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Compactification of the energy surfaces
for n bodies

Andreas Knauf* Richard Montgomery!
July 11, 2023

Abstract

For n bodies moving in Euclidean d—space under the influence of a
homogeneous pair interaction we compactify every center of mass energy
surface, obtaining a (2d(n — 1) — 1)—dimensional manifold with corners
in the sense of Melrose. After a time change, the flow on this manifold
is globally defined and non-trivial on the boundary.
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1 Introduction and Results

The n—body problem of celestial mechanics is described by the Hamiltonian

H(g,p) = K(p) = Ul(q) , with Ugr,...,qn) = Y i (1.1)

1Si<jSTL qu - q]“a ’

kinetic energy K(p) = Z?zl%, a:=1and Z;; := Gmym; with G the
gravitational constant. We call U the ‘potential’ although it is actually the
negative of the potential.

We work in the center of mass system. Due to collisions and escape to spatial
infinity its energy surfaces Xy = H !(F) are non-compact. Our goal here is to
compactify the energy surfaces by adding boundary pieces in such a way that the

n—body flow extends nontrivially to the added boundaries.

1.1 Theorem

Assume Z; ; > 0 and 0 < o < 2 in the ‘potential’ U of equation (L.1)). Then the
constructions_of sections [3 and [4 yield, for each energy E, a compact manifold
with corners 3 g whose interior is diffeomorphic to the usual energy level set 5 E
away from the Hill boundary {U = —FE} and on which the usual n—body flow,
after a time reparameterization, extends continuously to a non-trivial C'—flow
on the added boundaries.

For the definition of a manifold with corners and a brief introduction to these
spaces see Appendix [Al



We prove the theorem by combining two well-established techniques from the
n—body world with a technique primarily used in linear PDEs.

The first technique is that of adding sub-manifolds to the standard phase
space in order to better understand limiting behaviours. For collisions we add
collision manifolds by blow up, following the ideas of McGehee. See [McGI,
McG2, [EIB, [Dé€, LS| ILI] and references cited therein. For widely separated par-
ticles with interparticle distances diverging we add a manifold at infinity. See
[DMMY].

The second technique, originally developed for the quantum n—body problem,
is that of GRAF partitions (see [Gr]). These partitions help us to label the strata
of iE and understand its topology and combinatorics.

The third technique is Melrose's iterative real blow-up [Me] developed for
PDEs. This iterative blow-up provides the appropriate language to get to the
final result. In the last section we deduce the topology of the total blow up in
Theorem (.3

The famous regularizations of binary collisions due to LEVI-CriviTA [LC] or
MOSER [Mo] (or any other method) allow us to analytically pass through binary
collisions but are only available when o« = 2(1 — 1/k) for k € N. (See [McG2,
Theorem 7.1]). Wanting a unified picture of compactification valid for all values
of , or at least values in the interval (0, 2), we have had to treat binary collisions
in the same way as we have treated triple or higher collisions: by slowing down
the flow and attaching boundaries corresponding to these collisions.

We will work in the center of mass configuration space

M= {q = (a1, qn) € R | 3201 mig; = 0}.
The (negative) potential U is defined on M= M\A, with collision set
A={qe M| q =g, for some i # j}.

In Section |2] the stage is set by introducing the notation necessary to treat the
combinatorics encoded in A. .

__ The n particle phase space P = T"M over noncollision configuration space
M is non-compact in three ways:

e Total energy H : PR may have any value £/ € R.
e There are collisions between the particles, with limits in A.

e Particles may escape to spatial infinity.

To compactify phase space the first obvious stepE] is to separately consider motion
on the energy surfaces Y. In Section We compactify configuration space M by

1\We don't touch upon the question about the limits £ — +oo.



adding a sphere S at infinity to M and by forming the real blow up of the collision
set A, thus obtaining a compact manifold with corners M. In Subsection We
rescale velocities (or momenta) in order to compactify the energy surface Y.
In Subsection we rescale time in order to get a well-defined dynamics on the
compactified energy surface. We will see that EE = ME X S where ME C M
is the compactified Hill region {q : U(q¢) > —FE}. In particular, points along
the traditional Hill boundary have been blown up into spheres. As a result, the
original dynamics has been altered at the Hill boundary and some care is required
to understand the rescaled dynamics there and recover the original dynamics. By
continuity the flow on the boundary mimics the one near the boundary, providing
useful information about the original flow (see Remark [4.4)).

Finally, in Section [5] the topology of the construction is considered.

1.1 History and Comparisons

An incomplete flow on a noncompact manifold X can always be compactified,
but in a useless way. Choose an arbitrary compactification X of X. (There are
many! E[) Slow down the flow by rescaling the vector field which defines this flow
so that the vector field vanishes on X \ X. Voila! (We thank P. Deligne for this
remark.) The real trick is to compactify X and rescale the vector field in such a
way that the extended rescaled field does not vanish on 9.X and allows you to
extract new information about the original flow on X.

McGehee's partial compactification [McG1] succeeds eminently for extracting
information about near-total collision motions. ROBINSON [Ro], MCGEHEE
[McG3] and others have “turned McGehee's microscope around to become a
telescope” by adding a a manifold at infinity, instead of at collision, this infinity
manifold being used to account for escape orbits. Again, they derived non-trivial
information about the dynamics by this trick. In essence, what we do here
is systematically implement both of these partial compactifications in
order to get our full compactification.

Ours is the first paper to fully compactify classical n-body problems, n > 2,
in a potentially useful way. (We have yet to establish its utility.)

Two-body problems have been compactified. Moser in particular compactifies
the o = 1 negative energy 2-body problem in d dimensions, in the center of
mass frame. Moser's compactified phase space is the unit sphere bundle of the
d-sphere. Like the methods of LEVI-CiviTA [LC], Kuustanheimo-Steifel and a
number of others, Moser's method is a ‘regularization’ rather than a ‘blow-up’
and as such is quite particular to & = 1 and so we will reject it.

Extended versions of regularizations, specific for &« = 1, were developed

2any compact connected N-manifold arises as the compactification of Euclidean N-space



by HEGGIE [He], WALDVOGEL [Wald], LEMAITRE, [Le], MOECKEL-MONT-
GOMERY [MM], and others for improving numerics and deriving partial compact-
ifaction results for n-body problems with oo = 1.

Qru-DoNG WANG [Wa]| uses a time and velocity rescaling very similar to
ours but for different purposes. In particular, he does not add in collision mani-
folds or manifolds at infinity. By adding in these manifolds we allow for coherent
« and w limit sets for collections of orbits leaving the honest energy F' phase
space Xg. These limit sets are actual places for orbits to go to and will afford
us, we hope, with an eventual better understanding of the near-collision orbits
and of the way in which clusters of particles approach spatial infinity and to what
extend the clusters asymptotically become independent. See the Remark [4.4]

GRAF [Gr] constructed what we nowadays call Graf partitions in order to
prove asymptotic completeness for the quantum n-body problem. VASY, a stu-
dent of Melrose, used in [Va] essentially these same Graf partitions combined
with Melrose style blow-ups into manifolds-with-corners in order to obtain new
information about scattering in quantum 3-body and n-body problems.

1.2 Goals

The flows on the boundary strata are simpler than the flow on the bulk (Xp). For
example, the flow on the open part of the locus at infinity is a reparameterization
of geodesic flow on the sphere, while the flows on the open strata of the binary
collision locus are reparameterized Kepler flows.

Let us agree that we can concatenate two boundary trajectories if the w-limit
of one agrees with the a-limit of the other. Thus, if 7 and 7, are boundary
trajectories for which lim; .71 (¢) = limy,_ 72(t) then we can form the
concatenation 7, *x v, made up of first traversing +; and then traversing 7,.

We believe that these concatenated boundary trajectories form a kind of
skeleton, or support locus which controls the flow in the bulk near the boundary.
Specifically, given any such concatenation ¢ = 7, % 7, we believe that we can
prove the existence of sequences ¢; of trajectories which lie completely in the bulk
and which converge to c in an appropriate sense: lim; ,,, ¢; = c. Establishing
the existence of these “shadowing sequences” ¢; is work in progress. It would
validate various observations and numerical experiments made in [DMMY] and
[FKM].
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2 Notation
2.1 Phase flow

Consider n particles of masses m; > 0 moving in d-dimensional Euclidean space
R?. (Take n > 1 please!) Introduce a separate copy M, := R? of the Euclidean
space for each particle i € N := {1,...,n} so that ¢; € M;. The center of
mass zero configuration space is

M :={qe€@;cn M| > ;cnymigi =0}

and forms a codimension d linear subspace of the vector space (R%)". We use
the mass-inner product (¢,q') \, = >_,m:q; - ¢, on M instead of the standard
inner product {q,q) = >_.¢; - ¢,. The mass matrix M : (R9)™ — (R?)" defined
by M(q1,...,qn) = (Mm1g1, Maqa, . .., My,qy,) intertwines the two inner products:

(0,4 pg = (g, M) . (2.1)

We set ||q||m = /{4, q) », omitting the subscript M whenever possible. We
can write the kinetic energy as

K(p) := 5 {p, M"'p) . (2.2)
The collision set in configuration space is given by
A:={qge M]|qg =gq, forsomei+#jec N}. (2.3)
We consider homogeneous potentials on the noncollision configuration space
M := M\A. (2.4)
On the phase space P := T*M the Hamiltonian function is given by
H:P =R , Hqp) =K@p) -Ul), (2.5)

with the real-analytic potential U : M — R of the form (L)), with Z;; > 0.
With the Euclidean gradient V;) on each M; = R? the Hamiltonian equations

of (2.5)) have the form

. Di . ;
=1, PT Y. VoUiles—a) (i€ N). (2.6)
i JEN\{i}



where

7. .
Uiilg — @) = ——2— (2.7)
Y lai — ;|
A useful alternative way to write the equations is in terms of velocities:
jg=v , 0=VU(q) (2.8)

where now q,v € M, ¢ ¢ A and the gradient V is with respect to the mass
metric.

