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ABSTRACT OF THE DISSERTATION

Dispersion of finite size droplets and solid particles in isotropic turbulence
By
Michele Rosso
Doctor of Philosophy in Mechanical and Aerospace Engineering

University of California, Irvine, 2016

Professor Said Elghobashi, Chair

Turbulent disperse two-phase flows, of either fluid/fluid or fluid/solid type, are common in
natural phenomena and engineering devices. Notable examples are atmospheric clouds, i.e.
dispersed liquid water droplets and ice particles in a complex turbulent flow, and spray of fuel
droplets in the combustion chamber of internal combustion engines. However, the physics of
the interaction between a dispersed phase and turbulence is not yet fully understood. The
objective of this study is to compare the dispersion of deformable finite size droplets with
that of solid particles in a turbulent flow in the absence of gravity, by performing Direct
Numerical Simulation (DNS). The droplets and the particles have the same diameter, of the
order of the Taylor’s microscale of turbulence, and the same density ratio to the carrier flow.
The solid particle-laden turbulence is simulated by coupling a standard projection method
with the Immersed Boundary Method (IBM). The solid particles are fully resolved in space
and time without considering particle/particle collisions (two-way coupling). The liquid
droplet-laden turbulence is simulated by coupling a variable-density projection method with
the Accurate Conservative Level Set Method (ACLSM). The effect of the surface tension
is accounted for by using the Ghost Fluid Method (GFM) in order to avoid any numerical
smearing, while the discontinuities in the viscous term of the Navier-Stokes equation are

smoothed out via the Continuum Surface Force approach. Droplet/droplet interactions are

Xix



allowed (four-way coupling). The results presented here show that in isotropic turbulence
the dispersion of liquid droplets in a given direction is larger than that of solid particles due
to the reduced decay rate of turbulence kinetic energy via the four-way coupling effects of

the droplets.
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Chapter 1

Introduction

Turbulent disperse two-phase flows, of either fluid /fluid or fluid/solid type, are ubiquitous
in natural phenomena and engineering devices such as bubble clouds, bubble columns and
reactors in the chemical industry, and spraying of liquid fuel and paint. The study of the
interaction of solid/liquid particles with turbulence is particularly important to understand
the fundamental properties of clouds. Clouds are dispersions of drops and ice particles in
a complex turbulent flow and are characterized by a wide range of spatial and temporal
scales. Their evolution depends on the strong couplings between the dispersed phase and
the dynamics of the turbulent carrier flow [68]. As pointed out by Bodenschatz et al. [9],
many of the questions regarding the physics of clouds, particularly nucleation, growth, and
precipitation of water particles, are yet to be answered. The dispersion of spray droplets
in the combustion chamber of an internal combustion engine is another example of appli-
cation that could benefit from a deeper understanding of the physics involved in liquid/gas
interfaces. In this case, the turbulence in the ambient gas influences the development of the
spray characteristics, i.e. spreading rate, penetration length and cone angle, and is, in turn,
affected by the dispersed phase dynamics. Elghobashi [20] classified the disperse turbulent

flows from the point of view of the type of interaction between the particles and the turbu-



lence. The level of this interaction is determined by the volume fraction, ®,, occupied by
the dispersed phase. For ®, < 1079, the dominant effect is that of the turbulent carrier flow
on the dynamics of the dispersed phase, whereas the influence of the particles/droplets on
the turbulence is negligible. This interaction is called one-way coupling. For larger values
of ®,,i.e. 107 < &, < 1073, the momentum transfer from the particles cannot be ignored
since it is large enough to alter the structure of the turbulence. This interaction is termed
two-way coupling. Both the regimes discussed above are characterized by the absence of
particle/particle (or droplet/droplet) interaction due to the low volume fraction, and thus
they are sometimes referred to as dilute suspensions. When the volume fraction is increased
further, i.e. ®, > 1073, the interactions between particles/droplets has to be considered in
addition to the two-way coupling effects between dispersed phase and turbulence. This in-
teraction is named four-way coupling and characterizes the so-called dense suspensions. The
behavior of dispersions in turbulent flows with one-way coupling is reasonably understood,
at least in the limits posed by the incomplete understanding of turbulence itself even in
particle-free flows. On the other hand, the two-way and particularly the four-way coupling
regimes are still in the process of being fully investigated due to the highly nonlinear nature

of the interactions in these flows.

Literature Review

Over the past decades, a large body of research has been devoted to both the theoretical and
the numerical study of turbulent dispersed two-phase flows. In 1922, Taylor [76] derived an
analytic expression for the time evolution of the dispersion of a fluid particle in stationary
isotropic turbulence. The term dispersion, hereinafter indicated by D,,, is defined as the
mean square displacement of solid or fluid particles along the direction x;. Taylor’s solution

showed that the relation between D,, and the time, ¢, is quadratic, i.e. D, ,~ t?, for short



times and linear, i.e. D,,~ t, for long times. Batchelor [8] and ? | extended Taylor’s theory
to homogeneous turbulence. Tchen [77] linearized the equation of motion for a sphere in sta-
tionary homogeneous turbulence under the assumptions that the sphere diameter is smaller
than the Kolmogorov’s length scale of the turbulence and the relative motion between the
particle and the carrier flow follows Stokes’ law. Tchen’s equation was later improved by
Maxey and Riley [42] in their study of a small rigid sphere in a non-uniform flow. Reeks
[58] and Pismen and Nir [55] analyzed the behavior of heavy particle dispersion in station-
ary, homogeneous, isotropic turbulence and showed that the effect of particle inertia is to
increase the eddy diffusivity over that of the fluid in the absence of particles. Kim et al. [33]
investigated the motion of a freely-moving sphere in an initially stationary or oscillating fluid
and derived an equation for the particle motion that accounts for the effects of large relative
acceleration or deceleration of the particle and the initial relative velocity between the fluid
and the particle. Theoretical studies were also performed in order to model other important
phenomena regarding disperse multi-phase flow, particularly in the context of spray combus-
tion theory. The reader is referred to the comprehensive review by Sirignano [69], and the
book by the same author [70] for an in-depth analysis of these studies. While theoretical ap-
proaches offer invaluable insight into the dynamics of particle dispersions in turbulence, they
often rely on simplifying assumptions that greatly limit their range of applicability. With
the increase in computational power in the last three decades, numerical simulations that do
not rely on turbulence modeling, i.e. Direct Numerical Simulation (DNS), offered a valuable
alternative for the study of dispersed turbulent flows. The early numerical studies accounted
for the one-way coupling effects via either the two-fluid methods or the Lagrangian methods.
In the two-fluid model, the dispersed phase is treated as a continuum described by a set of
conservation laws similar to those of the carrier flow, with the momentum and energy ex-
change between the phases accounted for by adding source and sink terms in the momentum
and energy equations for the particulate phase. This approach was used by Druzhinin and

Elghobashi [19] to study bubble-laden isotropic decaying turbulence via DNS and by Février



et al. [26] to investigate the velocity distribution of dilute suspensions of heavy particles in
gas-solid turbulent flows. In the Lagrangian approach, the carrier flow equations are solved
throughout the whole computational domain, while the particulate phase is represented
by computational particles whose position, momentum, and energy are tracked by solving
the equations of particle motion [20]. Riley and Patterson [59] were the first to use the
Lagrangian approach in DNS to calculate the autocorrelation and the mean-square displace-
ment of small particles in decaying isotropic turbulence. In their work, the particle diameter
was smaller than the Kolmogorov’s length scale of the carrier flow and only the Stokes” drag
was included in the equation of particle motion. Their results showed that the velocity au-
tocorrelation was increased for increasing values of particle inertia. McLaughlin [44] used
DNS to examine particle deposition on the wall in a vertical channel flow and computed
the particle trajectories by including only the Stokes’ drag and Saffman’s lift force in the
particle motion equation. Squires and Eaton [73] measured the dispersion of heavy particles
by performing DNS of forced and decaying isotropic turbulence. Their results showed that
the effect of particle inertia is to increase the eddy diffusivity over that of the fluid in the
absence of particle drift, as was demonstrated by the theoretical studies of Reeks [58] and
Pismen and Nir [55]. Elghobashi and Truesdell [21] studied the dispersion of three different
solid particles (corn, copper and glass) in decaying isotropic turbulence by using DNS and
obtained good agreement with the experimental work by Snyder and Lumley [71]. They also
showed that that the dispersion of small solid particles in zero gravity agrees with Taylor’s
theory [76]. Later works extended the Lagrangian approach to include the two-way coupling
effects, see for example the research by Ferrante and Elghobashi [25] and Squires and Eaton
[72]. The effects of the two-way interaction on particle dispersion in decaying isotropic tur-
bulence was also investigated by Elghobashi and Truesdell [22]. They showed that, in zero
gravity, the two-way coupling enhances the alignment of the surrounding fluid velocity vector
with the direction of the solid particle trajectory. This alignment reduces the mean-square

relative velocity and increases the Lagrangian velocity autocorrelation coefficient of the solid



particle, the fluid point and the surrounding fluid, and thus increases the dispersion of the
solid particles. However, the fluid point dispersion decreases because the larger inertia of the
solid particles increases the decay rate of turbulence kinetic energy. All the numerical studies
presented so far rely on the point particle approximation, i.e. the assumption is made that
the instantaneous particle velocity can be calculated via the equations of particle motion.

This is justified only if the following two conditions hold:

1. the particles/droplets have a diameter, 15, smaller than the Kolmogorov length scale,

7, of the turbulent carrier flow, i.e. D << 7, and

2. the Reynolds number of the particles/droplets, Re,, satisfies Re,, < 1.

When the above two conditions are not satisfied, the point particle assumption is no more
valid since it is not possible to derive an analytic solution for the particle motion in a
turbulent flow as proved by Lumley [40]. Consequently, an accurate numerical solution
can be obtained only by fully resolving the flow field around each moving particle. This
approach was used for the DNS of a single particle (Bagchi and Balachandar [2], Bagchi
and Balachandar [3], Burton and Eaton [12]) and a collection of thousands of particles (Cate
et al. [13], Lu and Tryggvason [37], Uhlmann [80]). Lucci et al. [39] pursued this technique to
study the two-way coupling interaction of up to 6400 finite size solid particles and turbulence.
Their results showed that the presence of the solid particles enhances the turbulence kinetic
energy decay rate. The reader is referred to [4] for an exhaustive review of the research on

dispersed turbulent flows.

Objectives

The objective of this study is to compare the dispersion of deformable finite size droplets with

that of solid particles in a turbulent flow by performing DNS. The solid particles and liquid



droplets have the same diameter and the same density ratio to the carrier flow. Both the
dispersed phase and the carrier flow are fully resolved in 3D-space and time and all the scales
of the turbulent motion are simultaneously resolved down to the smallest relevant length-
and time-scales. In this work, the unsteady three-dimensional Navier-Stokes and continuity
equations are solved throughout the whole computational domain, including the interior of
the liquid droplets/solid particles. In the liquid droplet case, the motion and deformation of
the interface are captured implicitly by using the Accurate Conservative Level Set Method
(ACLSM) [18]. The effect of the surface tension is accounted for accurately via the Ghost
Fluid Method (GFM) [31], while the discontinuities in the viscous term are smoothed out
across the interface by means of the Continuum Surface Force (CSF) approach. Finally,
a variable density projection method is used to impose the incompressibility constrain. In
the solid particle case, the tracking of the interface is performed in a Lagrangian fashion by
using the Immersed Boundary Method (IBM) [52, 79] and the divergence-free constrain on
the velocity field is enforced by using a standard projection method. This thesis is structured
as follows. Chapter 2 details the mathematical formulation of the problem, while Chapter 3
is devoted to the numerical techniques used to discretize the governing equations. Chapter 4
describes the tests that were performed to validate the computational code developed for this
study. The DNS results regarding the dispersion of droplets/particles in decaying isotropic
turbulence are reported in Chapter 5. Finally, Chapter 6 presents a summary of this work

and discusses future research developments.

Technical challanges

The numerical simulation of deformable droplets poses three main challenges:

1. the numerical localization and transport of the interface (also called front) separating

the phases involved,



2. the numerical treatment of the material properties that discontinuously change by

many order of magnitude between the phases, and

3. the numerical discretization of a singular forcing term, i.e. the surface tension, acting

only on the front.

Among the methods proposed for the numerical transport of the front over the past decades,
the Volume Of Fluid (VOF) method, the Front-Tracking Method (FTM), and the Level
Set Method (LSM) have become standard numerical tools for multi-phase simulations. The
VOF [65] describes the interface through a volume fraction scalar, thus ensuring, at least
theoretically, discrete mass conservation. Nonetheless the scalar function is discontinuous
across the interface and thereby a specific advection scheme is required at the cost of putting
constrains on the time step size and accuracy of the simulation. Moreover, the calculation
of geometric quantities such as interface normals and curvature could be challenging. The
FTM introduced by Unverdi and Tryggvason [81] makes use of an unstructured moving
mesh for the discretization of the interface. The advantage of this method is that the
transport of the mesh is purely Lagrangian; unfortunately any topological change or front-
to-front interaction has to be handled manually by means of re-meshing, thus causing adverse
effects on mass conservation. The LSM, devised by Osher and Sethian [49], represents the
interface as the zero iso-level of a smooth function, typically a signed distance function.
The latter is transported in an Eulerian fashion by solving a standard convection Partial
Differential Equation (PDE) and kept smooth through a re-initialization process. Due to
the smoothness of the level set function, the normals and curvature can be computed easily.
The main drawback of the LSM is its inherent lack of conservation, although many strategies
have been proposed to address the issue. In particular Enright et al. [23] used Lagrangian
marker particles to correct the front position after the Eulerian advection step, while Sussman
and Puckett [74] coupled the LSM with the VOF in order to take advantage of the good

conservation properties of the latter. While these techniques alleviate the issue, they also



lose the original simplicity of the LSM. A simpler method was proposed by Olsson and
Kreiss [46] in which they replaced the signed distance function of the classical LSM with a
hyperbolic tangent profile that is advected and re-initialialized using conservative equations.
This approach was later improved by Desjardins et al. [18] under the name ACLSM and used
for the simulation of turbulent atomization. In this study, the ACLSM was used to simulate
deformable liquid droplets because of its simplicity, adaptivity, ease of parallelization and

intrinsic ability of handling topological changes naturally.

Computational code

A computation code of more than 30,000 lines was developed for this study. The code
was written in Fortran 2003 and designed according to modern object-oriented program-
ming techniques. Furthermore, it includes distributed-memory parallelism using the MPI
standard. DNS of turbulent flows is very demanding in terms of computational power and
memory requirements, mostly because the computational grids need to be fine enough to
accurately resolve the smallest flow structures. As the Taylor’s scale Reynolds number is
increased, such structures become smaller and smaller and consequently the mesh has to be
refined accordingly. Moreover, an accurate time history of the flow is sought in order to com-
pute time-dependent statistics, thus reducing the time-step interval needed to advance the
solution in time. In response to these requirements, parallel computing became a standard
tool in DNS codes. The code implemented for this research employs a parallel approach
known as 3D domain decomposition: the computational domain is partitioned along the
three spatial dimensions into box-shaped sub-domains and the data associated with each
sub-domain are hosted and operated on by a single CPU. This setup is particularly conve-
nient in that it allows using up to O(N?) CPUs where N is the number of grid points per

direction. Thus the workload per single CPU is limited and it is unlikely that the memory



saturation mark be reached even for very fine grids. Nevertheless the efficient implemen-
tation of inter-processor communications, especially for data transposition in the context
of the Fast Fourier Transform (FFT), is not trivial and required considerable effort during
the initial development of the code. The demand for computational efficiency is even more
crucial when a two-phase flow is considered since the Pressure Poisson’s Equation (PPE)
is non-separable and therefore cannot be solved via a standard FFT. As a consequence the
PPE has to be solved via an iterative method for sparse liner systems. In this work, the lin-
ear system associated to the PPE is solved by using the multigrid-preconditioned conjugate

gradient provided by the PETSc library [5, 6, 7].



