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ABSTRACT OF THE DISSERTATION

Universal Probability and Its Applications

by

Alankrita Bhatt
Doctor of Philosophy in Electrical Engineering (Communication Theory and Systems)
University of California San Diego, 2022

Professor Young-Han Kim, Chair

In modern statistical and data science applications, the probability distribution generat-
ing the data in question is unknown (or even absent) and decisions must be taken in a purely
data-driven manner. Thus motivated, in this dissertation the information-theoretic approach of
universal probability is revisited and expanded upon. This approach gives us general principles
and guidelines for assigning sequential probabilities to data (based on which a decision can
then be made), and has been used successfully over the years to problems in compression and
estimation among others. The utility of this approach is then demonstrated through three example
problems, motivated by the aforementioned modern statistical applications—-universal com-

pression of graphical data, sequential prediction with side information, and universal portfolio
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selection with side information.
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Chapter 1

Introduction

Statistical applications in the current era present a host of new challenges that require one
to move beyond traditional methods and assumptions. Some of these challenges include unknown
data distribution, sequentially available data (as opposed to batch) [1, 2], high-dimensionality [3,
4], limited memory, and outliers in data [5]. This dissertation focuses on some techniques and
methods that confront the first aforementioned challenge. In particular, the information-theoretic
approach of universal probability is taken. Presently, we explain this approach and outline some

key ideas underpinning it.

1.1 Universal Probability Assignment

Consider the problem of a weatherperson trying to predict whether or not it will rain
tomorrow in La Jolla. On day ¢, she has access to the history of the weather y~! € {0,1}/~!
(where 1 represents rain and O represents no rain), and needs to form an estimate §; € {0,1} of

what y; will be (i.e., tell whether or not it will rain tomorrow). After the day is over and the true

weather (i.e. y;) is revealed, she suffers a loss of 1{y; # y;} := |§; — y¢|, which adds up over time.
The final goal is to suffer as little cumulative loss as possible over some time horizon n (say
n = 365 representing a year).

Now, one may reasonably assume that the rain will fall on any given day with probability

0 € [0,1] (i.e. that all y; ~ Bern(6) independently). Unfortunately, the weatherperson doesn’t



have access to this true probability 6. If indeed she knew 6, she could just output §, = 1{6 >
1/2} everyday; and in a certain sense this is the optimal action to take (for example, 6 ~ 0.1
for La Jolla, and so the optimal action to take is to declare 8 = 0 everyday). However, she must
create an estimate §, € {0, 1} using just the history y*~!.

This is where the universal probability assignment approach of information theory can
be employed. We know that the data y* ~ Bern(6) independently and identically distributed
(i.i.d.) for some unknown 6 € [0, 1] (let us call this distribution pg). The key idea is to construct
a universal probability assignment g for the class of i.i.d. Bernoulli random variables; i.e.
construct a measure ¢ such that g & pg (in some sense) for every 6 € [0, 1]. Once this measure is
constructed, we can simply pretend that the actual data is being drawn from this distribution can
take the optimal action as per this distribution. In the rain prediction example, the weatherperson
can simply calculate g(1]y'~!) = qq((yyt,—:lll)) and then declare her prediction ¥, = 1{g(1[y*~') > 1/2}.
Since g is a universal probability assignment for the class of all Bernoulli i.i.d. random variables
by assumption, it can well approximate the true underlying distribution pg, and so intuitively
we don’t expect to lose too much and have performance almost as good as if 8 was known in

advance! The key question, of course, now becomes how does one construct such a g? Does it

even exist?

1.1.1 Construction Of Universal Probability

First, we precisely define universality.

Definition 1 (Universality). A probability assignment q is said to be universal for the class of

distributions {pg,0 € O} if

" D(po") ")) — 0

for all 6 € ©, where D(-||-) represents the Kullback—Leibler (KL) divergence. Thus, q = pg in a

KL divergence sense for every 0 € ©.



Remark 1 (Why KL divergence?). The reader may wonder why Definition I utilizes the KL
divergence and not another measure of distance between two distributions such as the total
variation (TV) distance or the x* divergence. One reason why the KL divergence is utilized is
because universality was initially considered in the context of compression where the log-loss
makes a natural appearance; with close operational connections to several other problems as
well (such as gambling). Moreover; it is known that universality in KL divergence suffices to deal

with several other loss functions as well, a point discussed further in Section 1.1.2 (see also [6]).

Remark 2 (Random sequence vs. individual sequence). We have so far considered the data to
be random and following a certain distribution, and this is reflected in Definition 1. However, in
several cases it is more reasonable to assume that the data is generated by a malicious adversary
(for example when dealing with the stock market). In such cases, a more stringent definition of

universality must be employed, the so-called pointwise universality, which requires that q satisfy

1 n
max —logM — 0,

00" 1 q(y")

clearly a more rigid requirement than that employed for mean universality in Definition 1. In

this thesis, for the most part, we will deal with random data and sources.

Next, we talk about a few approaches to constructing such a universal probability assign-
ment. The first approach, which forms a major workhorse for obtaining the results presented in
this thesis, is the mixture approach. The idea is to construct a universal probability assignment ¢
for a class of distributions pg, 6 € ® by taking a weighted mixture of all pg with some appropri-
ate choice of prior w(0). For example, consider the aforementioned problem of constructing a
universal probability assignment for the class of binary i.i.d. probabilities. Using this mixture

idea, we could construct, for y* € {0,1}"

a0 = [ pols")w(@)a0



1 n n
= / OLi-17i(1 — 0)""Li-1%iw(0)dO
0

where the second equality follows since for some y" € {0, 1}" an i.i.d. Bernoulli(6) probability
distribution would assign pe(y") = [T"_; pe(y:) = [T7~; 6”/(1 — 6)'7Yi. One can then choose
an appropriate prior w(6) and obtain a ¢ accordingly. We consider two important and relevant
choices of prior distribution, that yield a universal probability assignment. The omitted proofs of

universality may be found in Appendix A.1.

e Uniform prior (w(6) = 1): Perhaps the simplest choice would be to take a uniform prior
over all 6 € [0, 1]. In this case, recalling the definition of the Beta function (as well as its

relationship to the Gamma function) given by

it follows that for all y" € {0,1}"

| .
qL(y”) = / 92;:1yi(1 _ G)H_Zizlyide .
0 (n+ 1)(25, 1%)

and it can be shown that g (y") is universal for the class of Bernoulli i.i.d. distributions.

Moreover, we can this probability assignment in a very convenient sequential form as

(') _ Yiyyitl
CIL()’[) 1+2

qu(1]y’) =

and therefore this is often called the add-1 probability assignment. A simpler and more
direct combinatorial proof for the add-1 rule can be found at [7], [8]. It is also known as the
Laplace probability assignment, as when asked to calculate the probability that the sun will
not rise tomorrow given that it rose for ¢ days, Laplace answered with ; 2 (which is the

same answer as the above probability assignment would provide, substituting Y':_, y; = 0).



Even though Laplace’s answer appears to yield a somewhat alarmingly large probability
of doom, we can see that it is nonetheless somewhat justified by the universality of g1, and

Cromwell’s rule.!

. Beta(%, %) prior (W(G) = +): In this case, we can show that for any y" € {0, 1}"

A/ 6(1-0)

1 " .
gkt (") := ”_1/0 gri-im1/2(1 — g)n-Li-vit 124

()G

A

and gkT(y") is universal for the class of Bernoulli i.i.d. distributions. Once again, this

probability assignment can be expressed in a very convenient sequential form as

yit+1/2

1H) =
qKT( \y) f+1

and therefore this is often called the add-1/2 probability assignment. This is also called
the Krichevsky—Trofimov probability assignment [9]. We remark that the Beta(%, %)
prior is particularly special as it can be shown to be the Jeffreys prior for i.i.d. Bernoulli

distributions, which is known to be the optimal choice of prior in a certain sense; see [10].

The two examples above demonstrate the power of the mixture approach for the simple class of
Bernoulli i.i.d. distributions. Another illustration of the power of this mixture approach can be
seen in the construction of the context tree weighting (CTW) probability assignment [11], which
is universal for the class of all variable order Markov processes.

We also briefly mention another approach utilized by the seminal Lempel-Ziv probability

assignment [12-14], a so-called dictionary-based probability assignment which is universal for

ICromwell’s rule states that unless a statement is logically true or false (such as “2+2 = 4” or “2+2 = 5)
assigning it probability 1 or O should be avoided. This rule may be justified by observing that if one assigns 0
probability to an exceedingly rare event, and said event does in fact occur, certain loss functions (such as the
log-loss) might blow up to .



the extremely large class of all stationary ergodic processes. Indeed, it is known that for g; 7z and

the class of stationary ergodic processes & [15]

1 & 1
max —log L") :®( )
ypezn - quz(y") logn

A data compressor based on the Lempel-Ziv probability assignment has been enormously
successful in practice and is deployed, among others, in the GIF image format.

Going back to the motivating problem of predicting tomorrow’s weather, we can show
that if the weatherperson predicts ¥; = 1{gx(1]y'~!) > 1/2}, she will on average make not too
many more mistakes than she would have if she knew the true probability of rain tomorrow 6 in

advance—see A.2.1 in the Appendix for the exact statement and proof, as well as a few remarks.

1.1.2 Other Example Applications

There are several other applications where universal probability can be leveraged to
accomplish the task at hand. One of the most well-known is universal sequential prediction [6,16].
Consider a sequence Y" ~ pg, where the distribution pg is picked from a larger class where
0 € ©. This class ® could be parametric, for example the class of binary i.i.d. processes
from earlier, or it could be far richer and nonparametric such as the class of stationary ergodic
processes. At time 7, based on the history Y’~!, a learner (such as a weatherperson) must take an
action a(Y'~!) (such as choose a(Y'~!) = j € {0,1}) in order to minimize some loss function
{(a(Y'"1),Y;) (such as 1{a(Y"~1) # ¥;}). If the data-generating distribution was known, then

the learner could take the Bayes optimal action, i.e. choose

af = arginfE,, [((a(Y'™),¥,) Y]



However, if one has a measure ¢ that is universal for the class of measures {pg,0 € ®} then one
can take an action

G, = arginfE,[0(a(Y'™1),¥,) Y]

and hope to perform not too poorly compared to how one would have performed had pg been
known in advance. Apart from the weather prediction example from earlier, this framework
also encompasses the classical information theory problem of universal data compression [17],
where the learner is required to encode data in an efficient way using as few bits as possible,
without knowing the data distribution in advance (had the data distribution been known already,
it would make sense to encode more likely data using fewer bits in order to minimize the
average number of bits used). It can also be shown [6] that this universal prediction approach
works for any bounded loss function—a result striking in its generality (see Theorem 6 in
Section A.2 of the Appendix for the precise statement). Apart from prediction and compression,
this approach has been utilized to great success in domains such as portfolio selection [18, 19],
entropy estimation [20], and more recently online linear optimization [21,22] and obtaining

anytime concentration inequalities [23].

1.2 Some Prior Work

Recall that universal compression is simply sequential prediction with log-loss, so
universal compression was one of the first universal prediction problems considered with several
landmark methods proposed for this and related problems. Some milestone results include (see
also [17, Chapter 13] and the references therein for more details): [24] which created a universal
probability assignment for the class of stationary ergodic processes, [9] provided the minmax
optimal probability assigment for binary i.i.d. processes, [11] proposed a widely used universal
probability for the class of variable order Markov processes. A line of work [25-27] quantified
the exact minmax redundancy for probability assignment for finite alphabet i.i.d processes, and

highlighted operational connections to problems such as gambling. Such a connection was



also noted by Cover and Ordentlich, who studied sequential portfolio selection [18, 19] for an
adversarial stock market, see [17, Chapters 6 and 16] for a thorough treatment of connections
between data compression and gambling.

Parallel and closely related to this, a new line of thinking pioneered by Rissanen and
others focused on viewing learning as essentially data compression and culminated in the
development of the minimum description length (MDL) principle [28,29] with the Kolmogorov
complexity as a notion of the algorithmic complexity of describing an object, see [17, Chapter
14] for a detailed treatment of this subject.

As mentioned, universal compression is universal prediction under the log-loss—a natural
counterpart to study is universal prediction of binary sequences under the Hamming loss. This
was considered in the case of individual sequences by [16], see also the detailed survey of
Feder and Merhav [6]. Prior to this, Cover [30] studied a similar binary prediction problem and
characterized the optimal solution, as well as the achievable performance.

On the applications side, there has been much work on using this theoretical framework
to study practical statistical problems arising in modern settings. For example, [31] studied
universal compression when the alphabet size is unknown, and could potentially be quite large.
The universal approach was applied to denoising problems such as image denoising in [32,33].
Universal probability principles have also been applied to estimation problems such as estimating
directed information [20] and entropy/mutual information [34]. Some application domains for

these methods include areas like genomics [35,36] and finance [18].

1.3 An Outline Of This Thesis

In Chapter 2, universal compression of data that is in the form of a graph is studied. By
creating a universal probability assignment for a class of graphical distributions known as the
stochastic block model, in turn a universal compressor is provided and its performance analyzed

theoretically and empirically.



In Chapter 3, the earlier example of sequential prediction is expanded upon by introducing
some additional (sequential) side information that governs the distribution of the data at each
time step. Taking the mixture idea further, a universal sequential predictor (with log-loss being
the loss function) is constructed and its performance analyzed.

Finally, in Chapter 4, the classical problem of universal portfolio selection is studied,
with the additional introduction of continuous-valued side information (i.e. side information
taking values from an infinite set). Using results from Chapter 3 the landmark result of Cover

and Ordentlich [19] is extended.



Chapter 2

Universal Graph Compression

2.1 Introduction

In many data science applications, data appears in the form of large-scale graphs. For
example, in social networks, vertices represent users and an edge between vertices represents
friendship; in the World Wide Web, vertices are websites and edges indicate the hyperlinks
from one site to the other; in biological systems, vertices can be proteins and edges illustrate
protein-to-protein interaction. Such graphs may contain billions of vertices. In addition, edges
tend to be correlated with each other since, for example, two people sharing many common
friends are likely to be friends as well. How to efficiently compress such large-scale structural
information to reduce the I/O and communication costs in storing and transmitting such data is a
persisting challenge in the era of big data.

The literature on graph compression is vast. Existing compression schemes follow various
different methodologies. Several methods exploited combinatorial properties such as cliques
and cuts in the graph [37,38]. Many works targeted at domain-specific graphs such as web
graphs [39], biology networks [40,41], and social network graphs [42]. Various representations
of graphs were proposed, such as the text-based method, where the neighbor list of each vertex
is treated as a “word” [43,44], and the k*-tree method, where the adjacency matrix is recursively
partitioned into k> equal-size submatrices [45]. Succinct graph representations that enable certain

types of fast computation, such as adjacency query or vertex degree query, were also widely

10



studied [46]. While most compression schemes are for labeled graphs, there are also works
considering lossless compression of unlabeled graphs [47—49], graphs with marks on its edges
and vertices [50-52], or (correlated) data on the graph [53, 54]. We refer the readers to [55] for
an exhaustive survey on lossless graph compression and space-efficient graph representations.

In this paper, we take an information theoretic approach to study lossless compression of
a graph. We assume the graph is generated by some random graph model and investigate lossless
compression schemes that achieve the theoretical limit, i.e., the entropy of the graph, asymptoti-
cally as the number of vertices goes to infinity. When the underlying distribution/statistics of the
random graph model is known, optimal lossless compression can be achieved by methods like
Huffman coding. However, in most real-world applications, the exact distribution is usually hard
to obtain and the data we are given is a single realization of this distribution. This motivates us
to consider the framework of universal compression, in which we assume the underlying distri-
bution belongs to a known family of distributions and require that the encoder and the decoder
should not be a function of the underlying distribution. The goal of universal compression is
to design a single compression scheme that universally achieves the optimal theoretical limit,
for every distribution in the family, without knowing which distribution generates the data. For
this paper, we focus on the family of stochastic block models, which are widely used random
graph models that capture the clustering effect in social networks. Our goal is to develop a
universal graph compression scheme for a family of stochastic block models with as wide range
of parameters as possible.

How to design computationally efficient universal compression scheme is a fundamental
question in information theory. In the past several decades, a large number of universal com-
pressors were proposed for one-dimensional sequences with fixed alphabet size, whose entropy
is linear in the number of variables. Prominent results include the Laplace and Krichevsky—
Trofimov (KT) compressors for i.i.d. processes [26,27], Lempel-Ziv compressor [12, 13] and
Burrows—Wheeler transform [56] for stationary ergodic processes, and context tree weighting [57]

for finite memory processes. Many of these have been adopted in standard data compression
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applications such as compress, gzip, GIF, TIFF, and bzip2. Despite these exciting developments,
existing universal compression techniques fall short of establishing optimality results for graph
data due to the following challenges. Firstly, graph data generated from a stochastic block model
has non-stationary two-dimensional correlation, so existing techniques do not immediately apply
here. Secondly, in many practical applications, where the graph is sparse, the entropy of the
graph may be sublinear in the number of entries in the adjacency matrix.

For the first challenge, a natural question arising is: can we convert the two-dimensional
adjacency matrix of the graph into a one-dimensional sequence in some order and apply a
universal compressor for the sequence? For some simple graph model such as Erd6s—Rényi
graph, where each edge is generated i.i.d. with probability p, this would indeed work. For
more complex graph models including stochastic block models, it is unclear whether there is an
ordering of the entries that results in a stationary process. We will show in Section 2.7 several
orders including row-by-row, column-by-column, and diagonal-by-diagonal fail to produce a
stationary process. We alleviate this challenge by designing a decomposition of the adjacency
matrix into blocks. We then show in Theorem 3 that with a carefully chosen parameter, the block
decomposition converts two-dimensional correlated entries into a sequence of almost i.i.d. blocks
with slowly growing alphabet size. To address the second challenge, we adjust the standard
definition of universality, which normalizes the compression length by the number of variables.
The new definition of universality accommodates data with unknown leading order in its entropy
expression.

Lossless compression for stochastic block models was first studied by Abbe [53] (albeit
not under the universal compression framework). The focus there is two-fold: 1) compute the
entropy of the stochastic block model; 2) explore the relation between community detection
and compression. Several interesting questions were presented: Knowing the community
assignments will help compression since edges can be grouped into i1.i.d. subsets. But is
community detection necessary for compression? In the regime when community detection

is not possible, how do we compress the graph? We answer these questions in this paper by
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presenting a universal compressor that does not require knowledge of the edge probabilities,
the community assignments, or the number of communities. Our compressor remains universal
even in the regime when community detection is information theoretically impossible. As a
consequence, universal compression is a fundamentally easier task than community detection for
stochastic block models.

Recently, universal compression of graphs with marked edges and vertices is studied by
Delgosha and Anantharam [52,58]. They focus on the sparse graph regime, where the number
of edges is in the same order as the number of vertices n. They employ the framework of local
weak convergence, which provides a technique to view a sequence of graphs as a sequence of dis-
tributions on neighbourhood structures. Built on this framework, they propose an algorithm that
compresses graphs by describing the local neighbourhood structures. Moreover, they introduce
a universality/optimality criterion through a notion of entropy for graph sequences under the
local weak convergence framework, known as the BC entropy [59]. This universality criterion
is stronger than the one used in this paper. It requires the asymptotic length of the compressor
to match the constants in both first and second order terms in Shannon entropy, whereas the
universality criterion we use only requires to match the first order term. As a consequence of
the stronger criterion, the compressor in [58] is universal over a smaller random graph family.
In comparison, we expand the range of edge numbers from ®(n) in the sparse regime to ®(n%)
for every 0 < o < 2 and propose a single universal compressor for the whole family under the
weaker universality criterion. In Section 2.6, we evaluate the proposed compressor under the
criterion in [58] for the family of symmetric SBMs. The proposed compressor achieves a similar
performance in terms of BC entropy in the sparse regime.

The rest of the paper is organized as follows. In Section 2.1.1, we define universality
over a family of graph distributions and the stochastic block models. We present our main result
in Section 2.1.2, which is a graph compressor that is universal for a family containing most
non-trivial stochastic block models. We describe the proposed graph compressor in Section 2.2.

We illustrate key steps in establishing universality in Section 2.3 and elaborate the proof of each
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step in Section 2.4. In Section 2.6, we provide the second order analysis of the expected length
of our compressor and compare it to the one in [58] In Section 2.7, we explain why existing
universal compressors developed for stationary processes may not be immediately applicable for
some one-dimensional ordering of entries in the adjacency matrix. In Section 2.8, we implement
our compressor in four benchmark graph datasets and compare its empirical performance to four
competing algorithms.

Notation. For an integer n, let [n] = {1,2,...,n}. Let log(:) = log,(:). We follow the

standard order notation: f(n) = O(g(n)) if lim,_c Ol oo f(n)=Q(g(n)) if lim, e HUIEN

g(n) g(n)
0: £(n) = ©(g(m) if () = O(g(n)) and £(n) = Ag(m): £(n) = o(g(n)) if im, .. 222 = 0

f(n) = o(g(n)) if lim, e % =oo; and f(n) ~ g(n) if lim, % =1.

2.1.1 Problem Setup

For simplicity, we focus on simple (undirected, unweighted, no self-loop) graphs with
labeled vertices in this paper. But our compression scheme and the corresponding analysis can be
extended to more general graphs. Let .7, be the set of all labeled simple graphs on n vertices. Let
{0, 1} be the set of binary sequences of length i, and set {0, 1}* = U2 ,{0, 1}". A lossless graph
compressor C: <7, — {0, 1}* is a one-to-one function that maps a graph to a binary sequence.
Let /(C(A,)) denote the length of the output sequence. When A,, is generated from a distribution,
it is known that the entropy H(A,) is a fundamental lower bound on the expected length of any

lossless compressor [60, Theorem 8.3]

H(A,) —log(e(H(Ay) +1)) < E[E(C(An))], 2.1)
and therefore
liminf HC(An)] > 1
n—oo H(An)
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Thus, a graph compressor is said to be universal for the family of distributions & if for all

distribution P € & and A,, ~ P, we have

=1. (2.2)

A stochastic block model SBM(n,L,p, W) defines a probability distribution over .<7,.
Here n is the number of vertices, L is the number of communities. Each vertex i € [n] is associated
with a community assignment X; € [L]. The length-L column vector p = (p1,p2,...,p)! isa
probability distribution over [L], where p; indicates the probability that any vertex is assigned
community i. W is an L x L symmetric matrix, where W;; represents the probability of having an
edge between a vertex with community assignment i and a vertex with community assignment
J. We say A, ~ SBM(n,L,p,W) if the community assignments X, X5, ...,X, are generated
1.1.d. according to p and for every pair 1 <i < j <n, an edge is generated between vertex i
and vertex j with probability Wy, x;. In other words, in the adjacency matrix A, of the graph,
Ajj~ Bern(WXl.xj) for i < j; the diagonal entries A;; =0 for all i € [n]; and A;; = Aj; for i > j.
We assume all the entries in W are in the same regime f(n) and write W = f(n)Q, where Q
is an L x L symmetric matrix with constant entries Q;; = ®(1) for all i, j € [L]. We assume all

entries in p are ®(1). We will consider two families of stochastic block models: For 0 < € < 1,

2,(€): SBM with L = ©(1), f(n) = O(1), f(n) = Q (n;,g) : 2.3)
Ps(€): SBM with L= 0(1), f(n) = o(1), f(n) = Q (n;,g) . 2.4)

Note that the edge probability n% is the threshold for a random graph to contain an edge with
high probability [61]. Thus, the family £ (&) covers most non-trivial SBM graphs. Clearly,

P, (¢€) is a strict subset of Z2)(¢€), as it does not contain the constant regime f(n) = 1.
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2.1.2 Main Results

The main contribution of this paper is providing two compressors universal over the
classes &1 (€) and 5 (¢) respectively for 0 < € < 1. Note that a compressor universal over the
class Z)(¢€) is also universal over the class %, (¢€), but our compressor designed specifically for
the class &7, (€) has a lower computational complexity. We will formally state the results in the

next two theorems.