2.1 Remark (other potentials)

The same form for Newton's equations holds for any potential U(qy,...,q,) =
> ic; Uii(q: — ¢;) which is a sum of pair potentials U; ; : R?\ {0} — R.

Many of our results leading up to our theorem will also hold for these more
general potentials provided their pair potentials have appropriate blow-up and
decay conditions mimicking that of the power law potentials. One notable such
required condition would be U; ;(z) ~ Z;;/||z|* + O(||z]|*™*) with 0 < o < 2
along with corresponding conditions on the derivatives of U; ; as = — 0. It will
be important that o does not depend on i, j. O

Using the natural symplectic form wy on P = T*M we write in the form
& = Xy (z) for the Hamiltonian vector field Xy defined by iy, wy = dH.

The flow of this vector field is real-analytic and fixes energy so defines a flow
on each of the energy surfaces

Spo={reP |H@x)=E} (EcR) (2.9)

2.2 Cluster decomposition

Cluster decompositions provide us with the book-keeping we need to index the
ways we can end on the collision locus A. We borrow the language from com-
binatorial theory. See AIGNER [Al].

2.2 Definition

e A partition or cluster decomposition of N = {1,2,...,n} is a collection
C :={C4,...,Cy} of disjoint non-empty subsets of N whose union is N. The
elements of C are called the atoms or clusters of the cluster decomposition.

e A cluster decomposition C induces an equivalence relation on N whose equiv-
alence classes are C's atoms. We write [i]c or simply [i] € C for the atom
containing i € N.



e The partition lattice P(N) is the set of cluster decompositions C of N,
partially ordered by refinement, that is

C:{Ol,...,Ck}%{Dl,...,DZ}ZD, if Cngﬂ(m)

for a suitable surjective relabelling map 7 : {1,..., k} — {1,...,¢}. ThenC
is called finer than D and D coarser than C.

e Therank of C € P(N) is the number |C| of its atoms.
e The finest and coarsest elements of P(N) are denoted by
Coin = {{1},...,{n}} and Cpax:={{1,...,n}}, (2.10)

and we set
Pa(N) :=PN)\ {Cuin} and Ps(N):=PN)\{Cuax}.  (2.11)
For a partition C we define the C—collision subspace
A¢ ={qe M| g =q;if ile = [jle} -
Note that Af C A as long as C # Cpin. We have that
C<xD = ALCAL
and that

A =) A
cecC

where, for a subset C C N we declare
AL ={qe M |q=gqjfori,jeC}. (2.12)

The superscript E refers to the fact that the ‘non-frozen’ coordinates are external
to those associated to the atom C' of C.
For subsets C' C N we denote the M-orthogonal complement to AZ by

AL = (A5, (2.13)
One computes
AL =Ker(Ilf) ={qeM|g=0frigC, Y ,.c mg=0}. (2.14)

In the first equality of (2.14)), II£ denotes the orthogonal projection onto AZ.
The superscript [ refers to the fact that only coordinates internal to the atom

8



C can vary on this subspace. Thus the orthogonal projection onto AZ is TI :=
Il — TIE.
Similarly for a partition C we define

M= (BB
Then A} = @pee AL, since AF = Noee AE. By (12.14)
M=AleoAl=0oPA, (2.15)

ceC

is an M—orthogonal decomposition. Associated to the orthogonal decomposition
we have the orthogonal projections

¢ = [[1E . respectively II, := 1, —TIF =) TIf.. (2.16)
ceC ceC
One easily computes the dimensions
dim(A7) = d(n—1- Y (IC] 1)) =d(C| - 1),
dim(AL) = Y dim(AL) =d) (IC|—1)=d(n—|C]). (2.17)

ceC cecC

To lighten the notation set

q¢ =11f(q) and ¢t :=1i(q) (g€ M).

We will even omit the subscript C when the context permits. For a nonempty
subset C' C N we define the cluster mass and cluster barycenter of C' by

1
me = E m; and qc = p— E m;q; .
jec ¢ jeC

In particular my equals the total mass of the particle system. Then for the
partitions C € P(N) the i—th component of the cluster projection is given by
the barycenter

(@), =aqw. (GeN) (2.18)
of its atom. Similarly
(4);=a—qq. (GEN)

is its distance from the barycenter. The scalar moment of inertia

J:M—=R , J(q):=(¢9 (2.19)



splits into the cluster barycenter moment

Jg = Jollg , JZ(g) = ch (gc: 9c)
cec

and the relative moments of inertia of the clusters C' € C

J& = Joll, => mill (), HZ__meJ = 4,4 — ) »
eC i,j€C
that is
J=JF+ b for = Jh@) = (e a) o, (2.20)
ceC

2.3 Example (a binary pair cluster and Jacobi vectors)

For a pair 7 = j of particle labels we can form the cluster decomposition C of
rank n — 1 whose only non-singleton atom is the cluster C' := {i,j}. These
partitions correspond to isolated binary collisions and generate P (V) under join.
For simplicity of notation we will take n = 3 and C' = {1,2}. M has dimension
2d, Afyy = M, Aly) = 0 while Af,) and A, , are both d-dimensional. We
have AZ = Af] ), AL = A{ 5 and Af] 5 A(, 5y = M (orthogonal direct sum).
We compute

By Muqi +Maq2 g B
(CIC )1 = —m1 Ty (qc )2 ) (qc )3 q3
while
I mo I mq I
= — — , = — — , =0.
(C]c)l 1 + Mo (Q1 QQ) (C]c)2 M1 + ma (qQ Q1) (QC)S

The vector ¢/ is parameterized by the Jacobi vector £, = q; — q2. The vector

qf is parameterized by the other Jacobi vector & = g3 — % (Use
myqy + mago + msqs = 0 to show that &, g3 and W are all non-zero

scalar multiples of each other.) The identity (2.20) becomes the traditional
quadratic decomposition

lgll* = pall€all* + pallgall® (2.21)

with mass coefficients p; given by

(RS S O S I
=it o m = + Y

10



2.3 On to phase space

Let M* denote the dual space of our vector space M. There are natural iden-
tifications TM = M x M, T*M = M* x M of the tangent space resp. phase
space of M. These gives rise to the inner products

<'7 '>TM :TM xTM —R <(Q7 ?)), (qlvvl»TM = <Q7 q/>./\/l + <U> UI>M

and

(3 Vpeng TM XT*M =R ((q,0), (0,0 ) pers =G0 ) pg + 00 ppr
(2.22)

(with DD o1 = Doy <p;pi> for the momentum vector p = (py, . . . ,pn)>.

The tangent space T'U of any linear subspace U C M is naturally a linear
subspace of T'M. Using the inner product, we can also consider T*U as a
subspace of T* M.

We thus obtain 7™ M-orthogonal decompositions

M =T"A5) e PT1(AL)  (CeP(N))
cec
of phase space. With

I . TE 2: I
ceC

the T M—orthogonal projections ﬁg, ﬁé - T*M — T*M onto these subspaces
are given by the cluster coordinates
= . my; .
(@) = D) with (@F0) = (a0, ) (i€ ), (229

and relative coordinates
(¢",p") ==11¢(q,p) with (¢",p]) = (¢ —qF,pi —pF) (i€ N).

Here pc :=>",.opi € R is the total momentum of the cluster C' € C. Unlike
in (2.18)) we omitted the subindex C in ([2.23)), but will include it when necessary.
With this notation the equations of motion for particle no. i € N are

d

E 1 E E_ My
—qgF =m71pf | —pf = VU (q: — 7
dth m; p; dtpz me Z A j,k(QJ Qk:>
G REN:[FI=[i], [kI£[]
4% =m; p; and
o= N VUl ) - Y. VUalg—a). (224)
dt" , R c — . PR S
EeN\{i} JkeN:[5]=[d], [k]#£[d]

11



2.4 Lemma The vector space automorphisms
(07, 1) : "M — T AF e P T (AL (CeP(N)) (2.25)
ceC

are symplectic w.r.t. the natural symplectic forms on these cotangent bundles.
Proof. This follows from T*(Af & @ e AL) = T*AF & Do TH(AL). O
The total kinetic energy

K:T"M—R , K(g,p)=K(@p) =1{pp),. =", 2

splits into the external or barycentric kinetic energy

KF = Kollf | Kf(q,p) =3 cee e

2mge

and internal or relative kinetic energy associated to each cluster C' € C

~ I pl
Kb = Kofih | Kb(q.p) = Yoo L.

