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I N C L U S I V E  E X P E R I M E N T S  A N D  A D I F F R A C T I V E  P O M E R O N  B O O T S T R A P *  

D. S I L V E R M A N ,  P . D .  T ING and H. J .  YESIAN 
Department of Physics, University of California, San Diego, La Jolla, California 92037, USA 

Received 30 April  19'11 

A diffract ive Pomeron  pole is der ived from a mul t iper iphera l  boots t rap  where the Pomeron  is 
required to be exchanged only once. The predic t ions  for inclusive exper iments  are  presented  and 
are  shown to provide tes t s  for  the nature  of the Pomeranchuk singulari ty.  

T h e  a m b i g u o u s  n a t u r e  of the  P o m e r a n c h u k  
s i n g u l a r i t y  h a s  b e e n  the  o b j e c t  of c o n s i d e r a b l e  
t h e o r e t i c a l  and  e x p e r i m e n t a l  c o n c e r n .  W i t h i n  
the  m u l t i p e r i p h e r a l  m o d e l ,  i t  h a s  a l r e a d y  b e e n  
n o t e d  t h a t  the  r e p e a t e d  e x c h a n g e  of a P o m e r o n  
p o l e  wi l l  v i o l a t e  the  u n i t a r i t y  bound  [1] if  Up(0) = 
1. C o n s e q u e n t l y ,  r e c e n t  m u l t u p e r i p h e r a l  b o o t s -  
t r a p  a t t e m p t s  [2] h a v e  had  to cope  w i t h  the  p r o s -  
p e c t  of a s y m p t o t i c a l l y  v a n i s h i n g  t o t a l  c r o s s  s e c -  
t i o n s .  

In t h i s  p a p e r ,  we u n i t e  the  a p p e a l i n g  p h y s i c a l  
i d e a s  of c o n s t a n t  c r o s s  s e c t i o n s  a t  h i g h  e n e r g i e s  
a s  g i v e n  by a d i f f r a c t i v e  P o m e r o n  [e .g .  3],  w i th  
the  m u l t i p e r i p h e r a l  m o d e l s  f o r  p a r t i c l e  p r o d u c -  
t i on  and  the  d e t e r m i n a t i o n  of R e g g e  s i n g u l a r i t i e s  
by a b o o t s t r a p .  We u s e  the  m u l t i p e r i p h e r a l  a m -  
p l i t u d e s  c o n t a i n i n g  the  P o m e r o n  e x c h a n g e  to g e n -  
e r a t e  an  ou tpu t  P o m e r a n c h u k  s i n g u l a r i t y  t h r o u g h  
u n i t a r i t y .  T h o s e  p r o d u c t i o n  a m p l i t u d e s  not  c o n -  
t a i n i n g  the  P o m e r o n  e x c h a n g e  a r e  c o n s i d e r e d  to 
g e n e r a t e  and b o o t s t r a p  the  " o r d i n a r y " ,  n o n -  
l e a d i n g  R e g g e  s i n g u l a r i t i e s  ( P ' ,  ¢ o , p . . . ) .  If we 
r e q u i r e  the  P o m e r o n  to be a R e g g e  p o l e  wi th  
u p ( 0 )  = 1, t h e n  the  c o n s i s t e n c y  r e q u i r e m e n t  t h a t  
the  ou tpu t  s i n g u l a r i t y  a l s o  be  a po l e  w i t h  up (0 )  = 
t e x c l u d e s  a m p l i t u d e s  wi th  m o r e  t h a n  one  P o m -  
e r o n  e x c h a n g e ,  s i n c e  they  g ive  m u l t i p l e  p o l e s  o r  
c u t s .  It a l s o  e x c l u d e s  the  s i n g l e  e x c h a n g e  of a 
m o v i n g  po l e  wi th  Up(0)  = 1 s i n c e  t h i s  g i v e s  an  
o u t p u t  cu t  a t  J = 1. T h u s  ou r  a s s u m p t i o n s  r e -  
s t r i c t  u s  to a b o o t s t r a p  m o d e l  in  w h i c h  the  P o m -  
e r o n  i s  a f i xed  p o l e  a t  J = 1 ** and  c a n  on ly  be 
e x c h a n g e d  once  in  the  c h a i n  [5]. T h u s  the  P o m -  

* This  work was supported in pa r t  by the US Atomic 
Energy Commiss ion.  

