construction for j € [k],

0(j) —0'(j) =0'(j — 1) — 6(j — 1) + n,_1£(j), which implies that

J
0(7) — 0'(j) = >_ mi1£(i).
i=1
Under the stated assumptions ensuring continuity and (6.18), for j € [k], we have

18(5) — 6"()]l < do and || £(6(5)) — F(O'(N) < bo.
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On the other hand,

0'(k+1)=0'(k) +nuf(8(F))

= 0'(k) + nuf(0'(k)) + e (F(O(K)) — £(6'(R))).

Since 0 < 7, < g and V(0'(k)) < M’, Lemma 19 shows V(0'(k + 1)) < M’. Using
10k +1) — & (k+1)]] < &, (6.18) implies that V(0(k + 1)) < M which concludes the

proof. |

For any A C X and § > 0 we define As := {0 € X|d(0, A) < 6}; for any function
6 X = R, we define [|§], == suppes [|#(6)].
The following Lemma based on [7, Lemma 2.4] will be used in the proof of Theorem 17.

We will state the lemma for any w € €).o,y and will drop the w-notation from ¢(w) for brevity.

Lemma 20. Under the assumption of Theorem 17 let N' C X be a neighborhood of £ N KCq which
satisfies supgeic,\n(VV (0, f(0)) < 0. There exist positive constants 0, ¢, and ) (depending on
the sets N and KC,) such that for any §' € (0,49], N’ € (0, \], and n > 0, one can find an integer

T and a sequence {15,,,( i = T} satisfying

~

sup HPpr(]> - Ppr(])H < 5/7 Sup 751 < )\/7 and

j>T j>T
sup [V (Py(j)) = V(Pp(i))] < . (6.19)
J=z

V(PAWO)) < V(PAp () —mje+(n+ 77]'715)]1{15],,.(];1)@\/})7 (6.20)

forj>T+1.

Proof. For legibility in the proof we set XL = IC,. Let us choose dy > 0 such that the set of points

in X which are d, away from the set K satisfy K5, C Wy;, C X, for some M, > M. The set
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Kso \ N satisfies supgey; \w(VV (6, £(6)) <0.
By Lemma 19, for any € > 0 such that supgcy; \w(VV(6), f(0)) < —¢, one may
choose A > 0 and 3 > 0 small enough so that for any p € [0, A\] and ||{|| < 5, and 8 € K5, \ N

we have
V(0 +pf(0) +p¢) < V(0) — pe. (6.21)

Note that f is bounded so || f||, is finite. So, using the uniform continuity of f on I, for
any 7 > 0 one may choose d € (0, A || f||,.) small enough so that for all (8,8') € K5, x Ks,
satisfying [|@ — 0'[| < d < X\ ||fll,,

1£(6) — £(6")] < Band [V(0) = V(6)] <. (6.22)

Under the stated conditions (regarding bounded step-size and bounded cumulative error) for all

d" € (0,0] and X € (0, \] there exists an integer 7" such that for any ¢t > 7'+ 1, and n, < X and

ISt M (k)| < 0.
Define recursively fOI‘j Z T’ the sequence {ppr(])b Z T} as ppr(T> = Ppr(T) and

fory >T+1,

~ ~

Ppr(j) = Ppr(j —1) +77j—1f(Ppr(j —1)).

By construction for j > T + 1, Py(j) — Pu(j) = 320, .1 Mi—1&(i) which implies that

SUp; > Hlﬁpr(j) — Ppr(j)H < ¢’. On the other hand for j > T + 1,

~ ~ ~

Py(j) = Pp(j = 1) +0;f (PG = 1)) + 01 (f (Ppe(j — 1))

- f(ppr(] - 1)))a
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and since Hzﬁpr(j 1) - P - 1)” < &' <8, (6.22) shows that

A

| #(Puli = 1) = £(Puli = )| < 5.

By (6.21) we know that whenever Iﬁpr(j —1) € K5 \ NV since K5 C Wyy,. V(Iﬁpr(j)) <

V(Pu(j — 1)) — nse. Now (6.22) implies that |V (Py(5)) — V(Py(j — 1))| < 7 for any
Py(j —1) € KKy and [V (Pp(j)) = V(Py(5))| < n for any Pp(j) € K. n

Finally, we need the following lemma from [7] for the proof of Theorem 17.

