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Abstract

Aharonov and Anandan (AA) have recently reformulated and generalized
Berry's phase by showing that a quantum system which evolves through
a circuit C in projective Hilbert space acquires a geometrical phase
B(C) related to the topology of the space and the geometry of the
circuit. We present NMR interferometry experiments in a fhree—lével
system which demonstraté the AA phase and its topological invariance

for different circuits.
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Study of the Aharonov-Anandan Quantum Phase

by NMR Interferometry(?)
D. Suter, K.T. Mueller and A. Pines(b)

University of California and Lawrence Berkeley Laboratory, -

Berkeley, CA 94720, UsSA

It was shown by Berry in 1984(1) that a nondegenerate quantum
state Iw(t)> of a Hamiltonian #(t) which varies adiabatically
through a circuit C in parameter space acquires, in addition to the

‘normal’ dynamical phase

rq = -%f<;b(t)l7f(t)|¢(t)>dt (1)

(the generalization of wt), a phase which 1is related to the
geometry of the circuit. Subsequently, in 1983, Simon(?) explained
that this geometrical phase could be viewed as a consequence of
parallel transport in a curved space appropriate to the quantum
system. Much experimental and theoretical work on "Berry'’'s Phase" (3)
and its connection to the early work of Aharonov and Bohm, and Mead
and Truhlar(a), has since appeared. Recently, three important
generalizations of this phase have appeared. In the first, Wileczek
and Zee(®) removed the constraint of nondegenerate states and
related the evolution and phases of a degenerate manifold to a non-
Abelian gauge. In the second, Berfy, as well as Jackiw and

coworkers, removed the constraint of adiabaticity in the Hamiltonian
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circuit(®) ang developed asymptotic expansions for the eVolving

(non-cyclic) states and phases.

The third generalization, a fundamental one, which forms the

subject of NMR experiments in this Letter and optical experiments in

" the accompanying Letters by Chiao and coworkers and Bhandari and

Samuel(7), is due to Aharonov and Anandan(8) They cast the problem
in terms of circuits of the quantum system itself, rather than
circuits of the Hamiltonian in parameter space. It is clear from
recent work that this is, in some sense, a continuous version of the
phase discovered by Pancharatnam more than 30 years ago(g). A simple
formulation of the Aharonov-Anandan (AA) phase is as follows: if the
density operator |¢><¢] for a pure st#té (generalized to mixed
states by superposition) wundergoes a cyclic evolution through a
circuit C in projective Hilbert (density operator) space |yp><yp| £
|¢><¢|, ﬁhen the quantum state |¢> acquires a geometrical phase B(C)
related to the (an)(l)holonomy(z) associated with parallel transport
around the circuit. This phase appears in addition to the dynamical
phase vy4 given by (1), where #(t) may be non-cyclic and non-

adiabatic(s). Thus, we can write:

lg> —C s oF(Va*BCO) 2

The importance of the AA formulation is that it applies whether

or not the Hamiltonian #(t) is cyclic or adiabatic - the geometrical

phase depends only on the cyclic evolution of the system itself.

This establishes a simple connection of the geometrical phase to the



Aharonov-Bohm effect(a) which does not invoke adiabaticity of the
circuit. The Berry phase thereby emerges as a manifestation of the
AA geometry in the case of adiabatic evolution. Bouchiat and
Gibbons (10) have presented a thorough theoretical analysis of the AA

phase for a three level spin-1 system.

As a demonstration of the AA phase, consider the situation
depicted in Figure 1, a version of NMR inferferometry related to
neutron A(say) interferometry(ll). The two level system (TLS)
comprising states 2 and 3 can be treated as a fictious spin-1/2(12).
Time dependent magnetic fields are applied to take the TLS through a
circuit. The resultant phase factor associated with state 2 is
detected by means of its effect on transition 1-2. Suppose the
system begins in thermal equilibrium so that the initial density
operator for the three level system is diagonal in the eigenbase of
the unperturbed Hamiltonian. The #/2 pulse applied to the 1-2
transition produces a coherent supérposition of the two states whose
phase serves as the reference for the subsequent measurement of the
-geometrical phase. The = pulse refocusses the 1-2 superp;sition as

(13)

an echo of transverse magnetization. This 1-2 echo corresponds

to the element p;, of the density matrix,

(3)

and can be observed by means of a phase sensitive detector at

—
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frequency wj;,. The submatrix p is proportional to (1+p2'3'a),

the projected density matrix for the 2-3 TLS, where p2'3 is the TLS

polarization wvector (initially along 2z) and o 1is the vector

2-3 is made to

2-3 ¢ o

(ax,ay,az) of Pauli matrices. Imagine now that p

2-3 _C 2-3

undergo a circuit, that 1is p (and therefore p

p2°3y

> P

, by means of a perturbation applied selectively to the 2-3

transition. The phase factor acquired by the quantum states does not

2-3 and is therefore unobservable in the TLS(lo). However,

affect p
the phase factor acquired by state 2 does manifest itself in the
phase of the 1-2 echo in _ the element P12 (p12 SN
exp(i(v4+B(C)))p19) and is therefore detected by the phase-sensitive

detector at frequency wy,.