Theorem 1 (Universality over &2)). For every 0 < € < 1, the graph compressor Cy defined in

Section 2.2 is universal over the family &\ (€) provided that

0<d<e, k<y/Ologn, and k=o(l).
Theorem 2 (Universality over £%,). For every 0 < € < 1, the graph compressor C defined in
Section 2.2 is universal over the family 9,(¢€).

For now, one can think of k as a parameter that defines a compression scheme C,—the

exact definition will become clear in the next section when we precisely define the compressors.

2.2 Algorithm: Universal Graph Compressor

In this section, we describe our universal graph compression scheme. For each & that

divides n, the graph compressor Cy: <%, — {0, 1}* is defined as follows.

e Block decomposition. Let n’ = %. For 1 <i,j <, let B;; be the submatrix of 4,

formed by the rows (i — 1)k+1,(i — 1)k+2,...,ik and the columns (j— 1)k+1,(j —
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1)k+2,..., jk. For example, we have

Artk+1 Atgra 0 Ak
A1 Adgya o Azok

B, = . . . . (2.5)
Akkt1 Akk2 o Ak2k

We then write A,, in the block-matrix form as

By B By
By By - B2,n’
A, = . (2.6)
_Bn’ 1 Bn’,2 Bn’ n'
Denote
Bui:=B12,B13,B23,B14,B24,B34, ..., By ;- By (2.7)

as the sequence of off-diagonal blocks in the upper triangle and
Ba:=B11,B2,...,By (2.8)

as the sequence of diagonal blocks.

e Binary to m-ary conversion. Let m := 2k Each k x k block with binary entries in the

two block sequences By and By is converted into a symbol in [m].

e KT probability assignment. Apply KT sequential probability assignment for the two
m-ary sequences By, and By respectively. Given an m-ary sequence xi,x3,...,xy, KT

sequential probability assignment defines N conditional probability distributions over [m]
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as follows. For j =0,1,2,...,N — 1, assign conditional probability

Ni(x/)+1/2

i|x/) = X =ilX/ =x)) =
gxr(i|x’) = gxr(Xj1 = i ) itmp

for each i € [m], (2.9)

where X/ = (Xi,...,X;),x/ == (x1,%2,...,%;), and N;(x/) := Zli:l 1{x; = i} counts the

number of symbol i in x/.

e Adaptive arithmetic coding. With the KT sequential probability assignments, compress
the two sequences By and By separately using adaptive arithmetic coding [62] (see
description in Algorithm 1). In case k = 1, the diagonal sequence By becomes an all-zero

sequence since we assume the graph is simple. So we will only compress the off-diagonal

sequence By;.

Algorithm 1: m-ary adaptive arithmetic encoding with KT probability assignment
Input :Data sequence xV, alphabet size m

Initialize lower = 0,upper = 1,logprob =0,N; =N, =--- =N, =0;
for j=0,1,....N—1do
range < upper — lower;
fori=1,2,...,xj;1 do
qiv Ni+1/2.
" Compute qua(i) = Y12,

upper < lower + range - foll grr(ix/);

lower < upper —range - gkt (x;+1]x/);
Nyjiy ¢ Nijy 1

logprob < logprob +log(gkr(xj11|x/));

Output : the binary representation of %(lower +upper) with [—logprob] + 1 bits

Given the compressed graph sequence y*, the number of vertices n and the block size k,

the graph decompressor Dy : {0,1}* — o7, is defined as follows.

e Adaptive arithmetic decoding. With the KT sequential probability assignments defined
in (2.9), decompress the two code sequences for By, and By separately using adaptive
arithmetic decoding (see Algorithm 2). The length of data sequence By and By are

7(7 —1)/2 and 7 respectively.
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Algorithm 2: m-ary adaptive arithmetic decoding with KT probability assignment

Input :Binary sequence y’, alphabet size m = 2"2, length of data sequence N

Add ‘0.” before sequence y" and convert it into a decimal real number Y. Initialize
lower = 0,upper = 1,Nj =N, =--- =N, =0;

for j=0,1,....N—1do

range < upper — lower;

fori=1,2,...,mdo
doin _ Net1)2,
" Compue gen() — Y12,
Find minimum z € [m] such that lower + range - Y_, gkr(ilx/) > Y;
upper ¢+ lower +range- Y7, gkr(ilx/);

lower <— upper — range - ggr(z[x/);
N, < N, +1;
Xjt1 <25

Output : the m-ary data sequence x1,x2,- - ,xN

e m-ary to binary conversion. Each m-ary symbol in the sequence is converted to a k>-bit

binary number and further converted into a k x k block with binary entries.

e Adjacency matrix recovery. With the blocks in By and B4, recover the adjacency matrix

of A, in the order described in (2.6), (2.7), and (2.8).

One can check that C, is well-defined. The block decomposition and the binary to m-ary
conversion are clearly one-to-one. It is also known that for any valid probability assignment,
arithmetic coding produces a prefix code, which as also one-to-one.

The computational complexity of the proposed algorithm is 0(2"2 n?). For the choice of k
that achieves universality over &7 (€) family in Theorem 1, O(Zkznz) = O(n**%) for § < €. For
the choice of k that achieves universality over #;(€) family in Theorem 2, 0(2k2n2) = 0(n?).

The orders in By and By do not matter in terms of establishing universality. The current
orders in (2.7) and (2.8) together with arithmetic coding enable a horizon free implementation.
That is, the encoder does not need to know the horizon n to start processing the data and can
output partial coded bits on the fly before receiving all the data. This leads to short encoding

and decoding delay. For some real-world applications, for example, when the number of users
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increases in a large social network, this compressor has the advantage of not requiring to

re-process existing data and re-compress the whole graph from scratch.

Remark 1 (Laplace probability assignment). As an alternative to the KT sequential probability
assignment, one can also use the Laplace sequential probability assignment. Given an m-
ary sequence x,Xx2,...,Xy, Laplace sequential probability assignment defines N conditional
probability distributions over [m] as follows. For j =0,1,2,...,N — 1, we assign conditional

probability
Ni(x/)+1

Xjp1 =i|X/ =x') =
qL(Xjs1 = i ) itm

for each i € [m]. (2.10)

Both methods can be shown to be universal, while Laplace probability assignment has a much
cleaner derivation. However, KT probability assignment produces a better empirical performance.

For this reason, we keep both in the paper.

2.3 Main Ideas in Establishing Universality

In this section, we establish the universality of the graph compressor in Section 2.2.

Graph Entropy
We first calculate the entropy of the (random) graph A,,, which, recall, is the fundamental

lower bound on the expected compression length for any compression scheme. Since to establish

E[£(C(An))]

optimality we need to show that limsup, _,., H{A)

< 1, we will only be concerned with the

first order term in H(A,,).

Lemma 1 (Graph entropy). Let A, ~ SBM(n,L,p, f(n)Q) with f(n) = 0(1),f(n) =Q (niz>
and L= 0(1). For 0 < p <1, let h(p) = —plog(p) — (1 — p)log(1 — p) denote the binary
entropy function. For a matrix W with entries in [0,1], let h(W) be a matrix of the same

dimension whose (i, j) entry is h(W;;). Then

Han) = () A ) (1 -+o(1) @1
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= (3)p Qe+ o (2h(r(0). 2.12)

In particular, when f(n) = Q (%) and f(n) = o(1), expression (2.12) can be further simplified

n

as

Has) = () rioe (1) (67 Qo+ o(1). @.13)

Remark 2. In the regime f(n) = Q (%) and f(n) = O(1), the above result has been established
in [53]. We extend the analysis to the regime f(n) = o (%) and f(n) = Q(niz)

Remark 3. Lemma 1 can be used to calculate the entropy of the graph for certain important
regimes of f(n), in which the SBM displays characteristic behavior. For f(n) = 1, we have
H(A,) = (5)h (p"Qp) (1+0(1)); for f(n) = 10% (the regime where the phase transition for exact

nlogzn

recovery of the community assignments occurs [63,64]), we have H(A,,) = 5" (p" Qp+o(1));

when f(n) = }l (the regime where the phase transition for detection between SBM and the
Erd6s—Rényi model occurs [65]), we have H(A,) = "lo#(pTQp +o(1)); when f(n) = nLZ (the
regime where the phase transition for the existence of an edge occurs), we have H(A,) =
logn(p"Qp +o(1)).

Asymptotic i.i.d. via Block Decomposition

To compress the matrix A,, we wish to decompose it into a large number of components
that have little correlation between them. This leads to the idea of block decomposition described
previously. Since the sequence of blocks are used to compress A, the next theorem claims these
blocks are identically distributed and asymptotically independent in a precise sense described as

follows.

Theorem 3 (Block decomposition). Let A, ~ SBM(n,L,p, f(n)Q) with f(n) = Q (nzl_g) Sfor
some 0 < € <1, f(n)=0(1), and L =0O(1). Let k be an integer that divides n and n' = n/k.
Consider the k X k block decomposition in (2.6). We have all the off-diagonal blocks share the

same joint distribution, all the diagonal blocks share the same joint distribution. In other words,
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forany 1 <y, iz, j1,jo <n' with iy # j1,ia # joand 1 <1y,lp <n', we have

d
B =B

2,27

—1. (2.14)

Length Analysis for Correlated Sequences

Thanks to this property of the block decomposition, we hope to compress these blocks as
if they are independent using a Laplace probability assignment (which, recall, is universal for the
class of all m-ary iid processes). However, since these blocks are still correlated (albeit weakly),
we will need a result on the performance of Laplace probability assignment on correlated

sequences with identical marginals, which we give next.

Theorem 4 (Laplace probability assignment for correlated sequence). Consider arbitrarily

correlated Z,,7,, ...,Zn, where the marginal distribution of each Z; is identically distributed

over an alphabet of size m > 2. Let {1 (") = log ﬁ where q(-) is the marginal distribution

induced by Laplace probability assignment in (2.10)

NN

THEME T (2.15)
N QA
We then have
E[¢L(ZV)] < mlog(2eN) + NH(Z;). (2.16)

We provide a similar result for the KT probability assignment.

Theorem 5 (KT probability assignment for correlated sequence). Consider arbitrarily correlated

Z1,2s,..., Zn, where the marginal distribution of each Z; is identically distributed over an
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alphabet of size m > 2. Let lx1(z") = log % where qxr(-) is the marginal distribution

4gKT
induced by KT probability assignment in (2.9)

(2N — )11(2Ny — D)1+ (2N, — 11!

(@) = ) N =) 1D
with (—1)!! £ 1. We then have
Eltkr(ZY)] < Zlog (e(1+2)) + Jlog(nN) + NH(Z;). (2.18)

We are now ready to prove Theorem 1.

Proof of Theorem 1. We will prove the universality of C; for both KT probability assignment
and Laplace probability assignment. Note that the upper bound on the expected length of KT
in (2.18) is upper bounded by the upper bound on the length of Laplace in (2.16). So it suffices
to show Laplace probability assignment is universal.

We use the bound in Theorem 4 to establish the upper bound on the length of the code.
Recall that here we compress the diagonal blocks By (m = 2% sized alphabet, N = n’ blocks)

and the off-diagonal blocks By (m = 2% _sized alphabet, N = ('g ) blocks) separately. We have,

E({(Ck(An)))  E(L(But))+E(L(Bqg))

H(A,) H(Ay)
(5)H(B12) + 2 1og (2¢(3) ) +n'H(B1y) +2° log(2en’)
- H(A,)
) (g)H(Blz) + 2 Jog (en®) +nH(By1) 42K log(2en)
H(A,)
) (%)H(B12) + 2% log (2¢2n%) + nk®H (A7)
H(A,)
(")H(B) 2F1og (2¢2n3)  nk®H(A;2)

T TH@A) | H@A) O H@A) 19

—
)

IN

INE

where in (a) we bound (’5) < n?and n’ < n, and in (b) we note that H(B ;) < k’H(A};) since
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there are k> — k elements of the matrix (all apart from the diagonal elements) are distributed
identically as Aj;. We will now analyze each of these three terms separately. Firstly, using
Theorem 3 yields that % — 1. Next, since f(n) =Q (#) ,we have H(A,) = Q(n®logn)
and subsequently substituting k < /0 logn, we have

2k log(2en?) ndlogn s
H(A,) n¢logn " o(1)

since 0 < €. Moreover, we have

H(A,) ~ H(AX") — (OH(ARX,X)

I’lsz(Alz) _ nk2H(A12) I’lsz(A12> —0 (kZ) :0(1)

where the penultimate equality used the fact that H(A>) ~ H(A2|X1,X>) (since h(f(n)p’ Qp) ~
p’h(f(n)Q)p). We have then established that

E(U(Cu(An)) _ (")H(B12) 2V log(2en’)  nk2H(Ary)
H(A) ~ H(A) H(Ay) H(Ay)
=1+o0(1),
which finishes the proof. [

The proof of Theorem 2 follows similar arguments as in Theorem 1 and is deferred to

Section 2.4.5.

2.4 Proof of Universality
2.4.1 Graph Entropy

Proof of Lemma 1. Note that

H(A,) =H(A,|X")+1(X";A,)
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= (;)H(A12|X1,X2) +I1(X";A,) (2.20)

_ (’;’) p h(f(n)Q)p+1(X";A,), 2.21)

where (2.21) follows since all the ( ) edges are identically distributed and also independent

given X" and consequently

H(A,|X")

S

(;)H(A12|X1,X2)
)

( ZH (Ar2|X1 =i,X = j)pip;
i,Jj

\®)

I
N
NS
~_
=

ﬂ
>
=
S
e
=

When f(n) = 0(1), we see that since
0 < I(X";A,) < H(X") =nH(X;) < nlogL,

we have that H(A,,) = (5)p” h(f(n)Q)p+o (n*h(f(n))).
Next, consider the case when f(n) = o(1) and f(n) = Q <n—12) By properties of the

entropy, we have

H(ALX") < H(A,) < (2)H(A12)- (2.22)

Note that

P(A;, = 1) ZPAlz 11X1 =i,X, = j)pip; =p" f(n)Qp,

which yields that H (A12) = h (f(n)p” Qp). Substituting this in (2.22) gives

(Z) p h(f(n)Q)p < H(A,) < (2) h(f(n)p"Qp). (2.23)
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Note now for any g(n) = o(1), we have

h(g(n)) = —g(n)logg(n) — (1 —g(n))log(1 —g(n))

= —lntogn 1+ =) os—gln))

: log(1—g(n)) . _ 1
By noting that R 1 and Toale() 0 as g(n) — 0 we see that

h(g(n)) =g<n>log$<1+o<1>>.

Using this, we note that

p”h(f(n)Q)p = p” Qpy(n) log ﬁ(l +o(1))

and

h(f(n)p" Qp) = p” Qpy(n) log ﬁ(uom).

Finally, substituting this into (2.23) yields

i) = ()07 Qb () 0g (1)

as required. [

2.4.2 Asymptotic i.i.d. via Block Decomposition

We first invoke a known property of stochastic block models (see, for example, [66]). We

include the proof here for completeness.

Lemma 2 (Exchangeability of SBM). Let A,, ~ SBM(n,L,p,W). For a permutation  : [n] — [n,

let T(An) be an n x n matrix whose (i, j) entry is given by Ay ;) z(j)- Then, for any permutation
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7t : [n] — [n], the joint distribution of A, is the same as the joint distribution of T(A,), i.e.,
A, =7(Ay). (2.24)

Proof. Let a, be a realization of the random matrix A, and 7w(X") be the permuted vector

(Xn(1)> e ,X,r(n)). For any symmetric binary matrix a, with zero diagonal entries, we have

PAy=an) = ¥ P4y =a,, X" =)

xe[L)]?

= Y P(Ay=a,|X" = [[P(Xi = x)
xne[L]r i=1

(a) "

= Y Il Pl@y=aylXi=x,X;=x;) [ TPXnu) = x)
el 1<ii%jj<n =

(b) ai; —ay T _

= Z H (thxj) j(l _Wxi,xj)l ]HP(Xn(i) _xi)
xelr i i=1

1<i<j<n

(o) L

= Y I P@soa0) = @i Xai =% Xa(j) = x) [ TP Kagy) = x)
el 1<iZj<n =

where (a) follows since X" are i.i.d. and thus P(X; = x;) = P(Xz(;y = x;) and (b) follows since

A;j ~ Bern(Wy, x;), and thus

thxj if ajj = 1
P(A,-j:aij]Xi:xi,Xj:xj): (2.25)

I_Wxi,Xj ifai]-:O

= (Wxnxj)aij(l - Wxi,xj> I=aij, (2.26)

The step in (c) follows since Az z(;) ~ Bern(Wx,, x,, ) and the conditional probability has

J)
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the same expression as in (2.26). []
Now we are ready to establish Theorem 3.

Proof of Theorem 3. For any i # j; and iy # j,, consider a permutation 7y : [n] — [n] that has

x—l—(iz—il)k for(il—l)k+1§x§i1k
i (x) =
x+ (jo—j1)k for (ji—Dk+1<x<jik
and the remaining n — 2k arguments are mapped to the n — 2k values in [n]\ {(i — 1)k +
1,...,02k,(jo — 1)k,..., jok} in any order. Lemma 2 implies that B;, j,, which is the subma-
trix formed by the rows (i — 1)k+1,...,i1k and the columns (j; — 1)k+1,..., j1k has the same
distribution as the submatrix formed by the rows m; ((iy — 1)k+1),..., 7 (i1k) and the columns

mi((j1 —1)k+1),...,m(ji1k). From the definition of 7, we see that the latter submatrix is B;, ;,

and we establish that B;, ;, 4 B;, j,. Similarly, defining a permutation 7 : [n] — [n] which has

mx) = x+(L—1)k for (I, —Dk+1<x<hk

. . . d
and invoking Lemma 2 establishes B;, ;, =By, ,.

Now, clearly H(By;) < (’g )H (B12), and therefore we have

<l1. (2.27)

Moreover we have H(A,) = H(By,Bq) < HBy) +H(Bqg) < HBy) +n'H(By1) < H(By) +
n kzh(A12) where the last inequality follows by noting that except for the diagonal elements of
B4 (which are zero and thus have zero entropy), all other elements have the same distribution

as A1p. We therefore obtain H(By) > H(A,) —n'k*h(A12) = H(A,) —nkh(A12) > H(A,|X]) —
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nkh(A12) = (5)p" h(f(n)Q)p — nkh(f(n)p’ Qp). Consequently,

B ) (P Q- 2

7 2 pr (2.28)
(2)H(B12) (2)H(B12)
We will now analyze the right hand side of (2.28) in two parameter regimes.
e f(n)=1:Wehave
(@)
H(B2) < H(B2| X{¥) + H(X{")
< H(B12|X7*) +2kH (p)
®) 2
=k"H (A1 x| X1,Xx) +2kH (p)
logL
<K (pTh(Q)p +2-% ) , (2.29)

where (a) follows from the chain rule and (b) follows since all elements of the matrix
B, are independent given X1, - - -, Xp;. Plugging this into the right hand side of (2.28) we

obtain

Hmg () (P )

, > — . (2.30)
()HB1) — (3) (p7h(Q)p+2%)
Since k = o(n),k = (1) and (%)k* ~ (%), we have from (2.30)
liminffl(it) > 1, 2.31)
"= (3)H(Bro)

which together with (2.27) yields the required result.

e f(n)=Q (%) ,f(n) = o(1) : Since By is a matrix of k? identically distributed Bernoulli

n
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random variables, we have
H(B12) <Kh(Ay ) = KR (f(n)p" Qp). (2.32)

Plugging this into the RHS of (2.28) then yields

HBy) ) (b7 h(f(m)Qp — 2" C0))
(DHBR) —  (G)KA(@pTeR)

(2.33)

We first observe that in this parameter range, since f(n) = o(1), we have by Lemma 1

p"h(f(n)Q)p ~  (f(n)p" Qp). (2.34)

Finally using that k = o(n) and (’él)k2 ~ (3) establishes

liminf —H (Bu)

> >1, (2.35)
e (2)H(B12)

which together with (2.27) yields the required result.

2.4.3 Length of the Laplace Probability Assignment

Proof of Theorem 4. Let us first elaborate the relation between probability assignment and
compression length. In Algorithm 1, the terms log(g(x;41]x/)) are added up, which lead to the

marginal probability implied by the sequential probability assignment

1

N—1 N—
Y log(g(xjs1]x/)) =log (H q(xji1]x/ )) = log(g(x")). (2.36)

j=0 j=0

The compression output length of Algorithm 1 is {log ﬁ-‘ + 1.
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Now we analyze the compression length of Laplace compressor for the sequence

Z1,Z5,...,Zy. Define 6, .= P(Z, =i),N; == Yo_, 1{Z; = i},i € [m]. We have

1
(7Y =1o
L( ) qL(ZN)
0,62 N 1
=lo +1lo
g qL(ZN) gef\’leé\/z_ eNm
N+ 1 ! Ni aN N,
=1 1 6,'6,%...9'"
( 1 )+Og(N1'N2 N,
+log ——————
(i) N+m—1
- m— 9N19N2 9Nm
(b) N 1
< —1 I —+1 log ——+———
. °g(<m 1)) 108 g
m
< mlog(2eN) +ZN,1og 5 (2.37)

i=1

! N 9N2

where (a) follows since ]\% | -@Nn is a multinomial probability which is always

upper bounded by 1, and (b) follows since (}) < (%)k Taking expectation on both sides
of (2.37), we obtain
i 1

E[tL(ZV)] < mlog(2eN) + Z E[N;]log o

i=1

9 nlog(2eN) + Y Nojlog -
g ~ g, 6;
= mlog(2eN)+NH(Z;),
where (a) follows since E[N;] = Y, E[1{Z; = i}] = NP(Z; = i) since the Z; are identically
distributed. O]
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2.4.4 Length of the KT probability assignment

Lemma 3. For any integer m > 0, N|,N,,---N,, € N and probability distribution (01, - 6,,),

Ni,Np--Npy
( 2N ) 2N1._.92Nm 21’
2N1,2N;3+-2Ny, 1 m

where N =Y.' | N;.

Remark 4. Equivalently, consider an urn containing known number of balls with m different
colours. The lemma claims that the probability of getting N; balls of colour 1, N, of balls of
colour 2, --- N, balls of colour m out of N draws with replacement is always greater than the
probability of getting 2N balls of colour 1, 2N, of balls of colour 2, --- 2N, balls of colour m

out of 2N draws with replacement.

Proof. Let py =N;/N,pp =N2/N,---,pm =Ny /N. Notice that Y7 | p; = 1,50 (p1,--- pm) can
be viewed as a probability distribution. And the entropy of this distribution is H(p,- - pm) =
Y™ —pilogp;. Firstly we consider the case when Ni,N,---N, are all positive and none
of them equal to N. By Stirling’s approximation for factorial \/ﬁ(g)”el/ (12n+1) < 1 <

\/Znn(g)”el/lzn, we can bound

/ N 1 1 1 1
( N ) - 2NN exp (12N+1 TN T M T 12Nm>
Ni,Ny -+ Ny, (27)M/2(N\Ny - - - Ny V2NV NG - N

1 1 1 1
28 % <12N+1 TN 12N, T TNm)
(2”)'"7_1 (P1P2- Pm) L/2N"5 2 —NH(p1,p2, pm)

Similarly, we have

i I I i
( 2N ) - eXp (m T 2N T WNHT T m)
2N, 2Ny -+-2Nw) ~ (21)"T 2" (p1pa -+ pm) VAN"T 2~ 2NH(p1pi)



Consider the function

f(N17N27"' 7Nm)

1 1 1 1 1 1
— T2N+1 Wv+(24N1+1 - 12N1)+ (24N2+1 12N2)+ -+ (24Nm+1 12N,,,>

and the function
1 1

8= 1 1w
where 7 is a positive integer. Function g(n) is minimized with n =1 and ming(n) =1/25—-1/12
and we can bound function f(Ny,Np, -+ ,Ny) > WIH — 5ax +(1/25—1/12)m. Finally we are

ready to prove the lemma.

