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PHYSICAL REVIEW D, VOLUME 61, 075005
Focus points and naturalness in supersymmetry

Jonathan L. Feng,1 Konstantin T. Matchev,2 and Takeo Moroi1
1School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540

2Theoretical Physics Department, Fermi National Accelerator Laboratory, Batavia, Illinois 60510
~Received 20 September 1999; published 6 March 2000!

We analyze focus points in supersymmetric theories, where a parameter’s renormalization group trajectories
meet for a family of ultraviolet boundary conditions. We show that in a class of models including minimal
supergravity, the up-type Higgs mass parameter has a focus point at the weak scale, where its value is highly
insensitive to the universal scalar mass. As a result, scalar masses as large as 2 to 3 TeV are consistent with
naturalness, andall squarks, sleptons and heavy Higgs scalars may be beyond the discovery reaches of the
CERN Large Hadron Collider and proposed linear colliders. Gaugino and Higgsino masses are, however, still
constrained to be near the weak scale. The focus point behavior is remarkably robust, holding for both
moderate and large tanb, any weak scale gaugino masses andA parameters, variations in the top quark mass
within experimental bounds, and for large variations in the boundary condition scale.

PACS number~s!: 11.10.Hi, 11.30.Pb, 12.60.Jv, 14.80.Ly
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I. INTRODUCTION

An understanding of electroweak symmetry breaking
currently one of the most important objectives in high ene
particle physics. Renormalizability requires that electrowe
symmetry be spontaneously broken; in the minimal stand
model, this is realized by the condensation of the elemen
Higgs field. In such a theory, however, the squared Hig
boson mass receives quadratically divergent radiative cor
tions. The Higgs boson mass, and with it the weak scale
therefore expected to be of order the cutoff scale, which
typically identified with the grand unified theory~GUT! or
Planck scale. The fact that the weak scale is much sma
than the cutoff scale requires a large fine-tuning and is th
fore considered unnatural in the minimal standard model@1#.

Supersymmetry removes quadratic divergences and th
fore provides a framework for naturally explaining the s
bility of the weak scale with respect to radiative correctio
@2#. However, the requirement of naturalness constrains
persymmetric models, as, in these models, the weak sca
generated when electroweak symmetry breaking is indu
by ~negative! squared mass parameters for the Higgs scal
The weak scale is therefore related to these supersymm
breaking parameters. It is hoped that an understanding o
mechanism of supersymmetry breaking will shed light on
origin of the weak scale. Even without this knowledg
though, it is clear that naturalness in supersymmetric theo
requires that the supersymmetry breaking parameters in
Higgs potential be not too far above the weak scale.

As naturalness impliesupper bounds on supersymmetr
breaking parameters and superpartner masses, its imp
tions are obviously of great importance for supersymme
searches. These implications depend on the assumed s
ture of supersymmetry breaking. With respect to the sc
masses, broadly speaking, three possibilities exist. In
first, all supersymmetry breaking scalar mass parameters
roughly of the same order; for example, they may be of
same order when generated at some high scale and the
main of the same order when evolved through renormal
tion group ~RG! equations to the weak scale. Naturalne
0556-2821/2000/61~7!/075005~14!/$15.00 61 0750
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then demands that scalar Higgs boson, squark, and sle
masses all be near the weak scale. Such light particles
within the discovery reach of the CERN Large Hadron C
lider ~LHC! and future lepton colliders.

Another possibility is that a hierarchy exists between
various scalar masses. This hierarchy may be present a
scale at which supersymmetry breaking parameters are
erated@3# or may be generated dynamically through RG ev
lution @4#. In either case, one finds that naturalness bou
on the first and second generation squarks and sleptons
much weaker than those for the third generation@5#. First
and second generation sfermions may then be much hea
than 1 TeV and far beyond the reach of near future collide
However, top and bottom squarks, for example, are still c
strained to have masses of order the weak scale, and sh
be discovered by the CERN LHC.

A third possibility, however, is that the RG trajectories
the Higgs mass parameters may meet at a ‘‘focus poi
@6,7#, where their values are independent of their ultravio
boundary values.1 If this focus point is near the weak scal
the Higgs potential at the weak scale may be insensitive
the ultraviolet values of certain supersymmetry breaking
rameters, including the scalar masses. In this case, nat
ness, while constraining~unphysical! Higgs mass param
eters, may lead to very weak upper bounds on the squ
slepton, and heavy Higgs boson masses, and these sc
may all be beyond the reach of near future colliders.

The last possibility is the subject of this study. We w
show that it is realized in a class of models that includ
minimal supergravity. Minimal supergravity is at prese
probably the single most widely-studied framework f
evaluating the potential of new experiments to probe phys
beyond the standard model. We therefore concentrate on
model and explore the implications of focus points in min

1Focus points are not be confused with the well-known pheno
ena of fixed and quasi-fixed points@8#. As we will see, when RG
trajectories have a focus point behavior, they do not asymptotic
approach a limit curve, but rather meet and then disperse.
©2000 The American Physical Society05-1
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mal supergravity for naturalness and the superpartner s
trum.

