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ABSTRACT OF THE DISSERTATION

Renormalization Group Analysis of 241D Quantum XY Model With Dissipation
by
Changtao Hou

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, June 2016
Dr. Chandra M. Varma, Chairperson

This thesis present the recently theoretical and numerical results on 2D dissipative quantum
XY model. The two-dimensional quantum XY model is applicable to the quantum critical
properties of several experimental systems, such as superconductor to insulator transitions,
ferromagnetic and antiferromagnetic transitions in metals, and loop current order transition
in the cuprates. Renormalization group methods are applied to solve the reformulated ac-
tion of the original model in terms of two type topological excitations: vortices and warps.
The calculations explain the extraordinary properties of the model studied through quan-
tum Monte Carlo simulations: the separability of the correlation function in space and time,
the correlation length in space proportional to logarithm of the correlation length in time
near the transition from disordered phase to ordered phase. The running dynamical critical
exponent is introduced to address the anisotropy between time and space. The effects of
anisotropy fields have been examined through renormalization group method. The transi-
tion from disordered phase to ordered phase of this model has been studied by quantum

Monte Carlo. The divergence of temporal correlation length in function of (K, — K)/K, is



examined by numerical simulation. The logarithmic relation between temporal correlation
length and spacial correlation length is further confirmed. Also, the same logarithmic rela-
tion for different correlation function with different space separation is found and implicitly

confirmed the separability of correlation function in space and time.
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Chapter 1

Introduction

Superconductivity is a phenomenon of a material to sustain a dissipationless cur-
rent and expel of magnetic fields when cooled below a critical temperature, T,.. It was first
discovered by Heike Kammerlingh-Onnes in 1911[29]. It wasn’t until 1957 that, Bardeen,
Cooper, and Schrieffer (BCS)[8] proposed a microscopic theory for understanding this new
phase of matter. The BCS theory explained superconducting as the condensation of Cooper
pairs, which are pairs of electrons interacting through the exchange of phonons. Until 1986,
physicists had believed that BCS theory forbade superconductivity at temperatures above
about 30K, which is called McMillan’s limit[37]. In that year, Bednorz and Miiller[10] dis-
covered superconductivity in a lanthanum-based cuprate material, which had a transition
temperature of 35K. It was soon found that in Y BC'O the critical temperature could be
raised to 92K. The high temperature superconductivity demonstrates that the standard
BCS theory might have shortcomings in explaining this new class of materials. It is one of

the major challenges of theoretical condensed matter physics to explain such phenomenon.



The key clue to understand this problem lies in the common phase diagram and similarity

structure of different materials.

1.1 Phase Diagram of Cuprates

FiG.1.1(a) shows a unit cell of Y BaaCuzO7(YBCO), the first high-T, supercon-
ductor. The unit cell of YBCO consists of three pseudocubic perovskite unit cells. Each
perovskite unit cell contains a Y or Ba atom at the center. All corner sites of the unit cell
are occupied by Cu, and there are fours possible crystallographic sites for oxygen. One of
the key features of the YBCO unit cell is the presence of two layers of CuOs. In YBCO,
the Cu-O plane is known to play an important role for high temperature superconductivity.
When doping x =~ 0.15(refer as optimal doping), 7. in YBCO is maximal. Other cuprate
superconductors have similar crystal structures and CuOy planes. FIG.1.1(b) shows the
common two-dimensional layer CuQs in cuprates high-T,. superconductors materials.

Besides the common crystal structure and CuQOs plane, hole-doped cuprates also
share the generic phase diagram. The generic phase diagram is generated by tuning tem-
perature and doping, which is controlled by chemical substitution in the charge reservoirs.
In FIG.1.2, we show a typical phase diagram of hole-doped cuprates. The x-axis represents
the doping level and the y-axis represents the temperature. Starting at zero doping and low
temperature, the system is a strongly correlated insulating antiferromagnetic(AF) in which
neighboring Cu spins are oppositely aligned up to a Néel-temperature of ~ 300K. When
holes are introduced into the cuprate plane, the AF state is depressed and is destroyed

completely at x ~ 0.02. Subsequently, the superconducting(SC) state is developed at low
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(a) YBCO unit cell (b) CuO2 plane

Figure 1.1: Crystal structure for the first high-T,. superconductor and the common CuO,
plane in cuprates. (a). A unit cell of YBCO. Y and Ba are stacked in the sequency [Ba-Y-
Ba] along the c-axis. Cu occupy corner sites, Cu(1) and Cu(2) in the figure, with respect
the oxygen. The role of Y plane is to serve as spacer between two CuQOs planes. (b). CuOq

plane. The light blue sphere represent oxygen and red sphere represent copper.
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Figure 1.2: Schematic phase-diagram of cuprates on hole-doping side(z > 0). AF, SC, and
FL denotes the antiferromagnetic, superconductivity, and Fermi liquid phase, respectively.
The pseudogap line T™* is conjectured to continue into the SC state and terminate at T = 0
quantum critical point(QCP). The question mark denotes that how the T* line will end for

zero doping has not been determined.

temperature. The critical temperature reaches its maximum at optimal doping, and the
regions to the left and to the right are called under-doped and over-doped, respectively. The
under-doped region at non-zero temperature is called the pseudogap region. This region
holds several unusual properties and has been the focus of many experiments and theories.
Above the superconducting dome is the strange metal (or marginal Fermi liquid) region.
At high doping levels, the system can be described by the Fermi liquid theory, which cor-
respond to Fermi liquid(FL) state. The line separating the strange metal region and the
Fermi liquid region is believed to be a cross-over line Because of this, the properties change

gradually between these two regions.



1.2 Marginal Fermi Liquid

At intermediate doping above the critical temperature, one finds the strange metal
region. The transport properties[22, 49, 23] in this particular region differ from what is
predicted by Fermi liquid theory, and the thermodynamic properties are more similar to
those of the Fermi liquids. This metallic state also seems to have a Fermi surface, but it is
marginal in the sense that the quasiparticle weight goes to zero logarithmically. One of the
anomalies in the transport properties is the linear resistivity p above T¢, implying a deviant
scattering of the charge carries, which contradicts the Fermi liquid theory prediction of
p o T?.

In 1989, Varma proposed the marginal Fermi liquid hypothesis[55], which could
explain the transport experiments and possibly the superconductivity at low temperatures.
The basic assumption is that the electrons are scattering off a particular kind of bosonic

fluctuation spectrum where the energy scale is set only by temperature,

w/T w<gT
—Imx(q,w,T) (1.1)
const w <KL T <K we
Here w, is a cut-off frequency to be specified by experiments, T is temperature, g is mo-
mentum, and w is the frequency. The quasiparticle weight can be calculated from these
fluctuations, which is given by[55] z(w)™! = [1 — X g/0w] x In |w./w|, where X is the real
part of the electron self-energy. The proposed fluctuation spectrum causes z(w) to vanish
logarithmically at the Fermi surface. Also, the fluctuation spectrum is momentum indepen-

dent, implying the spatial locality of the fluctuations. This kind of fluctuation spectrum

suffices to explain all anomalous transport properties of the strange metal region.



1.3 Loop Current Model

In the under-doped and decreased temperature region, the material reaches pseu-
dogap phase[50, 19, 58, 43, 44|, which is characterized by the opening of a highly anisotropic
excitation gap. That is, below the temperature 7™ but above the critical temperature T,
there are regions in the momentum space where gapless excitations exist and other regions
where the excitations are gapped. The are two classes of theories to explain the origin of
this gap. One is that it is associated with a precursor state of superconductivity where
Cooper pairs are formed but do not have global phase coherence. Alternatively, it could
be associated with another form of order that is distinct from superconductivity. If the
pseudogap line T*(x) is a phase transition line, it is likely that it terminates at 7= 0 in a
quantum critical point. This thesis mainly focues on this scenario because it could explain
strange metal by the fluctuations of the order parameter in the pseudogap state and could
also explain the superconducting pairing in terms of quantum critical fluctuations.

Varmal[52, 53, 56] proposes that the pseudogap region represents a phase that
breaks the time-reversal symmetry through a spontaneous ordering of loop-currents or or-
bital currents but preserve translation symmetry of the cuprate lattice. In this way, the
T*(x) line represents a true phase transition separating the pseudogap phase, where the
loop currents are ordered in a specific pattern, from the strange metal phase, where the
loop currents are fluctuating. FIG.1.3 illustrates four possible orientations of the loop cur-
rent pattern within each unit cell in the psedugap phase. The quantum critical fluctuations
in the strange metal phase are the fluctuations of the four possible patterns within each

unit cell.
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Figure 1.3: The loop current pattern which break time-reversal symmetry spontaneously
at T*. The loops are generated by currents running through the copper sites and oxygen
sites. The magnetic moments induced by those loop currents are shown as +/-. The arrow

located at copper site show the pseudospin that represent those current patterns.



1.4 Experiments

The pseudogap phase and the strange metal phase have been extensively studied.
Many experiments confirm the prediction of the marginal Fermi liquid theory in the strange
metal phase as well as loop currents in the pseudogap phase. In this section, we list some

of those key experiments.

1.4.1 Polarized Neutron Scattering

In 2004, Mook et el[39] performed a neutron scattering experiment in Y BaoCuzOg 45
and found the data to be consistent with a small, largely c-axis-directed moment, found be-
low about 200K . Later in 2006, Frauqué et el[18] used polarized elastic neutron diffraction
to give direct evidence of a magnetic order parameter. This order parameter characteries
the pseudogap phase in high-T, cuprates and preserves translations symmetry of the lat-
tice. The symmetry of this unusual magnetic order in cuprates samples corresponds to the
expected symmetry of the orbital moments emanating from a loop current state[55, 52, 51].
They studied five different samples—four samples in the underdoped regime and one in the
overdoped regime. They found the magnetic intensity increases below a certain tempera-
ture, Tinag, in the four underdoped samples, whereas no magnetic signal is observed in the
overdoped sample. In 2010, Balédent, et al[7] found the magnetic order associated with
the pseudogap phase in the archetypal cuprate Las_,Sr,CuO4(LSCO) system when hole
doping z = 0.085. Li, et al[34] revealed a fundamental collective magnetic order associated
with the pseudogap through inelastic neutron scattering experiment in HgBasCuOg4s.

This further confirm the idea of the loop current model in underdoped curprates.



1.4.2 Angle-resolved Photoemission Spectroscopy

Angle-resolved photoemission spectroscopy (ARPES)[59], is a direct experimental
technique used to observe the distribution of density of single-particle electronic excitations
in the reciprocal space of solids. ARPES could give information on the direction, speed
and scattering process of valence electrons in the sample being studied. In another sense,
both the energy and momentum information of an electron can be obtained from this
experiment, resulting in detailed studies of Fermi surface and band dispersion. Kaminski,
et al[28] reported that left-circularly polarized photons give a different photocurrent from
right-circularly polarized photons in the pseudogap state of BraSroCaCu20gs. This shows
that time-reversal symmetry is spontaneously broken below 1™, which therefore corresponds
to a phase transition. They observed such differences only in the underdoped sample below
T*, and not in the overdoped samples. They also showed that, for underdoped samples, the
breaking of time-reversal symmetry persists into the superconducting state.

Recently the single-particle self-energies in the pairing and the full lattice symme-
try have been deduced directly from the high resolution laser based ARPES data[l3] on
underdoped and overdoped samples of BraSraCaCus0s.s5. Jin et al[13] deduced the magni-
tude and frequency dependence of the effective interactions both in the full symmetry of the
lattice e (k,w) and in the pairing symmetry €,(k,w). Near T, the attractive interactions
ep(k,w) are identical to the repulsive interactions ey (k,w), except for a weak repulsive part

near about 50 meV within the experimental uncertainty. Both are independent of k and



their major part is consistent with the quantum-critical fluctuations of the form given by

E 1

) -
Jerp et €&

where &; are correlation time and &, are correlation length.

Imy(q,w,T) = —xo tanh(

(1.2)

1.4.3 Magneto-optic Kerr Effect

The magneto-optic Kerr effect describes the change of the polarization states of
light when reflected at a magnetic material. Therefore linearly polarized light experiences
a rotation of the polarization plane, called Kerr rotation 0. A phase difference between
the electric field components perpendicular and parallel to the plane of the incident light
occurs as described by the Kerr ellipticity ex.

A high resolution optical Kerr effect measurements of Y BasCu3Og., crystals with
various hole doping x has been done[62]. Xia et al identified a sharp phase transition at a
temperature of Ts(x), below which there is a nonzero Kerr angle of order ~ 1lurad. This
indicates the existence of a phase with broken time reversal symmetry. Also, they found
the Kerr effect crosses the superconducting dome to appear below T, for a near optimally
doped sample. Later, Aji, et al[l] give a qualitative explanation based on the loop currents
model in the pseudogap region, which further confirm the magnetic order in this regime.

A similar measurement of Pbg 55Bi1.5571.6Lag4CuOgts (Bi2201)[24] has also re-
ported the same Kerr rotation. Furthermore, this experiment confirm the line 7™ is co-
incident with three different measurements—ARPES, polar Kerr effect, and time-resolved
reflectivity. The strong and analogous temperature dependences of the ARPES, polar Kerr

effect, and time-resolved reflectivity data seen between T, and T™ are most naturally un-

10



derstood if T™ is associated with a real phase transition.

1.5 Microscopic Model

The experiments evidence strongly support the time-reversal and inversion sym-
metry breaking order in the pseudogap region and the predictions of the marginal Fermi
liquid theory. Aji, et al[2] proposed a microscopic model which generalized the Ashkin-
Teller[6] model by including kinetic energy term and dissipation term. The spectrum of
the quantum-critical fluctuations of this quantum generalization model is of the same form
postulated in 1989 to give the marginal Fermi liquid properties.

The four possible loop current configurations in each unit-cell in FIG.1.3 can be
represented by four vectors with arrows representing time reversal symmetry and orientation
representing the only plane of reflection symmetry. The Ashkin-Teller model for such a pair
of Ising degrees of freedom is:

H = —ZJQ(Uz’Uj+7'i7'j)+<]4(0'i7_i0'j7_j) (1.3)
(4,9
where o; and 7; are Ising spins. With the transformation cos(6;) = (o; + 73)/2;sin(6;) =
(0i — 7i)/2, the Ashkin-Teller model becomes
H = Z 2J5cos(0; — 0;) + Jycos2(6; — 6;) + hg cos 46;. (1.4)
(,)

For a quantum theory of the model, two additional terms should be included: the
kinetic energy of the 6 variables and the dissipation. Notice that the current between sites ¢
and j is proportional to (6; —6;). The linear couple between this current and the incoherent

fermion current and decays of this current into fermion current provide the dissipation for

11



the collective modes. This process is identical to that derived by Caldeira and Leggett[15]
for decay of Josephson currents into incoherent fermion currents. After integrating out the

fermion degree of freedoms leads to the Caldeira-Leggett dissipative term in the action of

o _a P e m [(6i(r) = 65(n)) — (8:(7) = 0;(7)))?
Sdiss = 2/0 /OO dr %,82 (15)

sin? (LT_TI‘ )

where a = ﬁaRq with R, = h/4e? is the quantum resistance and o is the conductivity
between sites.
For |Jy|/J2 < 1/2, Jy is irrelevant and we could start with Jy; = 0 for simplicity.

The final quantum model is given by

B C B do
S = 2RY [ dreosloi(r) — ;)] + =Y [ ()’
<ij>/0 25 /0 o

a [ =7 [(0i(r) = 65(7) — (8:(7)) — 0;(7)))?
+ = dr Z — (1.6)
>

sin? (LT_T/‘ )

where C serves as the moment of inertia in the kinetic energy term.

