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' MA gheet of stiff paper makes an even
, | 4simp1'er model, " .

: K - D'Arcy Thompeon -
‘ I TR " YBut the procédura proved singularly i
) .sterile as long as the only deliberate
. : . -aim was the design of images and models, '
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‘-xNTRODUCTION St

" To the casual observer or the prospective user of mathematical SR

e \
" 'models in medicine. the present state of the application of mathematics

: \
- to biological problems may offar an exciting, even intoxicating outlook,

A ﬂober examination of the situation reveals, however, that with few

exceptiona only a small and elementary part of mathematics has been

 brought to ‘bear on the problems of biology, and even those considerations
 have been marred frequently by {ll-conceived and illogically pursued

- applications,. Further, there is an evident tendency to suppress in the.

treatment of a problexﬁ all blological kr;owiedge which cannot be com-
préésed into a few familiar mgthematical recipves, Each mathematical
moﬁel has its atreﬁxﬁgths and weaknesses, and too often will én’ 111.
congidered approach result in éxplbitati’on of the weaknesaeé.'v Tbo often

are the mathematical model and the computer siezed upozi' as a substitute

for thought. Such need not be the case in medical épplications of mathe-
~ matical models, Iﬁrovldcd that each model considered is deeply considered,

o and provided that each model brima with biology.

In the mathema.tica.l community. the growing awareness of the

shortcomings of many biological applications unfortunately outstfips

recognition of the profound difficulties facing the Liologist or medical

, worker in thid area, In the medical commuhity, ‘awareness of those short- -

5

comings is ﬁi;fortunately exceeded by neglect of the difficulties,



' B

" , o The following collection of_.remarksi indicates some of the notions,
. attituden y and, rareiy-, ‘methode which I consider important and basic to

" the design and use of mathemagicél modelé. The di'scussion will refer

not to mathematice nor to biclogy, but rather to a vagué, ‘partly philo-

. sophical area between the tw&o,..where both medical worker and mathe-
" ‘maticlan must meet, _That their meeting can be fruitful, 1 doubt not.

. However, their success must not be left to chance, .
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IMAGERY AND REALITY

N

The clasaical acientiﬁc method 13 to proceed by the testing of.

| hypotheses or conjecturea, often called models. In medicine, our hypotheaes
. are usually tentative exPIanations of biological situations or phenomena, eneh
such as the mochanism of muscular contraction or the kinetics of leukocytes.
| Also traditional in science is attention to quantity, leading to quantitative
3 hypotheses or numterioal modele. ‘ The £ormu1ation and testing of such
",“hyipoth.es'e.s‘ paﬁzrany involvés the use 'oi ‘mathematics. a;xd the hypothesie .
e::presoed in formal mathematical.terms is called a mathematical model.
’(In a probably futile attempt to avoid woarisome r"petition, I shall customarxly

refer to a mathematical model Bimply as 2 model),

'I‘he theory of mathematical models is but little developed. and there

s no practical theory of the construction of mathema.tical models. Their
' constmction must proceed rather by artful means, and the art and skill of
~ both the medical worker and’ the. mathematician are usually required in the
| y'.design and formulation of o. fruitful §'mode1-. In this effort it is the task of
 the medigal worker to present bio_!ld‘l‘gy. and it is the task of the mathematician
to find the'proci'gcly cofrect, formal oﬁzpresaion. I believ‘e these roles |

~.ought not be'confused, although ehan\'p quég’tioning on both sides can be only

beneficial,

1.
The mathematical model com\‘es only indirectly from the real situation,

. . . |
% . . o \

H

" since there is bn important, intermediate step.. This intermediate pfocesé S

- consiste in the construction of an abstraction of the real eituation. The

ﬁi :
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' .v matters which ie admirably suited to precise exprcseion ‘The sacond reason -

 eBa

S

"abe‘traetion 1 have named' i'megery' (Nooney, ,'19.63),. a.nd the construction of .

