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P R O P E R T I ES O F C O ^ f N E C T I O N I S T V A R I A B L E R E P R E S E N T A T I O N S* 

Deborah Walters 

Department of Computer Science, State University of New Yorli. at Buffalo, Buffalo, NY 

Abstract 

A theoretica l  classificatio n o f  th e type s o f  representation s possibl e fo r  variabl e i n connectionis t 

network s ha s bee n develope d [l] .  Thi s pape r  discusse s th e propertie s o f  som e cljisse s o f  connectionis t 

representations .  I n particular ,  th e representatio n o f  variable s i n value-unit ,  variable-uni t  an d 

intermediat e uni t  representation s ar e analyzed ,  an d a  course-fin e concep t  o f  representatio n developed . 

I n addition ,  th e relatio n betwee n th e measiremer t  o f  a  featur e an d it' s representatio n i s discussed . 

1. Connectionist Networks 

Connectionis t  network s consis t  o f  a  larg e numbe r  o f  ver y simpl e processin g elements ,  whic h ar e 

highl y interconnected ,  wit h eac h processo r  receivin g inpu t  fro m an d sendin g outpu t  t o man y othe r 

processors .  I n a  broa d sens e o f  connectionis m ther e ar e variou s type s o f  connectionis t  networks :  i n cel -

lula r  automat a networks ,  th e connection s ar e generall y limite d t o thos e betwee n neares t  neighbors ,  an d 

th e computation s ar e generall y deterministi c  [2] ;  i n cooperativ e an d competitiv e network s i t  i s  th e 

dynamica l  analysi s o f  ieedhack ,  shuntin g etc .  withi n an d betwee n layer s o f  processin g unit s tha t  i s 

generall y studie d [3] ;  'iii e m th e "connectionis t  school "  complet e interconnectivit y i s permitted ,  an d 

eithe r  loca l  o r  distribute d representation s o f  feature s ar e use d [4,5] .  Thi s pape r  i s concerne d wit h con -

nectionis t  network s i n thi s broa d sense :  i t  concern s data-paralle l  processin g wher e eac h processin g ele -

ment  withi n a  grou p ha s th e sam e program ,  an d eac h processin g elemen t  i s connecte d t o othe r  proces -

sor s whic h li e withi n it s loca l  neighborhood . 

Connectionis t  network s hav e bee n studie d fo r  a  variet y o f  reasons .  On e motivatio n come s fro m 

vognitiv e science ,  wher e th e desir e i s t o understan d th e brai n a s a  computationa l  device .  A s th e brai n 

consist s o f  larg e number s o f  massivel y interconnecte d simpl e processin g elements ,  th e stud y o f  connec -

tionis t  network s ma y ultimatel y ai d u s i n understandin g neuni l  computations .  However ,  thi s goa l 

must  b e treate d wit h caution ;  th e analog y t o neuron s mus t  b e m.u'. e ;i t  th e prope r  level . 

A mor e recen t  motivatio n fo r  studyin g connectionis m ha s arise n fro m th e compute r  scienc e 

emphasi s o n paralle l  processing ,  a s connectionis t  network s ar e a n exampl e o f  fine-grain  parallelism . 

The styl e o f  computin g tha t  i s possibl e wit h suc h parallelis m i s ver y differen t  fro m tha t  possibl e wit h 

uniprocesso r  systems ,  o r  v.it h paralle l  system s containin g a  smal l  numbe r  o f  processors ,  an d thu s 

represen t  a  distinc t  clas s o f  paralle l  computations .  Wit h th e adven t  o f  th e Connectio n Machin e [6] ,  a 

fine-grain  paralle l  machine ,  ther e i s increasin g motivatio n t o understan d th e type s o f  computation s pos -

sibl e wit h suc h hardware . 

1.1. The Representation of Variables in Connectionist Networks 

Jus t  a s a  differen t  styl e o f  computatio n i s possibl e i n a  connectionis t  network ,  th e style s o f 

representatio n o f  variable s tha t  ar e natura l  fo r  a  connectionis t  networ k ma y b e ver y differen t  fro m 

th e type s o f  representatio n natura l  fo r  serial ,  o r  coars e grai n paralle l  processing .  Fo r  example ,  Feld -

man an d Ballar d us e explici t  loca l  representation s o f  image  features ,  whic h the y refe r  t o a s paramete r 

space s o r  featur e spaces .  Shape s o r  object s ar e represente d b y a  se t  o f  particula r  value s o f  certai n 

features ,  an d th e connectionis t  computation s involve d ar e basicall y indexin g operation s int o th e featur e 

space ,  an d constrain t  satisfactio n betwee n set s o t  teaturc s Orossberg ,  however ,  doe s no t  us e suc h a 

featur e representation ,  bu t  rathe r  investigate s th e mor e globa l  pattern s o f  activit y i n a  field  o f  connec -

tionis t  units .  Similarly ,  Hinton ,  McClellan d an d Kumelhar t  [4] ,  an d Kohone n [7 ]  us e distribute d 

'  Thi s r<;stai \  h  i s  funde d b y NS F Gran t  1S T 840982 7 av,arde d t o th e author . 
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representations . 