The organization of this paper is as follows. In Sec. II, w
analyze the focus point behavior of the RG evolution of
persymmetry breaking parameters. In Sec. III, we discuss
implications of the up-type Higgs focus point for naturalne
in minimal supergravity. In particular, we will see that mul
TeV scalar masses are consistent with naturalness. The
plications of these results for superpartner searches are
sidered in Sec. IV. Finally, we conclude in Sec. V with
summary of our results and some philosophical comme
concerning the concept of naturalness.

II. FOCUS POINTS

In this section, we explore the phenomenon of foc
points in the RG evolution of supersymmetry breaking p
rameters. We will see that, in certain circumstances, the
persymmetry breaking up-type Higgs mass parameter
such a focus point at the weak scale, where it becomes
sensitive to its boundary value at the high scale~for example,
the GUT scale!. Since the supersymmetry breaking mas
for the Higgses are related to the weak scale, this fact
implications for naturalness, as we will discuss in Sec. II

We start by considering the RG behavior of supersymm
try breaking scalar masses. Denoting the mass of thei -th
scalar field bymi , the one-loop RG evolution of scala
masses is given schematically2 by the inhomogeneous equa
tions

dmi
2

d ln Q
;

1

16p2 F2ga
2Ma

21(
j

y j
2mj

21(
j

y j
2Aj

2G , ~1!

wherega andyj are gauge and Yukawa coupling constan
respectively,Q is the renormalization scale, and the summ
tion is over all chiral superfields coupled to thei -th chiral
superfield through Yukawa interactions. The gaugino mas
Ma and supersymmetry breaking trilinear scalar couplin
Aj have RG equations

dMa

d ln Q
;

1

16p2
ga

2Ma , ~2!

dAi

d ln Q
;

1

16p2 Fga
2Ma1(

j
y j

2Aj G . ~3!

As one can see, the evolution of themi
2 parameters de

pends on the gaugino masses andA parameters, as well as o
the scalar masses themselves. On the other hand, the ga
masses andA parameters evolve independently of the sca
masses.3 This structure implies that, ifmi

2up is a particular

2In Eqs.~1!–~3! and~5!, we neglect positiveO(1) coefficients for
each term.

3Note that this implies that if a hierarchyMa ,Aj!mi is generated
at some high scale, for example, by an approximateR-symmetry, it
will not be destabilized by RG evolution.
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solution to Eq.~1! with fixed values of the gaugino masse
andA parameters, then for arbitrary constantj,

mi
2~Q!5mi

2up~Q!1jD i
2~Q! ~4!

is also a solution if theD i
2 obey the following linear and

homogeneous equation:

dD i
2

d ln Q
;

1

16p2 (
j

y j
2D j

2 . ~5!

The evolution of theD i
2 depends only on theD i

2 , and theD i
2

are themselves solutions to the RG equations in the li
Ma ,Aj→0.

With a given boundary condition,D i
2 may vanish for

somei at some renormalization scaleQF
( i ) . At this scale,mi

2

is given bymi
2up irrespective ofj, and the family of bound-

ary conditions parametrized bymi
2(Q0)5mi

2up(Q0)
1jD i

2(Q0), with variousj, all yield the same value ofmi
2 at

the scaleQF
( i ) . ~Here, Q0 is the scale where the bounda

condition is given.! We call QF
( i ) the focus point scale o

‘‘focus point’’ for mi
2 . For largej, mi

2(Q0)@mi
2up(Q0), and

if Ma
2(Q0),A2(Q0);mi

2up(Q0), a large hierarchymi
2(Q0)

@mi
2(QF

( i )) is generated.
This concludes our general discussion of focus points.

now consider the existence of focus points in the minim
supersymmetric standard model. Before showing the res
of detailed numerical calculations, we first analyze the foc
point behavior by using one-loop RG equations. In the mi
mal supersymmetric standard model, the possibly la
Yukawa couplings are those for the third generation qua
yt andyb .4 The system of RG equations for theD i

2 is then

d

d ln Q 3
DHu

2

DU3

2

DQ3

2

DD3

2

DHd

2
4 5

yt
2

8p2F 3 3 3 0 0

2 2 2 0 0

1 1 1 0 0

0 0 0 0 0

0 0 0 0 0

G 3
DHu

2

DU3

2

DQ3

2

DD3

2

DHd

2
4

1
yb

2

8p2F 0 0 0 0 0

0 0 0 0 0

0 0 1 1 1

0 0 2 2 2

0 0 3 3 3

G 3
DHu

2

DU3

2

DQ3

2

DD3

2

DHd

2
4 ,

~6!

4For large tanb, the t Yukawa couplingyt may be sizable, too.
Here, for our simplified discussion, we neglectyt , although its
effects are included in our numerical calculations.
5-2
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FOCUS POINTS AND NATURALNESS IN SUPERSYMMETRY PHYSICAL REVIEW D61 075005
whereQ3 , U3, andD3 represent the third generation SU~2!L
doublet, singlet up-type, and singlet down-type squarks,
Hu andHd are the up- and down-type Higgs bosons, resp
tively. All other D i

2’s are not coupled to large Yukawa cou
pling constants and hence are~almost! scale independent.

