
Lawrence Berkeley National Laboratory
Lawrence Berkeley National Laboratory

Title
Finite size effect on spread of resonance frequencies in arrays of coupled vortices

Permalink
https://escholarship.org/uc/item/3jx1v3jc

Author
Vogel, Andreas

Publication Date
2011-06-27

DOI
10.1109/TMAG.2011.2107505

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/3jx1v3jc
https://escholarship.org
http://www.cdlib.org/


 
 
 

Finite size effect on spread of resonance frequencies in arrays of 
coupled vortices 

 
Andreas Vogel1, André Drews1,2, Mi-Young Im3, Peter Fischer3, and Guido Meier1

 

 
1Institut für Angewandte Physik und Zentrum für Mikrostrukturforschung, Universität Hamburg, 20355 Hamburg, Germany 

2Arbeitsbereich Technische Informatiksysteme, Universität Hamburg, 22527 Hamburg, Germany 
3Center for X-Ray Optics, Lawrence Berkeley National Lab, Berkeley, CA 94720, USA 

 
Dynamical properties of magnetic vortices in arrays of magnetostatically coupled ferromagnetic disks are  studied by means of a 

broadband ferromagnetic-resonance (FMR) setup. Magnetic force microscopy and magnetic transmission soft X-ray microscopy are 
used to image the core polarizations and the chiralities which are both found to be randomly distributed. The resonance frequency of 
vortex-core  motion  strongly  depends  on  the  magnetostatic  coupling  between  the  disks.  The  parameter  describing  the  relative 
broadening of the absorption peak observed in the FMR transmission spectra for a given normalized center-to-center distance between 
the elements is shown to depend on the size of the array. 

 
Index Terms—Broadband ferromagnetic resonance measurements, Magnetic properties of nanostructures, Magnetization dynamics, 

Magnetostatic coupling. 
 

 
I.   INTRODUCTION 

         Small ferromagnetic structures, e.g., in the vortex state are of great  scientific  interest  due to their  dynamics  

on  the subnanosecond  timescale  and potential technological applications   as   ultrafast   and   high-density   digital   

storage devices [1]-[3]. In the last years, the dynamics of vortices have been  studied  intensely  [4]-[7].  Vortices  

appear  in  thin-film disks  when  a  curling  magnetization  pointing  in-plane  and along  the  edges  is  

energetically  favorable.  The  short-range exchange interaction forces the magnetization out-of-plane in the 

center of the disk. Vortex configurations are characterized by the vortex core polarization p = ±1 and the 

chirality C  = ±1. The polarization indicates the out-of-plane magnetization direction of the core and the 

chirality  indicates the in-plane curling direction of the magnetization around the core. Using a time-dependent  

external  magnetic  field,  a  gyration  of  the vortex  core  around  its  equilibrium  position  can  be  excited 

(gyrotropic mode). The sense of rotation only depends on the polarization p following a right-hand rule. 

 For distances between neighboring structures which are smaller than their lateral size, the stray fields start 

to notably influence the dynamics [8]-[11]. We have recently shown that magnetostatic interaction leads to shifts of 

the eigenfrequency of the gyrotropic mode in 4 x N arrays of permalloy disks which can be detected as relative 

broadening of the absorption peak in broadband ferromagnetic-resonance (FMR) measurements [12]. The relative 

broadening is proportional to the inverse sixth power of the center-to-center distance d normalized with the radium R 

of the disks. In the 4 x N arrays, the contributions to the broadening which are independent of the distribution of the 

core polarizations were found to be dominant. After applying an appropriate perpendicular bias field during the reset 

to the vortex configuration, the broadening was not significantly changed even though the polarization configuration 

is changed from random to a preferred direction. For a given ratio d/R, the broadening depends on the size and the 

assembly of the array. Unequal numbers of next neighbors in the center in comparison to the border of the array 

significantly contribute to the experimentally observed relative broadening [12], [13]. 

Here,  the  distributions  of  the  core  polarizations  and  the chiralities within an array of permalloy disks are  

determined using magnetic force microscopy and transmission soft X-ray microscopy. We experimentally  



investigate the effect of the size of the array on the  spread of resonance frequencies via broadband   FMR   

measurements.   The   effective   parameter analytically    describing    the   relative   broadening    of   the 

absorption peak observed in the FMR transmission spectra for a  certain normalized center-to-center distance 

between the disks is shown to depend on the size of the array. 