Chapter 2

Mathematical Model

The first step in a numerical study is the definition of a set of equations that model the
physical phenomena under investigation. A suitable mathematical model for multi-phase

flows is required to describe:

1. the motion of the fluids in the domain of interest, and

2. the motion of the interface between the different phases.

Item 1. in the above list is the topic of Section 2.1, while item 2. is dealt with in Section 2.2.
In the following, all the variables are considered dimensionless unless they are superscripted
with the diacritic symbol ”~”. It should be noted that the present chapter focuses exclusively
on the mathematical description of the governing equations of multi-phase flows and interface

motion, without considering any model that is specific to a discretization method.
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2.1 Governing Equations for Incompressible Multi-Phase
Flows

Before describing the governing equations for a multi-phase system, it is instructive to review

the governing equation for a single-phase incompressible flow, namely the continuity equation

o
7 =0 (2.1)

and the momentum equations

ou;, 0 1[op 07 -
li ) = i A 2.2

AR

In Eq. (2.1) and (2.2), u; is the component of the velocity vector w in the i-direction, p
the fluid density, p the pressure and g; the gravitation acceleration in the i-direction. The

present study considers only Newtonian fluids, for which the deviatoric stress tensor 7;; is

defined as:

_ (0w o

where 1 is the dynamic viscosity. It should be noted that both p and p are constant for
an incompressible single-phase flow. Consider now a volume €2 filled with two immiscible
incompressible fluids of different phases. The two fluids are separated by an interface I" that
splits 2 into the sub-regions 7, occupied by fluid ”+”7, and Q~, occupied by fluid ”—".
Each phase is characterized by different material properties, i.e. g, p* in QT and =, p~
in 7. A typical configuration for this case is sketched in Figure 2.1. Since we are not
considering reactive interfaces, i.e. the velocity field is continuous at the interface, Eq. (2.1)

still holds in the whole domain ). In contrast, Eq. (2.2) can be used to describe the behavior

of each of the two fluids only in their respective domains, but fails to model the physics at
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the interface I'. As pointed out in the review paper by Scardovelli and Zaleski [65], the
single-phase Navier-Stokes Equations (NSE) can be extended to model multi-phase flows by

either:

1. re-writing Eq. (2.2) in weak form so that it can be used everywhere in the whole

domain, including the interface, or

2. using Eq. (2.2) as is in each bulk-phase domain with proper jump conditions at the

interface.

Approach 1. results in the so-called whole-domain formulation discussed in Subsection 2.1.1,

while approach 2. leads to the jump-conditions formulation presented in Subsection 2.1.2.

Figure 2.1 Typical configuration of a two-fluid system.
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2.1.1 Whole-Domain Formulation

The whole-domain formulation of the NSE for multi-phase systems reads:

ou 0 . 1[0p 07

~ L PG+ i+ 2.4
5 pgi+f (2.4)

o5, =5 | a5 e,

where the additional volumetric forcing terms ﬁ and s; accounts for the presence of a solid
boundary and the effect of capillary forces, respectively. When only fluid /solid interfaces are
considered, s; is neglected. In contrast, when the only interfaces present are of fluid/fluid
type, ﬁ is set to zero. Equation (2.4) is essentially a weak form of the classic NSE and
therefore it is valid everywhere in 2 despite the discontinuities at the interface. The forcing

term s; is defined as:
5 =25 Fmon;, (2.5)

where ¢ is the surface tension coefficient, k,, the interface mean curvature, n; the i-component
of the unit normal to I' and § a one-dimensional Dirac delta function centered at the in-
terface. It should be emphasized that Eq. (2.4) is singular at the interface because of the
jumps in material properties and the singular terms ﬁ and s; and therefore special numerical
treatment is required for its discretization. The mean curvature k,, is computed from the

interface normal as:

S 9.
i =TS o, (2.6)

In order to avoid the factor two in Eq. (2.5), it is common to define the variable K as twice

the mean curvature, i.e.

oo 2.)
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and use it to re-write Eq. (2.5) as:

S, =GRom. (2.8)

Hereinafter, the term curvature will be used to refer to k. More details on the derivation of

this formulation can be found in the work by Tryggvason et al. [78] and Chang et al. [14].

2.1.2 Jump-Conditions Formulation

Instead of modifying the single-phase NSE via an additional term to account for the surface
tension effects, one could directly use Eq. (2.2) in each separate bulk-phase domain together
with proper jump conditions at the interface. In the following, the notation [a]. indicates

r

the intensity of the jump of a variable « at the interface I':

o], =a" —a™ . (2.9)

The jump conditions at the interface between two immiscible, incompressible, Newtonian

fluids are:
Al =p" =5, (2.10)
Pl.=p" =70, (2.11)
@, =u"—u =0, (2.12)
Pl.=pt -7 =dr+2[H,n Va-n'. (2.13)

Equation (2.10) and (2.11) account for the jumps of material properties between the two
phases, while Eq. (2.12) enforces the continuity of the velocity field at the interface, as

required for a non-reactive interface.
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The pressure jump in Eq. (2.13) is given by Landau and Lifshitz [34] and Brackbill et al.

[10] and depends on

e the surface tension effects via the term ok, where the curvature k is again defined

according to Eq. (2.7), and

e the shear stresses jump via the term 2 [fi], n - Vi - n'.

This form of the NSE for multi-phase flows has been used by Desjardins et al. [18] and Kang

et al. [31].

2.1.3 Normalization of the Governing Equations

In order to minimize the number of parameters involved in the physical models introduced so

far, it is convenient to recast the governing equations in dimensionless form. In this work, the

fluid ” —” is considered the reference fluid, therefore = and p~ are taken to be the reference

values for the dynamic viscosity and density respectively. Consequently, the dimensionless

density p and viscosity p are defined as follows:

Um

in - ot
with Np = =—
in QF p
in Q° ~y
with Ny = 'lf,—_
in OF a

= density ratio , (2.14)

= dynamic viscosity ratio . (2.15)

The reference value for the velocity and length scales are Uand L respectively. Both of them

are chosen according to the specific system being investigated.
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Thus, the Reynolds number Re is defined as:

5 0L
me:pﬁU , (2.16)

the Weber number 20e as:

We = ——— (2.17)

Fr=—, (2.18)

where ¢ is the gravitational constant. Using the above definitions, Eq. (2.4) can be re-cast

in the following dimensionless form:

— () = —= _— re A A 21
ot Ox; (i) p | Oz T Re Ox; * S it (2.19)

where g; is the dimensionless gravitational acceleration in the i-direction, and s; the dimen-

sionless surface tension term given by:

1 ko
= — —n; . 2.20
s We p g ( )

Similarly, the non-dimensional momentum conservation in the jump conditions formulation

can be written as:

ot Oz, "7 p| Oz Redr;  Fr |

(2.21)

16



together with the following dimensionless jump conditions:

e =n.—1, (2.22)
[l =mp—1, (2.23)
[u,=u"—u" =0, (2.24)
bl =p"—p" =ﬁ+9%[u]rn-vu-nt. (2.25)

2.2 Mathematical Modeling of Moving Interfaces

One of the main challenges in the study of multi-phase flows is the accurate characterization
of the motion of the interface I'(t) separating the phases involved. Some key issues that need

to be addressed by a reliable mathematical model are:

e changes of topology, merging and breaking;
e formation of sharp corners, cusps, and singularities;

e dependence of the interface motion on delicate geometric quantities such as curvature

and normal direction;

e coupling between the interface motion and the underlying velocity field moving the

interface.

Among the methods proposed for the numerical transport of moving fronts over the past
decades, the Volume Of Fluid (VOF) method, the Front-Tracking Method (FTM), the Im-
mersed Boundary Method (IBM) and the Level Set Method (LSM) have become standard
numerical tools for multi-phase simulations. The VOF method [65] describes the interface
through a volume fraction scalar, thus ensuring, at least theoretically, discrete mass con-

servation. Nonetheless the scalar function is discontinuous across the interface and thereby
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a specific advection scheme is required at the cost of putting constrains on the time step
size and accuracy of the simulation. Moreover, the calculation of geometric quantities such
as interface normals and curvature could be challenging. The IBM by Peskin [52] and the
FTM by Unverdi and Tryggvason [81] make use of an unstructured moving mesh for the
discretization of the interface. In both methods the transport of the mesh is purely La-
grangian and thus they rely on delta functions to link the Lagrangian variables defined at
the interface with the flow field variables defined on an Eulerian grid. Unfortunately any
topological change or front-to-front interaction has to be handled manually by means of mesh
rearrangements, thus causing adverse effects on mass conservation. The LSM, pioneered by
the work by Osher and Sethian [49], represents the interface as the zero iso-level of a smooth
function, typically a signed distance function. The latter is transported in an Eulerian fash-
ion by solving a standard convection Partial Differential Equation (PDE) and kept smooth
through a re-initialization process. In the present study, the IBM is used to model solid

spherical particles, while the LSM is used to model liquid droplets.

2.2.1 Immersed Boundary Method

The IBM was originally developed by Peskin [52] to study flow patterns around heart valves.
The distinguishing feature of this method was that the entire simulation was carried out
on a Cartesian grid, which did not conform to the geometry of the heart, using a novel
approach to impose the effect of the immersed boundary on the flow. Even though the
original formulation was intended to model elastic membranes, the IBM has been extended
to treat other types of fluid-structure interactions, including the interaction of a fluid with a
solid boundary. This subsection will summarize the key ideas behind the IBM. For a more
in-depth analysis, the reader is referred to the review papers by Peskin [53] and Mittal and
laccarino [45]. The starting point of the IBM formulation is a Lagrangian perspective: the

immersed boundary I'(¢) is defined as a parametric surface via a set of curvilinear coordinates
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(g, 7). The position at time ¢ in Cartesian coordinates of each material point in I" is given by
X (g, t) and its velocity by U(q, r,t). Since a no-slip condition is required at the boundary,
U needs to satisfy U(q,r,t) = w(X(q,r,t),t). This requirement is imposed by introducing
a boundary force F'(q,r,t) acting on each material point in I'. The effect of F' is transferred

to the fluid by defining the forcing term f; in Eq. (2.19) as:

fi=f(xz,t) e = (/F F(q,rt)d(x— X(q,r, t))dqdr) e, (2.26)

where ¢ is the one dimensional Dirac delta function. Similarly the velocity at each point of

the boundary can be expressed in terms of the Eulerian velocity of the underlying fluid as:

U(g,r,t) =u(X(q,rt)t)= /Qu(:l:,t) dx— X(q,m1t))de . (2.27)

Equation (2.26) and (2.27) are interaction equations in that they convert from Lagrangian
to Eulerian variables and vice-versa. The flow field is still described by the whole-domain
Eq. (2.19), where the surface tension term s; is now neglected. When the IBM is used to
treat solid objects, the only effect of the forcing term f; is the enforcement of the no-slip
condition. Therefore the NSE can be solved throughout the entire computational domain,
including the interior of the solid body. In this case, the IBM would correctly model the
flow inside and outside the immersed boundary. However, an equation of motion has to be
provided for each material point X (g, 7,t) so that the interface can be tracked explicitly.
For the specific case of spherical solid particles, this can be done by using the kinematic

equations of rigid body motion
UX)=u,+w, x (X —x,), (2.28)

where x,, and u,, are the position and linear velocity of the particle center, and w),, the particle

angular velocity. These three quantities are computed by solving the equations of linear and
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angular motion of a rigid body. It should be emphasized that, by using Eq. (2.28), both
translation and rotation of the particle are accounted for. The equations of conservation
of linear and angular momenta for a solid spherical particle simulated via the IBM are
described in Subsection 3.3.2. The IBM has been used successfully used for the Direct
Numerical Simulation (DNS) of moving solid particles in a turbulent flow, see for example

the work by Uhlmann [79] and Lucci et al. [39].

2.2.2 Standard Level Set Method

The Standard Level Set Method (SLSM) was originally developed by Osher and Sethian [49]
to model fronts propagating with curvature-dependent speed. Over the years since its incep-
tion, it has been refined and applied to a multitude of moving interface problems in a wide
variety of different fields. Examples of applications include semiconductor manufacturing,
combustion and detonation, computer vision, surface-tension-driven flows and seismology.
The SLSM represents I'(t) implicitly as the zero level set of a smooth function ¢(x,t), i.e.
['(t) = {x | ¢(x,t) = 0}. It should be noted that the interface I'(t) has codimension 1
in 2. Embedding the front into a higher dimensional function allows the adoption of an
Eulerian perspective to treat a problem that is Lagrangian in nature. Moreover, due to the

smoothness of ¢, the interface unit normal can be computed via simple differentiation:

Vo
n=-—_—. 2.29
Vo (229
Similarly, the curvature can be obtained as:
Vo )
k=—=-V- | —==] . 2.30
(% (230
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As shown by Peng et al. [51], the interface T'(¢) is transported by the interface velocity wur
via:

96 96

Equation (2.31) is valid only at the interface because ur in not defined anywhere but at I'.
Consider now a velocity field w defined in the whole domain €. Also assume that u has
been computed by extending w off the interface and that w = u, at the front. Under these

conditions, Eq. (2.31) can be generalized to be valid in the whole domain:

99 99

0. (2.32)

Equation (2.32) is a standard transport equation and therefore a large number of well-
established methods are available for its solution. In the case of multi-phase flows with
non-reactive interfaces, w is the flow velocity field that satisfies 4 = wu; at the interface,
thus no dedicated algorithm is required to extend the front velocity off I'. Moreover, since
u = ur at each point on the interface, no normal fluid flux crosses I'. For incompressible

flows, Eq. (2.32) can be written in conservative form by using Eq. (2.1):

96 9

s + 8_:101(1“@ =0. (2.33)

Even though a certain degree of arbitrariness is allowed in the choice of ¢, it is convenient

to adopt the classic definition:

—d(x) in OF
d(x,t) = 0 at the interface ) (2.34)
d(x) in Q°
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where d(x) is a distance function given by:

d(z) = min |z — y| (2.35)

and y a generic point on the front. A level set function ¢ defined via (2.34) is called signed

distance function and offers many desirable properties:

e ¢(x,t) is differentiable almost everywhere on I

|V¢| =1 for almost! every point in the domain;

n = V¢ and k = —V2¢;

the closest interface point @y to a generic point x is given by xr. = x — |¢(x, t)|n.

While the solution of Eq. (2.33) correctly transports the level set ¢ = 0, it does not keep
¢ a signed distance function, i.e. |V¢| # 1, and may introduce irregularities like steep or
flat gradients in the solution. Maintaining ¢ as a distance function is essential for providing
the interface with a constant width. Also, the computation of the normal and the curvature
may prove difficult near a steep/flat gradient. In order to keep ¢ a signed distance function

at all times, the following reinitialization equation is solved to steady state:

20 4 S(6n(Vel ~1) =0, (2.36)

where 7 is a fictitious time, S the sign function and ¢q is the initial condition. This reini-
tialization technique was first introduced by Rouy and Tourin [62] and later perfected by
Sussman et al. [75]. The main drawback of the LSM is its inherent lack of conservation
properties. This is mainly due to the reinitialization Eq. (2.36) that tends to displace the

zero level set from its correct location, thus causing the volume enclosed by the interface to

!This property is not satisfied by the set of points that are equidistant from at least 2 points on the
interface. This set is called skeleton and, when it exists, it does not pose any numerical problem.
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shrink. Many strategies have been proposed over the years to address the issue. In particular
Enright et al. [23] used Lagrangian marker particles to correct the front position after the
Eulerian advection step, while Sussman and Puckett [74] coupled the SLSM with the VOF
method in order to take advantage of the good conservation properties of the latter. While

these techniques alleviate the issue, they also lose the original simplicity of the SLSM.