N _
(N17N2 )6 L eniym > ZTI eXp(f(Nl,N2,~" 7Nm))

2N 2N 2Ny = N Ny
(ony 2Ny2m, ) €1 O ONH(p1--pn) 9N ... O
m—1
> 2" exp (ravgy — my +(1/25—1/12)m)
- 2-NDk1(pl6)

— 5L NDKL(p]|0) ploge oy — iy +(1/25-1/12)m)

Notice that ;3 — 53 £0es to zero when N — oo, -1 > (1/25 —1/12)m and Dk (P||6) >

12N+1

Therefore in this case, N N
1 Nin
(y e, O1 7 O

NI 7N2"' m
( 2N )92N1_”92Nm z1.
2Ny ,2N5-+2N,,) 21 m

When one of {N,-}f.\’: | €quals to N, without loss of generality, we assume that N = N. We have

N Ny N
(Nl,Nz-wNm) 0,70, - 1 o1
2N 2N, 2N, o N1 N ’
(2N1,2N2~-~2Nm) 61 - O 91 “+ Om
When there are k numbers out of Ny, N;,--- , N, that equal to zero, we can simply remove these

values and consider the case with alphabet size m — k. And this will yield the same result. [

Proof of Theorem 5. 1In this proof, we define a generalized form of factorial function. Let x be a
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positive integer, (x+ %)‘ = %% s (x+ %) Since (2N} — 1)l = 2,(\,2112]11])1’)‘, we have

m(m+2)---(m—+2N —2)

= 3)(75) - (2)

_ (5N 1)
(z-1)!

Therefore we can rewrite the KT probability assignment in (2.17) as

(F-0!  (F) & 2N
CIKT(ZN) = 2]\1(%2_'_]\7_ 1)! (216\') gvazNi

1
) N
ANN+Z -1 <2N1,2N2.--2N,,,) 1

. N 1 1
where (a) follows that when m is even, (TN = (NP —(ZTN-T) > (N+%f%)m771 and when m
is odd, iy = Ty = 1 > 1 (b)follows that (, ¥ . )=
is od (ZHN=D! = (Z4N—)!  (N+1)(Z+N-%) = (N+%_%)mT—1 (b) follows tha (Nl,Nz--Nm)
N! A . N 9]]\]1‘-‘9,];,'”(%71 | 21</V)
T, N1 and 6; = P(Z; =i). By lemma 3, we have ggr(z") > T Thus,
=14V 4N(N+%_§) =
txr(ZY)
=lo !
quT(zN)
ANV(N - Ly
<log —w——— +log 2 22N
AR N CIIC
L ymhy <N+—m_1)+l Rl log (22— 1)1
=108 N Nom 0g 08 Ny T <__ >
oy a2 )T
Ziog— ! "L (N "1 10 - (5-1)10 21
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1 —1 —1 21
(r@log —l—m log <N—|—mT) +log V7N — (%—1)10{;(2 )

Q{VI...QHJYW 2 e
m._ e(3+N)
~ Elog

5 1
2
m/2 +10g\/7rN+log9Nll

! .. N

m N 1 i 1
= Elog (e(l —1—7)) +§10g(7rN) + ZNilogg,
i=1 i

where (a) follows Stirling’s approximation k! > v/ an(];f)keﬁ and (b) follows Stirling’s

. . . . . N
approximation for binomial coefficient, i.e., (%{,v) ~ jTW' Therefore, we have

E[EKT(ZN)] S %mlog (e(l + 27]\])) + %IOg(ﬂ?N) +NH(Zl).

2.4.5 Proof of Theorem 2

Proof. Once again, we establish universality for both KT and Laplace probability assignment.
Following a similar argument as in the proof of Theorem 1, it suffices to show the universality
n

of Laplace. Since we are compressing N = (2) identically distributed bits using a Laplace

probability assignment, Theorem 4 yields

E(E(Cl (An))) < 10g(2€N) +NH (AIZ)

H(A,) H(Ay)
log(2eN) +NH (A1)
- H(An|XT)
- (log(ZeN) +NH (A]g)) H(Alz)
n NH (A1) H(A;p|X1,X;)
_ (1 L log(2eN) )h(f(n)pTQp)
Nh(f(n)p"Qp) ) T h(f(n)Q)p
D14 0(1).
log(2eN) log(2en?) h(n=29pT Qp)

Here, (a) is justified by noting that - , and then not-

(f(mp"Qp) = (3)h(n~2-€)pTQp) h(f(n)p"Qp)
log(2en?) = o(1) and W *p’ Q) O(1) when f(n) = Q (#) and that

ing that 6 ~h(f(n)pTQp)

5)h(n=(-€)pT Qp)
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H(h(f(n)p" Qp) ~ p"h(f(n)Q)p. O

Remark 5. When f(n) = 1, the compressor Cj is strictly suboptimal. This is because the length
achieved by Cy is (5) (f(n)p”Qp) (1+o0(1)), whereas the first order term in the entropy is
(5)p"h(f(n)Q)p”. When f(n) is o(1), these two have the same first order term. However,
when f(n) is constant, p” 2 (f(n)Q)p is strictly smaller than & (f(n)p” Qp) by concavity of

entropy.

2.5 Redundancy analysis

Let A, be a random graph generated from certain graph generation model and let C be a

graph compressor. We define the redundancy of compressor C for random graph A,, as

R(CsAn) 2 E[(CU(AR))] — H(An).

Theorem 6 (Redundancy in the vanishing probability regime). Let
A, ~ SBM(n,L,p, f(n)Q)

with f(n) =0(1), f(n) :Q(nzl,g)foranyo <e<l,andL=0(1). Ifk= (1) and k < \/8logn

for some 0 < 8 < €, then the redundancy of compressor Cy, defined in Section 2.2 is upper bounded

as

R(Cy,An) = E[£(Ci(An))] — H (An)

< (Z) f(n) (DTQplog ( pTlQ p) —pTQ*p) +o(n” f(n)),

where Q* denotes an L x L matrix whose (i, j) entry is Q;; log(Q%j).
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Proof. First we lower bound H(A,,) using the conditional entropy H (A,|X"):

g )+ Ty loge ols(n))

1

+ f(n)Qijloge + f(n)Q;jlog (Q_u> +0(f(”))>

= (Z) f(n) (log (ﬁ) p’ Qp+p’Qploge+p'Q’p +0(1)) : (2.38)

where (a) follows since h(g(n)) = g(n) logﬁ +g(n)loge+o(g(n)) (see, for example, [67]).

From (2.19) in the proof of Theorem 1, we have
n' K? 2.3 2
E(K(Ck(An))) < ) H(B12)+2 10g(2€ n )+nk H(Alz).

Now, we upper bound the three terms separately. We have

(I)(n)f(n) (1oganTQp+pTQploge+pTQplog +o(1)>, 2.39)

1
p’Qp
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where (b) follows for the same reason as (a). Moreover, we have
2K log(2¢*n®) < 291987 1og(2¢%n3) = n®log(2¢%n®) = o(n?f(n)),

and

e

W (A2) < (19 10gn) 7B Qplog o ol (n) ) = ol ()

f(n)p"Qp
Combining bounds (2.38), (2.39), (2.40) and (2.41), we have

1
p’Qp

RiCun) < () £ (87 Qplog o =0 Q'p ) 4002 )

Theorem 7 (Redundancy in constant probability regime). Let

(2.40)

(2.41)

with f(n) =0(1) and L=0(1). If k = (1) and k < \/dlogn for some 0 < § < 1, then the

redundancy of compressor Cy defined in Section 2.2 is upper bounded as

I’l2 nz
R(Cun) 2 E(GA)) - HA) < H®) +o (' ).

where H(p) =YX, pilog <1%>
Proof. Firstly, we lower bound H(A,) by the conditional entropy H(A,|X")

n

H(A,) > H(A,|X") = (2

)pTh<f<n>Q)p.
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Still we can upper bound the expected length of compressor Cy:
n' 2
E(¢(Ci(An))) < (2>H(B12) +28log(2¢*n®) + nk*H(A12).

Now, we bound the three terms separately. We have

(Z/>H(B12) - (Z/) (H(B12|X{") +1(X{*:B12))

(KPH(A jo1 | X1, X 1) + (X755 B12))

(3)
s@)%Th Q)+ H(x)
(’;) (p"h(f(n)Q)p+2kH (p))
=M T () Q)p -+~ 1) () (243)
2% log(2¢*n) < n®log(2¢*n) = 0 <”£> , (2.44)
and
nk?H(A12) < nélognH(A12) = o ("—:) : (2.45)

Combining bounds (2.42), (2.43), (2.44) and (2.45) gives

R(Cr,Ap)
nin— n(n— n2
< > X)o7 h( F(n)Q)p+ (' — 1) (p) " 5 D Th(f(n)Q)P—i-o(?)
/ n(l—k) n?
= ol — DH(p)+ " TMﬂMQm+o(;>
l’l2 nz
SH(P); -l-o(?)
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2.6 Second order analysis in the sparse regime

So far, we have shown that our algorithm always matches the first order term in the
Shannon entropy. Now, we proceed to analyze the second order term of the expected length
of our proposed compressor. We focus on the family of symmetric SBM with edge probability
f(n) = 1/n and evaluate the performance of our compressor using the framework of local weak
convergence, as introduced in [59]. This would allow us to compare the performance of our com-
pressor to the compressor proposed in [50]. We first introduce some basic definitions on rooted
graphs in Subsection 2.6.1. Then, we define the local weak convergence of graphs and derive
the local weak convergence limit of the symmetric stochastic block model in Subsection 2.6.2.
Finally, we review the definition of BC entropy in Subsection 2.6.3 and state the performance

guarantee of our compression algorithm in Subsection 2.6.4.

2.6.1 Basic definitions on rooted graphs

Let G = (V,E) be a simple graph (undirected, unweighted, no self-loop), with V a
countable set of vertices and E a countable set of edges. Let u £ v denote the connectivity
of vertices u and v in G. G is said to be locally finite if, for all v € V, the degree of v in
G is finite. A rooted graph (G, o) is a locally finite and connected graph G = (V,E,0) with
a distinguished vertex o € V, called the root. Two rooted graphs (Gy,0;) = (V1,E1,01) and
(G2,07) = (Va,En,07) are isomorphic, denoted as (G1,01) ~ (G3,02), if there exists a bijection
7 : Vi — V; such that w(0;) = 0p and u 2y if and only if 7(u) % m(v) for all u,v € V;. One can
verify that this notion of isomorphism defines an equivalence relation on rooted graphs. Let
[G, 0] denote the equivalence class corresponding to (G,0). Let 4* denote the set of all locally
finite and connected rooted graphs. For (G,0) € ¢* and h € N, we write (G, o)}, for the truncated
graph at depth 4 of the graph (G, 0), in other words, the induced subgraph on the vertices such
that their distance from the root is less than or equal to 4. The equivalence classes [G, o], follows

the similar definition. Let ¢, denote the set of all [G,0],. Now, we define the metric 4* on ¢¥*.
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For any [G1,0;] and [G»,0;], let h :=
sup{h € Z* : (G1,01) ~ (G2,02), for some (Gy,01) € [G1,01],(G2,02) € [Ga,00]}

and define the metric d* as
1

d*([Gy,01],[G2,07]) := 17
As shown in [50], equipped with the metric defined above, ¢* is a Polish space, i.e, a complete
separable metric space. For this Polish space, let 22(%¢*) denote the Borel probability measures
on it. We say that a sequence of measures i, € Z(9*) converges weakly to i € Z(4*), written
as W, ~ U, if for any bounded continuous function f on ¥*, we have [ fdu, — [ fdu. It
was shown in [68] that u, ~~ u if for any uniformly continuous and bounded functions f, we

have [ fdu, — [ fdu. For u € 2(4*), h € {0,1,2,...}, and [G,0] € 4%, let 1, denote the

h-neighborhood marginal of u

i ([G,o]) = ) w([G',0)).
[G'.0]€9*:[G ,0],=]G,0]

For a locally finite graph G = (V,E) and a vertex v € V, let G(v) denote the graph component in
G that is connected to v. By our previous definitions, (G(v),v) denotes the rooted graph of the
connected component of v and the root is located at v and [G(v),v] denotes the equivalence class
corresponding to (G(v),v). Now, the rooted neighbourhood distribution of G is defined as the

distribution of the rooted graph when the root is chosen uniformly at random over V

1
U(G) = m Z 5[(;(‘,)71,], (2.46)

veV

where & is the Dirac delta function.
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2.6.2 Local weak convergence

For our study of stochastic block model, which is a sequence of random graphs {A,}>_,,
U(A,) as defined in (2.46) becomes a random distribution. In the section, we establish the
asymptotic behavior of the average neighbourhood distribution EU(A,) averaged over the
randomness of the graph A,,.

To state the limiting distribution, we define the Galton—Watson tree probability distribu-
tion on rooted trees GWT(P, ) as follows. Let P, denote the Poisson distribution with mean A.
We take a vertex as the root and generate zW ~p 2, as the number of children of the first genera-

tion. For the first generation, independent of Z(1), we generate 51(1), ceey §Z(<11)> i.i.d. according to

. . . 1
P, as the number of children of each vertex in the first generation. Let Z(>) = ZZ:<1) éi(l) denote
the total number of vertices in the first generation. In general, for the jth generation, j =1,2,...,
generate the number of children for each vertex in the jth generation 51(] ), ceey é’z({/)) ii.d. ac-

cording to P;, independent of all previous variables {él(i_]), ey <§Z(l(;112 ,ZW foralli < j}. Let
ZU+D = Zf(:’)l ék(] ) denote the total number of vertices in the jth generation. In this way, we
iteratively defined a measure on rooted trees. With the definitions above, we are ready to establish

the local weak convergence of the symmetric stochastic block model.

Lemma 4 (Local weak convergence of sparse symmetric SBMs). Let A, denote a graph

generated from a symmetric stochastic block model SBM(n,L,p, %Q) with p = (%,...,%),

Qii = a,Vi € [n] and Q;; = b,Vi,j € [n],i # j. Let U(A,), defined as in (2.46), be the ran-
dom rooted neighbourhood distribution of A,. Then, the average neighbourhood distribution

EU(A,) converges weakly to a Poisson Galton—Walson tree

EU(A,) ~ GWT(P,),
+(L—1)b

where A = < i

Remark 6. When a = b, the symmetric stochastic block model recovers the well-known local
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weak convergence result on Erd6s—Rényi model (see, e.g., [69, Theorem 3.12]).

Proof of Lemma 4. We want to show that for any uniformly continuous and bounded function

fs

' / FAEU(A / FAGWT(P;)| =0

as n — oo, Since f is a uniformly continuous function on ¥*, for every € > 0 there exists 6 > 0
such that, for any pair of rooted graphs [G1,01] and [G2,0;] € ¥* with d*([G},01],[G2,02]) <
we have |f(G1,01) — f(Ga,02)| < €. Recall that d*([G1,01],[G2,02]) := 1Jlrh’ where / denotes
the maximum layers of matching between [G1,0;] and [G7,03]. Therefore, as long as 1 > % -1,

we have |f((G,0),) — f(G,0)| < €. It follows that | f([i,0]) — f([g,0])| < €, if [i,0], = [g,0]. Let
U € P(94*) and assume h > %— 1. We have

[ raw- /fdu‘ I flibunlle)= T sl 47
0le¥, [i,0]e¥*
Y. | f(g-oDua((g,0]) — Y f(li;o)u(li;o])]  (2.48)
[g,0]€%) [i,0]€e9*:[i,0]n=[g,0]
) Y (f([g,0]) = f([i;0]))u([i,0]) (2.49)
[g,0]€9) |[i,0]€9*:[i,0]p=[g,0]
< Yy )y |/ ([g.0]) = f([i; o)) [ ([i, 0]) (2.50)
[8,0]€%; [i,0]€9*:[i,0]4=[g,0]
< X Y en(lio)=¢ 251)

[g,O]E%h* [ivo}eg*:[ivo]h:L%O}

where (3) follows since ;([g,0]) = Yji o]ew*:[io],=[¢,0] L ([F;0]). Thus, we have | [ fdEU (A,), —
[fdEU(A,)| < € and | [ fdAGWT(P,), — [ fAGWT(P,)| < €. Let B C ¥* be a measurable
event in ¥*. By exchangability property of the SBM, we have EU(A,)(B) = 1 Y7, P([A4(i),i] €
B) = P([A,(1),1] € B). In other words, EU(A,) is simply the neighbourhood distribution at
vertex 1. By the analogous argument as in proposition 2 of [65], for any € > 0, there exists ng such

that if n > no and 15357 = R, we have dry (GWT (P, )r, EU(A,)r) < €, where dry ()
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denotes the total variation distance between two measures. Remember here the total variation
distance is drv (H1, l2) := SUPg.+_,1_1 1)(J 8d i — [ gd ). Since f is a bounded function, we
have | [ fdGWT(P, )r — [ fdEU(A,)r| < €, as long as n is large enough. Therefore, if we take

n large enough such that 101n(2(al:1LIZL—1)b)) > %—1 and | [ fdAGWT(Py), — [ fdEU(A,),| < &,

we have

‘ / FEU(A / FAGWT(P,) ‘ / FAEU(A) — / FEU(A

+‘ / FAGWT(P,);, — / fAGWT(P;)

+‘/fdGWT(P,1)h—/deU(An)h

< 3¢,

which completes the proof. ]

2.6.3 BC entropy

In this section, we review the notion of BC entropy introduced in [59], which is shown to
be the fundamental limit of universal lossless compression for certain graph family [50].

For a Polish space Q, let &(Q) denote the set of all Borel probability measures on Q. Let
A be a Borel set in Q, we define the e-extension of A, denoted A%, as the union of the open balls
with radius € centered around the points in A. For two probability measures u and v in &(Q)
we define the Lévy—Prokhorov distance dyp(U, V) :=inf{€ > 0: u(A) < v(A%¥)+eand v(A) <
L(A%)+¢€,VA € B(Q)}, where B(Q) denotes the Borel sigma algebra of Q. Let p € Z2(9%).
Let d be the expected number of neighbours of root under the law p and let a sequence m = m(n)
such that m/n — d /2, as n — co. Define ¥, ,, to be the set of graphs with n vertices and m edges.

For € > 0, define

gn,m(pae) = {G € gn,m : U(G) € B(p,s)},

where B(p, €) denotes the open ball with radius € around p with respect to Lévy—Prokhorov
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metric. Now, we define the e-upper BC entropy of p as

log|4p.m(p,€)| —mlogn

Y(p,€) = limsup

n—soo n

and define the upper BC entropy of p as

X(p) = limX(p,€).

e—0

Similarly we define the e-lower BC entropy L(p, €) and lower BC entropy L(p) with limsup
replaced by liminf in above definitions. If p is such that X(p) = X(p), then this common limit is

called the BC entropy of p
Z(p) :=X(p) = L(p)-

The following lemma states the BC entropy of the Galton—Waston tree distribution.

Lemma 5 (Corollary 1.4 of [59]). The BC entropy of the Galton—Watson tree distribution
GWT (P, ) is given by

S (GWT(Py)) = %mg% bits.

2.6.4 Achieving BC entropy in the sparse regime

With the Lemma above, we can give a performance guarantee of our algorithm corre-

sponding to the BC entropy. It is a Theorem analog to Proposition 1 in [50].

Theorem 8. Let A, ~ SBM (n,L,p,rllQ) with p = (%,,%) Qii = a,Vi € [n] and Q;; =
b,Vi,je|n],i# j. Let A =p'Qp = CH'(IL—_l)b and m = (g)% be the expected number of edges in
the model. Then, our compression algorithm achieves the BC entropy of the local weak limit of

stochastic block models in the sense that

lim sup E[¢(Ck(An))] —mlogn

n—soo n

<Z(GWT(P;)).
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Proof. By our proof of theorem (need to fill in ref), we have
n k2 3 2
E[¢(Ck(An))] < ) H(B1)+2" log(2en”) +nk;H(A12).

Notice that

kloge—z/llogﬁtn o(n)

n
1

2) ;ﬂ.logn—l— llogl—i—o( ))

) ¥

1
—Alogn+
n

where (1) follows since i(p) = plog 19) — 10% p?>+o(p?), (2) follows since n'k = n and (3) follows
from Lemma 5. Then it suffices to that the remaining terms in the upper bound of E[¢(Cy(A,))]

are all o(n). Indeed we have
oK log(2en’) < 2%1°2"10g(2en) = n®log(2en®) = o(n)
since 0 < 1 and

nk2H(Ayy) = nk*h(A /n)
= nk? (lllogE +o (l))
n A n
1 ne 1
<ndlogn (—llog— +o (—)>
n A n

= dlogn <7L log %) +o(logn)
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]

Remark 7. For sparse symmetric SBMs, Theorem 8 shows that our compressor achieves the BC
entropy of the Galton—Watson tree that is the local weak convergence limit of the underlying
sequence of graphs. We note, however, that for the family of sparse symmetric SBMs, it is
unclear if this BC entropy is the fundamental limit of lossless compression. This is because the
family of sparse symmetric SBMs does not belong to the family of random graphs considered

in [58], where a converse statement can be established.

2.7 Stationarity in the stochastic block model

In this section, we take a closer look at the correlation among entries in the adjacency
matrix and explain why existing universal compressors developed for stationary processes may
not be immediately applicable for certain orderings of the entries.

Compressing A, entails compressing
A127 cee 7A1,n7A237 s 7An—17n7

1.e. the bits in the upper triangle of A,. Clearly, these are not independent (because of the
dependency through X|') so one cannot use any of the compressors universal for the class of
iid processes to compress A,. So, one hopes that it is possible to list the (g) random variables
A2,...,A1 4,A23,...,Ay—1, 1n an order that makes the resulting sequence stationary, so that the
Lempel-Ziv compressor (which, recall, is universal for the class of stationary processes) may be
used. However, we show now that some of the most natural orders of listing these (g) bits result

in a sequence that is nonstationary.

1. Horizontally: Listing the bits in the upper triangle row-wise (i.e. first listing the bits in

the first row, followed by the bits in the second and so on, ending with A,,_; ) we get the
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following sequence

A2y A, A3y Ay A,

which can be seen to be nonstationary. Consider the case whenn =4,L =2,011 = Q12 =

1,012 = 0. In this case the horizontal ordering is

A12,A13,A14,A23,A24,A34

and this is seen to be nonstationary by observing P(Aj2 = 1,A;3 =0,A14 = 1) > 0 but

P(A23 =1,A4 =0,A34 = 1) =0.

2. Vertically: Listing the bits in the upper triangle column-wise (i.e. first listing the bits in
the first column, followed by the bits in the second and so on, ending with A, ;) we get

the following sequence

A12,A13,A23, .. Al ps e A1y

which can be seen to be nonstationary. Consider the case whenn =4,L=2,011 = Q12 =

1,012 = 0. In this case the vertical ordering is

A12,A13,A23,A14,A24,A34

and this is seen to be nonstationary by observing P(Aj, = 1,A;3 = 0,A23 = 1) =0 but

P(A14=1,A24=0,A34=1) > 0.

3. Diagonally: Consider |5 | sequences defined as

S1:=A12,A23,A34, .. ., A1, An 1

S 1= A13,A24,A35, .., Ap—2.n,An—1,1,An2

48



and

S Al,l+n/27A2,2+n/27"'7An/2,n7 when n is even,
5] —

%
A1,1+L%J=A2,2+L%J7“'7An,n+L%j7 when 7 is odd.

Concatenating Sy, ...,S H yields a sequence of length (g) This corresponds to listing the
bits diagonal-wise. However, even this does not yield a sequence that is stationary which
can be illustrated by considering the case whenn =4,L =201 = Q12 =1,012 =0. In

this case the diagonal ordering is
A12,A23,A34,A41,A13,A24

and this is seen to be nonstationary by observing P(A1p = 0,423 = 1,A34 = 1) > 0 but

P(A34 =0,A41 =1,A;3= 1) =0.