 
II.  ANALYTICAL DESCRIPTION 

Considering  the  contributions  due  to  the   magnetostatic interaction with the surrounding disks, the  total 

energy of a vortex trapped in the disk i within an array can be written as 
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E0 is the equilibrium energy (│a│= 0 ), where ai  = Xi /R is the position of the ith vortex core with respect to the center of the disk i. The 

second term represents the sum of the exchange energy and self-magnetostatic energy of a single off-centered vortex core, where the 

stiffness constant k depends on the thickness L, the radius R, and the saturation magnetization Ms of the disk [14]. The third term in (1) 

is the Zeeman energy in the radio-frequency magnetic field in x-direction around the central conductor of the coplanar waveguide which 

is used to excite the gyrotropic mode in the experiments. The fourth term is the sum over the energy contribution 

Eint (ai , a j ) due to magnetostatic interaction with the surrounding disks j in the array i

It  is  possible  to  numerically  calculate  the  magnetostatic energy between the side surfaces of two  neighboring disks i and j 

using the rigid vortex model [8]. An inverse sixth power dependence of the time-averaged magnetostatic energy on the normalized 

center-to-center distance can be found. Taking into account that the stray field of a ferromagnetic disk with an off- centered  vortex  

core  resembles  to  the  field  of  a  magnetic dipole located in the center of the disk, the energy contribution Eint due to 

magnetostatic interaction can be expressed as [12]  
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The parameters ijx  a n d  ijy a r e  a  m e a s u r e  f o r  t h e  s y m m e t r y  o f  t h e  s t r a y  f i e l d s  a n d  d e p e n d  o n  t h e  

o r i e n t a t i o n  o f  t h e  v e c t o r  E r r o r !  B o o k m a r k  n o t  d e f i n e d . E r r o r !  B o o k m a r k  n o t  d e f i n e d . ijd b e t w e e n  

t h e  d i s k s  i  a n d  j .  T h e  t i m e - d e p e n d e n t  d i s p l a c e m e n t  o f  t h e  v o r t e x  c o r e  i n  x - a n d  y -  d i r e c t i o n  d e p e n d s  

o n  t h e  c h i r a l i t y  C .  F o r  a  g i v e n  d i r e c t i o n  o f  a n  e x t e r n a l  m a g n e t i c  f i e l d ,  a n  o p p o s i t e  c h i r a l i t y  l e a d s  t o  

a  v o r t e x  c o r e  d i s p l a c e m e n t  i n  t h e  o p p o s i t e  d i r e c t i o n .  S i n c e  t h e  p o s i t i o n s  ia  a n d  ja o f  t h e  v o r t e x  

c o r e s  d e p e n d  o n  C i  a n d  C j ,  respectively, the energy contribution Eint( ji aa , ) in (2) finally does not depend on Ci  and Cj. The 

exciting radio-frequency field of the coplanar waveguide is linearly polarized (in x-direction) and thus only the displacement in x-

direction is affected by the polarization. The stray field depends on the rotational direction of the vortex core given by the polarization. 

The stray field of the disk j acts as additional magnetic field on the disk i. Induced dipoles obey an inverse sixth power dependence of 



 The dynamics of the vortex core trapped in the ith disk within the array can be described using the Thiele equation [15]: 

.0 iiii vDvGF      (3) 

Here, ii EF  is the force acting on the core, Error! Bookmark not defined. zoii eGG  is the gyrovector, 

dtadRv ii       is the velocity, and D is a damping parameter. Neglecting the damping (D=0), an expression for the 

approximated shift of the vortex eigenfrequency due to magnetostatic interaction between two disks i and j within an array can be 

obain from (2) and (3):  
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 Note that a part of the frequency shift in (4) is independent of the polarization configuration and only depends on the 

normalized center-to-center distance and the orientation of the vector between disk i and j. The total frequency shift due to 

magnetostatic interaction with all surrounding disks in an array with constant center-to-center distances along the axis can be 

described via an effective parameter 

Rdij /

'i  varies depending on the distribution of the core polarizations as well as on the size and the 

assembly of the array. Unequal numbers of next neighbors in the center in comparison to the border of the array lead to a change of 

the effect parameter '.i  Considering the different elements within an array, this leads to a spread of resonance frequencies which is 

proportional to the inverse sixth power of the normalized center-to-center distance:  
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 By varying the normalized center-to-center distance in 4 × N arrays of permalloy disks, we have experimentally confirmed the 

inverse sixth power dependence of the broadening Δf in FMR measurements [12]. In the following, we vary the size of the array for a 

given ration d/R to investigate the influence on the spread of the effective parameter '.  

