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Abstract
The anomalous scattering terms for trivalent holmium are measured far Cu
K«I’ Ka, and K8 radiation in diffraction experiments with a crystal of
NaHo(edta).BHzﬂ. Intensities at these wavelengths and at Mo Ko are used to
calculate amplitudes and the phase difference for the waves scattered by
holmium and by the rest of the structure to test the multiple-wavelength
tr

method of diffraction phase determination. Relative phases are determined

with a mean accuracy of 44° for 739 high-angle reflections. A similar

o

calculation for the analogous Sm crystal using synchrotron—radiatian data

~gives the phase difference with an average error of 5°.
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Introduction

Anomalous scattering has long been reéognized as a source of helpful
information for solving crystal structures by diffraction methods. For most
substances at most X-ray wavelengths the effects are rather small, yet they
are useful and widely used in an accessory manner in one-wavelength studies,
and of course to establish absolute configuration. More infermation can be
obtained by using more than one wavelength. vNear an absorption edge the
complex form factor changes with wavelength. These changes may be quite
large, for exa@ple as much as 30 electrons/atom near some Ls_edges
{Tampleton, Templeton, Phizackerley % Hodgson,71982)., They may induce
substantial Q;fiation of the diffractedvintensitieé depending on the
wavelength of the incideni beam. VYarious authors {(e.g., Herzenbérg %Y Lau,
19467, and referencés cited»therein; ~Karle, 1980) havé described the basic
principies for obtaining information on diffraction phases from Friedel
paifs'of measurements at different frequencies. Hoppe ﬁ Jakubowski (1975)'
~demonstrated the method with erythrocruorin using two wévelengths. These
affects can be very large in neutron diffraction in special cases, and they
were applied to the.solutipn of the structuré of NaSm(edté).BHéD with
measurementé at three neutron wavelengths (Kgetzle % Hamilton, 19755. Most
ot the recent work on this method has been in_the context of synchrotron
radiation, because it permits actess to the largest effects for X—rays. The
method has not yet been very widely exploited, however, in part because
access to synchrotron radiation is still limited, and perhaps in part for
lack of recognitioh of how much can be done with ordinary laboratory -

sources.
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Holmium is a special case because its L3 absorption edge (1.353468 A} is
very close to Cu K& radiation, so close that the holmium form factor\is_nat
y (1.5466 &) and K«2 {(1.3444 R). Furﬁhermore, its L2 adge
(1.3903 A) is only 0.0017 8 below the waveléngth ot Cu Kp

the same for Kx
1,3 (waveleﬂgths
from Bearden, 1967). Thus three effectively~-different wavelangths are
qvailable from a single anade. The purposes of the present work were to
neasure this form factor at these wévelengths using an Drdinary X-ray

source, to test its application in the multiple-wavelength method of phase

determination, and to explore some alternate procedures for this method.
Algebraic theory.

For simplicity of notation we consider a structure in which the form factor
of oniy one kindvof atom chénges with waveleﬁgth, and assume that ' is
negiigible for other atoms. This treatment is adequate for the present
wark. More‘co@plicated cases.negd~more algebra and sometimes more

wavelengths for effective solution, but do not require any fundamental

 change of the theory. We write the structure factor as the sum of an

anagmalous (A) part and a normal (N} part:

CF(h) = F, +F

N
, M
(£ + £ + if "dexp(2wihx.}) + L 2 exp{2wihyx.). {1)
j i i v iza+l i

[T o T s =

j=1

With only one kind of anomalous atom we can drop the subscripts on f° and

', which are the only quantities in this expression which depend on

~wavelength. By definition:

f = f0 4+ §° + if"" = fo explis), (2)
where

g cosé = (f°9 + §')/#° o (Za)



and
g sing = ' /9, _ ' {2b)

We define further:

m .
0 = o “ LR = o i p0 h)
FA .E f eAp(-ﬂlhxj) IFA! e"p(xwg), { N
1:1 R
Then, 1'%
_ o e 0 o . v {
F IFAl g expli(é + wa)] + IFNI exp(wa), j4)
where Py is the phase of FN. We introduce the new variable:
= 00 _ . =
A pA wN (2)
and multiply (4) by its complex conjugate to _obtain:
2 _ 2 2 01 2 0 .
fFI™ = IFNI tg IFAI + 2g caosé }FAlIFNI cos &
-9 . o . . : 4
29 sinéd lFAIlFNl sin a. {45)
This expfessinn is linear in the four terms:
- 2
x1 = IFNI '
2
“ = [+]
%o .IFAI '
o = IFRIIF, | cosa, aqd‘ |
. - o ipm )
Xa lFAllFNI sina, _ (7)
but subject to the additional condition:
2 2 .
XIXZ = xz + x4 . - : : o (8)
An expression similar to (4) has been derived by Karle (1980). It is easy
to show that the expression corresponding to (4) for F(-h) differs only by
‘the sign of the coefficient of L Denoting by lF+l amd |F_| the magnitudes
of a Friedel pair F(h) and F{-h), one can derive: *
2 2 ' ) '
IF 17 IF_I" = -4g siné Xgo (7a) i
2 2 _ ., 2 o | »
IE 1+ AF_17 = 20xy +.g X, + 2g cosé x4). (9b)
One sees that x4'is directly proportional to the Friedel {(or Bijvoet)

