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A STATE-SPACE MODEL FOR PROTOTYPE LEARNIN G 

In Jae Myung and Jerome R. Busemeyer 

Department of Psychological Sciences 
Purdu e Universit y 

ABSTRACT 
A genera l  state-spac e mode l  o f  prototyp e learnin g wa s formulate d I n 

term s o f  a  se t  o f  Interna l  state s an d nonlinea r  Input-outpu t  mappings .  Th e 
genera l  mode l  Include s severa l  previou s model s a s specia l  case s suc h a s 
Hintzman' s (1986 )  multipl e trac e model ,  Metcalf' s  (1982 )  holographi c model , 
and tw o paralle l  distributiv e memor y model s (Knap p &  Anderson ,  1984 ; 
McClellan d &  Rumelhart ,  1985) .  Tw o basi c propertie s common t o th e thre e 
model s wer e define d i n term s o f  thi s genera l  model--addltivlt y an d tim e 
Invarlance .  A n experimen t  wa s conducte d t o tes t  th e basi c propertie s usin g 
rando m spectra l  pattern s a s stimul i  allowin g possibl e nonlinea r  inpu t  an d 
outpu t  distortions .  Especially ,  ordina l  test s o f  addltivlt y wer e performe d 
wit h fe w assumption s abou t  Interna l  feature s tha t  subject s may us e t o encod e 
th e stimulu s Information .  Th e result s suppor t  addltivlt y bu t  tlme -
Invarlanc e wa s clearl y violated .  Implication s o f  thes e finding s fo r  model s 
o f  th e huma n memor y syste m ar e discussed . 

INTRODUCTION 
One o f  th e mos t  intriguin g question s abou t  th e structur e an d 

organizatio n o f  huma n memor y i s ho w ne w experienc e Interact s wit h ol d memor y 
t o compos e a n abstraction .  Fo r  example ,  whe n w e mee t  a  ne w person ,  w e for m a 
firs t  Impression ,  an d later ,  thi s impressio n i s change d an d modifie d wit h 
subsequen t  meeting s wit h th e sam e person .  Somehow,  late r  impression s 
interac t  wit h previou s experienc e i n memor y t o establis h th e curren t  revise d 
impression .  What  underlyin g learnin g processe s enabl e human s t o d o suc h a n 
abstraction ? Recently ,  w e hav e witnesse d a  surg e o f  adaptiv e neuro-networ k 
model s o f  thi s dynami c learnin g process .  Interestingly ,  man y o f  th e model s 
hav e a  common cor e o f  fundamenta l  assumptions .  I t  woul d b e worthwhile ^  t o 
empiricall y tes t  th e validit y o f  thes e assumption s befor e w e mov e o n t o 
furthe r  developmen t  o f  th e models . 

The purpos e o f  thi s stud y wa s t o empiricall y tes t  thes e common 
assumptions .  Specifically ,  th e presen t  experimen t  wa s designe d t o tes t  tw o 
basi c propertie s o f  memor y structur e assume d b y severa l  memor y models- -
addltivlt y an d tim e invarlanc e o f  memor y system .  Th e memor y model s wer e 
Hintzman' s multipl e trac e mode l  (1986) ,  Metcalfe' s holographi c memor y mode l 
(1982) ,  an d paralle l  distribute d memor y model s (Knap p &  Anderson ,  1984 ; 
McClellan d &  Rumelhart ,  1985) .  I n orde r  t o tes t  th e basi c properties ,  w e 
chos e t o stud y prototyp e learnin g usin g a  ne w experimenta l  paradig m calle d 
prototyp e productio n (Busemeye r  &  Myung ,  1988) .  I n th e prototyp e productio n 
tas k subject s ar e show n a  sequenc e o f  exemplar s (e.g. ,  a  serie s o f  picture s 
or  sounds )  generate d fro m on e o r  mor e prototype s wit h categor y labels .  The n 
subject s ar e give n a  categor y labe l  an d ar e aske d t o produc e thei r  prototyp e 
estimat e o f  th e categor y (e.g. ,  dra w a  pictur e o r  vocaliz e a  soun d tha t  bes t 
represent s th e category) .  Not e tha t  I n th e prototyp e productio n task , 
abstractio n i s a  tas k requiremen t  an d s o th e majo r  questio n i s "ho w doe s 
abstractio n occur? " 