 

 III.  SAMPLE PREPARATION AND EXPERIMENTAL METHODS 

Various arrays with dimensions between 4 × 300 and 2 × 2 ferromagnetic disks with a radius of R = 500 nm are fabricated using   

electron-beam   lithography   and   lift-off   processing. Polycrystalline permalloy (Ni80Fe20) with a thickness of L = 50 nm is 

thermally evaporated onto 100  nm thin silicon-nitride membranes  for  X-ray  measurements  and  gallium  arsenide substrates 

as well as silicon substrates with a 300 nm silicon oxide   coating   for   electrical   measurements.   To   perform electrical 

measurements, a coplanar waveguide is deposited on top of the disks via dc magnetron sputtering of 125 nm gold. To  optimize 

the signal-to-noise  ration, the signal line splits into four 800 nm wide lines which are each aligned with the centers  of  the  

disks.  In  the  case  of  smaller  arrays,  several arrays are placed along the signal  line separated by a distance which prevents 

coupling. The normalized center-to-center distance is measured using scanning electron microscopy and ranges from d/R = 2.15 to 

d/R = 2.36 between the elements along the axis.  



The polarizations p of the magnetic vortex cores trapped in the center of the disks are resolved using magnetic force microscopy. 

Furthermore, transmission soft X-ray microscopy is used to determine the distribution of the chiralities C. The X-ray measurements 

have been performed at beamline 6.1.2 of the Advanced Light Source in Berkeley, CA, USA. Magnetic contrast is provided via the 

X-ray magnetic circular dichroism (XMCD) at the Ni L3-absorption edge [16]. The microscope permits a spatial resolution down to 

15 nm using Fresnel-zone plates [17]. The synchrotron delivers a constant electron-beam current of 500 mA for stable and intense X-

ray illumination. Samples are illuminated by circularly polarized X-rays with an incident energy of 852.7 eV (Ni L3-absorption 

edge). Magnetic imaging is realized in an in-plane geometry where the sample surface is mounted under an angle of  60° with 

respect to the beam direction. Thus, a contrast due to the in-plane magnetization is detected. 

Transmission spectra are measured at room temperature by means of a broadband ferromagnetic resonance setup using a 

vector-network  analyzer  [18].  The  coplanar   waveguide  is contacted   via   GSG    (Ground-Signal-Ground)   probes.   A 

sinusoidal signal of -8 dBm is driven through the waveguide which leads to a  radio-frequency magnetic field of up to 0.3 

mTacting in the plane of the disks. A static external bias field 0H Can be applied parallel to the waveguide. Prior to each 

frequency sweep, the disks are reset via alternating reduction of the bias field starting from saturation.  

  

IV.  EXPERIMENTAL RESULTS AND DISCUSSION 
 

 
<FIG. 1> 

 
The   superimposed   atomic   force   and   magnetic   force micrographs shown in Fig. 1(a) reveal that the polarizations p are  

randomly  distributed  in  the  investigated  arrays.  Figures 1(b)  and  1(c)  show  differential  X-ray  images  which   are obtained 

by comparison of the magnetization configuration at zero field with the magnetization  configuration at saturation by  an  in-

plane  magnetic   field.   It  is  confirmed  that  the chiralities for a normalized center-to-center distance d/R = 2.2 are   randomly 

distributed as well and not influenced by magnetostatic interaction during the nucleation of the  vortex state. 

 
<FIG. 2> 

 
Typical FMR transmission spectra are shown in Fig. 2. The transmission signal is reduced [dark color in Fig.  2(a)] when 

energy is absorbed in the gyrotropic mode [5]. An in-plane bias field 0H leads to a translation of the equilibrium position of the 

vortex core. The shift of the absorption peak in Fig. 2(a) depending on the magnetic field 0H can be explained by considering 

anharmonic contributions to the magnetic potential of the disk. The relative broadening 
 

0

min
f

ff 
 is observed in all arrays, 

see Figs. 2(b) and 2(c). Note that arrays on both substrates show comparable results (not shown).  