** A fixed pole does not violate t -channel  uni tar i ty  if 
there  exis t  appropr ia te  "pro tec t ive"  cuts as con- 
s idered  by Oehme and Finke ls te in  and Tan [4]. 
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Fig. 1. Asymptotic uni tar i ty  equation for  the dif f rac-  
tive Pomeron  pole. 

e r o n  i s  c o n s i d e r e d  a u n i q u e  d i f f r a c t i v e  p h e n o m -  
e n o n  w h i c h  c a n  o c c u r  at  m o s t  o n c e  in  the  c h a i n .  
T h i s  f e a t u r e  of the  m o d e l  e n j o y s  the  s u p p o r t  of 
c u r r e n t  e x p e r i m e n t a l  d a t a  w h i c h  f ind  no e v i d e n c e  
fo r  m u l t i - P o m e r o n  e x c h a n g e  [6] ( M P E ) .  

A s y m p t o t i c a l l y ,  t hen ,  the  u n i t a r i t y  e q u a t i o n  
fo r  the  l e a d i n g  v a c u u m  s i n g u l a r i t y  i s  r e p r e s e n t e d  
p i c t o r i a l l y  in  f igs .  l a  and l b $ .  H e n c e ,  in  t h i s  
m o d e l ,  t h e r e  i s  no t r i p l e  P o m e r a n c h u k  c o u p l i n g  
[8]. T h e  o c c u r r e n c e  of a s i n g l e  P o m e r o n  in the  
c h a i n  can  be  i n t e r p r e t e d  as  a d i f f r a c t i o n  s c a t -  
t e r i n g  w i th  r e s u l t i n g  m u l t i p e r i p h e r a l  f r a g m e n -  
t a t i o n  of the  b e a m  and  t a r g e t  in to  p a r t i c l e s  on 
the  l e f t  and  r i g h t  of the  P o m e r o n  r e s p e c t i v e l y .  
T h e  c o u p l i n g  of a s p e c i f i c  p r o d u c t i o n  m o d e l  w i th  
the  d i f f r a c t i v e  s c a t t e r i n g  e n a b l e s  u s  to u s e  the  
r e s u l t s  of m u l t i p e r i p h e r a l  d y n a m i c s  to m a k e  

:~ The duality in te rpre ta t ion  of Hara r i  [7] is cons is tent  
with this  model in the sense  that the s -channe l  s t ruo  
ture associa ted with the t -channe l  Pomeron  ex- 
change is quite different  f rom the s -channe l  s t ruc -  
ture associa ted with the non- leading t -channe l  
Regge t r a j ec to r i e s .  
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d e f i n i t e  p r e d i c t i o n s  on p r o d u c t i o n  c r o s s  s e c t i o n s ,  
m u l t i p l i c i t y  d i s t r i b u t i o n s ,  and i n c l u s i v e  e x p e r i -  
m e n t s  in a d i f f r a c t i o n  mode l .  

F r o m  u n i t a r i t y ,  the c o n t r i b u t i o n  of the c e n t r a l  
d i a g r a m  (double  d i f f r a c t i o n  d i s s o c i a t i o n )  of f ig.  
l a ,  to the a b s o r p t i v e  p a r t  of the e l a s t i c  s c a t t e r i n g  
a m p l i t u d e  i s  g i v e n  by, 

* +)~(t_) 
s [ _ A ( t , t + , t _ ) ] l / 2  × 

p '  " s ) 2  p ,  
f d s l d s A  ( s l , t )  (~ l l S r  A ( S r , t )  (1) 

w h e r e  A (t, t+, t_ ) = t 2 + t 2 + t 2_ - 2/( t+ + t _ ) - 2t +t_ i s 
the u s u a l  t r i a n g l e  func t ion ,  fi(t±) a r e  the P o m e r o n  
r e s i d u e  func t i ons ,  and ~ =  S/S lS  r i s  the R e g g e  
p r o p a g a t o r  fo r  the f ixed  P o m e r o n  po le .  The f a c -  
t o r s A P ' ( s , t )  r e p r e s e n t  the s u m  of a l l  the m u l t i -  
p e r i p h e r a l  g r a p h s  wi th  only " o r d i n a r y "  R e g g e  or  
m e s o n  e x c h a n g e s  wh ich  behave  a s y m p t o t i c a l l y  as  