A genera l  theoretica l  classificatio n o f  th e type s o f  variabl e representation s possibl e i n connection -

is t  networks ,  i n whic h th e differen t  existin g variabl e representation s ca n b e expressed ,  an d ne w type s 

of  representation s ca n b e indicated ,  ha s bee n create d [8] .  Th e theoretica l  framewor k enable s th e proper -

tie s o f  differen t  connectionis t  representation s t o b e formall y analyze d whic h allow s th e principle d 

choic e o f  th e optima l  representatio n fo r  a  particula r  application .  A s th e framewor k ha s bee n treate d 

i n detai l  elsewher e [l] ,  onl y a  brie f  descriptio n occur s here . 

2. Preliminary Assumptions 

The theoretica l  framewor k fo r  connectionis t  representatio n o f  variable s i s base d o n certai n gen -

era l  assumption s abou t  connectionis t  networks ,  th e processin g element s whic h participat e i n connec -

tionis t  networks ,  an d th e natur e o f  variable s tha t  ar e t o b e represente d i n suc h networks .  Thes e 

assumption s ar e enumerate d below . 

2.1. Connectionist Units 

Connectionis t  network s ar e t o contai n a  larg e numbe r  o f  simple ,  identica l  processin g units ,  eac h 

of  whic h ar e capabl e o f  signalin g a  limite d numbe r  o f  values .  Fo r  example ,  i f  a  connectionis t  uni t 

consiste d o f  a n 8-bi t  memor y word ,  i t  coul d represen t  o r  signa l  onl y 25 6 separat e values .  Ther e ar e 

tw o mean s b y whic h connectionis t  unit s ca n represen t  information :  explicitl y  throug h it' s  leve l  o f 

activit y o r  th e valu e i t  stores ;  an d implicitly ,  a s eac h uni t  i n a  multi-uni t  syste m ca n represen t  a 

differen t  valu e o r  rang e o f  vales .  Fo r  example ,  i n representin g color ,  thre e unit s coul d b e used ;  on e 

eac h t o implicitl y  represen t  red ,  blu e an d green .  Eac h o f  thes e unit s coul d the n explicitl y  represen t  th e 

intensit y valu e o f  it' s  implie d colo r  component . 

Notic e tha t  i t  i s  no t  th e connection s betwee n unit s whic h encod e th e informatio n here ,  a s w e ar e 

primaril y concerne d wit h short-ter m rathe r  tha n long-ter m encodin g o f  visua l  information .  Othe r 

researcher s hav e use d th e connection s betwee n unit s t o encod e longe r  rer m information . 

2.2. Representation of Variables 

The basi c propert y o f  a  variabl e i s tha t  i t  ca n tak e o n a  rang e o f  p)ss)bl e values .  Fo r  eac h vari -

abl e ther e i s a n /? ,  an d a n injectio n g ,  suc h tha t  g  map s th e se t  o l  value s o f  tha t  variabl e int o 

euclidea n n  space ,  an d onl y k  distinc t  value s li e alon g eac h dimensio n o f  a  variable . 

3. Definitions of Types of Variable Representations 

The genera l  theor y o f  variabl e representation s fo r  connectionis t  network s assume s tha t  represe n 

tation s ca n b e classifie d i n term s o f  th e followin g thre e properties . 

3.1. Conjunctive versus Disjunctive Representations 

For  a n n  dimensiona l  variable ,  i t  i s  possibl e t o hav e a  completel y conjunctive ,  a  completel y dis -

junctiv e o r  a  partiall y  conjunctiv e /  partiall y  disjunctiv e representation .  A  completel y disjunctiv e 

representatio n coul d b e thought  o f  a s containin g n  separat e one-dimensiona l  representations ,  on e fo r 

eac h dimensio n o f  th e variable .  Thi s contrast s wit h th e completel y conjunctiv e representatio n whic h 

woul d contai n onl y a  singl e n  dimensiona l  representation .  A  partiall y  conjunctiv e /  partiall y  disjunc -

tiov e representatio n woul d consis t  o f  a t  leas t  on e one-dimensiona l  representation ,  an d a t  leas t  on e m -

dimensiona l  representation ,  wit h m <  n . 