. 1magery is a necewary prelude to the mathematical model, -It ‘ia in

. imagerv where the governing feamrns of the real situation are identified

'

E a.nd abetracted and where their easentia.l relationshipe are formulated

The world of 1magery conta.ins. then, quantities and their known, measuree

| ‘3_".'0:' conjectured relationshipe, perhaps even in the form of graphs. tables, ‘or'
 flow charts, The mathematical model ia a translation of a part or all of
. imagery into formal mathemat_ieal texﬁ'ms.i The qualit;r.of the reﬂe'ction of .
reality by the mathematicel madel thuie dei:ends on the oo}rrespoxidence be- .

tween reality and imagery and on the characferietics of thel translation.

It is the affair of the medical worker to ensure adequate 'c0rrespondence
'between reaiity and imagery, and that can be eurely accomplished only on the

foundation of deep under standing of the mderlying biolo gical phenomena. Under-

1 standing is not eufficient, however: the medical worker must provide also
. an- imagin’ative, interpretive, rather poetical aynthesis. Thus, in a sense,

. the constmction of imagery requires a poet to interpret nature quantitatively

it is important to note that the mathematical model is limited by

imegeryl'and can deal only with qu:antiti_es from imagery in terms derived

 from imagery, Why, then, not remain in imagery, saving the trouble of the
S’tep?fint:o.‘.forrﬁal:e‘niétherfia’.ﬁi‘ca‘.l ie}p’!ﬁess siofx?: ~Thérerare.thre e'main Feasonsinr

- for resorting to the mathematical model. The fira’t reason relates to no't'a’d.,on‘

g—,; ‘ﬁ
;P.

| " relates to inclueiveness and generality, for the brevity 65 mathematical

~and communic¢étion, for mathematics offere a concise notation for quantitative
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necessary.

R L wba "

_?;',fi_iiotation permits' sii‘nultaneoué consideration of a broad array of variables -

L fand thoir relations, and the purely abstract nature of mathematics permits

’1»4 LAI . ‘ Lo

. an unsurpasaed generality of expression and manipulation. The third

.

o rea_son relates to the large body of existing, applicable mathematical
f_orlmali'sf‘n,” for. when a problem is once expi‘essod mathe‘maticall?; it -
| ~ is subject to the vastcollec’cion of theoremo and methods comprising

: mathetnatica. If wo wisgh to deal with an assortment of comple.x,

o quantitative relations, 'mathemat_icé_ furnishes us a2 concise mode of

‘expression able to embrace many variables and relations and provides, -
: ) . : _ ; .

in addition, explicit methods by whi]ch to combine‘ or analyze those

‘relations. Handling involved quanti\tative relations only in imagery,

\

without formal mathematica, would be very awkward if not impossible. '

Handling involved, qua.ntitative conjectures only in reality, that is, by

w

experiment would be even mors nearly impossible». ' The mathematical

P

\ v

model furnishes a rolatively easy means of asse ssing quantitative cone

. Jectures, izarrowing the range of ,decision for which expe_riment may be

L
. . . N : ) 3 ‘\’ . = : . “'\\ .
. The object in considering a mathématical model is to draw cons#
-

clusions a.bout reality. 'Howe\'rei', a proofﬁwithiri e rriatheri’ioticol model

MODEL AND EXPERIMENT = °°

proves nothing in biology. and the model caxmot be thought even to comment

directly on thé real world Each result obtained within the model must first |
f

be transla.toci liack into imagery, and t}'en that translation must be inter-"

o preted in reality, Should all resul ts be 'compatible, when interpre_tcd. with

i

\-
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. - all established knowledge in r:eality,, we v}ould.:te'rm the model valid, -

Should 2 transia.ted or in'te’z"preted result conflict with vevrifie‘d» knowledge -

, ‘1n 1mag;ry or realit);. then the conj scture woul d b'e'unt.ena‘ble':. j:he model

| would be invalld, To this _ﬁot ion of vaiidity we must add some necegsarily
o vague’ critgrion of relevenc;y,v' to ensure thét -‘the model is indee‘d pertinent
to'the real situation modelled Thus, e;.cl} neﬁ vex.perbimenf':‘, representing