2.8 Experiments

We implement the proposed universal graph compressor (UGC) in four widely used
benchmark graph datasets: protein-to-protein interaction network (PPI) [70], LiveJournal friend-
ship network (Blogcatalog) [71], Flickr user network (Flickr) [71], and YouTube user network
(YouTube) [72]. The block decomposition size k is chosen to be 1,2,3,4 and we present in
Table 2.1 the compression ratios (the ratio between output length and input length of the encoder)
of UGC for different choices of k. We present in Table 2.2 the compression ratios of four

competing algorithms.

e CSR: Compressed sparse row is a widely used sparse matrix representation format. In the
experiment, we further optimize its default compressor exploiting the fact that the graph is

simple and its adjacency matrix is symmetric with binary entries.
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e Ligra+: This is another powerful sparse matrix representation format [73, 74], which

improves upon CSR using byte codes with run-length coding.

e LZ: This is an implementation of the algorithm proposed in [75], which first transforms
the two-dimensional adjacency matrix into a one-dimensional sequence using the Peano—
Hilbert space filling curve and then compresses the sequence using Lempel-Ziv 78 algo-

rithm [13].

e PNG: The adjacency matrix of the graph is treated as a gray-scaled image and the PNG

lossless image compressor is applied.

The compression ratios of the five algorithms implemented on four datasets are given as follows.
The proposed UGC outperforms all competing algorithms in all datasets. The compression ratios

from competing algorithms are 2.4 to 27 times that of the universal graph compressor.

Table 2.1. Compression ratio of UGC under different k values.

k=1 k=2 k=3 k=4
PPI 0.0228 0.0226 0.0227 0.034
Blogcatalog 0.0275 0.0270 0.0267 0.0288
Flickr 0.00960 0.00935 0.00915 0.00907
YouTube |4.51x107 [ 4.11x107° | 3.98x107> [ 4.00 x 10>
Table 2.2. Compression ratios of competing algorithms.
CSR Ligra+ |74 PNG
PPI 0.166 0.0605 0.06 0.089
Blogcatalog 0.203 0.0682 0.080 0.096
Flickr 0.0584 0.0217 0.0307 0.0262
YouTube |3.23x107%[9.90x 107> | 1.09x 10~* | 1.10 x 10~3

Note, however, that CSR and Ligra+ are designed to enable fast computation, such as
adjacency query or vertex degree query, in addition to compressing the matrix. Our proposed
compressor does not possess such a functionality and is designed solely for the purpose of

compression.
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Chapter 3

Sequential Prediction With Log-loss and
Side Information

3.1 Introduction

We consider a variant of the problem of sequential prediction under log-loss with side
information. The particular variant under consideration was first studied in [76]. Let X € 2~
and Y € {0,1} denote two jointly distributed random variables. Let the marginal distribution of
X be denoted by Px(x). A hypothesis f in the hypothesis class % determines the conditional
distribution P¢(y|x), or equivalently, the conditional probability mass function (pmf) p(y|x), for

y € 40,1} and x € 2. Each hypothesis is characterized by a tuple f = (g, 6p, 01) where
1. 60,6, € [0,1]
2. g9 Cc{Z —{0,1}}.

In other words, g belongs to a class ¢ of binary functions. We assume that ¢ has finite VC
dimension, denoted by VCdim(¥).

Given a chosen hypothesis f = (g, 8y, 0;) we then have
Y |{X = x} ~ Bernoulli(6,)).
Thus, given the side information X, the random variable Y is distributed as either Bernoulli(6p)
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or Bernoulli(6;). Picking a hypothesis f € .7, let (X;,Y;)7_, be drawn i.i.d. from the joint

distribution of X and Y characterized by the hypothesis f, so

P(x",y") = [ [ Px (xi)Pr(vilxi)- 3.1)

i=1

The problem of sequential prediction under log-loss, also known as the sequential probability
assignment problem, can be thought of as a game between the player and nature. First, nature
picks a hypothesis f € .# unbeknownst to the player, and X", Y" are then generated according
to the law (3.1). At each time step i € [n], X; is revealed to the player, who then assigns a
probability mass function (pmf) g(-|X*,Y"~1) to ¥;. Next, ¥; is revealed and the player incurs
loss —logg(-|X",Y'~1). Nature assigns the pmf ps(-|X;) at each time step i and incurs loss
—logpr(Y;|X;). The goal of the game is to minimize the expected value of cumulative loss
relative to nature (known as the regret), without knowledge of f. Importantly, we also wish to do
this without knowing Py either.

To make this notion precise, define the regret incurred by the probability assignment ¢

when nature picked f and the distribution of X is Py as

! 1 & 1
Rup.(q,.f):=E log—————<—) log————|. (3.2)
()= B | L bor gy~ 408 )
Then, the worst-case regret for the probability assignment g is
Rn(Q) = maXRn,PX (Q7f) (33)
Pva
In this paper, we aim to calculate the min-max regret
R, :=minR,(q). (3.4)
q

and discover a probability assignment ¢ that is optimal or near-optimal in the sense of achieving
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Ry (q) close to the optimal value (3.4).

The log-loss is of central importance in information theory as it connects two canonical
problems in data science—compression and prediction; see the survey [77]. To motivate the use
of the log-loss in the current problem, we view it as an extension of the problem of universal
compression. Indeed, if there is no side information X present, then the problem is equivalent
to universal compression of an i.i.d. Bernoulli source which has been well studied [25,78-81].
The minimax regret R, then is significant operationally, representing the number of extra bits
above the entropy one must pay as the price for compressing the source without knowing its
distribution. Remarkably, one can show that R, = %logn + o(logn) in this setting. In a similar
vein, [82] studies a closely related problem where a compressed version of the sequence Y” is
available as side information noncausally (i.e. not sequentially) and demonstrate its equivalence
to lossy compression.

In the current setting, if the function g is known, then simple extensions of the techniques
developed to tackle the problem of universal compression of an i.i.d. Bernoulli source can be
used to show that R, <logn+ o(logn), and we will elaborate on this important special case in
detail in Section 3.2.1. The problem becomes nontrivial when the function g is not known, and
new techniques need to be developed to characterize R, in this case.

In the standard study of classification in statistical learning theory, the loss function
employed is the 0-1 loss or the indicator loss, and the notion of VC dimension plays a crucial role
in characterizing the fundamental limits of binary classification [83]. In particular, VCdim(¥) <
oo implies the PAC-learnability of the hypothesis class ¢. Viewing the current setting as a
log-loss variant of the standard classification problem studied in statistical learning (which uses
the indicator loss) motivates the choice of constraint VCdim(¥) < e. A variant of the current
problem with indicator loss instead of log-loss was studied in [84]. We have considered a specific
class of conditional distributions to compete against ( recall that under hypothesis f we have
pr(Y =0|X = x) = Bern(6,(y))). As mentioned in the preceding paragraphs, our motivation

stems from universal compression with side information, and to consider a log-loss variant of
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the standard binary classification problem. In both these cases, the choice of the considered
class seems natural. However, in general, one could view this problem as an online conditional
density estimation problem and correspondingly consider an arbitrary class .%# where any f € .
may characterize the conditional distribution p¢(y|x) in a far more complex manner. It then
makes sense to expect R, in this case to depend on a measure of complexity of .%# akin to the VC
dimension. Indeed, in [85] the authors develop a remarkable theory parallel to statistical learning
theory when the data is non-i.i.d. They develop analogues of several combinatorial dimensions
and the Rademacher complexity in the non-i.i.d. case. They then leverage this theory in [86]
to study the minmax regret in several online learning problems (with adversarial data). This
approach is employed to study sequential prediction with the log-loss in [87] and [88]. However,
it is important to note that the proofs in these works are nonconstructive—they proceed via
using minmax duality and analyzing the dual game, which does not provide a strategy (i.e. a
probability assignment) achieving the regret upper bound that is proven. Our method on the other
hand involves construction of a sequential probability assignment. In the next subsection, we

will mention and compare our results with the aforementioned two papers studying the log-loss.

3.1.1 Main Results

Our first main result is a probability assignment that yields an upper bound on R,,.

Theorem 1. If ¥ is such that VCdim(¥) = d < oo, we have for an absolute constant C < 250,

for a probability assignment q* (which is specified in detail further on)
R, (q*) < 125CVdnlog(2n) +d(logn)? + 2. (3.5)

Moreover, for any P, f,d € (0, 1), with probability greater than 1 — 9,

Zlog Y|X’ Yi— 1 Zlog Y|X)
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< 25CV/dnlog(2n) (C\/E +14/2log 21((? ”) +d(logn)?+2 (3.6)

The proof is deferred to Section 3.4, where we construct and analyze the probability as-
signment ¢*. In [76], the authors showed R, = O(d+/nlogn), and R, < (2d + 1 +log %) V/nlogn
with probability > 1 — &. Our proof (and probability assignment) is different and achieves the
same dependence on n, and a better dependence on 0 in the high-probability version of the result.

‘We also establish a lower bound on R,,.

Theorem 2. We have
Ry >d+log(n+1)—2\/ed?e /19 _1og(re).

The proof is deferred to Section 3.5.

The non-constructive approaches of the papers [87] and [88] mentioned earlier establish
an O(dlogn) upper bound for the .# under consideration. In conjunction with Theorem 2 we
see that the dependence of R, on n is indeed ®(logn). This implies that the ¢g* employed to
prove Theorem 1 is suboptimal and a better probability assignment could be constructed. As a
starting step, we considered a few special cases of the function class ¢ in the hypothesis class
and provide a sequential probability assignment achieving O(dlogn) upper bound. These upper

bounds constitute our third main result.

3.1.2 Organization and Notation

In Section 3.2 we provide basic notation and results that will be used in the proofs of
our main results. In Section 3.3, we provide logarithmic upper bounds on R,, for a few special
cases. Section 3.4 is devoted to the proof of Theorem 1, and Section 3.5 is devoted to the proof
of Theorem 2. Finally, Section 3.6 concludes. All the proofs throughout the paper are relegated
to the Appendix.

Notation: Throughout the paper, log(-) refers to the logarithm to base 2, and In(-) refers
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to logarithm to base e. The Hamming distance between two binary vectors x and y is denoted by
dy(x,y). The fact that two random variables Z; and Z, have the same distribution is denoted by

29z,

3.2 Mathematical Preliminaries

This section introduces some basic notation and results that form the building blocks of
the proofs of our main results.

To prove an upper bound on R,,, it suffices to show a probability assignment ¢(¥;|X',Y i_l)
that achieves regret R,(q) that is less than the given upper bound. To this end, we will use a

mixture probability assignment

— Erlpr (yi|xi)]
. . l ! 1 = n 3
C[mlx(yt |)C Y ) . EF[pF (yz—l‘xzfl)]

(3.7

where F = (09,0,G) € .# is a random variable with some distribution over the hypothesis
class .%. The usage of such a mixture probability assignment is inspired by previous work in
universal prediction and universal compression, and we discuss this choice in further detail in

Section 3.2.1. It can be verified that gpx (y,~|xi, yiil) is indeed a probability assignment.

Proposition 1. For any x',y"~!

, we have Y., coy Gmix (Vilx',y 1) = 1.
For the probability assignment gp,ix in (3.7) we can establish the following.

Proposition 2. We have

1 pr(Y"X")

log —— — VY log——— =log——"————.
Loy~ 8 iy T O E (v

(3.8)

The choice of the distribution of F is important and greatly affects R, (gmix). Almost
all throughout this paper, for F = (0, 0;,G), we will choose ®p, ®; and G to be mutually

independent, with @, ®; ~ Beta (%, %) each. The choice of the distribution of G (which, recall,
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is over the class of functions ¢) will be varied across different problems. The Beta (%, %) density

is denoted by w(8) = —~———. The choice w(8) is elaborated upon in the next subsection.

A/ 0(1-6)
3.2.1 When |¢9| =1

In this subsection, we consider the rather simple case when the class of functions |¥|
contains only one function g* (or, equivalently, the function g* picked by nature is known). Thus,
in this case, the hypothesis f picked is of the form (8, 8, ¢*). Considering g* to be the function
for which g*(x) =0V x € 2, as mentioned previously in the introduction, we recover the setting
of universal compression over the class of binary i.i.d processes. In this case, the minmax regret

R, in (3.4) reduces to

R, = E |l = D Y Y" 3.9
mqm Grg[%ﬁ} {og 27 } mqln 912[2(1)?(1] kL(po(Y")[lq(Y")) (3.9)

where Y; ~ Bernoulli(0) i.i.d. and pg(-) is the probability law for this process. As mentioned in

the introduction, it is well known that in this case
1
R, = Elogn—i—o(logn), (3.10)

and that this is asymptotically achieved by an instance of the mixture probability assignment (3.7)

given by
ety Jope()w(8)d8  Eelpe(y)]
akr Oy ) = T (0)d8  Eelpely V)]

with ® ~ Beta(1/2,1/2). This probability assignment is known as the Krichevsky—Trofimov
(KT) probability assignment [89] and thus motivates the utilization of the Beta(1/2,1/2) prior for

© and O. For a sequence y", the sequential probability assignment gk (y;+1]y’) turns out to be

_ X 1{yn=0}+1/2
- i+1

the so-called “add-1/2" estimator which sets gk (0]y’) . Moreover, it can be
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shown that if k = Y7, y;,

n\ (2n
gxT(y") = /Olpe(yn)w(e)de S (")za”) (3.11)

When the range of g* includes both 0 and 1, a modification of the KT probability
assignment can achieve regret logn + o(logn).

Consider the sequential probability assignment

LS =0.g" () =g (@)} +1/2
Lo g () = g"(x)} +1

qKT(nyivyi_l)

Without the x;, this can be seen to be the standard Krichevsky—Trofimov (KT) probability
assignment for binary i.i.d. processes. With the side information x;, gkT is seen to be a
“block-wise" or “symbol-wise" KT probability assignment. This can be seen to be a probability

assignment of the form in (3.7) with

Y ) Jo P .6.6, (/1) w(60)w(61)d 6o 6
C]KT(yi\x’,y’_l): 1folfo Pg ,60,61.(y1|x.)v1v( o)w(6;)d6od 6
Jo Jo Pg+.60.0, (' 1 )w(B0)w(61)d6od 61

We can then bound the regret achieved by the probability assignment ggr.
Lemma 1. When the function class ¢ is such that || = 1, we have

2

n T
Ru(qxr) < log (§+1) +log . (3.12)

Remark 3 (Laplace probability assignment). Instead of using the Beta(1/2,1/2) prior, one can

use the Uniform|0, 1] prior and choose the sequential probability assignment

n Jope(ythde
‘y)_ JO PO )T

QL(yiH = X )
fol Pe (yl)dG

which yields the so-called Laplace or the add-1 probability assignment. It can be shown that for

59



the problem (3.9), q1.(-) can achieve R,(q1,) <logn+ o(logn). Thus, the Laplace probability
assignment achieves the optimal regret in order but with a slightly larger constant, a result
that even holds for very rich expert classes [90]. It can be shown that if k =Y | yi, we have
qa(y") = fol po(y")dO = m For mathematical convenience, we will use the Laplace
probability assignment later in the paper, specifically in Sections 3.2.4 and 3.4.

3.22 When |¥| <

When |¢| < oo, we can use a probability assignment (3.7) with G ~ Uniform(¥). Then,

for this choice of mixture, we have

L 1 I rl o
Er [pr (1)) = Z/ / Pg.00.6, (%' [ X )w(60)w(61)dBpd 6, (3.13)
] = /o Jo
where w(x) = —=— is the Beta(1/2,1/2) prior as before.

v/ x(1—x)

We can then establish the following upper bound on the regret for the probability assign-

ment gnix characterized by the mixture (3.13).

Lemma 2. For the probability assignment qnix with characterized by the mixture (3.13), we

have

2

T
Ry (gmix) <log|¥| +log (§+1) +log§. (3.14)

3.2.3 Side Information X" Available Noncausally

In this subsection we consider the special case when the side information X" is available
noncausally instead of sequentially. The results and intuition developed in this section will be
used in proofs further ahead.

When the side information X" is available noncausally, the probability assignment for Y;
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is of the form ¢(¥;|X", Y~ 1) and the regret for a probability assignment g can be seen to be

(3.15)

n
R = maxExnyn | Y log———— — Y1
nne(g) = maxExry l; og (Y|X” =y Z ) Y|X)

Since the side information X" is available in advance, we can choose our mixture over the
hypothesis class .7 to be dependent on X". As done so far, for H = (@9, ®1,G) we will choose
), 0, and G to be mutually independent with @y, ®; ~ Beta(1/2,1/2). We will now define a
distribution over ¢ that is dependent on the side information X".

Given X", define the set Z,(X") = {(g(X1),...,8(Xn)),g € 4} C {0,1}". For the
remainder of this subsection, for brevity we will refer to &2,,(X") by just &,. Enumerating the

elements of &, by 1,2,...,

, we now define the set

[i={gc¥9,(gX1),....8(Xn)) = Zu(j)} (3.16)

where &7, (j) represents the j-th element in &2,. Clearly, the sets 11, .. +1| ,| are nonempty and
partition 4. So, X" can be thought of as partitioning ¢ into sets where any two functions g1, g>
in the same partition have g;(X;) = g2(X;)Vj € [n].

Pick an arbitrary g; € I; for i € [|2,|]. Choosing G ~ Uniform {gi, ... 8|, }, we have

{ \9|

Er [pr (y'|x)] = //Pg, 00.6, ' [x)w(60)w(01)d6yd 6 . (3.17)

Lemma 3. For the probability assignment qn,ix characterized by the mixture (3.17), we have

2

T
Ry ne(gmix) < dlog(en/d) +log (g + 1> +log§. (3.18)
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3.2.4 When Py is Known

Consider the case when the distribution Px is known. In this case, the main idea is
to choose the distribution of G to be uniform over a finite set of functions in ¢ that form a
fine-enough covering of 4. We make this idea precise next. First we will need the following

Lemma.

Lemma 4 (Lemma 13.6 of [91]). For f,g € 9, define the metric L>(Px) as

1/2

1f = 8lli2ey) = (ELF(X) — (X))

Let N (4 ,L*(Px),€) denote the covering number of 4 in the metric L>(Py). Then, we have

&2

2d
N (G, L (Px),€) < (;) . (3.19)

Consider the metric d(f,g) = P(g(X) # f(X)) for f,g € ¢. Since

1f = glli2py = VP(8(X) # £(X)),

any /€ covering of ¢ in the L?(Py) metric is a € covering of ¢ in the metric d. Therefore,
e\ !
N (Y,d,e) < (E) . (3.20)

We will now construct a mixture probability assignment of the form in (3.7). To do this,
we must specify a distribution over the hypothesis class .%. Consider g1, g>,. .., 8| (e*n)d| that
form a 1/n covering of ¢ in the metric d. By (3.20), | (¢*n)? | such functions exist. Take G,®y

and O to be independent, with @y, ®; ~ Uniform[0,1] ! and G ~ Uniform{gy, ... 8| (e*n) }.

! As mentioned in Remark 3, this corresponds to the Laplace probability assignment and we do this because it
considerably simplifies the proof at just the cost of a slightly larger constant.
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We then have

S 1 e 1
EF[pF(y’PCl)] — W Z /0 /0 pgi790,91d60d91 (321)
i=1

which we substitute into (3.7) to construct gnix. We can then prove the following.

Lemma 5. For gnix characterized by the mixture (3.21), we have
max R, (gmixs f*) < (d +8)log (e*n) +6. (3.22)

3.3 Logarithmic upper bounds

In this section, we consider some special instances of the function class ¢ and distri-
butions Py for which we can establish that the probability assignment gnix in (3.7) achieves
O(dlogn) regret for an appropriate choice of the mixture distribution (i.e. the distribution over

the class .%).

3.3.1 Finite Function Class

When |¥| < oo, we have already shown in Lemma 2 in Section 3.2.2 that the regret is

logarithmic for any distribution Py.

3.3.2 Function Class of Halfspaces

In this subsection, we will consider the case when ¥ is the class of halfspaces, defined
precisely as follows. Let X € 2" = S?~!. Recall that S~! = {x € R : ||x|| = 1}. Define the
function g,(x) : 2" — {—1,1} as g4(x) = sign (a’x). The class of functions HS, := {gq4,a €
S?=11 is known as the class of d—dimensional (homogenous) halfspaces, and is known to have
VCdim(¥) = d [83]. Consider X}' ~ Uniform(S?~!) i.i.d. We will now evaluate the regret of

gmix 1n (3.7).
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As in the previous section, characterizing gpnix requires specifying a distribution over the
hypothesis class .%, which in turn requires specifying a distribution over the function class HS,
(recall that ®) and ®; are chosen to be Beta(1/2,1/2) independently of each other and of G).

We will choose A ~ Uniform[S?~!]. We then have

Er(pr(y'|x')] = Ea[Eoy 0, [Pa.0y0, O |x)]] (3.23)

Now, using the notation

.. . 1 rl ..
Ga,mix(V'|X') 3:E@)O,@][Pa,@O,@l()’l’x’)]:/0/0Pa,eo,el(y’|x’)W(90)W(91)d90d91 (3.24)

foran a € S9!, we see that

Er[pr (' |x)] = Ealgamix ('] %)]. (3.25)

where A ~ Uniform[S?~!] as mentioned previously. We can make the following assertion.

Proposition 3. If Py = Uniform[Sd_l], then for the mixture probability assignment qnix as

defined in (3.7), with choice of mixture as in (3.25), we have

2
max Ry py (gmiv. f) < (24 +1) logn +d log(48d) —Hog%. (3.26)

3.3.3 Hypothesis Class of Axis-Aligned Rectangles

In this subsection, we will consider the case when ¥ is the class of axis-aligned rectangles,
defined precisely as follows. For? a := {q;}_| and b := {b;}_, that are such that 0 < a; <
b; < 1,i € [d] define the function gap : RY — {0, 1} as gap(x) =12, 1{a; < x; < b;}. Then the

hypothesis class RECT, := {gap,a,b € [0,1]9,a; < b;} is known as the class of axis aligned

%In this subsection, for clarity we will use boldface to denote vectors.
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rectangles. It is well-known that VCdim(RECT,) = 2d [83]. Consider X/ ~ Uniform[0, 1]4 iid.
We will then evaluate the regret of the probability assignment gix in (3.7).

As before, characterizing g,ix requires specifying a distribution over the hypothesis class
Z , which in turn requires specifying a distribution over the function class RECT, (recall that ®
and @ are chosen to be Beta(1/2,1/2) independently of each other and of G). We will chose
(Ai, Bi) ~ Uniform{(a,b) € [0,1] x [0,1],b > a}, and (A;,B;) LL (A;,B;) for i # j. Denoting
A:=(Ay,...,Ay) and B := (By,...,By), for the aforementioned choice of distribution over .Z#,

we have

Erlpr(y'|x")] = ExB[Eey.0,[PAB.6g.0, VX)) (3.27)

Now, using the notation

Qa,b,mix()’i |Xi>

. 1,1 ..
= E@)o,@l[Pa,b,®0,®1(yl|xl)]Z/O /0 Pab,6,,6, (V' | X' )w(60)w(61)dBpd 6, (3.28)

we see that

Erlpr(y'|x)] = EaBlga Bmix (' [X')]. (3.29)

We can then make the following assertion.
Proposition 4. If Py = Uniform[0,1]%, then for the probability assignment qu;x as defined

in (3.7), with choice of mixture as in (3.29), we have

2

T
;neel/an,pX (gmix> f) < (2d+1)log(n+1) +log R (3.30)
ED\

Remark 4. In Sections 3.3.2 and 3.3.3, we have fixed Px to be the uniform distribution. Consid-

ering the proofs, it appears to be a reasonable guess that the mixture probability assignment
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gmix employed to prove the regret guarantees would work for other distributions Px that are suf-
ficiently “smooth". Thus, finding non-uniform Px for which the given gmix achieves logarithmic

regret is an intriguing question.

3.4 Proof of Theorem 1

In this section, we prove Theorem 1. To motivate the main proof idea, recall the case
discussed in Section 3.2.3 when noncausal side information is available. In that case, using the
Sauer—Shelah lemma we argued that given X", the (possibly infinite) class of functions ¢ could
be effectively reduced to a class of at most (%)d functions, and using the mixture probability
assignment that took a uniform mixture over these functions yielded an O(dlogn) regret. This
leads to us considering the following alternative to noncausal side information being available:
what if another sequence X" (i)X " is available noncausally? The sequence X" also reduces
the class ¢ to at most (%)d functions (albeit not the same reduction as that of ¢ by X"). We
establish in Section 3.4.1 that a uniform mixture over the finite reduction of ¢ induced by X"
achieves an 0(\/% logn) regret. We then use this result in Section 3.4.2 to establish a general
0(\/@ logn) regret when the side information X" is available sequentially.