One w a y t o classif y representation s i n term s o f  thi s propert y i s t o expres s th e numbe r  o f  disjunc -

tiv e dimension s presen t  i n a  give n representation .  Wit h n o disjunctiv e dimensions ,  th e representatio n 

woul d b e completel y conjunctive ,  an d wit h n  disjunctiv e dimension s a  representatio n woul d b e com -

pletel y disjunctive ,  an d intermediat e value s woul d b e partial . 
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3.2 .  Variable-uni t  versu s Value-uni t  Representation s 

Connectionis t  representation s o f  variable s ca n als o var y i n term s o f  th e numbe r  o f  distinc t 

value s tha t  eac h constituen t  uni t  ca n signal .  On e w a y t o expres s thi s i s i n term s o f  th e "memor y size " 

of  th e connectionis t  units .  I t  wil l  b e assume d here ,  withou t  los s o f  generality ,  tha t  connectionis t  unit s 

use a  binar y representation ,  an d th e memor y siz e wil l  b e expresse d i n bits . 

Ther e ar e tw o extreme s t o th e possibl e variabl e representation s i n term s o f  th e memor y siz e o f 

connectionis t  unit s require d t o represen t  on e valu e o f  a  variable .  I n th e variable-uni t  representatio n 

each uni t  ha s logik '  memor y size ,  wher e k '  i s  th e numbe r  o f  distinc t  value s o f  th e variabl e t o b e 

represented .  I n th e value-uni t  representatio n eac h uni t  ha s a  memor y siz e o f  1 .  A  singl e variable-uni t 

can b e use d t o signa l  th e presenc e o f  an y o f  th e k '  distinc t  values ,  whil e a  singl e value-uni t  ca n onl y 

represen t  on e o f  th e k '  values ,  an d k '  value-unit s woul d b e require d t o represen t  an y arbitrar y valu e 

alon g a  dimension . 

The tw o type s o f  codin g referre d t o ar e th e logica l  extreme s o f  coding s well  k n o w n i n th e vari -

ous discipline s whic h ar e concerne d wit h connectionis t  computations .  Neurophysiologist s refe r  t o th e 

first  typ e a s a  frequenc y code ,  an d t o th e secon d typ e a  a  labeled-lin e cod e [9] .  Ballar d ha s discusse d 

th e implication s o f  eac h typ e o f  coding ,  whic h h e refer s t o a s variabl e an d valu e codin g respectivel y 

[5] . 

The valu e uni t  an d variable-uni t  encoding s ar e th e tw o possibl e extreme s o f  variabl e representa -

tio n i n term s o l  'h e mem<.)ry-siz e o f  units ,  an d th e numbe r  o f  unit s require d t o represen t  a  variable .  I t 

i s  als o usefu l  t o ̂  unside r  a  representatio n whic h i s intermediat e betwee n thes e extremes .  I n a n inter -

mediat e representatio n th e memor y siz e o f  th e unit s i s  b ,  ( l  <f c <log2/r) .  I n bot h biologica l  an d 

machin e systems ,  th e intermediate-uni t  representatio n i s ofte n used . 

3.3. Response Overlap 

Representation s ca n als o var y i n term s o f  respons e overlap .  I n a  n o respons e overla p representa -

tio n a  particula r  valu e o f  a  variabl e alon g on e dimensio n i s represente d b y th e activit y o f  a  singl e 

unit .  I n respons e overla p representation s th e activit y o f  eac h processin g uni t  represent s a  rang e o f  d 

discret e value s o f  a  variabl e alon g eac h dimension ,  an d eac h particula r  valu e i s encode d b y th e activit y 

of  a  numbe r  o f  overlappin g units .  Connectionis t  unit s participatin g i n a  response-overla p representa -

tio n ar e sai d t o hav e a  diamete r  o f  d . 