2m;

K=K+ K}, with Kb:=) K.
ceC

The internal and external cluster potentials and Hamiltonians are given by

= Ul(q) with Ullq) =D Ui(ai — q)), (2.26)
cec i<jeC
Hi(p,q) == Kk(p = Hilp,q) with Hi(p,q) == Kb(p)—Uk(q)
ceC
(2.27)
and
US(g):= > Ujla—aq) . HEp.q) = KE(@p)— U (q)- (2.28)

i<jEN: [iJe#[jle
We have for all C € P(N)
U=U,+UF and H=H.+HE. (2.29)

(Unlike the kinetic energies, the cluster potentials cannot be written as U o I}
etc).

12



2.5 Remark (partition of configuration space)
The linear subspaces AL generate a stratification of M with strata

=20 .= Ag\ Jas  (cePw)). (2.30)

DxC

(1]

The upper index (0) is generalized in but omitted if there is no danger
of confusion. = consists of those collisions where only those particles whose
particle indices belonging to the same Cy C N of C = {C,...,Cy} coincide.
As Z¢ is open in the vector space A%, by it is a manifold with dimension
dim(Z¢) = d (|C] — 1). O

3 Blowing up the configuration space

The center of mass configuration space M, being a finite-dimensional real vector
space, is diffeomorphic to its open unit ball B C M. For diffeomorphism we can
take

O:M B, ®(0)=0, d(g) = tanh(lgl)i (¢ € M\{O}).

B is compactified by attaching its boundary S := 0B, the unit sphere of dimen-
sion d(n — 1) — 1 which corresponds to letting ||¢|| — oo in the expression for
®. Abusing notation, we set M =S, and

M:=MUS, (3.1)

a manifold with boundary. In this sense the topological boundary of the open
configuration manifold M = M\A is AUS.

The partial compactifications ]\A/[g of MUS along S = S\A (Subsection
and ]\/ZA of M along A (Subsection are of independent interest. The first
is relevant for the dynamics of the n particles as their mutual distances go to
infinity and was treated in [DMMY]. The second corresponds to collisions and
leads to a generalisation of the blow-up of the total collisions for the case n = 3
as first treated by MCGEHEE in [McGI].

The full compactification M in Subsection gives rise to an additional
aspect, because it includes the points of the sphere S at infinity corresponding
to non-trivial clusters. This will, we hope (work in progress) lead us to a positive
solution of the problem of asymptotic completenes in the three-body problem,

3A stratification of a manifold is a locally finite partition into smooth submanifolds. See
for example [Wall, p. 83].
*See DEREZINSKI and GERARD [DG, Section 5.10].

13



thus asymptotically relating the joint motion of the particles and the pure two-
body dynamics in the non-trivial cluster.E]

3.1 Real blow up, generally

We will be repeatedly implementing the real blow-up construction as described
in Melrose [Mé, Sect. 5.3]. Our constructions will be concrete and essentially
linear-algebraic so the general construction is not needed here. However, it may
be useful to get a rough understanding of it, if for no other reason than to
familiarize ourselves with the notation.

The general construction proceeds as follows. Given an embedded submani-
fold Y of a manifold X the real blow-up [X : Y] is formed by deleting Y from
X and replacing it with the space STNY of rays in the normal bundle NY
to Y. This space STNY is a sphere bundle over Y with the spheres having
one less than the codimension of Y. The resulting [X : Y] is a manifold with
boundary, that boundary being the sphere bundle. The manifold comes with a
smooth blow-down map [X : Y| — Y which takes the sphere bundle onto Y by
the bundle projection and is a diffeomorphism away from the sphere bundle. The
manifold structure is obtained by invoking the tubular neighborhood theorem.
This is commonly done by using an auxiliary Riemannian structure which allows
us to use geodesics normal to Y to form a diffeomorphism between a neighbor-
hood of Y and a neighborhood of the zero section of the normal bundle of Y.
When one looks at things in local Gaussian-cylindrical coordinates about Y the
whole construction boils down to using polar coordinates normal to Y.

The construction works if X has a boundary and Y is transverse to the
boundary, intersecting it in its own boundary. In that case [X : Y] is a manifold
with codimension two corners. The construction can be iterated upon choosing a
finite collection Y,, a € I of embedded submanifolds, provided certain conditions
are verified concerning the intersections of the closures of the Y, with each
other, and with corners arising in previous steps, yielding manifolds with deeper
and deeper corners.

3.2 Blowing up configuration space at infinity

Although we do not blow up the entire configuration vector space M, diffeomor-
phic to the open ball B C R” of radius one, it is instructive to notice that this

5In the case of smooth bounded pair potentials that are a-homogeneous for large distances,
a positive solution of the asymptotic completeness problem for arbitrary number n of particles
is expected, too. In the present setting, however, the motion is not asymptotically complete
for n > 3 because of the existence of non-collision singularities.

14



would just reproduce the closed ball B = B US from (3.1)). In other words,
[M:S] = M.
The reason is the following one:

3.1 Example (blowing up configuration space M)
As S is the boundary of the configuration manifold M, its blow up is based on
the general definition given in MELROSE [Me], Sect. 5.3]. As M\S = M, we
thus set

[M:S]:=MU(S'NS),

with STNS being the inward pointing part of the normal sphere bundle of S C
M. Since S C M is of codimension one,_S*NS is_diffeomorphic to S, so that
we get a simple result of that blow up: [M : S| = M, the closed unit ball. ¢

With the open subset S = S\A of the sphere we similarly obtain the disjoint
union - P
Mg :=[MUS:S|=MUS, (3.2)

which is a manifold with boundary.

3.3 Blowing up configuration space at collisions

Next we blow up the configuration space M= M\A along the thick diagonal

A= | AZ,
CEPA(N)

using the family (2.15]) of M-orthogonal decompositions M = AF & Al (Recall
that Pa (V) denotes P(N)\ {Cruin}.) With the definition (2.20)) of J£, we write
the coordinate ¢/ in the form

G =rQL with JH(QL) =1andr:== (Ji(gh)"?  (CePa(N)). (33)
For g% # 0 this polar decomposition is unique and

AL:= AL\ {0} = (0,00) x St , with the sphere S} := (J)7'(1). (3.4)
Somewhat loosely speaking, we call the Q. of equation the coordinates

on S¢.
We consider M =2 R~ a5 the vector bundle M = AZY & AL — A¥F and

15



follow MELROSE [Me, Sect. 5.2] in defining the blow-up of M along the zero
section A x {0} = AZ as the manifold with boundary

(M : AP := AF x AL with AL :=10,00) x S} .
The diagonal map

fA M — H [M : ACE] , g (Q>CGPA(N) (35)
CEPA(N)

smoothly imbeds 1/ as a submanifold of the manifold [Lecpy vy A X Al

On AL = [0,00) x S the "coordinates’ (r%, Q%) are used. With definitions
contained in Appendixwe get the so-called graph blow up, see [AMN, Eq. 8]:

3.2 Lemma

1. The graph blow up of M =2 R™=Y4 py the family {AF | C € Pa(N)} is the
topological space . o
My == closure(I5(M)) . (3.6)

It is an (n — 1)d—dimensional manifold with corners, see Figure .
2. The blow-down map (3 : M, A — M is proper, and for binary collisions

BHZe) =2 Zex St (CePa(N),|Cl=n—1).

Proof:

1. The family {AZ | C € Pa(N)} is a finite semilattice of linear subspaces of
M = Agmm, that is, closed p—submanifolds in the sense of Def. . As they
are linear subspaces, they form a cleanly intersecting family in the sense of
[AMN, Def. 5.4]. Then it follows from [AMN, Theorem 5.12] that the graph
blow-up J\/ZA is a weak submanifold. Since a weak submanifold of a manifold
with corners is the image of an injective immersion of a manifold with corners,
the first statement follows.

2. As applied to the present problem, the main statement of [AMN| Theorem

5.12] is that the graph blow-up ]\7A is diffeomorphic (in the sense of Defini-
tion [A.1)) to the iterated blow-up. Thus properness of the blow-down map 5
follows from iteration of [AMN, Cor. 3.7]. Moreover, as the =, C Ag are

the relatively open complements (2.30)), the blow-up of Z¢ x Ké at Z¢ x {0}
coincides with Z¢ x AL. O
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q2=q3 \

/A

Figure 3.1: Schematic view of the manifold with corners Ma (light green) arising
by blowing up configuration space M = R("~D4 for n = 3 particles in d = 1
dimension. The thick diagonal A is light blue. Boundary points of Mx are black,
except for those of depth two (shown in dark green).

(q2-q3)V'3

It follows from [AMN, Theorem 5.12] that the graph blow up ]\//TA is diffeomorphic
to the so-called total boundary blow-up, see also [Mel, Sect. 5.13].

We identify Ma \ OMa with M.
For some « € (0,2) we henceforth consider (—a)-homogeneous potentials
U : M — R that are of the form ([1.1)) with Z; ; > 0 in the two-body potentials

Uij(q) = Zijllall™ (¢ € R*\ {0}).