intensity-difference and with a known propaortionality factor. The other
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variables depend Linearly on the sum of the Friedel intensities, but subject
to condition (8),

In principle it is passib}e to déterminevuniquely the three variables
of interest, namely iFNl, !Fgl and the angle a with three observations at
various wavelengths or two obseryatians at diffe}ent wavelengths and one
Friedel pgir. Unfortunately, the experimental observatiaons are subject to
errors, and the problem is best solved by optimization with redundant data.

It is important te Eealize that the method gives only a phase difference a,

~defined by (3}, rather than a phase relative to a chosen origin. If the

heavy fanomalous) atom positions are known, wa gan be calculated. I+ fhey
are ﬁot known,ithey can be found with a Patterson map or direct methods
using the set of IFZI; if it is accurate enough and complete enough.

The solution of a set of'eqdations (6) requires that the ohserved
structure amplitudes are on a consistent_scale. Scale factors can be
obtained from Wilson stgtisticé, aided by the fact that‘temperature factors
are the same for all wévelengths it the temperature'is constant. One must
remember, however, that. . | |

CIFI%y = ¢ §% = § g%40? o . (10)

is not the same at all wavelengths because of the factors g. This matter

has also been discussed by Karle (1984).

Experimental

The structure of NaHo(edta).BHZO, edta = ethylenediaminetetraacetate, has

been determined by Templeton, Templeton % Zalkin (1984) using Mo K«

radiation. Crystal data: NaHOCIOH12N208'BHZD’ mognoclinic, Fdli, a =

19.33(1), b = 35.37(2), c = 12.103(5) A, &« = 89.60(100°, 7 = 16. The unit



cell and space-group symbol are chosen for an unconventional setting of
space group Cc to preserve the close similarity of cell dimensions and
Qtomic'caordinates with respect to the orthorhombic Fdd2 structure
0of a series of analogous rare-earth salts (Templeton, Té@pletqn, Zalkin %
Ruben, 1982, and refereﬁces therein). |
Di?fraction intensities were measured with Cu Ka and KB radiation for a
crystal with 8 facés, 0.41 x 0,45 % 0.33 mm, Enraf-Nonius CAD-4
diffractometer with graphite monochromator, ©-26 scan technigue. Correction
tactors for absorption by the analytical method ranged from 3.4 to 7.6 for
Ka and 6.5 to 33 for KB. Measurements includeﬁ both members of each Bijvoet
pair in the angular ranges indicated in Table 1.
For the separation-of the intensity into the Kmi_and sz components,

the 96 values of each scan measurement were fitted to a sum of two Gaussian

curves and a constant term:

n

+ ¢, expl-a, (t - a-)2] + €5 exp[—a3(t - a ) 1. _ (il)

Lit) = ¢, 2 1 2 4

The linear (ci) and non-linear (ai) constants were obtained by multiple
non-linear regression (YARPRO, 1979). The components were calculated from

the expressions:

I{Ka,) c.{wla, )

1 2 {
I(Kaz) = cs(ﬂ/as)llz, ' (12}

which represent the areas delimited by the background line and the gaussian
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curves., It is interesting to note that the ratio I(Kul)/I(Kaz) for some
reflections differs significantly from the usual value ofHZ; a few are
smaller than 0.5 or larger fhan 6!

The solution of a set of equations (&) also requires knowledge of the
anomalous scattering factors for the Ho ;tom. They weré determined by

least-squares refinement of each data set and are listed in Table 1. For
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the twq Cu Kx sets only the scale and anomalous parameters wére retined with
ather parameters fixed at the v;lugs found wiih the Mo Ka data. 'For-the Cu
K§ set the anomalous parametefs werelrefined aiong with the cnordiﬁates and
anisotropic thermal parameters of -the Ho atoms. For Mo Ké we used values
fram Cromer % Liberman (1970). |

The three copper data sets and the molybdenum data (Templeton,

Templeton % Zalkin, 1984) were used to test the multiple-wavelength method.