The presen t  articl e i s organize d a s follows .  First ,  A  genera l  state -
spac e mode l  o f  prototyp e formatio n wil l  b e presented ,  followe d b y definition s 
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of the two basic properties. Then we will discuss the three memory models in 
relatio n t o th e genera l  model ,  an d w e wil l  sho w tha t  al l  thre e model s satisf y 
th e tw o basi c properties .  Finally ,  w e presen t  experimenta l  test s o f 
additivit y an d time-invarianc e followe d b y discussio n o f  implication s o f  th e 
experimenta l  findings . 

STATE-SPACE MODEL OF PROTOTYPE EVOLUTION 
We begi n b y distinguishin g betwee n representation s o f  image s forme d b y 

th e subjec t  an d b y th e experimenter .  O n eac h trial ,  denote d t ,  a n exempla r 
imag e i s presente d visuall y (e.g. ,  a  photograph )  o r  auditoril y  (e.g. ,  a  ton e 
sequence) .  We assum e tha t  th e experimente r  record s th e exempla r  imag e b y 
obtainin g a  se t  o f  physica l  measurements .  Thi s recor d i s represente d b y a 
vecto r  denote d E(t) .  Anothe r  vector ,  denote d f(t) ,  i s  use d t o represen t  th e 
subject' s perceptua l  imag e o f  th e correspondin g physicall y define d exempla r 
imag e E(t) .  Th e value s o f  element s o f  f(t )  represen t  featur e strengths .  I n 
prototyp e learning ,  a n exempla r  ensembl e consist s o f  tw o components ,  a n imag e 
f(t )  an d categor y labe l  denote d g(t )  a s a  vecto r  (e.g. ,  th e titl e o f  a 
picture) .  The n th e exempla r  ensembl e ca n b e represente d b y a  vecto r 
h(t)-g(t)If(t )  wher e th e symbo l  |  indicate s concatenatio n o f  tw o vectors . 
Any memor y tas k involve s som e typ e o f  retrieva l  cu e whic h i s use d t o prob e 
memory an d retriev e a n image .  Th e retrieva l  cu e i s denote d b y a  finit e 
vecto r  v(t )  an d th e outpu t  imag e retrieve d b y th e cu e i s represente d b y th e 
finit e vecto r  Y(t) .  Finally ,  th e outpu t  mappin g o f  th e interna l  imag e Y(t ) 
int o a n observabl e respons e R(t )  i n th e experimenter' s coordinate s i s 
symbolize d b y a  monotonicall y increasin g functio n J .  Th e diagra m belo w 
illustrate s th e relationshi p amon g th e input s an d outputs .  Th e squar e bo x 
represent s th e unobservabl e memor y syste m whic h i s describe d next .  Th e tw o 
functions ,  V  an d J ,  represen t  nonlinea r  inpu t  an d outpu t  respons e functions , 
respectively . 

V 
E(t ) - > f(t )  >  Y(t+1 ) • ^  R(t+1 ) 

The genera l  memor y mode l  tha t  describe s th e dynamic s o f  th e memor y 
syste m (th e squar e bo x i n abov e diagram )  ca n b e elegantl y expresse d b y th e 
discret e tim e stat e spac e representatio n o f  syste m theor y (Csaki ,  1977) .  Th e 
model  i s base d o n a  syste m o f  thre e equations : 

z(t)-e[h(t) ]  (1 ) 
X(t+l)-*[t.X(t).z(t) ]  (2 ) 
Y(t+l)-U[X(t+l),v(t+l) ]  (3 ) 