2.2.3 Accurate Conservative Level Set Method

In order to overcome the lack of conservation of the SLSM, Olsson and Kreiss [46] and Olsson

et al. [47] proposed to replace the level set function ¢ with a phase-field function :

bla,t) = % [tanh (¢(;”t)> + 1} , (2.37)

€

where € is a smoothing parameter that determines the steepness of the hyperbolic tangent
profile. It should be noted that the front, i.e. the level set ¢ = 0, is now represented by the
iso-contour ¢ = 0.5, that is I'(¢) = {x : ¢¥(x,t) = 0.5}. The transport of the interface can

still be performed by solving Eq. (2.33) for 1:

o 0 B
ot + g () =0 (2.38)

The solution of Eq. (2.38) together with the definition (2.37) conserves the volume enclosed
by the interface, as proved by Olsson and Kreiss [46] and Desjardins et al. [18]. As in the case
of the SLSM, nothing ensures that solving Eq. (2.38) will preserve the hyperbolic tangent
profile of 1. Consequently, the following re-initialization equation needs to be solved to
steady state to re-establish the shape of the profile:

o 0 0 o
or + o [H(1 —Y)n;] = oz, [6 (8_@%) n1:| 5 (2.39)
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where 7 is a fictitious time. Equation (2.39) consists of a compression term on the left hand
side that aims at sharpening the profile, and a diffusion term on the right hand size that
guarantees that the interface remains of characteristic thickness €. It should be emphasized
that this form of reinitialization is written in a conservative form and thus, unlike Eq. (2.36),
it conserves 1), at least theoretically. Equation (2.39) was devised by Olsson et al. [47] in
the context of the Finite Element Method and extended to the Finite Difference case by
Desjardins et al. [18]. One drawback of using a hyperbolic tangent profile in place of a signed
distance function is that calculating the normals and curvature by direct differentiation of
1 introduces spurious oscillations because of the steep-slope of the phase field function.
Desjardins et al. [18] suggested to re-construct a level set function ¢ = d from 1 and compute
normals and curvature from ¢ via Eq. (2.29) and (2.30). The method presented so far is
called Accurate Conservative Level Set Method (ACLSM) and it is used in the present study

to model deformable liquid droplets.

2.3 Models Used in the Present Study

In the present study, the flow field for the solid particle-laden turbulence case is modeled via
the whole-domain Navier-Stokes Eq. (2.19), where the surface tension term s; is set to zero.
The no-slip condition at the solid boundaries is imposed via the IBM, i.e. via the forcing
term f; given by the Eq. (2.26). Consequently, the carrier flow occupies the entire domain,
including the interior of the particles, and 7, = 1, = 1, i.e. the discontinuities in the material
properties are eliminated. In contrast, the flow field for the droplet-laden turbulence case is
modeled via the jump condition form of the Navier-Stokes Eq. (2.21). The jump conditions
(2.22), (2.23), (2.24) and (2.25) account explicitly for the multi-phase nature of the flow
and thus the material properties are now discontinuous. Finally, the gas/liquid interface is

modeled via the ACLSM.
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Chapter 3

Numerical Methods

This chapter describes the numerical methods of discretizing the equations used in the math-
ematical models presented in Chapter 2. The details of the computational domain mesh are
given in Section 3.1, while the projection method for the solution of the Navier-Stokes Equa-
tions (NSE) is discussed in Section 3.2. Section 3.3 and 3.4 describe the discretization of the
Immersed Boundary Method (IBM) and Accurate Conservative Level Set Method (ACLSM)
equations respectively. Finally, the solution algorithms are summarized in Section 3.5. In

the rest of the chapter, discrete operators applied to a variable o will be indicated by

o Oa d oo Oa
~ an —
where ”~"” stands for ”is a discretization of”. The symbols i, j, k (Serif font) indicate grid

indices and are not to be confused with 4, j, & (Roman font) used for tensor indices instead.
The discrete value of a variable o at a grid node (i,], k) at time step n will be indicated
by either af’ ik or af,. The former is preferred for vector and tensor quantities to avoid

confusion with tensor indices subscripts. The second order interpolation of a quantity «

25



along the x direction at (i, ], k) and time level n is defined by

axn a||+2,Jk+ O[|
i,j,k 9

|_§J7

a¥ and @ are defined in the same manner. The second order interpolation of a quantity «

in the xy plane at (i, ], k) and time level n is defined by

«a ||+2,Jk+ a |

2

i—3.J.k

—xy| 7Jk

aY? and a* are defined in the same manner. The second order differentiation operator

acting on a variable « along the z direction at (i, ], k) and time level n is expressed by:

(5205 " . Oé’inJr%,j,k Oé||77d k
(521‘ ijk n ox '
et et . . .
S0 and 5 are defined in the same way. Finally, the components u; of the velocity vector
2y 27

u will also be indicated by w, v and w so that w = (uy, ug, u3z) = (u, v, w).

3.1 Grid Arrangement

All the numerical simulations in the present study were performed in a rectangular domain
of sizes L, x L, x L., discretized via a Cartesian grid with N, x N, x N, nodes. The

position of each node is given by the triplet of coordinates (z;, yj, z«) defined as:

1
xi:<i+§>~5:c with 0z = Vi=0,1,.,N,—1

1

:(k+

?IF EI“ 218

Vk=01,.,N,—1 |

N | —

) -0z with 6z =
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where dz, dy and dz are the grid spacings in the z, y and z direction respectively. N, N,
and N, are chosen in a such a way that the resulting grid is uniform, i.e. dx = dy = dz. The
definition (3.1) provides a unique identification of each node by the triplet of indices (i, j, k).
Each node is the centroid of the cell I}, defined as follows:

Iis,j,k =[x

i1 Ii+% ] X [yj—%v yj—f—% ] X [Zk—%7 Zk—&-% ] : (32)

A discretization of the computational domain based on the definitions (3.1) and (3.2) is called
cell-centered. The type of discretization determines which kind of restriction/prolongation
operators should be used in the multigrid algorithm for the solution of the Pressure Poisson’s
Equation (PPE) as discussed in Appendix B. All the scalar variables of interest, namely p,
p, 1, ¥ and ¢, are defined at the grid nodes. In contrast, the velocity vector u = (u, v, w) is
defined component by component at staggered locations as described in [29]. For example,
the discrete values of u are stored at the locations given by the triplet (z; +%,yj,zk) that
is obtained by shifting the node (x;,y;, 2«) in the z-direction by 0z /2. Similarly, v and w
are defined at the locations (w,y;, 1, 2) and (i, 45, 21 ) respectively. A 2D sketch of the

staggered grid arrangement described above is shown in Figure 3.1.
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Figure 3.1 Sketch of a staggered grid in the zy plane. The scalar variables are defined at the grid
nodes (black circles), while u (blue rectangles) and v (red rectangles) at the faces of a
scalar cell.
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3.2 Projection Method

The numerical solution of the Navier-Stokes Equations (2.19) and (2.21) is performed via
the projection method by Chorin [16, 17]. Both equations can be re-written in the following

compact form:

0 U;
ot

=Ci+P+V,+ B, (3.3)

where the convective term C}, the pressure term F;, the viscous term V; and the body forcing

term B, are:

0

Co= =g, ) - (3.4)
J
1 0p
Y (3.5)
1 om; 1 0 Ou;  Ou;
= pRedx;  pRe {,u (axj * 3@)} ’ (3.6)
Bi—g—i+%+%. (3.7)

It should be noted that not all the terms in B; need to be retained. When solving for
immersed solid boundaries via the IBM and Eq. (2.19), the surface tension term, s;, is set
to zero. In contrast, when solving for a two-fluid system via Eq. (2.21) and the ACLSM,
both f; and s; are set to zero, and the effect of the surface tension is included via the jump

condition (2.25). Equation (3.3) can be further simplified by defining the fluid acceleration

Rui:Ci—FV;Z
ou;
‘=R, +P +B,. .
o= R Pt (3.8)

The numerical solution of Eq. (3.8) via the projection method consists of the following steps.
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1. A tentative velocity u} is computed by advancing in time Eq. (3.8) without P; and B;.

This is accomplished by using a second order explicit Adam-Bashforth method:

* n n n—1

Wiloy =l bwr R, b ws Rl
it 4,k Hit 3k twy - Ry, i+3.0k +wy - Ry, i+3.0k
* n n n—1

u‘ :u‘.. wy - R | wy - R ‘ 3.9
2lij+3.k 2lij+1 k T WL L, 435k Wy L, ijt5k (3.9)
* o n . |n . ‘n—l

Yalijhrs — “3’i,j,k+% e fug ek T2 Fuy bkt

where n indicates the time level. The weights w; and w9 in Eq. (3.9) are computed as:

St + 25t 1
= G
w 26¢n—1 ’
(3.10)
ot"
= — ot"
W2 = o1t

where §t" = t"*t!1 — ¢" and 6t"' = t" — t"! are time step widths. This formulation
of the second order Adam-Bashforth scheme allows for variable time stepping. The

discretization of C; and V; in R,, is discussed in Subsection 3.2.2 and 3.2.3.

2. A second tentative velocity u;* is obtained by considering the effect of B; via a first

order explicit Euler scheme:

n

*k % n

Ui Lk = u1|i+%,j,k +ot" - Bl‘i-ﬁ-%,j,k ,
sk % n n

Y2 gtk = u2|u+%,k ot B2‘u‘+%,k ) (3.11)
sk % n n
3 Lkt = Uslijerr T ot 'B3’i,j,k+§ .

3. A PPE is solved to compute the pressure p at time level n + 1:

SP™ s 1op "™ 1 St

_ _ - - , (3.12)
ox; ik 0x; \ pox; ik ot dox; ik

The discretization of the PPE is described in Subsection 3.2.4.
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4. Finally, u}* is corrected by P""! to obtain the divergence-free velocity at the next time

level uf
“ﬂanj%l,j,k =y i+ ik T &npl‘rj%ldyk = ur Hgak o 6%97) :Jk ’
“2‘:;;1%* = uy’ ik T 5tnp2‘:;1%7k = g’ gk o (%%) in:é,k @43
“3‘:;«1% = U3 ey T &np?":iir% =5 ey O (%%> :1;%

3.2.1 Discretization of the Material Properties

The dimensionless density, p, and molecular viscosity, p, appear in the pressure gradient
term, P;, in the viscous term, V;, and in the forcing term, B;. The discretization of the
material properties depends on the method used to describe the interface. In the IBM
framework, only one fluid exists in the entire domain (cf. Section 2.2.1), i.e. the carrier
fluid. Consequently, the discrete density field, p., and the discrete molecular viscosity field,
e, are constant. Moreover, the carrier fluid is taken as reference (cf. Section 2.1.3), and

thus
Pe=pe=1. (3.14)

The above definition implies that the PPE (3.12) is separable, i.e. it can be re-cast in the

following form:

o [ op

The discretization of the material properties for a fluid/fluid interface is more challenging

+1
" . 1 52’&:*
n .
Lk ot 52£L'l

(3.15)

ik

because both p and p are discontinuous. In the context of the ACLSM framework, the
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discrete material properties p. and p. are defined at the grid nodes via

pe=1+ (np - 1)¢ and pe =1+ (77u - 1)¢ ) (316)

where the density ratio, 7,, and the molecular viscosity ratio, 7,, are defined in Eq. (2.14)
and (2.15). By using the above definitions, the discontinuities in p and p are smeared out
over a band of size proportional to €, the smoothing parameter that defines the steepness of
the phase field function ¢ (cf. Section 3.4). The smooth treatment of the material properties
corresponds to the Continuum Surface Force (CSF) approach developed by Brackbill et al.
[10]. A direct consequence of smearing the jump in the molecular viscosity is that the

pressure jump condition (2.25) reduces to:

pl.=p"—p" =4 (3.17)

In this study, the definitions (3.16) are used to discretize the density and viscosity in V; and
B;. In contrast, the density jump in P;, as well as the pressure jump condition (3.17), are
captured via the Ghost Fluid Method (GFM) without introducing any numerical smearing,

as shown in Subsection 3.2.4.

3.2.2 Discretization of the Convective Term

The convective terms C; are discretized via second order centered finite difference as follows:

of | —-[HEE), s s
i+1..k i 0o 523/ 022 i1,k
n [ 5o (T 5o (TVTY So (T 1"
of | = |2IE), W), Z(Uw)} : (3.18)
ijt35.k L 52-'17 523/ (522 i,j+%,k
ol - [E@®)  &@T) 5z<wzw2>}”
ikt 3 Y 09y 092 k1
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The discretization given by Eq. (3.18) is conservative. It should be noted that C},Cy and

Cj5 are defined at the same staggered locations of u, v and w respectively.

3.2.3 Discretization of the Viscous Term

The viscous terms V; are discretized via second order centered finite difference as follows:

_ =n n+1
n . 1 (52(7}”) 52(7'zy) i 52(7_15,2) 1
1 . - ’
itk Re | dox 0oy 0oz | ik Pl
i+54
176 5 5o(7,) 1" ™
‘/2 - 2<Ty$> 2<Tyy) + 2<Tyz) - ’ (319>
ij+ik  Re | o 02y 092 Bigtdn Pelin,
Ljt3,
_ n n+1
V. n . 1 62<sz) 52(sz) 52(Tzz) 1
ikt Re | o Sy oz o ’
ijk+35 ¢ | 2 2y 2 ] i,j,k+% Pe i,j,k+%

where p. is the discrete density field defined in Eq. (3.14) and (3.16). It should be noted that
Vi, Vy and V3 are defined at the same staggered locations of u,v and w respectively. The
stress tensor components 7., T,, and 7., are discretized at staggered locations consistently

with the position of the discrete derivatives in Eq. (3.19):

n
n M n-|—1 52u
Txm|- L 6" e e
i+1,),k i+1,j,k 523; 1k ’
n
n ey L Op T o9y 3.20
Tx}-l-l = Me "1'1 ’ ’
Ylitgitak adtak \ by dox i+%,j+%,k7 (3:20)
n
n u—mz n+1 dau + daw
Tmz}-l- 1 = HMe }-1- 10
i+ 5.0kt 5 i+3::ktg 09z 09 i1kl ’
2:0:KT3

where g, is the discrete dynamic viscosity field defined in Eq. (3.14) and (3.16). The remain-

ing stress tensor components are computed in the same fashion as 7, 7, and 7,.. It should

be emphasized that p. and p. in Eq. (3.19) and (3.20) are computed at time step n + 1.

32



3.2.4 Discretization of the Pressure Poisson’s Equation

The PPE (3.12) is discretized on the grid nodes where the pressure p is defined, by using
second order centered finite differencing. As discussed in Subsection 3.2.1, p. = 1 in the
whole domain for the case of solid particles simulated via the IBM. Therefore, Eq. (3.12)
can be re-cast to Eq. (3.15) and discretized with standard finite differencing. Its solution
can then be performed efficiently via the Fast Fourier Transform (FEFT) or via an iterative
method for sparse linear system. The case of liquid droplets presents additional difficulties
because of the jump-condition form of the governing equations used in this case. Particularly,

in the pressure gradient term P;:

1. the density is variable, and

2. both density and pressure are singular at the interface.