12



Chapter 2

Classical and Quantum Phase

Transition

Phase transition, especially second-order phase transition(also called continuous
phase transition), attracts many physicists work on it. Continuous phase transition are
characterized by a divergent susceptibility, an infinite correlation length, and power-law
decay correlation function near critical point. There has lots of second-order phase transi-
tion example, such as, ferromagnetic transition, superconducting transition, and superfluid
transition. In this chapter, we will first discuss classical continuous phase transition. The
Landau mean field model will be used as an example to illustrate the critical exponents and
scaling hypothesis. Then the renormalization group method will be briefly discussed. In
the second part, we will discuss the quantum phase transition and dynamical scaling. The

Hertz-Millis-Moriya theory will be mentioned in the last part.
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2.1 Classical Phase Transition

2.1.1 Introduction

Phase transitions are defined as points in the parameter space where the thermo-
dynamic potential becomes non-analytic. Such a non-analytical can arise only in thermo-
dynamic limit, when the size of the system is assumed to be infinite. Macroscopic systems
typically contain ~ 1023 degrees of freedom, and as such are very close to being in the
thermodynamic limit. In many classical phase transitions, we could identify a parameter to
distinguish different phases. This parameter will be called order parameter. For example,
the average density is the order parameter in liquid-gas transition; superfluid density is the
order parameter in superconductor-metal transition; magnetization is the order parameter
in ferromagnet-paramagnet transition.

Most phase transitions in nature are discontinuous. But continuous phase transi-
tions attracted most people’s attention due to many completely different physical systems
share the same properties near the critical point, at which the thermodynamical potential
will become non-analytical. The macroscopic properties of a system near a continuous phase
transition appear to be independent of the microscopic interactions between particles. It
turns out that the macroscopic properties only depend on some characteristics like dimen-
sionality, symmetry, and presence or absence of long-range interactions. The phenomenon
of different systems exhibiting the same critical behavior is called universality. We can clas-
sify systems into different universality classes according to the critical exponents of their
thermodynamical observations near the critical point.

To clarify the basic idea behind continuous phase transition, we will study a very
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simple model and calculate critical exponents near the critical point to show that the con-

tinuous phase transitions actually have system independent properties.

2.1.2 Landau Mean Field Theory

In the following, we study a simple spin model in two dimension. The spin s =
(cosf,sinf), in which the amplitude of spin has been fixed to be 1 for simplicity. The order

parameter can be defined as

1
m = ZZS"’ (2.1)
7

where v is the coarse graining region around a given spin and the summation is defined
over all spins in the coarse grain region. By symmetry, the most simplest and nontriv-
ial Hamiltonian for the order parameter one can come up with is the Landau-Ginzburg

Hamiltonian:

BH = fFy + /dQ%[];((V?n(w))2 + %m(ﬁc) -m(x) +u(m(z) - m(x))* — h-m(z)], (2.2)

where h is in-plane magnetic field. The partition function of this Hamiltonian is

Z = /Dm(m)exp{ﬁH}. (2.3)

The mean field or saddle point solution of this partition function is a uniform magnetization

m. The corresponding mean field free energy is
t
BF = BFy + V(im2 +u(m?)? —h-m), (2.4)
where V' is the volume of the system. The mean filed magnetization satisfy

tm + 4um*m — h = 0. (2.5)
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2.1.3 Critical Exponent

The solution of m will depend on parameter ¢, u, and h. Near the critical point,
we can expand t in power of T — T, and the coefficients are determined from experiment.

We will have
t=a(T —T), (2.6)

with a > 0. u > 0 is needed to get a stable solution. Under zero external magnetic field we
have a solution for e.q.(2.5)

0 for T > T,
m(h =0) = (2.7)

VET.-T)V? for T <T,

So we get our first universal exponent near the critical point and there is a spontaneous
magnetization at low temperature that vanishes with exponent f = 1/2. At the critical

point, t = 0, we can get the relation between magnetization and external field,

(T =1T.) = (1) (2)

i.e. h oc m® with § = 3. The static magnetic susceptibility can be derived from eq.(2.5) as

om % for T' > T,

X = (G5 )h=o = t + 12um?* = : (2.9)
—2% for T < T,
so x ~ |t|77 with v = 1. The free energy for h = 0 is given by

0 for T > T,
BF =pBFy+V . (2.10)

t2
~16u for T < TC

From the free energy we can calculate the heat capacity,

02F 0 forT >T,
C(h=0)= —T 575 ~Co+ Vkpa®T? x : (2.11)
i for T < T,
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It is obvious from the above equation that heat capacity is discontinuous at the critical
point and C' ~ |T, — T|™“ with o = 0. Now we can consider the correlation length of the

order parameter. The term K (Vm)? is included for this purpose. Expanding m near its

mean field solution, m = Z—j + ¢ for T < T, and m = ¢ for T > T, we have
pr— vt K / Pal(Vo)? + €27 (2.12)
16u 2 ’ ’
where,

t for T > T,
€72 = : (2.13)

-2t forT < T,

Therefore the two-point correlation function is

1
G(q) =< —q) >= ——5——- 2.14
(q) =< ¢(q)d(—q) KETeD (2.14)
By using Fourier transformation, we can get
—rmexp(—x/€) for x> ¢
Glx)~{ 7 , (2.15)

xd_++’7 for x < &
for d-dimension. If d = 2, we have n = 0. Near the critical point, the correlation function
decays as 1/2%72. ¢ introduced above now has the meaning as correlation length. In the
region r < &, the correlation function behaves as a power law function. On the other
hand, in the region x > &, the correlation function decays exponentially. From above
calculation, we have & ~ &y|t|™", where v = 1/2. There is another interesting result which
is the integration of correlation function will result in bulk susceptibilities. This is related

to fluctuation-dissipation theorem which will not be explored here. In our example, by

integrating the correlation function, we will have
3
X X /deG(a:) x / d*zlog(z) oc €2 ~ 71 (2.16)
0

17



which has the same scaling from we got before.

2.1.4 Scaling Hypothesis and Renormalization

In the previous section, we derived the critical exponents near the critical point
for Landau-Ginzburg model. Since the various thermodynamic quantities are related, the
critical exponents can not be independent of each other. The divergence of the correla-
tion length in the vicinity of the critical point implies that the correlation length & is the
most relevant length scale in the system. It will responses for the singularities of the ther-
modynamic quantities. The divergence of the correlation length also induces a interesting
property of critical system. If we take a snapshot of the critical system and then blow the
snapshot up by a factor A\, the new snapshot will be statistically similar to the old one. This
property of the critical system is called self-similarity. The critical behavior is dominated
by self-similarity up to the scale £. By successively eliminating the correlated degrees of
freedom of length scale z < &, we could get a relatively simple, uncorrelated degree of
freedom at scale £. This procedure is called renormalization group(RG) and it is a very
powerful tool to study both classical and quantum continuous phase transition.

RG normally includes three steps: (1). Coarse graining: In real system, it often
has a natural short length cutoff, a, which is the lattice constant in condensed matter
physics. The first step of RG is to decrease resolution by changing this cutoff to ba(b > 1),
which effectively integrates out high energy degrees of freedom. The coarse graining field is

defined by

1
m(x) = d/ da'm(x'), (2.17)
b Cell centered at «
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where d is the dimension of the system.(2). Rescaling: In the second step, we decrease all
length scales by factor b to restore original short length cutoff, i.e., set @pew = Xo1q/b. (3).
Renormalizing: After rescaling, the new field under the new scale will actually be different
from the original fluctuated field. We need to introduce a change of contrast by factor ¢,

through defining a renormalized fluctuated field,

1

— ddz'm(z'). (2.18)
de /Cell centered at bnew

Mnew (wnew) =

After doing the three steps, we will get a new partition function which will look close to
the original one but with new coupling constants. This is guaranteed by the self-similarity
of the critical system near the critical point.

In essence, the RG is to rescale the system and then observes how the parameters
of the system, ¢, h, change if one requires the description of the system in terms of the
rescaled parameters to remain unchanged, t — t' = b¥tt, h — h' = b¥»h.

Now we can investigate the consequence of RG steps, i.e.
Z = / Dme M) = / Dmle PHM) — 7/, (2.19)
Hence In Z = In Z’, which implies the free energy is related by
VIt h)=V'f{t' n). (2.20)
In d dimension, the volume of the system is rescaled by a factor of b%, so
f(t,h) = b= f (Yt b9 h). (2.21)

From some simple assumption of the critical system, we could get the a homogenous function

form for the free energy of the critical system. Even though we use a very simple to illustrate
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the idea of RG, the above procedure can be generalized to very complicated system to get
very prominent results.

One can find the relation between different critical exponents from the above
scaling form of the free energy. By choosing a rescaling factor b such that bYt is constant,

ie., b=t"1¥ we could get
Ft,h) = t¥Vege(h/t9nlv). (2.22)

From the free energy, we can get heat capacity C ~ —% ~ [t|¥¥=2 for h — 0 and

magnetization m(t,h = 0) = % ~ t4/vi=yn/vt  Therefore we have
B=2—a—A, (2.23)

where A = yp/y;. m(t =0,h) ~ |t|d/yt_A(ﬁ)p and this limit be should independent of ¢,

we must have pA = d/y; = 2 — a — A. Hence
d=A/2—-a—-A)=A/B. (2.24)
The susceptibility is computed as x(t,h) ~ %—’;Z ~ [t|#v=28g, (h/|t|D), so x(t,h = 0) ~
|t|#/%—25 and
vy=2A -2+ . (2.25)

Following the same argument, one can get the scaling form for the correlation length & ~
[t|=g(h/|t|*). Closing to the critical point, the correlation length is the most important
length scale in the system. Since In Z is extensive and dimensionless, it must take the form
InZ = (%)dgs + ..., where L is the size of system. The leading singular part of free energy

then should have the form f(t,h) ~ 1%12 ~ &~ (|7 gp(h/|t|?), which implies

d/ys =2 — a=dv. (2.26)
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As discussed in the previous section, the correlation function falls off as G(x) ~ W%%n'

The response function can be obtained by integrating correlation function, y ~ [ dizG(x) ~

27N ~ |t|_”(2_77), so we get another relation between critical exponent,

v=(2—-n). (2.27)

We can see that there are only two independent critical exponents from above five equations
and we derived those relations by only using very simple scaling invariant assumption. In

this sense, RG is really helpful to study critical phenomena.

2.1.5 Fix Point

As shown in previous section, RG defines a successive transformation in the pa-
rameter space, denoted by g. From the definition of RG, we could see this transformation,
denoted as Ry, actually form a semi-group, which does not inverse element.

It could be very complicated to study the general properties of this transformation,
but the self-similarity of Hamiltonian must correspond to fixed point g*, such that Ryg* =
Rpg*. Since the correlation length is decreased by b under RG operation, ie. &(g) =
b¢(Rpg), the correlation length at a fixed point must be zero or infinity. A fix point with
€(g*) = 0 describes independent fluctuations at each point and corresponds to complete
order, or complete disorder phases. A fix point with £(g*) = oo describes a critical point,
at which the free energy becomes singular. To study the stability of a fix point, we could

linearize the RG equations around this fix point,
Rug = Ry(g—g"+4g%) = Wi(g — g"), (2.28)
where W, = 88—13*’]9:9*. Because of the group property,it is easy to see that RyRy = Rpy.
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To explore the properties of the RG flow, we could diagonalize W with eigenvalues A\, (b),
and eigenvectors ¢o, @ = 1,2,..., N, where N is the number of parameters in the Hamil-
tonian, i.e., Wypo = Aa(b)¢o. The property RyR; = Rpy implies W W] = Wyy. Therefore
Aa(D)Aa (V') = Ao (BY). Together with initial condition A,(1) = 1, the above equation im-

plies,

Aa(b) = b¥e. (2.29)

We can clarify the eigenvalues according to its eigenvalues as following,
(1). If yo > 0, g increases under scaling and the corresponding eigenvector is a relevant
scaling field.
(2). If yo < 0, go decreases under scaling and the corresponding eigenvector is a irrelevant
scaling field.
(3). If yo = 0, go is invariant under scaling and the corresponding eigenvector is a marginal
scaling field.

The distinction of three scaling fields in turn implies a classification of different
type of fix points.
(I). Stable fixed points: all the scaling fields are irrelevant or marginal. These points define
what we might call stable phases of matter.
(IT). Unstable fixed point: all the scaling fields are relevant.
(ITI). Critical point or critical surface: both relevant and irrelevant scaling fields are exist.
At critical point, system will have divergence correlation length. A small deviation from
the critical point will lead the system flow to its stable fix point. Therefore critical point is

related to the phase transition point in real system.
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2.2 Quantum Phase Transition

2.2.1 Introduction

Quantum phase transition is a phase transition between different quantum phases
at zero temperature. Unlike classical phase transition, quantum phases transition only takes
place at zero temperature and can only be accessed by tuning a physical parameter. This
parameter could be magnetic field, pressure, and doping in the parent compound of a high-

T, superconductor. A typical phase diagram is shown in the figure,

T

quantum critical

classical critical

ordered state disordered state

Figure 2.1: Phase diagram of quantum phase transition. QCP denotes the quantum critical

point and p is come parameter in the Hamiltonian.

Due to thermal fluctuations will not play any role at zero temperature, the quantum phase
transition can only be driven by quantum fluctuations with an energy scaly of Aw. Similar
to classical second order phase transition, a continuous quantum phase transition also has
a critical point, which is called quantum critical point(QCP). The quantum fluctuations
become scale invariant in space and time at the QCP. At finite temperature, quantum fluc-

tuation will compete with thermal fluctuations with energy scale kgT. This competition
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will lead much more rich properties in quantum phase transition. For Aiw > kgT, the quan-
tum fluctuation will dominate the system’s properties. Even for high temperature, when
p — P, this condition can still be satisfied, which corresponds the quantum critical region
in Fig.2.1. At high enough temperature and far away from QCP, the system is in disorder
phase and is purely classical. Around the classical phase transition, the system is governed
by thermal fluctuations. There are many system show quantum critical properties.

(1). The Superconductor-insulator transition in two-dimensional thin films by either chang-
ing film thickness or magnetic field. This is a very simple example of quantum phase tran-
sition.

(2). In High-T, superconductor, the exotic phase diagram is driven by QCP when tuning
doping in the parent compund.

(3). Quantum Hall effect, it is a property of a two-dimensional electron system placed in a
strong transverse magnetic field, B ~ 107. As one changing magnetic field under very low
temperature, the transverse conductivity o, becomes quantized o, = n%, where n is an
integer. When varying magnetic field, one can get different n and each corresponds a plateau
in transverse conductivity plot or quantum Hall(QH) phase. The universal properties of

transition between different QH phases can be captured by quantum phase transition.

2.2.2 Quantum-to-classical Mapping

It turns out that many quantum phase transitions can be described as classical
transitions with one additional time-like dimension. We start with partition function Z =
> (nle”PH|n). Notice that if we identify 8 — it with & = 1, we could treat partition
i

function as time-evolution operator e ~**. In this form, we can write partition function in
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the language of Feynman’s path-integral formulation. Dividing time into small slice each

with length 07 = /N, where N is the number of intervals, we have
e PH — [e_(sTH]N, (2.30)
and

Z=>" > (e my)(mle” " |ma) ... (myle” T |n), (2.31)

nomima,.,my
where {m;} are sets of complete states. By transforming partition function in this rather
complex form, we can think each term as a transfer matrix and imaginary time as an
additional spatial dimension. In essence, we transform the original d-dimension problem
into a d+ 1 dimension problem. The extra dimension is finite with size 5 in units of 7. = Tic,
which is ultra-violet cutoff.

As an example, we consider quantum XY model in two-dimension. The Hamilto-

nian is,
E, .0
H = 5 Z(—za—el) — J%cos(@i —0;), (2.32)
ij

where (ij) refers nearest neighbor sites. The first term is kinetic energy and the second
term is potential energy. We use T" and V to denote them, separately. For very small d7,

one can make the approximation
e—§TH ~ 6_5TT€_6TV. (233)

Inserting a complete set of angular-momentum eigenstates |{my})(defined by (fx|my) =

¢™%) can lead the transform matrix take the form,

M — Z 6—57/2Ec Zk mieimk[Qk(Tj+1—0k(Tj)]657‘J Zk COS[@k(Tj+1)—0k(Tj)]. (234)

m
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By using Poisson summation we have

Z 6—5T/2Ec Zk mi 6imk [ek(Tj+1—9k (Tj)} — (7T/67-EC) Z 6—1/2Ec57(0+2ﬂ'n)2 ' (235)

m n
The Villain approximation can be applied to get e'/#e07<0s(®) If we choose 67 = 1 IVE:],
one could get the equivalent classical three-dimensional XY model,
Hxy = % Z cos(6; — 6;), (2.36)
(ig)

with K = /J/E..

