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and on which they move pseudorandomly.2 Greborgi, Ott and Yorke3 have
investigated theoretically sudden qualitative changes, called crises, of
the attractor, using a one-dimensional quadratic map, which has been
experimentally shown to model chaos surprisingly well in many physical
systems (seé Ref. 3). An interesting‘question is: how does the attractor,
. which controls the chaotic dynamics, depehd-on the driving parameter of
the map? They conclude that crises can occur at parameter values for
which the chaotic attractor is intersected by a coexisting unstable
periodic orbit. In.this paper we report novel experimental evidehce for
three types of such crises in a driven nonlinear semiconductor oscillator.

The physical system used is a series connected inductance L, resis-
tance R, and digdé C (type 1N953) driven by an external voltage Vo(t) =
|Vo]cos(2nt/T), of period T = 12.5 usec. This resonant LRC system is
described by Lf + RI + Vc(t) and two additional differential equations
in the diode vo]tagé Vc(t) and series current I(t) describingvthe non-
Tinear capacitance and_switching characteristics of the diode. Previous
experiments* showed thét this system follows the universal period-doubling
route to chaos,>:6 with bifurcation diagram, universal numberé, and
window sequences and patterns7'e2plicab1e by the logistic quadratic map

| | Xn41 = Axn(l-xn), - (1) 
with the correspondences {VCI - X, [VO[ < A between experimeqta] quantities
and the map. Effects of additive noise® and the obéervation of an
intermittency route to chaos® can also be understood by theoretical

models using Eq. (1). However, higher-dimensional effects,

which should vanish as R + =, are observable for finite resistance:

Y,
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(1) The system shows hysteresis in the perjod-three window (see below).
(2) The Poincaré section, or attractor diagram, shows a Henon-like
structure,lovcheracteristic’of a two-dimensional system (see below). (3)
The return map shows a quadratic maximum with some folding.® We believe
the system is well characterized and interesting for the experimental
study of crises.. Some novel resu1ts:are presented below.

Crises following the period-three window. The bifurcation diagram

of Fig. 1 plots the iterated value {x.} vs x, computed from Eq. (1); it

shows a period-doubling cascade and onset of the chaotic regime for
A:> Ac- Greborgi et al. show that a crisis occurs at points near C, Fig. 1,
where the period-three unstab]e orbits intersect the three-band chaotic

attractor. Figure 2 is an osc11logram of the upper part of a b1furcatwon

-diagram (generated from the diode vo1tage V by a scanning window .
- comparator) as the driving voltage Vo is ‘increased through the value V3 ’

- for the onset of the window at point A, to the value V*3 at point B,

where the crisfs occurs: 'V, suddenly takes on a set of values (white

. dots) between the semi-periodic bands shown. It cen»be seen that point B

~1s also the conjunction of two "yeils", i.e., high iterates of the critical

point of the map. We note the close resemb]ance between our ekperiment,

Fig. 2, -and the computed behavior (Ref. 3, Fig. 2), including the veils.

eFigqre_3 is an oscillogram of the diode current I(t) vs Vc(t) with the

osci]]bscope intensity strobed by short pulses at period T, synchronous

~with V (t). If we make the correspondehces'I(t)++d, v (t)**q, tﬁen this

figure is a real- t1me Poincare section in- the phase space (d,'q) of the system.

Figure 3(a), for V3 < V < V*3, shows a three band chaot1c attractor;



in Fig. 3(b), for V0 = Vi3, the crisis occurs: the attractor suddenly
becomes a one-band attractor, with increased transverse width. The
thresho]d voltage Vo for this was observed to be exactly the same as for
point B, Fig. 2. The shape of the attractor is found to be Henon-like,!?
except for the vertical section at small values of VC where the diode %
voltage is clamped under forward conduction. |

Hysteresis erisis of period-three window. The hysteresis at point A
in Fig. 2 is shown under high resolution.in Fig. 4(a) for Vo.decreasing,
and in Fig. 4(b) for VO increasing. A hysteresis is clearly displayed in
the composite drawing, Fig. 4(c). We note the paraboi;c sﬁgée'df the
(stable) periodic attractor in Fig. 4(a), which is redrawn in Fig. 4(c),
together with the associated unstable orbit (dashed line). We explain the
hysteresis crises by the intersection of this unstable period-three orbit
with the chaotic atfractor. We note the veils in Fig. 4 do not show

hysteresis, nor is it expected. Although hysteresis does not occur far

Eq. (1), it is predicted by Huberman and Crutchfield!! in an integration

of the second order differentia] equation of a driven nonlinear oscillator.
It is also predicted by G_ibson12 for the Henon map. Fiéure 5 is‘an oscillo-
gram of the attractor diagram obéerved under the conditions of Fig 4.