Lemma 21 ([7, Lemma 2.5]). Assume 4. Let € be real constant, n be an integer, and let
—00 < <by <--- <a, <b, < oo be real numbers. Let {u;} be a bounded real sequence

such that, for any n > 0, there exists an integer J such that for all j > J,
uj <ujoy = njae+ (4018l eay,  A=|Jlai bil.
i=1

Then the limit points of the sequence {u;} are included in A.

With all the required lemmas we now proceed to the proof of Theorem 17. Since the

statements of the proof hold for w € €2,,, We drop the notation of w in the following proof.

Proof of Theorem 17. We first prove that lim;_,. V' (P(j)) exists. For any o > 0, define the
set

V(ENK)a:={zeR:dxV(ENK,)) <a}.

Since [[V[|5, < oo, V(€ NK,)q is a finite union of disjoint intervals of length at least
equal to 2. By Lemma 20, there exist positive constants d, e, A such that for any ¢’ € (0, J],

X € (0, A], and n > 0, one may find an integer 7" and a sequence {Ppr(j) |7 > T'} such that

up | Po) — Pre(j)| < 8" and sup |V (Pye()) =V (Py(7))] < 1.
2T 2T
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Moreover for any j > 7'+ 1, forany j > T"+ 1.

~ ~

V(Pu(j) SV(Py(j — 1)) = nj—e+ (n+ 77j—15)IL{v(}fpr(j_1))g[v(£m;cq)}a}>

where we have chosen N = V! (int([V (€ N Ky)]a)) and used Ligeny < Livg)even,))-

By Lemma 21, the limit points of the sequence {V (P.(j))};>0 are in [V (€ N K, )]o for
o/ = a+n. Since « and 7 can be chosen arbitrarily small, this implies that the limit points
of the sequence {V (Py(j))};>0 are included in Nyso[V(E N K,)]a. We have V(ENK,) =
Nax0[V (€ N Ky)]a- Thus the limit points {V (P, (j))} belong to the set V(€ N K,).

On the other hand, lim sup;_, . [V (Py(j) — V(P (j — 1))| = 0 which implies that the
set of limit points of {V (P,(j))} is an interval. Because V' (€) has an empty interior, the only
intervals included in V (£ NK, ) are isolated points, which shows that the limit, lim;_,», V (P (5)),
exists.

We now prove that limsup,_, d(Py(j),€ N K,) = 0. Let N C K, be an arbitrary
neighborhood of £ N K,. From Lemma 20 there exist constants d,£, A € R™ such that for any
& € (0,8], X' € (0, )], and 7 > 0 one may find an integer 7" and a sequence { Py(j)},;>7 such

that

sup | Por(s) = Pl | < 8, and sup |V (Py(i)) = V(Pp(i))] <1

j>T J>T

and forany j > T + 1.

~ A

V(Pu(j) S V(Pp(j — 1)) = njm1e + (0 +1j-18) Ly p, (-1)evEnicy)la -

For j > T, define 7(j) := inf{k > 0|15pr(k: + j) € N}. For any integer p, define
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7P(j) := 7(j) A p, where a A b = min(a, b). We have

J+TP ()

VPl +77()) = V(Puli) = 3 {V(Pli) = V(Ppli = 1)
J+7P(5)

< —¢ Z 1i—1,

i=j+1

with the convention that, for any sequence {a;} and any integer [, 3" a; = 0.

i=l+1

Therefore,

V(Pu(j+7(5)) = V(Pux(j))
=V(Pu(j + 7)) = V(Pu(j + 7)) + V(Pu(j + 7°(5))) = V(Ppu(4))

+ V(Pyu(5) = V(Py(3)

J+TP(5)

<277_5 Z i1

1=7+1

Since {V (P (j)} converges, for any ¢’ > 0 there exists 7" > T such that, for all j > 77,

J+TP(

—&' <V(Pyu(j +7°(j))) = V(Pp(4) < 27— Z Mi1
i=j+1
This implies that, for all j > 7" and all integer p > 0,
J+7P(J)
Y ma <C(E ) =e (e + ).
i=j+1
Since > 7 Tfl Ni—1 = limy 00 ZZ+]T+1] ) ni—1 and >_;° 1m;_1 = oo, the previous relation

implies that, for all j > 7", 7(j) < oo, and Zf;fl < C(¢,n).