For the fictitious spin-1/2 TLS, projective Hilbert space

corresponds to a 2-sphere and the geometrical phase becomes
1
B(C) = m(C) = +350(C) (4)

where m is the magnetic quantum number and Q(C) is the solid
angle subtended by the circuit C at the origin. We add that the =«
pulse and. the echo in the 1-2 transition are not mnecessary in
principle since the phases could be detected in the coherent signal
following the /2 pulse. In practice, however, the echo is a
convenient experimental means of compensating for any extraneous
dephasing due to nonuniform magnetic fields and other inhomogeneous

2-3

broadening mechanisms. We also mention that p need not begin and

end along z; it is necessary only that it go through a circuit.



Experiments were performed on the spin-1 manifold of two proton
spins-1/2 coupled by magnetic dipolar interactions in the molecule
CHyCl, oriented in a neﬁatic liquid crystal solvent(la). The static
magnetic field was 8.4 Tesla and the rotating magnetic fields at
frequencies wj;, = 362.023524 MHz and wjpy = 362.019675 MHz had
amplitudes of 1.7 uTesla and 1.3 uTesla, respectively. The system
was allowed to reach thermal equilibrium in the magnet and three
types of circuits with a range of solid angles I(C) were implemented
for the TLS as shown in Figure 2, by applying time dependent phase
shifted magnetic fields near w23(15). The cone circuits were induced
by a magnetic field which was, in the rotationg frame, tilted at an
angle § with respect to the z-axis. For the spherical triangles and
the . slicés, rectangular magnetic field pulses were applied
perpendicular to the polarization vector. For the spherical
triangles the pulses were a n/2 pulse along ( 0, 1, 0.), a § pulse
along ( 0, 0, 1 ), and finally a n/2 pulse along ( sinf, -cosf, 0 ).
Similarly, the slices were generated with a x pulse along ( 0, 1,
0 ) followed by another = pulse along ( ;ino, -cosfd, O ). The
geometrical phase was determined by measuring the phase relative to
a reference phase (v4), determined by pure dynamical evolution. For
the spherical triangles and the slice circuits the dynamical phase
vanished, since in our experiment the applied field was always

2-3

orthogonal to p , generating parallel transport. For the cone, the

dynamical phase was determined via a reference experiment that

included only the component of the field parallel to p2'3.



Figure 3 shows some exampies of the echoes observed, exhibiting
the phase shifts induced by evolution around the élice circuits of
Figure 2, with various solid angles. The geometrical phase is given
by B(GC) = tan'l(Sy/éx) where S, and Sy are the integrated
amplitudes of the signals in the two detector channels. Figure 4
shows a plot of B(C) versus solid angle for all three circuits of
Figure 2. It 1is <clear that the geometrical quantum phase is
proportional to the solid angle subtended by the circuit. 0u§
results illustrate the invariance of the AA phase to details of the

circuit geometry and to the (perhaps non-adiabatic and non-cyclic)

Hamiltonian responsible for generating the circuit.
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Figure Captions

Figure 1): Schematic representation of the NMR interfefometry
experiment to demonstrate the Aharonov-Anandan (AA) phase. The 2-3
two-level system (TLS) undergoes a circuit.C in projective Hilbert
space and the phase is determined by means of its effect on tﬁe echo

produced by the coherent superposition of levels 1 and 2.

Figure 2): Three types of —circuits experienced by the
polarization p (pz'3 in the text) for the TLS of Figure 1 in the 2-3
frame of reference. The solid angles are I(C) = 2x(l-cosfd) for the

cone, 3(C) = § for the triangle and Q(C) = 20 for the slice.

Figure 3): Oscilloscope traces of the 1-2 echoes detected in the
two orthogonal (x,y) channels of a phase sensitive detector at
frequency wy12- In this case, the 2-3 TLS undergoes the slice
circuits of Figure 2, with solid angles Q(C) equal to 0, x/2, x and

2n.

Figure 4): Summary of experimentally determined geometrical phase
B(C) as a function of solid angle Q(C) for the three types of
circuits in Figure 2. The solid line corresponds to the theoretical

(AA) phase.

v



-9 -
References

a) Presented in part at the Theoretical Physics Workshop on
Nonintegrable Phases in Dynamical Systems, Minneapolis, 30 September
- 2 October 1987, unpublished.

b) Address correspondence to this author, at the Department of
Chemistry, University of California, Berkeley, CA 94720.

1) M.V. Berry, Proc. Roy. Soc. Lond. A 392, 45 (1984); M.V. Berry,
Nature 326, 277 (1987).

2) B. Simon, Phys. Rev. Lett. 51, 2167 (1983).