Item 1. implies that the PPE (3.12) is non-separable, that is, it cannot be re-cast into the
standard Poisson’s Eq. (3.15). As a result, the FFT cannot be used. Item 2. implies that
standard finite differencing is not a good choice in the neighborhood of the interface where
the jumps in density and pressure have to be accounted for. A suitable discretization for the
Left-Hand Side (LHS) of Eq. (3.12) for this case can be obtained by using the GFM [36, 31].
The GFM assumes that the jumps at the interface are known and can be extended off the
interface by continuity through a Taylor series. More details on the GFM and its derivation
are given in Appendix A. In what follows the focus will solely be on how the method is used
in a 1D domain: the extension to 3D can be obtained by applying the 1D method in the
three directions. In a 1D domain, the PPE given by Eq. (3.12) reads:

O (Lop
ox \ pox

nt1 . 1 52U**
n otn (5237

(3.21)
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The LHS of Eq. (3.21) is discretized at node i via second order centered finite difference

together with the GFM and reads:

o (Lop
ox \ pox

where [p], and [p],; account for the pressure jump condition (3.17). In particular, the pressure

nt1 _ pip1—Di — [Pl _ bi—DPi1— [p], (3.22)

PR Ox? pr, 02

jump [p|, at the interface located between i and i+ 1 is defined as:

p

kp/We  if oM >0, ¢ <0

i+1

Plr = —kg/We if oI <0, " >0 (3.23)

0 otherwise (no interface)
\

Linear interpolation is used to evaluate kg, the curvature at the interface located between i

and i + 1:
ki p+1 + ki p+1
kp = “’(f'H | nlj)l'“ : (3.24)
|67 + o7
while the effective density pg is computed as
Pi|¢in+1| + pi+1|¢in++11

oM + o

The quantities [p],, k. and p;, associated with the left side of the stencil can be calculated

similarly by applying stencil symmetry. The full discretization of equation Eq. (3.21) is

therefore:
e D s L Y R S R | PR/ (3.26)
pr 012 pr 0x2 dx 5tn pr 022 pp dx? '

It should be noted that the pressure gradient in the correction step (3.13) must be treated

in the same way that is used for the discretization of Eq. (3.12). In a 1D case, the correction
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step is

n+1 n+1
n *x n [ Pi — D - [p]
ui—:_ll/Z = Uiy — 0t ( = on 0T R) : (3.27)

3.2.5 Time Step Restriction

In order to ensure the stability of the simulations, the time step, dt, was computed to satisfy
the Courant-Friedrichs-Lewy (CFL) condition. The projection method coupled with the
IBM proved to be stable for §t < dx/2. In contrast, the projection method coupled with the

ACLSM required adaptive time stepping. For this case, the dt was computed to satisfy:
icC<1, (3.28)

where C is a coefficient that accounts for the stability requirements of the convective, viscous,

gravity term, and surface tension term. Kang et al. [31] derived the following definition of

C:

(Cc+Cy) + \/(CC +Cp)? +4C2 + 4C?

pr— .2
¢ 5 , (3.29)
where the coefficients C., C,, C4, and C; are:
~ max(u) max(v) max(w)
Co = ox * oy + 0z
2 me (L1
€= e (1’ ) (6 T o +6z2)
(3.30)
1
C.o— ./ —
g Sgt

K/max
Co = \/Qﬂe min(1,7,) min(dz?, 6y?, 622)
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In the above definitions, 1, and 7, are the density and molecular viscosity ratio defined in

Subsection 2.1.3, while &,,4, is the maximum value of the local curvature of the interface.

3.3 Discretization of the IBM Equations

As mentioned in Subsection 2.2.1, the IBM relies on a set of curvilinear coordinates attached
to the interface being tracked. In discrete terms, this means one has to provide a Lagrangian
discretization of the interface in addition to the Eulerian grid used for the discretization of the
computational domain. In this work, the IBM is used to model solid spherical particles. The
surface of each particle is discretized via a uniform distribution of N; Lagrangian points. The
location X; = (X}, Y], Z;) of the [-th Lagrangian point is given as a function of the position

x, = (Zp, Yp, 2p) of the center of the particle by:

X, =z, + R, sin(0;) cos(p;)
Y, =y, + R, sin(6;) sin(y;) (3.31)
Zy =z, + R, cos(6))

where 6; is the polar angle, ¢; the azimuthal angle and R, the particle radius. It should be

emphasized that R, is constant since the particles are solid spheres. 8; and ¢; are calculated

by using the explicit spiral set proposed by Saff and Kuijlaars [64]:

2(1—1)
0, — =1 1<I<N
, = arccos(¢;) , ¢ + N1 S U N
o =N =0, (3.32)
3.6
=1 +—, 1<I<N.
YL = Pi-1 N(-) !
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3.3.1 Computation of the Forcing Term

The effect of the solid particles on the flow is accounted for via the forcing term f; at step
2. of the projection algorithm (cf. Section 3.2). In order to compute f;, the intermediate

velocity u}, defined on the Eulerian grid, is mapped to the Lagrangian points via

= ul(@)op(@ — X" 02> Vim, (3.33)
el
where m € [1, N,] is an integer indexing a specific particle and N, is the total number of
tracked particles. The above equation is a discretization of Eq. (2.27). In Eq. (3.33), ¢,

represents the three-dimensional regularized three-point delta function proposed by Roma

et al. [61]:
m 1 . x; — (X"
(e — X" = 55(7“1)5(7’2)5(7’3) with r; = T (3.34)
where
(1
S0+ V=3, if |r] < 0.5
1
o(r) = =30 - VI=3(1—=]r)?), if05<|r|<15 - (3.35)
0, if |r] > 1.5
(

A graphical representation of §j is given in Figure 3.2. Once the Lagrangian intermediate
velocity U is known, the Lagrangian forcing F; required to impose the no-slip condition at
the interface can be calculated as:

Us( X" = U (XT)
otn

F(X]) = Vim, (3.36)

37



where U;(X]") is the velocity at the Lagrangian point X" obtained by applying the rigid-

body motion (2.28):
UX7)|™ =" 4w M (X — ™) (3.37)

where u,, and w,, are the linear and angular velocity of the particle center. Finally the forcing

term f; is obtained by mapping F; to the Eulerian grid via:
Ny N
fil@) =) Y F(X[)on(@ — X[)AV™ (3.38)

m=1 [=1

where AV,™ is the volume associated with the I-th force point:

m __ @ 2 2
AV = S (128 + 01%) (3.39)

Equation (3.38) is the discrete version of Eq. (2.26).

Figure 3.2 Eulerian grid points (triangles) influenced by the force at the Lagrangian grid point
(white circle) of the particle spherical surface (black line) (from [39]). Three-
dimensional, three-point J; function by Roma et al. [61].
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3.3.2 Computation of the Particle Motion

The linear and angular velocities u, and w,, and the center position x, are computed for each
particle by solving the following Ordinary Differential Equations (ODEs) that were derived
by Lucci et al. [39]:

dx™

el
dum 1 N Fm
o N OF(X)AV g+ ——B
dt (1= pp)Suy &= (X7)AV, (o — 1) (3.40)

dw™ 1 ! 1 d
p _ _— m _ m m m La _om
= g o ) < sy s e [ e e e

where p*, Q7 and I" are the dimensionless density, volume and momentum of inertia of
the m-th particle respectively, and F; is a repulsive force that avoids the overlapping of
particles (or penetration into each other). A detailed discussion on F' is given in [39]. The

above equations are integrated in time via a second-order Adam-Bashforth method.

3.4 Discretization of the ACLSM Equations

The phase-field function v defined by Eq. (2.37) is discretized at the grid nodes. As pointed
out by Olsson et al. [47], choosing a small value for the smoothing parameter € is crucial
to achieve conservation of the volume bounded by the ¢ = 0.5 iso-surface. On the other
hand, if € is too small compared to the grid size dx, over- or under-shoots may affect the
steady-state solution of Eq. (2.39). € is set to be proportional to the grid size by using the

relation given by Olsson and Kreiss [46]:

(3.41)
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where d > 0 is a parameter that influences the steepness of 1. d > 0 improves the stability
of the method, while d = 0 delivers better conservation properties. All the tests performed
showed that d = 0 was the best choice for the purposes of this study. This correspond to an

interface width of about three to four grid spacings.

3.4.1 Interface Transport Equation

The transport equation (2.38) is advanced in time by using a second order explicit Adam-

Bashforth method:
n+1 n n n—1
Pl = Vgt wr - Byl +wa - Ryl (3.42)

where the weights w; and ws are given by Eq. (3.10). The term R, represents a conservative

discretization of the Right-Hand Side (RHS) of Eq. (2.38):

RN — 1) n B F|?+%,j,k - F’in_%d',k G|,J+ K G“jj—%,k
¢|i,j,k - 57(“#@ =—- 57 5 +
@ ik
J (3.43)
H|ir:j,k+% - H‘ir:j,kfé
0z ’

where the numerical fluxes F'; G and H are approximations of the convective terms ui, v
and w respectively. In order to evaluate Iy at the grid nodes, the numerical fluxes need to
be computed at the velocity locations, i.e. at the faces of the scalar cell I’ . The procedure
to compute F' will now be described; G and H are obtained by applying the same procedure

in the y and =z direction respectively. F|’ L1 Is calculated via the following upwind scheme:
2 W

+|"n R
F|'+27Jv Y |i+%7j7k ¢.+21k+ u }H—%,j,k i1k (3.44)
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where the superscripts + and — indicates the positive and negative part!. ¢£L 1ik and wﬁ 1ik
2 2

are left and right approximations of the phase field function at the cell face (i + %,j, k) where

1 is not directly available. These approximations are computed via the following linear

reconstruction:

ox
L n
¢i+%,j,k = ¢|i,j,k + 75i,j,k )
5 (3.45)
R n z
ik T ¢|i+1,j,k - 75i+1,j,k )

where the slopes s;j« and s;11« are calculated by using a slope limiter §(a,b) as follows:

Y — ¥
Sijk = 0 < ’|+1,J»k

ox

Yl
Sit1k =0 ( =

n n n
ik w’i,j,k - w’il,j,k)
) )
ox

(3.46)

- 1/)|?+1,j,k 1/)|?+1,j,k — ¢|Ej7k
ox ’ ox

The choice was made to use the Superbee slope limiter developed by Roe [60]:

(

sign(a) max(|al,[b]) if a-b>0 A |a|/2 <|b] < 2|a|,
0(a,b) = < 2sign(a) min(lal, o) if a-b>0 A (|a|/2> 10|V |b] >2]a]), (3-47)

0 if a-56<0.

\

The discretization method presented here was proposed by Olsson and Kreiss [46].

3.4.2 Reconstruction of the Signed Distance Function

Using a phase-field ¥ function instead of a signed distance function ¢ is beneficial to volume

conservation, but reduces the accuracy of the calculation of normals and curvature. Des-

IThe positive part a™ of a real variable a is defined as a* = max(a, 0). Similarly the negative part a~ is
a~ = min(a,0).
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jardins et al. [18] pointed out that m and k are strongly sensitive to spurious oscillations in

¢ if they are obtained by direct differentiation via

Vy

and

K=V (%) . (3.49)

In fact, an oscillation in v will appear as a large change in direction of the normal vector and
therefore normals computed using Eq. (3.48) are not suitable for the solution of Eq. (2.39).
The problem is even more serious for a curvature calculated via Eq. (3.49) since two levels
of differentiations are involved in the process. In order to alleviate this problem, Desjardins
et al. [18] proposed to compute m and x from the signed distance function ¢ defined in
Eq. (2.34). Thus, ¢ has to be reconstructed from the phase-field function ¢. This is ac-
complished by using the Fast Sweeping Method (FSM) described in Appendix C. The initial

condition used to start the fast sweeping algorithm is

2eatanh( 2¢x — 1) ‘ if ‘ 2eatanh( 2¢;k — 1) | < oz,

dijx = (3.50)

+00 otherwise

where the time index has been dropped for clarity. Therefore d is initialized with large
positive values everywhere in the domain except in a small band around the interface, where
the exact distance is computed by inverting Eq. (2.37). After the distance function d has been
reconstructed, the signed distance function ¢ is obtained by applying the definition (2.34).
It should be emphasized that the nodes initially set to the exact solution via Eq. (3.50) are

never updated during the whole reconstruction procedure.
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3.4.3 Calculation of the Normal Vector

The solution of the reinitialization Eq. (2.39) requires the computation of the normal vector
n at the faces of the scalar cell [}, as explained in Subsection 3.4.5. n could easily be
computed at the scalar nodes via standard centered finite difference and then interpolated at
the cell faces (cf. Figure 3.3a). However, this approach would introduce spurious oscillations
as shown in [18]. A better alternative is to define face normals directly at the cell face

locations. The z-face normal n” at (i + 3,], k) is computed as follows (cf. Figure 3.3b):

(N, Ny, NY)

n’” i+%,j,k = s (351)
VR (N (N2 ]
| 577
where
026 02" 520"
f|il'k:_ ) x-;- = < ) f|il'k:_ -(3-52)
+27J7 52:E i+%7j’k Y ||+2,J7k 52y i+%7j7k +27J7 i+%’j’k

The y- and z-face normals n¥ and n* are computed in the same fashion (cf. Figure 3.3).

This scheme was devised by Desjardins et al. [18].

° [ ° ° ‘Q [ ° ,,,?,,, °
f x
. - EEE . +x. . ——e---{---e
(a) centered differencing (b) z-face normal (c) y-face normal

Figure 3.3 Stencils for the discretization of the normal vector. The black circles represent grid
nodes, while the red cross symbol shows where the normals are computed. The dashed
lines indicate the stencil used.
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3.4.4 Calculation of the Curvature

In order to compute the curvature x at the grid nodes, one could simply discretize Eq. (3.49)

by using the face normals:

ooy~ s Wy ey
w|i+%4,k ”w|i—;,j,k+”y kT i,j,k—éJr”Z kel elije-d

ox oy 0z

n

(3.53)

Rijk =

Since ¢ is recomputed at every time step via the FSM, inaccuracies in the distance field are
to be expected. Therefore Eq. (3.53) cannot produce an accurate curvature because it relies
on two levels of numerical differentiation of ¢. In this study x was computed via a Least
Squares Reconstruction (LSR) as proposed by Marchandise et al. [41]. This approach will
now be described for a 2D domain. Consider a generic variable a;, known at each node, that
is polluted by some inaccuracies. The goal is to reconstruct the values of the derivatives of
a so that the effect of these inaccuracies is minimal. In order to do so the data surrounding

each node (i,]) is assumed to behave quadratically via a second order Taylor’s expansion:

« «
Aippj+m — Qij = E’ -pox + @ - moy+
I’-] |7J
(3.54)
1 6« 1 6% 52
53| - (Pir)’+ 5 2 - (péz) - (mdy) .

The above equation links the value of v at (i, ) with that at a surrounding node (i+p,j+m).
If Eq. (3.54) is applied to each node defined by the pair of integer indeces (p, m) € [—p, p] X

[—¢, 4]\ (0,0), one obtains (2p+ 1)(2¢+ 1) — 1 equations of the form (3.54). The associated
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linear system reads:

Yo"
Sz
oo
oy
o
2
o
oy?
pdxr  qdy  5(pdx)® 5(qdy)* pqdxdy e
0xdy

—pox  —qdy 5(pdx)* 5(qdy)* pgdxdy

g Qi—p,j—q — Qi

i?j

= (3.55)

I’J

i’j

Qitpitq — Aij

i
If p and g are chosen so that (2p+1)(2¢+1)—1 = 5, i.e. equals the number of unknowns, the
system (3.55) is determined and can be solved. This, however, would simply give derivatives
still affected by the inaccuracies in «. If instead, p and ¢ are chosen so that (2p+1)(2¢+1) —
1 > 5, the system (3.55) is over-determined but can still be solved in a least square sense?.
A least square solution has the advantage of minimizing the expected deviation between «
and the unpolluted solution that o approximates. In order to compute the curvature at node
(i,]), the system (3.55) is first solved with @ = ¢ and p = ¢ = 2; the normal n at node (i, ])

is then computed as:

N,, N,
(N, ;) with N, = oo and N, = oo . (3.56)

n|. = ——=
1) 2 2 Yy
VNZ+ N oz |, oy |i;
Next, the system (3.55) is solved again twice, for a = n, and o = n,, and the curvature

is finally obtained as:

ony
"=

I?J

ony
oy i )

2@Given an over-determined linear system Ax = b, the least square solution is obtained by solving A’ Az =
Ath.

(3.57)
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3.4.5 Reinitialization Equation

The reinitialization Eq. (2.39) is a key step in the ACLSM in that it allows maintaining
a fixed interface width at all times. The integration in pseudo-time 7 of Eq. (2.39) was
performed via a second order Runge-Kutta scheme that comprised the following steps (the

node indices have been dropped for clarity):

1 n 57— n
YTt =gt o R
(3.58)

2ﬂnJrl _ wn + 57 - R"""%
= " ,

In Eq. (3.58), 07 = dz/2 is the time step and Ry, represents a conservative discretization of

the RHS of Eq. (2.39):

Ryl = — F|i+%,j,k - F|i—%,j,k _ G|i,j+§,k - G|i,j—%,k B H|i,j,k+§ - H|i,j,k—% . (3.59)
b ox oy 0z
with the numerical fluxes F', G and H defined as:
[ S0 . &0 L G0
F — . 1 _ xX X x x
vl —1) +e (5230 ny + 520 n, + 527 n? || nk,
[ Y S A
G=|—-¢(l- y y Y y 3.60
2/}( w) +€ ( (SQZL' Ny + 52y ny + 522 n; ny ) ( )
[ U RS NUSSAN
H — _ 1 _ z z z z .
Y1 =) +e ( 5o + 520 n + 52" | | ™

The face normals in Eq. (3.60) are computed as described in Subsection 3.4.3.
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3.5 Full Solution Algorithm

Steps of the projection method coupled with the ACLSM

1. Advance the phase-field function v from time level n to n + 1 by using the schemes

outlined in Subsection 3.4.1.