For a single disk, the linewidth of the vortex resonance at zero field depends on the eigenfrequency , the Gilbert damping 

parameter, the thickness dependent vortex-core radius, and the radius R of the disk [20]. The experimentally observed 

eigenfrequency of elements with nominally equal shape often varies in the order of half of the linewidth of the vortex resonance 

[21]. A minimum linewidth 

0f

Error! Bookmark not defined. minf of the FMR spectrum arises from the superposition of resonances 

of the single elements of the arrays of disks and is thus subtracted from the experimentally observed broadening before comparison 



to the analytical description. Figure 2(d) shows the FMR spectrum of a 4 ×180 array with a normalized center-to-center distance d/R 

= 4.12, where the coupling between the disks is mostly prevented.  

 
 

<FIG. 3> 
 

The experimental determination of the relative  broadening in  the  FMR  spectra  at  zero  bias  field  for  different  arrays 

enable to calculate the spread ∆η’ of the  effective parameter ηi’ using (6). The normalized center-to-center distance d/R has been   

measured    for    each    array   via   scanning   electron microscopy.  Figure  3  shows  the  mean  value  of  ∆η’  as  a function  of  

the  size  of  the  array.  Only  a  small  difference between the 4 × 300 and the 4 × 4 arrays has been observed which indicates 

that a further increase of the size of the array in  y-direction (from 4 × 4 to 4 × 300) does not significantly change the spread of 

resonance frequencies of the  elements. But for arrays of 3 × 3 and 2 × 2 disks, the FMR spectra reveal a  strong  decrease  of  ∆η’.  

Less  neighbors  interact  in  small arrays which could yield a smaller effective parameter ηi’ for a disk i. The number of disks  

which are surrounded by other disks decreases in comparison to disks which are at the border of an array. In  a 3 × 3 array, 

there are disks with two, three and eight next neighbors whereas in a 2 × 2 array, each disk has only two next neighbors. 

 
V.   CONCLUSION 
 

Magnetic force microscopy and magnetic transmission soft X-ray   microscopy   have   been   used   to    investigate    the 

distribution  of  the  core  polarizations  and  the  chiralities  in arrays  of  magnetostatically  coupled  permalloy  disk.  For  a 

normalized center-to-center    distance    d/R    =    2.2    both distributions  are  shown   to  be  still  random  and  thus  not 

influenced  by   magnetostatic  interaction  during  the  vortex nucleation. FMR transmission spectra of arrays (2.15 ≤ d/R ≤ 

2.36) of different size (2 × 2 to 4 × 300) reveal a relative broadening of the absorption peak due to a spread of resonance 

frequencies of the gyrotropic mode. The effective parameter describing the relative broadening for a certain normalized center-to-

center distance between the disks depends on the size of the array. For smaller arrays, the spread of resonance frequencies due to 

magnetostatic interaction has been shown to decrease.  
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FIG. 1 (a) Superimposed atomic force and magnetic force micrographs [19] of an array of permalloy disks with a radius of R = 500 nm and a center-to-center distance 
of d = 1.1 µ m. Differential MTXM images at zero field with respect to the saturated state are shown for two different  positions (b) and (c) of a sample with 
arrays of 4 × 4 disks. 
 

 
 
FIG. 2 (a) FMR transmission spectra of a 4 × 300 array of permalloy disks with a normalized center-to-center  distance of d/R = 2.36. An external bias field 
parallel to the waveguide is successively increased from µ 0H0    = -40 mT to 40 mT. The dark color corresponds to reduced transmission. (b) Spectrum at zero bias 
field for the array shown in (a). (c) Spectrum at zero bias field for 
2  × 2 arrays with d/R = 2.32. (d) Spectrum at zero bias  field for a 4 × 180 array with d/R = 4.12. 
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FIG. 3  Parameter  ∆η'  describing  the relative broadening  of the absorption 
peak in the FMR transmission spectra at zero bias field for a given normalized 
center-to-center  distance  d/R  versus the size  of the arrays. Black  triangles 
depict mean values of the experimental data. 