In extending the Hamiltonian flow of to the collision manifold, the func-
tion U~/ will appear in the differential equations . Extended by zero on
A = M\M, this is a function f : M — R on M = R("~1 that is Lipschitz
continuous but not continuously differentiable. Instead, when lifting it to the
graph blow up May, it is in the Hélder space C(H“)(]\?A,R)H This (together

bWe set C(®) := C* with k := [a] —1 € Ny and o := o — k for o € (0, 00).
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with a similar property of F' defined in (4.5))) will imply differentiability of the
flow.
Before treating the general case, we will give a simple example.

3.3 Example (boundary defining function) Consider for a > 0 the function

(1] + 1/ |aof) ™ we X

., (37
0 reR2\ X (37)

f:R* >R f(ac)z{
with X := {z = (71,22) € R? | 1 # 0 # x2}. We think of f as the extension
of U~/ with the potential of two independent pairs of masses on a line

UeC®X,R) , Ulxy,as) = 21|+ |za| .

f is 1-homogeneous and Lipschitz continuous (f € C%!}(R2 R)), but f ¢

C'(R?,R), see Figure

iF

Xp O

¢S]

o 1 2
X1 re [0,00)

Figure 3.2: Example for a = 1: The Lipschitz function (3.7) on R? (left)
and its lift p € C°°(X,R), for the blow-up S} x [0, 00) of one quadrant (right)

However, if we continuously extend U™ 1/ by zero to p : X — R on the to-
tal boundary blow-up X ) X then we claim that p is in the Holder space
CO+9) (X R). For the gravitational case @ = 1 we even have p € C°(X,R),

and p is a boundary defining function in the sense of Melrose. Here X is

"Definition (MELROSE [Me, Lemma 1.6.2]): A boundary defining function on a manifold
with corners X is a function p € C°(X,R) with plax = 0, p|x\ox > 0 and in local
coordinates at p € Oy X, p(z) = a(x)xy - ...  zx with a(p) > 0 and a smooth.
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diffeomorphic to the disjoint union of four copies of the manifold with corners
S! % [0,00) 20,7 x [0,00) , with S} :=S™NRH!

and half-angle polar coordinates x; = rcos(¢/2), o = rsin(¢/2), r = ||z||.
Compare with [AMN], Lemma 5.10] for such pair blow-ups. Then

o , B rsin(¢/2)
P01) = 1) = oo o) T s )~ (1 tane (/)7

Sope C(Ha)()/(\, R). Fora =1, p(¢,r) = #@rw, proving the claim. ¢

Example [3.3] generalizes as follows:

3.4 Lemma (boundary defining function)
The function on the total boundary blow-up, defined for a > 0 by

p:Ma—R , plg:=U"""and pl,z, =0, (3.8)

is in the Holder space C1+®)(My, R).
For the case o = 1 of celestial mechanics p is a boundary defining function.

Proof: Note that by our assumption Z; ; > 0, U > 0 diverges to +00 at A.
It is immediate that p|;; > 0 is smooth. The behaviour of p at the boundary

of ]\A/[A is given by iterated Taylor expansion with respect to a chain for a size
order of the AZ, see [AMN, Section 5.2]. For C € Pa(N) and ¢ € =¢ so that
q& # qp for C # D € C we write ¢f = rQf with the notation from ([3.3). Then
we expand

-1/«
o Zi,j
= (L 5 w5 L metr)

CeCi<jeC C#DeCieC,jeD

with respect to r, obtaining a (local) Holder C+) dependence.

For a = 1 smoothness at the boundary of M reduces to Lemma 5.13.3 of [Me].
O

3.4 Compactifying configuration space

We begin by compactifying the subspaces AZ C M in M = M US, resulting in
closed disks Zf whose boundary SN Zf is a subsphere of S.

With Ps(N) = P(N)\{Cmax} from (2.11)), modifying (3.5)), we use the map

M — ] [M:3¢] = J] [M:(SnBe)] . a+— (@)eersmupv,
CEPA(N) CePs(N)
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which smoothly imbeds M as a submanifold. We omitted Cmax in the second
product, since S mzﬁm =Sn{0} =0.
Note that the A intersect the boundary S of N neatly (see, e.g. HIRSCH

[Hi, Section 1.4]), and are p-submanifolds of M in the sense of [Me, Definition
1.7.4]. So like in Lemma [3.2] the graph blow up

—_ A~

M := closure(1(M)) (3.9)

of the compact ball M has the structure of an (n — 1)d—dimensional manifold
with corners. The new feature is that, unlike Max C M defined in (3.6)) and
MUS C M from (3.2), M is compact.

(@2-93)/V3

g1

Figure 3.3: Schematic view of the blown-up configuration space M (light green)
arising by blowing up configuration space M = R? for n = 3 particles in d =1
dimension. The thick diagonal A is light blue. Boundary points of M are black,
except for those of depth two (shown in dark green).

4 Blowing up the energy surfaces
We will use Section [3| to blow up and compactify the energy surfaces iE =

H~'(E). The resulting compact manifolds with corners, denoted ¥z, are easy
to define and understand via their projection to M. See equation (4.2).
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Analysing the dynamics induced on the flow-invariant boundary components
takes some work. After the introductory example of two bodies in Subsection
[4.3] we separately consider the dynamics on the pieces of the energy surfaces
over the boundary blow-ups Mg, Ma and finally over the entire compact total

blow-up M of configuration space M:=M \ A.

4.1 Rescaling velocities

We prefer to work with velocities
_ Agq-l
v=M"p
rather than momenta. Then the energy is given by
E = 3|vl3 — Ula)

Make the position dependent rescaling of velocities

1

w:=Gglqv with Gp:= (2(E+U)) 2, (4.1)
so that the energy becomes
E= (E+U(q)|wlP - Ulq).

Solving, we see that the energy in the (¢, w)-variables is E' iff ||w|| = 1.
The substitution (4.1 requires that E + U > 0 (we don't want imaginary
w's!) which means that ¢ must lie in the Hill region

Mg:={qeM|U(q) > -E}.

If £ > 0 this is no restriction sincerur Uis positiv/e\everywhere and so M\E — M.
In this case the energy level set ¥z is equal to M x S where S = S(*~1d-1 g
the unit sphere in the w—variables. We can now simply take closures by letting
q — OM and realizing our spheres are staying constant. So for £ > 0 we arrive
at _ .
Yp=MXxS.

When E' < 0 we must pay attention to the behaviour of velocities as we approach
the Hill boundary {U = —E}. In the interior of the Hill boundary the fibers of the
original velocity projection (¢, v) — ¢ restricted to iE are spheres whose radius
shrinks so that they degenerate to points when we reach the Hill boundary. In

our new w-variables the spheres are all the same size, so as we approach the
boundary they remain the same. In going to the w—variables we thus replace the
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original smooth iE by J/W\E x S. The extraneous directions along the boundary
will not cause problems with the dynamics, but will require a bit of analysis in
order to make sense of brake orbits — orbits hitting the Hill boundary. This is
done in Subsection . Letting ¢ tend to boundary points of M while remaining
in Mg we see that again the w—spheres do not change size: we just have w € 5,
the fixed unit sphere. Thus regardless of the energy E we get

where ﬂE denotes the closure of the smooth manifold with boundary ]\/4\];
within M.

4.1 Remarks

1. Rescaling of velocities: Our rescaling of velocities is half of our globalization
of the construction first devised by MCGEHEE in [McGI], and developed
further by DEVANEY [De] and many others. See in particular LACOMBA and
IBORT [LI]. The other half comes with the next section when we rescale time.

2. Ciritical points: For our choice of U the function U has no critical values
and hence the Hill boundary is smooth regardless of the choice of energy F.

3. Tangent space: Note here that the tangent space 7'X of a manifold with
corners X like Mg is well-defined, since X is contained in a smooth mani-
fold X of the same dimension. T X can then be defined invariantly by the
restriction of the bundle TX — X to X, see [AMN, Remark 2.7]. O

4.2 Rescaling time

To extend the differential equations to iE we introduce a new time parameter
7 along orbits with
j—f_ = GE((]) GE((]> for GE = %U_l/a (43)

and denote % by ". If we set

_ _MWU@)
Fla) = 2(14+U(q)) U(q)a (44)

the Hamiltonian equations ([2.6]) on P acquire the form

¢ =Gpl@w , v =F(q)—(Fg),w)w (4.5)
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leaving the energy surfaces Sy invariant. As q — 0, the force term F(q) is
asymptotically homogeneous of degree zero. It is bounded, since the terms

M = —« v_é 7 d
Ui(g)ts Zi; 4] (¢ € R\ {0}) (4.6)

are bounded and since U; ; > 0.

4.2 Remarks (scalings)

1. Change of speed: To normalize it to one is just a convenient choice.

2. Time change: The factor U~/ in the choice (4.3)) of the time change
is motivated by the desire that the velocity ¢’ should vanish asymptotically
linearly in the distance from the boundary. Looking at the first equation in
(4.5), this is more or less obvious for boundary points in A. As we shall see,
this is also true for boundary points in the sphere S at infinity.

3. Alternatives: One drawback of our choice is that ||w| = 1 also at the

boundary 8]\/4\]; of Hill's region.
Therefore in our companion paper [KM] we use scalings for speed and time
change that depend on total energy F. O

Before looking carefully at the different aspects of the compactification, we
present the simplest example.