2.2.3 Dynamical Scaling

The divergence of the correlation length in classical continuous phase transition
near the critical points immediately tells us that the correlation length and correlation time
will also diverge near QCPs. Besides correlation length, &, in classical system, one also need
introduce correlation length in time direction, denoted as &,. Generally, at T = 0 and as

P — D¢, both € and &; will diverge in the manner,
5 ~ ’p - pC|_V7

57_ ~ {Z (2.37)

Here we introduce dynamical-scaling exponent z to take the anisotropy of time and space
into account. For example, in previous section we proved that the quantum 2-D XY model
could be mapped to classical 3-D XY model. Therefore z = 1 in the quantum 2-D XY
model. In general, as pointed out by Hertz[25], the dynamical-scaling exponent z # 1 near

quantum critical points.
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The homogeneity hypothesis should also be applied to continuous quantum phase
transition if one follows the same renormalization group argument. One needs to be careful
about the extra imaginary time dimension because it will not scale exactly the same way
as space. First, we consider T' = 0, which lead the time dimension become infinite L, = oco.
Viewed at rescaled length 7' = r/b and time 7/ = 7/b%, the rescaled free energy density will

be f' = b%t2f. This will give the scaling equation
F(t,h) = b~ ) (00 t], b0 ), (2.38)

where |t| = |p — pc|/pc indicates a dimensionless control parameter in the system. Again,

we can extract information by choosing b = ¢t~ /¥,
() = g (h)t]2), (2.39)

with A = yp,/y;. Following the same procedure as in classical phase transition, one could
get different critical exponents in terms of the scaling dimensions y; and yp,. The critical

exponents, «, 8, and v can be written in terms of y; and y as,

d
a = 2-— + Z,
Yt
d+z—yp
p = —,
Yt
2yp, —d —
Ny o= ST E (2.40)
Yi
From these equations, one could easily verify that
8 = 2—a—A,
v = 2A—-2+aq,
2—a = (d+2)r. (2.41)
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We could also generalize the classical correlation function to quantum case to get the scaling

form
G(r,7) = b= =2 G (r /b, 7 /b7), (2.42)

where 7 is the anomalous dimension of the correlation function. By choosing scaling factor

b=r,b=r1/% respectively, we could get

G(r,T) = 1/rd+z_2+”gl (t/r?),

G(r,7) = 1/7U="200/zG, (r/r1/7). (2.43)
The susceptibility can be calculated through the correlation function,

X = /OLT dT/OL/ddTG(T,T). (2.44)

where L. = § and L is the size of system. Near the critical point, we could consider r < £

due to the correlation function is exponential decaying out of this region. Therefore we get

L: L
XN/O dT/O ddr1 /r®T==2NG, (7 /r7). (2.45)

By choosing the infinitesimal space-time shells, we could integrate over in such a way that
T o r?. In this way, the scaling function G, (7/r?) is constant, and the integral is simplified

to
§
X ~ /0 drrzrd_ll/rd+z_2+n = ¢2. (2.46)
We can identify another scaling law,
V=@ (2.47)
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2.2.4 Finite Size Scaling at T # 0

As zero temperature cannot be accessed in experiment, we need to understand how
to modify the scaling form for 7" # 0. Two things could happen for nonzero temperature:
first, the quantum phase transition of a system can only happen at zero temperature and
its finite-temperature physics is purely classical; second, the transition persists to T" # 0
but crosses over to a different universality class. The 2-D XY model follows this form. At
T = 0, the QCP for the transition from order to disorder phases is characterized by the
exponent of the 3D XY model. However, at T' # 0 the system is effectively two dimensional
and undergoes a Kosterlitz-Thoules transition. For p — p., there exists a crossover region
which separates kT > hw and kpT < hw. So there exists a finite temperate region near
QCP in which quantum fluctuate will dominate and this open a door to detect quantum
criticality experimentally.

For finite temperature, the extra imaginary time dimension is finite with size
L, = hp. We also know that, near the QCP, the correlation length £ and correlation time
& are only two relevant length scales for the system. Naturally, if & ~ L., the system
will know it is effective d dimensional; on the other hand, for £ < L., the system will
effectively know it is in d + 1 dimension and its characteristic fluctuation frequencies obey
hw > kpT.

The form of the finite size scaling is given by Privman[46]
O(k,w,p,T) = LI/ O(KLY? wL., L. /;). (2.48)

As discuss previously, L, = hf defines the size of imaginary time dimension to a charac-

teristic length ~ Li/ “, which associate with the temperature. L is the characteristic length
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to measure the wave vector k, and L, is the characteristic time to measure frequency w.
The distance to the zero-temperature critical coupling is measured via the ratio of L, to

zero-temperature correlation time &;.

2.3 Hertz-Millis-Moriya Theory

The quantum criticality of itinerant ferromagnet has been studied extensively,
pioneered by Moriya [40], Hertz [25], Béal-Monod and Maki [9] and by others [38, 11].
None of these could explain the extraordinary resulting in strange metal region of cuprates,
in which (1) the correlation function is separated in momentum and frequency, (2) the
correlation length in space is proportional to the logarithm of the correlation length in
time, this may imply a infinity z — oo dynamical critical exponent. This result cannot be
obtained by just simply setting z — oo in the conventional theories.

In the context of strongly correlated electron systems, one is mainly interested
in magnetic phase transitions in metals. The effective action may be derived from the
Hamiltonian integral representation by integrating out the electron degrees of freedom [25]

or by more conventional techniques [40]. The resulting action could be written as[25, 36]

—1 T 2 M W +u ﬁTdr r, )4
S =3 20t a + - Colola.w)f +u [ drdlo(r ) (2.49)

q.w
where ¢(r,7) is the order parameter after integrating out the itinerate fermion degree
of freedom and the second term is the self-interaction of order parameter. The dynamic
contribution |w|/v(q) is the damping of fermions by particle-hole paris excited across the

Fermi level. Their phase space increases linearly with w. For a ferromagnetic transition,

v(q) = vrq as ¢ — 0, i.e., the damping rate diverges due to the abundance of particle-hole
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pairs with small momentum. This will lead to a theory with dynamical exponent z = 3.
For an antiferromagnetic transition, the damping v(q) ~ 7o, is independent of ¢, yielding
z=2.

The model defined by the action (2.49) has been studied near its critical point
using the perturbative RG. To define a RG transformation, one investigates how a change
of the cutoff (both in momentum and in frequency) and its subsequent rescaling can be
absorbed in a redefinition of the coupling constants. The schema used in Hertz’s paper is
simultaneously changing the cutoff in momentum space, I'y — I'; /b, and frequency space,
I, — I',/b*, where dynamical exponent z is introduced to take the anisotropy of scaling in
momentum and frequency into account.

The detail of the RG steps is not interesting in this thesis, one could refer to
Hertz’s[25] and Millis’s[38] paper for detail calculations. Over here, the scaling of several

thermodynamic quantities are summarized in Table (2.1).

d=2,2=2 [ d=3,2=2 | d=22=3 | d=3,2=3
o | Inlng T2 In + T3
C| Thhg | —T372 T2/ Tl

Table 2.1: Results for Landau-Guizburg-Wilson quantum critical point in the quantum

’2/2

critical regime T > |r|*/%. « is the thermal expansion and C' is specific heat[36].

The static susceptibility for a ferromagnet is x &~ xg — DT in d = 2,z = 2 with
nonuniversal constants o and D. y ~ yo—D'T?? in d = 3. For a quantum phase transition
driven by a magnetic field B, the susceptibility x = OM /0B = —9*F/0B? has the scaling

form y oc T(4+2=2/¥)/% in the quantum critical regime.
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Chapter 3

Monte Carlo Simulation

Monte Carlo method is a very useful tool for simulating system with large number
of degrees of freedom. In statistical physics, it is very hard to find the exact form of
the partition function for most systems. Monte Carlo can be used in studying the phase
transition by repeatedly drawing sample with a probability determined by partition function
and calculating statistical average based on large samples. By using law of large number,

the accuracy of Monte Carlo simulation follows ~ where N is the number of samples

1
N
draw by predefined procedure. The Metropolis algorithm is the most popular method to
be used to draw samples, which is also the foundation of our implementation of quantum
Monte Carlo simulation. This chapter will cover some basics idea of Monte Carlo. Then,

two applications of Monte Carlo simulation in real physics systems will be discussed and

some novel results will presented.

32



3.1 The basics of Monte Carlo simulations
In statics physics, one of the most important quantities is partition function Z,

Z =Y e (3.1)

where s is possible state and H(s) is the Hamiltonian of the system. Then, the probability

of a given state s is given by

P(s) = (3:2)

After getting the distribution of state, one could easily calculate the thermal average of any

physics quantity by taking average over all states,

(0) = O(s)P(s) (3-3)
{s}

Here, the Boltzmann factor P(s) acts as a weight factor determining the relative contribu-
tion of each configuration to the average. The total number of configurations |{s}| will be
denoted by Neconfig-

A very straightforward way to calculate the thermal average numerically is by

taking a large number of subsample S C {s} with size |S| = N. Then the sample average

O— % S 0(s)P(s) (3.4)

ses

will be a good estimation of the thermal average of O as long as N is fairly large enough. In
practice, however, the number N¢q,5, becomes extremelly large even for small system sizes.
As a example, for a Ising system with M spins, the total configuration will be Neongg = oM.

which grows exponentially with system size. When system is in equilibrium, only states near
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equilibrium will have important contribution to the average. The straightforward method
will draw many samples with very small contribution, so it is very inefficient. The solution
is importance sampling, where the sampled configurations are no longer the uniformly
distributed set S, but instead a set S’ selected according to some chosen distribution. An
naturally choosing is the Boltzmann distribution P(s) itself, which will ensure that the
dominated configurations will be sampled more often than those only have low weight. If
one can generate such subsample S’, the estimator reduces to the simple average

- 1
0= > 0(s) (3.5)

ses’

The next challenge is to sample configurations from the Boltzmann distribution.
Generally, sample from the Boltzmann distribution is as hard as computing partition func-
tion directly. The way in Monte Carlo is Markov Chain sampling, in which one needs to
construct a Markov chain that has the desired distribution as its equilibrium distribution.
The state of the chain after a number of steps is used as a sample of the desired distribution.
The idea is that if a configuration s is selected from the equilibrium distribution, one may
find rules to generate a new configuration s’ in a random fashion from the previous one.
The rules should make sure that s' does not differ too much from s than it could have been
sampled directly from the same distribution.

When using Markov chains in Monte Carlo sampling, two conditions need to be
satisfied: ergodicity and detailed balance. The sampling is ergodic if any other configuration
can be reached starting from an arbitrary configuration by a Markov chain with a finite
number of steps. This property will make sure that the sampling method can draw samples

from the entire configuration space. The detailed balance condition is to ensure that a
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Markov chain sampling equilibrium configurations will remain in equilibrium. This can be

written in the following condition,

P(s)p(s — §') = P(s")p(s' — s) (3.6)

where P(s) is the Boltzmann probability distribution and p(s — s’) is the probability for
transitioning from configuration s to s'.

The last question is that in general the equilibrium distribution is not known at
the beginning of simulation. But, it can be shown that detailed balance will ensures that a
Markov chain on average will approach equilibrium as it moving on, irrespective of where
the starting configuration. In practice, one could run the Monte Carlo sampling for several
steps to start the simulation. In this way, the simulation will loss the information of where

it start and reach the equilibrium configurations.

3.1.1 The Metropolis algorithm

Metropolis algorithm is a way to generate Markov chain from the configuration s
by changing a single degree of freedom at a time. For example, we will flip a spin in Ising
model at each sampling step. The following steps describe the Metropolis algorithm in
general. Let f(x) be a function that is proportional to the desired probability distribution
P(x).

1. Initialization: Choose an arbitrary point sy to be the first sample, and choose an arbi-
trary probability distribution Q(s’|s) which gives the distribution for next sample s’ con-
dition on the previous sample s. For Metropolis algorithm, ) must be symmetric, i.e.

Q(x|y) = Q(y|x). The function Q is called jumping distribution.
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2. For each iteration t:

Generate a candidate s' for the next sample by sampling from the distribution Q(s'|s).

Calculate the acceptance ratio r = f(s)/f(s¢). This ratio will be used to decide whether
to accept or reject the candidate. Because f is proportional to distribution of P, one

have r = P(s")/P(s¢).

e If r > 1, accept the new sample by setting s;11 = s’. Otherwise, accept this candidate

with probability r. If the candidate is rejected, set s;41 = x.

In statistical physics, we can choose Q(s'|s;) = e ®%. AS = S(s') — S(s) is the
change in the action. Then one can get the probability of transition from configuration s

to s as
p(s = &) = min(1,e”2%) (3.7)

In practice, one could update the configuration through the lattice in a sequential way,
proposing a randomly chosen new state of the state at each site. In another words, the step
from one configuration to the next is a local update of the configuration. When one has
visited all sites on the lattice, one performed one Monte Carlo sweep. After each sweep, we

could record the observable at that configuration.

3.2 Quantum Monte Carlo Method

Quantum Monte Carlo[60] includes a large number of computational methods

whose purpose is to study the complex quantum systems. In many-body physics, one typi-
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cally needs to find many-body wave function to solve the Shcrédinger equation for a given
system. The challenge is that the many-body wave function has an exponentially large size,
which in many case is not feasible. Traditionally, people approximate the many-body wave
function as an symmetric or antisymmetric function of one-body orbitals. This method
has several drawbacks, one is that this simple wave function does not include quantum
many-body correlations; another is that the convergence is very slow.

Quantum Monte Carlo is a way to directly study the many-body wave function
beyond simple approximations. In some circumstance, quantum Monte Carlo could give an
exact solution of many-body problem, while in other case quantum Monte Carlo could give
very good approximation of the ground state for the many-body system. For more detail
discussion, one could read textbooks[33, 12] and review article[21]

As we discussed in chapter 2, a d-dimensional quantum action could be mapped
to (d+1)-dimensional classical problem in the path integral formulation. In this sense,
quantum version of Markov Chain Monte Carlo works the same as classical Monte Carlo

by generating a set of samples through Markov Chain Monte Carlo sampling.

3.3 Phase diagram of Quantum 2+41d XY Model with Dissi-
pation

3.3.1 Monte Carlo Simulation

The quantum Monte Carlo can be applied to the action[1.6] to study the phase
diagram of this model[63, 48]. In quantum Monte Carlo simulation, we choose a 2D square

lattice with N x N lattice sites. The imaginary time axis [0, ] is discretized into N,
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slices. Periodic boundary conditions are imposed along x, y, and 7 directions. The (2+1)D

quantum XY model could be written in this discretized lattice as

K- 9
S = —K< Z% cos(AbOg 5 + + 5 ;(9%7 —Opr1)
o L [Aez B AN T/]2
c oy BBl S s
(@), r 7 N- @, T

where K, = C/AT,K = 2JoA71, hy = haA1, AT = B/N;, and Abp z/ 7 = Oz r — Oy~
In this way, K, K, a, and hy are all dimensionless variables. The ultra-violet cut-off A1
is fixed and set to 1. The temperature is controlled by N-!. As N, — oo, we could in
principal approach the quantum limit 7" — 0.

The same numerical procedure as in [48] is used for the Monte Carlo simulations.
Discretized 0, = n27/32 is used to speed up the simulation rather than a continuous
variable. The typical system size is N = 50 and N, = 200.

The simulation starts from a random configuration of {6 ,}. Each Monte Carlo
sweep is done by update all angles at each site locally from 64, to 05, + 60/, where ¢’
is a random angle between —27 and 27. The parallel tempering is used to speed up the
relaxation. In the simulation, first 10* sweeps are dropped and take 10% measurements for
all observables.