3) For example: R.Y. Chiao and Y.-S. Wu, Phys. Rev. Lett. 57, 933
(1986); J.H. Hannay, J. Phys. A, 18, 221 (1985); J. Moody, A.
Shapere and F. Wilczek, Phys. Rev. Lett. 56, 893 (1986); T. Bitter
and D. Dubbers, Phys. Rev. Lett. 59, 251 (1987); G. Delacretaz, E.R.
Grant, R.L. Whetten, L. Woste and J.W. Zwanziger, Phys. Rev. Lett.
56, 2598 (1986); R. Jackiw, in Comments on Atomic and Molecﬁlar
Physics, in press (1987); R. Tycko, Phys. Rev. Lett. 38, 2281
(1987); C. Bouchiat, J. de Phys., 48, 1627 (1987); D. Suter, G.
Chingas, R.A. Harris and A. Pines, Mol. Phys. 61, 1327 (1987) and
references therein.

4) Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959); C.A. Mead
and D.G. Truhlar, J. Chem. Phys. 70, 2284 (1979) and references
therein.

5) F. Wilczek and A. Zee, Phys. Rev. Lett. 52, 2111 (1984); J.
Segert, Ann. Phys. 179, in press (1987); A. Zee, to be published; D.

Suter and A. Pines, to be published.

6) M.V. Berry, Proc. Roy. Soc. Lond. A 414, 31 (1987); experiments



have been done by J. Anandan, R.Y. Chiao, G. Chingas, K.M. Ganga,
R.A. Harris, H. Jiao, A.S. Landsberg, H. Nathel, A. Pines, D.
Suter, to be published; R. Jackiw, presented at the Theoretical
Physics Workshop on Nonintegrable Phases in Dynamical Systems,
Minneapolis, 30 September - 2 October 1987, MIT preprint CTP 1529,
Modern Physics, in press. P. de Sousa Gerbert, MIT preprint CTP
1537, submitted to Nucl. Phys. B.

7) R.Y. Chiao et al, Phys. Rev. Lett., accompanying Letter;
presentations of M.V. Berry and R.Y. Chiao at the Theoretical
Physics Workshop on Nonintegrable Phases in Dynamical Systems,
Minneapolis, 30 September - 2 October 1987, unpublished; R. Bhandari
and J. Samuel, Phys. Rev. Lett., accompanying Letter.

8) Y. Aharonov and J. Anandan, Phys. Rev. Lett. 58, 1593 (1987).

9) S. Pancharatnam, Proc. Ind. Acad. Sci. A, 247 (1956); Y. Aharonov
and M. Vardi, Phys. Rev. D 21, 2235 (1980); S. Ramaseshan and R.
Nityananda, Current Science, India, 55, 1225 (1986); M.V. Berry, J.
Mod. Optics 34, 1401 (1987).

10) C. Bouchiat and G.W. GiBbons, J. de Phys., to be published.

11) M.E. Stoll, A.J. Vega and R.W. Vaughan, Phys. Rey; Alé, 1521
(1977); H. Hatanaka, T. Terao and T. Hashi, J. Phys. Soc. Jap 39,
825 (1975); b. Suter, A. Pines and M. Mehring, Phys. Rev. Lett. 57,
242 (1986). H. Rauch, A. Zeilinger, G. Badurek, A. Wilfing, W.
Bauspiess and U. Bonse, Phys. Lett. 54A, 425 (1975); S.A. Werner, R.
Colella, A.W. Overhauser, and C.F. Eagan, Phys.‘Rev. Lett. 35, 1053
(1975); U. Fano, Rev. Mod. Phys. 55, 855 (1983).

12) R.P. Feynman, F.L. Vernon and R.W. Helwarth, J. Appl. Phys. 28,

49 (1957); M. Mehring, Principles of High Resolution NMR in Solids,



Springer, New York (1983).
13) E.L. Hahn, Phys. Rev. 80, 580 (1950).

14) A. Pines, Lectures on Pulsed NMR, Proceedings of the 100th Fermi

School on Physics, Varenna, 1986, B. Maraviglia Editor, North-

Holland, Amsterdam, (1988); J.W. Emsley and J.C. Lindon, NMR

Spectroscopy Using Liquid Crystal Solvents, Pergamon Press, Oxford,

(1975).

15) S. Vega and A. Pines, J. Chem. Phys. 66, 5624 (1977).



- 12 -

VY £€606-11/8 18X

OYo

4P

€2

SL

Figure 1)



- 13 -

g66211-11/8 19X

90IIS

s|buel |

Figure 2)



- 14 -

x-Channel y-Channel

XBL 8711-4824A

Figure 3)



21

Geometrical Phase (B(C))

- 15 -

I |

o Cone
A Triangle
O Slice

| J |

T 2T 3n 47
Solid Angle (Q(C))

XBL 8711-3092A

Figure 4)



[ s~

LAWRENCE BERKELEY LABORATORY
TECHNICAL INFORMATION DEPARTMENT
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