2. Reconstruct the signed distance function ¢"*! from 1"*! by using the FSM as described

in Subsection 3.4.2.
3. Compute the face normals by using the discretization presented in Subsection 3.4.3.
4. Compute the curvature via the LSR outlined in Subsection 3.4.4.

5. Reinitialize the hyperbolic tangent profile of 1"+ by solving the reinitialization equa-

tion as described in Subsection 3.4.5.

6. Compute a tentative velocity u;* by performing steps 1. and 2. of the projection

method detailed in Section 3.2. For this case, f; = s; = 0.

7. Compute the pressure p"*! by solving the PPE (3.12). The GFM is used to discretize
the PPE near the interface; the curvature computed at step 4. is used in the jump

condition.

n+1

8. Compute the velocity field w; ™ at time level n + 1 by applying the correction step.

A graphical representation of the above solution algorithm is given in the flowchart in Fig-

ure 3.4.
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C START )

Interface transport: " — "t}

Reconstruction step (FSM): "1 — @+t

Compute n and x from ¢"!

Reinitialize ¢! n=n+1

Predictor step: u" — u* — u**

Solve PPE: p" — p"t!

Correction step: w**, p"t! — g+l

NO

"t >t

YES

C END )

Figure 3.4 Flowchart describing the steps of the projection method coupled with the ACLSM.
This algorithm is used for the simulation of liquid droplet-laden turbulence.
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Steps of the projection method coupled with the IBM

1. For each solid particle, solve the ODEs in Eq. (3.40) to compute x,, u, and w, at the

next time level n + 1.

2. Compute a tentative velocity u; by performing step 1. of the projection method de-

tailed in Section 3.2.
3. Compute the forcing term f; by using the method outlined in Subsection 3.3.1

4. Compute a second tentative velocity u;* by performing step 2. of the projection method

detailed in Section 3.2. For this case, s; = 0.

5. Compute the pressure p"™! by solving the PPE (3.12). Standard centered finite differ-

encing is used to discretize the PPE. In this case, the PPE is separable.

n+1

6. Compute the velocity field w; ™ at time level n 4+ 1 by applying the correction step.

A graphical representation of the above solution algorithm is given in the flowchart in Fig-

ure 3.5.
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C START )

For each particle, compute: &)™ ur™  wit!

Predictor step 1: u" — u*

Compute IBM forcing term f;

n=n+1

Predictor step 2: u*, f; — u**

Solve PPE: p" — pnt!

Correction step: u**, p"™! — u"!

NO

st

YES
C END )

Figure 3.5 Flowchart describing the steps of the projection method coupled with the IBM. This
algorithm is used for the simulation of solid particle-laden turbulence.
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Chapter 4

Validation of the Numerical Methods

The numerical methods presented in Chapter 3 were validated by comparing the numerical
with the exact solution for a number of test cases. Fach test problem was designed to
assess the behavior and accuracy of the solution algorithm under different conditions. A two
dimensional domain of size L x L was considered in all the tests. In what follows, /N indicates
the number of grid nodes in each direction. The relative error of a numerical variable o at

node (i,]j) is represented by &(«):

. Ya#0, (4.1)

]

T

where @ is the exact solution. The numerical accuracy of o was measured via the norm 1,

Li(«), and the norm infinity, L..(«), of the absolute error:
1 _ —
Lyi(a) = N—%Zm—am , Le(a) = max|a —aly , (4.2)
i

where Ny is the number of grid points used to compute L;. Both norms are calculated by

considering all the grid nodes in the domain, unless otherwise stated. This chapter focuses
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exclusively on the validation of the numerical methods used to treat fluid/fluid interfaces,
namely the Accurate Conservative Level Set Method (ACLSM), the Ghost Fluid Method
(GFM) and their coupling with the projection method for the solution of the Navier-Stokes
Equations (NSE). The reader is referred to [38] for a detailed analysis of the accuracy and

performance of the Immersed Boundary Method (IBM) used to simulate fluid /solid interfaces.

4.1 Zalesak’s Disk

The algorithm for the transport and reinitialization of the phase field function, 1, was tested
by simulating the rigid body rotation of a notched circle, also known as Zalesak’s disk [84].
This test checks whether the numerical schemes used to discretize the ACLSM equations is
capable of correctly resolving sharp corners and thin geometric structures. Initially, the disk
is centered at the point (0.5,0.5) in a square domain of size L = 1, with a notch of height
0.4 and width 0.1. A constant velocity field given by

u(z,y) = g(y —0.5) and v(x,y) = g(0.5 — ) (4.3)
is applied to the disk for the entire simulation. Consequently, the disk is expected to rotate
around the point (0.5,0.5) without changing shape. The test was run until ¢ = 4, that is
until the interface completed a full rotation. The simulation was repeated for four different
meshes of 32, 64, 128, and 256 grid points in order to assess convergence under grid refine-
ment. In all cases, the time step width, §t, was set to dx/4. After each advection step,
the reinitialization Eq. (2.39) was solved for four pseudo-time steps. Figure 4.1 displays the
shape of the disk after one full rotation. The coarsest grid tested (N = 32) does not allow
the accurate resolution of the sharp corners, resulting in large deformations of the interface.

By increasing the grid size (N = 64, 128, 256), the solution becomes satisfactory.
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0.50-

0.40F
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Figure 4.1 Notched disk after one full rotation. The black line is the exact solution obtained by
a rigid body rotation. The cyan, green, blue and red lines are the numerical solutions
obtained on grids of 32, 64, 128, and 256 mesh points respectively.

Table 4.1 shows the norm 1 of the absolute error of the numerical solution after one full

rotation for increasingly finer meshes. The norm is computed in a band of width 8)x around

the interface. It is seen that the order of convergence is between 1 and 2. This is expected
since Eq. (2.38) for the transport of ¢ is discretized via a numerical scheme that is of order
less than two for non-smooth solutions (cf. Subsection 3.4.1). The conservation properties
of the ACLSM were tested also by computing the volume enclosed by the interface, Q7 at

time step n via
OF|" = dzoy > Yl (4.4)
i
Figure 4.2 shows the temporal development of error of the volume relative to the initial
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volume for different grids. It should be noted that the conservation properties of the ACLSM

are excellent, even when the interface is subjected to strong deformations.

Table 4.1 Norm 1 of the absolute error of the numerical solution in a band of width 8dz.

N Li(vy) Order

32 2.38-107° -

64 7.43.107 1.68
128 1.97-1076 1.92
256 7.80-1077 1.33

2e 12 [ : |
— N =232
—— N=64
—— N=128
——— N =256

Figure 4.2 Temporal development of the volume error relative to the initial volume (%).
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4.2 Accuracy of the FSM Reconstruction

The accuracy of the Fast Sweeping Method (FSM) was tested by reconstructing a signed
distance function, ¢, from a given phase field function, v, for the case of a 2D circle of radius
R = 0.25. The circle was centered in a square domain of size L. = 1. The exact signed
distance function, ¢, and the corresponding phase field function, v, for this configuration

are given by

o(x,y) = \/(:v —05)2—-(y—05)2—R (4.5)

and

€

(x,y) = % (tanh (1_25> + 1) . (4.6)

The initial condition for the FSM is obtained from ¢ via Eq. (3.50). Initially, a tentative
signed distance function, ¢*, is computed via the first order FSM. Subsequently, ¢* is refined
in a small band around the interface by using a third order FSM*. It is seen in Table 4.2 that
the reconstruction method used in this work yields a fourth-order numerical signed distance

function, ¢, despite the scheme used in the refinement step being only third order accurate.

Table 4.2 Development of the error of the signed distance function ¢ for increasingly finer grids.

N Li(¢) Order Lo (o) Order

32 8.95-107° - 1.82-1073 -

64 5.23-1076 4.10 4.13-107° 5.46
128 3.10- 107 4.08 1.88 1076 4.46
256 1981078 3.97 1.10- 1077 4.10
512 1.22-1079 4.02 5.70 - 107° 4.27

!The third order accuracy is achieved via a third order WENO scheme (see [85]).
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4.2.1 Accuracy of the Normal Vector Calculation

The exact normal, 7, for the signed distance function defined in Eq. (4.5) is given by

Vo _ (x-05,y-05)
Vol (z =052+ (y—05)?

n=

(4.7)

The numerical normal vector, n, was computed from the level set function after the FSM

reconstruction. Two different methods of computing n were tested, namely

1. a standard second order centered Finite Difference (FD) scheme, and

2. asecond order Least Squares (LS) scheme.

The FD scheme to compute n at the grid node (i, j) reads:

Ne, N, : i1 — Pliciy
n,; = 2o M) wm<mzd“ﬂ¢l“

5= /NIt N2 201

while the LS solution is obtained by solving Eq. (3.55) with a = ¢, and then computing n

_ Plijr1 — Plijs
20y ’

and N, (4.8)

at the grid nodes via Eq. (3.56). Table 4.3 shows that both methods achieve second order
accuracy, with the FD scheme producing slightly smaller absolute errors. It should be noted
that the normal vector comes into play only in the re-initialization Eq. (2.39). As mentioned
in Subsection 3.4.5, a conservative discretization of Eq. (2.39) requires n to be computed at
the faces of a scalar cell via FD. Therefore the results for the circle test presented here are
not meant to verify the accuracy of the face normals used in the reinitialization equation,

but only to analyze the effect of the high order FSM on the geometric properties of ¢.
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Table 4.3 Development of the absolute error of the numerical normal n under grid refinement.
The norms were computed by considering a band of width 8 = around the interface.

FD LS
Li(n) Order Ly (n) Order Li(n) Order Ly (n) Order

32 4.02-1073 - 2.11-1072 - 6.87 - 1073 - 5.50 - 1072 -

64 9.87-107* 2.03 267-1073 2.98 6.87-107% 2.04 887-1072 2.63
128 2.44-107% 2.01 5.93-107%* 2.17 410-107* 2,03 1.63-1073 244
256 6.10-10* 2.00 1.35-107* 2.14 1.01-107* 202 3.57-100% 2.19
512 1.53-107® 2.00 3.22-10"° 2.07 2.53-107° 2.00 8.40-107° 2.09

N

4.2.2 Accuracy of the Curvature Calculation

The exact curvature, &, for the signed distance function defined in Eq. (4.5) is given by

(YN I
F=V (Hvau) 0571007 49)

Three different methods for computing the numerical curvature, k, were tested, namely:

1. a second order centered FD scheme applied to ¢,

2. a second order centered FD scheme applied to the face normals defined in Subsec-

tion 3.4.3 (FD+FN), and

3. a second order LS scheme.

The FD method relies on the analytical expression for x, that is

VO _ by — 2050400y + Oy
Vel (62 + ¢2)15 ’

(4.10)

where the subscripts indicate partial derivatives. The above equation is discretized at the
grid nodes via centered FD. The methods 2. and 3. are described in Subsection 3.4.4. The
development of the absolute error under grid refinement in a band of width 8z around the

interface is shown in Table 4.4 for the three methods. Second order accuracy is achieved
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by all the schemes, but the norms of the absolute error are almost an order of magnitude
smaller for the FD-based methods. Figure 4.3, 4.4, and 4.5 display the contours plot of the
absolute error of x in a band of width 80x for the three methods. It is seen that the absolute
error produced by methods 1. (cf. Figure 4.4) and 2. (cf. Figure 4.5) is oscillatory. In
contrast, the LS solution exhibits a much smoother behavior, as shown in Figure 4.3. This
is not surprising, since the advantage of method 3. over the methods 1. and 2. is its ability
of minimizing the effect of the noise polluting ¢ on the curvature. Since oscillations in the
curvature may cause parasitic currents that are detrimental to the stability and accuracy
of the solution algorithm (cf. Section 4.3), the LS scheme was chosen over the FD-based

methods.

Table 4.4 Development of the absolute error of the numerical curvature x under grid refinement.
The norms were computed by considering a band of width 8)x around the interface.

N FD FD+FN LS
Li(k) Order Li(k) Order Li(k) Order
32 3.20-1073 - 3.08-1073 - 2.90-102 -

64 831-107% 1.94 7.01-107% 2.14 7.51-107%  1.90
128 1.96-107* 2.08 1.52-107* 2.20 1.88-1073  1.99
256 5.05-107°  1.96 3.99-107° 1.93 4.66-107*  2.01
512 1.27-107° 1.99 1.01-107° 1.99 1.17-107%  2.00

Table 4.5 Development of the absolute error of the numerical curvature x under grid refinement.
The norms were computed by considering the interpolated values of k at the interface.

FD FD+FN LS
Li(k) Order Li(k) Order Li(k) Order

32 9.78 -10~* - 1.47-1073 - 2.74-1072 -

64 4.65-107*  1.07 5.19-107%  1.51 7.43-107%  1.90
128 9.71-107° 2.26 1.07-107% 228 1.88-1073  1.96
256 3.18-107°  2.61 3.30-107°  1.70 4.70-107%  2.00
512 7.01-107% 218 748-107% 2.14 1.18-107* 1.99

N
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Figure 4.3 Contours of the absolute error of the numerical curvature obtained via the L.S method.
Only a band of width 85z around the interface (black line) is shown.

9.0E-03
0.90}
0.80}
0.70f - 6.7E-03
0.60f
0.501 45E-03
0.40}
0.30F 2.2E-03
0.20f
0-10r 0.0E+00
. . . . . . . . .

Figure 4.4 Contours of the absolute error of the numerical curvature obtained via the FD method.
Only a band of width 8§z around the interface (black line) is shown.
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Figure 4.5 Contours of the absolute error of the numerical curvature obtained via the FD+FN
method. Only a band of width 85z around the interface (black line) is shown.

4.3 Stationary Interface

Interface simulation methods are known to be affected by the so-called spurious or parasitic
currents. These are non-physical vortices that appear in the numerical solution in close
proximity of the interface, even in the absence of any external forces. The causes of this

phenomenon are:

1. an inconsistent discretization of the surface tension force and the pressure gradient,

and

2. an inaccurate numerical curvature.
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An inconsistent numerical scheme does not enforce the discrete balance between pressure
and surface tension, thus producing spurious local fluid accelerations. Continuum Surface
Force (CSF)-based methods are likely to be affected by this issue unless proper discretization
techniques are used. In contrast, the GFM produces a consistent discretization by design
and therefore automatically guarantees the discrete force balance at the interface. The issue
of inaccurate curvature computations is more serious. First, a discretization of the curvature
that is very sensitive to small changes in the shape of the interface causes large errors in
the value of the capillary forces. Second, oscillations in the curvature field may produce
non-physical local forces that result in spurious currents. Many FD-based schemes for the
computation of the curvature are affected by the inaccuracies in the signed distance function
and show order of convergence less than one under grid refinement. This means that the
magnitude of the parasitic currents cannot be reduced by refining the mesh. In order to test
whether these issues affect the numerical method used in this work, a stationary interface
was considered. The interface was a circle of radius R = 0.25 centered in a 2D domain of size
L = 1. The circle can be thought of as the cross section of a cylinder with infinite length.
The viscosity and density were kept constant in the whole computational domain, including
the interior of the interface. Initially the velocity field was set to zero and no forces except the
surface tension were applied. Since no discontinuities in density and viscosity are present,
and no external forces other than the capillarity force are accounted for, the stationary
interface test is ideal to verify that the pressure gradient/surface tension balance is satisfied
in a discrete sense. Under these conditions, the velocity is expected to be zero at all times
and the interface to remain a circle. The dimensionless parameter that characterizes this
case is the Laplace number
we dlp
We -

£a (4.11)

where p~ and i~ are the reference density and molecular viscosity, ¢ is the surface tension
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coefficient, and L is the reference length. The flow field and the interface were evolved in
time from ¢t = 0 to t = 10 with £a set to 120 by using the algorithm outlined in Figure 3.4.
In addition, both the FD and LS schemes for the computation of the curvature were tested.
It is seen in the velocity vector plot of Figure 4.6 that, at a very early time (¢ = 0.36),
both methods for the curvature computation create non-physical vortices surrounding the
interface despite the mesh being quite fine (N = 128). Also, the maximum value of the
velocity obtained by using the FD method (Figure 4.6b) is one order of magnitude smaller.
This is consistent with the results on the accuracy of the two schemes reported in Section 4.2.
By construction, the ACLSM assumes that each point on the interface, is transported by
the underlying velocity field and therefore no normal fluid flux across the interface should
be present (cf. Subsection 2.2.3). However, since the interface simulation methods that
include the effect of surface tension are plagued by parasitic currents as discussed above, a
normal flux is to be expected in the numerical solution. This can be observed in Figure 4.6.
Nevertheless, it should be noted that such flux is only local, i.e. the overall net flux across
the interface is zero. As the simulation progresses, the maximum value of the velocity is
reduced by two orders of magnitude in the LS solution (Figure 4.7a and 4.8a), while it
grows by four orders of magnitude in the FD solution (Figure 4.7b and 4.8b). It should also
be noted that the symmetry of the flow field is lost in the FD case, and consequently the
interface is distorted, as shown in Figure 4.8b. Lastly, Table 4.6 shows that the reduction of

the parasitic currents does not converge under grid refinement for the FD case.