The following quantities are calculated to characterize the different phases and
phase transition among them.

1. Action susceptibility. The action susceptibility is defined as

Xs = T (8% = (51) (39

where (---) denotes the average over the Monte Carlo measurements. In classical system,
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S = BH, xgs is related to specific heat. As T' — 0, it measures zero-point fluctuations which
are expected to be singular at the critical point. Therefore it is used to identify the critical
point in this QMC simulation.

2. Helicity Modulus. The helicity modulus or stiffness measures the change of energy

resulting from small twist of spins along the spatial direction,

Yo = < S Y cos(Abp ) > o <( S sin(Aby 00 ) ) > (3.10)

(e, @’y T (e, 2’) T

3. Order parameter. For XY spins, the order parameter M (x,7) = (cos O r,sinfy ;). The

magnetization is defined as

'Lem T

>. (3.11)

The two dimensional magnetization is also calculated to find the 2D order in the plane at

N2N <

a given time 7 and then average over 7, which is given by

7/9:1: T

Mop =

> (3.12)

N2N <

4. Correlation Function of the Order Parameter. The correlation function is

104 ’
Z Gar vt r oy, ’)> (3.13)

:137'

Ge(m 7')

N 2N
Go(z — 00,7 — o0) — M? while Gy(x — oo, 7 = 0) — M2,,.
5. Vortices and warps: densities and correlations. The vortices and warps could be identify

numerically from the four link variables of a plaquette,

1
pv(x,7) = %(V xm)ijr=(mi;, + mz+1d, — My g1 — mzj+17T)/(27r), (3.14)
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Figure 3.1: Examples of vortex (a) and warp (b) in Monte Carlo simulation. The numbers
at the lattice site are §’s in units of 27/32 and are non-compact variables. The numbers
in the links are the velocity fields. (a) For the number shown, the vortex is 1. (b), the
change of (V- m); ;. for two neighboring time slices is close to —2m, is identifying as an

antiwarp[63].

where m™Y are restricted to be within (-7, 7). py(x,7) = £1 if (V x m);;j, = £2m.

Similarly, the warps can be calculated as following, first calculate divergence of vector field

(vm)l,],T = (mLD _mz—1j7+m7 _my )/4 (315)

,3,T ©,7,T Zvj_lvT
Then warps are calculated as

pw(m, 7') = 1, if(V . m)i,j,7-+1 — (V . m)i,j,T > 21 — 60

pw(a:, 7') = -1, 1f(V . m)i7j77—+1 — (V . m)m-,T > —27 + 6 (3.16)

where 06 < 27 to accommodate small angle changes due to spin waves. Examples of

vortices and warps are shown in FIG.3.1 The densities of vortices and warps are computed

1
Pv = NTNT ;(’Pv(ﬂvﬁ)’%

po = s L llput@ ) (3.17)
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Also their correlation functions are computed

1

Gy(x,7) = A Z(pv(aj’ +x, 7+ 7)pp(2, 7)),
T '
1
Gu(x,7) = NIND Z(pw(m’ +x, 7 + 1) pu (2, 7). (3.18)
T 7

3.3.2 Phase Diagram

The dissipative quantum XY model without the four-fold anisotropic field k4 has
been studied. The phase diagram for small K. = 0.01 has been obtained through Monte
Carlo simulation and is shown in FIG.(3.2). From the simulation, three distinct phases
are identified, ”Disordered” phase, ”Quasi-ordered” phase, and ”Ordered” phase. The
properties of all the three phases are summarized in Table(3.1). In the following three

subsection, the properties of the phase transition will be illustrated.

Quantity Disordered Quasi-ordered Ordered
M 0 my_ oo M — 0 finite
Po O(1) <1 <1
Gy(x) | exponential decay power law power law
pwO(1) O(1) <1
w(T) 1/72 1/72 1/7%(a > 2)
T, 0 finite,jump at transition | finite, no jump at transition
Gy(z,0) exponential quasi-long range long range
Gg(0,7) exponential exponential long range

Table 3.1: Properties of three phases of the dissipative quantum 2+1D XY model[63].

3.3.3 Phase transition from disordered to quasi-ordered phase

By fixing « = 0.01 and varying K, the phase transition from disordered phase

to quasi-ordered phase is obtained. Several static observables are used to identify the
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Figure 3.2: Phase diagram for the quantum 2+1D XY model with dissipation in a— K plane
for K, = 0.01. The transition lines are determined through non-analyticity of several static
observables with a lattice size N = 50, N, = 200. The dashed line denote the way to change

of parameters. The phase diagram is obtained by several ways to change parameters[63].

transition point, as shown in FIG.(3.3). The characteristics of this phase transition can
be described by Kosterlitz-Thouless transition, in which a quasi long-range spatial order is
developed when K increase. The helicity modulus Y, becomes finite in the quasi-ordered
phase. The correlation functions for vortices and warps are shown in FIG.(3.4). When K
increases, G (z,0) changes from an exponential decay in the disordered phase to a power-law
decay in quasi-ordered phase. The warp correlation function G, (0,7) remains unchanged
in both sides and follows the asymptotic form oc 1/72. This confirms that the transition
from disordered phase to quasi-ordered phase is consistent with the Kosterlitz-Thouless

transition.
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Figure 3.3: Static properties of phase transition from disordered phase to quasi-ordered
phase. The phase transition point K. can be identified as the non-analytical point in the

figure. Here, K; = 0.01,a = 0.01, and K is varies. The lattice size is N = 50 and

N =200[63].
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Figure 3.4: Correlation function of warps and vortices of phase transition from disordered
phase to quasi-ordered phase. Here, K; = 0.01,a = 0.01, and K is varies. The lattice size

is N =50 and N, = 200[63)].
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Figure 3.5: Static properties of phase transition from quasi-ordered phase to ordered phase.
The phase transition point «, can be identified as the non-analytical point in the figure.

Here, K; = 0.01,K = 1.5, and « is varies. The lattice size is N = 50 and N, = 200[63].

3.3.4 Phase transition from quasi-ordered phase to ordered phase

For fixed K > K., one could tune the transition from quasi-ordered phase to
ordered phase by varying «. Various static properties are shown in FIG.(3.5) and critical
value a. is read from the non-analytical point. The spatial properties, such as Msp, p,, and
T, have small non-analytic change at the critical point a.. The density of warps, on the
other hand, changes its slope at a, and decrease exponentially as « increase. The correlation
function, as shown in FIG.(3.6) also confirms that this phase transition is mainly driven
by warps. The warp correlation function change from 1/72 in the quasi-ordered phase to
1/7%(a ~ 3 for o = 0.023) in the ordered phase. Near a., 1/7 decay is observed and is
consistent with analytical analysis[2, 3]. From the figures, one could also see the correlation

function of vortices has no change from quasi-ordered phase to ordered phase.
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Figure 3.6: Correlation function of warps and vortices of phase transition from quasi-ordered
phase to ordered phase. Here, K. = 0.01,K = 1.5, and « is varies. The lattice size is N = 50

and N, = 200[63).

3.3.5 Phase transition from disordered phase to ordered phase I

This phase transition is particularly interesting as it gives the quantum critical
fluctuation spectrum as proposed in[55]. To study this phase transition, K = 0.4 has been
chosen and « is varied. First, we exam the static properties of this phase transition and
the results are shown in FIG.(3.7). The helicity modulus T, and magnetization m become
finite for o > a.. Both vortex and warp densities change their slope across a.. In another
word, long range order develop simultaneously along spatial and temporal directions. One
also should noticed that the density of warps decay faster than vortex density across the
critical point. Through the vortices and warps correlation function, as shown in FIG.(3.8),
one could notice the change of warps correlation is more drastic than change of vortex

correlation.
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Figure 3.7: Static properties of phase transition from disordered phase to ordered phase.
The phase transition point «, can be identified as the non-analytical point in the figure.

Here, K; = 0.01,K = 0.4, and « is varies. The lattice size is N = 50 and N, = 200[63].
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Figure 3.8: Correlation function of warps and vortices of phase transition from quasi-ordered

phase to ordered phase. Here, K, = 0.01,K = 0.4, and « is varies. The lattice size is N = 50

and N, = 200[63].

46



The most important and novel results are revealed by order parameter correlation
function. In FIG.(3.9), the order parameter correlation functions have been shown. From
the figure, one could see that Gy(x,7) could be separated into two parts for a fixed x
and for a fixed 7. For a < «., they tend to go to zero for large 7 or z, and for 7 > 7,
they approach to a constant value for large x and 7. From the numerical simulation, the

asymptotic behavior of Gy(x, ) turns out to be a separable function in z and 7 as

A ez 1,

where &, and &, are correlation length along spatial and temporal direction, respectively.
The anomalous exponent 7, =~ 0. By fitting the correlation functions for different « to the
scaling form in Eq.(3.19), & and &, as a function of o could be obtained. The results are
shown in FIG.(3.10). In the fluctuation regime, the behavior of &, is in the same form as

in the theoretical prediction, which is given by

Er(a — ac) = reeV e/ (@ema), (3.20)

where a is a constant of O(1) and 7. ~ 0.12 from the simulation. The estimated 7 is also
consistent with theoretical estimation which is given by 7. = 1/\/K/K, = 0.16 with K =
0.4 and K, = 0.01. The relation of £, and &, also illustrates in FIG.(3.10). Numerically,
one could fit the data in the form &, o é/ * with z > 8. But z = oo is more reasonable due

to it is consistent with z = oo in [2]. Within numerical uncertainty, we have

&e/S0 = In(&-/7e). (3.21)
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Figure 3.9: The order parameter correlation function Gy(z,7) for phase transition from
disordered phase to ordered phase. The lattice size is N = 50 and N, = 200. Gyp(z = 2, 7)

and Gg(z,7 = 2) are shown to demonstrate spatial and temporary party of the correlation

function[63].
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Figure 3.10: The left panel show &, and &, as functions of [a. /(e — a]1/2 with a. = 0.026.
For x = 0,{; can be fitted as 7.exp[0.62/a./(a. — @)]. The right panel shows the relation
between &;(a) and & (). Within numerical uncertainty, &;/&o ~ In(§-/7.). This relation

appears to be independent of x and 7 at large x and 7[63].
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Figure 3.11: Static properties of phase transition from disordered phase to ordered phase.
The phase transition point «, can be identified as the non-analytical point in the figure.

Here, K; = 0.01,K = 0.4, and « is varies. The lattice size is N = 50 and N, = 200.

3.3.6 Phase transition from disordered phase to ordered phase 11

The phase transition from disordered phase to ordered phase can also be examined
by fixing a and changing K. The statistic to identify the phase transition is shown in
FIG.(3.11). The order parameter correlation function is shown in FIG.(3.12). From which,
we can extract the correlation length as a function of (K. — K)/K,, which is shown in
FIG.(3.13). The left graph shows the correlation length in time as a function a (K. —K)/K.
for different x = 3,4. By fitting the line, we get the exponent around 0.5 0.6. The lines for
xr = 3 and ¢ = 4 tending to collapse each other implies the separation between time and

space. The right graph verifies that &,/ ~ In(&: /7).
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Figure 3.12: Order parameter correlation function for K, = 0.01, a = 0.026, and varying
K. The lattice size is N = 50 and N, = 200. (a). Order parameter correlation function for
fixed x = 4 and varying 7. (b). Order parameter correlation function for fixed 7 = 4 and

varying x.

3.3.7 Magnetic Susceptibility

The measured thermodynamic properties in Y Fey Al;10[61], C(T), x(T'), M (B, T)
have been fit by the scaling ansatz for the free-energy near a quantum critical point, which

takes the form(one can refer chapter 2 for more detail)
f(T,B) = T(d+2)/yth(B/Tyb/yt) — B(d+z)/yb]?F(T/Byt/yb)7 (3.22)

where T is the temperature and B is the in-plane magnetic filed which can tune the tran-
sition to B = 0, T = 0 and introduce a cross-over from quantum critical properties to
Fermi liquid properties. z is the dynamical critical exponent. The scaling dimension satisfy
y+ = z. The experiments give x(T) o« T~7 with v &~ 1.4 from T = 20 to about 2K. This

quasi-2D metallic system is well described by the 2D dissipative quantum XY model, which
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Figure 3.13: Correlation length in time and correlation length in space for K, = 0.01,
a = 0.026, and varying K. The lattice size is N = 50 and N, = 200. (a). Correlation
length in time as a function of (K. — K)/K_.) by fitting the correlation function in the form
Gy(T) ~ %6*7/ & for two different 2 = 3 and 2 = 4. The two lines tend to have the same
function form and the slope can be estimate to be about 0.5 0.6. (b). Correlation length
in space as a function of correlation length in time. The x-axis is in log-scale. When &;

increase about a decade, &, only increase about 50%.
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give us an opportunity to compare the Monte Carlo simulation of magnetic susceptibility
of 2D dissipative quantum XY model with the experimental measurement.
From both the analytical and numerical calculations, the order parameter corre-

lation function has the form in the quantum critical regime,

1
G(r,7) = xolog(ro/r)e /& Ze /4 (3.23)
T

with & = r.eV /(=) and ¢, /¢y = In(&, /7). The static magnetic susceptibility can then

be found by integrating the order parameter correlation function over r and T,

1
x(0,0) = xo / d*rid’ry / dridrs log(ro/|r —m!)e_l”_r?‘/g’“ih_l _7_2|e_‘71_72‘/57

1
= XO/d2Rd2?”/dT'dTlog(rO/]r’)e—h‘l/ﬁre—lTl/ET
T

~ Vxo&ér log(ér), (3.24)

where R = (r1 +7r2)/2, r =11 — 72, 7 = (11 + 72)/2, T = 71 — T2, and V is the volume
of the system. Considering the scaling T¢; = 1 and &, ~ log(&;), the scaling of magnetic

susceptibility could be written as
x(0,0) ~ T~ og(T)>. (3.25)

In quantum Monte Carlo, the magnetization is defined as in 3.11. The static

susceptibility can be calculated as

1

— N?NT«MQ) — (M) (3.26)

X

By changing N, which effectively change the temperature for 50 x 50 lattice, we could get
the finite size scaling of . In this calculation, we fixed K = 0.01, K = 0.4 and sweep «a.

The N; is chosen from 50 up to 200. In unit of 7., this will give result of temperature in
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Figure 3.14: The static magnetic susceptibility for different N.. The peaks of x are identified
as the critical value for each N, and those peak values are used to find the scaling of x as
a function of temperature. Here, K; = 0.01,K = 0.4, and « is varies. The lattice size is

50 x 50 with different V..

range from 0.027, to 0.0057.. With 7. &~ 20K, the lowest temperature is about 0.1K. So it
is suitable to compare with experiments.

The finite size scaling for x is shown in FIG.(3.14) and FIG.(3.15). From the
graph, the experiment ansatz form T~'* and theoretical expression 7~ !(logT)? can both

fit the quantum Monte Carlo equally good.
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Figure 3.15: The scaling of static magnetic susceptibility. We use both the experimental
ansatz form T~!* and theoretical expression 7' (log T')? to fit the points and it turns out

both of them can fit these points equally good.
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Chapter 4

Renormalization Group Analysis of
241D Quantum XY Model with

Dissipation

4.1 Introduction

The dissipative quantum XY model (1.6) is introduced [16, 17] to understand the
superconductor to insulator transitions in 2 D films as a function of the normal state resis-
tance [35]. The model is directly applicable to quasi-2D metallic ferromagnets with strong
XY anisotropy. A realization of this model has been found with remarkable properties in
the quantum-critical region [61]. It has also been shown recently that quasi-2D metallic
anti-ferromagnets, with commensurate or incommensurate planar order and incommensu-

rate uni-axial order also map to the dissipative XY model [54]. Metallic anti-ferromagnets
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are of great experimental interest; they are realized by the Fe-based compounds, where
superconductivity occurs in a region around the antiferromagnetic quantum-critical point,
and in several heavy-fermion compounds. The same model also describes the statistical
mechanics of the loop-current order proposed for under-doped cuprates [53] ending in a
quantum-critical point in a region of doping of the highest T.. In the Fe-compounds, in
the heavy-fermions and in the cuprates, the normal state singular Fermi-liquid properties
in the quantum-critical region, for example the resistivity and the entropy, have the same
functional dependence on temperature. This motivated the idea that although the micro-
scopic physics for these materials is quite different, the statistical mechanical model may
be the same. Several new properties and a new phase has been discovered recently for the
transitions in 2D superconducting films [47], which are not well understood. The dissipative
quantum XY model has also been invoked [30] for the plateau transitions in quantum Hall
effect. These diverse interesting problems call for a thorough understanding of the phase
diagram and the correlation functions of the order parameter near the transitions of this
model.