For clarity, throughout this section we use g(Z") to denote (g(Z,),...,8(Z,)) € {0,1}".

3.4.1 Sequence X" available noncausally

. e () = . . .. . .. .
Consider a sequence X" (:)X”,X” 1L X" with X; having distribution Py iid. In this

subsection we consider the regret

. n l n
Rupi(q,f) =Esnyvu 3 log ————— — ) log———— (3.31)
and in particular the worst-case regret attained by a probability assignment ¢
Ru(q) := max R,p(q,f). (3.32)

fe7 Px
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Now, using the same notation as in Section 3.2.3, let 22,(X") = {g(X"),g € 4} C {0,1}" with
| 2,(X")| < (%)d by the Sauer-Shelah lemma. Pick 21,...,8| 5, &n € ¢ such that gi(X" e
P,(X"), and g;(X") # gj(X") if i # j. Thus, for every g € ¢, there exists a j € [L@ (X™) |]
such that g(X") = g;(X"). Therefore, the class ¢ has been effectively reduced to | 2,(X")]

functions by X". Consider now a mixture probability assignment, akin to (3.7), as

P n
\@(lf”)l Z‘J'Zl( ) fO] fO] Pg;.60,6, (v'[x")d68d 6,

P —— .

—|,@(135n)\ Z|j:1( Vg Pg,.00.6, (' "X "1)d6od 6,

Gmix i]x',y LR = (3.33)

Note that this is indeed a mixture probability assignment in the sense of (3.7)—F = (G, ®,0)
has the distribution where G ~ Uniform{gy, ... ,:gv| ()| }, ©9,®; ~ Uniform[0, 1] and G, @y,

and ®; are mutually independent. We can now state the following.

Lemma 6. For gnix defined in (3.33), we have for an absolute constant C < 250,
Ry (Gmix) < dlog(en/d) + 16CVndlog(6n +2) (3.34)

and moreover, for any Py and h we have

i 1
Z log

i=1 qmiX(Yi|Xi7Yiil7Xn
2
< dlog(en/d) +16+/nlog(6n+2) (C\/E—I— \/2log 3) : (3.35)

Remark 5 (Empirical covering). The probability assignment gmix can also be motivated by

—Elog Y|X)

considering the scenario in Section 3.2.4 where Px is known. Recall that there, we took a uniform
mixture over a 1 /n-covering of 4 in the metric d with d(g1,g2) = P(g1(X) # g2(X)). If we have
X ", as an alternative to a mixture over a covering in the metric d, we can take an empirical

1/n covering of 9, i.e. a covering in the metric A,(g1,82) = %dH(gl(Xv”),gz()?”)). Indeed, the

3The choice of taking a uniform prior for ®, and @, instead of the Jeffreys prior is simply because using
the uniform prior (which, recalling Remark 3, corresponds to the Laplace probability assignment) makes some
calculations far simpler in the proof at just the cost of a worse constant factor in the regret.
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functions g1,82, . .. ,g‘ Pu(Xm)] form not just a 1 /n covering but a 0-covering of 4 in the metric

A

3.4.2 Epoch-based mixture probability

In this subsection, we use Lemma 6 to construct a general probability assignment when
side information is available sequentially. In this scenario, we do not have access to another
sequence X". However, at time step i + 1, we have access to the past sequence X’ which could
be used, as done in [84], in lieu of X’. We now precisely define and analyze this probability
assignment.

For simplicity, assume that n = 2* for some integer k. The analysis is easily extended to
any arbitrary n. We will split the n time steps into logn “epochs". Starting from j = 1, define
the j—the epoch to consist of the time steps 2/~1 +1 < i < 2/. So, the first epoch consists of
X>, the second epoch consists of X? , the third epoch consists of X58 and so on. Consider the the

following probability assignment g*.
q"(n|X) =1/2

2. Fori>2,if2/~1 +1 <i <2/ i.e. if the time step i falls within the j—th epoch, then

le)(](Yz/ 1+1| 9j— 1+1)

g (Yi|X Yy = (3.36)
qle,J(Ylj 1+1|X2lj ]1-1-1)
where
Qmix,j«YzijflJrl|Xijfl+1))
1
= ‘@(ij T Toi—INT / / Poy,61.8 (Y- 1+1| 2i- 1+1)d60d91 (3.37)

is the finite mixture over the | Z?(X 2 )| partition of ¢ induced by X 2 This is the same

probability assignment as in (3.33).

Using Lemma 6 and an epoch-wise analysis of ¢g* we can establish Theorem 1.
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3.5 Proof of Theorem 2

In this section we prove Theorem 2. A key component of the proof is the redundancy-
capacity theorem [92].
First, note that the class of probability assignments that utilize the side information X"

causally is a subset of the set of probability assignments that utilize the side information X"

noncausally. This implies

[ & 1 n 1
R, = minmax Exn yn log———— ) log————
S WY ,:Zi S qIxLYT) ,; % pr(YIX)
> minmax E _ilo ! zn:lo ! (3.38)
= 1 X xXn.yn —  —  — e ——— .
d" R R X YT T R (YK
and therefore
yrxn
R, > minmax Exn y» {log M]
q Pof q(Y"|X")
: pr(Y"X")
=minmax Eg yn yn |log ———= 3.39
q Px.Pr FALE { 8 Q(Yn‘Xn) ( :
: pr(Y"X")
> maxminEgyn yn |[log ———~ 3.40
> maxminEr x»y [ g 2(YIX7) (3.40)

where Pr denotes a distribution over .% in (3.39), and (3.40) follows since

minmax(-) > maxmin(-).
By a conditional variant of the redundancy-capacity theorem we have for a fixed Py and Pr
(recall that F = (®,01,G))

pr(Y"[X")

— | =[(F;Y*|X" 3.41

min EF,X”.,Y" {log
q
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and so

R, > max I(F;Y"|X") (3.42)
Px ,Pr

where recall F = (09, 01,G).

Remark 6. The result in (3.42) holds for any class of conditional distributions %, not just the

VC class under consideration.

We will first provide a lower bound on R, when |2"| < o which we will then use to

achieve a general lower bound on R,,.

Lemma 7. If | 2| = m < o0 and 9 = 2" so that || = 2", we have
Ry > m+log(n+1) —log(me) — 2y/em>e~>"/100m (3.43)
Lemma 7 is proved by choosing a particular Py and Pr and analyzing the right hand side

of (3.42).

Remark 7 (Tightness for finite .2°). Combining Lemma 7 and Lemma 2 with || = 2", we see

that for & =m, 9 = 201 we can obtain a tight characterization of the regret R, on n and m.

Consider now the case when .2 is possibly infinite. Since VCdim(¥) = d, there exist
X1,...,Xqg € X such that |{(g(x1),...,8(x4)),g € 4}| = 2¢. Theorem 2 then follows as a
corollary to Lemma 7 by substituting m = d and choosing the distributions of Py, Pr as in the

proof of Lemma 7.

3.6 Discussion

We considered the problem of sequential prediction under log-loss with side information.

This can be considered as an extension of the well-studied information-theoretic problem of
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universal compression of an i.i.d. binary source, and the regret incurred can be characterized
via the value of a minmax game. We provided upper bounds on the regret via construction of a
probability assignment, and lower bounds by the redundancy-capacity theorem. There are several
open directions. Previous results established an O(dlogn) upper bound via minmax duality.
Even though our upper and lower bounds are off by a y/n factor, we suspect that a variant of
the mixture probability assignment from information theory can achieve the optimal O(dlogn)
upper bound. We provided some special cases and a probability assignment where O(dlogn)
redundancy is achieved to provide evidence for this. Recently, [93] provided a mixture based
probability assignment, and used a similar epoch-based covering method to achieve O(d log? n)
regret for this problem. It would also be interesting to answer the weaker question of whether
the current upper bound on R, can be improved upon (constructively) under certain further
restrictions on the class of functions ¢. Moreover, even though the lower bound cannot be
improved in order, it may be possible to get a better dependence on d. Finally, we have not
considered complexity concerns for actual algorithmic implementation. Computing the coverings
may be probihitively expensive in several cases, so finding efficient algorithms for sequential
probability assignment is yet another avenue to be explored. All these directions are promising

for further study.

3.7 Skipped proofs

3.7.1 Skipped Proofs from Section 3.2

Proof of Proposition 1

i i ZyiEZWE[pF(yi‘xi ]
E Gmix (Vi |X,y'77) = i—1|yi—1
S Elpr (1)

)

)

_ E[Eyen pr(y]X)]
Elpr (")
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_Elpr(y YT Eye pr(ilx)]
Elpr (1))

_ Elpr(y )]

 E[pr(y i)

=1

and s0 gmix (yi|x',¥~!) is a valid probability assignment.
Proof of Lemma 1

Since the function g* is known and the range of g* is only 0 and 1, we can assume without

loss of generality that the side information is binary, i.e. 2" = {0,1}. Now define

n=Y Wx=1},1€{0,1} (3.44)
i=1
n
k=Y 1{yi=1,x=1}1€{0,1}. (3.45)
i=1
Note that
log Poo.6y g (Y"|X")
Jo Jo Pon.6r.g (" 1x")w(60)w(61)d 6o
< 1 < 1
=) log ———— ) log——— (3.46)
,-; grr(Vi|X1L, YR &0 pe(Yi|X))
and
“ 1 ! 1
log —— — ) log———<
l; gxr(Yi| X\, Y1) ,; pr(YilXi)
:Z Z {log 1. —~ — log ! }
1=0i:X;=1 qKT(Yi’Xlayl ) pf(Yi’Xi)
! x—1 P r(Yi X
_ Z {log Hz.X,—lpf( z’. 1)._1 } ' (3‘47)
=0 Hi:X,-:lQKT(Y”Xlqu )
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Now, if n; = 0, we have

[Tix,—i pr(Yi|X;)

lo —
S Mixs e (GX7, Y1)

=0 (3.48)

And if n; > 1, we have

ix— 27 (YilX:) 0" (1— )"

log ——— = log P (3.49)
[Tix,— gxr (Y| X1, Y1) L e
D)
2%k

where (3.49) follows from properties of the KT sequential probability assignment. Moreover, we

have
k; nj—k; k
9}‘1(1 _ Ol)nl—kz < (ﬁ) (1 _ ﬁ) = 2_nlh(”%> (3.50)

which can be established by noting that the binary KL divergence

b

kl }’ll—k[
& 11—k
kl 1 n n
"(n—"el):n—IOg(él) ( ’>n_k =0
1 l Qg(l)(l—GgU)) ()

and furthermore, using a Sterling approximation we can establish

—_anl( ke
RPN RAC s
4m (%Zf) —Vr NI ' '
Plugging (3.50) and (3.51) into (3.49) yields
_aun(f
log M= pf(Yi'.Xi). <log E—ZM = llognl + 1logﬂ—2 (3.52)
Hi:Xi:l qKT(Yl"X%Ylil) - 8 2*n1h<%> 2 2 8
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when n; > 1. Combining (3.48) and (3.52) we can establish

v pr(YilX; 1 1 z
Hl.lelpf( ’ l) Zlo g(nl+1)+§10g% (353)

lo —
gHi:X,:lC]KT(Yi|X’aY’_1) 2

IN

for all n; > 0. Plugging the upper bound (3.53) into (3.47) yields

E—O n;+ + (0]

! 1 Hi:Xi:l pf (Yi|X:)
Z og . Y:|Xi yi—1
1=0 Hz:X,:IQKT( l‘ ) )

1 1 2
=5lo I;I n+1) —|—10g§
1 n 2
51 g<2—|—1) +log” (3.54)
2
- ( )+1og - (3.55)

where the inequality (3.54) follows by noting that } /" (nl + 1) = n+m and the using the
AM-GM inequality. We have now established
1 2

n 1 n T
Io _ _Ye—— <1o <—+1>+10 -
,Z{ quT(YiIX’,Y’_l) ,Zi gpf(Yi|Xi) =12 =g

and monotonicity of expectation followed by taking supremum over 6y, 0; then yields the result.
Proof of Lemma 2

By Proposition 2, we see that for a fixed f* = (g%, 6, 0) and Py, the regret achieved by

the probability assignment gn,ix characterized by (3.13) is

pr(Y"|X")
F[pr(Y"|X")]

Rn»PX (qmiX7f*) = EX”,Y" |:10g £

and we have

pr(YX"
Exn’Yn IOgE f( | )

Flpr(Y"X")]
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—E llog pp(Y"X") ]
@ Lgey fol fOl Pg.60.6, (Y[ X")w(60)w(61)d 6pd 0,

(Y X"
=log|¥|+E |log — Py (X"X") ]
L deg fO fO Pg.6,6, (Y X")w(60)w(01)dBod 6,
| (Y7
<log|¥| +E |log—— Py (Y"X")
Jo Jo Pg*.60,6,(Y"|X™")w(60)w(01)d8pd 6,

2

<log|¥| +log (g+1) +10g% (3.57)

(3.56)

where (3.56) follows since each of the summands in the denominator of the second term are

nonnegative, and (3.57) is a consequence of Lemma 1.
Proof of Lemma 3

Following the proof of Lemma 2 up to (3.56), for any fixed f* = (¢, 6, 6;) the proba-

bility assignment gn,ix characterized by the mixture (3.17) has

n 1 n
Exn’yn log - - 10g T v v
,; Gmix (Y| X", Y1) ,; pr(YilXi)

py(Y"1X")

<E[|Zu|]+E T —
Jo Jo Pg;.00.6,(Y"[X")w(60)w(61)d6od 6

log

(3.58)

Where j € [|#,]] is such that

(g*(Xl)a"'vg*(Xn)) = (gj(Xl)a"'>gj(Xn))'

If VCdim(¥) = d < oo, we can control | %, | using the following standard result [94, Chapter 8].
Lemma 8 (Sauer—Shelah). If VCdim(¥) = d < oo, then | 2, < ().
Finally, using Lemma 1 and Lemma 8 in (3.58) yields

2

n v/
Ronc(dmix) < dlog(en/d) +log (5 +1) +log (3.59)
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Proof of Lemma 5

By Proposition 2, we have for a fixed f* = (g%, 6], 6;)

R, ix —E
P (Gmix f7) {EH[pF(an(n)]
pr(Y"IX")

d

") f()l f()l Pgi.60,61 (Y”!X")dGOdGI
pr(Y"X")

L(e*n)d] 1 (1 -

Zi:l fO fO pgi,e(),el (Y |X )d90d91

=E |log

L(e*

T I

< dlog(e*n) +E |log

] (3.60)

Let g € {g1,82:---,8|(e4n)e| } e such that P(g(X) # g*(X)) =d(g,8") < 1/n. Such a g exists

since g1, ... '8 (*n)d form a 1/n covering of ¢ in the metric d. We then have from (3.60)
. py(Y"|X")
Ry py (qmix, f ) < dlog(e*n) +E |log . (3.61)
o Jo Jo Pg.e00,(Y"1X")dB0d 6,

Now, defining

N;j:=Y 1{g"(X;) = j},j € {0, 1}
i=1
n

Kj:=Y 1{g"(X;) = j,Yi=1},j €{0,1}
i=1

~ n

N;:=Y 1{g(x;) = j},j€{0,1}
i=1

— n

K=Y 1{g(x;) = j,Yi=1},j€{0,1}
i=1

we have
Pr(Y"|X") = pye g 0: (Y"[X") = 6570(1 — o) N0 Kog %1 (1 — g )M —Fa (3.62)
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and

1 1 -~ - o~
/ / Pz.60,6,(Y"|X")d6pd 6 = / / GKO NO‘KoeKl(l—el)Nl—Kldeodel
0

_ / 850 (1 — 6p)MKoqg, / ok (1— g,V ~Ki 46,

— (3.63)
(N +1)( )(N +1)( )

where (3.63) follows from properties of the Laplace probability assignment. Now, from (3.62)

and (3.63), we have

pr(YX™)
Jo Jo Pz.ae.6, (Y"|X™)d60d 6,

_ N, APY
= (No+1)(Ny +1) (I?D 6y (1— g;)Mo—Fo (é) 6,51 (1— o7y K

No\ .k, A N
< (n+1)? ES)GOK (1— )N~ KO(KDGIK(I—GI)N‘ K (3.64)
@ @)
< (n41)* =2 (3.65)
(%) ?ﬁi)

where (3.64) follows because NO,N1 < n, and (3.65) follows since ( ) (1 —x)" k<1 for any
x € [0, 1]. Substituting (3.65) into (3.61) yields

&) (%)
Ru.pe (qmix, f7) < dlog(e*n) +Exn yn |log % +Exnyn |log % (3.66)
(k) (k)

Recall that dg(-,-) denotes the Hamming distance. We can then easily verify the following

proposition.

Proposition 5. We have

[Nj—Nj| <du(g"(X"),8(X"), j € {0,1}
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and

|Kj—Kj| <dn(g"(X"),8(X"), j € {0,1}.

No
We now wish to use Proposition 5, to obtain a bound on log (f,—g) For this, we will need
Ko
an additional proposition.
Proposition 6. For any two nonnegative integers a,b, we have
b)!
log (“+‘ ! < blogla+b+1)+b+1 (3.67)
a

Proof. By the Stirling approximation, for any positive integer m, we have
V2Im" 27 < ) < et/ 2e7m, (3.68)
We now use this to claim that when a,b > 1

In(a+b)! —Ina! <In (e(a b))/ 2e—(“+">) “In ( 2matl/ Ze—a>

—In

\/62’—%+(a+b+1/2)ln(a+b)—(a+1/2)1na+a—(a+b)

e
V2T

=In

+bln(a+b)+ (a+1/2)In(1+b/a)—b

<In

¢ez_n+bln(“+”>+(a+ 1/2)In(1+b/a)—b
V2n
V2r

<In

+bln(a+b)+b/2a (3.69)

<In +bln(a+b)+b/2 (3.70)

where (3.69) follows since for x > 0,In(1 +x) < x and (3.70) follows since a > 1. When

a=>b =0 and when b = 0,a > 1, the proposition is immediate. Finally, whena =0and b > 1,
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we have by the upper bound on b! in (3.68) that

1
Inb! < <b+§> Inb+1—-b

(3.71)

and after some algebraic manipulations we can see that the proposition holds in this case as

well.

For convenience, define 8, := dy(g"(X"),g(X")). Note that

N ~
(&) No'Ko! (No — Ko)!
log No =log RV AY
(x) No!'Ko!(No — Kop)!
Np! Kop! No — K
10g—+10g = —HogM
No! Ko! (No — Ko)!

We will now bound each of the three terms in the RHS of (3.72). We have
log — < log ~——~
OgN =0T !
< Sylog(No+ 0, +1)+9,+1

< d,log(2n+1)+6,+1

]

(3.72)

(3.73)

(3.74)

(3.75)

where (3.73) follows from Proposition 5, (3.74) from Proposition 6 and (3.75) since Ny, 6, < n.

Using the same reasoning, we conclude

Kp!
logE <&,log(2n+1)+06,+1.
0.

and

No—Ko
log(NO—)<25 log(3n+1)428,+1

(No— Ko)!

where in (3.77) we additionally use the fact that |(No — Ko) — (No — Ko)| < |No — No| +| Ko

79

(3.76)

(3.77)

—Ko| <



208,. Substituting (3.75)— (3.77) into (3.72) yields

)
log — (3n+1)+46,+3. (3.78)
(k) ~
Similarly, we have
)
log (Ni) < 48,log(3n+1)+48,+3 (3.79)
K

and substituting (3.78) and (3.79) into (3.66) yields

Ry (qmix, f*) < dlog (e*n) + Exn yn [85,10g(3n+ 1) + 88, + 6]

= dlog (e*n) +8log(6n +2)Exn yn[5,] + 6 (3.80)
Now, we have

Exn yn[8y] = Exn [i g(Xi)} | =nP(g"(X1) #8(X1)) <1

Since by design d(g,g*) = P(g(X) # g*(X)) < 1/n where X is distributed as Px. Substituting
this into (3.80) yields

R py (qmixs f*) < (d+8)log (¢*n) +6. (3.81)

3.7.2 Skipped proofs from Section 3.3

Proof of Proposition 3

By Proposition 2, we have for a fixed f* = (a*, 6], 6;)

pr(Y"X") ]

RS < g/ ey
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pr(Y"X")
[qA,mix (Y"|X™)]

=E|logg (3.82)
-A

We will need the following claim.

Claim 1. Let a* € S~ denote the function picked by the adversary, and 8 := min; |a*T X;|. Then,

for all a € S such that ||a — a*| < 8, we have qqmix(Y'|X") = qu mix (Y1 XY).

Proof. Note that by definition of g, mix (Y*|X"), showing that

(8a(X1)s- -+, 8a(Xn)) = (8a*(X1),- -, 8a* (Xn))
or equivalently that
(sign(a’ X1),...,sign(a’ X)) = (sign(a*T X1),...,sign(a*" X,,)) (3.83)

for all {a: |la—a*|| < 8} suffices to prove the claim. Observe now that for all a € S~! we
have sign(a’ X;) = sign(a*” X; + (a — a*)7X;), and if ||a* —a|| < &, we have |(a —a*)TX;| <
|la—a*|| < 8, and therefore sign(w’ X;) = sign(w*TX;) for all i = 1,...,n (since [w*TX;| > J).

This proves (3.83) and consequently the claim. [

We now have

gamix(Y"|X") 2 qamix(Y" | X")1{]a" - A] < 8}

= qa* mix(Y"|X")1{|a" — A < 6} (3.84)
where (3.84) follows from Claim 1. Then,

Ealgamix(Y"|X")] 2 Balgar mix (Y| X")1{[a" —A| < 6}]

= qa mix(Y"[X")Ea[1{[a” — A < &}]
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Area({||la—a*|| < 8§}NS41)

= goemix(Y" | X" 3.85
where (3.85) follows since A ~ Uniform[S?~!].
We now bound Area({”ﬁ;ﬁ:gdgﬁmsdq) by a simple covering number argument explained

next. Consider .4 (d, ) to be a §—covering of SY~!, consisting of the points z;,... 2N (d,8)]-

Then by definition of a covering,
Sd UM/dS ({HZ Zl||<5}ﬁsd l)
and subsequently,

Area(S?7 1) = Area (UM/ (@)l <{H —z|| < 8Insi 1))
<Y Area ({|yz—z,~u < 5}msd*1)
= |4 (d,8)|Area({||lz —a’[| < 8} NS (3.86)

where (3.86) follows by symmetry of S~!, which implies that any for each point z € S¢~! the

0 —neighbourhood is isomorphic. This establishes that

Area({lla—a| <8}NST) 1
Area(S4-1) — | (d, )|

(3.87)

Finally, we can show that when 6 < 1,

o= (2)

since A (d,0) < .4 (By,0), the covering number of the unit ball, and .4 (B;,0) < (é)d [94,

5
Area({]la—a*|<8}nS*) < (5 d

Chapter 4]. This implies that Arca(STT) g) . Now, substituting this back in (3.85)
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yields

s\
Ealanms (V" X)) e V71X7) (5 (:88)
and by substituting (3.88) into (3.82), we have

Ru(f*,qmix) < E |log pf*(ynyxn))} +dE [log%}. (3.89)

Qa’hmix(Yn ’Xn

We now consider E [log 5. Recall that we have § = min; |a*7X;|, where X; ~ Uniform(S?~1)

i.i.d. By symmetry, for any a;,a, € S~! we have
@)
(laiXal,. lai Xa]) = (la{ X |- | Xal)-

In particular, choosing a; = a* and a; = [1 0-- .0} we have

(d)
(1a X1 ], 1@ T X)) = (1 X115y [ Xt |)

where X; | denotes the first co-ordinate of X;. Now, for X; ~ Uniform(Sd*I), Xi1=22-1
where Z ~ Beta(d/2,d/2) (this follows directly from the formula for the surface area of the
hyperspherical cap, see for example [95]). So, X 1,...,X, 1 are 1.i.d. samples from a shifted
and rescaled beta distribution. Thus, we can explicitly calculate Ex»[—log 0], which is simply
Ez:[—log(min|2Z; — 1|)] = Ez»[max; —log|2Z; — 1|] where Z; ~ Beta(d/2,d/2). We will next
show that E[—1log 6] < 2In(n) +o(1).