Ian addition t§ knowledge of tﬁe real _sitﬁatipn; ig va new and possibl;} vital
- test for the model, . Convérselﬁy, each new conse.quencevof the .model
v"ought, in pri n;iél e, to be tested by'a. thorough examiﬁaﬂbn of its com-
R 'pa‘.tibility with all of 1magér§ and by & new e#periment if imagery does

" not already contain the appropriately decisive abstraction. ' If there has

accrued & great weight of evidenée confirming the validity of a model,

‘then newly discovered consequences of the model which are presently

' beyond experimental test are of ten _aécepted‘ as true comments about.

the real world, This is the state to which we hope to bring each model

. -

" in biology.

It is sometimes difficult to judge the comp?'.tibility of model and

reé.lity as known through experi ment., For we observe, alack, that . -

experimenters are fallible, and we recdgni ze, "alae. that éxﬁeri ments

contain error, Since experimental error is of ten random, it is.clear - ;

~ that staﬁatical techniques may be necessary before & compatibility judgméxf.tt.

can be r‘edde"r‘:get'd. A usual procedure is to make certain assumpt ions about
a1 ' ‘ I
the statiatica’l nature of the experimental errors and then by means more
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" or less éa.o:telz'-icA to e'stimate hbw likely could be the experimental .
B results if reality were perfect ly described by the model. 1, oh

tha.t basis, the experimental results are very likely, then the model -

1s nearly valid, ‘and we ‘continue itJ use, If the experimental results

|

‘are unlikely; that is, could almost \never occur were the rhodel valid,

" then thel model must be judged inva.lid anci it must be modi ﬁeé or dis-

l .
I ’ |

carded. ‘The queetion of compatibility of model and experiment as we

\ : : |

' see, cannot be stated asg a dichotomy;'we must be concerned, rather,

i

.‘with how nearly valid is the model or with what probability is the model

i

- valid, The goal 18 to obtain a model\whi ch reflect s reality sufficiently

| ' \

iwell to be ruseful ‘and the questxon of perfect represent ation of reality

is an irrel evant,met aphysi cai- question. That an approximate descriptmn

of feality ie\' all that one can expect is démonstratad by the fact that a:

_compxehedaible, manipul abl e model can refer only to a severeiy restricted

i}
3.

niche of reality, It is not possible, however, to stri ctl"y isol ate a portion

. of biological reality without ‘severing multitudinous interconnections with -

RS

‘other portions,‘ thus making of the isol ated portion a mere approximation
. to reality, The notion of inher_éni error or lack of absolute validity is _

| . econtained in our very definition of the model és‘a conjecture, A recent

mathematical develoPinexit (Nooney, 1965 éxpiicitly accounts for the
- 8 ' S _

5poésible error in a model and allocéies to model and to experiment any
" 'diacrepancy b%tﬁveen them, This method permits & quantitative and ob-

" jective evaluation of the trust to be placed in the model relative to experimcnt.

The random nature of ‘experimental error introduces statistical



v"fproc:edﬁre‘s into most mod.els,wby way of. a;n assessmentv of valldity,
© but statistical considerations may enter a model more directly, ag 3 |
_‘ ‘when the real 'situati&n is fhought to.cont ain elementa of chance or o
" degrees of rax;xdomness. | Then the model ma:y include these expl icitly;
- In other cases, being 1gnorant of a great number of;, supposedly determlnlSth

' 'real processes, we may choose to assign a probabilistic behavior to nature,

hoping in that way to compensate for our lack of knowlecige. It might

. be added that the'inclusion of these stochastic elements in the mo-del

tends to exacerbate the difficulty of a judgment of compatibility with

“expe riment,

, Far from being dismayed by 1gh6r‘ance.. we sometimes flaunt it
in the parametric model, a model which contains unspecified (because
unknown) numbers, E:ﬁpe'riméntal data are employed,with the parametric

model not only in compatibility tests, but also in determining the unknown

—_—

numbers, Usually those parameters are so determined as to make the

v

model as nearly valid as possible, Strangelylr enough, the parametric

- model could be, in principle, a periect deacript ion of reality for certain
vval.ues of the unknown parameters, but due to ei:peri mental error thelr