The classical XY model in 2D does not belong to the Landau-Ginzburg-Wilson
(LGW) class of models for phase transition. The renormalization to zero of the fugacity
of the vortices leads to a phase transition in which there is no order parameter but a dis-
continuity in the long-wavelength order parameter stiffness. The kinetic energy in the pure
quantum XY model make the model Lorentz invariant. Therefore the quantum-transition
and the associated critical fluctuations are the same as in the classical 3D XY model near

its classical transition, which is in the LGW class. However, by including dissipation, the
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model has a much richer phase diagram [48, 63]. The form of the order parameter cor-
relation functions discovered [63] are quite unlike the form expected in extensions of the
LGW theories to quantum-critical phenomena [40, 25]. The dissipative quantum XY model
can be transformed [2, 3] to a much simpler model in which the properties are governed
by topological excitations, two-dimensional vortices and ’warps’. Warps are instantons of
monopole anti-montpole combinations with zero net charge as well as dipole. We use the
re-expression of the dissipative quantum XY model in terms of warps and vortices and per-
form renormalization group calculations, which has some interesting new technical aspects,
to reproduce the principal features of the phase diagram and of the essential aspects of the
correlation functions discovered in the Monte-Carlo calculations. This leads to a deeper
understanding of the results obtained by numerical methods.

The action of the (2+1)D quantum dissipative XY model of the angle §(x,7) at
space-imaginary time point (x,7) is

= —JZ/ d7 cos(0x.r — O ) Z/ < >

2 2
g /71— [(ex,r - ax/ﬂ—) - (exﬂ_/ — Qx,ﬂ_,)]
+ 9 Z /deT 52 Sin2 (M) ’ (41)
<X,X/> B

7/27 is periodic in 3, the inverse of temperature 1/(kgT). (x,x’) denotes nearest neighbors.
The first term is the spatial coupling term as in classical XY model. The second term is the
kinetic energy where C' serves as the moment of inertia. The third term describes quantum
dissipations of the ohmic or Caldera-Leggett type [15]. The last term describes effects of

anisotropy on a lattice with four-fold anisotropy.
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4.2 Mapping to warps and vortics

In Refs.[2, 3], it is shown that after making a Villain transformation [57] and
integrating over the small oscillations or spin-waves, the action is expressed in terms of link
variables which are differences of 0’s at nearest neighbor sites. Here we briefly work through
the main steps to derived the final results. The Villain transform involves expanding the
periodic function in terms of a periodic Gaussian,

exp [ —BJY) (1= cos(f; — ej))] ~ > exp [ — B (6 — 0; — 27mij)* /2 (4.2)

(ig) Mij (ig)
where m;; are integers that live on the links of the square lattice. On a square lattice one
can choose each site as i = (x,y). One could combine My y.zy1,y and My yipy+1 into a two
components vector m, . Keeping the leading quadratic term 0, — Oy414 = —aV;0y,

where a is the lattice constant we have

Oy — Opt1y — 27rm£7y)2 ~ a®(V0zy)* + AraV g Ozymy , + 4w2m£?y (4.3)
where mj , is the x component of the vector field my,. In Fourier space, this term can be

written as

Zexp[— ,BJZ(GZ - 9]' - 27Tmij)2/2

Mij (i7)

= Zexp [g Z(aszH(w, k)? 4 4miaf(w, k)k - m(w, k) + 47°m(w, k) - m(w, k))

w,k
(4.4)
The dissipation term can also be written in Fourier space as
Sdiss =« Z ‘w|k20(wv k)2 (45)
w,k
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Combing the dissipation term with the kinetic term and integrating out the 6 fields, the

effective model is now written as

472 J%c(k - m)?
Z = —An*Jm -
;QXP[% e met (C/c)w? + Jck? + a|w|k?

Jclk x m|? w?m - m(C/c+ ak?/|wl)
_ 4 — 4r?
Zexp[z " J(C/c)w2 + Jck? + ajw|k? i J(C/c)w2 + Jck? + afw|k?
m kw
(4.6)

where we redefined J — Ja?Ar, C — Ca?/AT, a — aa’®, m — m/a, and ¢ = a/AT with
AT is the slice of imaginary time dimension.

The vector field m can be written as a sum of a longitudinal, m;, and a transverse
component, m; which by definition satisfy V x m; = 0 and V - m; = 0. The vorticity field
pv(r,7) is then related to the transverse component alone and is given by

V xmy(r,7) = py(r,7) = pvcz S(r —r;)o(1T — 1), (4.7)
(7
where (r;,7,) is the location of the vortices and py. is the charge of the vortex.

Unlike the 3D XY model, a new topological excitation is introduced to take the

longitudinal component into account. This new topological excitation is given by a warp

field py, (7, 7) defined through a nonlocal relation in space,

dmy(r, 1) B 9 r— R
Lot / Rou(Rer) T (4.8)

pw is event where the longitudinal component changes. One can see FIG.(4.1) for a warp

in time dimension.
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Figure 4.1: A warp defined in the time dimension in which the divergence of m field

changes[3].
In terms of the m, the Fourier transformed warp field p,(k,w) is

%k -m(k,w) = py(k,w). (4.9)

In terms of p,, py, the action, in the continuum limit, could be split into three

parts: S =S, + Sy + 5.,

1 J ,
Sy = Lgﬁkz(;kgmw(k?w)‘,

1 Q
w = Fo, 7 Pw ka 25
S 23 gw 47T|w||P (k,w)|
1 aClw a2k?
S{U = LTB E G(k,w)<JC— 471'|C| - 167T2>|pw(k’w)|2’ (4‘10)
k,w

Where G(k, w) = Jck:2+(C/c§w2+oz\w\k:2 .

4.3 Failure of Wilson RG and Hertz Theory

To study the quantum critical properties of this transformed action, one could use
Wilson renormalization group method and Hertz’s procedure to introduce fixed dynamical
critical exponent. The predictions follow this procedure turns out not consistent with neither
numerical simulation nor experimental results. In the following, the Wilson renormalization

group method is given for the action of warps.
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The action for the warps is

1 Q@ A
w=757 3 —lpulk, W)+ = pulri, i) 4.11
S Lgﬁghwm (s ) + 5 3wl ) (4.11)

where A, is the core energy of warps. The S/, is neglected for a moment and will include
in later discussion. One could follow the same procedure in [41] to get a transformed action

through using the Stratonovich-Hubbard transformation,

a B
Sw=)_ - wlo@)e(—w) = yu /O cos(¢)dr (4.12)

Following the standard Wilson RG procedure, one could split ¢ field into fast mode and

slow mode,
P(w) = ¢s(w) + ¢r(w) (4.13)
where,
d(w) if jw| < A—dA
¢s(w) = (4.14)
0 otherwise
and

pw) HfA—dA<|wl <A
oy, (w) = (4.15)
0 otherwise
with A be the upper cut-off of the frequency. Then one could obtain an effective action
for the slow modes by integrating the fast modes. This effective action with slow modes
will have a cut-off A — dA instead of A. To get back the original action, one should rescale

the cut-off by dA/A. Finally, the renormalization group equations are read by compare the

rescaled action with the original action. We will get the following RG equations, the detail
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calculation could be found in the book [41]

dyw 1

dna -~ g Ve

do

= 0 (4.16)

These turn out not quite right for warps problem. The right way to do the renormalization
group calculation is given in [4, 5]. It could also be found in the appendix due to it is very
important for this thesis.

Another issue is more critical for quantum dissipative XY model. As mentioned in
quantum Monte Carlo simulation, the correlation function of this model can be separated
into space and time, which is quite different with Hertz’s theory. The three distinct parts
of the phase diagram cannot be explained through the way by introducing fixed dynamical
critical exponent. Without the S, term, the problem is completely two independent degree
freedoms which lives in space and time, respectively. Then one will predict that there are
four different phases, which correspond the combinations of order and disorder of warps
and vortices. To address this problem, we need to include the S, term and generalize the
Hertz’s idea by considering the running dynamical critical exponent to take the anisotropy
of space and imaginary time into account, which will be discussed in detail in the following

chapter.

4.4 Renormalization Group Equations

As shown in last section, the renormalization group analysis must be done in real

space, keeping the relevant terms, the action of the model can be written in space and in
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imaginary time as,

|7i — 75

S = apr(ri,Ti)lnpr(rj,Tj)
i#]
1
+g Puw(Ti, Ti) Puw(Tj, 75)
; ViIri —ri? + 0% (n — 7))?

+i va<ri 7i) In MPU(T' 75) +1nywz |ow (i, i) +lnyvz |ou(ri, ).

o — ) e YRR i y Z' )

i#j

(4.17)

The integration over r, r’ is over all space points over imaginary time 7 from 0 to 1/7". Here
g =VJC/4m, v*/c? = J/C, C = C/7. are dimensionless variables, and ¢ = a/7., a is the
lattice constant and 7. is the short time cut-off.

The first term in (4.17) is the action of the classical vortices interacting with each
other through logarithmic interactions in space but the interactions are local in time. The
second term describes the warps interacting logarithmically in time but locally in space.
The third term is the action for a (anisotropic) Coulomb field between warps, which if
present alone for the isotropic case is known [45] will not to cause a transition; it will be
seen to be marginally relevant in the present problem in which the space-time anisotropy
is required to flow. The short distance core-energy of the warps and vortices is taken care
of by the final terms in which y, and y,, are the fugacities of the vortices and the warps,
respectively.

The warp and the vortex variables in the first two terms are orthogonal since they
are related respectively to the divergence and rotation of a vector field. With just these
two terms alone, the problem is easy. If the first term dominates, one expects a transition

of the class of the classical Kosterlitz-Thouless transition through the renormalization of
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the fugacity of vortices to 0. But the ordered phase would have bound vortex-anti-vortex
pairs in space with nothing to correlate them in time. If the second term dominates, there
is a quantum transition to a phase with binding of warp-antiwarp pairs in time but not
in space. Four distinct phases would therefore be found in the o — KK, plane. This is
unlike the phase diagram of Fig. (3.2). We will show that given the growth of correlations
due to the renormalization of the density of isolated vortices or of isolated warps — 0, the
actual critical points are determined by the third term. The third term scales time and
space differently, depending on the flow due to the first two terms. This leads to ordering
at T'= 0 both in time and space to a state with symmetry of the 3D XY model over most
of the phase diagram but an interesting region in which the system is spatially ordered for
small times but disordered at larger times persists. The transformation to the topological
model relies on a finite dissipation coefficient a. One cannot take the limit o« — 0 and
expect to get back the properties of the (2+1) d quantum XY model without dissipation,
which should have a quantum transition of the class of 3d classical XY model.

The Renormalization Group (RG) equations for the coupling J and the vortex
fugacity y, may be obtained following the same procedure of Kosterlitz [31] or Jose et
al.[26]. The renormalization of these quantities can be obtained by scaling the spatial
length scale ¢, = In(r/a), where a, the lattice constant serves as the short-distance cut-off

are,

dJ = —my’J?de, (4.18)
dy, = (2—i) dr (4.19)
Yo = pp Yo Ly .

To derive the RG equation for the parameters for the warps, we consider the

64



effective interaction between two warps at a point in space and separated by time 7 > 7.
This pair will be modified by the screening due to the creation of a virtual pair, at times
7" and 7, 1, < |7 — 7"| < 1.6%", where £, = In(7/7.) and 7. is the short-time cutoff. We
integrate over the coordinates of the two virtual warps to get a renormalized interaction
between the real pair. The RG equations for a can be derived by scaling £, in this way.
But the fugacity of warps is renormalized by both rescaling ¢, and, due to the third term
in the action (4.17), by rescaling ¢,. Therefore we must also consider the renormalization
of the parameters g and v. A scale dependent v = d|r|/dr is equivalent to allowing a

scale-dependent dynamical critical exponent,

z=dl;/dl,. (4.20)

The renormalization procedure for 1,,, g and v is given in the appendix. The results are

da = —2ay2dl,, (4.21)
dyy = yw((l—a)dET—l—(Z—g)dﬁr), (4.22)
87T3 92y2 1 U2 ’U2
dg = —gdb, — —=—2|( (= + =)dl.+ 1+ —)dl, ], 4.2
R e (RSN RR ST (4.23)
dv = (dt, —dl,)v. (4.24)

These equations may be written as scaling equations either with respect to £, or £, by using

z defined by Eq. (4.20). For example, (4.24) may be written as

(4.25)
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It is obviously redundant to keep both y and v. We note the identity
— —y=—— — (—)%? (4.26)
Using the above equation, (4.25) can be re-written as

a - 2y(1 —y). (4.27)

4.5 RG Flow analysis

We now have a complete set of RG equations. First, we note that Eq. (4.27)
will give the fixed points y* = 1,00,0, in which y* = 1 is a stable fixed point. From Eq.
(4.25), we note that near y* = 1, the velocity has a stable fixed point at its initial value.
The z* = oo fixed point is unstable, corresponding to the unstable fixed point for velocity
at v* = oo. The z* = 0 fixed point is also unstable, corresponding to the unstable fixed
point at v* = 0. These results are in accordance with the investigations on expansion about
isotropy of the classical anisotropic coulomb gas model in 3D [32], i.e. the model with only
the third term in (4.17). We find that the 2D limit, (i.e. v* = 0) as well as the 1D limit
(v* = o00) is unstable (i.e. has critical points) towards the stable isotropic problem. We
now consider the regimes of initial parameters in which the three different regions in the
phase diagram in (3.2) are obtained, and calculate the correlation lengths in time and space
about the critical points separating them:

I. J/2r < 4, < 1: Looking at the first two terms of the transformed action,
(4.17), or the RG Egs. (4.18, 4.21), the fugacity of both vortices and warps is large in this
region. Therefore the model is in its quantum disordered state in this region, corresponding

to region A in the phase diagram in Fig.(3.2).
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II. J/2r < 4 and o ~ 1: In this region, we must first analyze the equations for
the warps, Eqs.(4.21, 4.22, 4.23). We note from Eqs. (4.21, 4.22) that for z* — oo, and the
initial o > 1, a flows asymptotically to — const for long time. y,, will flow to 0, provided
g remains finite or zero. For initial a < 1, a flows asymptotically to 0 and ¥, to +oco at
long times. Therefore a* = 1 is an unstable critical point. We note from (4.23) that near
the a* =1 fixed point, as z — oo and y,, — 0, g flows to zero, consistent with the above
requirement.

We expand near the unstable a = 1~ fixed point to find
Yo X (6_7/57 —1); & x elbo/(a=1)'/2 (4.28)

by is a coefficient of O(1). Let us study J and ¥, near this point. To do so, we convert all
scaling in terms of ¢, by using Eqs. (4.20,4.27). The flow of the vortex parameters J and

Yy is now given by

dJ 1
T
dyy 1 J
= Z(2— )y,
dl, z ( 4w )Y
(4.29)
We also have the equation
dy'l} 1 J y'y
= 2— —)=— 4.30
dy,  2(1— a)( 47r)yw (4.30)

Near the critical point z* — oo, but (1 — a) — 0. From Eq. (4.27), one finds the leading
behavior of 1/2z = 0+ O(7~2). But « approaches its fixed point of 1 exponentially slowly

with 771, Therefore the (1 — a) term is not important compared to z. If (2 — J/47) does
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not flow, as is found self-consistently, then we will get

Yy X yllv/‘z7 ie. for 1/z— 0, y, x Iny,. (4.31)

We can get the correlation length in space from the relation, k oc w'/?. For 1 /z — 0, this
gives that the spatial correlation length &, is proportional to logarithm of the temporal
correlation length &.. We can also get the same result explicitly from d¢, = (1/z)d¢; and
the result that 1/z oc 7-2 near this fixed point.