For any integer p. Py(j +p) = Ppe(j) = 17y it f (Preli = 1) + 77 0 M (0),
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which implies that

Jj+p Jj+p
1Pu(i +p) = P < I Flle, D micr+ || D miea M) -
i=j+1 i=j+1

Applying this inequality for j > 7" and p = 7(j) and using that, by definition Ppr( j+7(j)) €N,

APu(),N) < [Pyl + 7)) = Puli + 7))

+ HPPr(] +T(])) = Ppr(])H
J+r(

)
<+ flle, CED) + || D maM)

i=j+1

Since 7, ', and &’ can be chosen arbitrarily small, and lim sup,,_, ., Sup;>; ‘Zi:k Ni—1 M (1) H =0,

the latter inequality shows that lim;_,. d(Pp(j),N) = 0. Since N is arbitrary, we thus have

lim; o0 d(Ppe(5), ENK,) = 0.
]

Chapter 6 in full, is a reprint of the material as it appears in A. Verma, A. Sharbafchi,
S. Mohajer, B. Touri, “Distributed Fact Checking:A Stochastic Approximation Approach," in

preparation for /IEEE Transactions on Autamtic Control. The dissertation author was the primary

investigator and author of this paper.
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Chapter 7

Generalized Estimators

In this chapter (i) we move beyond ALL estimator and propose a generalized class of
online estimators for the unreliability parameters of the agents. The estimators are associated
with a function, of the agents’ opinions and unreliability estimate. The associated function can
be interpreted as an estimate for the validity of the statements. We also propose a set of axioms
that a natural estimator should satisfy and hence, we call the class of functions satisfying the
desired properties as the natural functions. (ii) We determine the class of natural functions for
two and three agent fact-checker system that satisty the desired properties and can serve as the
function for the adaptive estimator. (iii) Finally we prove that a ALL estimator belongs to the
class of natural functions for any n-agent fact-checker system and the hard-estimator does not

belong to this class for any n > 2.

7.1 Natural Estimators

First, let us recall the online estimator for the unreliability parameters of the agents
comprising the fact-checker for any number of agents n > 2 as introduced in Chapter 3. We
have provided convergence guarantees for this algorithm for n = 2 agents in Chapter 5 and for its

variant in Chapter 6.
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The proposed algorithm/dynamics in (3.8) updates the unreliability parameters as

P+ 1) = =R+ e () 3y e ) +1)

for all t € Ny and i € [n], with some initial condition (guess) P(0) € (0, 1)", where {n,} is a
pre-decided step-size sequence, and L(t) is given in (3.5). One popular choice for the step-size
sequence is the harmonic sequence 7, = Hil for all t € Ny. To grasp the motivation behind
the estimator using such a step-size sequence, we examined the scenario when the fact-checker
knows the source sequence symbols {S(t)}. Since, at any time ¢ € N, the output distribution of
the agents given S(t) is independent of each other, the problem of estimating the unreliability
parameters of the agents is equivalent to n uncoupled problems of estimating the parameter of
Bernoulli distribution from its samples. Estimation of parameter for a Bernoulli distribution
from its sample is a well-studied problem and a class of estimator effective to solve it is the
add-constant estimator [29]. For the current setting, for any ¢ € [n], the add-( estimator, where

B > 0 for parameter 7; at time ¢ € N is given by

t
_ B 2 Lmmyswy

Q:(t) t+28

(7.1)

The estimator makes use of the empirical frequency of agent 7 misclassifying the source symbol

received and can be expressed recursively as

Qi(t +1) = (1 — v)Qi(t) + e lir,+1)2s(t+1)}-

Here, 7, 1= ;355 and Q;(0) = 1/2.
Note that a central idea in describing the estimator for the unreliability parameter is to
implicitly or explicitly define an estimator for the validity of the statements. Let us define a

class of estimators based on functions B : {—1,+1}" x (0,1)" — [—1, 1]. The function B(-;-)

represents a soft estimate of the statement truth S. Using the function B(-; -) we can define the
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adaptive estimator for 7 as

P(t+1)=(1— nt)P(t)m% (1 - B(R(t +1); P(t)R(t +1)). (7.2)

Let us look at three examples of the function B(-;-) representing different potential

estimators.