4. Theoretical Classification of Variable Representations 

Variabl e representation s ca n b e classifie d alon g th e thre e dimension s describe d above ,  whic h for m 

th e connectionis t  variabl e representatio n spac e (VRS )  illustrate d i n Figur e 1  [l] .  V R S provide s a 

theoretica l  framewor k fo r  describin g th e connectionis t  encoding s use d i n previou s research .  Fo r  exam -

ple ,  Hinton' s coars e codin g schem e i s a  conjunctive ,  overlapping ,  value-uni t  representatio n [lO] ,  whil e 

Ballar d use s a  conjunctive ,  non-overlappin g valu e representatio n i n hi s connectionis t  shap e perceptio n 

algorith m [5] .  Th e neuron s i n th e mammalia n striat e corte x tha t  ar e selectivel y sensitiv e t o a  smal l 

rang e o f  spatia l  frequencie s (o r  edg e widths )  an d a  smal l  rang e o f  edg e orientation s ar e usin g a  con -

junctive ,  overlapping ,  intermediate-uni t  representation .  I n th e M T regio n o f  visua l  processing ,  ther e i s 

one se t  o f  neuron s whic h ar e selectivel y sensitiv e t o velocity ,  an d anothe r  se t  whic h ar e selectivel y 

sensitiv e t o th e directio n o f  motion .  Thes e neuron s appea r  t o b e usin g a  disjunctive ,  overlappin g inter -

mediat e representation .  I n compute r  visio n program s wher e edg e informatio n i s represente d a s a n 

intensit y map ,  an d a n orientatio n map ,  th e disjunctive ,  nonoverlappin g variabl e representatio n i s bein g 

used . 

Each poin t  i n V R S represent s a  clas s o f  variabl e representations .  I n orde r  t o completel y defin e a 

specifi c  representation ,  mor e tha n it' s  locatio n i n V R S mus t  b e known ;  i n additio n th e respons e map -

pin g functio n mus t  b e specified .  Th e respons e mappin g function ,  / ,  define s th e respons e o f  a  give n 

connectionis t  uni t  t o th e k  value s alon g eac h dimensio n o f  a  variable . 
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Variabl e Representatio n S p a c e ( V R S ) 

valu e intermediat e variabl e 
slic e slic e slic e 

D i s j unc t i v e 

D i m e n s i o n s 

full y overlappin g slic e 

overlappin g slic e 

D i a m e t e r  /jnonoveriap^n g slic e 
/L^disjunctiv e slic e 

r / c o r c M n G d slic e 

conjunctive slice 

Memory Siz e '̂ x̂* ^ 

Figur e 1 

S. Measurement Issues: Response Function Analysis 

Bv an.ilyzin g th e propertie s o f  eac h regio n o f  VRS ,  th e optima l  clas s o f  representation s fo r  a 

give n pnihie m ui n b e determined .  Th e chose n representatio n ca n the n b e completel y specifie d b y 

defining '  th e res}x)ns e mappin g function ,  / .  However ,  i n a n actua l  implementatio n suc h a s compute r 

vision ,  th e rea l  proble m i s t o find a  metho d fo r  measurin g th e featur e value s presen t  i n a n image . 

Thu s i t  • -  lo t  . .  questio n o f  choosin g a  variabl e representatio n an d definin g a  mapping ,  becaus e th e 

measurtTi'o'. .  o i  K;es s define s th e respons e mapping ,  an d therefor e constrain s th e choic e o f  representa -

tion .  I n >rde T ' .  ch(>os e th e correc t  representation ,  th e respons e mappin g runcrio n fo r  a  particula r 

measurepvn i  prrjces s mus t  b e determined .  Thi s i s a n importan t  poin t  tha t  ha s bee n previousl y 

neglecte d tieiaus e muc h connectionis t  researc h ha s primaril y emphasize d intermediat e an d high-leve l 

visua l  pnxessin g an d thu s assume d tha t  th e inpu t  t o th e networ k b.jr i  ;)Iread v tjee n processe d int o th e 

appropriat e form . 

5.1. Determining Response Mapping Functions 

I n m a n y case s th e method s fo r  measurin g a  featur e valu e directl y fro m a n imag e d o no t  yiel d a 

simple ,  singl e dimensiona l  mapping .  Th e respons e o f  a  detecto r  ca n b e a  functio n no t  onl y o f  th e 

valu e o f  th e desire d feature ,  bu t  als o o f  man y relate d features .  Thu s th e first  ste p i n representin g 

variable s mezisure d fro m image s i s t o determin e jus t  wha t  i s bein g measure d b y plottin g th e multidi -

mensiona l  respons e functio n fo r  th e measuremen t  process ,  a s a  functio n o f  a  prior i  imag e properties . 