The same results for the RG flows are also obtained from the numerical solution
of the equations near this critical point. The critical point corresponds to the quantum-
disordered (A) to 3D ordered transition (B) in Fig.(3.2). The correlation lengths in time
and space deduced above have been found in extensive Monte-carlo calculations [63]. We
understand now that the physical region of the conjecture made in Ref. (Lijun that the
freezing of warps drives the freezing of vortices. It is that the growing fugacity of warps
drives a flow of the space-time metric parameter z so that the fugacity of the vortices, Eq.
(??) becomes time-dependent even for values of J below the critical Kosterlitz-Thouless
value of 8.

III. « < 1 and J/47m ~ 2: In this region, it is appropriate to start the analysis
with examination of Eqgs. (4.18) for flow of J and y,. Egs. (4.18) have the standard KT
flow with the KT point J* = 87 near which y, — 0. For J > 8, y,, flows towards 0 and
J flows to const. Following Nelson and Kosterlitz, the spatial stiffness has a jump at the
transition. Now we examine whether this is changed by the action of warps. We start by
assuming that such a fixed point corresponds to the z — 0 unstable fixed point. We will

soon check that this is consistent. From Eq. (4.25), z — 0 leads to v — 0 at the fixed point.

68



Let us study how warps are affected by this. From Eq. (4.23), g flows to 0. The equations

(4.21), (4.22) may be written in terms of the scale length ¢, as

do 9
dyw
0. = Ve (2(1 — @) +2). (4.33)

We note that neither the fugacity y,, nor o flow in this case. So warps remain completely
unaffected by the vortex freezing. There is no development of correlation in time, as we can
check directly. This is consistent with the assumption that this fixed point corresponds to
z* = 0. We have a phase in which the spatial correlations become of the ordered Berezinsky-
Kosterlitz-Thouless phase but there are no correlations in time. This corresponds to the
transition from the quantum-disordered phase A to the quasi-ordered phase C in Fig. (3.2).
The results are consistent with the Monte-carlo calculations, which give that the transitions
at T'— 0 in this regime of parameters is a pure Kosterlitz-Thouless transition with a jump
of spatial stiffness, with the correlations of the order parameter unchanged from those in
the disordered phase. The phase transition A-C may well correspond to the superconductor
to a Normal metal transition found in superconducting films [14]. If so, phase C must be
an unusual metal. This matter requires further investigations.

IV. J/4m 2 2,0 — 17: As discussed in III, for these values of J, y, — oo and
isolated vortices are frozen for o < 1. As o — 17, g, remains stable at this value and
the RG equations for o and y,, are simply (4.21) and (4.22), respectively. So vy, — 0 as
a — 1 and density of isolated warps tends to 0 rapidly for o > 1. For a > 1, long-range
correlations develop in time as well as space and the ordered state is similar to that obtained

directly from the quantum disordered state discussed in I above.
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4.6 Summary

The above analysis leads to the flow diagrams, as shown in FIG.(4.2). From the
two flow diagrams, one could easily identify three stable fix points, which are correspond
to the three distinct phases in Monte Carlo simulations. The different behavior of flows for
a>1and a < 1 imply a = 1 is a critical point. Another critical poing J/47 = 2 is also
identified from o < 1 flow diagram.

In FIG.(4.3), we plot the phase diagram based on renormalization group analysis.
From the quantum Monte Carlo simulations, we know that the quantum critical point
weakly depend on J. But from first order RG calculations, the quantum critical point is
« = 1, which independent of J. The dependent of J is believed to arise only under high
order RG calculations. The key result, & ~ In&;, is reproduced from RG calculation by

introduce running dynamical critical exponent z.

4.7 Correlation Function

The correlation function for the order parameter following the same procedure as

we do the Villain transformation. The correlation function is given by

_ i D=5

C. =< eieiue_ieju >=<
ingv [Dhe 3

(4.34)

where S = S + i(6;, — 0j, — 27 > path ), the last term will not change the evaluation
because all m are integers. This is added to reproduce the non-dissipation result. Using
the usual Villain transformation with the definition of new auxiliary field 7 which live on

the site of the space lattice. 7, is 1 or 0 depending on whether or not the path include the
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Figure 4.2: The sketch of the flows of the coupling constants based on expansion around
the fix points. The left panel shows the flow diagram for o < 1. The right panel shows the

flow diagram for o > 1.

link xyu to (x + lyu). The same definition for 7,. Similarly we define n° which is 1 or 0

depending on whether or not the path include the link zyu to (zyu + 1). We get

S=5 + L125 %:(%J)G(kl,wn){(—iwnno* /2)(iky - m) + (—iky X 7) - (iky x ™) + c.c.

+[(Cront 4 alunli?|(m )+ o2+ b 2 (1.35)
with
472 J2c(ky - m)?
S = A2 Im - m — 4.36
; [ TUmem (C/e)w? + Jck? —|—0z|w|k:12} (4.36)
_ 1 . .
and G(kj,w,) = TR (CTw alonli® With the relation between m field and vortex and
warp density
ik x 2 c -
= po——o— + pu—F 4.37
m=pe—g— +pu (4.37)
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Figure 4.3: The sketch of the phase diagram from the renormalization group analysis. The

blue dash line is obtained from the quantum Monte Carlo simulations.

we have

5=S,+5u + 3 > er)Gk wn){(—iwnno* /2)(iky - m)

C + cak? [|wn|
ik

© o2 4 R 17*/22}

(k- 17)pw + c.c.

1 2nd . kA
+ 25 % [W(—zk X)) - Zpy + c.c} (4.38)

Due to warps and vortices are completely decoupled, we could calculate the correlation
function contributed from those two objects and spin wave separately and the final result

will be the product of those three functions. So we write

Cilhj” = Cfp,jucﬁn,jucislju (439)
with
Y [ Dbe=5w
wiv = [ D=5’
w B [ Dhe=5"
i:u"jy - fDHe—SU ’
CE[‘X]V = 6_[’%’8 Zln(2ﬂ—‘])G(kl ’wn)‘w7ln0/2+kl'ﬁ*/2|2 (4'40)
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where

Sw = Sw+ L;ﬁ %:(27TJ)G(I<:Z,wn){(—iwnno*/2)(ikzl -m)

k? Jwp,
C+czz/w(k n)pwﬂ.c}
_ 27TJ . ey
Sy = Lgﬂ E { —ik X ") - Zpy + c.c.] (4.41)

The detail calculation of the correlation function can be found in the appendix, the final

result is given in the following

o e _g2,2 1 — cos(wpT))
CA - — Yy 2 T
wr = et Gy (2 Z T PR

’L'k:-’r‘f’LWT
. exp<—/_ / 21 2Jck2+(0/c)w2+a|w|k2>

(4.42)
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Chapter 5

Effects of Anisotropic Fields in
Dissipative Quantum 241D XY

Model

5.1 Introduction

In the previous chapter, we show that the phase diagram of dissipative quantum
2+1D XY model will be reproduced by one loop renormalization group calculation. To
derive the results, we introduced a scale-dependent dynamical critical exponent. To fully
understand the quantum criticality for this model, we need include the symmetry breaking
term, which arisen naturally in the loop current model to describe that loop current pat-
terns can take one of the four possible configurations in the pseudogap region. In classical

two dimensional XY model, such symmetry breaking terms has been studied[26]. Jose, et
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al found that the four-fold symmetry-broken term is irrelevant in the fluctuation region but
is highly relevant in the order state. In the two dimensional quantum XY model with dissi-
pation, Aji [2, 3] proved that the four-fold anisotropy will only renormalize the dissipation
strength o and change the position of the quantum critical point. Later, Lijun [63] used
quantum Monte Carlo simulation to show that the four-fold anisotropic field will weakly
change the position of quantum critical point but keep all the quantum criticality, such as
separability of correlation function, scale-invariant fluctuation spectrum.

In this chapter, we will use renormalization group method to study the effect of
the p-fold anisotropic fields. We will show that in the quantum critical region, the p-fold
symmetry-broken fields will be relevant if the anisotropy exceed a certain strength. We
will also demonstrate that, in the 2D limit, our results will go back to the results in two

dimensional classical XY model with anisotropic fields.

5.2 Symmetry Breaking Term

We now analyze the effect of the anisotropy field on the local quantum-critical
point in action (4.1). For the four-fold symmetry broken term, p = 4. To handle such a

term in the action we use the following approximation:
ehp cos(pb;) ~ Z eln(yp)qz'z+ip%9i, (51)
ai

where ¢; is an integer field that lives at each site and y, = h,/2. For large value of y, the

approximation is reliable as the sum will be dominated by the terms ¢; = 0,£1. Use the
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same procedure by integrating out the phase variable, one could arrive the following action,

1 k
S =S4 St Sy + g 2 G (2 S pu -k ) + la(k )
w,k
1 2
+ 125 Zkln(yp”CI(k,wﬂ ;

(5.2)

Sy, Sw, and S}, are given in 4.10. The symmetry broken term will introduce a new type
of integer charge which is linearly coupled with warp. For convenient, we called this new

charge as p-charge. In real space, this term can be written as

c? p 1 2
i, T T, 7;)+1In i, Ti
;pq 7 7 \/’TZ—T|2+U2(TZ—TJ)2PQ( J ]) (yp);‘pQ< 7 Z)‘
icp szgn(T —75)
- pr i, 7, | _ZT |] pq('f’j,Tj) (53)
i#£] T J

The renormalization equations can be derived by following the same procedure as before,

see appendix for more detail, we get

dy, = [dﬁ + ( }
813 g?y2 [ 1 0P

9 = =g TC[WQ) 1+ 3”“]
2md PpPyp [ 1 0P v?
T {<4 PR 3%]’

(5.4)

the first term in g comes from the Coulomb interaction for warps and the second term
comes from the interaction between warps and p-charges. In the supplementary we also
show there is a duality between warps and p-charges. This duality will leads to the scaling

equation for g, which derived by Jose[26] for two dimensional XY model with anisotropy
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fields. We have the following renormalization group equations for all coupling constants.

do = —20y2dl,,

871'3 92y2 1 1)2 1)2
dg = (= dil- —)dl,
g 3 or [(4+2 )l + 1+ 575) }

2 2

1 v
4 1+ —
4 g)leJr( Jr?wg

>dz7} |

L 021’293
3
+

dy, = {(1—a)dl (2 — g)dl, }yw,

2p?
dyp = {dlq- + (2 — 49)dl7«}yp,
dv = (dl; —dl)v,
dJ = —my2J%dl,,
J
dyy, = (2— —)ypdl,. (5.5)
4

Firstly, we notice that the scaling equation for velocity v remain the same, which
imply that the scaling equation for z remain the same. Solve the equation dz/d¢, = 0 will
give three fix points z = 0,00, and 1. Expanding around these fix points, one could easily
verify that z = 0(2D limit) and z = co(1D limit) are unstable fix points and z = 1 is the
stable fix point.

Secondly, if we change h, to —h, in the original action, the effective action will
not change after integrating spin-wave fluctuations. This symmetry require that our renor-
malization equations also have this symmetry. One could easily check our renormalization
equations satisfy this symmetry. This symmetry requirement also imply to first order cal-

culation, the critical point will not change.

77



5.3 Properties near the quantum critical point

Near the quantum critical point o = 1, the quantum dissipative XY model without
anisotropic term is mainly control by the behavior of warps. The dynamical critical exponent
will approach to infinity in this case. One could focus mainly on the renormalization group

equations of warps and p-charges, which are given by

da

rrli —2ay5,

e |

332’ — [1+i(2—(i]j)]yp,

b SRRy 2

@, (5.6)

1 1
where f(v) = g+ 92+ ta

. We will show later that f(v) ~ v ~ y/z near z = oo critical
point. Expanding around the unstable fixed point o = 171, we still have 1/z = 0 + 772,
Therefore, v = vge!™ for large z. This equality means v ~ 7 ~ /2. Setting dg/dl; = 0, one
could find four fix points (1). y,, = 0, y, = 0, g = constant, & = constant; (2). y, = 00,y, =
0,9 =0,a0=0; (3). yp =0,y, = 00,9 = 00, = constant; (4). gy, = %cpyp. Expanding
around these fix points, one could study the stability of the fix points. We will show that
the first one is a unstable fix point, the second and third one are stable fix points, and the

last one is a critical point.
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5.3.1 Stability of y,, = 0,y, = 0, g = constant, @ = constant

We expand around this fix point by writing vy, = 0yw, Yp = 6yp, g = g* + dg, a0 =
a* + da. We have

déo

i = —204*53/3,,

djzw = (1—a"—g"/2)0uu,

d(;{p = [1— /(429" ]yp,
R (57)

2

We substitute f(v) ~ /z in the above equations. Notice z ~ 7%, we can simplify the above

equations for dy,, and 0y, to get doy,,/dl = (1 — o*)dy,, and doy,/dl; = dy,. The second

14

equation immediately tells us y, will flow away from 0 as dy, = e~ ~ 7. This proves that

the fix point y,, = 0,y, = 0, g = constant, a = constant is unstable.

5.3.2 Stability of y,, = 00,9, = 0,9 =0, =0

Expanding around this fix point, we have y,! = Syw,yp = dyp,g = dg,a = da.
This expansion will lead to

déo

Tl —2608y,2,
d‘;?éfl = (1-da—6g/2)y;",
d(;:ip = [1—C2p2/(425g)]5ypa
‘j;f — i(—6g25yw2+i62p25%€)\/§- (5-8)

We will show that this fix point is stable consistently as long as gy, > %cpyp and o < 1.

If gy > %cpyp or dgéy,t > %cpéyp, the first term in ddg will dominate. We will prove
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that this inequality will always be satisfied as long as the initial condition does. Neglecting
the second term, which we will show that the second term will approach to zero, we have
dég/dl, = —%5925%;2\/5. As long as 6g — 0 and da — 0, dy,,* will also flow to oo
as 7!. Therefore ddg/dl, ~ —8g*r3 and this will lead 6g ~ 773. As dy,' — oo, da
will leads o flow to zero. Therefore, 6g ~ 772 for large 7. z6g ~ 7! will results in
déy,/dl, ~ —c?p*r/48y,. From this we see that dy, — 0 as e~P*7/4 which is fast than
8g0y,' ~ 772, This discussion shows that dgéy! > %céyp will always be satisfied along the
flows. We conclude that y,, = 00,9, = 0,9 = 0, = 1 is a stable fix point if gy,, > %cpyp

and o < 1.

5.3.3 Stability of y,, = 0,y, = 00, g = 00, @ = constant

We expand around this fix point by writing y,, = v, y;l = 8yp,g ' = dg,a =

oa* + da. We have

C(l;za = —206*(5y;2,

doyw . 1

dfT - (1 —a = Z(Sg>5y’w7
doy, ! _

o = [1—-cpPag/(42)loy, ",
dég—1 ]73 _ 1 _

di = 5 —(-dg 2o, + 760y, )Vz (5.9)

We will demonstrate that this fix point will be stable if either gy, < %cpyp and o < 1 or
a > 1. We first prove the case for & > 1. In this case, a* > 1. Therefore, ddy,,/dl, =
—(a* =1+ %)@w. From this equation, we immediately see that dy,, flows to zero. The

1

second term in ddg~" will dominate and we will show it does so consistently. Neglecting the

first term, dég~'/dl, = %—ichQ(Sy;Qﬁ. Due to both 6¢g~! and z flow to zero, d5y;1/d£T =
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-1 12

dy, - Therefore, we have dy, l=e !

™ ~ 7. Plugging into the equation for dg~*, we can see

T

that 6g—! ~ 73. From this, we solve the scaling equation for &y, and find that dy, ~ e~ ".

3

Therefore §g~ 18y, ~ 3¢~ flows to zero while POy, L'~ 7 flows to infinity.