Let Z ~ Beta(d/2,d/2), and W := —In|2Z — 1|. Since Z € [0, 1], we have W > 0.
Recalling that the density of Z is fz(z) = %,0 < z <1, we can then calculate the

density fi (w) as follows. We have, for any w > 0,
1 —Fy(w)=P(W >w)
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=P(—In[2Z—-1| >w)

1—e" 1+e™"
=P Z
(<2<t

1+e™ 1—e™
- (H5) R (),

Since fi(w) = dFW( ) , taking derivative with respect to w on both sides of (3.90) yields

dFZ(I*SW) dFy (”e W)

dw dw

1 1=\
~Bd/2d)° ( 1 ) G50

fw(w) =

Since W is sub-exponential, we expect the scaling of E[max{Wj,..., W, }] with n to be O(logn)
(i.e. similar to the dependence on n of expected maximum for an exponential distribution). We
next formalize this using a standard technique for bounding maximum of independent random

variables. First, we provide a useful claim.

. 1 17672”} d/271
Claim 2. For all w > 0, we have Bd24d72) ( 7} ) < cg where cg := 2v/d, and subse-
quently fiy(w) < cge™".
Proof. Uses simple properties of the beta function and a Stirling approximation. 0

For n i.i.d. samples from W, denoted W", we show that E[max{W,..., W, }] <2In(2¢cy4n).

Note that

E[max{Wi,...,W,}] =2E [lnmax{ewl/z,...,ew”/z}]

<2In <E [max{ewl/z,...,ew”/z}D (3.91)

<2In (E Lfl ve/2] )

=2In <nE [eWI/ZD
=2ln( " fiy (w)d )
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<2In (n/ ew/zcde_wdw) (3.92)
0

<2In (cdn/ ew/zdw) =2In(2¢yn). (3.93)
0
where (3.91) follows from the Jensen inequality and (3.92) follows from Claim 2. Therefore,
E[—logd] < 2Inn+2In(4Vd). (3.94)

Going back to (3.89), and using Lemma 1 and (3.94) yields

2
max Ry (g, /) < (2In2d+ 1) logn +d log(48d) + log % (3.95)
eF

Proof of Proposition 4

The flow of this proof is almost the same as that of Proposition 3. By Proposition 2, we

have for a fixed f* = (a*,b*, 6, 6;)

(3.96)

Ry p ((Zmix f*) =E |: pf*(Yn‘Xn) :|

Erlpr(Y"[X")]

Fix some f* = (a*,b*, 07, 6;). Now, recall that X; € R, j € [n]. Denote the i—th coordinate

of X; by X;;. Now, given the n real numbers Xy ;,...,X,; (i.e. the i—th coordinates of
. i i i i i

X1,...,X,) we can arrange these in order as X(l) < X(z) <...< X(n). Thus, X(l), e ,X(n)

denote the order statistics of the i—th component of X1, ..., X,. Now, clearly, there exist unique

ki,l; €0,...,n,1; > k; such that X’@ <ar < Xékﬁl) and X’@

i € [d]. We then make the following claim.

<b; < Xl( 1) This holds for all

Claim 3. For any a,b that are such that for all i € [d],

Xy < i < X)Xy < bi < X
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and a; < b;, we have qa p mix (Yi|X?) = Ja* b* mix (Yi|XH.

Proof. To prove this claim, note first that from the definition of g, p mix in (3.28), we have that if

(8a* b+ (X1);- -, 8a b (X)) = (8ap(X1), -, gap(Xn)) (3.97)

the claim holds. Then, for X;, we have g+ b+ (X1) = Hle 1{a; <X;;<b}}. Now, forany i € [d],
since X{, ) < af < X[, ., this implies that if X{, ) <a; <X{, |

{J:Xj;>a;} and therefore 1{a; <X ;} = 1{a; <X ;}. Similarly {j: X;; <bj} ={j: X;; <

we have that {j: X;; >a}} =

any a, b satisfying the conditions of the claim, we have 1{a} <X, ; < b/} = 1{a; <X;; <b;}

and consequently 1{X; < b} = 1{X;; < b;}. This implies that for

for all i € [d], thereby implying that g, b+(X1) = gap(Xi). The same argument applied to
X>,..., X, implies (3.97) and therefore the claim. L]

Now, we have

ga B.mix(Y"|X")

d
> C[ABmlx Y |Xn H {Xl <A k+1 }]I{Xl <Bi< Xl(liJrl)}
i=1
d .
= qa b mix (V" |X") H]I{Xl <A k+1 }]I{Xl <B; < Xl(li+1)} (3.98)

where (3.98) follows from Claim 3. Now, we have

Er [pr(Y"[X")]

= EA,B [QA,B,mix(Yn ’Xn)]

X

>Ean [qa* b mix (V" |X”)H]I{X’ <A <X{ ) M {X{,) <B SXEHU}] (3.99)
s

QU

i=1
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d
:qa*7b*,mix(Y"|X")l—!EAi,Bi [n{xt(ki) <A < X{p ) VX < B <X{,, | (3.100)
2 o= b mix (V" |X") l-:l(Xl(""“) — X)) X1y — X)) /2 (3.101)

where (3.99) follows from (3.98), (3.100) follows since the (A;, B;) are all mutually independent,
and (3.101) follows since

Eai5; [E{Xéki) <A <X k+1 }]l{Xl SBi s Xili-i-l)}]

_ { Xk~ XE >)<X’<zf+1> ~X)/2 forli=k (3.102)
By substituting (3.101) into (3.96), we get
Par 00,0, V' 1X")] | &
R,(q ~x)§E{log =207 + Y Ex» |log — :
o Gar b mix (Y[ X") E Xl(ki-irl) B Xl(ki)
d
+Y Ex» |log— ,- (3.103)
i=1 X(li+1) B X(li)
Now, consider Exn» {log < 2 < } . Clearly, this quantity depends only on the i—th coordi-
(ki+1) " (k)

nates of X", X ;,...,X,,;. Since X" ~ Uniform[0, l]d i.i.d, we can see that Xy ;,...,X,; ~
Uniform[0, 1] i.i.d. Now, it is known that for Z" ~ Uniform[0, 1} i.i.d., Z311) — Z() ~ Beta(1,n)
for all k € {0,...,n}. Moreover, for Z' ~ Beta(a,3), it can be shown that E[—logZ'] <

log(a + B). Using these two results, we can conclude that

Ex» [log — — | ,Exn |log — — | <log(n+1),i € [d]. (3.104)
Xl(ki+1) N Xl(ki) Xl(lﬁ—l) N Xl(li)
Finally, using Lemma 1 and (3.104) in (3.103) yields
2
%ngpX (gmix, f) < (2d+1)log(n+1) +log r (3.105)
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as required.

3.7.3 Skipped Proofs from Section 3.4

Proof of Lemma 6

We have
1 n 1
log— ——— — ) log———
G 15 % 1K)
(Y|X"
~loe ) S
lgz(l)?"ﬂ Yo" o Jo Pg 600, (Y"1X")d60d 6
pr(Y"|X")

< dlog(en/d) +log (3.106)

P (X" '
ZL:I( ) f()l fOl Pg;.60,6, (Y"|X")d6od 6,

So far, the construction and analysis of gn,ix has paralleled the analysis of the mixture gpix in
Section 3.2.3. There, the next step was to claim that since 3/ € [|#%,(X")|] such that g;(X") =
g*(X"), invoking Lemma 1 yielded an O(logn) upper bound for the second term in (3.106).
Unfortunately we cannot claim the same in the current case. However, we can claim that there
exists j € [l@n(f”) |} such that

gi(X") = g*(X").

)

Since dH(gi(X”),g* (X™)) =0 and X" = X", we would expect du(g5(X"),8"(X")) to not be too

large. We now quantify this intuition more precisely. For brevity, denote

We have from (3.106)

1 1! 1
— ————— ) log———<
T AEE N RTT0

log

py(Y"1X")

< dlog(en/d)+log
Jo Jo Pz.60.0,(Y"1X™)d66d6;

(3.107)
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< dlog(en/d)+8log(6n+2)dy(g*(X"),g(X"))+6  (3.108)

Where to get from (3.107) to (3.108) we follow the exact same steps employed in the proof of
Lemma 5 from (3.61) to (3.80).

We now focus on dp(g*(X"),g(X")) and establish that

Eyn goldn("(X"),8(X"))] < 2CVdn (3.109)

2
dr(g"(X"),g(X")) <2CVdn+24/ 2nlogg , with probability >1—-86  (3.110)

for an absolute constant C < 250.

For any g1, 8> € ¢ define

Malg1,82) = (81 (X"), g2 (X")
Balg1,82) = (81 (X7), 2 (X7)

Ag1,82) :=P(g1(X) # g2(X))

@) , @)

for X < X; = X;. Recall that A,(2,¢") = 0 by design, and A(g;,g2) = Ex»[A,(g1,82)] =

E.[An(g1,82)]- We then have

An(g",8) = Mu(g",8) —Au(g".2)

< sup ]An(gl ,82) —An(g ,gz)‘

g17g2€g
< sup |Au(g1,82) —A(g1,82)|+ sup |Au(g1,82) —A(g1,82)]- (3.111)
81,8269 81,82€9

We first establish (3.109). Taking expectations on both sides of (3.111).

Exn o An(8" )
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<Eyizn| sup |An(g1,82) —A(g1,82)|+ sup |An(glag2)_A(8l782)‘
T 18269 81,82€9

=2Ex» | sup |Ay(g1,82) —A(g1,82)] (3.112)
81,8269

@)

where (3.112) follows by linearity of expectation and since X" = X" Finally, we note that

An(g1,82) = A1) 82 X7)) _ ,llill{gl(Xi) # 82(Xi)}
i=1

n

Ag1,82) = E[1{g1(X) # g2(X) }]

and the class of boolean functions {x — 1{g;(x) # g2(x)}, (g1,82) € ¥ x ¥4} has VC dimension

< 2d. Thus, we can now invoke [94, Theorem 8.3.23], [91, Theorem 13.7] to claim that

gc\/g (3.113)
n

for a universal constant C < 250. Consequently, taking expectations on both sides of (3.108) and

Ex« | sup |A.(g1,82) —A(g1,82)]
81,82€%

substituting (3.113), followed by a supremum over f* and Py yields
Ry (Gmix) < dlog(en/d) +16CV/ ndlog(6n +2) (3.114)

as required.
To establish (3.110), we invoke Theorem 12.1 of [91] to assert

/2102 (3.115)
n 0

sup |An(g1,82) —A(g1,82)| <E| sup |Au(g1,82) —A(g1,82)]
81,8269 81,8269

with probability 1 — & /2. The same high-probability bound for

sup |An(g17g2)_A(g17g2)‘
81,8269
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along with a union bound and (3.113) yields (3.110). Using (3.110) in (3.108) yields the second

part of the lemma.
Proof of Theorem 1

We have

n
1
log log ———
v MW

<Zlog Y|X’Y’1 Zlog Y|X) +1

logn ZJ 1 2J 1
= log—————— log—— (3.116)
LA e b
Taking expectation on both sides of (3.116), we have
logn 2/ 1 2J 1
Rur(q.f) < Y E log —— o log———| +1
jzl i_ZJZl—H g (Y|X'Yeh) 2121+1 P (YilX:)
logn _
<Y Ryi 1 (Gmiv) (3.117)
j=1
where recall E in the first inequality are w.r.t. X22/ L Yzzjj . X 2/ , and (3.117) follows since
g* is exactly gmix. Using Lemma 6, we have for any n’ > 2
Ry (qmix) < dlog(en’ /d) + 16CV dn'log(6n' +2) < dlogn’ +64CV dn'log(n')
and therefore, from (3.117)
logn
Rupe(q",f) < Z (a(i—1)+64cva2i-DP2 (1)) +2
logn+1
< d(logn)? +64CVd / 2 2dx 42 (3.118)
1
< d(logn)2—|— 125Cvdnlog(2n) +2 (3.119)
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and finally taking supremum over f and Px concludes the first part of the proof.
For the second part, we have from Lemma 6 for any j > 2,
2J 2J 1

1
log————— — log————
) g* (Y| X, y=1) )3 pr(YilXi)

i=2J-141 i=2/-141
. 21
gd(j—1)+642<f—1>/2(j—1)(c\/ﬁﬂ/zlog gg”> (3.120)

with probability 1 — 8 /logn. Then from (3.116), a union bound and the calculations in (3.118)

and (3.119) we have

Zlog lez Yi— 1 Zlog Y|X)

21
< d(logn)? + 125Cv/dnlog(2n) <C\/3+\/210g (:Sg”> +2 (312D

with probability > 1 — § as required.

3.7.4 Skipped Proofs from Section 3.5

Proof of Lemma 7

We have from (3.41)
R, > max1(0y,0,G;Y"|X") (3.122)

Py, Pr

and therefore a lower bound on I(®g, ®,G;Y"|X") for any choice of Px and Pr provides a lower

bound on R,. We will choose Py to be the uniform distribution on {1,...,m} so that

X ~ Uniform ([m]).
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Consider now the following distribution Pr over hypothesis class F = (@9, @1, G) that has

(®y,©;) ~ Uniform (6, 6; € [0,1] x [0,1]N{6; — 6y > 1/2}) (3.123)

G 1L (®,®;) and G ~ Uniform {2['"]} (3.124)
We then have

1(©9,0;,G;Y"|X")
= H(®,0;,G|X") — H(®g,®;,G|X",Y")
= h(©0,0,)+H(G) — H(0,®,,G|X".Y") (3.125)
> 1(®,0) + H(G) — H(G|X",Y") — H(®|G,X",Y") —H(®|G,X",Y")  (3.126)

=34+m—H(G|X",Y") —h(®|G,X",Y") — h(®|G,X",Y") (3.127)

where (3.125) follows since the G LL (@, ) and both (©9,®;),G LL X", (3.126) follows
from the chain rule of entropy and because conditioning reduces entropy, and (3.127) follows
since by the distribution of (@, ®) and G in (3.123), (3.124), we have (©¢,®) is uniform over
a set with area %, and G ~ Uniform(%¥) with |¢| =2".

We also have

h(@o|X",Y",G) =) h(®|X",Y",G=g)P(G=g)

gcY9
1
= Zm Y n(©]X",Y",G=g) (3.128)
gcY9
Now, define the estimator
~ Y 1{gX:) =0,Yi=1}+1/2

®O(Xn7Yn7g) =

" 1{g(X) = 0} +1 G129
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Defining Np :=Y" ;| 1{g(X;) =0} and Ko =Y, 1{g(X;) =0,Y; = 1}, we have

~ Ky+1/2
6, = Kt/
No+1

Now, going back to (3.128), we have

1 1 .
o 2 (@0 X"Y",G =g) < 2} (6| @0, g) (3.130)
g€Y g9
1 PN
= om Y k(@ — 6|0y, )
g€v
1 .
S o Y h(©—6lg)
gcY
1 1 .
<— Y ~log(2meVar(®) — By |g)) (3.131)
2" =2
1 1 .
< 3w L 5 log(2meE[(®) )’ [g)) (3.132)
g€vy

where (3.130) follows from the data processing inequality, (3.131) follows since the Gaussian
random variable of a given variance maximizes entropy, and (3.132) follows since for any random
variable Z, Var[Z] < E[Z?].

We now have

E[(©0 — ©9)?|g] = Eg, x».y1(¢(®0 — ©0)*

Ky + 1/2 2
= By xn,vjg (@0 - m)
Ko+1/2\?
= EG)OaNOaKO‘g <®0 - NO + 1 >
Ko+1/2\?
= Eoy|Eng|00.eEKo1N0,00.¢ | | @0 — No+1 ‘N()’@O (3.133)

Since

Ko|No, ©g, g ~ Binomial (Ny, @)
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we can calculate

(@0 — 1/2)2 —|—N0@()(1 — @0)

EK0|N07®ovg

1
< -
- 4(N()+1)

(No + 1)2

(3.134)

where (3.134) follows since x(1 —x) < 1, (x—1/2)? < § for x € [0, 1]. Substituting (3.134) back

into (3.133) we obtain

~ 1
2 _—
E(®O _®0> < E®0|gEN0|®07g {4(1\{0_'_ 1)]
e[
— Nols | 4(Ng +-1)

where (3.135) follows since Ny|g LL @ with distribution

Np ~ Binomial (n, Z P(X = z)) .
Defining

i:g(i)=1

we can the see that when p, 7# 0 by a simple binomial calculation

1 1= (1= py)t!
Exols [4(N0+1)] - 4(n—|—1)gpg

and EN0|g [*} = é—ll when p, = 0. Now, we have

4(No+1)

h(®y| X", Y",G)

1
> Y n(®|X",Y",G=¢g)
g€9
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1 1 1
= E1og(7re/2) +) 5 log (ENO|g { D (3.138)

j4S% No+1
where (3.137) follows from (3.132).

In the exact same way, we can upper-bound 4(®;|X",Y",G) as

1 1 1
n n
< — — —_—
h(® X", Y",G) 210g(7te/2)+g62< 2log (Eng [Nl 1]) (3.139)

From (3.138) and (3.139) we get
h(®|X",Y" ,G)+h(®|X",Y",G)
1 1 1
<log(me/2)+ Y 5 log (ENOg { } Enyle { D (3.140)

= No+1 Ni+1

Now, from (3.136) we have, when p, # 0, 1

S L &
M N+ 1] T N T T ek Dpg (it D)1= )

1
<
“n+1

(3.141)

1= (1= et
1—x

where (3.141) follows from noting that the function : <n41lforall0<x<1.

Moreover, when p, is either 0 or 1 we have Ey [ﬁ} SR [ﬁ} = ;77> and putting the

aforementioned two cases together we have

1 1
h(®y|X",Y",G)+h(0;|X",Y",G) <log(me/2)+ Y =log| ——
(OUIX"".G) + K@ X"1",G) < ogle/2) + T 5 e(737)

1
<log(me/2) — 510g(n+ 1) (3.142)
Substituting the bound (3.142) into (3.127) yields
1(00,01,G;Y"|X") >m+log(n+1) —H(G|X",Y") —log(4me). (3.143)
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Now, we have for any estimator @(X "Y") of G,

H(G|X",Y") < H(G|G(X",Y")) (3.144)

<P(G#GX"Y")m+1 (3.145)

where (3.144) follows by the data processing inequality, and (3.145) follows from the Fano

inequality [96]. We now provide an estimator CA}(X " Y™) for which the error probability P(G #

~

G(X",Y")) =o(1). Given X", Y", we define

i=1 1 s 1
pl = le{l,....m}. 3.146

Let puin := min; p; and ppax := max; p;. The estimator (A?(X " Y") € ¢ is then defined as

0 lf ﬁl S ﬁlnax"’ﬁmin
()= { ’

1 otherwise.

The probability of error of this estimator can now be bounded as follows.

Lemma 9. We have

P(G(X",Y")#G) < zim + (1 — 2%) 2\/eme31/100m, (3.147)

The proof of Lemma 9 is provided in the next subsection of Appendix D.

Using Lemma 9 in (3.145) and substituting this into (3.143), since %L,,’f <1, we have
1(©9,01,G;Y"|X") > m+log(n+ 1) — 2/em?e /19" _Jog(e) (3.148)

as required.
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Proof of Lemma 9

We will denote (A}(X ".Y™") simply by G for convenience.
Let g =0 and g = 1 denote the all-0 and all-1 functions respectively (i.e. g(x) =0/1 for

all x € [m]). We have

PG#G)= 5, ¥ P(G#5lG=g)
gcY
zzim(P(é¢O|G:0)+P(§¢1|G:1)>+2im Y. P(G#¢lG=5g)
g9
Sotam L PG#elG=g) (3.149)

g€9\{g=0,¢=1}

Now, consider P((A? # g|G = g) for g # 0, 1 identically. Since

P(é\#g|G:g) :E®0,®1[P(é7ég|G:g7®07®1)]7

showing that for a fixed (g, 69, 61) with g # 0, | identically and 6 — 6y > %, with X; ~ Unif{[m]}
Li.d. and Y;|(X; = I) ~ Bernoulli(6,),i € [n], P(G +# g) < 2+/eme3"/19m guffices to prove the
lemma (recall that the 8; — 6y > % condition arises due to the choice of Py and more specifically
the distribution of (@9, ®1) in (3.123), which has zero density over the region 6; — 6y < %). We
now prove this statement.

We claim that

{151 — 84| <1/8)} € {G =g} (3.150)

To see this, note that if the event {N]", (|p; — Oy1)| < 1/8)} occurs, we have 6 — 1/8 < Pax <

01+ 1/8 and 6y — 1/8 < Pmin < 6y + 1/8 (recall that there is at least one [ such that g(I) =0,
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and similarly at least one / such that g(/) = 1) and subsequently, adding these two inequalities,

ﬁmax + ﬁmin < 90 + 91
2 - 2

—1/8<

90;91 +1/8 (3.151)

But, since 8; — 6y > 1/2, we have 6+ 1/8 < %% 1 /8 and similarly 6, — 1/8 > %10 4 1/8,

This, together with (3.151) implies that

ﬁmax + ﬁmin
2

B+ 1/8 < <6,—-1/8

Since the event {N/", (|p; — Oy(1)| < 1/8)} occurring implies that if g(I) = 0,p; < 60+ 1/8,
which implies that in this case p; < ’@ and so @(l) = g(I) = 0. Similarly, when g(I) =1,

G(1) = g(1) = 1.
Going back to (3.150), we have

P (M| — 64| < 1/8) <P(G=g)
—> P(G#g) <P (UL |pi— 0 >1/8)

— P(G#g) SZ (151 — 6y > 1/8) (3.152)

where (3.152) follows from the union bound. Consider now P (| — 8| > 1/8). Without

loss of generality, we may assume that g(m) = 1. Introducing the notation*

:i]l{X,-:l}, 1e{l,...,m} (3.153)
i=1

:i]l{Yizl,Xi:l},le{l,...,m}. (3.154)
i=1

“This notation is independent of and not to be confused with the definitions of Ny, Ko, N; and K in the proof of
Lemma 7.
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we have

_ Kn+1/2
P(|pm—0 1/8)=P||—F"—6 1/8
(=01 > 1/8) =P (|12 ) > 178

K,+1/2
—Ey, |P( | a6 > 1/8]N, ) |-
A=l L)
Recalling that K,,,|N,, ~ Binomial(N,,, 6 ), a slight variation on the Hoeffding inequality yields

Kn+1/2
P(‘L/_Ql

Np+1

> 1 /S‘Nm) < 2/ee Nn/32, (3.155)

Next, since N,, ~ Binomial(n,P(X = m)) and P(X =m) = % by our choice of Py, recalling the

moment-generating function of the binomial random variable E[e™n] = (1 — L 4 Lef )n we have

Kn+1/2

E
N N, +1

o

— 6

> 1/8‘Nm)} <Ep, [2\/Ee_Nm/32]

gz\/z<1—l+le—1/32) . (3.156)
m m

We can use the exact same procedure to establish

for/ =1,...,m— 1. Substituting this bound into (3.152) yields

P(G # g) <2my/e (1 _ l+le—1/32>
m  m

=2my/e (1_%>n

< 2\/Emefn(lfe_'/32)/m

< 2\/eme3/100m (3.158)
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Chapter 4

On Universal Portfolios With Continuous
Side Information

4.1 Introduction

We study the classical problem of portfolio selection, formally defined as follows. Sup-
pose that there exist m > 2 stocks in a stock market and let x; = (x;1,...,%,) € R>o denote a
market vector at time 7, which encodes the price relatives of stocks on that day. That is, for
each stock i € [m]:= {1,...,m}, x;; > 0 is the ratio of the end price to the start price on day
t. Concretely, an investment strategy a, at each day 7, outputs a nonnegative weight vector
a(-|x'~!) € A"~ over the stocks [m], upon which the investor distributes her wealth accord-
ingly; hereafter, we use Z = A"~ ! .= {(51 ey 5,,1) €RZ,: o @, = 1} to denote the standard
m-simplex. That is, the multiplicative wealth gain on day ¢ (i.e., the ratio of wealth on day 7 to
the wealth on day ¢ — 1) is Y e a(J[x' “1)x;;. Thus, her cumulative wealth gain after n days

becomes

n

Sax) =[] ¥ aGil¥xy= Y (TTarlx=")x0m. @1

=1 je[m} yne[m]” t=1

where X(y") := X1, - - - Xny, denotes the wealth gain of an extreme investment strategy that puts
all money to the stock y; on day ¢, and the second equality follows from the distributive law.