Table 4.6 Maximum value of the velocity magnitude at ¢ = 10 for three different grid sizes.

N FD LS
Lo(uw)  Order Lyo(u)  Order
32 1.70 - 1076 - 2.00-107° -

64  220-100° -037  5.90-107° 1.76
128 293-107% -13.7  880-107% 2.76
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Figure 4.6 Vector plot of the velocity field at ¢ = 0.36 for the stationary interface test. Both the

FD and LS solution are shown for a grid of 128 nodes.
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Figure 4.7 Vector plot of the velocity field at ¢ = 5.05 for the stationary interface test. Both the

FD and LS solution are shown for a grid of 128 nodes.

64



0.90

050 060 0.70
(a) LS scheme

0.40

0.30

0.10

S S S S =
@ 2 < & &
-] 0 <t ™~ o
m I |
R R T A T T T A T T U T S
T T T N B Y PR U N B Y S S
..... R
..... : a8 o
PP e e e e
S s - =~ I
R I Y 1 o L S N W T |
| I N T B B ~ - - A AU T U R A |
1LY s A \ PV NN / . PRI B BRI |
L T T W W N N - -~ - 1 - - R A A A |
LU T S L T N S PR A | LA A |
N = K R D B - e e
PR s BN oo Ay B BN
Y Y L - A R 1) R N ]
P B A S A - - - 1 -~ - T N N VR TR S 1
L R R B . / ~ %N | e \ . LI T T R B
| I S I IR TN e - N P AR PN R S R R |
L N /h ,\ EEE A A |
T T SN S / - e \ R I A |
,,,,, :
..... z
L A R B LT A A T Y
L T S S e T A R R R S Y A |
1 L L 1 1 L L 1 L
[=] [=] (=] (=] [=] Q o [=] (=]
oy © ~ 0 wn at < N -
o o o o o o o o o

— 2.2E-02

| 1.5E-02

—7.3E-03

0.90| .

0.50F

o4of - - -

(b) FD scheme

Figure 4.8 Vector plot of the velocity field at ¢ = 9.92 for the stationary interface test. Both the

FD and LS solution are shown for a grid of 128 nodes.
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4.4 Standing Wave

In order to test the capability of the algorithm to handle the interplay of viscosity ratio,
density ratio, and surface tension, the interface between two fluids was considered. The level

set at t = 0, ¢, was initialized in a domain of size [0, 27| x [0, 27] via:

¢o(x,y) =y — 7+ agcos(z) . (4.12)

Equation (4.12) represents a flat interface slightly perturbed by a cosine wave with initial
amplitude ag = 0.01\, where A = 27 is the wavelength of the perturbation. Periodicity was
enforced in the x direction, while slip conditions were used in the y direction. Initially, the
velocity field was set to zero in both fluids. The goal of this test was to accurately compute
the time evolution of the interface amplitude and compare it with the analytic solution
derived by Prosperetti [57] for the case of two fluids with identical kinematic viscosity. The

analytic solution reads:

a(t) = G 4f)32k4~ ao erfe (v §E2?> +
8(1 — 48)02k* + 2 (4.13)

9 J—

4 -
+ Z = &ONQ exp|(2? — vk2)i] erfc <zz\/2v> ,

where k = 27 /A is the wavenumber of the perturbation, z; the complex roots of the quadratic

equation
A ABVEDZ 4 2(1 — 68K +4(1 = 36)(K*0)3 22+ (1 —4B)K* T2 + @2 =0, (4.14)
and Z; a coefficient computed via

Zi=1](z— =) (4.15)
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The frequency @y and the coefficient 8 in Eq. (4.13) are defined as

N | Gk3 ot
wWop = = and ﬁ = == 4.16
’ pr+p (pt+p)? (416)

By using k! as the reference length, E, and @6/% as the reference velocity, U , Eq. (4.13)

can be recast in dimensionless form:

41— 4p)v® ag erfe(\/vt) + Z % an » expl(yf — )t erfe(yVt) , (4.17)

a(t) = 8(1 N 4B)V2 +1 — Y

where now y; are the complex roots of
Yt — 4Byt +2(1 — 68 vy +4(1 =38 2y + (1 — 48> +1=0, (4.18)

and

Yi=]]wi—v) - (4.19)

Given the reference quantities introduced above, the dimensionless viscosity, v, the Reynolds’

number, Re, and the Weber’s number, Qe, for this case are:

k2 1 1
yzry , Re = — and We =
wo v N, +1

: (4.20)

where 7, = p*/p~ is the density ratio. Clearly, in order to have the same kinematic viscosity
in both fluids, 1, must equal the ratio of the molecular viscosities 1, = u*/p~ It is seen
from the definitions (4.20) that, once 7, is set, 2¢ becomes a constant. Therefore only two

dimensionless parameter, namely Re and 7, are required to completely describe this case?.

2Given than only one other dimensionless parameter is needed in addition to 7,, some authors prefer to
use the Ohnesorge number Oh = v/2e/MRe in lieu of Re and We.
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A numerical solution was obtained for two sets of parameters:

1. Re =10 and 7, = 10

2. Me = 10 and 7, = 1000

Figure 4.9 and 4.10 show that, in both cases, the temporal development of the numerical
amplitude matches the exact solution for a grid of size N = 256. While other researchers
showed comparable results by using coarser meshes, the accuracy of the method used in this

work is limited by the order of the phase field function transport scheme.
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Figure 4.9 Temporal development of amplitude of the interface oscillation normalized by its initial
value. The numerical solution is compared to the exact solution for Sie = 10 and
1, = 10.
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Figure 4.10 Temporal development of amplitude of the interface oscillation normalized by its

initial value. The numerical solution is compared to the exact solution for $Re = 10
and 7, = 1000.
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Chapter 5

Results

The objective of this study was to compare the dispersion characteristics of fully resolved
liquid droplets with that of fully resolved solid particles in decaying isotropic turbulence. The
motivation for selecting decaying isotropic turbulence was that it is the simplest turbulent
flow that can be studied both numerically and experimentally (e.g. in a wind tunnel) and
thus the numerical results could be validated or reproduced by other researchers. The
dimensionless dispersion along x;, D,,, is defined as the mean square of the displacement of

the droplet/particle center of mass, z.,, in the z; direction:

w5 ((wes — 22,)%) - (5.1)

In Eq. (5.1), 2, is the position of the center of mass of a droplet/particle in the i-direction
at the time of releasing it in the flow. The ensemble average <(x“ - xg’i)2> is normalized by
e3/E3, i.e. by the square of the initial length-scale characterizing the large eddies. All the
results presented in this chapter were obtained by performing Direct Numerical Simulation
(DNS) in a cubical domain of size L= L, = L, = L, that was discretized with N grid nodes

per direction, i.e. N = N, = N, = N,. Periodic boundary conditions were prescribed along
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the three coordinate directions. The effect of gravity was not accounted for, i.e. Ft = oo.
Section 5.1 presents the details of the turbulent carrier flow. The properties of the dispersed
phase are discussed in Section 5.2. Finally, the analysis and comparison of the dispersion

characteristics of particles and droplets are reported in Section 5.3.

5.1 Turbulence Properties

5.1.1 Turbulence Generation

The initial velocity field was generated for a single phase flow by prescribing:

1. the dimensionless wave number of peak energy, k,, at t =0,
2. the dimensionless velocity mean correlations, r;;, at t = 0, and

3. the Reynolds number Re,, based on the Taylor’s micro-scale Ag:

= .2
99&2)\0 ! (’5 )

where )\g is the dimensionless Taylor’s length scale at ¢ = 0, v the dimensionless
kinematic viscosity and Uy is the value of the dimensionless root-mean-square velocity

U,ms at t = 0.

Given r;; and k,, the Turbulence Kinetic Energy (TKE) spectrum, E(k,t), and the velocity
field at ¢ = 0 were computed by using the method proposed by Gerz and Schumann [28] that
ensures that the initial random velocity field is isotropic, divergence-free with respect to the
discretized form of the continuity equation, and that the velocity cross-correlation spectra,

R;;(k), satisty the realizability constraints (Schumann [66]).
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Once E(k,t = 0) is known, the definition

b0 (22) () on (1) o

can be used to compute Uy:

o [N/2
Up = \/ 5 /0 E(k,0)dk . (5.4)

In Eq. (5.3) and (5.4) k is the dimensionless wave number that ranges from 0 to N/2,

ie. k € [0,N/2]. Both k and k, are normalized by the smallest non-zero wave number
kmin = 27 /L. Therefore the maximum resolved wavenumber is k., = mN/L. Finally, the

dimensionless kinematic viscosity v is obtained from:

1 2 N/2 %
v = VIS UG (8%2 / kQE(k;,O)dk:) . (5.5)
9{2,\0 0

The following relation links v with the dynamic viscosity, iz, and density, p—, of the reference

fluid®:

P 0L, (5.6)
p

where L is a chosen reference length and U the reference velocity obtained from Eq. (5.6)

as:

v=-">_ (5.7)
As a consequence, the Reynolds number fRe defined in Eq. (2.16) becomes:

1
Re =

b .

(5.8)

!Clearly, in the case of single-phase flow, 5~ and i~ are material properties of the only phase present.
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This ensures that the scaling used in the initialization procedure is consistent with the one use
for the Navier-Stokes Equations (NSE) (cf. Subsection 2.1.3). In this study, the turbulent

velocity field was generated by setting k, = 4, ey, = 75 and

0 if i
Tz'j = . (59)
0.0025959 if i=j

These input values result in v = 2.39 x 107°. By choosing liquid water at STP as reference
fluid (v~ = 1075 m2/s) and L= 0.01 m, Eq. (5.7) gives U = 4.18 m/s. The computational
domain was given a dimensionless size L = 1 and was discretized by using 512 grid points
per direction, i.e. N = 512. This allows to fully resolve all the turbulence scales down to the
smallest one for the case of interest (e, = 75), according to the estimate given by Pope
[56]. The parameters of the simulation of decaying isotropic turbulence are summarized in
Table 5.1. The dimensionless turbulence properties at ¢ = 0 are reported in Table 5.2: ¢ and
7, are the integral length- and time scales; n and 7, are the Kolmogorov’s length- and time
scales; PRey is the Reynolds number based on ¢. Finally, the initial TKE spectrum F(k,0) is

shown in Figure 5.1.

Table 5.1 Parameters of the simulation of decaying isotropic turbulence.

Parameter Value Unit Description
NRey, 75 - Reynolds number based on the Taylor’s microscale at ¢t = 0.
N 512 - Number of grid points per directions.
v 2.39 x 107° - Dimensionless kinematic viscosity of the carrier flow
L 0.01 m  Reference length
U 4.18 m/s Reference velocity
kp 4 - Dimensionless wave number of peak energy
Tii 2.59 x 1073 - Dimensionless velocity mean correlations
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5.1.2 Turbulence Evolution

DNS of single-phase decaying isotropic turbulence was performed in order to verify the accu-
racy of the computational code as well as to obtain data to compare to the case of two-phase
turbulence. The dimensionless turbulence properties of interest are reported in Table 5.2 for
t =1, 5, 10 and 15. It should be noted that the turbulence scales are well resolved at all
times since the condition nk,,.. > 1 is always satisfied. Figure 5.1 shows the evolution in
time of the TKE spectrum: FE(k,t) decays in time as expected for a turbulent flow in the
absence of any forcing. It should be emphasized that forcing isotropic turbulence, whether
spectrally at the small wave numbers or in the physical space, is not appropriate to study
the effect of finite-size particles/droplets on turbulence as discussed in [39], and thus it was

not considered in this work.

1073 .
10~ - ‘
E — \\:\2
10-5 | s N
106 t = 0.0 ‘ \
L t = 2.0 \ . \‘\\:\‘\
E(k,t) , t =4.0 \
1077 F t pr 6.0 X | \»\
| —— t = 8.0 N
, e £ =100 S0 \
1078 | t =12.0 \ \
L e t = 140 \,\\\ \\ \‘\
o t : 16.0 “,.\\ : \‘\ \\
10_9 | t = 180 \\ \\ ‘\\
1010 I \ \\‘ \
1 | 100
k

Figure 5.1 Temporal development of the energy spectrum E(k, t) for decaying isotropic turbulence
(Rey, =75, N = 512).
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Table 5.2 Turbulence parameters (dimensionless) at initial time (¢ = 0), release time (¢ = 1), and
only for the case of single-phase flow at time ¢t = 5 and 15.

t Urms € ¢ A n Re, Rey L/ T ) Tn

0.0 0.0503 7.5x10~* 0.0681 0.0342 0.00205 142 75 33.2 1.37 0.68 0.178
1.0 0.0436 8.8 x10~% 0.0736 0.0271 0.00195 135 50 37.7 1.67 0.59 0.159
50 0.0233 2.0 x10~* 0.0888 0.0321 0.00286 90 33 31.0 3.66 1.31 0.342
15.0 0.0142 2.0x107° 0.1234 0.0513 0.00510 63 26 24.2 10.2 4.54 1.089

Figure 5.2 shows the temporal development of the TKE normalized by initial value, E(t)/E(0).

For single-phase turbulence, the decay of TKE is due to the effect of the viscous dissipation:

dﬁ_it) — (5.10)

where the viscous dissipation rate of TKE, &(¢), is given by:
€(t) = 2V<Sij8ij> . (511)

In Eq. (5.11), («) denotes the ensemble average of a generic variable o throughout the

computational domain, whereas s;; is the strain-rate tensor defined as:

The temporal development of the viscous dissipation rate is shown in Figure 5.3: £(t) peaks at
t = 1 and then decays monotonically. For ¢ < 1, the turbulence develops until an established
nonlinear transfer of turbulence kinetic energy across the spectrum is reached. This can be

seen in Figure 5.4 that shows that the skewness of the velocity derivatives 5, defined as

ous ou? b
oy i 1
Sy oz, o2, : (5.13)

reaches the value —0.5 at ¢t = 1.
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Figure 5.2 Temporal development of TKE normalized by its initial value for single-phase turbu-
lence (Rey, = 75, N = 512).
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Figure 5.3 Temporal development of the viscous dissipation rate of turbulence kinetic energy
normalized by its initial value for single-phase turbulence (fRey, = 75, N = 512).
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Figure 5.4 Temporal development of the skewness, S, of the velocity derivatives in the DNS of
single-phase decaying isotropic turbulence (fRey, = 75, N = 512).
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5.2 Dispersed Phase Properties

Two different types of dispersed phase were considered separately:

1. solid spherical particles, modelled via the Immersed Boundary Method (IBM), and

2. liquid droplets, initially spherical, modelled via the Accurate Conservative Level Set

Method (ACLSM).