Xqy X5, and x

Multiple linear reéression was used to find estimates of Ky Xq , 4

subject to constraint {8). Initial values were all taken as zero after
tests showed that more elaborate techniques did not improve convergence.

The structure amplitudes {F | and IF;I and the relative phase a were then

N
derived from (7). This was done for each reflection fbr which a Bijvaet
pair was included in at least three of the data sets. Among the 763 groups
satisfying this conditieon, the relative phases and amplitudes for only four
reflections cduld n0£ be determined because solutions of the regression were
physicaily’unrealistic. The most frequent number of iterationS‘necessary to
attain convergence was 6; 80% of the refinements converged with less than

lb'iteratiohs. A damping factor of 0.3 was introduced beyond 30 iterations

to accelerate convergence.

Analysis of the results

The large number of least-squares cycles needed to obtain convergence is due
to the high correlation between the two variables o and %,. The
correlation coefficients derived from the covariance matrix lie between

-0.97 and -0.98. The correlation coefficients for x,,x and x are-

?7)(
4 374

practically zero. This characteristic shows that iﬂVESSEHCE our problem has



two independent variables, namely ¥i39,33) and f(x4). Geometrically, the
refinement amounts to finding the two sides of a right triangle knowing the
hypotenuse., O0One side is determined by the éum, the other'by the difference,

of a Bijvoet pair as given by {(9). The additional step of separating

thi,yny) into ${x,) and f(x,) is more difficult;. one is looking for a point

£ A

on the side which is not well defined.

The rétio R =1L [}F;lc -,lFslt]/ £ iFEIC = 0.18 shows a féir agreement
between the values obtained from this.refiﬁement'(c) and those calculated
from the known structure (t). -Tﬁe corresponding ratio for FN is 0.48. This
higher value is associated with the large number of small amplitudes. The
error in the determination of a is directly linked to the magnitudes qf FN.
The standard deviation calculated from the least-squares refinement lies
typically in the range between 20° and 3d°. The average value of
g = IAC - Atl is 44°. The percentage cumulative distribution of the
reflections Qs e is plotted in Fig. 1. Among the 739 reflections, 40% show
deviations e less than 40°. For comparison, we have doneba similar
calculation for the nearly-isomorphous Sm derivative using data measured at
four w;velengths'with synchratron radiation by Teméletbn, Templeton,
Phizackerley % Hodgson (1982). The results are also plotted in Fig. 1. The
dramatic improvemgnt in this case is aue both to the much larger range of f°
and §'' values (which range from -8.9 to -31.3 and 4.4 to 28.9) and to the
greater accuracy of the intensity measurements. The‘corresponding mean
difference <e> is 5% for 311 reflections.

These high angle data for the Ho compound have been used to calfulate a
.Fourier map with [IFNL exp{ip, )] as coefficients. The phase ¢, was obtained

N N

fraom (3) with wz replaced by the value calculated from the known positians

of the Ho atoms. In this map the 12 largest peaks are water molecules or
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atoms bélbnging to the edta complex. The addit§0n§1 peaks are either
additional atoms of the structure or noise due to errors. For comparison, a
theoretical Fourier map with the éame terms but with coefficients calculated
fraom the light atoms of the known structure indicates that the 40 largesf

peaks correspond to atoms.
Concluding remarks

The differences between experimental and theoretitcal values qf £ and +'°,
Table 1, are explained by severél'factors. For wavelengths this close to an
.absorptioq edge the séatteriﬁg fa;tur depends on the chemicél state of the
atom, here the +3 oxidation state. The value of ff’is sensitive to the
precise wavelength of Ehe absorption edge; whichvis likely to change with
oxidation state and,ma? not be the same as the value used in the theory. It
is also sensitive to the resﬁnance structure of the absorption edge, which
in this case includes a veryvstrong white line and whi;h isvdisregarded in
the fheoretical model, as is the finite level width of the edge. Thease
experimental values are relevant to finite scattering angles.and therefore
may differ by a few percent from the zerOfangle values calculated by theory. -
While the wavelengths of the characteristic X-ray lines are stated with
great precision, the ﬂatural widths of these lines are appreciable. The
experimental form factors actually correspond to some kind of average aver
eéch line profile. The effect on the scattering factors may not ba
negligible so close to.an absorption edge. Finally, it is difficult to
judge the accuracy of the theoretical model.