(1)Approximate Log-Likelihood (ALL) Estimator: If we use the approximate log-likelihood
ratio (3.5) to get an estimate of the statement validity we get the ALL estimator resulting in the
online estimator defined through (3.8). It can be shown that the B-function for this estimator is

given as

"1 1 —
BaiL(R; @) := tanh (Z ERi log xl)
i=1

T
1-L(R;x)

Y L(Ra) 73)

R;
where L(R; x) := [, ( o~ > is the approximation of the likelihood ratio.

1—x;

(2)Hard-Thresholding (HT) Estimator: Instead of using the approximate likelihood ration
for statement validity we can use the hard estimator which uses the hard estimate of statement
validity to compute the empirical frequency of misclassifying the source symbol. In other words,
the HT estimator compares the output of each agent with the estimated value for S(¢ + 1) given
in (3.6), if the two values agree, HT Estimator decreases the agent’s unreliability parameter down,
otherwise, the unreliability parameter will be increased. The B-function for the HT estimator can

be expressed as

I‘A
i=1 ¢

Bur(R; x) := sgn (Z R;log ml) , (7.4)

where sgn(a) 1= —T <0} + L0y for any a € R.
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To corroborate the idea that 3(-;-) is an estimate of the statement validity S, let us

introduce the Oracle Estimator

Boracte (R, S; ) := S1. (7.5)

Using the B,,ce-function results in the add-/ estimator defined through (7.1). Note that the
function Byl does not fit in our class of functions B(+; -) of interest since it takes the truth of

the statement S as an argument.

7.2 Results

In this section, we state the main results of this chapter. Let us start with stating the
desirable properties of the function B(-;-) that must be satisfied in order to have a feasible

estimator of unreliability parameters that converges to 7.

7.2.1 Natural Estimators: Axioms and Necessary Conditions

First, let us introduce some conditions/axioms that one would expect from a reasonable

estimator. Later, we will discuss why such axioms are expected from such an estimator.

Definition 8. Foranyn € N let us define C!* as the set of all functions B : {—1,+1}"x(0,1)" —

[—1, 1] that satisfy

Assumption (i) Anti-Symmetry of reliability:

B(R;x)=—-B(R;1 — x). (7.6)

Assumption (ii) Anti-Symmetry of Opinions:

B(—R;x) = —B(R;x). (7.7)

131



Assumption (iii) Consistency of Estimators:

Egg, [R-B(R;x)] =1 —2x. (7.8)

We refer to C1 as the set of natural functions for an n-agent fact-checker system.

Assumption (i) ensures that the estimates of the statement validity for fact-checker systems
with unreliability parameters 7w and 1 — 7 takes the same absolute value but has different sign.
The assumption is justified as the output of the fact-checker system with unreliability parameter
vector 1 — 7r can be seen as the flipped output of a fact-checker system with unreliability
parameter 7r. Similarly given a fact-checker system Assumption (ii) ensures that the flipping
the output of all the agents’ opinion flips the sign of the estimate of the statement validity.
Finally, regarding Assumption (iii), note that the consistency condition (7.8) is equivalent to
x = 3(1 — Eg,, [RB(R; x)]), which is what is expected from the mean-field dynamics of (7.2),
1.e., to have @ as its equilibrium point, given that the agents true reliability parameter vector is .

With the above discussion, we are ready to present our main results. The first result
shows that interestingly the only natural estimator for two-agent fact-checker system is the ALL

estimator (7.3).

Proposition 19 (Elements of C5*). For a two-agent fact-checker system the class of functions
B(-; ) satisfying Assumption (i)-Assumption (iii) contains exclusively the function B (R; )

as defined in (7.3), i.e., C5* = {BaL(R; x) }.

Remark 9. In [58] we studied the ALL estimator for a two-agent fact-checker system whose
unreliability parameter is 7 and we have shown that the estimates { P(t)} converge to the solution

set £ of the equation

Engﬂ- [RBALL<R, CU)] =1-2x. (79)
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Note the difference in (7.6) and (7.9) lies in the distribution over which the expectation is taken.
Since Bari(+; ) satisfies Assumption (iii) we know that ™ € £. However the set & is a continuum

of points x for which g,(R) = g-(R) for all R € {—1,+1}.

In the following proposition we identify the functions that satisfy the properties required

by a natural estimator for a three-agent fact-checker system.