For  example ,  convolvin g a n imag e wit h a  templat e i s on e mean s o f  measurin g th e orientatio n an d 

amplitud e o f  a n edg e i n a n image .  Th e questio n arise s a s t o h o w wel l  th e outpu t  o f  th e convolutio n 

correlate s wit h th e presenc e o f  a n edge .  T o stud y this ,  th e respons e functio n fo r  a n edg e detecto r 

migh t  b e plotte d agains t  th e followin g propertie s o f  edges :  location ,  length ,  width ,  amplitude ,  orienta -

tion ,  curvature ,  imag e sampling ,  signal-to-nois e ratio ,  orientatio n and/o r  curvatur e discontinuities ,  an d 

edge profile .  A n exampl e o f  orientatio n respons e function s fo r  on e se t  o f  oriente d edg e operator s i s 

show n i n Figur e 2a .  Eac h curv e i s th e response ,  a s a  functio n o f  th e edg e orientation ,  o f  on e operato r 

w h en convolve d wit h a  ste p edge .  Fro m thes e respons e function s i t  i s  clea r  tha t  th e edg e operator s 

creat e a n overlapping ,  intermediat e uni t  representation .  Bu t  th e respons e o f  a n edg e operato r  i s no t  a 

singl e dimensiona l  function :  th e respons e ca n var y a s a  functio n o f  edg e amplitude ,  width ,  profile , 

orientation ,  an d distanc e fro m a n edge .  Fo r  example .  Fig .  2 b show s th e response s o f  on e operato r  t o 

ste p edge s o f  diflFeren t  amplitudes .  Th e respons e i s obviousl y a  functio n o f  bot h edg e orientatio n an d 

amplitude ,  whic h suggest s a  conjunctiv e representatio n o f  orientatio n an d amplitude .  Simila r  result s 

woul d b e obtaine d i f  th e othe r  dimension s wer e explored . 
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Figur e 2 

If a particular type of representation is required, then the measurement process must be designed 

t o giv e th e appropriat e respons e mappin g function .  Thu s respons e functio n analysi s m a y provid e use -

fu l  constraint s i n th e desig n o f  image  base d operators . 

6. Properties of Feature Space Representations 

At  presen t  onl y th e partia l  analyze s o f  particula r  representation s exist :  Hinto n [lO ]  an d Sullin s 

[ll ]  hav e bot h analyze d th e distribute d coars e codin g representation ;  Ballar d [5 ]  ha s investigate d som e 

of  th e implication s o f  value-uni t  versu s variable-uni t  representations ;  and ,  Saun d discusse s a  represen -

tatio n usefu l  fo r  dimensionalit y reductio n [12] . 

I n analyzin g representations ,  severa l  propertie s shoul d b e considered ,  includin g th e following : 

1)  Representatio n o f  multipl e value s 

The representation s diffe r  i n term s o f  th e numbe r  o f  distinc t  value s o f  a  featur e tha t  ca n b e 

represente d b y on e cop y o f  th e representation .  Fo r  example ,  th e variabl e w d e require s i  copie s t o 

represen t  /  values ,  whil e th e valu e cod e require s onl y on e copy ,  a s lon g a s ther e i s a  one-to-on e map -

pin g betwee n value s an d units .  Suc h difference s effec t  overal l  codin g efficiency . 

2)  VJat(, h betwee n representatio n an d implementatio n architectur e 

Connecticnis r  unit s ma y hav e limite d memory ,  whic h woul d influenc e th e choic e o f  a  representation . 

For  exumple .  \<jlue-uni t  o r  intermediate-uni t  encodin g i s usefu l  fo r  unit s wit h smal l  memor y size , 

whil e vuri.ihn ;  uni t  representation s ar e possibl e whe n unit s hav e enoug h memory . 

3)Ti)ra l  Representatio n an d Generalizatio n 

H ow man y copie s o f  a  representatio n ar e require d t o represen t  al l  possibl e featur e values ? I n general , 

th e large r  th e diamete r  o f  a  unit ,  th e mor e copie s require d t o simultaneousl y represen t  al l  possibl e 

featur e values ,  bu t  thi s als o depend s upo n th e interna l  cod e o f  th e units .  Thu s a  syste m wit h narro w 

diamete r  unit s ha s th e advantag e o f  bein g abl e t o simultaneousl y represen t  multipl e values .  Bu t  i n 

term s o f  generalization ,  th e opposit e i s  true .  Fo r  example ,  i f  th e mappin g i s no t  ordered ,  the n a  metri c 

othe r  tha n th e simpl e distanc e metri c mus t  b e use d t o determin e th e similarit y betwee n featur e values . 

When th e uni t  diamete r  i s broad ,  a  suitabl e simpl e metri c exists :  featur e value s whic h bot h activat e 

th e sam e uni t  ar e similar .  Intermediat e representation s provid e a  usefu l  compromis e betwee n tota l 

representatio n an d generalizations . 