I n th e firs t  equation ,  9  specifie s ho w categor y labe l  features ,  g(t) ,  an d 
exempla r  imag e features ,  f(t) ,  ar e associate d t o produc e a  memor y trace , 
z(t) .  I n othe r  words ,  th e tw o type s o f  informatio n i n h(t )  ar e someho w 
combine d o r  associate d t o for m a  singl e memor y trace ,  whic h i s subsequentl y 
fe d int o th e memor y syste m t o preserv e a n experience .  I n general ,  th e memor y 
trace ,  z(t) ,  i s  som e matri x functio n 9  o f  h( t ) .  We ma y interpre t  th e matri x 
functio n 9  a s th e memor y encodin g process .  Later ,  w e wil l  sho w ho w th e 
precis e for m o f  9  varie s dependin g o n eac h specifi c  memor y model .  I n th e 
secon d equation ,  *  i s  a  matri x functio n tha t  specifie s ho w th e memor y syste m 
i s organize d an d updated .  I n thi s sense ,  *  ma y b e interprete d a s th e 
learnin g proces s use d t o preserv e a n experience .  Eac h inpu t  z(t )  contribute s 
t o updat e th e presen t  stat e o f  knowledge ,  represente d b y th e rea l  value d 
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stat e matri x X(t) .  I n th e stat e spac e representation ,  th e stat e matri x X(t ) 
retain s al l  th e relevan t  informatio n obtaine d fro m a  sequenc e o f  exemplar s 
presente d u p t o tria l  t-1 .  Thu s X(t )  I s Interprete d a s th e memor y o f  th e 
system . 

When subject s ar e aske d t o respon d t o th e experimenter' s Instructio n 
afte r  observin g a  sequenc e o f  exempla r  patterns ,  someho w the y hav e t o 
transfor m th e Interna l  stat e X(t )  Int o a  prope r  Imag e fo r  output .  Thi s 
proces s t o buil d th e retrieve d imag e Y(t )  fro m th e preserve d knowledg e X(t ) 
upo n a  give n retrieva l  cu e v(t )  i s  characterize d b y a  function ,  U .  Th e 
functio n U  ca n b e Interprete d a s th e memor y retrieva l  process . 

DEFINITIONS OF THE TWO BASIC PROPERTIES 
The tw o basi c propertie s ca n b e define d i n term s o f  functiona l 

characteristic s o f  th e updatin g functio n *  an d th e retrieva l  functio n U . 
Additivit v 

Additiv e system s ar e define d b y Equatio n 5  below ,  whic h state s tha t  th e 
retrieve d imag e ca n b e expresse d a s a  weighte d su m o f  th e effect s o f  eac h o f 
th e inpu t  memor y traces .  Equatio n 5  ca n b e derive d fro m tw o separat e 
assumption s regardin g th e function s •  an d U .  Th e firs t  assumptio n i s tha t  • 
I s a  linea r  dynami c system : 

X(t+1 )  -  *[t.X(t).2(t) ]  -  *(t)X(t )  +  H(t)z(t )  (4 ) 
wher e *(t )  an d H(t )  are ,  i n general ,  tim e dependen t  matri x functions ,  whic h 
ca n b e Interprete d a s th e syste m matri x an d th e weigh t  matri x fo r  ne w 
information ,  respectively . 

The secon d assumptio n i s tha t  th e retrieva l  functio n U  i s a  linea r 
transformatio n wit h respec t  t o th e firs t  argument .  The n w e ca n deriv e th e 
retrieve d image , 

Y(t)-U[*(t-l)..*(0)X(0).v(t) ]  +  S  U[Q(t,k)H(k)z(k),v(t)) .  (5 ) 
Thus ,  assumin g tha t  bot h •  an d U  ar e linear ,  on e ca n expres s th e retrieve d 
image ,  Y ( t ) ,  a s a  weighte d su m o f  th e effect s o f  th e memor y trace s z(k )  fo r 
trial s k  -  1 ,  ... .  t- 1 a s i n Equatio n 5 . 
Time-invarlanc e 