Proposition 20 (Elements of Ci*). For a three-agent fact-checker system, the set of natural

estimators C§* consists of functions B(-; -) satisfying

Cyp Rl R2 R3

[)’(127 :1:) = BALL(R; 11) + 2gm<R> 5

(7.10)
where Bar (R; x) is the ALL estimator defined in (7.3) and ¢, is any function of the vector x
such that ¢, = —c1_g.

In the following proposition, we show that for all n > 2 there exists & for which Byr(+; -)

does not satisfy Assumption (iii).

Proposition 21 (Convergence for Hard-Thresholding Estimator). The function Byr(-; -) as defined
through (7.4), based on the hard-thresholding estimator, does not satisfy Assumption (iii). In

other words, Byr(-;-) & CI* for any n > 2.

Recall that the system of equations in Assumption (iii) is a necessary condition for
the estimates { P(t)} to converge to 7. However, for a fact-checker system with unreliability

parameter 7 it is also important to identify the solution set £ to the system of equation

Engﬂ- [RBALL(R7 33)] =1-—-2x.

The solution set € represents the points € (0, 1)™ that could be the points of convergence for the

estimates { P(¢)}. In the following theorem, we identify the set £ for a three-agent fact-checker
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system to be the set containing the true estimate 7r, the ‘symmetric’ estimate 1 — 7 and the

degenerate point 51.

Theorem 22 (Fixed points of ALL-estimator for three-agent fact-checker). For a three-agent
fact-checker system where the agents have unreliability parameters m; € (0,1) \ {3} fori € [3],
the set of solutions of the fixed-point equation = 1 (1 — Eg,, [RBa(R;x)]) is S =

{m,1—m 31}

Note that the set £ also represents the set of convergence for the Dawid-Skene estimator
[16] and the Theorem 22 is the first result to identify the exact set £. The theorem signifies that
for a three-agent system, the only points the Dawid-Skene and its variants would converge to are
the relevant points 7v, 1 — 7r or the degenerate point %1.

In the following theorem, we show that for any n-agent fact-checker system the adaptive

estimator associated with the ALL estimator satisfies all the desired properties.

Theorem 23. Forn > 2, Bay.(;-), as defined in (7.3), satisfies Assumption (i)-Assumption (iii).

In other words, Bar;, € CI.
7.3 Proof of Main Results

In this section, we present the proof of the results discussed in the previous section. First,
let us establish a notation to impose an ordering on the 2" distinct possibilities of the output

vector R.

Definition 9 (Notation). Consider the binary representation (by, by, ..., b,) of N € {0}U[2" —1].
Here b, represents the most significant bit and b,, the least significant bit. Define the output

vector Ry associated with N as
.
RN = (—1b1 —1b2 . —1b"> .

Now we provide the proof for the characterization of elements in C3*.
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Proof of Proposition 19. We show that for any fixed x € (0,1)?, if B(-;-) € C3*, the values
B(R; x) takes for any vector R € {—1, 1}? coincides with that of Barp (R; x) given in (7.3). To
do this, we utilize Assumption (iii).

So, consider an arbitrary point € (0,1)?. To compute E[R,B(R;x)], note that

92(Ro) = g2(R3) and g, (R1) = g=(R2). Therefore,

E[RB(R; x)] = go(Ro)B(Ro; @) + g2(R1)B(Ry; )
— 92(R2)B(Rs; @) — go(Rs3)B(Ra2; )
= 92(R0)B(Ro; T) + 92(R1)B(R1; )
— 92(Ro)B(Rs3; ) — 9o(R1)B(Ra; x)

= 292(R0o)B(Ro; &) + 292(R1)B(R1; ),

where the last step follows from the Assumption (i), B(—R; x) = —B(R; x). Similarly we have

E[RyB(R; )] = 29:(Ro)B(Ro; ) — 292 (R1)B(R1; x).