4)  Ite m densit y 

The distributio n o f  th e featur e value s tha t  wil l  b e encountere d i n a  give n situatio n i s important ,  a s 

representation s diffe r  i n th e densit y an d distribution s whic h ca n b e handled . 

5)  Require d degre e o f  accurac y 

Anothe r  propert y tha t  i s  influence d b y th e characteristic s o f  th e variabl e t o b e represente d i s th e 

require d degre e o f  accuracy ,  an d relate d samplin g issues ,  a s ar e discusse d i n Sectio n 6.1 . 

6)  Diamete r  o f  respons e range s an d degre e o f  overla p 

These propertie s influenc e th e generalizatio n capabilities ,  th e efficienc y an d th e suitabilit y  fo r  imple -

mentatio n i n a  particula r  architecture . 
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7)  Probabalisti c Representatio n 

A n efficien t  probabalisti c representatio n i s suitabl e fo r  man y applications . 

These  propertie s ca n b e use d t o determin e th e typ e o f  representatio n bes t  suite d t o represen t  par -

ticula r  type s o f  information .  Fo r  example ,  ther e ar e a  variet y o f  question s tha t  coul d b e aske d abou t 

th e represente d information :  "I s valu e x  o f  featur e y  present?" ;  " H o w man y instance s o f  valu e x  o f 

featur e y  ar e present?" ;  "Wha t  i s th e valu e o f  featur e y  a t  a  give n spatia l  position?" ;  etc .  Whic h type s 

of  informatio n shoul d b e availabl e thu s depend s o n th e natur e o f  th e feature s bein g represented ,  an d 

on th e type s o f  computation s i n whic h th e feature s wil l  b e involved . 

6.1. Resolution of A Representation 

Anothe r  propert y o f  representation s i s th e resolutio n t o whic h value s o f  a  variabl e ca n b e 

encoded .  Thi s accurac y wil l  obviousl y depen d upo n th e samplin g resolutio n o f  th e representation .  Fo r 

example ,  i n th e variable-uni t  representatio n eac h uni t  ca n distinctl y signa l  th e k  value s o f  a  variable , 

thu s th e resolutio n i s k  values/dimension ,  whic h i s th e bes t  possibl e resolution .  Bu t  eve n representa -

tion s wit h coars e sampling ,  suc h a s conjunctive ,  overlappin g valu e units ,  ca n hav e a  resolutio n equa l 

t o th e variabl e representation . 

Anothe r  w a y o f  statin g th e resolutio n issu e i s t o discus s th e degre e o f  accurac y t o whic h th e 

valu e o f  a  variabl e ca n b e determine d whe n i t  i s  encode d i n a  particula r  representation .  I n th e 

remainde r  o f  thi s sectio n th e resolutio n o f  th e variou s representation s ar e discussed . 

6.1.1. Estimation of the Value of a Variable from a Variable-unit Representation 

I n al l  type s o f  variable-uni t  representations ,  th e valu e o f  a  variabl e i s represente d b y th e activit y 

of  a  singl e processin g unit .  Thu s i f  /  i s  th e respons e mappin g functio n o f  a  processin g unit ,  the n 

f i x )  i s  th e representatio n o f  th e valu e x  o f  th e variable .  I f  /  i s  a  smgle-value d function ,  an d i f 

/ (x i ) = f ixi X the n x ,  =  X2 ,  the n x  ca n b e uniquel y determme d fro m f i x )  i f  /  i s  known ,  an d th e 

resolutio n i s k  values/dimension . 

6.1.2. Estimation of the Value of a Variable from a Value unit Representation 

I n th e non-overlappin g valu e uni t  representatio n ther e i s a  separat e processin g unit ,  F ^  t o 

represen t  eac h valu e x  o f  a  variable ,  thu s th e activit y i n , 1 uni t  uniquel y represent s th e valu e o f  a 

variable ,  an d th e maxima l  resolutio n i s achieved . 

I n th e overlappin g value-uni t  representation ,  th e \alu e o f  a  variabl e i s represente d b y th e 

activit y o f  a  collectio n o f  processin g units ,  an d th e resolutio n o f  eac h uni t  i s  coarse .  Hinto n ha s show n 

tha t  th e valu e o f  a  variabl e represente d i n a  coars e codin g schem e (a n overlapping ,  value-uni t  represen -

tation )  ca n b e uniquel y determine d i f  th e numbe r  o f  value s bein g represente d i s <  iik/d)-\ Y [10] . 