We find the results of the phase determination tests to be very

encouraging. The samarium experiment is an example of overkill because the
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anomalous scattering téndé to dominate the intensity data. The phase
accuracy of ca. 459 in the holmjum experiment is sufficient tbvlead to a
correct solution of a structure even with inaccurate initial values of IFNi.
There are several ways in which the experiment can be improved. We operated
the diffractometer in a routine manner, and the &, and ¥ intensitias are
not very accurate. More elaborate monochromator techniques could achieve a
bettér separation of these two components, even for the low-angle
raflections which are relevant to serious phasing problems. A simpler way
to phase low-angle reflections is to use a weighted-average scattering
factor with an unregolved e dnﬁblet. It seems likely that this method
Awould be suctessful, but it remains to be tested. The important things for
phasing {(besides accurate intensities) are at least one large value of f°°
(qiven here by Cu Kg) and a large range of values of f"(given here by Mo Ka
and Cu Ka). _Attempts to determine phases with only the three copper
wavelengths were not very successful because the range of f' was not large
2nough. |

Improved estimates of s can probably be obtained with a recycling
procedure, Once the partial structure of the ancmalous atoms is
determined, calculated values of X, Can be used. .There are then only two
~independent uﬁknowns, and the problem of large correlations disappéars.

While holmium is a special case, it is nqt unique. Lanthanum has
a similar relationship to Cr K« and KB, while its ¥’ is close tovzerovfor Cu
K or Mo Ka. Europium used with K& radiation of cbbalt, copper and
molybdenum may be an even better combination., 5till other combinations
exist which may be useful.

We believe that conventional sources merit more attention than they

have received for multiple-wavelength phase determination. However, it is
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chvious that synchrotron radiation has a strong advantage if convenient
access to ;t can be.achieved.

We thank Dr Allan Zal?in and Dr Frederick J, Hollandgr far helpfuf
assistance. This work was supported by the Fanaation Herbette, Université
de Lausanne, by the National Science Foundation under grant No. CHE-8217443
and by the Directof, Office of Energy Research; 0ffice ot Basic Energy
Sciesnces, Chemical Sciences Division of fhe U.5. Departaent unynergy under
Contract No. DE-ACO3-765F00098. Facilities of the U.C. Berkeley X;ray

Crystallographic Facility (CHEXRAY) were used.
References

Bearden, J. A. (1947). Rev. Mod. Phys. 39,78-124.

Cromer, D. T. (1983‘. J. Appl. Cryst. 16, 437;

Cromer, D. T. & Liberman, D. (1970}. J. Chen. Phys. 83, 1891-1898.

Herzenberg, A. % Lau, H. S. M. (1967). Acta Cryst. 22, 24-28.

Hépﬁe, We % Jakubuwski; U. (1973). Anomalous Scattering, edited by §S.
Rameseshan &. 5. L. Abrahams, pp 437-441. Copenhagen: Munksgaard.

Karle, J. (1980). Int. J. Quantunm Chem;, Quantum Biol. Symp. 7, 357-367.

Karle, J. (1984). Acta Cryst. A40, 1-4,

Koetzle, T. F. & Hamilton, W. C. (1973). Anomalous Scattering, edited‘by 5.
Ramaseshan & S. C. Abrahams, pp 489-502. Copenhagen: Munksgaard.

Temple&oﬁ, L. K., Templeton, D. H., Phizackerley, R. P. % Hodgson, K. 0.
{1982). Acta Cryst. AJ8, 74-78.

Templeton, L. K., Templetaon, D. H. % Zalkin, A, (1984) . Unpublished.

Templeton, L. K;, Templeton, D. H., Zalkin, A., Ruben, H. W. (1982},

Acta Cryst B38, 2155-2159.



-12-

4

VARPRO, Multiple Nonlineaf Regressian Pragram (1979). Computer Center,

Lawrence Berkeley Laboratory, Berkeley.



Ay, &
e -
LI Hy €m 1
[{sindg)Y /A1 .
min
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) Mmax

Number of refl.
(I > ¢(l)1

' (expt.)

' (theor.)b

' (expt.)

+' (theor.)?

Mo K
0,7107
39.7 |
0.11
Q.GO

48432

0.026

-0.71

-0.47%

4,9(1)

4,69

4.68

dRange of h limited to 0-12.

Cu Kp

0.60

6283

0.050
-12.9(1)

-11.88

9.3(1)

8.75%

bCalculated by program of Cromer (1983).

“Cromer & Liberman (1970) for Mo Kx..

{

- Table 1. Data for NaHo(edta).8H,D

Cu ch1

1.34036

1940

0.098
~16.0(2)

-15.41

3.9(2)

3.70

0.

39

1940

0.

-1

(o]

(2]

117

4,09

63
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Fig. 1. ~Cumulative percentage distribution of the reflections as a function
of ¢ = lAc - Atl, the error in relative phasé: A, Ho salt with
conventional X-rays; B, synchrotron data (Templeton, Templeton,

Phizackerley % Hodgson, 1982) for Sm salt.
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