A P ' ( s , l )  ~ yp , ( t )  s ap ' ( t )  (2) 

w h e r e  by a s s u m p t i o n ,  ap , ( t )  < 1, fo r  t --< 0 . 
The  l e ad ing  b e h a v i o r  of A ( s , t )  can be found by 

s u b s t i t u t i n g  eq.  (2) in to  eq.  (1), to ge t  

d s  l d s  r 

A ( s , t ) ~  s f s l 2 _ a p , ( t  ) Sr2_ap, ( t )  ~(t)  (3) 

w h e r e  the i n t e g r a t i o n s  o v e r  t+ and t_ have  y i e l d e d  
an s - i n d e p e n d e n t  r e s u l t  a s  a c o n s e q u e n c e  of the 
a s s u m e d  r a p i d  d a m p i n g  of fl(t±). Any s d e p e n -  
d e n c e  of the r e m a i n i n g  i n t e g r a l s  l i e s  i m p l i c i t  in 
the u p p e r  l i m i t s  of s l and s r. H o w e v e r ,  s i nce  
a p , ( t )  < 1, the i n t e g r a n d  i s  su f f i c i en t l y  c o n v e r -  
gen t  in t h e s e  v a r i a b l e s  to r e n d e r  the r e s u l t  i n -  
d e p e n d e n t  of the uppe r  l i m i t s  of i n t e g r a t i o n  in 
the  l i m i t  s --* co so that  A ( s , t )  ~ s f ( t ) .  Thus  fo r  
a l l  v a l u e s  of t, the e n e r g y  d e p e n d e n c e  of th i s  
c o n t r i b u t i o n  i s  a f ixed  po le  at J = 1. A s i m i l a r  
r e s u l t  g o e s  t h rough  fo r  the e l a s t i c  and end d i a -  
g r a m  ( s ing le  d i f f r a c t i o n  d i s s o c i a t i o n )  c o n t r i b u -  
t i o n s ,  y i e l d i n g  a s u c c e s s f u l  b o o t s t r a p  fo r  the 
f i xed  P o m e r o n  po le  at  J = 1: 

A ( s ,  t) = s~(t). (4) 
As a c o n s e q u e n c e  of the d i f f r a c t i v e  P o m e r o n ,  

the  to t a l  c r o s s  s e c t i o n ,  a T = ( 1 / s ) A ( s ,  O) = fi(O), 
and a l l  p a r t i a l  c r o s s  s e c t i o n s ,  a n , b e c o m e  
a s y m p t o t i c a l l y  cons t an t .  In th i s  m o d e l ,  the 
a v e r a g e  m u l t i p l i c i t y ,  ~ = ~--)~nan/~ T ,  wi l l  ap -  
p r o a c h  a cons t an t .  T h i s  i m p o r t a n t  c o n s e q u e n c e  
of s i ng l e  P o m e r o n  e x c h a n g e  d i f f e r s  f r o m  M P E  
m o d e l s  which p r e d i c t  ~ ~ l n s .  P r e s e n t  c o s m i c  

r a y  da ta  [9] i nd i ca t e  that  the m u l t i p l i c i t y  m a y  be 
r i s i n g  v e r y  s lowly .  The  cons t ancy  of the a v e r a g e  
m u l t i p l i c i t y  t o g e t h e r  with the in i t i a l  p o s i t i v e  
c h a r g e  e x c e s s  of c o s m i c  r a y  p r i m a r i e s  p r e d i c t s  
that  the # + / p -  r a t i o  f r o m  c o s m i c  r a y s  wi l l  
a s y m p t o t i c a l l y  a p p r o a c h  a cons t an t  g r e a t e r  than 
1. 

F o r  i l l u s t r a t i o n ,  we have  e x a m i n e d  a s p e c i f i c  
" s t r o n g l y  o r d e r e d "  m u l t i - R e g g e  m o d e l  fo r  the 
f r a g m e n t a t i o n  in p - p  c o l l i s i o n s ,  w h e r e  the p r o -  
duced  p a r t i c l e s  w e r e  taken  to be p m e s o n s .  T h i s  
r e s u l t e d  in a n e a r l y  g e o m e t r i c  m u l t i p l i c i t y  d i s t r i -  
but ion * wi th  the c r o s s - s e c t i o n  fo r  p r o d u c i n g  n 
p ' s  g i v e n  by, 

% = c ( n + l ) r  n n > 0 , (5) 

w h e r e  

r -= g 2 / ( 1 -  a p , ( 0 ) + g 2 )  < 1 (6) 

and g2  i s  the m u l t i - R e g g e  coupl ing  cons tan t .  
T h i s  g i v e s  a e l  = c 

T e l / a  T = (1- r )2  

a T 

neharged 

(7a) 

o o  

= ~ a n = c / ( 1 - r )  2 (75) 
n=0 

= 2 + 2 x 2 x n  = 2 + 8 / 3 ( 1 - r ) ( 2 - r ) .  (7c) 

F o r  r e a s o n a b l e  b o o t s t r a p  p a r a m e t e r s  ap , (0 )  = 
0.5 a n d g  2 = 0.7, th i s  g i v e s  r = 0.58, T e l / a  T = 
0.17 and~cha r~ed  = 6 .5 .  All  of t h e s e  r e s u l t s  
a r e  in r e a s o n a b l e  a g r e e m e n t  wi th  c u r r e n t  e x p e r -  
i m e n t a l  d a t a  [10]. 