6.1.3. Estimation of a Value of a Variable from an Intermediate-unit Representation 

I n a n intermediate-uni t  representatio n wit h n o overlap ,  eac h dimensio n ca n b e broke n dow n int o 

k /il'' )  sections ,  wit h a  variabl e uni t  representatio n i n eac h section .  I n thi s case ,  th e resolutio n i s max -

imal ,  an d th e valu e o f  a  variabl e i s represente d bot h b y th e activity-leve l  o f  a  give n processin g unit , 

and whic h uni t  i s  active . 

I n term s o f  th e estimatio n o f  a  value ,  th e mos t  interestin g representatio n i s th e overlapping , 

intermediate-uni t  encoding .  Th e followin g analysi s applie s t o th e disjunctiv e clas s o f  thi s typ e o f 

representatio n fo r  spars e data . 

Assume eac h dimensio n o f  a  variabl e i s periodic ,  wit h perio d P ,  thu s x-v P =  x .  Furthe r  assum e 

respons e function s ar e strictl y monotonicall y decreasin g fo r  x  >  r ,  an d ar e strictl y monotonicall y 

increasin g fo r  . r  <  r ,  wher e r  i s  th e pea k valu e o f  / .  Figur e 3 a show s a n exampl e respons e function , 

/; .  ,  whic h satisfie s thi s assumption .  Assum e a  give n representatio n consist s o f  m identica l  respons e 

functions ,  thu s fo r  al l  r, ,  rj ,  x ;  fr{^^)=fr,i^-^ir2-ry)) .  Figur e 3 b show s a  protio n o f  a 
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representation ,  wit h fou r  respons e functions ,  on e fo r  eac h o f  th e fou r  unit s ;  , ,  î ,  r ^  an d r4 . 

The tota l  respons e pattern ,  Rix) ,  i s  th e se t  o f  response s o f  th e v i  differen t  respons e functions , 

thu s R{x) = f r  ix) ,  f r U X •• •  ,  f ,  ix) .  Th e smal l  shape s i n higur e 3 c ar e th e respons e patter n 

whic h represent s x ,  th e valu e o f  th e variabl e indicate d b y th e arro w ) n ligur e 3b .  Not e th e respons e 

patter n i s simpl y th e respons e o f  eac h uni t  t o th e valu e x ,  replotte d a t  th e m a x i m u m o f  th e respons e 

functio n (r, )  fo r  eac h unit . 

The mirror-imag e respons e o f  respons e functio n / ,  t o th e pea k value s o f  th e se t  o f  respons e 

function s i s /^'(r )  =  //(r,),//(r2),...,/,'(r„) ,  wher e //(r )  =  f^i2x-r) . 

Fro m thes e assumptions ,  i t  i s  possibl e t o sho w that :  R ( x ) = /j'(r) ,  becaus e b y assumptio n 3 , 

wit h x  =  Tf ,  i t  i s  see n tha t  eac h elemen t  o f  ̂ (jc )  i s  equa l  t o a n elemen t  o f  f S r X Thi s mean s tha t 

Rix )  contain s al l  th e informatio n neede d t o obtai n x ,  an d tha t  x  i s foun d b y takin g a  mirror-cop y o f 

th e respons e function ,  an d slidin g i t  alon g R i x )  unti l  th e bes t  matc h i s found .  The n th e m a x i m u m 

valu e o f  th e mirror-cop y wil l  occu r  a t  x .  Figur e 3 c sho w th e bes t  fit  o f  Rix) ,  an d it' s  subsequen t 

indicatio n o f  th e valu e o f  x . 

Thi s analysi s show s tha t  onl y tw o distinc t  respons e unit s ar e required ,  an d tha t  the y nee d no t  b e 

orthogonall y space d ove r  th e variabl e space .  However ,  th e min imu m permissibl e distanc e betwee n r , 

and r j  i s  a  functio n o f  th e measuremen t  error ,  t ,  an d thu s o f  y  (a s define d below) ,  wit h ri-rj l  2 :  2y . 

The second assumption can also be relaxed, with the same general results still holding. It is only 

necessar y tha t  th e /̂ ' s  b e strictl y monotonicall y decreasin g fo r  r i  <  x  <  y ,  fo r  y  suc h tha t  fiiy)=0 . 

The onl y additiona l  requiremen t  i s tha t  ther e i s stil l  a  m in imu m o f  tw o nonzer o response s fo r  eac h 

valu e o f  X . 
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6.1.4 .  Accurac y o f  Estimat e o f  x 

The accurac y t o whic h x  ca n b e foun d i s a  functio n o f  th e accurac y t o whic h th e /,' s  ar e 

defined ,  an d th e accurac y wit h whic h th e fiix)' s  ar e measured .  S o i f  i t  i s  assume d tha t  al l  /,(j[:)' s  ar e 

continuousl y defined ,  ther e i s n o erro r  i n th e definitio n o f  / j .  S o assum e th e erro r  i n th e measuremen t 

of  fiix )  i s  € . 