Therefore in order for B(-; -) to satisfy (7.8), we need to have

2gm(R0> 2gm(R1) BO ]. — 2.%‘1
ng(Rg) —29$(R1) Bl 1— 2%2

where B; = B(R;;x) for i € {0,1}. Note that for non-degenerate , i.e., if x; & {0, 1}, the

above matrix is invertible. Solving the system of linear equations in By, B; we get

1 1 _ 1—xz1—x9
02(Ro)  1ga(R0) 1 =2z,

— — QQZ(RO)
1 1 To—T
B (R0 dgmmn) \1 T 22 202 (R)
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We can simplify B as follow

BOZ 1—1’1—1’2 _ (1-1‘1)(1-.%2)-1’11’2
QQw(RQ) T1T9 + (1 — Zlfl)(l — CBQ)

= BALL(RO; iU)

Similarly we have By = BarL(Rq; ). [ |
Next we provide the characterization of elements in C5*.

Proof of Proposition 20. As in the proof of Proposition 19 we show that for any fixed = € (0, 1)3,
B(-;-) € C3"iff the value B(R; x) takes for any vector R € {—1, 1} satisfies (7.10). Consider
an arbitrary point z € (0, 1)*. To compute Eg~,, [R;B(R; )] note that g,(R;) = gr,_, for any
i € {0,1,2,3}. Similar to the proof of Proposition 19, we can express the equations in terms of

the values of the functions at R; for i € {0, 1,2, 3} through the equation HB = 1 — 2z, where

20z (Ro) 29-(R1) 20q (Rz) 20z (Rs)
H=120:(Ro) 20(R1) —202(R2) —292(Rs)
202(Ro) —292(R1)  292(R2) —29.(Rs3)

-
and B = (Bo By Bs Bg> .Here B; = B(R;;x) fori € {0, 1,2, 3}. The matrix H in one

of its row echelon form can be expressed as

20z(Ro)  292(R1)  292(R2)  29.(Rs3)
0 20z (Rl) 0 —20% <R3)
0 0 —292(R2) —292(R3)

Therefore, we know that # is a matrix with rank 3 if ¢, (R;) # 0 for i € {0,1,2,3}. By the

rank-nullity theorem [35, eq.(4.4.15)] the dimension of the null-space of H is 1. It can be seen
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that the null-space of H is given by span(z), where

T
z = 1 _ 1 _ 1 1 .
29z (RO) 29z (Rl) 29z (RQ) 29z (Rd)

Therefore, the solution set for HB = 1 — 2z is given by {b € R* : b = B, +cz}, where

B, is one solution to the system of linear equation HB = 1 — 2. We can choose

(1—z1)(1—z2)(1—2x3)—z1222T3
292 (Ro)
(1—z1)(1—x2)z3—z122(1—23)
B, = 2e(R1) (7.11)
(1—z1)z2(1—23)—z1 (1—22)T3
292 (R2)
(1—z1)zowz—x1(1—xz2)(1—23)
292(R3)

whose i-th element is in fact (B.); = BaiL(Ri_1;x). Therefore the functions satisfying

Definition 8 take the form

CleRQRg
B(R;x) = BaLL(R; _
where ¢, is an arbitrary function of . Furthermore, to ensure B(R;z) = —B(R;1 — x), we
need to have
CaR1 RoR3 Cr—z I Ro R
B (Rz)+ =258 By (Ry1— ) — o2
ALL (R @) + 29.(R) ALL(R; x) 291 »(R)

As gz(R) = g1-2(R) and Bar(R;x) = —BaL(R;1 — x), the above equality holds iff

Cex = —Cl_g. [ |

Proof of Proposition 21. From Proposition 19, it readily follows that for two-agents fact-checker
system Byr(+; ) € C5*. For any n > 2, we show that there exists € (0, 1)" such that Byr(-; -)

does not satisfy Assumption (iii).
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Consider * € (0, 1)" such that

* n

1—=x
1 L
iy

1=2

*
*
7

log (7.12)

Then, for any R € {—1,+1}", we have Bur(R;x*) = R,. Therefore E[R,Bur(R;x)] =
E[R?] = 1. However 1 — 2z} < 1. So, Bur(R; x*) does not satisfy (7.8), at least for vectors x

satisfying (7.12). |

In order to prove Theorem 22 for a,b,c € (0,1), we define a function h(a,b,c) =

abe + abe. For convenience, with an abuse of notation, we also use the same notation and define

h(a,b) = ab + ab.