To find the focus point, it is simplest to begin by consi
ering small or moderate values of tanb, for which yb is
negligible. In this case,DD3

2 and DHd

2 remain constant, bu

the RG equations forDHu

2 , DU3

2 , andDQ3

2 are solved by

F DHu

2 ~Q!

DU3

2 ~Q!

DQ3

2 ~Q!
G5k6F 3

2

1
G e6I (Q)1k0F 1

0

21
G1k08F 0

1

21
G ,

~7!

where

I ~Q![E
ln Q0

ln Q yt
2~Q8!

8p2
d ln Q8. ~8!

Thek ’s are constants determined by the boundary conditi
at the scaleQ0 and are independent of the renormalizati
scaleQ. For givenk ’s, the focus point formHu

2 is given by

3k6e6I (Q
F

(Hu)
)1k050. ~9!

For large tanb, we cannot neglectyb , and the above
arguments do not apply. For a general large tanb, the evo-
lution of the parameters is complicated and will be stud
numerically below. However, for the specific case tanb
.mt /mb , we can assumeyb5yt and follow an analysis
similar to the one above.5 In this case, theD i

2’s evolve ac-
cording to

3
DHu

2 ~Q!

DU3

2 ~Q!

DQ3

2 ~Q!

DD3

2 ~Q!

DHd

2 ~Q!

4 5k7F 3

2

2

2

3

G e7I (Q)1k5F 3

2

0

22

23

G e5I (Q)1k0F 1

21

0

0

0

G
1k08F 0

1

21

1

0

G1k09F 0

0

0

21

1

G . ~10!

5In fact, yt andyb , even if initially identical, will be slightly split
in their RG evolution byyt and the U~1!Y gauge interaction. In this
discussion, we neglect this difference. This approximation is ju
fied by the numerical calculations to follow.
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The focus point formHu

2 is then given by

3k7e7I (Q
F

(Hu)
)13k5e5I (Q

F

(Hu)
)1k050. ~11!

The actual focus point depends on the boundary con
tion. Here, we first consider the well-studied case of minim
supergravity. In this framework, the supersymmetric L
grangian is specified by five new fundamental paramet
the universal scalar massm0, the unified gaugino massM1/2,
the supersymmetric Higgs massm0, the universal trilinear
coupling A0, and the bilinear Higgs scalar couplingB0.
These parameters are given at the GUT scaleMGUT, which,
in our analysis, is defined as the scale where the SU~2!L and
U~1!Y gauge couplings meet.~Numerically, MGUT.2
31016 GeV.) All the supersymmetry breaking scalar mass
are universal atMGUT, and we may take6

mi
2up~MGUT!50, ~12!

jD i
2~MGUT!5m0

2 . ~13!

With these boundary conditions, the coefficientsk are

~k6 ,k0 ,k08!5m0
2S 1

2
,2

1

2
,0D , yb!yt , ~14!

~k7 ,k5 ,k0 ,k08 ,k09!5m0
2S 3

7
,0,2

2

7
,2

1

7
,2

2

7D , yb5yt ,

~15!

and the focus point scale is determined by

e6I (Q)51/3, for yb!yt , ~16!

e7I (Q)52/9, for yb5yt . ~17!

Note that theI (Q) in Eqs.~16! and~17! are not identical, as
yt runs differently for small and large tanb.

Equations~16! and~17! determine the focus point scale i
terms of the gauge couplings and the top quark Yuka
coupling, or equivalently, the top quark mass. Remarkab
for the physical gauge couplings and top quark massmt
'174 GeV, both conditions yield focus points that are ve
close to the weak scale. Thus, in minimal supergravity,
weak scale value ofmHu

2 is highly insensitive to the universa

scalar massm0.
We now show numerically that the focus point is near t

weak scale formt'174 GeV.~For an analytical discussion
see the Appendix.! To study the focus point more carefully
we have evolved the supersymmetry breaking parame
with the full two-loop RG equations@9#. The one-loop
threshold corrections from supersymmetric particles to
gauge and Yukawa coupling constants are also inclu
@10,11#. We take as inputsaem

215137.0359895, GF

51.1663931025, as(mZ)50.117, mZ591.187 GeV,

i- 6We choosemi
2up(MGUT)50 so thatmi

2up is independent ofm0

and is alwaysO(M1/2
2 ) @or O(A0

2)] or smaller.
5-3
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mt
DR(mZ)51.7463 GeV, bottom quark pole massmb

54.9 GeV, and, unless otherwise noted, top quark pole m
mt5174 GeV.

The scale dependence ofmHu

2 for various values ofm0 in

minimal supergravity is shown in Fig. 1. To high accurac
all of the RG trajectories meet atQ;O(100 GeV). In fact,
in this case, the weak value ofmHu

2 is determined by the

other fundamental parametersM1/2 and A0, and hence at
least one of these parameters is required to beO(100 GeV).

In Fig. 1, two values of tanb were presented. In Fig. 2
we show the focus point scale ofmHu

2 as a function of tanb.