The dispersed phase was released into the turbulent flow at ¢ = 1, after the turbulence had
reached a well developed stage, as explained in Section 5.1. At release time, the velocity
inside the droplets/particles was set to a uniform value equal to the interpolated velocity at
the center of mass. Initially, both particles and droplets have the same diameter, D = 310
pm. The reference length, L =0.01 m, was chosen to guarantee a resolution of about 16 grid
points per diameter, while maintaining a dimensionless domain size of 1. The dimensionless
diameter, D = 0.031, is comparable to the initial Taylor’s length-scale and about 16 times
the initial Kolmogorov’s length-scale. The density ratio of the dispersed phase to the carrier
fluid, 7,, is 10. While the ACLSM can handle much larger density ratio, the IBM cannot and
therefore n, = 10 is the only case studied in this work. In addition to the aforementioned
parameters, the simulation of liquid droplets requires the ratio of the molecular viscosity of
the dispersed phase to the carrier flow, 7,, and the Weber’s number, 20e. In this study, 7,
= 0.1 and We = 159.6. Since the goal of this work was to compare the dispersion of solid
particles with that of liquid droplets with the same density ratio to the carrier flow, the
values of 7, and e were selected to allow for a relatively large time step in order to speed
up the simulations. Therefore the dispersed phase is a fictitious fluid. The physical and
numerical parameters used in the simulation of particle-laden and droplet-laden turbulence

are summarized in Table 5.3.
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Table 5.3 Physical and numerical parameters in the simulation of particle-laden and droplets-
laden turbulence.

Parameter Value Unit Description

D 310  pm  Droplet/particle diameter
D /no 15.86 - Diameter /initial Kolmogorov’s length scale
D/ 1.15 - Diameter/initial Taylor’s length scale
Mp 10.8 - Density ratio of dispersed phase to carrier fluid
um 0.1 - Molecular viscosity ratio of droplets to carrier fluid
NRey, 75 - Reynolds number based on the initial Taylor’s length scale
We 159.6 - Weber number of the droplet

5.3 Dispersion Characteristics

Figure 5.5 shows that the dispersion of the solid spherical particles along x is reduced mono-
tonically as the number of particles, IV, increases from 640 to 3200 to 6400. This corresponds
to an increase of volume fraction, ®,, from 0.01 to 0.05 to 0.1. This result was already ob-
served by Lucci et al. [39], who showed that the increase of ®, reduces the TKE, E(t), due to
the two-way coupling effects. In contrast, it is seen in Figure 5.6 that increasing the number
of liquid droplets, Ny, from 100 to 500 to 1000 increases their dispersion. A comparison
between the dispersion of solid particles and liquid droplets in the x direction for a volume
fraction of @, = 0.016 is shown in Figure 5.7: the liquid droplets disperse more than an equal
number of solid particles. The same effect is observed along y and z, as shown in Figure 5.8.
In order to explain the opposite behavior of the dispersion of droplets, it is necessary to
examine the effects of the liquid droplets on the TKE decay rate of the carrier fluid. For a
two-phase flow, the decay of TKE is due to the combined effects of viscous dissipation and

two/four-way coupling:

= () + U (5.14)
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In the above equation, ¥ is the rate of change of TKE due to the forces acting at the
interface separating the carrier flow and the dispersed phase. Thus, ¥ represents the two-
way coupling effects in the particle-laden turbulence case, the four-way coupling effects in
the droplet-laden turbulence case, and it is zero for single-phase turbulence (cf. Eq. (5.10)).
It should be noted that the definition of e(¢) given by Eq. (5.11) still applies to the two-phase
case, as long as the ensemble average (s;;s;;) is taken over the sub-domain occupied by the
carrier fluid only. By definition, £(t) is always a sink of TKE, while W can act as either a

source or a sink of TKE as shown by Ferrante and Elghobashi [25].

0.4

0.35 N, = 640
N, = 3200
0.3 N, = 6400

0.25

D, 0.2

0.15

0.1

0.05 »

0 /

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
tSO/EO

Figure 5.5 Dispersion in the z-direction of solid spherical particles ranging in number from 640
to 6400 in isotropic turbulence.
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Figure 5.6 Dispersion of liquid droplets ranging in number from 100 to 1000 in isotropic turbu-
lence.
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Figure 5.7 Dispersion of liquid droplets and solid particles in the z-direction in isotropic turbu-
lence.
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Figure 5.8 Dispersion of liquid droplets and solid particles in the three coordinate directions in
isotropic turbulence.

5.3.1 Effect on the TKE Decay Rate

Figure 5.9 shows the temporal development of the TKE normalized by its value at ¢ = 0
for N, ranging from 0 (single-phase) to 1000. The main finding is that finite-size droplets,
under the conditions listed in Table 5.3, reduce the decay rate of TKE compared to that of
the single-phase (no droplets) turbulence. The reduction increases as the volume fraction
of the droplet is increased. This is an unexpected result since the research over the past
two decades on the effects of solid particles on turbulence is that solid particles enhance the
decay rate of TKE of isotropic turbulence [22, 25, 39]. Figure 5.10 compares the temporal

decay of TKE for the three cases of single-phase, particle-laden and droplet-laden flows. A
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direct consequence of the reduced decay rate of TKE is the enhanced dispersion as compared

to the dispersion of solid particles of the same diameter and same density ratio (of solid to

fluid) as shown in Fig 5.8.
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Figure 5.9 Temporal decay of kinetic energy of isotropic turbulence for four cases:

100, 500 and 1000 droplets.
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Figure 5.10 Temporal decay of TKE for single-phase, particle-laden, and droplet-laden isotropic
turbulence
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5.3.2 Effect on the TKE Viscous Dissipation Rate

Figure 5.11 compares the temporal distribution of the dissipation rate of TKE for single-
phase, particle-laden and droplet-laden isotropic turbulence. €(¢) immediately peaks higher
than that of single-phase turbulence as soon as the dispersed phase is released into the flow
at t = 1. As noted by Lucci et al. [39], the presence of solid particles in the turbulent flow
increases the velocity gradients close to the particles surface through the no-slip condition.
As a consequence, the local strain rate s;; increases in proximity of the particles, resulting
in a larger viscous dissipation rate compared to the single-phase case. For droplet-laden
turbulence, the increase in e(t) is much larger compared to the particle-laden case. The
liquid droplets do not maintain their initial spherical shape, particularly when they are
in the process of merging/breaking-up and/or wobbling. Consequently, the local strain-
rate around a deformed droplet is much larger than that around a spherical particle. A
typical non-spherical droplet is shown in Figure 5.12 together with the fluid velocity vectors.
Figure 5.13 displays the instantaneous contours of the TKE dissipation rate: £(t) is largest
(red contours) at the surface of the droplets, especially when the droplet is no longer spherical
and /or is merging with another droplet. The contours of £(¢) around wobbling and merging

droplets are shown in Figure 5.14 and 5.15 respectively.
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Figure 5.11 Temporal distribution of the dissipation rate of TKE for single-phase, particle-laden
and droplet-laden isotropic turbulence.

88



Figure 5.12 Velocity vectors outside and inside a single non-vaporizing droplet in isotropic turbu-
lence. The vectors are projected on the middle plane of a three-dimensional domain.
Contours of velocity component perpendicular to the plane are: blue(-), green , yellow

(+)-
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Figure 5.13 Contours of the dissipation rate of turbulence kinetic energy around non-vaporizing
droplets in isotropic turbulence at t = 2.59. Red and blue contours indicate maximum
and minimum dissipation rates, respectively.
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(d) t=3.95

Figure 5.14 Contours of the dissipation rate of turbulence kinetic energy around non-vaporizing
droplets in the process of wobbling at four different times. Red and blue contours
indicate maximum and minimum dissipation rates, respectively.
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(d) t = 2.61

Figure 5.15 Contours of the dissipation rate of turbulence kinetic energy around non-vaporizing
droplets in the process of merging at four different times. Red and blue contours
indicate maximum and minimum dissipation rates, respectively.
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5.3.3 Coupling Effects

Lucci et al. [39] showed that the coupling term ¥ in Eq. (5.14) is always negative for particle-
laden turbulence (two-way coupling). This means that dispersed solid particles enhance
the decay rate of TKE as shown in Figure 5.10. In contrast, Figure 5.10 and 5.11 show
that dispersed liquid droplets reduce the decay rate of TKE despite increasing the viscous
dissipation rate £(t). Therefore, ¥ in Eq. (5.14) must be positive, i.e. act like a source of
TKE, when four-way coupling effects are in place. In order to explain the positive sign of
¥, it is useful to consider Figure 5.13, 5.15, and 5.14 that show that the droplets are no
longer spherical, and thus they rotate more than a spherical object due to the surrounding
velocity gradients. Consequently, the spinning droplets transfer their kinetic energy to the
surrounding fluid. As an indication of the increased rotation of the droplets, Figure 5.16
shows the temporal variation of the probability density function (PDF) of the tangential
velocity magnitude at the surfaces of the 1000 droplets. It is seen that the magnitude of
the tangential velocity varies by two orders of magnitude, with peak velocities about one
order of magnitude larger than the mean. These large tangential velocities correspond to

the merging or the non-spherical droplets.

93



1071 |

1072 | -

1073 |

P
1074 |
s t = 1.0000

107° H t = 2.0060
t = 3.0079
t = 3.4949

10—6 ‘ e S —— ‘ e ‘ R

0.001 0.01 0.1 1

Vi

Figure 5.16 Instantaneous PDF (in log-log coordinates) of the tangential velocity of 1000 droplets
in isotropic turbulence at four different times.
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Chapter 6

Conclusions

The dispersion characteristics of deformable liquid droplets and solid particles in decaying
isotropic turbulence and zero gravity were investigated by using Direct Numerical Simulation
(DNS). The liquid droplets were allowed to freely move, deform and interact with each other
(four-way coupling), while the solid particles were not allowed to collide (two-way coupling).
For this study, a computational code for the solution of two-phase flow, either fluid/fluid or
solid/fluid type, was developed. The code uses the Accurate Conservative Level Set Method
(ACLSM) to implicitly track the motion and deformation of the liquid droplets surface and
the Immersed Boundary Method (IBM) to explicitly track the solid particles in a Lagrangian
fashion. The effect of the surface tension and the discontinuous material properties at the
droplets interface were accounted for via the Ghost Fluid Method (GFM) and the Continuum
Surface Force (CSF) approach, respectively. The unsteady three-dimensional Navier-Stokes
and continuity equations were solved throughout the whole computational domain, including
the interior of the dispersed phase, via a projection method. It should be noted that the
liquid droplets and solid particles were fully resolved in 3D-space and time and all the scales
of the turbulent motion were simultaneously resolved down to the smallest relevant length-

and time-scales. The simulations were performed on grid with 512 grid points per direction
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and with an initial Taylor’s microscale Reynolds number PRe,, = 75. The liquid droplets
and the solid particles had the same diameter that was comparable to the initial Taylor’s
microscale of the turbulence. The density ratio of the dispersed phase to the carrier flow
was set to 10, while the Weber’s number and the ratio of the molecular viscosity for the case
of droplet-laden turbulence were set to 159 and 0.1 respectively. The results presented in
this work show that in isotropic turbulence and zero gravity the dispersion of liquid droplets
in a given direction is larger than that of solid particles. It is seen that the presence of the
solid particles enhances the turbulence kinetic energy decay rate as a result of the two-way
coupling effects. Consequently, the dispersion of solid particles is reduced as their volume
fraction is increased. In contrast, dispersed liquid droplets reduce the turbulence kinetic
energy decay rate due to the four-way coupling effects. In particular, it is shown that the
deformed droplets rotate more than the spherical solid particles, and thus the rotational
kinetic energy is transferred to the surrounding flow. This phenomenon is responsible for
the reduction of the turbulence kinetic energy decay rate for droplet-laden turbulence. Of
course, the results presented in this work were obtained under the set of physical conditions

listed in Chapter 5.

Future developments

The present study is a first step in understanding the interaction of a dispersed liquid phase
with turbulence. Many aspects of this interaction were not investigated in this work and need
to be researched in future studies. First and foremost, it is important to determine the range
of conditions under which the results presented here apply. In particular, a parametric study
by varying the droplets density ratio, viscosity ratio and Weber’s number is recommended.
Also, a deeper analysis on the effect of the droplets deformation on the surrounding flow field

topology would be of great interest. The interactions between two or more droplets need to
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be more thoroughly analyzed. This may prove particularly challenging, since the accurate
resolution of merging and break-ups will likely require the development and implementation
of numerical schemes able to handle such interactions at a sub-grid level. Finally, it would be
of great scientific and practical importance to include the effect of vaporization (fuel spray

in combustion engines) and dispersions of liquid droplets (clouds) .
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Appendix A

Derivation of the GFM for the

discretization of the PPE

The Ghost Fluid Method (GFM) was developed by Fedkiw et al. [24] to capture the boundary
conditions at a contact discontinuity in the inviscid compressible Euler equations. Liu et al.
[36] used related techniques to develop a boundary condition capturing approach for the
variable coefficient Poisson’s equation on domains with an embedded interface. The method
was extended by Kang et al. [31] to treat multi-phase incompressible flow including the
effects of viscosity, surface tension and gravity. The key feature of the GFM is that it
accurately simulates a sharp interface, whereas many previous finite difference methods, like
the Continuum Surface Force (CSF) approach, involve numerical smearing of the equations
near the interface. Consider a 1D domain where the interface I' is a single point located at
xr between the grid nodes x; and w;,;. Without loss of generality, assume that the phase
7 —7 fills the sub-domain x < x and the phase "+” occupies the sub-domain x > z. Also,

Ipl, = pi —py and [p]. = pi- — pr are known. The configuration described is sketched in

Figure A.1.
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Sub-domain ”-” Sub-domain 74"

@ @ @
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Figure A.1 Typical interface configuration in a one dimensional domain. The jump condition [p],.
is known at the interface I' located at zr. p™ and p~ represent the variable p in the
sub-domain “+” and “” respectively. The dashed lines indicate ghost values, while
the continuous lines indicate actual values. The jumps [p]; and [p],,, are extentions of
[p]. at the grid nodes i and i+ 1 surrounding the interface.

i+

The goal here is to find a finite difference discretization of the 1D Pressure Poisson’s Equation

(PPE)

d (1dp

where b is a generic Right-Hand Side (RHS). A standard finite difference discretization of
Eq. (A.1) is not appropriate at the nodes i and i+ 1 because it would use pressure and density
values from both sides (phases) of the interface, thus creating instabilities in the solution.
Instead, it would be desirable to discretize the Laplacian in Eq. (A.1) by using only values
of p and p that come from the same phase of the node being discretized. As a consequence,

a suitable discretization of the Eq. (A.1) at node i is

0 (1dp Piy1 =P PP — P
B (it ) i — A2
o (p 5x) 'i p~o0x? p=ox? (4.2)
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where p_; can be thought of as the pressure value at node i + 1 if p~ were extended by
continuity in the sub-domain ”+”. Since p; , is fictitious and only pfjrl is available, the

former is called ghost value. The GFM assumes that the jump [p]. and its derivatives

[dp/dz]., [d*p/dx?]., ... are known at the interface and can be extended by continuity
through a Taylor’s series. Under these assumptions, the jump of p at node i + 1, [p,,, can
be computed via
_ ot - dp 2 A
Plipr = 0y = P = [l + (@ipn —2e) o)+ 0@ — 20)7) - (A.3)
r
Since now [p|;, , is known, p;,, can be calculated as p;,, = P — [pli,, and used in Eq. (A.2):
O (1op\| _pln—p — Pl Py (A4)
dx \pox /| p=o0x? p=ox?