4.3 The example of two bodies

The simplest case is the reduced system with Hamiltonian ||p||?/2 — U(q) and
U(q) = ||q]|=® where ¢ € R? stands for ¢; — ¢». Hamiltonian equations are

g=p . p=VU(q) (4.7)
with VU(q) = —a Q/||q||** for Q := q/||q||, so that our force term equals
Flq) = =St -

The scaling functions (4.1]) for velocity and (4.3]) for time have the form

Glg) = 2B+ ql™) ™" . Grle) =S4l

For total energy E' € R the differential equation (4.5)) extends to the boundary
of the energy surface Y5 = Mg x S?! over compactified configuration space

in ._{ [0, 00] x S¢1 , E>0
Lo |ETYVe] x 8T E<O
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The boundary of iE has two components, one with » = 0 and the other with
either r = oo or r = | E|~Y/* where r = ||¢|.
Using Q = q/r one gets

r = T%<Q,w> 1 Q/ = %(w - <Qaw>Q) ' w' = 1;ia%(Q - <U}, Q>w) :
(4.8)

As span(Q,w) is invariant, it suffices to consider dimension d = 2. So we use

polar coordinates for the ¢ and w variables, assumed to be complex-valued:

g=rexp(1f) , w=-explrwy).

Setting
Qﬂ = Wy — 0

the differential equation takes the form

= cos(y) 0 = 1:55 sin(¢) , wy = $rE=sin(y).  (4.9)

The r equation shows that the two boundary components are invariant. They are
tori coordinatized by (6, wy). On these tori the circles {6 = wy} and {0 = wy+7}
consist of rest points (see Figure [4.1)).

Figure 4.1: Flows on invariant boundary tori, for the gravitational case a@ = 1.
Left: At collision. Middle: At infinity, for energy £ = 1. Right: At the boundary
of Hill's region, for energy E = —1. The unstable rest points are coloured in
magenta, the stable ones in green. The flow lines are coloured by time 7.

e Collision: _
At the flow invariant boundary component of ¥z with ¢ = 0 the o.d.e. (4.9)
equals
0 =sin(wg —0) , wy = 5 sin(wy —0).
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So the differential equation ¥ = —(1 — §)sin(¢¥)) or ¥ := ws — 0 is solved
for initial conditions with wy(0) = 6(0) £ 7/2 by ¢(7) = £2cot™" (e72)7),
whereas wy — 6 = (1 —5)0(0) £7/2 is a constant of the motion. We obtain

W/Qfacot_l(e(17%>7)
12
2

52 cotfl(e(l_%)T)
1—<
2

0(r) = 6(0) £

, wy(1) =0(0) +

The total angle covered is

lim (9(7’) — (9(—7')) =+7.

1—<
T /oo 2

This agrees, as it should, with the range of ‘Rutherford’ type scattering for
homogeneous central forces as calculated in [KK| Section 4]. The limit points

lim (6(7),w(r)) = (6(0) £ 57, 0(0) + 577) ,

T—+00 2-a’ 2-a
i (0(r).w(r)) = (00) F o5 . 0(0) F (5% — 7))

are stable respectively unstable rest points. So the two unstable orbits of a
rest point converge to the same stable rest point exactly in the cases

a=2(1-1/m)  (meN\{1}).

Only then we can uniquely regularize the original o.d.e. (4.7) at collision. The
cases m odd then correspond to motion in the forward direction, whereas m
even (including the gravitational case o = 1) corresponds to backscattering.

Spatial infinity:

Similarly, for E > 0 the boundary component at r = oo is invariant under the
flow, as one sees by considering the o.d.e. p' = —p?j:/f,j (Q,w)Q for p:=1/r.
Thus at spatial infinity takes the form

0= Esin(wg —0) , wy=0,
with the solutions for wy(0) = 0(0) £+ /2
0(1) = 0(0) + (£ — 2tan™" (exp(—ET))) , wp(7) = wy(0).

They converge to the rest points (9(0) +7/2, wg(O)) as 7 /oo and

(0(0) F 7/2,wy(0)) as 7 \, —oo . So the stable manifold of a rest point
(6,6) equals the unstable manifold of (6 + ,6), see Figure [4.1} middle.

For energy E = 0 the whole boundary S' x S! at infinity consists of rest points.
All energy E solutions of (except those colliding) thus have the property
that they go to a stable fixed point as 7 " cc.
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e Boundary of Hill’s region: L
For energy E < 0 the boundary OMp = {q € R? | ||q|| = |E]~Y/} of Hill's
region is invariant under the flow, too. Then (4.9) becomes

=0, wy= %1+11/|E| sin(wy — 6) ,

with the solutions for wy(0) = 0(0) £ 7/2 and ¢ == § 177

0(t) =0(0) . wp(r) =we(0) = (5 — 2tan~" (exp(cT))) .

Here the unstable manifold of a rest point (0, 0) € S! x S! equals the stable
manifold of (0,6 + 7), see Figure [4.1] right. As (6,6) and (0,6 + ) are
uniquely connected in the positive time direction, one can uniquely connect
the incoming and outgoing solutions (brake orbits) for the original o.d.e. .
(See also the end of Subsection below.)

4.4 Blowing up the energy surface at Hill’s boundary

The Hill boundary 8ME C M is a submanifold of codimension one. (All values £
of our potential are regular values.) So (like in Subsection blowing up Hill’s

region My at OMy just reproduces Mp. The restriction of the trivial sphere
bundle (4.2) to Mg C OMpg has the form

8]/\JE X S(n_l)d_l — 6]/\4\51 .

4.3 Lemma (Hill's boundary)
For all energy values E < O the flow on ¥ i leaves the fibers

(mp) (@) € Sk (00 € 3]\//715)

invariant. The limit point (qo,w) of the incoming brake orbit is uniquely con-
nected by its unstable manifold to the limit point (qo, —w) of the outgoing brake
orbit.

Proof: The sphere (7g)~'(qo) is invariant under the flow generated by the
differential equation (4.5)), since Gr(q) = 0 for q € OMy, so that ¢ = 0.
The vector field —VU(gq) # 0 is an outward pointing normal to Tqaj\//TE. As
w' = F(q) — (F(q),w) w, the only rest points (g, w) of the flow on the sphere
are the ones with w parallel or antiparallel to the force F'(qy) = VU(qo). But the
brake orbits have these incoming and outgoing directions as is seen by a Taylor
expansion of Newton's equations ¢ = VU(q) with ¢(0) = 0, ¢(0) = qo. OJ
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4.4 Remark (significance of the flow on ¥)
We take the general philosophy that one can concatenate two solution curves to
the reparameterized flow on X if

1. the w—limit set of first is the a—limit set of the second, with their common
limit point R € X being a rest point of the extended flow. Note that all the
rest points are in 0X.

2. Additionally, we demand that R does not belong to the w— respectively a—limit
sets of other solution curves (disregarding the constant solution R).

In this way we regain the standard brake orbit solutions for Newton's equations as
follows. Let gy € OMpg be a brake point and consider the energy £ Newtonian
solution ¢(t) for which ¢(0) = ¢o and consequently ¢(0) = 0. This solution
satisfies g(—t) = ¢(t). In the reparameterized time and with rescaled velocities w
this single brake curve blows up into the concatenation y_*~vy*v, of three curves.
The 7 projections of the two curves 4 lie in the interior of the Hill region where
they are reparameterizations of ¢(t), parameterized so that they approach ¢, as
t — +o0o0. The middle curve 7, travels along the invariant sphere (75)'(qo),

connecting the incoming normalized velocity w = —VU(qo)/||VU(qo)]|| (the
outward pointing normal to the Hill boundary) to the outgoing normalized velocity
w=~+VU(q)/||VU(q)||, taking infinite T-time to do so. O

4.5 Blowing up the energy surface at collisions

We next consider the boundary component of 5 defined in (4.2) projecting to
A and thus set R _
EE,A = {LL’ €Xg | 7TE(.Z‘) S M}

That is, we defer the analysis of the boundary component at spatial infinity.
The blown up energy surface X5 o has two types of boundary components, the
one projecting to the collision set A and, for £ < 0, the ones projecting to the
boundary of Hill's region. Unlike in the last subsection, over A the vector field
experiences a loss of smoothness:

4.5 Lemma L R
The smooth vector field Xg : X — TX g defined by the right hand sides of
(4.5) continuously extends to a locally CM*) Hélder continuous vector field

XE,A : EE,A — TEE7A .

Its flow leaves the boundary component of X o over A invariant.
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Proof: The factor fj:g of éE has the constant limit 1 over A. The factor U=

of Gz has been shown in Lemma [3.4] to extend to a C(+a) Holder continuous
function on the blow-up MA Smce it goes to zero at A, GE extends to a

C(1+2) function on the blown up configuration space Mx (see (3.6)), vanishing
over A. So by the first differential equation in (4.5) the flow leaves the boundary

component of iEA over A invariant.
The argument for the force terms [ is similar, using that the radial blow-up
of (4.6)) is smooth. O

4.6 Corollary (smoothness of the flow)

The initial value problem 2’ = X (z), z(0) = zo € §E7A, derived from ({4.5)
has unique local solutions in C*(D, iE,A), with open domain D C R, x f]EA
containing {0} x f]E,A.