The focus point is defined here as the scale wh
]mHu

2 /]m050. As noted above, we have included the lo

energy threshold corrections to the gauge and Yukawa c

FIG. 1. The RG evolution ofmHu

2 for ~a! tanb510 and ~b!

tanb550, several values ofm0 ~shown, in GeV!, M1/2

5300 GeV, A050, andmt5174 GeV. For both values of tanb,
mHu

2 exhibits an RG focus point near the weak scale, whereQF
(Hu)

;O(100 GeV), irrespective ofm0.

FIG. 2. The focus point renormalization scaleQF
(Hu) as a func-

tion of tanb for m05500, 1000, and 1500 GeV~from above!,
M1/25300 GeV,A050, andmt5174 GeV. The focus point scal
is defined as the scale at which]mHu

2 /]m050.
07500
ss

,

e

u-

pling constants, which depend on the soft supersymm
breaking parameters. As a result, the RG trajectories do
all meet at one scale, and the focus point given in Fig. 2
a slight dependence onm0. For small values of tanb, say,
tanb;223, the focus point is at very large scales. Ho
ever, the important point is that, for all values of tanb*5,
including both moderate values of tanb and large values
where yb and yt are not negligible,QF

(Hu)
;O(100 GeV),

and the weak scale value ofmHu

2 is insensitive tom0.

So far, we have considered only the case of a unive
scalar mass. However, themHu

2 focus point remains at the

weak scale for a much wider class of boundary conditio
For example, for small tanb, Eq. ~7! shows that the param
eterk08 does not affect the evolution ofmHu

2 . As a result, the

focus point ofmHu

2 does not change even if we varyk08 , and

the weak scale focus point is realized with any bound
condition of the form

~mHu

2 ,mU3

2 ,mQ3

2 !}~1,11x,12x!, ~18!

with x an arbitrary constant. Similarly, for the case ofyb
5yt , the possible variation is

~mHu

2 ,mU3

2 ,mQ3

2 ,mD3

2 ,mHd

2 !}~1,11x,12x,11x2x8,11x8!,

~19!

with both x andx8 arbitrary.
Another possible modification of the boundary conditio

may be seen by viewing themi
2up(Q0) as perturbations.

Since it was never necessary to specify the particular s
tion in the general focus point analysis, we may consi
arbitrary mi

2up(Q0) without changing the focus point scale
The only constraint onmi

2up is from naturalness. As will be
discussed in the next section,mHu

2 is required to be

O„(100 GeV)2… at the weak scale for natural electrowe
symmetry breaking. As a result,mHu

2 up , mU3

2 up , and mQ3

2 up

~and alsomHd

2 up andmD3

2 up for large tanb) are required to be

of the order of the weak scale. Therefore, deviations from
boundary conditions of Eqs.~18! and ~19! of order dm2

;O„(100 GeV)2… are acceptable and do not lead to fin
tuning problems. Similar arguments show that deviatio
Ma ,Aj;O(100 GeV) are allowed. In particular, the focu
point is independent of gaugino mass orA parameter univer-
sality, and may therefore be found in many other fram
works. For example, focus points also exist in anoma
mediated supersymmetry breaking models with additio
universal scalar masses@6#.

Before closing this section, we discuss another way
formulating the focus point, which was originally used
Ref. @12# for the specific case of minimal supergravity. B
dimensional analysis, the evolution ofmHu

2 may be param-

etrized as

mHu

2 ~Q!5hm
0
2~Q!m0

21hM
1/2
2 ~Q!M1/2

2 1hM1/2A0
~Q!M1/2A0

1hA
0
2~Q!A0

2 , ~20!
5-4
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where the coefficientsh are determined by the~dimension-
less! gauge and Yukawa coupling constants, and are in
pendent of the~dimensionful! supersymmetry breaking pa
rameters. In this formulation, the focus point is given by t
scale wherehm

0
250, since at that scale, the value ofmHu

2 is

insensitive tom0.7 Based on this observation, it was noted
Ref. @12# that, for minimal supergravity, and neglectingyb ,
hm

0
250 at the weak scale, and the weak scale becomes

insensitive to the universal scalar massm0, for mt.160
2170 GeV. As may be seen from the general analysis
focus points above, however, this conclusion holds m
more generally: it is valid even whenyb is not negligible,
holds for the more general boundary conditions given in E
~18! and ~19!, and is independent of all other scalar mass
In addition, as noted above and as is evident from Eq.~20!,
the conclusion is valid also for non-universal gaugino mas
and A parameters, as long as they are not too much la
than the weak scale.

III. NATURALNESS

In the previous section, we saw that the weak scale va
of mHu

2 is highly insensitive to the high scale scalar ma

boundary conditions in a class of models that includes m
mal supergravity. This fact has important implications for t
naturalness of the gauge hierarchy, sincemHu

2 determines, to

a large extent, the shape of the Higgs potential.
In minimal supergravity,mHu

2 and other sfermion masse

have the same origin, the universal scalar massm0, and it
has typically been believed that naturalness constraints
mHu

2 also give similar bounds on the sfermion masses. S

beliefs have led to great optimism in the search for sca
superpartners at future colliders in the framework of minim
supergravity@13#. However, as we have seen, the relati
betweenmHu

2 and other sfermion masses is not as trivial

typically assumed. In the following, we therefore reconsid
the naturalness bounds on the sfermion masses in the m
mal supergravity model.