It should be noted that Eq. (A.4) does not contain ghost values and thus can be used as is.
For multi-phase flows, the pressure jump [p]. is a known quantity that depends on the local
surface tension and shear stresses jump', but the pressure gradient [0p/dz]. in Eq. (A.3)
is not known a priori and has to be derived. For a non-reactive interface, the velocity is
continuous at I and so must be the RHS of the Navier-Stokes Equations (NSE). Therefore

the jump of the pressure gradient divided by the density has to be zero as well:

10p

=) = 0 —— _ A5

{paxL pt Ox |.  p~ Ox |, (A4.5)
The equality (A.5) can then be manipulated as follows:

Lo 1or| _vor| 1or L] [ e

pt Ox |, pt Ox|. p- Oz |, pt Ox|, pt 0x].  |pl, Ox |, '

n this study, the viscous term was discretized by using the CSF approach (cf. Subsection 3.2.1). Thus,
the shear stresses jump becomes zero and the pressure jump depends on the surface tension effects only.
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As a result, the pressure gradient jump can be expressed as

Op 11 op~ _[1] op*
2] - B3 B
Zz T p r Z r p r Z r
By using the Taylor’s series expansion, the following equalities hold:
Ip~ Op~
—| = + Oz 1 — 2r)
ox r ox i+% *2 g
(A.8)
op* op™
ap 9P O(z.
8ZE . aw i+% + (‘Tl—f—l xl‘)
Since we are discretizing at node i, i.e. in the ”—" phase, the focus will be on dp~/0x. The
latter can be discretized as follows:
op~| _ op” PP :pi—:l_pi__[p]i+1 (A.9)
Or |, Ox | 1 - dx dx ’ '

Substituting Eq. (A.9) into Eq. (A.7) gives an expression for the pressure gradient jump at

the interface:

op] L1 ap| o (1] pla—p —Iplin
ER R
By using Eq. (A.10) into Eq. (A.3) one obtains
+ |1 + -
Py =l = xe™ | 0] (i =20 = [Plia) (A.11)

where X = (zi;1 — 2r)/dx. Solving the above equation for [p]; ; gives

[p]i+1 = L [p]r + (1 - pp_;) (pi—:l _Pi_) ) (A-12)

where p* = ptx + (1 — x)p~ is the weighted average of the density between i and i+ 1.
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The RHS of Eq. (A.12) contains known quantities and therefore can be used in Eq. (A.4):

1 T o—p = Ty
O (Lép\| _pin—p —[P P “Pi (A13)
dx \pox )| prox? p=ox?
Thus the GFM discretization of Eq. (A.1) at node i reads:
piv1—pi  pi—p1_, [Pl (A14)

=b :
prox? p=ox? + prox?

It can be shown that the above discretization is symmetric, i.e. it results in a symmetric

matrix. The derivation presented here is based on [18].
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Appendix B

Numerical Solution of the Pressure

Poisson Equation

Any projection method for solving the incompressible Navier-Stokes Equations (NSE) relies

on the numerical solution of an elliptic Pressure Poisson’s Equation (PPE) of the form

0 op\

where the coefficient 5 may be variable in space. The above equation can be discretized on a
Cartesian uniform grid via finite differencing (and the Ghost Fluid Method (GFM) if jumps

are present), resulting in the discrete PPE

) op

Two techniques are typically used to solve Eq. (B.2), namely:

= bl - (B.2)

sk

1. Fast Fourier Transform (FFT): the discrete PPE is transformed to spectral form and

solved in Fourier space;
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2. Iterative methods: the sparse linear system associated with Eq. (B.2) is solved itera-

tively.

The FFT approach has the advantages of being very efficient, always delivering a solution
accurate to machine precision and not requiring storage of a sparse matrix. It is also vastly
available through a large number of highly optimized software libraries, particularly FFTW
[27], and works without much tuning. On the other hand, the FFT method is not straight-
forward to apply to problems with Boundary Conditions (BCs) other then periodic and
cannot be used when [ is variable. Moreover, distributed FFT does not scale as well as
some iterative methods, most notably Multigrid (MG) methods, because of the large num-
ber of inter-processors communications required. Finally, state of the art software packages
such as 2DECOMP&FFET [35], P3DFFT [50] and PFET [54] do not implement 3D domain
decomposition®, thus limiting the number of processors one can use given a certain grid.

In contrast, iterative methods offer more flexibility compared to the FFT approach in that

they:

e work for any kind of BCs with little or no modification of the system matrix, and

e can be used for the solution of the system associated with Eq. (B.2) even when f is

strongly anisotropic or even singular.

In addition, most iterative techniques scale well in parallel, are widely available via well
known software packages and can be used in any type of domain decomposition setting. The
main drawback is that they require more tuning than FFT-based approaches for complex
problems and they do not deliver machine accuracy. Also, if not properly tuned, they would
require more computational time than FFT to obtain a solution. In this work, a Conjugate

Gradient (CG) method preconditioned via a MG approach was used for the solution of the

!The author is not aware on any existing parallel implementation of FFT based on a 3D domain decom-
position.
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PPE, since the singular nature of the pressure and density at the interface does not allow
for a spectral approach. Hereinafter a basic description of the MG method is given; the
interested reader is referred to the book by Saad [63] for a more in-depth analysis on the

topic.

B.1 Basic Iterative Methods

The second order finite difference discretization of Eq. (B.1) results in a linear system of the

form

Ap=>b, (B.3)

where A is a sparse symmetric (semi-)positive defined system matrix. A is tridiagonal in
the 1D case, pentadiagonal in the 2D case and eptadiagonal in the 3D case. The most
straightforward way of solving Eq. (B.3) is via basic iterative methods such as the Jacobi,
Gauss-Seidel (GS) or Successive Qver-Relazation (SOR) iterations. The error e* and residual

rk at the k-th iteration are defined as:

ek — P _pk and rF =b— Apk , and thus Ael = ¥ , (B.4)

where p* is the solution at the k-th iteration and Aef = r* is the residual equation. The
definitions (B.4) imply that iterating over the original system Ap = b with initial guess p°
is equivalent to iterating over Ae® = r% with 7 = b — Ap°, since p = p® + . Unfortunately,
the aforementioned schemes are plagued by a deterioration of the rate of convergence? as

the iterative cycle progresses. This effect is more prominent as the grid is refined. The

stall in the error reduction is caused by the so-called smoothing property: the basic iterative

2The rate of convergence is a measure of how much the error is reduced between two successive iterations.
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methods are very effective in eliminating the Fourier modes of the error with a wavelength
comparable to the grid size (oscillatory modes), but damp the other modes (smooth modes)

very slowly [11, 63, 83].

B.2 The Multigrid Method

The MG method takes advantage of the smoothing property described above by defining
a sequence of coarser grids on which the smooth modes are seen as oscillatory ones and
therefore can be damped very quick by using a basic iteration technique. As a result, the
convergence rate becomes independent of grid refinement and does not degrade during the
iterative process. In order to illustrate the concept, consider two grids only: a fine one with
grid spacing of h, and a coarse one, with grid spacing of 2h. The discretization of Eq. (B.2)
is performed on the fine grid and results in the linear system A,p;, = by, where the subscript
h indicates the grid spacing. The application of few sweeps, say aq, of an iterative solver?
on Appn = by, reduces the high-frequency components of the error and gives the approximate
solution p;*. In order to compute the exact solution py via py, = p,* +ej", the error e;* needs
to be calculated by solving Aep' = ri' = b, — Ap)'. On the fine grid, this is equivalent
to solving the original system and thus it does not offer any advantage over iterating on
Appy, = by, until convergence. On the other hand, solving Axe;' = 7' on a coarser grid is

beneficial because:

e ¢;' and 7", unlike p}', are smooth on the fine grid, and thus appear oscillatory on the

coarse grid where therefore relaxation is more effective, and

e solving a linear system on a coarse grid is computationally cheaper than on a fine grid.

3The application of an iterative method for few iterations with the goal of smoothing the error is also
known as relazation.
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Relax on Appy, = by, Correct py, with ey,
Compute ry, = by, — Appn Relax on Appp, = by,
[ J ([

Restrict: rp — rop, Prolongate: eo, — ey,

Solve: Agpeop = by,
o > @

Figure B.1 Schematic of the CGC scheme. The iteration index has been dropped for clarity.

The Coarse Grid Correction (CGC) algorithm that follows is based on the concepts outlined

above (see Figure B.1 for a visual representation of the method).

1. Pre-smoothing: a basic iterative scheme is applied to A,p, = by, for a; iterations with
arbitrary initial guess pj). The oscillatory components of the error are removed and e}

appears smooth on the fine grid. The residual is computed as r;' = by, — App)*.

1

2. Restriction: r;" is mapped onto the coarse grid to obtain 73, .

3. Coarse-grid solve: the residual equation Aspest = 7ot is solved. €5} contains the
g 2h 2h 2h

information necessary to remove the smooth errors on the fine grid.

4. Prolongation: ey; is mapped onto the fine grid to obtain e}’.

5. Fine-grid correction: an improved initial guess p* is obtained by correcting p;' with

a1

aq
€

via p* = p;' 4+ e;'. This amends p}' by its smooth error e}'.

6. Post-smoothing: a basic iterative scheme is applied to App, = b, for as iterations
with initial guess p* to remove oscillatory components of the error introduced in the

prolongation step.
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The CGC scheme is not very useful as is, since solving Agpes) = 15, is still very expensive.

However, one could apply it a second time to solve the coarse problem: this would introduce
an even coarser grid where a smaller system of the form Ae = r needs to be solved. The
MG method repeats this process recursively until a coarsest grid is reached where the corre-
sponding residual equation is inexpensive to solve even via a direct method. The MG cycle
can be of different types depending on how the CGC scheme is repeated in the recursion: the
most common cycles are shown in Figure B.2. The MG approach described so far is known
as Geometric Multigrid (GMG) since the construction of the multilevel hierarchy is based on
the knowledge of the partial differential equation to be solved as well as the geometry of the
problem. If instead the hierarchy of operators is computed directly from the system matrix,
the method is called Algebraic Multigrid (AMG). In this case each level is simply a subset of
unknowns without any geometric interpretation. A detailed description of both approaches

can be found in the excellent tutorial by Briggs [11] and the introduction by Wesseling [83].

SRV VNV VAV,

V-cycle W-cycle Full multigrid

Figure B.2 Visual representation of common MG cycles.

B.2.1 Inter-Grid Operators

The transfer operators used for the prolongation (P2 ) and restriction (R2") between grids
h and 2h play a key role in the MG method in that they are responsible for the mapping
from coarse to fine grid and vice-versa. The choice of Py and R2" depends on the type

of discretization used on the original Partial Differential Equation (PDE) and the features
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of the problem at hand. The discretization of the PPE in a staggered grid system is cell-
centered, i.e. the domain is divided into cells where the center point (node) stores the discrete
values of the pressure (cf. Section 3.1). As a consequence, prolongation and restriction have
to be performed cell-wise rather than node-wise. In this work the prolongation is based on a

piece-wise constant interpolation that results in the following mapping for the 2D case (see

Figure B.3):
(Uh)a = (P2hhv2h)a =4, (Uh)b = (chhUZh)b =B,
(B.5)
(vn)e = (P vgn)e = vo (vn)a = (Pyvon)a = vp

where v is the variable being prolongated. R?" is constructed as the adjoint of Py, multiplied
by a suitable scaling factor. While the definitions (B.5) give first order polynomial accuracy
only, they performed well for all the cases of interest in this research. Higher order inter-
grid operators may speed up convergence and increase the robustness of the algorithm,
particularly for cell-centered discretizations and discontinuous coefficients, see for example
the works by Wesseling [82], Khalil and Wesseling [32] and Herbert [30]. Nevertheless they
are more difficult to set up and are rarely included in software packages, thus they were not

pursed in this work.

Figure B.3  Cell-centered grid point configuration in two dimensions. Coarse cell centers = A, B,
C, D. Fine cell centers = a, b, c, d.
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B.2.2 Coarse Grid Operators

Besides prolongation and restriction operators, the other main component of a MG algorithm

is the coarse grid operator Ayy,. The latter can be defined via two different approaches:

1. Discretization Coarse-grid Approzimation (DCA): Ay, is obtained by directly discretiz-

ing Eq. (B.1) on the coarse grid;

2. Galerkin Coarse-grid Approzimation (GCA): the coarse grid operator is obtained via

The comparison between the two approaches is discussed by Wesseling [83] and will not be

repeated here. In this work, the coarse grid operators were computed by using the GCA.

B.3 Solution Method Used in This Work

The solution of the PPE has been performed via the CG method with a V-cycle GMG as
a preconditioner [48], that is GMG is used as a linear solver inside the CG scheme. This
approach combines the well-known robustness of Krylov-subspace methods with the optimal
convergence rate of MG. While many researchers use an AMG preconditioner, all the tests
performed in this work showed that GMG outperforms AMG. The GS iteration was used
for pre- and post-smoothing: one sweep proved to be enough on the finer grids, while 2 to
4 sweeps were used on the coarser grids to improve convergence speed. Finally the residual
equation on the coarsest grid was solved directly via the LU decomposition.

The Krylov solver as well the preconditioner were provided by the PETSc library [5, 6,
7]. In order to achieve good parallel scalability on a large number of processor, the GMG
preconditioner was coupled with PETSc’s PCTELESCOPE preconditioner by May et al.

[43] that we helped testing.
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Appendix C

The Fast Sweeping Method

The reconstruction of a distance function d requires solving the following boundary value

problem:

Vd(z)| =1, =xeQ\T, (C.1)

d(x) =0, zecl.

The two most efficient methods for the task are the Fast Marching Method (FMM) and the
Fast Sweeping Method (FSM). The FMM, developed by Sethian [67] and later improved by
Chopp [15] and Adalsteinsson and Sethian [1], was the first optimally efficient algorithm
for solving Eq. (C.1). Its efficiency stems from the fact that the solution is updated by
following an ordering that is consistent with the causality relation implicit to the Eikonal
equation |Vd| = 1. This means that the distance function is obtained in a sequential fashion
by updating one grid point at a time so that the solution is strictly increasing (decreasing).
Hence an upwind difference scheme, a heapsort algorithm and possibly a heap data structure
are needed, resulting in an algorithmic complexity of order O(N log N), where N is the

size of the problem. While optimal, the FMM has some limitations: its sequential nature
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makes it difficult to parallelize, the data structures involved are complex and higher order
extensions of the method are not straightforward. The FSM was developed by Zhao et al.
[88] and Zhao [86] as a simpler alternative to the FMM. A parallel implementation was
given by Zhao [87] and higher order versions were derived by Zhang et al. [85]. The main
idea of the FSM is to use nonlinear upwind differencing and Gauss-Seidel (GS) iterations
with alternating sweeping ordering to update the solution consistently with the causality
expressed by |Vd| = 1. This approach has a complexity of O(N). After extensive testing
of both methods, the FSM proved to be a better and simpler choice for the purpose of
this work. In what follows, the first order serial FSM is presented for the case of a two-
dimensional domain: the extension to the 3D case is straightforward. The first order FSM

discretizes the Eikonal equation |Vd| = 1 via the following Godunov’s upwind scheme [62]:

[max( di,j —a, 0) ]2 + [max( diyj — b, 0)]2 = 5272 s (CQ)

where a and b are given by:

a=min(diy1;, di1yj) ,

(C.3)
b= mln( di,j+1 s di,jfl ) .
Eq. (C.2) is a quadratic equation and can be solved for d;;. Its solution is given by:
min(a, b) + 62, if |a—0b]>dx,
dij = ) (C4)
5 [a—l—b—i—\/%x?—(a—b)?] , if |a—b| <dz .
The upwind scheme (C.2) is valid at the interior points of the domain, i.e. fori=1,..., N, —
2 and j = 1,..., N, — 2, while one sided differencing is used at the boundaries. Given

the discretization presented above, the fast sweeping algorithm solves the boundary value

problem (C.1) via the following steps.
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1. Initialization. All the nodes in the domain are initialized with large positive values
except in a small band near the interface, where the correct solution is used instead.

The nodes inside the small band are never updated during the whole process.

2. Update. The whole domain is swept with four alternating orderings, i.e.:

e i=0-(N,—1) j=0-=(N,—1)
e i=(N,—1)=0 j=0-—(N,—1)
e i=0-(N,—1) j=(N,—1)—=0
e i=(N,—1)—=0 j=(N,—1)—=0

During each sweep, for each node not included in the small band a value di' is
computed by using the current values of its neighbors via Eq. (C.4). The value at the

node is updated by taking the minimum between d and its current value.

3. Convergence check. The difference between the solution before and after the update
step is computed in some norm. If it is larger than a chosen tolerance, the process is

repeated from 2. Otherwise, the process is stopped.
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