An investor’s goal is to design an investment strategy that maximizes her cumulative
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wealth S, (a,x"). For a stock market where x" are i.i.d., it is known that the log-optimal portfolio
0 that maximizes E[log OTX] is asymptotically and competitively optimal. A similar result
is well-established for stationary ergodic markets, see, e.g. [17, Chapter 16]. The log-optimal
portfolio theory with stochastic market assumptions, however, is unrealistic, as modeling a stock
market could be harder than predicting the market.

As a more realistic alternative, [18] presented universal portfolios that asymptotically
achieve the best wealth, to first order in the exponent, attained by a certain class of reference
portfolios, with no statistical assumptions on the stock market. For the reference class, Cover
considered a class of constant rebalanced portfolios (CRPs), where a CRP parameterized by a
weight vector 8 € 4 is defined to redistribute its wealth according to @ on every day. Note that
CRPs are optimal in an i.i.d. stock market when the distribution is known.

Later, [19] extended the theory to a setup where a discrete side information sequence is
causally available to an investor; in practice, the side information sequence can be thought to
encode an external information that may help predict the stock market. They proposed a variation
of [18]’s universal portfolios that asymptotically achieves the best wealth attained by a class of
state-wise CRPs that may play different weight vectors according to the side information.

Taking one step further, in this paper, we consider a more challenging scenario in which
a side information sequence 7" € Z" is continuous-valued, which could even be the (truncated)
market history itself. A reference portfolio we aim to compete with is parameterized by a
state-wise CRP and a state function g: 2 — [S] for some S > 2 and plays the state-wise CRP
according to the state sequence g(z") = g(z1) ... g(zx), where we assume a class of state functions
¢ from which g is drawn; note that larger the ¢, the richer the reference class. This flexibility
in the class ¢ and the choice of continuous side information sequence may hugely enlarge the
capacity of the competitor class since it can capture a variety of investment strategies. As a
simple example, consider a portfolio strategy that selects the state based on whether the price
relative of the first stock yesterday x; | > B or not for a (variable) threshold . This falls into

this enlarged class with z; = x;_1.
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As the main result, we propose a new investment strategy that asymptotically achieves
the same wealth attained by the best state-constant rebalanced portfolios with a state function
drawn from a class of functions of finite Natarajan dimension, under a mild regularity condition
on the stochasticity of the side information sequence Z". The proposed strategy is based on a
generalization of a universal probability assignment scheme recently proposed by [97]. Note that
we assume no transaction costs and that the investor’s actions do not affect the market.

The rest of the paper is organized as follows. In Section 4.2, we review universal
portfolios without and with discrete side information, highlighting the connection between
universal compression (or probability assignment) and universal portfolios. Section 4.3 described
the proposed algorithm and a crude approximation algorithm for its simulation, together with
some concrete examples of side information sequence. We present the proof of the main theorem
in Section 4.4. We conclude with discussing related work in Section 4.5. All deferred proofs and

technical discussions can be found in Appendices.

4.2 A Review of Universal Portfolio Theory
4.2.1 Universal Portfolios

In his seminal work, [18] set an ambitious goal that aims to design an investment strategy
b to compete with the best strategy in a class <7 of investment strategies for any stock market x”,

in the sense that it minimizes the worst-case regret

Su(a,x")
RegP°(b, o) := sup sup log ———~
gn (b, ) up sup log o

We call a portfolio b universal with respect to </ if Regt®*(b, o) = o(n), i.e., in words, b
achieves the same exponential wealth growth rate attained by the best strategy in .o/ chosen
in hindsight with observed market. Remarkably, Cover constructed a universal portfolio with
respect to the class of CRPs and established its universality. Cover’s theory is based on the key

observation that competing against CRPs in portfolio optimization is equivalent to competing
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against i.i.d. Bernoulli models in log-loss prediction problem. In what follows, we describe this
relationship in a general form beyond between i.i.d. probabilities and CRPs.
For any sequential probability assignment scheme g(-|y' 1) € % (where y; € [m]) the

probability induced portfolio a = ¢ (p) is defined as

a(j|xl—l) o Zy"le[m}’—l p(ytflj)x(ytfl)
Yy tepup PO X

4.2)

Note that if p is an i.i.d. probability, i.e., p(-y’ ') = @ € 4, it is easy to check from the
expression (4.2) that the corresponding portfolio ¢ (p) is the CRP parameterized by 0; thus the
class of CRPs .7 “RP is ¢ (27%), where we use % to denote the class of i.i.d. probabilities.

A peculiar property of a probability induced portfolio a = ¢(p) is that the daily gain can

be written as
Yy p()x(y)
Y1 p(Hx( )

Z a(ys ’Xt_l)xt()’t) =

yi€[m]

and thus by telescoping, the cumulative wealth gain (4.1) becomes

Sa(0(p),x") = Y. p(/)x("). (4.3)

ye[m]

In view of this expression, a probability induced portfolio can be interpreted as a fund-of-funds,
i.e., a mixture of the extremal portfolios with weights p(y").

As alluded to earlier, there is an intimate connection between the portfolio optimization
with respect to a class of probability induced portfolios and the corresponding log-loss prediction
problem. In the log-loss prediction problem, given a class of probabilities &, we define the

worst-case regret of a probability ¢ with respect to & as

n
RegP™P(g, 27) = sup sup log L") 4.4)

Yt ped q(y")

and call a probability ¢ universal with respect to & if RegP™?(¢q, ) = o(n). The following
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proposition shows that the portfolio optimization with respect to ¢ (%) is no more difficult than

the corresponding log-loss prediction problem with respect to &.

Proposition 7. For any probability q and any class of probability assignments &, we have

Regh™(¢(q),9(2)) < Regh®*(q, 2).

Proof. We first recall (4.3) that the cumulative wealth of the probability induced portfolio ¢ (p)

is written as S, (¢ (p),x") = X» p(y")x(y"). Hence, for any probability g, we can write

Sn(¢(p),x") Ly p(")x(")
Reg?*"(0(4), 0(2)) = sup sup 0 LT — qup sup RN
X" pe Sn (¢(Q)7XH) X" pe& Zy (yn)X( )
(a) n
< sup max (yn) RegP™P(¢, 2),
per ¥ q(y")
where (a) follows by Lemma 10 below. O
Lemma 10 ( [17], Lemma 16.7.1). Let ay,...,a,,b1,...,b, be nonnegative real numbers. Then,

defining 0/0 = 0, we have %77 < Max ey b

A direct implication of this statement is that if a probability assignment ¢ is universal
with respect to & for the log-loss prediction problem, then the induced portfolio ¢(q) is
universal with respect to ¢(2?). If we consider the class of all i.i.d. probabilities 2%, it is well
known that the Laplace probability assignment gp,(y") := [, t(0)pg(y") d is universal for 2%,
where 11(0) is the uniform density over % and pg(y") is the i.i.d. probability with parameter
0=(61,....00) € B. .. po(y") =TI\, 6, =T/, 8, with ki = [{t: y, = i}|." Indeed, we

have:

"We remark that while the Krichevsky—Trofimov (KT) probability assignment gk is universal with an optimal
constant in the regret, we consider gr. for simplicity throughout this paper.
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Lemma 11 ( [98], Chapter 9).

sup sup log Pe(r")

< mlogn.
0cAyicimpn 9L ")

Hence, ¢(gL) is a universal portfolio for o7 “RP = ¢(2®)—this is [18]’s universal

portfolio. We remark that the universal portfolio ¢ (g ) can be expressed as

[265-1(0,x"1)(6)d6
JzSi-1(0,x~1)1(6)d6 ’

9(qu)(|x ") =

and is thus also known as the u-weighted portfolio.

4.2.2 Universal Portfolios with Discrete Side Information

Let us now consider a scenario at each time #, the investor is additionally given a discrete
side information w; € [S] for some S > 1 and chooses a portfolio a(-|x'~!;w') € 4, as considered
by [19]. Since the investor’s multiplicative wealth gain is }c(,, a(y[x’ ~Lwhx,(y), similar to the

no-side-information setting, the cumulative wealth factor is

w(a,x";w" HZ ]|x W x,J 4.5)

llje

and we define the worst-case regret as

Su(a,x";w")
RegP (b, o7 ;w sup suplog 22—~ 7
B )= aezzpf x”p gSn<baXn;Wn)

for a class o of portfolios that also adapt to w". Concretely, as a natural extension of CRPs, we

consider a class of state-constant rebalanced portfolios (state-CRPs), denoted as %CRP’ where a

state-CRP parameterized by a S-tuple (01,...,05) € %" plays a portfolio 0, at each time ¢.
Paralleling the connection between probability and portfolio in the no-side-information

case, we can also define a probability induced portfolio in this setting. In the log-loss prediction
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with a causal side information sequence, a learner is asked to assign a probability p(-|y'~!;w/)

1

over [m] based on the causal information, i.e., past sequence '~ and the side information

sequence w'. Here, we use p(y"|[w") := [T/, p(y[y'~';w') to denote the joint probability over

y" given w". The probability induced portfolio a = ¢ (p) is then defined as

Y1 p( llw)x( )

a(jIx'~w) = e R S e
Ly pOHw = hx ()

(4.6)

and as in the no-side information setting, we can write

Su(¢(p),x"w") =Y p(" [w")x(y").
G
For example, the class of S-state-CRPs %SCRP is induced by the class of all S-state i.i.d. prob-
abilities 22¢, i.e., %’gRP = ¢(2¢). To see this, note that every S-state-CRP parameterized
by 0.5 = (01,...,05) is the portfolio induced by the state-wise i.i.d. probability assignment
re,.sV'[[W") =TT, P, (y:). Moreover, as stated in Proposition 7, solving the log-loss predic-
tion problem suffices for the probability optimization with side information with respect to a

class of probability induced portfolios. The proof can be found in Appendix 4.6.2.

Proposition 8. For any probability assignment q and any class of probability assignment schemes

P with side information sequence w", we have
Regh™ (9(q), §(2);w") < Regl'®®(q, 7;w"),

where we define

n n
(g, Z;w"):= sup maxlog%.
pez ' q("[w")

prob
n

Reg

Note that for the class of S-state-wise i.1.d. distributions 3258) , the state-wise extension of
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the Laplace probability assignment g .s that assigns

qr.s(Y"[[w") 4.7)

u::]m

where y"(s;w") = (y;: w; = s,i € [n]), is universal, and so ¢(qy.s) is universal for &/ R" =

¢ (P )—this is [19]’s universal portfolio.

4.3 Main Results
4.3.1 Universal Portfolios with Continuous Side Information

We now consider our main setting where a side information sequence 7" € 2" is
continuous-valued. For example, in this setup, one may take z; as a suffix of the market
history xi: ,lc for some k > 1. As described earlier in the introduction, we aim to design a universal
portfolio that competes against a class of state-CRPs that adapts to the sequence g(w"), where
g is a state function g: 2 — [S] assumed to belong to a class of functions ¢. Note that a
singleton ¢ = {g} recovers the setting of [19]. Our goal is to design a portfolio that is universal
for a largest possible ¢ with a minimal assumption on the side information sequence. In this
paper, we will assume that the Natarajan dimension [99] of ¢, denoted as Ndim(¥), is finite.
The Natarajan dimension can be seen as a generalization of the classic VC dimension, when
the function class under consideration is not binary—for completeness a formal definition is
provided in Appendix 4.6.1.

Leveraging the established connection between probability and portfolio, we continue to
view the class of state-wise CRPs %’CRP qb(@@) as the class of portfolios induced by @(@
and describe the problem in an abstract setting. For a class of probability induced portfolios with

(discrete) side information .o# = ¢ () and a class of state functions ¢, our goal is to design a
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strategy b that achieves a sublinear worst-case regret

S(a,x";8(z"))
RegP°"(b; o7 ,9;x",7") == sup sup log — 2"~
n ) gc aco/ S(b,x";7")

Similar to the universal portfolios with discrete side information, a universal portfolio can be
readily induced by a universal probability with respect to a continuous side information sequence
with an unknown state function, based on the following statement, whose proof is deferred to

Appendix 4.6.2.

Proposition 9. For any X" and 7", we have
Reg® (¢ (q); (), %;x",7") < Regt™(q; 2,9:7"),

where

n n
RegPP(¢q; 2,4:7") := sup sup maxlog w

g9 pecr V' q(y"||z")

In this work, we specifically plug-in an extended version of the universal probability
assignment g, proposed by [97], which was designed for m = 2,§ = 2 with regret guarantee
established when y" is random and the side information sequence Z" is i.i.d.. We will extend
their scheme for arbitrary m and S with a guarantee for adversarial y"* and non-i.i.d. Z".

Below, we further assume that a side information sequence Z" is stochastic with dis-
tribution Pz» which may be arbitrarily correlated with the stock market X"; the universality is

established with respect to the expected worst-case regret

———port

Reg, (b;</,9) = E[Regh™ (b;/,9;X",Z")],

where the expectation is over a joint distribution Px» 7. We remark that it is unclear whether the
required stochastic assumptions on Z" in Theorem 3 are an artifact of our analysis or whether

they can be completely removed and universality can be established for individual sequences z".
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We leave this question for future work; see also Section 4.5.

Proposed Strategy.
Firstly, for any 7i € N and any 7" € 2%, let {g1,...,8¢/} C ¥ be a minimal empirical
covering of ¢ with respect to 7%, i.e., a set of functions such that {g;("): i € [(]} = {g(¢"): g €

¢ with the minimum possible size £ = £("). Then, we define a mixture probability assignment

4
Z qL;s(v']185(2)) (4.8)

(\I»—A

4.z y HZ

with respect to the empirical covering, and define the induced sequential probability assignment

o1 (y']|2)
Gog.zi (Y M|z 1)

G (vily 7)==

The proposed probability assignment gy, is then defined as follows. First, we split the n time
steps into [log, n| epochs: starting from j = 1, define the j-the epoch to consist of the time steps
2/-1 4 1<i<2J. So, the first epoch consists of z;, the second epoch consists of 1‘3‘, the third

epoch consists of zg and so on. Then,

o Fori=1,q(:|lz1):=1/m;

e Fori>?2, if 277141 <i <2/ ie. if the time step i falls within the j-th epoch, then

Q(pzzj—l(yéj 1+1||Zéj 1+1)

ay iy s2) = :
q{?,z (y2/ 1+1||Z2/ 1+1)

where we define g, -1 (0]|0) = 1 by convention.

Concretely, the probability assigned over y" given 7" for some n € (2/~!,2/] is

50" 1" Hch ily™ "2
= ag00nl21)a7:2, 2112) 4.2 031123) a1 Oy 11 0y)- - (49)
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Finally, we obtain a sequential portfolio a = ¢(g,) via the expression (4.6).

A note on implementation.
While the main focus of this paper is to construct a provably universal portfolio with
continuous side information, we also include a discussion on its Monte Carlo based simulation

and an example with real stock data in Appendix 4.6.6.

4.3.2 Performance Guarantee and Examples

Given a class of S-state functions ¢, we need to impose a structural condition on the
sequence Z" ~ Pz as a stochastic process. For any binary function class 22 C {2 — {0,1}},

define

P (Z") = sup
) hejf,zz‘i

(h(zi) — E[h(Z)]) ‘ (4.10)

which is a well-studied quantity in the empirical process theory. Specifically, we are interested in

the binary function class
19 x4 :={h: Z —{0,1}: h(z) = 1(g(z) # §'(2)) for g,&' € 4}.

With a slight abuse of notation, we use py««(Z") to denote p1o <« (Z"). We now state our main

result.

Theorem 3 (Asymptotic universality). For any collection of functions ¢ of finite Natarajan

dimension and any stationary stochastic process Z" such that

Elpy s (2] =0 (i) @.11)
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the induced portfolio ¢(qy,) satisfies

1 —por
lim —Reg™™" (9 (q5y), /P, 4) = 0.

n—oo p

In Theorem 3, the condition E[py .« (Z")] < 1o§2n on the marginal distribution Pz is

crucial in ensuring consistency of the portfolio ¢(g,). We now provide a few example cases
of side information sequences Z" where this requirement is satisfied. In fact, by controlling

E[pg«%(Z")] we can also bound the nonasymptotic regret for these particularly interesting cases.

Example 1 (i.i.d. processes). When the joint distribution Pxn zn is such that Z" is i.i.d., it is well
known that E[p_»(Z")] < C\/VCdim(€ )n (for absolute constant C) for any binary class
and distribution Pzn; see [3, Theorem 8.3.23]. Following the same logicz, it can be shown that

Elpy«x(Z")] < C\/(dlogS)n and consequently Reg™™" = O(/n).

Example 2 (-mixing processes). The quantity E[p ,»(Z")] has also been studied for classes
beyond i.i.d. sequences—in particular, [100] studied the case when Z" is 3-mixing, which we
now define. For the sigma-fields 6;:= 6(Zy1,...,Z;) and o] ;= 6(Zy1k, Zpsis1,- - -, ), we define
Bi:= 3 sup{E|P(B|o;) — P(B)|: B € Oyl > 1} and if By = O(k™"F) as k — oo, 1g is called
the B-mixing exponent; a larger rg guarantees faster mixing. We can restate the main result

of [100] for the case when F has a finite VC dimension.

Theorem 4 ( [100, Corollary 3.2 and Remark (i)]). Assume that a class of binary functions 7
is of finite VC dimension. Let Z" be a stationary B-mixing sequence with [3-mixing exponent

rg € (0,1]. Let L denote convergence in probability. Then, for any given s € (0,7g), we have

J(1+5) P (Z")
n

n 250 asn—s oo, (4.12)

2The only change to be made in the proof is in the growth function—rather than (%)d, the growth function in
this case is < (Szn)z" by Natarajan’s Lemma; see Section 4.4.1.
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This theorem immediately implies that %RegpOrt 250, ie., ¢(qiy) is universal in proba-
bility. We can also establish its universality in expectation via Theorem 3, by showing (4.11)
under the same assumption. The proof requires an additional technical argument and thus
deferred to Appendix 4.6.3.

Example 3 (Market history z; = X;: ,1). A canonical example of side information is the market

history z; = x'~!

or a truncated version of it with memory size k, i.e., 7; = Xiili. In this case,

if the stock market (X;) itself is k-th order Markov, then under an additional mild regularity
.. B—port _ ~ L .

condition, we can show a faster rate RegIDor < O(+/n) than implied by the previous example;

see Appendix 4.6.5.

4.4 Proofs

In this section, we prove Theorem 3. We first note that the probability assignment g,

used to derive the proposed portfolio guarantees the following regret bound.

Theorem 5. For probability assignment q;, if the Natarajan dimension (denoted by Ndim(%¥) =

d) of 94 is finite and Z" ~ Pz is stationary, we have>

7 Zﬂ
E|sup sup sup log—p(f ”§< n))} (4.13)
gEng@?y”e[m]” Q%(y ||Z )

logn—1 .
< S(d+m)(log*n)+2.55m Y jE[py«y(Z*)].
j=0

We will first prove Theorem 5; Theorem 3 then follows as a corollary of Theorem 5 via

the established connection between a probability and the induced portfolio in Proposition 9.

4.4.1 Proof of Theorem 5

Note that the key building block of the proposed probability assignment scheme gz, is

gz (y']|z) defined in (4.8), the uniform mixture based on a minimal empirical covering of ¢ with

3Here, logn is assumed to be an integer for simplicity, which can be easily rectified at the cost of an absolute
constant factor in the regret; see Section 4.4.1.
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respect to Z'. The proof consists of three steps. In Step 1, we first consider the simplest case
where the whole side information sequence 7" is provided noncausally by an oracle, where we
can use 7" as " to build the empirical covering. We then analyze the performance of gz (y']|z")
for an arbitrary auxiliary sequence " in Step 2. Finally, in Step 3, we analyze gz, based on the

analysis of gz (y'[|z').
Step 1. Side Information Given Noncausally

Suppose that 7" is available noncausally so that it can be used to construct a minimal
empirical covering in g (y'||z") for i € [n]. First, note that since |{(g(z"): g € ¥}| < S", we
can construct an empirical covering {g1,...,g¢} of ¥ with respect to " with £ < S". Assuming
Ndim(%) = d < oo, however, we can even do so with £ < (5?n)¢ by Natarajan’s Lemma [99,
Lemma 29.4]. Hence, for the mixture probability assignment gz (y'|z’) defined in (4.8) with
'« 7" ie.,

[T} 1 - i i
(') = 7 Y aus(']g5(2)),
j=1

it readily follows that for any g € ¢,

n n
sup sup 1ng(y le(z"))

< dlog(8%n) 4 Smlogn (4.14)
pePy yrem) gz (y"[|2")

by invoking that ¢ < (5?1)¢ and applying the regret bound for the m-ary Laplace probability

assignment in Lemma 11 for each state.
Step 2. Auxiliary Side Information Given Noncausally

We now analyze the mixture probability gz (y"||z") for an arbitrary auxiliary sequence ",
possibly being different from z”. Intuitively, the sequence Z" will also reduce the class ¢ to at
most ($2n)? functions, and if " and " are “not too far apart”, the two reductions each obtained
by 7" and 7" may be also close. The following lemma provides the performance of the mixture

probability gz (y"||z") with respect to the auxiliary sequence 7", capturing the expected gap from
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the intuition by the Hamming distance (denoted by dyy) between g(z”*) and g(z").

Lemma 12. For any 7", 7", and g € 4 with Ndim(¥) = d < e, we have

n n
sup sup lng(y le(z"))

So2s < dlog(S%n) + Sm(logn) (1+2.5du(g(2"), &(2")))
pereyem 4z (")

< S(logn)(d +m—+2.5mdy(g(z"),8(2")). (4.15)

Note that setting d(g(z"),g(2")) = 0 recovers (4.14) as expected.

Proof. Let pg, ( be a state-wise i.i.d. probability assignment characterized by 81.s = (01,...,05)
e B5, where 0; = (@1,5,-2,...,@,,1) € A for each i € [S]. For any state function g € ¢, by
definition of the empirical covering, there exists a function g € {g1,..., g/} such that g(Z") =

g(Z"). Hence, we first have

Peo.s("llg(z"))
qL:s("]1g(z"))

Peo.s("llg(z"))
gz (y"|z")

log < dlog(8°n) +log (4.16)

It only remains to analyze g .s(y"(|g(2")). Foreachi € [S] and j € [m], we define n; == |t: g(Z;) =
il and k;j == |t: g(Z;) = i,y = j|. Moreover let ﬁi,l}ij be defined in a similar way as 7i; :=

t:3(Z) =il and k;j; == |t: 2(Z) =i,y, = j|). We can then write
ij

Oksm
pols y ||g Hes : Osm :

Further, we can explicitly write the expression for the Laplace probability assignment as

(") = (("*’"‘1) (kl: " ,km)) , where k; = |{¢: y, = i}|, and thus its state-wise extension as

m—1
w0 () o )
qr.s(Y"|g(z ki, kg m—1 '

s=1
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Now, consider

Pe,.s("llg(Z" > <ﬁi‘|‘m—1)( 7i; )Akl ok
lo lo T gk gl
s quLis(y"]|g(Z" ,; m—1 kila ki) "
< Smlogn—i—Zlog i 4.17)
i=1 (kl17 lm 1)
i S m
—Smlogn—i—Zlog— Z Z og— (4.18)
= i=1j=1 lJ

where (4.17) follows since (k~1 ..'”]gm_l)giﬁil /6:]:;1’" <1.