- practical specification results in a model_which is only more or less

valid.v‘ The parame'tric model serves a deeper purpose, however, and this

_ | | | _
is to provi de a degree of generality and flexibility. Thus, a genera‘l

g "'model of a diéease, aay, ‘might include parameters the value of which.

reflect: certain vari ations in sympt oms for indivi duals. Laboratory tests

\

- might suffice to sp\.cify the paraméters, and the expl feit model 5o determined

i
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and so on through the cycle. We have already dwelt on the effect of

-10-.

might be used bto' project thé" course of the:_‘dviseaisve, iwh{ch would then

© vary with individuals, .

The-_possibiliff ofx éxpe’rimenf sifx:laulté.neoﬁslyldetermining and.. - |
testing 2 model, as with the péara_tmetric‘rr_xode‘l, relates to“a‘ eignific‘a.rvx.t ‘
cor;nec'tion between the model and experim'ent.‘_ This connection und_erlieé .
the continual, cyclic pifocees vof' ;'nodelling-. As Qe shall see, : the main
b‘u'sinesa of a model is to furnish predictions; about reality, and the typical

modelling process follows the path: ébstra_ction.' translation, prediction,

M .

- verification by experiment, refinement of imagery, then'again; translation,

-

experiment on the model;Athe verification .part of the modeiling cycle

suggests the effect of the model on experiment. By pi‘oviding px_'edictions.‘

the model demands experiments for verification, and the model consequently

© stimulates new experimentation, possibly in directions other than'thdse

indicated by experiment alone, N

DESCRIPTIVE AND EXPLICATIVE MODELS

“in electroni‘cs

The truly significant model must provide mofe than a description

of the real situation: it must ﬁrovide also an explanatibn. The descriptive

-model merely disguises tl;xe enigmas of na:tﬁrg and often peri-nita a purely

arithmetic connection between cauee and effect to masquerade as biological

fact, Tending to regard biological proceeses as occurring in a black box,
C o ' :
'j‘argon, the descriptive model directs attention solely to

e

‘»9
L7
S %

£

%,
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entrances and exits of the black box. This type of model can, at best, |

" reproduce an experiment or, poaaibly. a series of experiments, and in

\

' the strictest sense, its use must__be cenﬁ_ned to those expe:iments on -

i
\

- which itis based. Even'minor pathologice.l deviations in fui'ther experi-

‘ments are beyond the' range of description of such modcl The descnptive

model often appears a's a parametric model in which the paremeters have

|

‘been introduced somewhat whimsically in futile compensation for neglect

of biology.' It may be a convenience to have a concise. elegant summary .

or reproduction of experiment, such.as a descriptive model might provide, .

“but that convenience is quite unrelated to biological discovery or to in-

creasing knowledge of reality,

.Upon closer examination, it is usually found that the black boxes

. of biology are actually of various hues of gray: much is known about many,

if not most, biclogical processes, Including this_knowle’dge in imagery and
then in the model itself allows the poss.ibility ‘'of explaining the biological

. i '\ . .
process.by the formulation of an explicative model. Such explanation,

based on sound biology, often accounts for pathological variations in the

' process involved and may even lead to correct and accurate predictions by

Ry

the model about the process. 'No such predictio,n‘can be exp‘ecte'd from the

- descriptive model. The descriptive model, at best, summarizes the past;

the explicative model is capable of pro;ection into the future.

The aBﬂxty to prov1de predictions is an important characteristic

4‘7

‘of a model, distinguishing the fertile from the sterile model, Each

prediction must be regarded only as a conjecture, of course, but cvonjecmres
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‘are preciaely the ‘means by which we explore reality A f{inal distinction

‘A ma.y be drawn between descriptive and explicative models. The descriptive ‘

model can only portray responses Or actions' the explicative model not

-

only portrays these, but attempts also to imitate mathematically the

‘process by which they arise. Therefore, the explicative model displays an -

. unexpected vitality and a close bond with living processes.