In the following, we will show that if gy, < %cpyp and o < 1, this fix point is also

stable. We will assume dg — 0 and will check this consistently. Following this, dy, Lo

1

Under the initial condition gy, < %cpyp, we neglect the first term in ddg~" equation and find

-7

that 6g—! ~ 73. Following this, dy,, ~ e~7. Therefore the condition 6g~ '8y, < %cpéy; 1

3

will be satisfied due to the former goes to zero as 7°e~7 and the latter goes to infinity as 7.

5.3.4 Summary of the flows near the quantum critical point

To summary, we find that the critical point is still o, = 1. For a < a., a new
critical line gy, = %cpyp arisen. When o < a, if gy, > %cpyp, the anisotropic fields will be

irrelevant; on the other hand, if gy, < %cpyp, the anisotropic fields will be highly relevant.

This condition could be understood in terms of bare parameter by noticing that g = ¥ 4‘; ¢
Y = e2v and y, = h,/2. This critical line is then written as
VJCe AT = reph, (5.10)

where A, is the core energy of warps and is propotional to a.. For very large h, hy, cos(pb;)
will forces that the angle 6; can only take one of the p different states. This will lead the
ordered of warps. For small h,, the warps are still favorable and the system will be in the
quantum fluctuating regime and anisotropic fields are irrelevant.

For a > a., the warps will be in ordered state, which will driven the ordered of

p-charges. Therefore, in the ordered phase, anisotropic fields are relevant.
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In FIG.(5.1), we summary the above expansion analysis. The two critical lines
Y = %cpyp and a = 1 are represented by two dashed lines in the graph. We see from the
graph that there are two stable fixed points, corresponding ordered of warps and ordered of
p-charges. The quantum critical point a = 1 is still unchanged under first order calculations

for small hy,, while for large h, the quantum fluctuations will be effected.

Figure 5.1: The sketch of the flow diagram based on the expansion around fix points
near z* = oo. The two dashed lines represent the critical line gy, = %cpyp and a = 1,

respectively.

5.4 Summary

From the above analysis, we see that the anisotropic fields will have different effects
in dissipative quantum XY model. In the quantum fluctuation regime, small anisotropic

fields will not change the quantum criticality, which is dominated by the fluctuation of
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warps. But for large anisotropic fields, the quantum fluctuations will be destructed by the
ordered of p-charges. In physics, this result is understood due to large symmetry breaking
fields will lead the frozen of angle 6. In turn, the frozen of the order parameter will induce

the ordered of warps.
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Chapter 6

Conclusions

The dissipative quantum XY model is first proposed [16, 20] to explain the su-
perconductor to insulator transition in thin superconducting films. Later, the same model
but with four-fold anisotropy has also been proposed as a model for the observed magnetic
order in underdoped region of the cuprates and the fluctuation of such order in quantum
critical region of cuprates|3, 2].

By using renormalization group methods and introducing running dynamical crit-
ical exponent to take the anisotropy of space and time into account, we solved the reformu-
lated model of the 2D dissipative quantum XY model. The fixed points in the RG equations
of this model corresponding exactly the three distinct phase in quantum Monte Carlo sim-
ulation. The quantum critical properties of the transition from disordered phase to ordered
phase are studied by expanding the coupling constants near the unstable fixed point. We
found the spacial correlation length has logarithmic relation with the temporal correlation

function. We also proved that the quantum critical fluctuation can be separate in space
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and time. The novel idea of running dynamical critical exponent is quite different with
the Hertz-Millis-Moriya Theory by just choosing fixed dynamical critical exponent. The
effects of symmetry breaking near quantum critical point have been examined. For small
anisotropy fields, the quantum criticality remain the same, while the quantum fluctuations
will be destructed for large anisotropy fields.

We also used quantum Monte Carlo simulation to study the transition from or-
dered phase to disordered phase and ordered phase by fixing o, K, and changing K. The
divergence of temporal correlation length as a function of (K. — K)/K, is examined and
the power of 0.5 0.6 is extracted from Monte Carlo simulation. Also, from the correlation
function of different time and space, the relation of temporal correlation length and spacial
correlation length is investigated. &, ~ In&; is further confirmed through this direction
of changing variable. We also found for different z = 3 and = = 4, &.(7,2) has the same
relation of (K. — K)/K. within the numerical uncertainty, this should prove that & (7, x)
is actually independent of z and imply the separation of correlation function in space and
time.

Through finite size scaling, we studied the scaling of static magnetic susceptibility
for lattice size N = 50 and different IV range from 50 to 200. In terms of ultra-violet cutoff
Te, the temperature we are studying is from 0.027. to 0.0057.. If 7. = 20K, this numerical
simulations are in the same temperature range as in experiment. From the simulation,
we found that y ~ 7714 which consistent with experiment and we also shown that the

theoretical expression T'log?(T') could also fit the data equally well.
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Appendix A

Derivation of the Renormalization
Group Equations for Warps

Since warps and vortices are orthogonal objects, one may consider the partition
function as the product of their partition functions. As in Eq. (?7) of the text, the action
for the warps, S, = SO + S/, consists of two terms,

T, — T;
Sy = apr(ri,Ti)ln ! il
i#£]

. pw(ri, 7;)0(1ri — 75),

, e J— . Y
Sw = A pr(’m,ﬂ)\/ﬂ(i

_ [
where v = o

The partition function for warps is

p o [ [ [
a 0 Te 0 Te

7
exp[ /d "'zpw 'r'zaTz | ]|5('ri - T‘j)pw(rjvTj)
i#j

X

{pw==1} Te

1
+ g Pw(Tiy Ti) (rj,rj)]. (A.2)
; V3R (T 24 |r; — r]\z

Here y is the fugacity of the warps, and we have defined v, = ya?7., and g = \/4J:C, and
we have normalized the space and time integrals to diminsionless variables in terms of the
lattice constant a and the upper cut-off in time, 7.. We consider only p,(r,7) = £1, as
higher charged warps are unimportant for low energy phenomena.

The first term in the partition function is much more singular than the second
term. In the first term warps interact locally in space. We consider renormalization of
interactions between a pair of warps due to a pair of virtual warps by summing over all

possible interactions between the virtual pair and the others. The renormalized interactions

91



at longer and longer distances and longer and longer times are found by integrating over
spatial scales increasing by e® and time-scales increasing by e®7. Let the warps be located
at (ry,7;) and (rj,7;) with charge py(rs, 7)) = +1 and pw(rj, 75) = —1, respectively. The
virtual warps pair have p,,(r',7") = +1 and p,(r”,7") = —1 and satisfy a. < |’ — 7| <
ace® and 1, < |7 — 1" < T.e¥7. Let 7; = (r4,7;) and define,

|Ti — Tj‘ 1
U(ri,ri) = ad(r; —r;)In + , A3
The effective interaction of the pair of warps is given by
e Uanlrir) = < ) | V)8 rr), (A4)

where the expectation value is the statistical average over the partition function in Eq.(A.2)
over the integrated short scale. The second equality is due to the effective interaction can be
written as the bare interaction plus the renormazed interaction after integrating the virtual
pair. To lowest order in y,,, we have

2. J2,.11 / 1" i el 0l RS A/}
1+ y2 d°r’ d°r j‘ dr dLe—U(T )T )eC(n,m,’r o) +D(ri g ") + O(yilu)

676U(’r‘i ,T'j) — w a2 0«2 Te Tc

14y d2 'd%” de d’T” e~ U0r") + O(yd)
d2 /d2 "

7
dT _ //) |: (n‘,7”1';7”/,7'”)+D(’r'i,7“j;7",7“”) _ 1

+ O(yy)
(A.5)

where C(r;, ;7. 7") is the contribution from virtual pairs to the interaction of two warps at
the same space site, D(r;, rj; 7, 7")is the contribution from virtual pairs to the interaction
of two warps at a different time and space site. We divide the term C into five parts:(I).r; =
v =r"(ID).r; £ o' v =¢"(11).r; £ v £ r";(IV).r; =o' v £ 0", (V) =r" v #7r". By
summing over two possibilities of charge distribution of neutral warps pair, only the first
two terms left. We then have

7 — 7| |73 = 7"]

Ci = |alhn S(r' —r"o(r; — '),
fre— 7 [y = |0 T
Cy — g B g
\/(Ti _ ’I“')Q 4 UQ(T,‘ _ 7./)2 \/(,,,Z _ ,r//)z 42 (Ti _ 7.//)2
- g + J . (A.6)

\/(,,,i _ 7“’)2 + 2}2(7']' _ 7./)2 \/(”"z _ ,r//)2 + U2(7'j _ 7_//)2
For D term, we divide the whole space and time into nine piece:(I).r; # v # r" #
ri(IDr; =7 # " £, =r" £ v £ rp(IV)ry =1 # " # vy (V) =r" £ 0/ #
ri;(VD).r; =7 # v’ =rj;(VID)or; =" # v’ =rj(VIID .y =7 =7 £ rj(IX)r; =7 =
r" # r;. Following the same argument, by summing over all charge distribution of neutral
pair, only the first term is non-zero.

D, = 9 _ g

N CETEE e e R o e e
- J J . AT
V(= 7')2 4+ 02(7; —7’)2+\/(Tj—T‘N)2+’U2(Tj—T”)2 (A7)
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Now we evaluate them term by term. For Cy, we are trying to find the term proportion to
In 2 TZ, and for all D terms we will separate the term proportion to g/r. Let us assume
T,<T "< 7' <75 So

2.0 2,11 / "
J e
a; ag Te Te ac
A2 2r" [ dr! dr" g
/agag T = —47?(dl, + dl,) ) oz (7 = 7). (A.8)
and
2r' " [ dr dr!
e[ | T = e G = ) o

So, we have

2, 2,01 "
e—&U(n‘,Tj) _ 1+yi/d r' d°r / /dT |:01—|—1D%:|

1 d2 /d2 " d "
_ 1+2a%fd57 2Ty yfu/ - / / T D? (A.10)

c Te

Let

dT’ /

K_l/%%”
2 a?

1

2

/ Ik /“/ { B
[r-(r;—R) + V27 (1 — 75)]?
[("“J R)? +v?(1; — 75)%)3

r(r;— R)+21(ri —75) 7 (rj— R)+vir(rj — 75)
(s — R+ 03(rs — 727 [(r; — BOR + 03(r — )22

(A.11)

where 7 = 7/ — 7" and 7, = (7' + 7”)/2. By integrating out the coordinates of center of
mass of the virtual pair and longer spatial and time scales, keep the term in order of O(dl,)
and O(dl;), we arrive at

1
)dlr} Vi — )2+ 02(r — )2 (A.12)

813 g2 [ 1 v? 2
K=_-9 Yyl (14 2
3 vt [(4 + 2@2) A+ 302

Combine all terms, we get

e 0U(riry) — 1 4 yfu{2adliln
a

C

1
X \/(rz —rj)2_|_v2(7-i_7j)2} (A.13)
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Re-exponentiate it, we get

22 dl, 2 In T 8m g% 1y oy 1+ 2% )l ] 1 )
o Vet — e—U(rmj)e< P trat el 2%) ( ) \/<ri—rj>2+v2m—r]-)2
(A.14)
So keeping logarithm correction we get
2
a = «a-— Qay—i’dlﬂ
aC
~ 813 g 1 v? v?
= g— —— —)dl 1+ —)dl,.|. A.15
g 9773 UTC|:(4+2’L)3) t +31)2) " ( )
Now in our renormalized action, the short cutoff becomes 7.e?" and a.er.
Z, = Z 2n / rzn / d’ry [P dray, / =TT g
" acedly Q2 aedls @2 Jo  Te 0 Te
-7
X eXp|: Z/d szw TZaTz | - J‘ (Tz‘ - rj)pw(TjaTj)
{pw==1} 7] ¢
~ 1
+ g pw(riv Tz ('rja Tj)] .
; VAT 2 ri - 7‘]|2
(A.16)

We need rescale r — re” % and 7 — 7e~ %" to get back the original action. Doing so we

have
2 —
Z y2nendly 2l 7“2n d 7‘1 A d72n 7T dny
Te

2 ’7' —Tj ’ele
exp | Z d°ripyw(ri, 7)) In . ————6(r; — 1) pw(rj, )
i#] ¢

{pw +1}

N e
+ gy Ti: Ti)
g pw( (2N \/ 202dl; —2dlr(7‘ —7') + ’Tz _TJP

—dl

palrs 73

i#]
(A.17)
This will contribute extra correction to g, y,,, and v
dg = —gdi,
i = -+ 2= gt o,
dv = (dl; —dl)v. (A.18)
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Finally, we arrive our renormalization equations for warps by adding up the contribution
from renormalization and rescaling

2

do = —20%241,,
aC
813 g2 [ 1 v? v?
= —gdl, - TG a1+ 2,
dg gl 3 vt [(4 + 21}3) A+ 32}3)

dyw — {(1—a>dz7+<2—g>du}yw,
dv = (dl, — dl,)v. (A.19)
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Appendix B

) L) /l)
Derivation of CZ- v

Follow the same procedure as we did in calculating the contribution from warps,
we will get(to get the final result, there are some tricks need to be done, which can be found
in the paper by Jose[26])

v J? |ri 774“
Ci,u,,ju = exp< — ?aln Tj (Bl)

where

+o0 r
0= / O pu(0)pu(r) (B.2)

(pv(0)py(r)) is the correlation function of vortices and is defined with respect to the action
of vortices, which is given by

r —J/27
(po(0)pu(r)) = —247 <a> (B.3)

C

S0 we get

a —J2q2
Chpgo = (e % (B.4)
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Appendix C

SW
Derivation of CZ v

The contribution from spin wave can be calculated in the same way as the above.
But we can derive it in a much more straight forward way by noticing that the action of
spin wave is given by

1
Sew = 5 > (Cle)wp + Jcki + atlwn|k7)0 Ky, wn)0(— Ky, —wn) (C.1)
In
SO
C’LS;‘Z]V - <ei(9iu76jy)>sw = e*%<9m9ju>sw (02)

Because the spin wave action is quadratic, we have

zkl r—iWwnT

LQﬁ Z JckE + (C/e)w? + alwn |k}

<9iu9jl/>sw =

(C.3)

ik-r—iwT
N / /27T2Jcl<:2 + (C/c)w? + a|w|k?

We use r = r; — r; and 7 = 7, — 7, to simplify notation and we convert the summation
into integration under the limit 7" — 0. We have

foo dw dk eik-r—iw‘r
Czs;‘f]z/ — oo 2w J (2m)2 Jek2+(C/e)wl+alw|k2 (C_4)
9.
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Appendix D

Fourier Transform of the Linear
Coupling Term

The linear coupling term between warps and p-charges is given by

2G622p7erpw(k w)pq(—k, —w) (D.1)

w

128

where G = m The Fourier transformation of this coupling term is then given by

g = / / 22])7TJ kelk-rfio.m’
2(Cle)w? + Jck? w

icprJ Ak 1—e
= — (1) e
C (2m)2 02k

-3 +o0
= ;CCpisign(T) / di(1 — e M7y 1o (k)
v 0
icpJ . 1 1 icp 1 1

= S0 &gn(ﬂ(m ~ras v272) = 7wgn(ﬂ(m - 7m)

where v = /Jc?/C. To derivate the above equality, we used

dw 1 1 _, - isign(7)(1 — e~
w2 2, _
21 w? + a?w 2a? ’

(D.2)

2m
/ dze’®@) = 2x Jy(z),
0

+oo
/ deJo(z) = 1,
0

/0 dre " Jo(x) = A (D.3)

wherer Jy(x) is the zeroth order Bessel function.
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Appendix E

Derivation of the Renormalization
Group Equations for Warps and
p-Charges

Since there is no coupling between p-charges and vortices, one may consider renor-
malization of warps and p-charges together. The action for the warps and p-charges is given
by,

s
Sor = o pulrismtri = 1) T ) + 0 S (i)
i#j i
1
+g Pw (ri) Ti) Pw (Tja Tj)
£ ) ! (r5,7) + 1003) S (e )
- Pa\Ti, Tg Pq\Tj, Tj Yp Pe\Ti, T5
4g oy Viri — 2+ 03 (i — 75)? -
icp sign(r; — 7;) sign(r; — 7;)
D o <m->[ - palrin7i) (E.1)
2 ; WAt |y — 7} VIri — 2+ v2(ri — 15)? R

where g = —Vﬂjrc, v = \/‘%2, yw and y, are fugacity of warps and p-charges which take into

account the core-energy of the topological defects.