Now, since for all i € [S] and j € [m], we have |n; —7i;| < du(g(z"),g(z")) and |k;; —k;;| <

(ni+du(g(z"),8(2))! _

}’l,'!

dri(g(2"),2(")), we have 7 < n; + gy (g(2"), 2(")) and consequently %4 <

Thus, we can invoke the exact same calculations as in [97, Propositions 5 and 6] to bound the

second and third terms in (4.18) as

Peo.s("llg(z"))

log —
qr.s(y"]|g(z"))

< Smlogn+S(m+3)du(g(z"),8(z"))logn

< Sm(logn)(142.5du(g(z"),8(2"))), 4.19)
since m > 2. Plugging this into (4.16) establishes the first bound. The second bound follows by
observing log(Szn) < Slogn. O]

When Z" is stationary as a stochastic process and if Z" is a statistical copy of Z", the
following lemma shows that the Hamming distance can be bounded by py ««(Z"), which can
be controlled in expectation as o(n/ log? n) under mild regularity conditions on Pz» and ¢. The

proof is deferred to Appendix 4.6.4.

- (d s s
Lemma 13. If Z" is stationary, Z" (:)Z", and g(Z") = g(Z"), then

du(8(Z"),8(Z")) < pyxg(Z") + pyxy(Z").
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Step 3. Side Information Given Causally

In view of Lemma 13, provided that Z" is stationary, we can bootstrap the history
sequence to construct such an auxiliary sequence, which motivates the epoch-based construction
of gz, That is, we split the n time steps into logn epochs*, and define the j-the epoch to consist
of the time steps 2/~ +1 < i < 2/ starting from j = 1, while we define g, (-|Z;) = 1/m for the

0-th epoch. For i > 2, if the time step i falls within the j-th epoch, i.e., 2/~ 41 <i < 2/, then

qZZ/ ](yzj 1+1H Jj— 1+1)

gy (vily' ™1 Z') = (4.20)
qZ2]_1 (y2j—1+1 ||Z£] 11+1>
where we can recall the definition of 9 -1 from (4.8). For any p € &2, we then have
n
p(vilg(Z yl|g( i)
; y|yl l Zl Zl | i—1. Zl>+10gm
- 1%" ZZ o PLils(Z))
= IH qw(yzly’ 1,Z")
=) log 5 (4.21)
:] qu/ 1(y2] l+1||Z2J 1+1)
logn—1 i 41
< S(d+m)(log*n) +2.55m Y jdu(3(Zi),8(Z3. ),  (422)
j=0

where (4.21) follows by (4.20) and (4.22) follows from Lemma 12. Finally, taking supremum

over y", p and g and expectation over Z" leads to the desired inequality by Lemma 13. 0

4.4.2 Proof of Theorem 3

By Proposition 9 and Theorem 5, we have

Regport(¢(q%)’%CRP,g) — [Regport(d)(q%),@{SCRP,%;X"’Zn)]

< E[Regl™*(q; 2,%;2")

“For simplicity, we assume that logn is an integer; if not, we may “extend” the horizon of the game from 7 to
2Mlognl < 2p, and follow the same analysis incurring at most a constant factor extra in the regret bound.
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(y”Hg(Z”))]

= E[sup sup maxlog

g per V' a("[1Z")
logn—1
< 8(d+m)(log?n) +2.55m Z JElp ZZJ)]
j=0

where we omit the subscript in pg .« (-) for brevity. Since the first term in the bound is sublinear
in n when d and § are fixed, it then suffices to show that Zlog" b Elp (sz)] = o(n). Using the

change of variables n' = logn, observe

logn—1 2] n—l 2] n 1" ] o)
Z JE[p(Z Z] (z ﬁﬁ—,Zz—E[P(zi)L
=0

where the inequality follows since 2”—"/, < % for all j < n'. Now, since

oon 2 n n
Rogn)"e oz = Ep (2" )] = 0

n o

: 1yn'—1 /% 2 / 5
as n — oo is assumed, we also have ;; Y~y £-E[p(Z7)] — 0 as n’ — oo, by the Cesaro mean

Theorem. A final change of variables concludes the proof. [

4.5 Related Work and Discussion

Portfolio selection has been a closely studied topic in information theory since the seminal
work of [18] and [19], both of which established close connections between portfolio selection
and the classically studied information theoretic problem of universal compression [6,24,101,
102]. A number of variations have been considered since, for example incorporating transaction
costs [103,104] using other probability assignments than i.i.d. [105, 106], and considering space
complexity issues [107]. [108] and [109] proposed portfolio selection techniques incorporating
continuous side information; however, the competitor classes considered in both are disparate
from ours making the problems different.

As demonstrated, portfolio selection with side information is closely related to sequential
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prediction with side information and log-loss. This problem has attracted recent interest [97,110-
112], with the first two focused on obtaining fundamental limits via the sequential complexities
approach of [113]. More recently, the preprint of [93] proposed a mixture-based conditional
density estimator, which specifically achieves E[RegP™P] = O(log? n) for the binary probability
assignment problem with i.i.d. side information with a VC class, which tightens the regret O(1/n)
established in [97]. Therefore, it is natural to consider applying the probability assignment
of [93] in hoping to relax the technical condition (4.11) and establish Theorem 3 for all stationary
ergodic Z"—it is known that E[py .« (Z")] = o(n) for any stationary ergodic process (see for
example [114]).

We note, however, that analyzing their method in our setting of non-i.i.d. side information
sequences seems to involve a significant amount of additional work. More precisely, their analysis
needs to be extended to (1) individual-sequence y" and (2) stationary ergodic side information
with a dependence of the regret on p ,»(Z") similar to that of the method of [97]. In their words,
we would need to relax the assumption of the data being well-specified. At a high level, they
use a similar covering approach (with respect to the Hellinger metric over distributions) as well
as a smoothing of probabilities in order to avoid unbounded likelihood ratios (we, in contrast,
have used the Laplace/KT probability assignment). Using a similar epoch-based analysis they
establish regret bounds in [93, Appendix D] by first upper bounding the KL divergence in terms
of the Hellinger divergence and then leveraging local Rademacher complexities in conjunction
with an inequality of [115]. In order to extend their method to individual-sequence y" and
stationary ergodic Z", one would need to either extend the aforementioned inequality to these
cases, or to bypass the step of upper-bounding the KL divergence in terms of the Hellinger

divergence altogether. We leave these directions of extension for future work.
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4.6 Appendix
4.6.1 Definition of Natarajan Dimension

We use the definitions from [99, Definitions 29.1, 29.2].

Definition 2 (Shattering). Let Y C {Z — [S]}. Then, a set C C % is said to be shattered by the

function class 9 if there exist two functions gy, g1 € ¢ such that
e Foreachz e C,go(z) # g1(z), and

e For each B C C there exists a function g € 4 such that

Vz € B,g(x) = go(x) and ¥z € C\ B,g(x) = g1(x).

We can now define the Natarajan dimension.

Definition 3 (Natarajan dimension). For any function class ¢ C {Z — [S|} the Natarajan

dimension of ¢ is the maximal size of a shattered set C C Z.

4.6.2 Proofs of Propositions 8 and 9

It suffices to prove Proposition 9, since Proposition 8 follows from it by taking 7" = w"
and taking |¢| = 1 with the function g € ¢ being simply g(z) = z.
Recall that for a probability assignment g(y;|y"~';z'), we have the probability induced

portfolio a = ¢(q) defined as

Yorg(y il )x ()
Yy1g( Iz h)x (!

a(j|x' 7)==

) 9
where recall for € [n],q(y'[|z") = ITi=; q(vily"';2'). We then have

Y1q([2)x0")
Yyrq( 2 hx (1)’

Y a(ux )X (y) =

ye€lm]

121



and consequently using a telescoping argument,

Su(9(q).x"2") = ), q("[l<)x(").

y'€[m]

From this we can see that

port . M) — Sn(q)(p)?Xn;g(Zn))
Regn (¢(Q>’¢(‘@)7g’x 7Z) ;:{E;ggzlog Sn(¢(Q),Xn;Zn)

= sup sup log Yyreimp P("|18(2"))x (")
§I pe? Z)’”G[m}” Q(ynHZn)X(yn)

< sup sup max (4.23)
gc@ pe 2y elm  q(y"|2")
= Regf®°(¢; 2,9:7"),
where (4.23) follows from Lemma 10. [
4.6.3 Proof of Universality in Expectation in Example 2
Recall that by Theorem 3, it suffices to show that
n n
Elpy s (2")) = o) @.11)
log™n

to establish that the induced portfolio ¢ (g,) is universal in expectation. Indeed, for a B-mixing
process Z" with B-mixing coefficient B; and B-mixing exponent r > 0, i.e., B = O(k™") as

k — oo, we can prove a stronger statement:
E[py e (Z")] = O(n3H7)/G12ry)), (4.24)

The argument below to show (4.24) is based on the techniques of [116] and [117].
Pick k > 1 which divides n for simplicity; the divisibility can be easily lifted by elongating

the game from n steps to the next number divisible by k. We will choose k as a function of » at
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the end of proof. We define the nonoverlapping k subsequences Z M, ..., z® of length n/k as

Z0k_ g g Z
1 — & &k+142k+1 -5 &(n/k—1)+1>

70—y g g Z
1 — &2 &kA2582k+2 - - -y H(n/k—1)k+2>

n/k
28" = 2k, 2ok, Za - Z i o

We will invoke the classical result on B-mixing processes that states that

n/k
n
drv (Pz<j>7/k’HPZ§j)) = (% a 1) B (425)

for each j € [k], where dry(-,-) denotes the total variation distance; see, for example, [117,
Lemma 1] and the references therein.

Now, we consider

he'i—=1
SN Lo (0
<€| X sup[Y.02") ez )|
j=1heH" =1
" &0 0
~YE { sup | Y (h(Z7)) — E[n(Z" )])” . (4.26)
j=1 Lhestli=]
LetZj,... ,Z; Ik be an i.i.d. process with the same marginal distribution of the stationary process

Z" ie., PZ/1 = Py,. Continuing from the summand in (4.26), we then have

n/k
su Dy _ (1) |
ELeff ,;(h(z’ )~ Elhz )])” (4.27)
n/k
=E| su (DY _ w7 N (1)
_E[hsej;; i:ZI(h(Z, ) —h(Z})+ h(Z]) — E[h(Z )])”
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Lhe#'i=1

r n/k
<€| s [ 1) -z +|
Lhe ' =1
r n/k
<[ sup Z(sz”)—h(z;»ﬂ e
Lhe ' =1
l’l n/k n/k
—sup E hz'')—-
khejpf ”,’Z’ Z

n n/k
_dTV( I)n/k,HP )

B [dn
k
w2 TS

;\7.

h(Z

dn

k

sup
heA

dn
k

@ 4

Here, (4.28) follows since the marginal distribution Zlf =

n/k

Y (h(

i=1

dn
k

— €| sop [Y (02" - 1z + 12 - £z

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

, (4.30) follows since the distribution

Z"" is i.i.d. and from [3, Theorem 8.3.23], (4.31) follows from the following variational form

of the total variation distance dv (P, P') between two measures P and P’ defined over the same

measure space, i.e.,

drv(P,P') = sup |Ex-p[f(X)]—

filfI1

Exp [f(X)]],

and lastly (4.32) follows from (4.25). Substituting (4.32) into (4.26) yields that

Elpor(27)] < "2 1 ovank < &

2k r
+CVdnk

for k sufficiently large with some C’ > 0, where we use the definition of the -mixing exponent

r in the second inequality. Finally, choosing k = O(n3+

34r

O(n 34+2r ) .
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4.6.4 Proof of Lemma 13

Note that for any Z" and 7" we can write

du(g(2"),8(2")) = du(g(2"),8(2")) — du(s(2"),&(2")) (4.33)
< sup |du(g1(2"),82(2")) — du(g1(Z"), 82(2")))|
< sup [dr(81(2"),82(2")) = nP(81(Z1) # 82(22))]
+ sup |du(81(Z"), 82(2")) —nP(g1(Z1) # g2(Z1))|
= pyxy (2") + Py =z (Z") (4.34)

where (4.33) follows since dy(g(Z"),g(Z")) = 0 by design and (4.34) follows since by sta-
L d) - i i i
tionarity of 2" £ 2", we have nP(g1(Z1) # 82(21)) = nP(g1(Z1) # 2(Z1)) = T1, P(g1(Z:) #
g2(Z;)) = X" E[181(Z) # g2(Z;)]. Finally, substituting (4.34) into (4.19) yields the lemma.
]

4.6.5 A Detailed Discussion on Example 3

For the side information z; = Xi:}( in Example 3, if the market (X;) itself is k-th order

Markov, then we can establish the following guarantee.

Lemma 14. Let X" be a stationary k-th order Markov process and let Z; = Xi:,lC € (Rﬁ)k.
Suppose that (1) the density of Zy = X_ ,1 exists and is bounded and supported over a bounded,
convex set E C (Rﬁ)k with nonempty interior and (2) there exist b > 0 and € > 0 such that the

time-invariant conditional density satisfies

Pxi_ . |xi-! (2']z) > blp e (2)

kst

for any z € (R™)K, where B(z,€) denotes the open ball of radius € centered at z € (RT)* with

respect to Euclidean distance. Then, we have E[p »(Z")] = O(y/n).
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Proof. This is a direct consequence of [118, Proposition 11], which establishes an upper bound
on E[p_»(Z'"")] for a Metropolis—Hastings (MH) walk Z'". First, note that Z" forms a Markov
chain due to the k-th order Markovity of X”. To apply the proposition over the Markov chain Z",
we set the proposal distribution g in the MH algorithm to be the actual transition kernel of the
Markov chain Z", so that the MH walk becomes the process Z" of our interest. Then, under the
assumptions above, we can apply the result of [118] and conclude that E[p s (Z")] = O(/n) for
a VC-class .77. ]

4.6.6 Simulation Based on Monte Carlo Approximation

The (maybe the only) downside of the universal portfolio algorithms is their computa-
tional complexity. It is not hard to see that the exact computation of Cover’s universal portfolio
requires, on the 7-th day of investment over m stocks, O(T™) time complexity, and the computa-
tion quickly become infeasible for a long investment period; see [19] for a detailed argument.
An efficient implementation of universal portfolios is a decades-old open problem and still
remains as an active area of research [119,120]. Hence, in this paper, we consider a Monte Carlo
simulation of the universal portfolio algorithms based on the cumulative wealth expression of
a probability induced portfolio (4.3). While it is a very crude approximation for large m, S, or
Ndim(¥), this at least provides a way to demonstrate the performance of the ideas.

First, note that from (4.3), the cumulative wealth achieved by Cover’s universal portfolio

¢ (gL) can be written as

Su(0(q)x) = Y qL(™x(") = /%Snw,x")u(e)de,

y'E[m]"

since the Laplace probability assignment g (y") = [, 1(0)pe()y")d0 is a mixture with respect
to a uniform density 1 (0) over the simplex . Hence, if we draw N CRPs 01,...,0y from u
and buy-and-hold uniformly over the CRPs, we will attain approximately similar wealth and the

approximation will get better as N becomes larger. Note, however, that this naive approximation
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requires N = Q( 7 ) to achieve an approximation error € and thus may not be feasible when the
number of stocks m is large.
A similar crude approximation can be performed for the universal portfolio ¢ (g .s) with

discrete side information w", since

Sn(9(quis), Xw") = Y qus([w)x(")

y'e[m]

S
= H S|X”(s;w”)| <¢ (qL>7Xn(S; Wn))a
s=1

where X" (s;w") = (x;: w; = 5,i € [n]), since gL.s(y"|w") = [T5_; g (»"'(s;w")). That is, we can
crudely approximate the performance of ¢ (gy..s) by simply drawing many state-wise CRPs 0.5
according to ((01.s) := u(01)---1(0s) and running the buy-and-hold strategy.

We can now consider an approximation of the proposed strategy ¢(gz,). By the epoch-

wise construction of g7, as explicitly shown in (4.9), the cumulative wealth can be also factorized

as
4 27 27 27 2J
Sn(# (g - H Z - Ay <y21'—1+1 "sz—1+1)xzj—1+1(yzj—1+1)
]:lsz 1+1€[m]2171
J
H 2i— 1 qg 2J— 1) X2j 1+13Z2J 1_;’_1)
where we assume n = 2/ for simplicity. Here, for each j € [J], if {gi,... ,8¢;} is a minimal

. . . -1 .
empirical covering of ¢ with respect to zzj , We can write

2/ 2/
Sijl(qg 2j—1,X5)- 1+1,22] l+1 2521 1 QLS » X5 - 1_|_19gk(Z21 1+1))

For each state function gj, the summand is the cumulative wealth of the UP with the side
information gk(z2 i1 +1) and thus can be approximated by the same argument from the previous

paragraph.
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This leads to the following Monte Carlo simulation of the proposed algorithm. Let N be

the number of Monte Carlo samples used in the approximation.

For each epoch j =1,2,...:
1. Find an empirical covering {g1,...,8¢,} € % with respect to 27

2. For each k € [¢}], draw N state-wise CRPs (ng;l)]\;l from p(0.5) at random.

1

3. During the j-th investment epoch, i.e., t € (2j_1,2j], run the buy-and-hold strategy

uniformly over all sampled CRPs (ng;l)f’: , foreach k € [¢].

4. At the end of the epoch, sell all stocks.

We stress that this only simulates the cumulative wealth of the universal portfolio al-
gorithm by directly estimating the cumulative wealth expression, rather than approximating
actions of the algorithm for each round. Note that a more sophisticated Monte Carlo Markov
Chain based approximation for Cover’s universal portfolio was proposed and analyzed by [121].
It is left as a future direction to extend their method for our algorithm with continuous side
information.

In the following, we study a simple example for concreteness, which admits an easy
construction of minimal empirical coverings. Note that, for a richer class of state functions,

finding a minimal empirical covering may be another computational bottleneck.

Example 4. As a simple case of the canonical side information considered in Example 3, we
choose the price relative of the stock 1 on the previous day as the continuous side information,
i.e, 7y =X¢_1,1, and a class of 1D threshold functions 4 = {x — g4(x) = 1{x >a}: a> 0} of
Ndim(¥) = 1. Note that we consider a binary state space (S = 2). In this case, it is easy to show
that {gxys---»8x 1, is @ minimal empirical covering given 7' = (x; | )E;(l).

In general, we can consider z; = X,_1 with a class of product of 1D threshold functions
G ={x—ga(x) = (H{x1 > ar},...,{xm > an}): a=(ai,...,an) € R, } of Ndim(¥4) <

mlogm [99, Lemma 29.6] and S = 2™. Given 7 =x'"1, {&x¢s---8x,_, } is a minimal empirical
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covering.

A Toy Example.

We briefly demonstrate how the proposed portfolio performs on two real stocks. We
collected the 6-year period from Jan-01-2012 to Dec-31-2017 (total 1508 trading days) of two
stocks Ford (F) and Macy’s (M). Over the period, Ford went up by a factor of 1.11, while Macy’s
went down by a factor of 0.77. The best CRP in hindsight, which turns out to be the buy-and-hold
of Ford, achieves a growth factor of 1.11. The uniform CRP achieves a growth factor of 0.99.
While the universal portfolio without side information achieves a growth factor of only, the
proposed algorithm with the yesterday’s prices and the class of thresholding functions achieves a
growth factor of 1.15.

We note that there can exist more sophisticated, carefully chosen side information and
state-function classes that may exhibit better performance in practice than the simple example
above. We leave the problem of constructing good continuous side information and extensive

experiments as future work.
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Appendix A

Omitted Proofs From Chapter 1

A.1 Proofs of Universality of ¢, and gkt

As mentioned in Chapter 1, both g1, and gk are point-wise (and therefore mean) universal

for the class of binary i.i.d. processes, i.e. they satisfy

n
max log pel") =o(n)
0. q(y")

where pg(y") = @%i=1 ~Li=1%, We use k = Y"_, y; for ease of notation.

Proof for g; : In this case, we have

Pe(y") _ n n-
log aon log(n+1) (k)tk(l —1)"* <log(n+1)

where the inequality follows since (})*(1 —1)" % < 1.
Proof for gx: In this case, we use the Stirling inequality to simplify the binomial terms.

Firstly, recall that

(x") G

|
(o1 ) Vo

2—nh(k/ n)
where A(-) denotes, as usual, the binary entropy function. Moreover, we have

max pg (y") = 27"
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Pe(y")

achieved at 0 = k/n. Therefore, we see that maxg y» log qi(y”) = Jlogn+o(logn).

A.2 Universality in Sequential Prediction

In this section, we consider the problem of sequential prediction, which encompasses
the weather prediction problem motivated in Chapter 1.
Assuming that the (discrete) data Y" is generated by a distribution pg, with 8 € © being

unknown, we look at the difference in losses (with loss function ¢) suffered by the Bayes predictor
af(Y'™1) = arginfE,, [((a(Y'™"),¥,) Y] (A.1)

and the universal predictor that pretends that the true data distribution is g (instead of the

unknown pg) and plays
a(Y'"!) = arginfE, [l(a(Y' 1), 1) Y 1] (A.2)

where ¢ is assumed to be a distribution universal for the class ®. More precisely, we look at the

expected regret (with Y/~ ! in the estimators @;,a; suppressed for brevity)

(ngE

Regn =E ZE(EI\UYI) -

t=1 t

U X)) - (A.3)

1

We will also assume that the loss function ¢ < 1.

We now show the following, as seen in [77].

Theorem 6. For a;,a; as defined in (A.2) and (A.1) respectively, if q is such that %D( pollqg) <C,
forall 6 € O, then Reg, < /2In2C,.

Clearly, Theorem 6 established that if ¢ is universal (i.e. C, = o(1)), then Reg, = o(1)

as well. We now prove this statement, following the arguments of [77].
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Proof. We have

1 n n
#:Zm@n Z @%]

LY E[E (0@ %) - e, v 1]
nzl

= LY Y pol ) (@ w) — e v polly' )

z:lyz—l Vt

1 n
<;ZZP9 Y OY @y — tag ) (Q(ytly’_l)
t=1y-1 Yt
Fpolily ) =gty 1) (a4
<nZZpe YOY (U@, ye) — t(as,30)) [pe (i ly ™) — (i ly' )| (A.5)
1yt Yt
1 n
<— Y Y pe( X pe(ily ™ —aluly )| (A.6)
1=1y—1 Yt
2
3\‘221?9 Y [Z|Pe (e]y=1) (yz|y”)|] (A.7)
=1y
2n2 '
_ |2 ZZPG 1) ZPG Oaly=1) lnge((y 1) (A8)
A=t yely 1)

t=1

~ \/ 21:2 Y. Dlpo(ly )l ly 1))

= 22D ()l (A9)

where (A.4) follows since a < b+ |a — b|; (A.5) follows since by definition of a; in (A.2), we

have

E gy 1) [€(an, Yi))] < By -1y [€ay', Y]

(A.6) follows since £ < 1; (A.7) follows by the Jensen inequality (since E|Z| < \/E[Z2]); (A.8)
follows by the Pinsker inequality; and finally (A.9) follows from the chain rule of KL divergence.
OJ
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A.2.1 The Weather Prediction Problem

We can see by substituting ¢(a,y) = 1{a # y}, that the setting of sequential prediction
above encompasses the weather prediction problem from Chapter 1. We can clearly see that
the Bayes responses for a distribution pg (or a universal distribution g) turn out to be a; = y; =
1{po(y;) > 1/2} and a; = 9; = 1{q(y;[y'~!) > 1/2} respectively. By substituting g = g or
gL, and by virtue of their universality for binary i.i.d. processes, we see that C, = O(logn) and
therefore the weatherperson equipped with a universal predictor does not make too many more

mistakes than she would have made with prior knowledge of 6.

Remark 8 (Why not use the MLE?). A natural alternative choice for J; is to make a decision
based on the maximum likelihood estimate (MLE), i.e. (in the weather prediction problem) choose
=1 {thi_}lﬁ >1/ 2}. Indeed, for the particular case of weather prediction with indicator loss,
this strategy does work. However, for several other loss functions such as the log-loss, used

in applications like compression and gambling, this would be a catastrophic strategy—if one

t—1
assigns probability q(y;|y' ') = % and y'~!

— 0" (this might happen, for instance, if 0 is

quite small) and y; = 1, then the loss suffered log % =
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