Time-invarian t  system s ar e system s wit h updatin g functions ,  • ,  tha t  ar e 
no t  a n explici t  functio n o f  tim e coordinate ,  t : 

X(t+1 )  -  •[X(t).z(t) ]  (6 ) 
wher e •  ca n b e an y linea r  o r  nonlinea r  function .  I f  th e syste m define d b y 
Equatio n 6  i s i n th e sam e stat e a t  tw o differen t  point s i n time ,  an d th e sam e 
inpu t  i s applie d a t  thes e tw o tim e points ,  the n th e sam e outpu t  wil l  b e 
generate d a t  thes e tw o tim e points .  I n othe r  words ,  th e syste m doe s no t 
chang e solel y a s a  functio n o f  time . 

MEMORY MODELS 
I n thi s sectio n th e thre e memor y model s wil l  b e briefl y describe d an d 

interprete d i n term s o f  th e genera l  state-spac e model .  Mor e rigorou s 
derivation s wil l  b e give n elsewher e (Myun g &  Busemeyer ,  manuscrip t  unde r 
preparation) , 
Multipl e Trac e Mode l 

Hintzman' s (1986 )  schem a abstractio n mode l  assume s tha t  eac h exempla r 
presentatio n produce s a  separat e memor y trace ,  a  retrieva l  cu e contact s al l 
trace s simultaneously ,  activatin g eac h accordin g t o it s similarit y t o th e 
cue ,  an d informatio n retrieve d fro m memor y reflect s th e summed conten t  o f  al l 
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Tabl e 1 :  Characteristi c function s i n equation s (1) ,  (3) ,  &  (4 )  assume d 
by eac h memor y model .  Th e las t  colum n onl y applie s t o th e blocke d 
prototyp e productio n task . 

Memory 
Model 

Multipl e 
Trac e 

Holographi c 
Memory 

Hebb Rul e 
Delt a Rul e 

e[h(t) ] 

l(t)h(t) ' 

g(t)*f(t ) 

g(t)f(t) ' 
g(t)f(t) ' 

*(t ) 

o 

a 

a 
I-7g(t)g(t) ' 

H(t ) 

7 

7 

7 
7 

U(X.v ) 

X'(Xv) 3 

v# X 

X' v 
X' v 

w(t-k ) 

(7a^-''(g'g)] ^ 

7at- k 

7a'̂ -^(g'g ) 

7g'*^'^ g 

activate d trace s respondin g i n parallel . 
Thi s mode l  ca n b e represente d b y th e genera l  state-spac e mode l  a s 

follows .  Th e stat e matri x X(t )  woul d b e a  Nx p matri x wit h a  ver y larg e N . 
The e  functio n i s give n b y e(h(t))-l(t)h(t) '  wher e l(t )  i s  a  Nx l  ro w vecto r 
wit h zero s o n al l  location s excep t  ro w t  an d a n apostroph e represent s th e 
transpos e o f  a  vecto r  an d matrix .  Th e stat e matri x X(t )  i s  update d accordin g 
t o th e followin g time-invarian t  linea r  syste m (X(0 )  -  0 ) : 

X(t+l)-QX(t )  +  7z(t )  (7 ) 
wher e *(t)- a >  0  an d H(t)— r  >  0  ar e scalars .  Not e tha t  X(t )  ha s nonzer o 
element s onl y u p t o ro w t- 1 an d al l  zero s afterwards .  Therefore ,  a s show n i n 
abov e equation ,  eac h exeirpla r  h(t )  i s  bein g separatel y preserve d i n th e stat e 
matri x a s a  distinc t  ro w vector .  Th e retrieve d imag e Y(t )  ca n b e compute d 
fro m th e stat e matri x X(t )  an d th e retrieva l  cu e v(t )  b y th e following -
function : 