Proof:
The vector field )A(E,A is in the Holder space 1+ (iEvA,TiE,A) with o > 0
and thus fulfills the criterion of the theorem of Picard and Lindelof. O

4.7 Remark (smoothness of the flow)

We believe that the flow is C(**®) Hdlder continuous, since the vector field
is C1+®) Holder continuous. However, we couldn’t find such a result in the
literature, and we didn't try to prove it. O

We now consider the flow at collisions more precisely. Every C € Pa(N)
defines a different type of how the particles meet, as the =¢ defined in ([2.30))
lead to the stratification

A= || = (4.10)

CEPA(N)

of the thick diagonal A. For ¢y € Z¢ C A%, we use the M-orthogonal de-
composition M = AZ @& Al of configuration space, with dimensions given in
. As =c C Al is relatively open, we can use the local Cartesian coordi-
nates (g%, ¢t) from (2.18) in a neighborhood U := U¥ x Ul C Z¢ x AL of qp.
Depending on the choice of UZ, we can choose U/ so that

UsNA=UEF and Ue\UF C M2,

With the definition (2.20) of JZ and regarding it as a function on A/, we write
the coordinate ¢/ in the form

@ =rQL with JL(Q) =1and r := (JC( ))1/2. (4.11)
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Assuming that ¢/ # 0, this polar decomposition is unique and
AL\ {0} 22 (0,00) x S, with the sphere S} := (Jé)_l(l) :

For any qo € Z¢ and any direction Q% € SZ for which ¢y + QL & Aif r > 0
is small enough, we thus attach a point to blow up the boundary. The last
condition is only violated for the subset SN A, which by is a finite union
of submanifolds of codimension at least d in S{.

Although the potential U is in general not (—«)—homogeneous in r for ¢ =
qo + rQL, it has this property asymptotically as r \, 0: For Qf € SI\A

We(Qe) = limr® Ulas +7Q¢) = 33 >, Uii((Qe)i = (Qe)s) = Ue(Q)

CeC itjeC

has values in (0, 00), so We = U{|, and
C

VIWe(Q¢) = VU (Qg) — (U (Q¢), Qe)Qc - (4.12)
This limit does not depend on ¢y € =Z¢ C Ag and defines a smooth function
We : Sé\A—) (0,00).

To construct our collision manifold, we attached to the point (qo, Q%) of the
configuration space boundary an (n—1)d—1-dimensional unit sphere of velocities
w = wf +wl. The internal part is split further into the component (w}, QL)QZ
parallel to QL and the one perpendicular to it. In order to obtain a somewhat
simpler form of the differential equation, we rescale the parallel part, setting

vh = (We(QD)"* (wh, QF) and X{:=wl— (wh,QLQL.  (413)

4.8 Remark (gradient-like flow)
We defined v} to be (wl, QL) rescaled by \/We(QL) in order that v} becomes
a Lyapunov function on the collision manifold = when wf = 0. In this way the
flow on the invariant manifold ZcN{w} = 0} is gradient-likef| Condition wf = 0
is important since orbits in f]E colliding with Z¢ must satisfy this condition in
the limit:

lim wg (1) = 0. (4.14)

T—00

8Definition [McGI]: Let ¢ be a flow on a complete metric space X. Suppose there is a
continuous function g : X — R such that g(¢(x,t)) < g(z) if ¢ > 0 unless x is a rest point.
Suppose further that the rest points of ¢ are isolated. Then ¢ is called gradient-like.

We use this definition, although in our case the rest points are not isolated.
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In order to derive equation ({4.14)) we use that the limiting internal cluster en-
ergies | lim, o HL(7) (see (2.27)) exist and are finite for all C' € C. (Their
existence has been proven for a more general class of potentials in [EK|, Corollary
5.7).) The existence of lim, .., U¥(7) € R for the external cluster energy is
obvious. lim, ,, UL(T) = +o0 so the finiteness of the limit of H/(7) implies
that lim, ., K5(7) = +00. On the other hand lim, ., KE(7) € R, since the
cluster-external forces are bounded along the orbit. Consequently, viewed projec-
tiver the ratio of internal and external speeds (i.e. of [\/ZK(IJ, \/2Kg]) tends

o [1, 0 Now ([4.14) follows from this fact, (2.29) and the definition of
w = w§ + w. O

4.9 Lemma (Dynamics at collisions)

For the time variable T, see (4.3), and the coordinates (4.11)) and (4.13)) the

restriction of the o.d.e. (4.5) to the C component of the boundary is of the form
(re) =0, (Q¢) = (We(Qo)) " Xe, (4.15)

(v8) = (We(@) 77 | (1 = 9) (Iwdll® = (wh, QF)?) — $llwE 1], (4.16)
(X2) = FL(Qh) — (FA(QE), QL)QE — (FHQL) + Wel(Qb) ™/ Qf, wh) X

— We(QE) (XL wh)QL (4.17)
(@) =0 and (wf) = —(FHQL), wh) wk (4.18)

In particular, the boundary component r = 0, is flow-invariant and so is its
submanifold r = 0 = wg. Finally v} is strictly increasing on this submanifold at
points at which w}, and QL are linear independent.

-1/«

Proof: We derive these identities from the differential equation (4.5)), beginning
with (4.15). For g =qo +rQt € M

o= (a¢: (a¢)") GE(Q) (QL,wh) . (4.19)

r

As 7\, 0, Gp(go 4+ rQL) \, 0 (asymptotically linearly), whereas ||Q%||l, = 1
and ||wl||am < 1, proving ' = 0 on the boundary. Similarly,

T (WC QC o

To derive ([4.16]), based on Definition (4.13]) we write the derivative of v/ as the
sum (v}) = I + II + III with

Ii= (We(@9)?) (wh, QL) and 1T := (We(QE)"? ((wh), QL.

9Here we use a simplified notation for the values of observables along orbits.

(Qé)/ _ (%é)’ GE(Q) (wé . <QC’ >QC) T\O wC <QC? )ézQ
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Using and (4.15),
1= H(Wel@D) " (VULQE) — (TULQL), Q) @k, wh) (wh, QL.
whereas by and the definition (4.4) of F'
11 = H(We(@8) ™" (VUAQE) = (TU(QL), whut. QL)
So by (—a)—homogeneity of U!

[+11= =2 (We(@) ™7 (1= (w, QLY?).

In this expression we substitute 1 = ||w|* = [|w}||* + |[wE||>. Finally, by (4.15)
1/2 +1/2-1/a
11 = (We(@8))"* (wh, (Q8)) = (We(@B) ™7™ (lwd|? = (wk, @E)?).

proving (&16).
The proof of (&-17) uses (&15) and (wf)’ = FA(QL) — (FA(QL), whyuk.

In the equation (¢Z)' = 0 follows, since (¢F) = Gg(q)wg, with the
scaling factor CNJE(q) being zero at the boundary.

The equation for (wf) is a consequence of (wf) = TEF(q) — (F(q),w) wk,
where the velocity w has norm one and the force term F'(q) goes to F(QL) for
q = qo+rQL in the limit r \, 0, whereas 15 F(q) — 0 for the external force. [J

4.6 Blowing up the energy surface at infinity

The configuration sphere S at spatial infinity is the disjoint union of S = S\A and
SN A, where the last set corresponds to non-trivial clusters whose barycenters
tend to infinity. We treat S first.

4.6.1 The case of single particles

We first consider the motion of n single particles approaching § which in our
center of mass configuration space can happen for energies £/ > 0 if n > 2.
For n = 2 we have S = S. In the Figure for three particles on the line, S
corresponds to the six segments of the outer circle.

Instead of ¢ = r Q@ € M we use the polar coordinates (z, Q) near infinity, with

z:=r"" and g=2Q=1r""Q=1r"""¢. (4.20)
The configuration space is mirror-symmetric: M = {(,Q) | q € M\}
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In these coordinates the sphere at infinity corresponds to z = 0. We set

Gp(q) = 2" Gplq) = 2T/ Gp(z7°Q) =  HFZ U (Q) (4.21)

(compare with (4.3])) and rewrite the force term (4.4):

F(a) = Flg) = »—MVUQ
@) @) = e e

QI

The differential equation (4.5]) then takes the form
7 =GCp(@) (w—-(1+0)w,Q)Q) . w=F@~(F@,w)w (422

and in polar coordinates (z, Q) one gets

d=-Gp@(Quw) . Q=50

(w—(Q,w) Q).

By looking at G in (4.21), we conclude that the right hand sides of these
differential equations are real-analytic for @ € S and z € [0,00). At spatial
infinity, that is, at z = 0, they reduce to

=0, Q=EUQ) (w—(Qu)Q) , w=0.

In particular the boundary component of iE over S is invariant under the flow.
Whereas Q' = 0 for E' = 0, for E > 0 this is the case if and only if w € {—Q, Q}.
These velocities w then correspond to the negative/positive time asymptotics of
non-clustering particles.