Give n th e above ,  i t  i s  possibl e t o determin e x  t o withi n ±7 ,  wher e 7  =  mi n (max(y(j_,)̂ (,_2))) . 
i-O x 

fo r  y(^ )  suc h tha t  /,(y, )  =  /,(x )  +  e ,  an d y(,-2 )  suc h tha t  /,(y2 )  =  fi(x )  -  t .  Figur e 3 d show s th e 
disjoin t  rang e o f  possibl e estimate s o f  x  tha t  result s fro m on e particula r  measure d respons e o f  f̂ ^ . 

Not e tha t  wher e th e slop e o f  fr ^  i s  steep ,  7  i s small ,  bu t  th e shallo w slop e yeild s a  larg e 7 .  Thi s sug -

gest s tha t  i n orde r  t o giv e th e mos t  accurat e estimate s i n th e regio n o f  it' s  maxima ,  th e respons e func -

tio n shoul d b e stee p i n th e regio n o f  it' s  maxima .  Thu s gaussia n shape d respons e function s [12 ]  ar e no t 

desirable . 

Alternatively ,  i f  /, •  i s  sample d a t  interval s o f  (5 ,  an d c  =  0 ,  the n i t  i s  possibl e t o determin e x  t o 

withi n ±6 .  I n othe r  words ,  unde r  thes e assumptions ,  7  =  <5 . 

6.1.5. Coarse versus Fine Estimation of x 

The previou s discussio n assume s tha t  th e goa l  o f  th e computatio n i s th e accurat e estimatio n o f  x , 

give n th e transfe r  functio n f i  an d th e tota l  respons e patter n Rix) .  However ,  anothe r  goa l  migh t  b e 

th e rapi d estimatio n o f  Ji ,  give n onl y th e tota l  respons e patter n ^ ( x ) .  On e possibl e metho d fo r 

estimatin g x  fro m R{ x )  alon e is :  x  =  r̂ ,  suc h tha t  f r ix )  ̂  fr-^x) ,  fo r  al l  j  =  1 ,  m .  Thi s metho d 

yield s onl y a  coars e estimat e o f  x ,  ther e bein g onl y m possibl e value s o f  th e estimate .  Th e origina l 

metho d fo r  estimatin g x  yield s a  muc h mor e accurat e o r  fine  estimate ,  bu t  a t  th e cos t  o f  requirin g 

more information ,  an d a  mor e comple x computation . 

W h en variable s ar e represente d b y overlappin g encodings ,  ther e ar e tw o mode s i n whic h th e 

informatio n ca n b e used :  th e explicit ,  coars e representatio n o f  a  variabl e ca n b e use d t o yiel d a  rapi d 

estimat e o f  th e valu e o f  a  variabl e a t  a  resolutio n o f  k/d ;  whil e mor e accurat e estimate s mus t  b e base d 

on th e implici t  fine  representation ,  whic h require s mor e intensiv e processing ,  an d yield s estimate s a t  a 

resolutio n o f  k .  Coars e estimate s o f  th e value s o f  a  variabl e ca n b e mad e i n paralle l  acros s a n image , 

allowin g th e nex t  stage s o f  processin g t o procee d i n parallel .  Fin e estimate s ma y requir e seria l  process -

ing ,  an d thu s no t  occu r  automaticall y ove r  al l  region s o f  a n image . 

As biologica l  system s appea r  t o us e overlappin g representation s o f  featur e variables ,  the y ma y 

use th e coars e mod e t o mak e rapi d judgements ,  suc h a s thos e i n th e preattentive ,  paralle l  stag e o f 

visua l  perception ,  whil e usin g th e mor e complex ,  an d perhap s seria l  mod e t o mak e fine  judgement s 

suc h a s thos e involve d i n hyperacuity .  Fo r  example ,  human s appea r  t o b e abl e t o perfor m certai n 

visua l  task s i n parallel ,  suc h a s th e discriminatio n o f  tw o textur e region s whic h diffe r  i n term s o f  th e 

orientatio n o f  lin e element s [13] .  Human s ca n als o mak e ver y fine  discriminatio n judgement s o f  th e 

orientatio n o f  lin e segment s [14] .  I t  m a y b e tha t  suc h fine  judgement s requir e mor e comple x processin g 

and canno t  necessaril y  b e mad e i n parallel . 
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