To begin, it is instructive to start with the tree-level e
pression for the weak scale. TheZ boson mass is determine
by minimizing the tree-level Higgs potential to be

1

2
mZ

25
mHd

2 2mHu

2 tan2b

tan2b21
2m2. ~21!

For all tanb, mHu

2 @mZ
2 is disfavored by the naturalness cr

terion, as in that case, a large cancellation betweenmHu

2 and

m2 is needed to arrive at the physical value of the we

7Notice that in this formulation, it is clear that all RG trajectori
meet at a focus point to all orders in the RG equations. Of course
noted above, threshold effects smear out the focus point slightl
see Fig. 2.
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scale. For moderate and large values of tanb, however,
mHd

2 @mZ
2 does not necessarily lead to fine-tuning.

For more detailed discussions of naturalness, it is con
nient to define a quantitative measure of fine-tuning@12,14–
17#. Following previous work, we use the sensitivity of th
weak scale~i.e., mZ) to fractional variations in the funda
mental parameters as such a measure.

In any discussion of naturalness, several subjec
choices must be made. The choice of supersymmetry br
ing framework is crucial. For example, in GUT models, t
gaugino masses are all governed by one parameter, whe
in general, all three gaugino masses may be varied inde
dently, and the sensitivity of the weak scale to each of th
must be considered. In the following, we will specialize
minimal supergravity. As noted previously, minimal supe
gravity introduces five new fundamental parameters:m0 ,
M1/2, m0 , A0, andB0. All quantities at the weak scale ar
fixed by these parameters. In particular, the vacuum exp
tation values of the Higgs bosons depend on these quant
Therefore, some combination of them is constrained to yi
the correctZ boson mass.@At tree level, this constraint is tha
of Eq. ~21!. At one-loop, the Higgs boson mass paramet
are shifted by the corresponding tadpole contributions@18#,
as will be discussed below.# From the low energy point of
view, it is therefore more convenient to consider tanb and
sign(m) as free parameters, instead ofm0 andB0.

We adopt the following procedure to calculate the mag
tude of fine-tuning at all physically viable parameter poin

~i! We consider the minimal supergravity framework wi
its 411 input parameters

$Pinput%5$m0 ,M1/2,A0 ,tanb,sign~m!%. ~22!

Any point in the parameter space of minimal supergravity
specified by these parameters.

~ii ! The naturalness of each point is then calculated
first determining all the parameters of the theory~Yukawa
couplings, soft supersymmetry breaking masses, etc.!, con-
sistent with low energy constraints. RG equations are use
relate high and low energy boundary conditions. In partic
lar, using the relevant radiative breaking condition,um0u and
B0 are determined consistent with the low energy co
straints.

~iii ! We choose to consider the following set of~GUT
scale! parameters to be free, continuously valued, indep
dent, and fundamental:

$ai%5$m0 ,M1/2,m0 ,A0 ,B0%. ~23!

~iv! All observables, including theZ boson mass, are the
reinterpreted as functions of the fundamental parametersai ,
and the sensitivity of the weak scale to small fractional var
tions in these parameters is measured by the sensitivity
efficients

ca[U] ln mZ
2U, ~24!

as
] ln a

5-5
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FENG, MATCHEV, AND MOROI PHYSICAL REVIEW D61 075005
where all other fundamental~not input! parameters are hel
fixed in the partial derivative.8

~v! Finally, we form the fine-tuning parameter

c[max$cm0
,cM1/2

,cm0
,cA0

,cB0
%, ~25!

which is taken as a measure of the naturalness of p
$Pinput%, with largec corresponding to large fine-tuning.

Among the choices made in the prescription above,
choice of fundamental parametersai is of particular impor-
tance. This choice varies throughout the literature@12,14–
17#. Since we are interested in the naturalness of the su
symmetric solution to the gauge hierarchy problem, we fi
it most reasonable to include only supersymmetry break

8The sensitivity ofv25vu
21vd

2 , wherevu andvd are the vacuum
expectation values of the up- and down-type Higgs scalars, res
tively, may be a more accurate choice, especially if variations of
gauge coupling constants are considered. In this paper, howeve
follow the literature and define sensitivity coefficients as in E
~24!.

FIG. 3. Contours of constant sensitivity parametercm0
in the

(m0 ,M1/2) plane for ~a! tanb510 and~b! tanb550, A050, m
.0, and mt5174 GeV. The bottom and right shaded region
excluded by the chargino mass limit of 90 GeV. The top left reg
is also excluded if a neutral LSP is required.

FIG. 4. As in Fig. 3, but for the sensitivity parametercM1/2
.

07500
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e

r-
d
g

parameters~andm, as its origin is likely to be tied to super
symmetry breaking! and not standard model paramete
such asyt or the strong coupling. We will return to this issu
in Sec. V.