Similar to the case of two bodies treated in Subsection [4.3] the unparametrized
motion takes place on the invariant great circle S N span(Q,w) in configuration
space. The reparameterization is given by integrating the factor E U~'/%(Q).

e |f these do not meet A, then the span is a half-circle. As in Subsection [4.3]
we cannot connect asymptotically free solutions of the original Hamiltonian
differential equation (2.6]) via the flow at infinity. The reason is that (unlike
the collision orbits and the brake orbits) they converge to the stable manifold.
That is nice, because this would not have a sensible physical interpretation
(observe that then the original time variable ¢ diverges as T does).

e Otherwise the trajectory can be asymptotic to points ) € A NS, where
U=Y2(Q) vanishes. This leads us to the next point, the blow-up for non-
trivial clusters at spatial infinity.
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4.6.2 The case of non-trivial clusters

We now consider trajectories in M that approach a point ¢ € ANS. In the
Figure for three particles on the line, this part of the boundary of blown up
configuaration space M corresponds to the twelve small quarter circle segments
near the the outer circle.

By the stratification (4.10) of A, gy € Z¢c NS for a unique C € Pa(N), with
C # Cuax, since total collision occurs at 0 € M. Z¢, defined in (2.30), is a
relatively open (and dense) subset of the linear subspace AZ. So by it is
a manifold of dimension d(|C| — 1), with a number 2 < |C| < n — 1 of clusters.
It follows that Z¢ N'S is open in a (d(|C| — 1) — 1)—dimensional sub-sphere of S.
Its blow-up is a fiber bundle

Be — Z¢NS , with typical fiber S71°0 (4.23)

the plus sign meaning the half-sphere of incoming directions/™% So it is a manifold
whose dimension coincides with the one of S, as it should, being part of OM.
Next we construct coordinates on the half-sphere Si("f‘cl)at ¢o. The impor-
tant result will be that, with the Cartesian coordinates (¢, ¢%) near Z¢, ¢} can
be used.
We use the polar coordinates (z, Q) of M = M US near S with z := 1/r > 0
for g =rQ € M\{0}), and z = 0 on S. The metric used is

(21, Q1) = (22, @2)|| == \/121 — 2+ Q1 - Qal*  ((2,Q)) €[0,00) xS).

For a unit vector QL € S} we set (¢F,ql) = (cqo, dQL) and consider the
distance of

E I
<Z17Q1) = <||Qg + Q(IZH_la ||Z§EIZEH> and (227Q2) = (07(10)

In the limit ¢ 7 oo, with d > 0 fixed their difference is asymptotic to
_ [¢ dQt
(21, Q1) = (22, Qo) = (2 +a2)7V/2, e — ) ~ (L,4Q)),

which we write as (1,2 Q%) = R (cos(p),sin(p) QF) (so that [|(1,2Q%)| = R
with R =1+ d?/c \,0). As

g¢ = dQ¢ = tan(p)Qc,

in the limit d oo the C—internal cluster coordinates g/ parameterize the half-
sphere at ¢ of the bundle (4.23). In that limit the distance between the positions

101n general, (4.23)) is a non-trivial bundle. However, here we argue only semi-locally so that
this does not play a role in our analysis.
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of any pair of particles in different clusters of C goes to infinity, whereas the
difference of particle positions in the same cluster is constant.

From (4.5) we get in this limit and for the cluster-internal potential U (see
(2.26))), the differential equation

(@) = Grela)we . (wh) = Felgt) — (Felgb), whwt, (4.24)
with

G D)= U () and  Fp(ql) = — M Vlela)
meldc) (+UL(ah) (UL (gh)) & clae) 2(1+UL (ah) (UL (ah)

So up to a common time reparameterization by 1/((1+U%)((U{)=), the clusters
in C only interact internally. To see this, note that, up to that factor, éE,C and
F¢ depend affinely on UZ.

The motion of the cluster centers occurs with a velocity vector w/ that is a
constant of the motion.

Like in Subsections [4.5 and the present one, with the half-sphere bundle B
from (4.23), the boundary component Be x S~ 141 of the blown-up energy
surface X is invariant under the flow, which by the same arguments is contin-
uously differentiable.

C-internal collisions that would lead to components with a D € P(N) with D
strictly coarser than C only can occur in the temporal limits 7 — +o0.
The same statement holds for ||g/(7)|| — oo, that is escape to spatial infinity/]

5 Topology of the blown up configuration space

Here we are going to determine the homeomorph|sm type of the total boundary
blow up GMA, with MA defined in Lemma|3.2| For the proof we use a variant of
the Graf partition of configuration space M deV|sed by GIAN MICHELE GRAF
in [Gr], see also [DG| Sect. 5.2].

5.1 Definition ([Kn, Sect. 12.6]) For § € (0,1), let
JOM SR, J9(q) = max{J& (q) + o/l |CeP(N)}.
The Graf partition of the configuration space M is the family of subsets

Eg;) = {q eM

@ +09 =79} (ceP(V).  (51)

n Figure 3.3 for collisions these correspond to the twelve dark green points near the outer
circle. For escape to spatial infinity, they are represented by the twelve points on that circle.
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5.2 Remark (Graf partition)

1. These atoms are closed, and we obtain a measure theoretic partition of M:

UCEP(N) Eé‘s) = M, For C # D the Lebesgue measure of E((jd) N Eg) is zero,

since the values of JZ 4 6/°l and J5 + 67! coincide only on quadrics in M.

2. Moreover, there is a &y € (0,1) so that for all § € (0, ], the Graf partition

1} has the property that for Eé‘;) N Eg) # (), the cluster decompositions C
and D are comparable, i.e., C < D or C = D (see [Kn, Lemma 12.52]). ¢

5.3 Theorem Forn > 2 particles,

1) G(n—1)d—1 \ A is homeomorphic to 8Eéi)ﬁn,

2) whereas 0 Eé‘:m is homeomorphic to dMx.

Proof:
1) We first construct homeomorphisms

H® gD\ A 90 (5 (0,6))

to the boundary of the free atom =% . With the rays

Cnin
Ry:={Xs|A>0} C M (s € SM71\ A)
H®©)(s) is defined as the unique intersection point in R, N 85&2111. In fact,
1. RN 8Egizm is non-empty:
(a) As n > 2, there exists a set partition D € Pa(N), and the difference
[JE 46" = [J5+ 0P = J, + 6" — 67! (5.2)

is strictly increasing along the ray R, and goes to +0o0, since the continu-
ous map A +— JA(As) equals A2, with j = Jh(s) > 0if s € SN\ A
(and j = 0 in the excluded case s € S~ Dd=1 0 AE C gn=Dd=1 A A)

(b) Conversely, limys o J5(As) + 0" — 6/P1 = §m — 6IP1 < 0 in (5.2), since
D] <nandd € (0,1).

2. Ry N aagijin consists of one point only, and the intersection is transverse.

This follows since for \gs € Eg: N Eg), (5.2) is strictly increasing at Ags,

so that \s € E(Cé) for A > A\g. Of course, \gs can belong to more than two

atoms in the partition, see Figure [5.1l Then that boundary point lies in the
intersection of more than one quadric, but R; is transversality to all of them.
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3. By that transversality property, H®) is continuous. H®) is injective, since the
rays R, and R, are mutually disjoint for s # s’ € S(m—1d-1,
As the atom :((;im is closed and disjoint from A, the same is true for its
boundary 652?@. Since Usegm-na-a Bs = M = R(-Dd \ A, HO
surjective.

The inverse of H® is continuous, too, since the intersection of the rays R,
with the sphere is transverse, too.

91393 9172 91=93 q1=q;

g2=Qq3

(q2-ga)'3
(Go-ga)V'3

\
=T I\~

o q1

Figure 5.1: A Graf partition of the configuration space of n = 3 particlesind = 1
dimension, in center of mass system. Left: the homeomorphism between S\ A

and 8E(cf:i)n, induced by the rays R. (green), with (r:i)n in gray. Right: curves
Sen, parametrised by § < dg, corresponding to intersections of three atoms (red)

Incidentally, we proved that H®) is even locally bi-Lipschitz.

So for 07 < 09 € (0,dy) the boundaries 0 = (61) and 0= 52) are homeomorphic.

Furthermore, 1nt( (51)) ) (521)n if 69 < 1/2 and hmg\o =0 — M in the
sense of Hausdorff distance, since 0 < |D| < n for D € Pa(N ) s0 that in (5.2)

0< o o7 <ol =85 and lim (57— 0") = 0. (5.3)

2) To relate the boundaries 8:C5 and EN\A/IA, we use homeomorphisms different
from HOVo(H®2)"1: 9= — 9=V | since the limit of the latter for d, \, 0

in

is not well-behaved. Instead we show eX|stence of a smooth vector field

vi M\EP) - RID, (5.4)
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whose time t flow restricts to locally Lipschitz homeomorphisms
DES) 5 9PV (8) € (0,85 with 8, — 6, =t). (5.5)

Every point ¢ € M \ :((360) ) for some & € (0, ).

Furthermore ¢ (exactly) belongs to ﬂe 00 (6) with Dy := Cpyin, and k € N.
According to Remark [5.2]2 these set partitions are mutually comparable. So by
reordering we can assume that the chain

ch:={Dy,...,Dy}isordered: Dy D1 < ... Dy, (1<k<n-—1).
(5.6)
Conversely, every such chain (5.6) defines a semialgebraic set S, C M \ =)

Cmm
consisting of the ¢ that for some § € (0, dy) simultaneously belong to all aup :
see Flgure | right. Finally, the set of all chains (5.6]) gives rise to a set partition
of M \ ”(50) by the Su,. In fact, these semialgebraic sets are submanifolds, of
codlmen5|on k—1.