SIMULATIVE MODELS

“The imit:tion of a process by means other than those the process

| ‘eniployef- is called simul-ation According to the discussion of the preCeding

section, it is precisely the explicatzve model which may offer the possxbili’cy

- of simulation, and in simulation. the mathematical ‘model most clearly re-

R flects the p;ocess modelled and most closely épproaches reality. Were we

in possession of an adequate model and 2 sufficiency of varied experimental |

data, we would have no need for simultation except for illustrative purposes.

. However, it may be said with little exaggeration that we never have quite

enough and sufficiently varied data, so that a choice among several competing
|‘ i .

- models is often not possible on the sole basis of direct computation. If

the competing models are imitative ’?r simulative models, it may be possible
to allow each to simulate the real 9ituation involved, then to choose for

\

' continued attention the model which best imitates both qualitatively and

\
quantitatively. The parametric modql contains a whole class of ‘models,.
| ' . o
|

| each defined by a particular value of the pa.ramete,r, and the choice of the

Ut

procedure described. This procedure \Ihas velue even when speciﬂc schemes
v - - . . \\ . . !
-

\
-
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are available for the calculation of the correct parémeter value, for

© usually the calculation must start with a reasonably accurate estimate

of the correct value, .and this may easily.ﬁe supplied by a few applicatioﬁa
of the simulation procedui'e. | |
‘ The -si’x:nulative mod.ei is'pafticularly appropria.té in the repre-
sentation and analysis of stochastic proc;sses. fhose embodying .elements
o'f chance ér randomness. Direct éomputation with modﬂells of such processes

are unwieldy at best, unless the model {8 designed to pro_vide 1nformation_

'about averages only, For information about I;rocess‘ effects on individual

elements of the system mocie}.led, we turn to the aimﬁlative model whichi: ‘
may allow us to foilow individuals tﬁrough'the process and to observe the
influences of chance at each stage. A summary of the e.xperiences of many
individuals, of coursé. yields the av'e‘raéé behavior described by the non- |
imitative model, | \ |

Simulation {8 valuable also in providing the non<mathematician

with a broad view of the consequencés of the model in easily recognizable

form. Should the simulation occur before the véry eyes of the medical

worker, he may readily sense any false tones and immediately make
corrective adjustments in the model. Thiaﬂ_-may be most imi:»ort,ant in

reference to the necessarily restricted scope of any model and the {m-

possibility of idolating the biological situation considered Through

simulation, tl;”e medical worker may quickly assess the impact of impinging, :

e

. non-_‘model_ledgreality on various areas of the model. Such assessment

very likely entails new conjectures or modifications, enhancing the



" , fertility of the model.. In these'wa‘ys,'-thef.si'mu'lati#g model permits

MODEL AND COMPUTER

‘a_14o.

i

o controlling participation by the ‘Biologiét. on ground most familiar to’

\

‘ him Further, the simulative model offers the opportunity for the

.( T i A“

_ - \
‘ zormulation ot qualitative judgments on the model's reflection of reality

~and often furnishes the means for injecting qua;litative considerations

info an-analysis of the"model. .
;

The pure (and simple) mathema.tician might ma.intain that any
connection between mathematical models and computers 13 only incidental.
Such a position would be; c§rrect if, contrary to the spirit of this diacussion,
gxie 'rest;ric‘ts attent#on to completed mociel’s,’ ignoring the genesis and .’
design of the model, For aho.uld COlIIlp‘L);tatiOn be ultimétely ﬁeéeséar'}',l
it ought to be done with the help of those instruments which are appropriate

and availab1e~ pad and pencil slide rule, desk calculator, or possibly :

- big electronic computer, In general, the computation proceeds most

- effectively if those instruments are used in the 6rder given, wifh the

earliest practicable halt in the progression. " Almost invariably, a2 success-

ful, quick application of the larger cornputing machines requxres, in the

3

: words of C. Thompkins, luck, prayer, or further thought. It is obvious

~ that consistent reliance can be placed only in the L..st.