We have  p r o v e n  that  in the d i f f r a c t i v e  P o m -  
e r o n  m o d e l ,  the s ing l e  p a r t i c l e  s p e c t r u m  s a t i s -  
f i e s  the l i m i t i n g  f r a g m e n t a t i o n  h y p o t h e s i s  of 
Yang and c o l a b o r a t o r s  [11]. The  d i s t r i b u t i o n  of 
the t a r g e t  ( p r o j e c t i l e )  f r a g m e n t s  

d / d 3 k  
~/ 2~0 = f ( k  2 , k H) (8) 

depends  only on the n a t u r e  of the t a r g e t  ( p r o j e c -  
t i le )  and the o b s e r v e d  p a r t i c l e  and i t s  m o m e n t a  
a s  m e a s u r e d  in the t a r g e t  ( p r o j e c t i l e )  r e s t  f r a m e .  
F o r  l a r g e  k , we f ind that  [5] 

ap, (0)-i f ( k  2 k ) ~ k ~ (9) 

and hence  t h e r e  i s  no p ion i za t i on  a s y m p t o t i c a l l y .  
At p r e s e n t  a c c e l e r a t o r  e n e r g i e s ,  t h e r e  wi l l  be 
s low p a r t i c l e s  in the c e n t e r  of m a s s  s y s t e m  

* Wroblewski [10] has observed that the accelera tor  
data for a n appear to obey a geometr ic  distribution. 
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(a) (b) 

pi IP 

Fig. 2 a) Dtagram for single part icle spectrum for 
klt~ O (sl/2) in the diffractive Pomeron model, b) Dia- 

gram for pionization in the MPE model. 

O ( s l / 2 ) )  r e p r e s e n t e d  by f ig.  2 a * * ,  w h e r e  
(tkh'~ p a r t i c l e s  p r o d u c e d  to the lef t  and r igh t  in the 
c . m . s ,  a r e  s u m m e d  to g ive  R e g g e  b e h a v i o r  at a 
s u b e n e r g y  ~ s l /2 .  

f (  k2 /eL,) ~ ( s l / 2 )  ap,(0) s l / 2  = 
' k ~ O(sl/2) s 

II 

( s l / 2 ) a p ,  (0 ) -1  (10) 

T h i s  c o r r e s p o n d s  to the t a i l  of the t a r g e t  ( p r o j e c -  
t i l e )  f r a g m e n t a t i o n  at k ,  ~ O ( s l / 2 ) ,  g iven  by eq.  
(9). The  d i f f r a c t i v e  P o m e r o n  m o d e l  p r e d i c t s  that  
the c u r r e n t  o b s e r v a t i o n  of t he se  s low p a r t i c l e s  
in the c . m . s ,  wi l l  d e c r e a s e  s lowly  a s  ~ s - 1 / 4 .  
The  e x i s t e n c e  of p i o n i z a t i o n  a s  p r e d i c t e d  by M P E  
m o d e l s  [13] and the a s s o c i a t e d  b e h a v i o r  ~cc In s 
c o r r e s p o n d s  to f ig.  2b. T h i s  d o e s  not e x i s t  in our  
m o d e l ,  s ince  we can  only exchange  the P o m e r o n  
once  in the chain .  

The  s i m p l i c i t y  of the f ixed  po le  so lu t ion  a l l ows  
the  s and t d e p e n d e n t  a s p e c t s  of the b o o t s t r a p  to 
d e c o u p l e ,  y i e l d i n g  the fo l lowing  n o n - l i n e a r  i n t e -  
g r a l  equa t ion  fo r  the P o m e r o n  r e s i d u e  in a s ing le  
channe l  p r o b l e m  

1 dt+dt~(t+)fl(t_) 
fl(t) = -i~2 f [ -A( t ,  t+, t_)] 1 /2  [1 + 2 F ( t ) +  F2(t)] 