For a chain the corresponding projections ([2.16)) are pairwise commut-
ing. So the level sets (J5, — Jh, )71 (8P — §!Pe-1l) are pairwise M-orthogonal
and define smooth functions

JoiUn — RY  (Jh—Jh ) (8PPl 5 g6 (0=1,... k)

belongs to ¢ € 0= (

on a suitable neighborhood Uy, C M\ O) of Su that have non-vanishing
gradients. Formulated differently, the vector flelds

Uy (n_l)d Uy = _Yfﬁ =
Ve : Uch — R , U VTl (f 1,,]{/’)
are pairwise M-orthogonal, with Lie derivatives L@ng = —0;¢. Therefore there

exists a unique linear combination

Uch = E Cep: ch—>R

of the vector fields so that chhfg = —9, ¢ for the functions
foiUn —RY  (J5) (0P —6") 50 ((=1,....k) (57)
that satisfy
f(OED NU) =6

(note that Jf,, = J. =0, so that Jéﬁ =3 (Jh —Jh ). In particular,
Ven Is tangential to S.,. Actually we define the neighborhood U, by the condition
that for some constant ¢ > 1

}f;((q (1/c,e) (5,5 =1,....k). (5.8)
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Note this still guarantees that Sy, C Ug,. Of course for £ = 1, the restriction

is vacuous.

¢ > 1 is chosen small enough so that Uy, N U, = 0 if the chains ch and ch’
contain incompatible atoms.

Combining the vector fields/\vch by a partition of unity subordinate to the Uy,
we get a vector field on M\Ecifi)n. It induces a local flow ®, mapping level
surfaces to level surfaces.

Restricting the local flow to initial conditions in 85(233“, we obtain the family
of homeomorphisms (5.5)). Their limit for &; \, 0 exists (see below) and leads
to a homeomorphism with the boundary blow up 8]\7A.

Existence of the limit is seen as follows:

(a) Along a ® trajectory at time t > 0, transforms into %. So if
q € Ua \ Sen, then its trajectory will ultimately leave Ugy,. This implies
that near the escape time limit we can assume that ®;(q) € Sy, for some
subchain ch’.

(b) For g € Sa, with f;(q) = ¢ by definition lim; »5 fro®:(q) =0 (¢ =1,... k).
This implies that lim; 5 ®;(q) € A exists:

e The external coordinates (Cbt(q))gk are independent of ¢, since (5.7]) de-

pends only on internal D, coordinates, and by M-orthogonality of the
projections ([2.16]).

e The internal coordinates (@t(q))ék go to zero as t 4.

(c) For the same reason, the map
o920 S A, g lim @4(q) (5.9)

is continuous. It is surjective, since the Hausdorff distance of these two
subsets of M goes to zero as § N\ 0. It is not injective (not even in the case

n =2, since then A = Af = {0}, whereas 85(0‘2[] >~ gn—hy,

(d) We recall the definition S = (J4)™'(1) of the internal unit sphere for
C € P(N) (which is of dimension d(n — |C|) — 1).
For ¢ € 85&‘2 X NS and £ =1,. ...k, the unit vectors Ng)(q) given by

ir

(Di(q) — 2 (q))1

N9 .99 NS, =85, N9 =lim T
o0 # 0%, NS = 5p 0 No (@) =l rg o — gm0 |
(5.10)
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exist, and obviously depend only on D, € Pa(N), not on the chain ch to
which D, belongs. This is important since the closure S, of S, used in the
definition of the domain can intersect other S /. Moreover, the maps Nl()i)

are continuous, and Ngi)(q) is perpendicular to A(Z.

By the above arguments, on the subsets 85(6‘211] N Sen, indexed by the ch,

Together, ®)(g) and the Ngs)(q) (¢ =1,...,k) define a point in OMx. So

(4

(5.9) and (5.10) define a continuous map
VO 9D OM,

The (continuous and surjective) blow-down [ : ]\/ZA — M maps MA onto
A, whereas it is the identity on M = M \ A. It has the property

BoW® =@ (5.11)

We finally prove that U is a homeomorphism.

e To show that it is a surjection, we use that the right hand side of is
a surjection. For the chains ch = {Dy, D} of length k& = 1 the restriction
of U to 852(21“ N Sen, maps onto int(371(Zp,)) C 8]\7A, since then the
vector field on Uy, is ultimately radial, so that the ¢-dependent unit vector
in becomes constant. But the union of these interiors is dense in
MA, which, together with the continuity of U'(®), shows that this map is
onto.

e To prove injectivity of U(®) by the ®-invariance of the sets Sy, it suffices
to consider points ¢i,¢2 € ¥ N Sy and conclude that they coincide
if their images coincide. Using (a) above, we can further assume that
v(q;) = ven(q;). This property is then preserved by the forward flow. By
the first bullet point in (b), we can also assume (by diminishing § > 0, if
necessary) that their external Dy, coordinates coincide. Now if ¢; # ¢o,
there is a largest ¢ € {1, ..., k} such that (1)}, # (¢2)p,- The nontrivial
rotation of the plane spanned by (ql)ég and (qQ){jé € Aéz mapping the
first to the second point maps the vector field v along the forward orbit
t — ®;(q1) onto the one of the forward orbit of ¢2. Thus

) 1)
NS (@) # N2 (gs),

since (by diminishing 6 > 0 again, if necessary), we can assume that

Nl(;i)(qi) Is not perpendicu|ar to qg/j-
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e Although the continuous bijection ¥(®) does not have a compact domain,
its inverse is continuous, too. Namely the intersections of 85((353 with

1in

closed balls in M of radius r > 0 are compact, and exhaust the domain as
7 — 00_As the restrictions of W) are homeomorphisms onto their images
(since M is Hausdorff), this shows that ¥(¥) itself is a homeomorphism. [J

5.4 Corollary N
For d = 1 dimensions, OMx is homeomorphic to n! disjoint copies of R"2.

Proof: This follows from Theorem [5.3] since for d = 1 the set A is a union of
(5) hyperplanes {g € R"™! | ¢; = ¢;} (1 <i < j <n), sothat S"72\ A'is the
disjoint union of n! relatively open spherical simplices, given by the ordering of
the coordinates (qi,...,q,). These are in turn homeomorphic to R" 2. 0

A Appendix: Manifolds with corners

We follow [AMN] and [Me] in our presentation. Manifolds with corners are
modeled on the m—dimensional cylinders

R :=[0,00)* x R™™" CR™  (k<m e Ny).
Their subsets
Ly={z=(21,....,0,) R |2; =0ifi € [} (I C{1,....,m}) (A1)
will be used to define submanifolds.

A.1 Definition Let U C R} and V C R} be open, and f : U — V.

e [ is called smooth if for some open neighbourhood U C R™ of U there exists
feCc=(UR™) with fly = f.

e f is called a diffeomorphism, if it is a smooth bijection with f~! smooth.

A.2 Definition (manifolds with corners) Let X be a Hausdorff space.

e An (m—dimensional) corner chart (U,¢) on X is a homeomorphism ¢ :
U—=V, withV open in R}".

e Corner charts (Uy, ¢1) and (Us, ¢2) on X are compatible if for U := Uy N U,
$20¢7" 1 ¢1(U) = 62(U)

is a diffeomorphism.
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A (corner) atlas {(U;, ¢;) | i € I} on X is a family of pairwise compatible
charts (Us, ¢;) on X of equal dimension with | J,., U; = X.

Corner atlases on X are equivalent if their union is a corner atlas on X.
A corner structure on X is an equivalence class of corner atlases of X.

A paracompact Hausdorff space X with a corner structure consisting of m—
dimensional corner charts is an (m—dimensional) manifold with corners.

For OR} := {x € R}* | of z1,. ..z, exactly { vanish},
0y X :={p € X | coordinates at p map to O,R]"'}
and the boundary 0X := 9'X of X for X = 0,X.

Unlike for manifolds with boundary, the Cartesian product of two manifolds with
corners is naturally a manifold with corners.

A.3 Definition (submanifolds of manifolds with corners)

o A subset S C X of an m-dimensional manifold with corners is a weak sub-
manifold if for every x € S there exist k € {1,...,m} and a corner chart
¢: U — QCRY withx € U such that ¢(SNU) is a submanifold of R™.
Then the dimension of S at z is dim(¢(S NU)) at ¢(x).

o A weak submanifold S C X is a submanifold (in the sense of manifolds with
corners) if, additionally there are integers m’ < m and k' < m/, and a matrix
G € GL(m,R) such that

(a) G- (Ry x {0}) C Ry

(b) The chart ¢ maps S N U bijectively to the intersection of this linear
submanifold with Q, in other words (S NU) = G - (R x {0}) N €.

e A submanifold S C X is a p—submanifold if for x € X there exists a corner
chart (U,¢) at x and I C {1,...,m} with, see Definition (|A.1

oS NU) = L 1 6(U).

Then |I] is the codimension of S at = and |[IN{1,...,k}| is the boundary
depths of S at .

So a p-submanifold S of X is a closed submanifold that has a tubular neighbor-
hood: S C U C X that is locally of product form.
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