Y(t)-U[X(t),v(t)]-X(t)'[x(t)v(t)) 3 (8 ) 
wher e A "  symbolize s th e element-by-elemen t  power ,  (A")i^j-(Aij)" .  I n general , 
th e retrieva l  functio n i n abov e equatio n i s nonlinea r  fo r  arbitrar y Nx p 
matrice s X .  Bu t  U  doe s satisf y linearit y fo r  th e specia l  for m o f  X(t ) 
define d i n thi s model . 
Holographi c Memor y Mode l 

Metcalfe' s (1982 )  holographi c memor y mode l  (CHARM)  i s a n associativ e 
memory mode l  base d o n convolutio n an d correlatio n algebra .  Th e holographi c 
memory mode l  represent s th e interactiv e associatio n betwee n th e categor y 
labe l  an d exempla r  features ,  denote d g(t )  an d f(t) ,  i n th e memor y encodin g 
ste p a s th e convolutio n o f  th e tw o vectors ,  z(t)-9(g(t),f(t))-g(t)*f(t) . 

The resultin g memor y trac e z(t )  i s  use d t o updat e th e stat e vector , 
X(t )  ,  accordin g t o th e san: e linea r  time-invarian t  syste m a s Equatio n 7 . 

The retrieve d imag e Y(t )  i s  a  correlatio n o f  th e stat e matri x X(t )  wit h 
th e cu e v( t ) , 

Y(t)-U[X(t).v(t)]-v(t)#X(t )  (9 ) 
Not e tha t  th e correlatio n operatio n '# '  i s  a  linea r  retrieva l  U  function . 
Paralle l  Distribute d Memor y Model s 

Paralle l  distribute d memor y model s (Knap p &  Anderson ,  1984 ;  McClellan d 
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& Rumelhart .  1985) .  assum e tha t  eac h tria l  Involve s thre e events- -  firs t  a n 
Inpu t  I s presente d t o th e memor y system ,  thi s Inpu t  generate s a n output ,  an d 
finall y thi s outpu t  i s compare d t o a  targe t  a s a  desire d outpu t  fo r  tha t 
trial .  Learnin g i s viewe d a s a  gradua l  chang e o f  connectivit y strengt h amon g 
basi c memor y units . 

I n thi s model ,  th e associativ e memor y trac e o n tria l  t  betwee n th e 1-t h 
inpu t  featur e gi(t )  an d th e J-t h targe t  featur e fj(t )  I s th e produc t  o f  th e 
tw o featur e elements ,  Z£j(t) -  g^(t)fj(t) .  Th e collectio n o f  z^j(t)' s  form s a 
matri x z ( t ) -  e(g(t),f(t) )  -  g(t)f(t)"' .  The n th e memor y trac e z(t )  I s use d t o 
updat e th e stat e matrix ,  X( t ) ,  calle d th e connectio n matrix ,  whic h represent s 
th e presen t  stat e o f  connectio n strength s betwee n th e 1-t h inpu t  featur e an d 
th e j-t h outpu t  feature .  Th e connectio n matri x X(t )  a s a  stat e matri x i s 
assumed t o b e update d accordin g t o eithe r  a  Heb b rul e o r  a  delt a rul e an d th e 
imag e retrieve d b y a  cu e v(t )  i s  a  matri x produc t  o f  X(t )  an d v(t) . 

Tabl e 1  summarize s th e relation s betwee n eac h o f  th e memor y model s an d 
th e genera l  state-spac e model .  A s ca n b e see n i n th e Table ,  al l  o f  th e 
-nemor y model s doe s satisf y additivit y an d al l  bu t  on e (th e delt a rule ) 
satisf y time-invariance .  However ,  fo r  th e experimenta l  procedur e use d i n th e 
presen t  stud y th e delt a rul e als o obey s time-invarianc e (se e nex t  section) . 