The first term in the partition function is much more singular than the other
terms. In the first term warps interact locally in space. Follow the same procedure as in
appendix A, we consider renormalization of interactions between a pair of warps due to a
pair of virtual warps and p-charges by summing over all possible interactions between the
virtual pairs and the others. The renormalized interactions at longer and longer distances
and longer and longer times are found by integrating over spatial scales increasing by e4‘r
and time-scales increasing by e%r. Let the warps be located at (r;,7;) and (r;,7;) with
charge py(7i,7;) = +1 and py(rj,7;) = —1, respectively. The virtual warps pair have
puw(r’',7') = +1 and py,(r”,7") = —1, as well as the virtual p-charges pair, pq(r’,7') = +1
and py(r”,7") = —1. Both of the warps pair and p-charges pair satisfy a. < |[r'—7"| < a.edl
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and 7. < |7/ — 7| < 7.e¥7. Let r; = (;,7;) and define,

|7i — 7 1
U“(ri,rj) = ad(ri—rj)ln ———+ ;
(ri,7j) (ri i) Te \/U2 T — 75)% + |ri — 7j]?
2,2
c*p 1
Ud(ry,r;) = E.2
(ri3) 49 /v (7 )%+ [ri — 7] 2

The effective interaction of the pair of warps is given by

e Ue(rirs) — < o= UY(rirg) 5 |short = e*U“J(ﬁ'ﬂ“j)*éUw(ﬁ'ﬂ”j)7 (E.3)

where the expectation value is the statistical average over the partition function over the
integrated short scale.The second equality is due to the effective interaction can be written
as the bare interaction plus the renormalazied interaction after integrating the virtual pair.
To lowest order in y,, and y,, we have

1 + yw f d27"’ d2 7 diT,dLnerw(Tlﬂ"”)

Te Te

C(r,risr’,r"")+D(riry5r’ r')

€
e—éU“’ (r4,7m5)

d2r! d2r! @dT// —Uw (e ) 2 a2 d2 77 dr’ dr'’ —ua(rt g
1+ yw a2 a% Te Te € f Te Te 2 )
d27‘/ d2 " deTH _Uq( / //)eE(T17Tj§TI7TII)
Te Tc
2 d2r! d2 1" dT’ d7‘” —Uw (! 9 [ d2r d2r! dr' dr'" _ya(r! g
L+ aZz a2 Te Tce ( )+yp a2 a2 Te 1o © ( )
2,0 g2, "
- 1 + d T d dT _ //) |: (7‘7;,Ti;T/,T//)—FD(TZ',T]-;T/,?"”) _ 1:|

200 24" /"
o2 /d dr / /dr (e [eEm,rj;rcr'@_l] (E4)

where C(r;, ;7,7 is the contribution from the virtual warps pair to the interaction of
two warps at the same space site, D(r;,r;;7/,7”)is the contribution from the virtual warps
pair to the interaction of two warps at a different time and space site. E(r;,r;;7',7") is the
contribution from the virtual p-charges pair to the interaction of two warps at a different
time and space. We divide the term C into five parts:(I).r; = v’ = v";(I).r; # 7', v =
r;(U0).r; £ v # ¢";(IV)r; = v/ v £ rv";(V)ry = v 7' # r”. By summing over two
possibilities of charge distribution of neutral warps pair, only the first two terms left. We
then have

7 — 7| |73 = 7"]

— 1 Sr' — r"M§ . /
Ch aln =] ey = 7] (r' —r")o(r; —7'),
cy — g B g
Vi — )2+ 02(r —1)2 (=12 +02(r — 77)2

_ J - g : (E.5)

V=2 402 =72 (i —r")2 + 02 (r; — 77)?

For D term, we divide the whole space and time into nine piece:(I).r; # v’ # r" #
ri;(ID)r; =7 £ " £ v, =r" v’ £ r;(IV).ry =v 0" #ri(V)ry =" £ 0 #
ri;(VI).ry = v #r" =ri(VIDry =" # 0/ = rj;(VIID.ry = v/ = 7" # rj(IX)r; =1/ =
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r" # r;. Following the same argument, by summing over all charge distribution of neutral

pair, only the first term is non-zero.
Dy = 9 _ 9
\/(Ti _ ,,,/)2 4 U2(Ti _ 7./)2 \/(Tz _ ,,,//)2 4 2}2(7.2, _ 7.//)2
9 9
_ + . E.6
\/(Tj _ ’l“’)2 + U2(Tj _ 7_/)2 \/('rj _ 7“/’)2 + U2(Tj _ 7_//)2 ( )

For the E term, we have

5 ch{ sign(r; — 1) sign(r; — 1) sign(; — ")
2 7 — 7| Viri — 2+ v (r — 77)2 |7y — |
sign(r; — ) sign(r; — 7') sign(r; — 7')
VIri—r" P +02(m =72 ri=r' =P — )2
sign(r; — ") sign(r; — 7") } (B.7)
rj ="l ey — 02 (ry — 1)2 '

The virtual p-charges pair is located in between the two warps, so 7; < 7/,7"” < 7;. The
above expression can be simplified

icp 1 1 1
E =" 7t + 1"
2 U =l = PP ]
1 1 n 1
ViIri= v+ (n =2 g =r'l /Iy =P+ 02(r — 7)?
1 1
+ + E.8
l7; — 7| \/|rj — "2+ v2(r; — 7.//)2} (E.8)

The evaluation of C' and D follow the same procedure as in appendix A. We focus
on F term due to the coupling between warps and p-charges. Defining the center of mass
coordinate R = (r' +7")/2, r =v' — 2" 7, = (7' + 7")/2 and 7 = 7/ — 7", we have

F - -t -
2 ri=R—=r/2]  \/Iri— R—7/2P + v*(1i — 75 — 7/2)?
1 1
+\'ri —~R+7/2] Viri— R+7/2]2 +03(1; — 75 + 7/2)2
1 1

= +
ri—R—7r/2  \/lr;— R—7/2]2+v2(1j — 75 — 7/2)?

1 1
+ + E.9
rj —R+1/2| \/|7“j—R+T/2]2+U2(Tj—TS+T/2)2} (E9)

Due to a. < |r| < ace and 7. < 7 < 1. we could expand for small 7 and 7. Therefore
we get,

g - el 7T (ri-R) - (1 — R) +0°7(7; — 1)
2 |ri — R|3 [|[ri — R|2 + v2(1; — 75)2]3/2
r-(rj—R) v (rj—R)+v’7(1; — 7)
_ E.10
=Rl lIry— R 03— P (10
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Therefore the contribution to effective two warps interaction from p-charges is

Jp _ y / dQT, d2 " / / dT” Uq(T‘/,T") |:eE(7'i,7"j§7“/77“N) _ 1:|
2 2 drg 1
_ /d Rdr [dr [ 2E2}, (E.11)

in which we transformed the integration to center of mass integration. The angle integration
of R will immediately gives
d’R d?r [ d
/ / TS/ TE=0 (E.12)
Qe
Therefore we have

d?R d?r de dT
To = 5 a? a2

PPy, [ &R d2 dTS R)r-(r; — R)
- / =
[P (r; — R) +v T(TZ' —75)|[r - (rj — R) + 027(1j — 75)]

E.13
e~ P+ 27 o PPl — R 2y -] )
in which we used the angle integration of R is zero again. Let
;o /dQRd2 /drs/drr R)r-(r; — R)
a? a? R]3|7‘ —R]3 7
K / / /de/dT|:T‘ — R) +v%*1(15 — 75)
N (|7 — R|2 +v2(1; — 75)2]3/2
( —R)+U T(15 — Ts) }
[|'r] R|2 + v2(1j — 75)2]3/2
(E.14)

Defining the center of mass of the warps X = (r; +1;)/2, € =r; —rj, 7x = (1 + 75)/2,
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and 7, = 7; — 7j, we have

d?R d?r
a? a?

de drr- (X —z/2-R)r- (X +z/2- R)
]X —x/2—- R X +xz/2 - R)?

B d’R d?r de dTr (R+zx/2)r- (R—x/2)

- [ z / e

drs —x/2 - R) +v31(1x — 72/2 — T5)
K = / / / / |:|X—$/2—R|2+02(T_}(—Tx/2—7)]3/2
X+a}/2— R) + 31 (1x + 72/2 — 75) ]
]X —|—:13/2 — R+ v2(1x + 72/2 — 75)2]3/2
_ / / /de/dT [ T (R4 x/2) + v*7(7s + 72/2)
|R+ /2 + 0*(7s + 7/2)/?
(R— :I:/2 + 027 (1s — 72/2) ]
[|R x/2|? + v2(1s — 7, /2)2]3/2

(E.15)

In the above, we changed variables R —+ R — X and 74 — 75 — Tx. The result for K can
be found in Appendix A, which is

1
K=——|(+535)d:+ 1+
) ( V(ri—r)? + 02 (i — 7)?

3 vt 4 202 3v2

873 1 [(1 v2 v2

)dlr] (E.16)

Carrying out the angle integration of r will leads to

Foo RdR 2m r3dr [ drg R% — 2%/4
= /0 d9/ / / + 22/4)2 — R222 cos? 0]3/2 (E-17)

This integration turns to be zero by doing the R integral first. In summary, we have

y P2 d2 dr"
o—OU (i) _ 1+yfu/ 2 / / - [ %]
2

d’R d2r /de dlEz

2 a? a? Te Te
W2 3 .29 2 2
i Ti 8t gy | 1 v v
= 142 dl In -+ —)dl, 14+ —5)dl
+20% al e 3 om [(4+2v3) L+ gl
1
X
V(ri - T‘j)2 + 0% (i — 75)°
2713 2p? yp [ 1 02 v? ] 1
OV 4 Pyl + (14 —)dl
3 (4 202 ) (1+ 31)3) " \/(Ti—’l“j)2+v2(7'i—7-j)2

(E.18)
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Re-exponentiate it, we get

2 )L+ (1+ dlr]

\/("’1*"'3) +U2(7'277'> )

T;—T; 3 42
2 -2 1n 377 8w2 g yw l
< ywd‘r 4 Tc 3 wTe [(4 2vc

_Ucuf}f — e_Uw(rivrj)e

278022 y% (1 02 1
27°c"p” Ly )dl +(1425)dl
Xe( 3 UTe 4 T 31;% r \/("'i_rj)2+”2(7—i_‘rj)2

(&

(E.19)
So keeping logarithm correction we get
2
a = «-— 2ay—qidl7-,
N 8322 [ 1 o2 02
= 1=+ =—=)dl, dl,
g 9773 VTe (4+2vg) 1+ 32)
973 c2p2 Z/p 1 2 02
- dl; dl E.2
3 T [(4 2v 2) +(+ 3v 2) } (E.20)

The effective interaction for p-charges can be calculated by following the same
produce as above. Let the p-charges be located at (r;, 7;) and (7}, 7;) with charge pq(rs, 7;) =
+1 and py(r;,75) = —1, respectively. The virtual warps pair have p,(r’,7") = +1 and
pw(r”,7") = —1, as well as the virtual p-charges pair, p,(r',7") = +1 and p,(r",7") = —1.
Both of the warps pair and p-charges pair satisfy a. < |r' —7"| < a.e® and 7. < |7/ —7"| <

edl= . The effective interaction of p-charges is given by

e Usk(rimy)  — < o=UP(rirj) 5 |shore = €~ UT(rir3) =8UP(riyrj) (E.21)

To lowest order in y,, and y,, we have

1 + ygj d2r’ d27,// dfT’dT” e—U“’(r',r”)eE('r’i,ri;'r',r”)

2 2
75Up(riarj) az ag Te Tc

e =

1 + 2 d2¢! d2p! dr’ dT” —Uw(r! ") + 2 f d2r! d2 1" @MG*UQ(T/J’H)

a? a? Te Te o To

f d2 /d2 " deT” 7Uq( / //)eD (TZ‘,TJ‘;T/,'I’")

Te Te
g Ay Py +y2 [ LR Ly [ U )
Te Te Te Tc
2 ! 2 " "
~ 1y / d“r d dr U“’(r’,r”) |:€E(T’i77‘i§7‘/v7””) _ 1]
d27‘, d2 " dT” YT ’ i
—Ua(r'r D' (ri,rj;r'r
o (") | D' (rirgir’ ) _ 4 (E.22)
c

Following the same analysis before, we have

@ d27“/ d2 " d’r"

2
2 2.0 32,1 "
d=r d d
—1—5 — / / T D’2 (riyrr 1) (E.23)

CL

e—(SUP(r,-,T’j) — +

A/,
Tlvrjarvr )
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with

Do c’p*/4g B *p?/4g
\/(’I"Z‘—T‘,)Q-FUQ(TZ‘—T,)Q \/(’I"Z‘—T‘”)2+’U2(Ti—7'”)2
p*/4g p?/4g

— . E.24
\/(Tj _ T/)2 + U2(7‘j _ 7./)2 + \/(7‘]’ _ r//)2 + UQ(TJ' _ 7.//)2 ( )

Define the center of mass of the virtual p-charges pair, R = (' +7")/2, r = v — 2|
7s = (7" +7")/2 and 7 = 7/ — 7" and integrating the center of mass coordinates, we will
have

3 C4p4y2 1 U2 02 1
—6UP(rirj) — 1 P [ dl+(1+ dl ]
e : )
6 vg?re at 27)3) ( 3”3) V (ri —r5)2 + 02(1i — 75)2
213 2 p2y? { 1 2 2 ] 1
(5 g)dl + (1 + 5 )dlr
3 v i 2”2) ( 3”3) V(i — 1)+ 02 (1 — 75)?

(E.25)

Re-exponentiate it, we get

3 c4p4y% 1
uP Ur & vore [(G+55
e Teff = e (ri7rj)e

)i+ (14 25)d

mo‘ b

1] L
\/(Ti—’“j)2+v2(7'i—‘fj)2

23 2p%y2 11 1
(k2 )l + (14 27y >
3 vTe 4 e )2 402 (1 — 7. )2
><e< V(im0 (ri=r)) (E.26)

So keeping logarithm correction we get

. o3 2p2y2 [ 1 v2 2
-1 71_ P=
A {4 2.7 “”?wz)dl’“]
813 y2 1 v?
—— W4 — 1+ E.2
ol g 2)dz T z)dl] (E.27)

This equation is exactly the same as we got by consider the effective interaction for warps.
This should be due to the duality in the warps and p-charges problem. Considering y, — yu,

Yw — Yps remain the same. Therefore,
one do not need to 1ntroduce a new coupling constant for 1/g which is required for general
problems. This duality is first derived by Jose et al [26]. Later, a general model has been
considered by Kadanoff[27]. Nelson et al [42] also proved such duality in a special problem,
see (A27) in [42].

Now in our renormalized action, the short cutoff becomes 1% and a.edr. We
need rescale r — re~% and 7 — Te~ % to get back the original action. Doing so we will
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get extra contributions to coupling constants g, y., ¥p, v, and g 1,

dg = _gdl’l")
dg~' = —g'dl,

dyw = {(1 —a)dl + (2 - g)dlr}ym

P
dy, = {le +(2- 4g)dlr}ypd,
dv = (dl; —dl,)v. (E.28)

Finally, we arrive our renormalization equations for warps and p-charges by adding up the
contribution from renormalization and rescaling,

2

do = —20%241,,
aC
813 g2 [ 1 v? v?
= — | (=4 =—=)dl; + (1 + =—)dI,
a9 3 m’c[(4+2vg) * +31)g) }
213 2p? [ 1 v? v?
ERT [(4 + 2—03)% +(1+ :’wg)dl’l :
dyy = {(1 —a)dl; + (2 — g)dlr}yw,
2p?
dy, = (Q_E)ypdlra
dv = (dl; —dl)v. (E.29)
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