Given the prescription for defining fine-tuning describ
above, we may now present the numerical results. In m
mizing the Higgs potential, we use the one-loop correc
Higgs potential, calculated with parameters evaluated w
two-loop RG equations. Denoting the physical stop mas
by mt̃ 1

andmt̃ 2
, we choose to minimize the potential at th

scale

Qt̃5~mt̃ 1
mt̃ 2

!1/2, ~26!

where the one-loop corrections to the Higgs potential tend
be smallest@15#. In terms of the fundamental paramete
Qt̃.0.5(m0

214M1/2
2 )1/2.

In Figs. 3–5, we give contours of constantcm0
, cM1/2

, and

cm0
in the (m0 ,M1/2) plane for tanb510 and 50.~The pa-

rameterscA0
and cB0

are typically negligible relative to
these, and are so for the parameter ranges displayed.!

Several features of these figures are noteworthy. First
is evident from Fig. 3, the fine-tuning coefficientcm0

is small

even for scalar masses as large asm0;2TeV. This is a con-
sequence of the focus point behavior ofmHu

2 : for moderate

and large tanb, mHu

2 is insensitive tom0, and, therefore, so

is mZ
2 . The deviation ofcm0

from zero for very largem0 is a
consequence of the fact that the focus point does not c
cide exactly with the electroweak scale, or, more precise
with Qt̃ . We will explain this statement in more detail be
low.

On the other hand, large gaugino masses lead to largemHu

2

through RG evolution, and hencecM1/2
increases asM1/2

increases, as shown in Fig. 4. Multi-TeV values ofM1/2 are
therefore inconsistent with naturalness.

The behavior ofcm0
, presented in Fig. 5, is also interes

ing. Sincem}m0, Eq. ~21! implies cm0
'4m2/mZ

2 . In par-

ticular, cm0
is small in the region bordering the exclude

right-hand region, as therem is suppressed by a cancellatio

c-
e
we
.

FIG. 5. As in Fig. 3, but for the sensitivity parametercm0
.
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FOCUS POINTS AND NATURALNESS IN SUPERSYMMETRY PHYSICAL REVIEW D61 075005
between thehm
0
2 and hM

1/2
2 terms in Eq.~20!. However, in

this region,cm0
and cM1/2

are large and this region is fine

tuned; the simple criterion of requiring lowm for naturalness
@19# fails here.

In Fig. 6, we show the overall fine-tuning parameterc, the
maximum ofca , in the (m0 ,M1/2) plane. The fine-tuningc is
determined bycm0

, cM1/2
, andcm0

. For smallm0 , cm0
is the

largest. Asm0 increases, however,cM1/2
becomes dominant

and c is therefore almost independent ofm0 in this region.
Finally, for extremely largem0 , cm0

becomes important

@For large tanb, largem0 is excluded by the chargino mas
limit before cm0

becomes dominant. As a result, we do n

see thecm0
segment in Fig. 6~b!.# Note that, for fixedM1/2 in

Fig. 6, values ofm0*1TeV are actuallymore natural than
small m0: for largem0, the parameterm, and thereforecm0

,

is reduced. Of course, eventually asm0 increases to ex-
tremely large values, eitherm becomes so small that th
chargino mass bound is violated orcm0

becomes large, and

so very largem0 is either excluded or disfavored.
As one can see, regions of parameter space withm0;2

23 TeV are as natural as regions withm0&1 TeV. As will
be discussed more fully in Sec. IV, in the region of para
eter space withm0;223 TeV, all squarks and slepton
have multi-TeV masses, and discovery of these scalars
be extremely challenging at near future colliders. On
other hand, the gaugino massM1/2 cannot be multi-TeV
since it generates unnaturally largemHu

2 . Although the focus

point mechanism allows multi-TeV scalars consistent w
naturalness, the same conclusion does not apply to gaug
and Higgsinos.

As discussed in Sec. III, we expect also that theA param-
eters should be bounded by naturalness to be near the
scale. In Fig. 7, we present contours of constantc in the
(m0 ,A0) plane. As expected, largeA terms lead to large
mHu

2 , andA0 is also required to beO(100 GeV). In Fig. 7,

for increasingm0 , c is determined successively bycm0
, cA0

andcm0
. @The cm0

segments are missing for theA0.0 con-
tours in Fig. 7~b!.#

The dependence of the fine-tuning parameterc on tanb is

FIG. 6. As in Fig. 3, but for the fine-tuning parameterc.
07500
t
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illustrated in Fig. 8. From this figure, for a given tanb and
maximal allowedc, we can determine the upper bound o
m0. The exact range ofc required for a natural model is, o
course, subjective. However, taking as an example the
quirementc<50, corresponding tom&300 GeV at param-
eter points wherec5cm0

, we find m0&2 TeV for tanb

510.

FIG. 7. Contours of constant fine-tuningc in the (m0 ,A0) plane
for ~a! tanb510 and~b! tanb550, M1/25300 GeV, m.0, and
mt5174 GeV. The shaded regions in the upper and lower left c
ners are excluded by top squark mass bounds. The shaded regi
the right is excluded by the chargino mass limit, while the region
the lower right corner of panel~b! is excluded by Higgs boson
searches, in particular, searches for theCP-odd Higgs boson. The
thin strip on the left in panel~a! is excluded if a neutral lightes
supersymmetric particle~LSP! is required.