APPLICATION OF THE THREE MODELS TO THE PROTOTYPE PRODUCTION TASK 
The experimen t  reporte d belo w use d a  blocke d procedur e i n conjunctio n 

wit h th e prototyp e productio n task .  I n th e blocke d procedure ,  subject s lear n 
a sequenc e o f  exempla r  image s associate d wit h a  singl e categor y labe l  withi n 
a bloc k o f  trials ,  an d afte r  completin g th e block ,  the y mov e t o anothe r  bloc k 
of  trial s wit h a n unrelate d categor y label .  I n thi s situation ,  th e model s 
ar e greatl y simplified .  Withi n eac h bloc k o f  trials ,  th e categor y labe l 
feature s g(t )  o f  th e exempla r  ensembl e h(t )  ar e fixed ,  h(t)-g(t)|f(t)-g|f(t) . 
Furthermore ,  th e retrieva l  cu e i s als o fixe d t o th e sam e categor y labe l 
withi n a  block .  Finally ,  th e categor y label s acros s block s ar e completel y 
unrelate d (i.e. ,  orthogona l  vectors) .  Fo r  thi s condition ,  i t  ca n b e show n 
tha t  al l  thre e model s ar e consisten t  wit h th e followin g specia l  cas e o f 
(assumin g X(0 )  -  0  an d f(O)-O )  : 

Yj(t+1 )  -  E  w(t-k)fj(k) .  fo r  k - 1 t .  (10 ) 
wher e th e weigh t  w(t-k )  i s  a  scala r  functio n o f  th e la g (t-k )  an d i s show n i n 
Tabl e 1  fo r  eac h memor y model . 

As show n i n Equatio n 10 ,  th e genera l  definition s o f  tw o basi c propertie s 
give n i n th e earlie r  sectio n ca n b e reinterprete d i n th e presen t  tas k i n 
term s o f  th e relationship s betwee n th e inpu t  an d retrieve d featur e vectors , 
f(t )  an d Y( t ) .  Thi s equatio n state s tha t  th e exempla r  imag e feature s fro m 
differen t  trial s ar e combine d accordin g t o a n additiv e compositio n rul e t o 
produc e th e prototyp e image .  Time-invarianc e follow s fro m th e assumptio n 
tha t  th e weigh t  w(t-k )  depend s upo n onl y o n th e la g o r  recenc y (t-k )  o f  th e 
exempla r  image . 

METHOD 
The experimen t  wa s conducte d o n a  microcompute r  wit h al l  th e procedure s 

preprogrammed .  Th e stimul i  wer e mas s spectr a o f  fictitiou s chemica l  sample s 
as show n i n Figur e 1 ,  wher e chemica l  name s correspon d t o categor y label s g(t ) 
and mas s spectr a correspon d t o exempla r  pattern s f(t) .  Fo r  a  give n categor y 
label ,  subject s receive d fou r  differen t  exempla r  pattern s o f  th e categor y an d 
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C O A M I D E 

S a w p l e 

Figur e 1 .  A  typica l  stimulu s patter n shov m o n a  vide o screen . 

the y wer e aske d t o estimat e th e tru e patter n fo r  eac h categor y base d o n th e 
fou r  distorte d patterns .  O n eac h trial ,  subject s wer e show n stimulu s 
pattern s i n th e uppe r  hal f  o f  a  vide o screen ,  the n th e patter n wa s erase d an d 
th e subject s wer e aske d t o dra w thei r  estimat e o f  a  prototypi c spectru m i n 
th e lowe r  hal f  o f  th e sam e screen .  Afte r  finishin g th e fourt h patter n o f  a 
category ,  the y move d t o anothe r  fou r  trial s o f  a  differen t  category .  Ther e 
wer e tw o differen t  group s o f  subjects .  On e grou p (Grou p A )  wa s instructe d t o 
provid e thei r  estimat e afte r  eac h tria l  an d th e othe r  grou p (Grou p B )  wa s 
aske d t o provid e a  drawin g onl y a t  th e en d o f  th e fourt h trial .  Eac h subjec t 
receive d 10 0 categorie s (40 0 exempla r  patterns) .  Th e subject s wer e 1 6 
student s attendin g Purdu e University .  Eigh t  subject s wer e randoml y assigne d 
t o eac h group . 