The principal influence on mathematical models by the computer, and

here I refer tathe digital computer, is in the domain of design. The | |

Y-

i
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availabﬂi& of coihputefs and their“adaptabﬂity fo simulefioﬁ has tended

to emphasize the simula.tive model a.nd has made possﬂ;l’e stzmula’cmn

beyohd thle capablhty of ledser: z,inetr’uments, The implementation of

- simul"ative models may even have become' too easy,v reaqlting in simulation

\

by many 111-;€ated models obviously 1nappr0priate to reality Errors

in abetraction or translation ¢an never be remeched by the use of a computer,
?l . . N .A B .

however pqwerful. and there is a serio_usv riek of'burying those errors' under

i
1
L

. heaps of meaningless output of co'mput,ehrs._

Classical ma.themati'cal anaiir'sis"dfaws much of its stre_ngth_‘from
the continuity of the objects with which it deals, and the tools applicable

-to continuous variables and functions are among the most powerful in mathe~

matics. The digital computer, however, can 'oper_ate only with discrete

- qilantit'iee, and this leads to‘ the mathema{tical discretization of co'ntinuous

modela prior to computation., 'Such a procedure usuany involves only more

.or less inconvenience in the analysis of a continm:)m model, depcnding on -

'how well are known the errors introduced by discretizc.tion, but thls procgdurev

\

may sometimee eignificantly depreciate the model In such cases, a return

%o hnagery ia ind.cated in the hope of conetructing a new model by tranclation .

in discrete terms, Thie may be feasible sven when dealing w1th continuous,

real phenomena., and one then obtains a discrete m'odel which ig an approxima-

,tion to continuous reality rather than a discrete model which is merely an

i

approximation toa continuous model. Nonetheless, the continuous model

‘n‘
of continuous reality should ﬁrat be investiga.ted and one should bravely
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attack continuous phenom'exia with the powerful ;na,themati‘cai wezpons

3 of continuity, for their effectiveness may avoid the need for‘ digital coniip

B

: 'Icofnputation.v Thus,"discrétization is.not always the better part-of valor,

but discretion must be exercised in the use of computers

I shall add the obvious remark tha.t the availabﬂity of blg computing
fnachines has opened the way for the numerica.l analysis of very large anc_l
ccmplex mbodels , referring to'comparatively 'bx-oa.d areas of biological
reality, (A necessary condition for this was, of course, ‘the increased
participation of mathematicians, as ;well). " In thisconnehtion; my old
refrain of careful strﬁcturihg cf_imagery accumes additional poignancy,
since if the poetic .‘foundations: of a very lccge mociel: are inseccre, then the
consequent computational wastage and biological deception méy be very
great. . h |

CONGLUSION

‘biological phenomena, since there is no sign of the creation of a new,

BiOIOgy and medicine are fields in which even quantitative conaidera-

tions have not yet led to the formulation of many laws susceptible to mathe~

matical expression, Since conjectural structuz"cs in these fields must rest -

~on observed or postulated laws, it is natural that few biological or medical

: 'problemé have been statedradcquately in matheina}:ical termﬁ. Without such

statement, the construction of mathematical models is impossible, and, at
present ma.thema.tics is inapplicable, even irrelevant to most of biology

This state of affairs is due partly to ignorance of the basic mechanisma of

_biology a.nd par’ély to the rigidity and tradition of mathematics The remedy

- seems to le in 2 deeper underetandigxg and analytical development of
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blologically directed mathemgtics.i ("Biomathématicé does not exist! ~=
Stanislaw Ulam), - o o ) » ,

I believe that matheniaticé can be usgeful to Biol_ogy in acquiring

that deeper understanding-, but its use must be firmly based in areas where

profound knowledge of biology has been confirmed, and the purview of the
mathematical applica.tién mus.t'be narrowly constricted. Such use will .

tend to broaden gradually, but certainly, thovaev enclaves of established

- knowledge. ' When applied to present mathematical efforts in biology and
'medicine, the term, mathematical m_odel, has too pretenéioug ..'-m'air: 1

bow to current usage and éx;nploy the term, but I have in mind a.'smaller,v

firmer object than that usually connoted,
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