FIG. 8. Contours of constant fine-tuningc in the (m0 ,tanb)
plane forM1/25300 GeV,A050, m.0, andmt5174 GeV. The
thin shaded strip on the bottom is excluded by the requirement
yt remain perturbative up to the GUT scale@yt(MGUT),3.5#. The
region in the lower left corner is excluded by the CERNe1e2

collider LEP Higgs boson mass limitmh.95 GeV, the region in
the upper right corner is excluded by chargino searches, and
region at very large tanb on the top is again ruled out by Higg
boson searches, as theCP-odd Higgs boson becomes too ligh
Finally, the upper left region is also excluded if a neutral LSP
required.
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FENG, MATCHEV, AND MOROI PHYSICAL REVIEW D61 075005
So far, we have assumedmt5174 GeV in our calcula-
tions. However, given the experimentally allowed rangemt
5173.865.2 GeV@20#, we now consider the top quark ma
dependence of the naturalness constraint onm0. This can be
understood only after accounting for the one-loop correcti
to the Higgs effective potential.9 At one-loop, the relation
betweenmZ and the Higgs mass parameters, Eq.~21!, is
modified to@11,18#

1

2
mZ

25
~mHd

2 2Td /vd!2~mHu

2 2Tu /vu!tan2b

tan2b21
2m2

2RePZZ
T ~MZ!

.2mHu

2 1Tu /vu2m2,

for tanb@1, ~27!

whereTu andTd are the tadpole contributions to the effe
tive potential andPZZ

T (p), the transverse part of theZ boson
self-energy, is negligible. In minimal supergravity, the dom
nant terms inTu and Td are from third generation squar
loops and have the generic form

Tu,d

vu,d
;

3yt,b
2

16p2
mt̃ ,b̃

2 F1

2
2 lnS mt̃ ,b̃

Q D G . ~28!

Using Eqs.~27!, ~20! and ~28!, we find

1

2
mZ

2

.2$hm
0
2~Q!m0

21•••%1
3yt

2

16p2 mt̃
2F1

2
2 lnS mt̃

Q D G1•••2m2

[2@hm
0
2~Q!1hm

0
28 ~Q!#m0

22m21•••, ~29!

wherehm
0
28 (Q) encodes the dependence onm0 arising at one-

loop through the tadpole.
Recall that the focus pointQF

(Hu) is defined by

hm
0
2~Q5QF

(Hu)
!50, ~30!

while empirically we find

hm
0
28 ~Q5Qt̃ !'0, ~31!

which may also be understood to a good approximation fr
Eq. ~29!. We have already seen from Fig. 2 that formt

5174 GeV, QF
(Hu)

;O(100 GeV), well below the typica
stop mass scaleQt̃ . The sensitivity ofmHu

2 to m0 may then

9In fact, the sensitivity coefficientcm0
can only be reliably calcu-

lated, and, formally, is only meaningful, at one-loop, since at t
level there is no preferred scale at which to enforce Eq.~21!.
07500
s

- be understood in two ways: either we may minimize t
potential atQt̃ where the tadpole contributions are neg
gible, buthm

0
2 is non-vanishing, or we may choose to min

mize the potential atQF
(Hu) , in which casehm

0
250, but m0

dependence arises from non-vanishing tadpole contributi
Either way, there is some residual dependence onm0, as can
be seen in Fig. 3.

If QF
(Hu) and Qt̃ are identical, however,hm

0
2(Q)

1hm
0
28 (Q) vanishes atQt̃ . This can happen in two ways: fo

a fixed top quark mass,Qt̃ can be lowered toQF
(Hu) by low-

ering m0, or, for fixed largem0 , QF
(Hu) may be raised toQt̃

by increasingmt ~and thereby increasing the top Yukaw
renormalization effect onmHu

2 ).

In Fig. 9, we present contours of fine-tuningc in the
(m0 ,mt) plane. On the dotted contour, the focus point a
Qt̃ coincide, andcm0

50. This occurs formt above 174 GeV,
in accord with the discussion above. More generally, the s
sitivity cm0

is indeed reduced for largermt . As a result, the

upper bound onm0 is increased for largermt , and for mt
5179 GeV, the 1s upper bound,m0'3.2 TeV is allowed
for c<50. ~See Fig. 10.! For smaller top quark mass, th
naturalness bound onm0 becomes more stringent. Thu
while the focus point behavior persists for allmt within cur-
rent experimental bounds, future improvements in top m
measurements@21# may provide important information abou
the extent to which multi-TeV scalars are allowed in minim
supergravity.