RESULTS 
The followin g result s wer e base d o n th e observe d response s average d 

acros s categor y label s an d eigh t  subject s i n eac h group . 
Tes t  o f  Additivit y 

Additivit y (Equatio n 5 )  wa s assesse d b y testin g join t  independenc e 
propertie s amon g patterns .  Robert s (1973 ,  p.  210 )  ha s describe d sufficien t 
condition s fo r  a n additiv e system .  However ,  joint-independenc e i s th e onl y 
propert y tha t  i s  empiricall y testabl e i n th e presen t  experiment .  Thus ,  th e 
followin g joint-independenc e conditio n wa s teste d t o suppor t  o r  refut e 
additivity . 

^pqr s ' *  ̂ mnr s "̂ " ^  ^pqo l  - ^  ̂mno l (11 ) 
wher e Rpqr s represent s th e prototyp e estimat e afte r  observin g a  sequenc e o f 
exempla r  patterns ,  (Pp ,  Pq ,  Pj- ,  Pg )  •  Bot h th e prototyp e estimat e an d 
exempla r  patter n ar e recore d a s 7x 1 colum n vector s wher e th e j-t h elemen t  i s 
th e heigh t  o f  th e j-t h vertica l  bar .  Thi s relationshi p shoul d hol d fo r  al l 
seve n element s o f  th e prototyp e estimat e vecto r  a s wel l  a s fo r  al l  trial s o f 
prototyp e production .  Not e tha t  th e tes t  i s  relativel y fre e o f  assumption s 
abou t  ho w a n exempla r  patter n i s transforme d int o th e subject' s interna l 
memory representation .  Therefore ,  additivit y acros s exemplar s wa s teste d 
withou t  mentionin g anythin g abou t  th e interna l  stat e representatio n (i.e. , 
th e stat e vector ,  X(t) )  tha t  th e memor y syste m actuall y use s t o encod e th e 
exempla r  information .  I n thi s sense ,  th e tes t  o f  additivit y ca n b e considere d 
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Tabl e 2 :  Tes t  o f  additivit y b y countin g th e numbe r  o f  violation s o f 
Independenc e property .  Figure s i n parenthesi s indicat e th e tota l  numbe r 
of  possibl e independen t  relations . 

Tria l  (t )  Grou p A  Grou p B 

2 0 (8) 
3 0  (72 ) 
4 0  (448 )  1  (448 ) 

a feature-fre e test . 
Al l  possibl e joint-independenc e relation s wer e teste d t o asses s 

additivity .  Th e resul t  i s  show n I n Tabl e 2 ,  whic h summarize s th e numbe r  o f 
significan t  violation s o f  th e Join t  Independenc e usin g th e confidenc e 
Interva l  o f  a-.0 5 level .  A s ca n b e see n i n Tabl e 2 ,  n o significan t 
violation s fo r  Grou p A  an d onl y a  singl e violatio n fo r  Grou p B  wer e observed . 
Considerin g th e fac t  tha t  th e tota l  numbe r  o f  independenc e relation s wa s 52 8 
fo r  Grou p A  an d 44 8 fo r  Grou p B ,  i t  ca n b e conclude d tha t  additivit y hold s 
quit e wel l  fo r  bot h conditions .  Th e percentag e o f  violation s wa s stil l 
reasonabl y smal l  eve n whe n zer o confidenc e interva l  wa s use d (5.3 % fo r  Grou p 
A an d 10.7 % fo r  Grou p B )  . 
Tes t  o f  Time-invarianc e 

Time-invarianc e wa s teste d b y fittin g th e followin g model : 
R(t+l)-J[ S w(t.k)f(k) ]  fo r  k- 1 t .  (12 ) 

I f  time-invarianc e holds ,  the n w e shoul d hav e w(t,k)-w(t-k )  fo r  al l  t  an d k . 
Thus ,  th e magnitud e o f  th e effec t  o f  eac h exempla r  depend s onl y o n th e lag , 
(t-k) .  Bot h th e outpu t  respons e functio n J  an d th e weight s wer e estimate d 
usin g a  powerfu l  estimatio n techniqu e calle d th e B-splin e metho d (se e DeBoor , 
1978) .  Th e estimate d respons e functio n J  turne d ou t  t o b e a  slightl y 
nonlinea r  S  shape d (no t  reporte d i n thi s article) .  Tabl e 3  contain s th e 
estimate d weight s fo r  differen t  t  an d k  values . 