Proof of Theorem 22. Using the fact that z; ¢ {0,1} for i € [3], we can perform algebraic

manipulations and express the fixed-point equation = 5 (1 — Egy, [RBarL(R; x)]) as XYu =
0 where
-
I2+ZE3—1 ZL‘3—|—$1—1 $1—|—fL‘2—1
]_—.I‘Q—,Tg T3 — T To — I
X =
T3 — T2 1—1'1—1'3 1 — T2
To — X3 Tr1 — I3 ]_—ZEl—l’Q
T 1 T R T R s R T R
and u = (Uo, Ui, Ua, U3) s with Uy = gmg"zg%’ 1= szRz’;, Ug = —ZwE'Rj;’ and us = ngRi;

Summing equations in Xu = 0 and multiplying the result by %, we get

3 1
(5 — (ZEl + X9 + ZE3)) Uy = (5 — l’l) Uy (713)
1 1
+ (5 — ZL‘Q) U2 + (5 — Ig) us.

1
Case 1: Consider the case where x1 + x5 + 13 # % For i € [3] define w; = =T
j=12"%J
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Then we have

Ug = W1Uy + WoUo + wsus, (714)

where w; + wy + w3 = 1. Replacing ug from (7.14) in Xu = 0, we get

w3 — W2

W1U + Walty + W3lUz — Uy = —(US - U2),
Wo + W3
w; — w3
WU + Wty + w3z — U = —(u1 — Ug), (715)
Wz + Wy
Wy — W1
Wity + Wolly + waug — ug = ——— (U — Uq)
w1 + Wa

We can rewrite the above system as

up = aug + (1 — a)us,
ug = bug + (1 — b)uy, (7.16)
ug = cuy + (1 — c)uy,

where the coeflicients a, b, and c are given as

wWo (U)Q +UJ3) + ws —wg)

. (

(wy —1)2 ’

~ wz(ws +wy) + (wy — ws)

S (T TR

C:w(w1+w2)+(w2 wy)
(ws — 1)
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The system of equation (7.16) is equivalent to

(I —a(l—=10))(u; —u3) =0,
(1 —=b(1—¢))(ug —uy) =0, (7.17)

(1 —c(1—a))(ug—ug) =0.

We note that a(1 — b) = 1 if and only if w;wews = 0. Similar conclusions hold for
b(1 —c) =1and ¢(1 —a) = 1. Therefore, the system of equations in (7.17) holds only if we
have either wywyws = 0 (Case 1-1) or u; = uy = us (Case 1-2) .

Case 1-1: Note that wjwows = 0 implies that z; = £ for some i € [3]. Let us consider
the case with w; = 0, or equivalently x; = % The system of equations Xu = 0 can then be

simplified to

(h(m1, o, ) — h(T1, T2, T3))

($2+373 - 1) (h(m,ﬂza 77-3) — h(7T1,77'277TB))
h
= %(ms — T3), 719
1

1
(.CEQ—§> (U0+U1—’LL2—U3):0.

It is clear that & = %1 is a feasible solution for (7.18). In the following, we prove that (7.18) has
no other solution.

Let x # 11, and without loss of generality, 25 # . Hence, we should have ug+u; = us+

us. However, we have ug +u; = 2% and ug + uz = 2%. Therefore, ug+uy = us +us
holds if and only if
]’L(’TFQ, 7T3) = h(.TQ, (L’g). (719)
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Plugging (7.19) in (7.18), we arrive at (x5 + x3 — 1) = é(x3 — x2), or equivalently,

w3 —1)+1 (7.20)

eI o

where

Plugging (7.20) into (7.19), we get

0= h(xg,x3)—h(me, m3) = 2wow3—19 — x3 + 1 — h(ma, 73)
c—1
2(+1)

(7.21)

1
(2(1]3 - 1)2+§ —h(’ﬂ'g,’ﬂ'g).

We know h(my, m3) = 3(2m — 1)(2m3 — 1) + § = 27073 + 3, where 7; = 3 — m; € (=3, 3) for

i € [3]. Moreover, we have

c—1 _ h(ﬂ'g,ﬂ'g)(ﬂ'Q — 7T3) — (1 — h(7T2,7T3))(7T2 + M3 — 1)
c+1 h(ﬂ'g,?’l’g)(ﬂ'g—73)+(1—h(7T2,7T3))(7T2+7T3—1)
_ ATyt Ey | R(im - ) (7.22)
ATtoTs — Ty To(475 — 1)

Using this in (7.21), we arrive at

1 75(472 — 1) o
=2 T ) (9 — 1) - 2

2 ma(ary — 1) 2T T D) 2

fs (4721 s
=_2 2wy — 1)2 + 472 ) .