(11) 
wi th  F(t)  = yp,(t)[rr(1-ap,(t))] -1 At t = 0 , the  
le f t  hand s ide  i s  s i m p l y  the to ta l  c r o s s  s ec t i on ,  
wh i l e  the t e r m s  on the r igh t  a r e  r e s p e c t i v e l y  the 
e l a s t i c ,  s ing le  d i f f r a c t i o n  and double  d i f f r a c t i o n  
c r o s s  s e c t i o n s .  If fo r  s i m p l i c i t y  we take  F(t)  = 
F = cons t an t ,  then one so lu t ion  of th i s  equa t ion  
i s  

87rR 2 J l ( R ( - t ) l / 2 )  
#(t) = ( l + r ) 2  R (_t)1/2 (12) 

** This diagramatic  representat ion was inspired by 
Mueller  [12]. 

t" Detailed solutions to a multichannel Pomeron boots- 
trap which exhibits factorization of the fixed pole 
are  presented in ref. [5]. 

1.0 

: o.o 

I I I I 1 

- I Ainei(S,l)l-A ' f . ~ - - . . _ .  : 

I / \  

0.001 

! /  
I/ 

I I  

l i  
-o.6f 

I I I ] -0.2 -0.4 -0.8 -I.0 -I.2 
l(GeV)2--> I =  -0.655 

Fig. 3. A (s,t) = s~Teat and Ael (s,t) from p-p elast ic 
scattering at 21 GeV/c. 

which  c o r r e s p o n d s  to s c a t t e r i n g  f r o m  a to t a l ly  
a b s o r b i n g  d i sk  of a r b i t r a r y  r a d i u s  R. 

F r o m  fig.  1 o r  eq.  (11), we see  that  the in -  
e l a s t i c  c o n t r i b u t i o n s  to un i t a r i t y ,  Aine l  (s,  t) = 
=A (s, t) - Ael  (s,  t), a r e  p r o p o r t i o n a l  to the ab-  
s o r p t i v e  p a r t  of the P '  r e s i d u e  func t ion  yp , ( t ) .  
We expec t  that  the g h o s t - k i l l i n g  m e c h a n i s m  in 
R e g g e  t h e o r y  would g ive  ~p , ( t  o) = 0, when 
ap , ( to )  = 0. E x p e r i m e n t a l l y  t o ~ -0 .6  GeV 2. At 
t = t o then,  the e l a s t i c  con t r i bu t ion  should c o m -  
p l e t e l y  s a t u r a t e  un i t a r i t y .  In f ig.  3, we plot  
A(s,  t) and Ael(S , t) d e r i v e d  f r o m  an exponen t i a l  
p a r a m e t e r i z a t i o n  of p - p  e l e a s t i c  s c a t t e r i n g  at 
21 GeV/c.  The d i f f e r e n c e ,  

Ainel(S, t )  = s l c r T e x p ( a t ) - ~ T 2  exp(½at )  1 (13) 3~Taa 

v a n i s h e s  when 

t = 2 1 n  (~T/32va) . (14) 

F o r  the f i t t ed  p a r a m e t e r s ,  ~T = 39 m b  and a = 
5 GeV -2 th i s  g i v e s  t = -0 .65  GeV 2, in e x c e l l e n t  
a g r e e m e n t  wi th  the above  va lue  fo r  t o . 

To conc lude ,  the study of the P o m e r o n  b o o t s -  
t r ap  and i t s  r e l a t i o n  to i n c l u s i v e  e x p e r i m e n t s  
shows  that  the d i f f e r e n c e  be tween  M P E  m o d e l s  
wi th  ap( t )  < 1 and a d i f f r a c t i v e  P o m e r o n  with  
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a p ( t )  --- 1, y i e l d  v e r y  d i f f e r e n t  q u a l i t a t i v e  f e a t u r e s  
f o r  i n c l u s i v e  e x p e r i m e n t s .  In p a r t i c u l a r ,  t he  a -  
s y m p t o t i c a l l y  c o n s t a n t  b e h a v i o r  of ~ and  a n and  
t he  a b s e n c e  of p i o n i z a t i o n  a r e  g e n e r a l  c o n s e -  
q u e n c e s  of eq. (2), a n d  do not  d e p e n d  on  any  d e -  
t a i l e d  s t r u c t u r e  f o r  AP'(s,t). T h e s e  e x p e r i m e n t s  
s h o u l d  t h e r e f o r e  p l a y  an  i m p o r t a n t  r o l e  in  u n -  
r a v e l l i n g  the  n a t u r e  of the  P o m e r a n c h u k  s i n g u l a r -  
i ty .  

D i s c u s s i o n s  w i th  W. R. F r a z e r ,  C . H .  POOh, 
C- I .  T a n  and  D. Y. Wong  a r e  g r a t e f u l l y  a c k n o w -  
l edged .  
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