Time-invarianc e implie s tha t  th e weigh t  w(t,k )  shoul d b e solel y a 
functio n o f  th e la g (t-k) .  no t  dependin g upo n th e numbe r  o f  exemplar s tha t 
subject s hav e seen ,  tha t  is ,  tria l  t .  A s ca n b e see n i n Tabl e 3 .  time -

Tabl e 3 :  Tes t  o f  time-invarianc e b y estimatin g th e weight s w(t,k) . 
Figure s i n parenthesi s ar e prediction s fro m th e Heb b rul e wit h time -
variabl e parameters ,  Q(t)-l-l/t ^  &  7(t)-l/t ^  i n Equatio n 7 ,  wher e th e 
leas t  square s estimat e o f  th e exponen t  wa s a-.953 . 

Grou p 
Conditio n 

A 
A 
A 
B 

Tria l 
(t ) 

2 
3 
4 
4 

0 

.4 9 (.52 ) 

.4 1 (.35 ) 

.2 8 (.27 ) 

.2 6 (.27 ) 

Lag 
1 

.4 8 (.48 ) 

.3 0 (.34 ) 

.2 4 (.26 ) 

.2 3 (.26 ) 

(t-k ) 
2 

.2 9 (.31 ) 

.2 2 (.25 ) 

.2 3 (.25 ) 

3 

.2 6 (.23 ) 

.2 6 (.23 ) 
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invarianc e i s clearl y violate d (fo r  example ,  se e th e secon d colum n a t  th e 
la g (t-k)-l) .  I n general ,  a s tria l  t  Increases ,  th e estimate d weight s 
decreas e wit h bot h primac y an d recenc y effects .  Th e observe d dat a wa s fi t 
wit h a  time-variabl e Heb b rul e i n whic h th e learnin g rat e 7(t )  ca n var y 
accordin g t o a  powe r  function ,  i.e. ,  1/t* .  Not e tha t  a- 1 give s th e simpl e 
arithmeti c averagin g model .  A s illustrate d i n Tabl e 3 ,  th e best-fi t  mode l 
was th e on e wit h th e exponen t  a-.953 .  Thi s mode l  account s fo r  mos t  o f 
qualitativ e observation s excep t  th e primac y effect .  Allowin g 7(t )  t o b e a n 
arbitrar y functio n o f  t  ca n produc e bot h recenc y an d primar y effect s thoug h 
i t  woul d b e les s parsimonious . 

CONCLUSIONS 
The goa l  o f  thi s stud y wa s t o explor e ho w abstractio n occur s i n huma n 

memory system .  Specificall y th e presen t  experimen t  wa s designe d t o 
empiricall y tes t  tw o basi c propertie s o f  prototyp e evolutio n usin g th e 
prototyp e productio n paradigm- -  additivlt y acros s exemplar s an d time -
Invarianc e o f  th e memor y system .  Th e result s indicat e tha t  additivlt y hel d 
reasonabl y wel l  bu t  time-invarianc e wa s clearl y violated .  Th e additivlt y 
resul t  i s  somewha t  surprisin g becaus e i t  provide s evidenc e fo r  a  linea r 
dynami c memor y system .  I t  indicate s tha t  w e don' t  hav e t o resor t  t o comple x 
nonlinea r  dynamic  model s o f  memor y fo r  understandin g prototyp e abstraction . 
The violatio n o f  time-invarianc e suggest s tha t  adaptiv e networ k model s nee d 
t o includ e a  time-varyin g learnin g rat e paramete r  o f  th e for m 1/t *  t o 
simulat e th e abstractio n process . 
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