The three dots are stéb]e period-three fixed point attractors for V0 >-V3.
As Vd is reduced belo& window threshold, the attractor jumps discontinuously
to the Henon-like solid lines, which do not 1ie on the fixed points but
extrapolate to them. This jump in size and shape of the attractor is an -

interior crisis.3
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-Cnisis.aﬁ 4 + 2 band merging. Figure 1 shows unstable period-two
orbits intersecting the chaotic attractor at points near A and B,.where
there is 4 - 2 band merging. Tﬁis should give rise to a ckisis, although,
like hysteresis, it does not seem to be predicted by the logistic map;
However, the observed attractor diagfam, Fig. 6, clearly shows a sudden
change as Vo.*'vom? the voltage at band merging. Figure 6(a) for Vo < Vom
shows a four-band chaotic attractor imbedded in the fixed points of a
period-24 window. ﬁigures 6(b) and (c), as V0 is increased, show a trans-
verse expansion of the attractor near band merge. In Fig. 6(d), Yo = Vome
4 bands ~ 2 bands, and there is a crisis: observation of the oscilloscope
in real time shows avfountain-11ke transverse motion along the VC axis of
éuccessive crossings of the orbit through the Poincaré section. We believe
this to be an interior crisis of the attractor.

To summarize, directly from bifurcation and attractor diagrams for a

real physical system in chaos, we present novel results for three cases of

an interior crisis of the strange attractor: a sudden and discontinuous

change as .defined by Greborgi et al.® We also have experimental evidence
for crises arising from two attractors with separate basins of attraction.lé’
Qur experiments support the conjecture of Greborgi et gql. that these

crises arise from the intersection of a coexisting unstable orbit with

the chaotic attractor.

We thank E. Knobloch, R. Shaw, J. Crufchfie1d, E. 0tt, and G. Gibson

for informative discussions and suggestions. This work was Supported by

the Director, Office of Energy Research, Office of Basic Energy Sciences,

' vMatér1a1s Sciences Division of the U.S. Department of Energy under

Contract Number DE-ACO3-76SFQ0098.
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Figure Captions

Fig. 1.
Fig. 2.
Fig. 3.
Fig. 4

The attractor {xn} vs A computed from Eq. (1), showing onset of
chaos at Aes period-5 and period-3 windows. A crisis occurs at
points near C (Ref. 3), and also at points near A and B where

an unstable orbit (dashed 1ine) intersects the chaotic attractor.

Upper section df bifurcation diagram observed for nonlinear
oscillator. At point A the driving voltage Vo = V3 has the
threshold value for the period-three window. At point B,

Vo = V*3 and a crisis of the attractorvoccurs (cf. Ref. 3,

Fig. 2). |

Oscillogram of attractor diagram (Poincaré section) observed for
nonlinear oscillator. (a) Vg < Vo < V*3, showing three-band
attractor. (b) V, = Vi3, showing onset of crisis: sudden_;hange

to_one-band'attractor.

Reverséd oscillogram ofvbifurcation diagram observed for non-
linear osci]1étor at period-three window. (a) With driving
voltage V0 decfeasing;‘igéke is a sudden jump down at Vo-= A.
(b) With Vo increasing;vthere is a sudden jump up at V0 = B,
(c) Scale drawing overlay of envelopes of (a) and (b) together
with an unstable orbit (déshed line) intersecting the chaotic
attractor - thisvgives rise to the hysteresis. Experimenta1'
values are A = 3.1054 volts rms and B = 3.1469 volts rms for

the system used.



Fig. 5.

Reversed oscillogram of two attractor diagrams observed for non-
Tinear oscillator at period-three window: three dots, for

Vo > V3, stable fixed point attractors; solid line, fpr V0 < V3,

in the chaotic region. For VO = V3 the system jumps discontinuously

between the two diagrams in a hysteresis crisis.

Oscillograms of attractor diagrams observed for nonlinear oscillator

as Vo *'Vom for 4 > 2 tand merge. (a) Vo < Vom‘ (b) V. <V

0 om’

(e) V.2V . (d) Vo =V _ , acrisis (transverse explosion)

0o " om
of the attractor occurs.

om
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