27 (47%3,— (223 = 1)+ 47,

This last equation holds if and only if 73 = 0. Plugging this in (7.22) implies ¢ = 1, which

together with (7.20) leads to x5 = %, which is a contradiction. Hence, the only solution for
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Case 1-1is ¢ # %1.

Case 1-2: Next, we study the case of u; = uy = ug, which together with (7.13) leads
to ug = u; = uy = uz = K for some K € R. Equivalently, we get g.(R;) = Kg.(R;) for
i € [3] U {0}. Summing up the equations over i, we get K = 1, since g, and g, are probability
mass functions. Therefore we get g.(R;) = g.(R;) fori € [3] U {0}.

From the definition of the function h we have

h(x1, x9, w3) — (1, T2, T3) = (1—223)(1—21 —2),
h(z1, w2, x3) —h(21, T2, 23) = (1—222) (1 —23—21), (7.23)

h(l‘l, T2, .Tg)—h(.fl, T2, .Tg) = (1—2.T1)(1—ZL‘2—£E3).

USiIlg (723) and Jx (RO) — Yz (Rz) = gﬂ'(RO) — 9 (Rl) fori € [3] we get

71 (7o + 73

i’l(l'g + I3

N
=
3

w
+
=
=)
=
A
+
N
N

= = 7.24
) (7.24)

S~—
N
no
~—~
8
w
+
&
a

where #; = 5 — x; and 7; = 5 — m; for ¢ € [3]. Further simplifying we get the following set of

equations

X1Tg = T T, XoX3 = TT3, X3X1 = 3T,

whose solution is (Z1, T2, T3) = +(71, T2, T3). Equivalently, the solution for vy = u; = uy = ug
isx=morl — .
Case2: 1+ 29+ 123 = % Then, with Z; = % — x; for i € [3], the case condition is equivalent to

1+ T2 + 23 = 0. Using this fact in (7.13), we get Z1uq + Tous + T3ug = 0. Thus, the equations
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in Xu = 0 can be simplified to the following

j'l (3U1 — Ug — Uy — U3) = O,
jg (3UQ — Up — U3z — Ul) = O, (725)

jg (3U3 — Up — U1 —UQ) =0.

The system in (7.25) can be satisfied only if one of the following two scenarios holds: (i) if
Z; = 0 or equivalently, x; = % for some ¢ € [3]. This case has been discussed under Case 1-1,
and it is shown that x = %1 is the only solution; (ii) alternatively, if 7; # 0 for i € [3], we should

have

3
u _ Up t+ Uz + U3 _Zizoui_ul
1 — - )

3 3
3
"y — Ug + usz + Uy _ D imo Wi u2’ (7.26)
3 3
Up+ur +up Do U — ug
Uz = 3 - 3 ’

This set of equations leads to uy = u; = uy = ug, which is studied under Case 1-2. It is shown

that x = 7 and 1 — 7 are the only solutions for Case 1-2. This concludes the proof. |

Proof of Theorem 23. For any m € N, for x € (0,1)™ and R € {—1,+1}" define [I(R; x) as

=] (@ilp=ny + (1= 2) L p——yy) -
=1

Note that summing over all possible realizations of R we get
m

> ORz)=[J@i+1-2))=1

Re{—-1,+1}™ i=1
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For any « € (0,1)" and any R € {—1,+1}" we know that

Riga(R)Bus (R: ) — % (I(—RiR: z) — TI(R:R; )
= % ((1 - xi)H(_Rﬂ'; 334) - ZUz'H(R—i; 55'72)) )

where z_; € (0,1)" 'and R_; € {—1,+1}""! are obtained by removing the ith element in x

and R, respectively.

Therefore, for any i € [n] we have

E[R;BaiL(R; )] = Z Gz (R)R;BaLL(R; x)
Re{-1,4+1}"
1
Re{-1,+1}"

which concludes the proof. n

Chapter 7 in full, is a reprint of the material as it appears in A. Verma, S. Mohajer, B.
Touri, “Multi-Agent Fact-Checker: Adaptive Estimators," submitted in 2024 Conference on
Decision and Control. The dissertation author was the primary investigator and author of this

paper.
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