We may also consider variations in the high scaleQ0
where the supersymmetry breaking parameters are assu
to be generated. So far we have assumedQ05MGUT. It is
interesting to consider the effects of assuming that
boundary conditions are specified at a different scale, e
the string or Planck scale. To investigate this, we have ta
a simple approach, and evolved the gauge couplings u
some fixedQ0, set the supersymmetry breaking paramet
at that scale, and then evolved them down to the weak sc

e

FIG. 9. Contours of constant fine-tuningc in the (m0 ,mt) plane
for M1/25300 GeV,A050, tanb510, andm.0. The bottom and
right shaded region is excluded by the chargino mass limit of
GeV. The left region is excluded if a neutral LSP is required. T
sensitivity coefficientcm0

vanishes on the dotted contour~see text!.
5-8
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FOCUS POINTS AND NATURALNESS IN SUPERSYMMETRY PHYSICAL REVIEW D61 075005
The minimal field content is assumed throughout the
evolution; in particular, no additional GUT particle content
assumed forQ0.MGUT, and the unification of gauge cou
plings atMGUT is unexplained. In Fig. 11 we show contou
of constantc in the (m0 ,Q0) plane. Just as in Fig. 6, th
fine-tuning parameterc is determined successively, for in
creasingm0, by cm0

, cM1/2
andcm0

. We see that increasin
the scaleQ0 also allows even larger scalar masses. For
ample the requirementsc<50 and Q0,MPl allow m0 as
large as 2.9 TeV.

In Fig. 12 we show contours of constantc in the (mt ,Q0)
plane. As expected, smaller values ofmt can be compensate
for by larger evolution intervals, and vice versa. Notic
however, that varyingmt within its current experimental un
certainty leads to changes inc that are as large as thos
caused by varyingQ0 by several orders of magnitude.

IV. IMPLICATIONS FOR SUPERSYMMETRY SEARCHES

We have seen that the naturalness bound onm0 ~i.e., the
typical sfermion mass! may be as large as a few TeV. In th

FIG. 10. Contours of the fine-tuning parameterc as in Fig. 6, but
for mt5179 GeV.

FIG. 11. Contours of constant fine-tuningc in the (m0 ,Q0)
plane for M1/25300 GeV, A050, tanb510, m.0, and mt

5174 GeV. The shaded region on the right is excluded by
chargino search, while the shaded region on the left is excluded
neutral LSP is required.
07500
-

,

section, we discuss the implication of these results for
superpartner spectrum and, in particular, the discovery p
pects for scalar superpartners at future colliders.~Of course,
it is clear that such heavy scalars also drastically reduce
size of supersymmetric effects in low energy experimen
but we will not address this further.!

The implications for sleptons are fairly straightforwar
Sleptons have small Yukawa couplings~with the possible
exception of staus for large tanb), and so their masses ar
virtually RG-invariant, withml̃ 'm0 in this scenario. Multi-
TeV sleptons are beyond the kinematic limitml̃ ,As/2 of all
proposed linear colliders. They will also escape detection
hadron colliders, as they are not strongly produced, and
not be produced in large numbers in the cascade decay
strongly interacting superparticles.

We now turn to squarks. Multi-TeV squarks will, o
course, also evade proposed linear colliders. Traditiona
however, it has been expected that future hadron collid
particularly the CERN LHC, will discover all squarks in th
natural region of minimal supergravity parameter space@13#.
This conclusion is based on the expectation that all squa
have masses&122 TeV. In Fig. 13, we present contour
for mũL

.10 ~All first and second generation squarks are nea
degenerate.! In the same figure, we have also included co
tours of the fine-tuning parameterc. For c<50, we see that
squark masses ofmũL

52.2 TeV are allowed, and more gen
erally, the parameter space with multi-TeV squarks is
natural as parameter space withmũL

&1 TeV. Recall also

that these mass limits may be extended to as large as;3TeV
for variations ofmt within its current bounds. Squarks o
mass;2TeV may be detected at the CERN LHC with larg
integrated luminosities of several 100 fb21. However,
squarks with masses significantly beyond 2 TeV are likely

10One-loop corrections@11# are included in all superpartne
masses.

e
a

FIG. 12. Contours of constant fine-tuningc in the (mt ,Q0)
plane form052TeV, M1/25300 GeV, A050, tanb510, andm
.0. The shaded region is excluded from the chargino mass lim
5-9
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FENG, MATCHEV, AND MOROI PHYSICAL REVIEW D61 075005
escape detection altogether@22#.
Since the top squarks and left-handed bottom squark

teract strongly throughyt , they are lighter than the othe
squarks. For small tanb, and smallM1/2 andA0 parameters,
their masses at the focus point ofmHu

2 are given by

mU3

2 .
1

3
m0

2 , mQ3

2 .
2

3
m0

2 . ~32!

In general, these squark masses, particularly the stop ma
may also be influenced by left-right mixing. However, b
cause naturalness constrains theA andm parameters to be o

FIG. 14. Contours of constantmt̃ 1
~dashed! and mt̃ 2

~solid! in
the (m0 ,M1/2) plane for ~a! tanb510 and~b! tanb550, A050,
m.0, and mt5174 GeV. Fine-tuning contours~dotted! are also
presented forc520, 30, 50, 75, and 100~from below!. The bottom
and right shaded region is excluded by the chargino mass lim
90 GeV. The top left region is also excluded if a neutral LSP
required.

FIG. 13. Contours of constant squark massmũL
~solid! in the

(m0 ,M1/2) plane forA050, tanb510, m.0, andmt5174 GeV.
Fine-tuning contours~dotted! are also presented forc520, 30, 50,
75, and 100~from below!. The bottom and right shaded region
excluded by the chargino mass limit of 90 GeV. The top left reg
is also excluded if a neutral LSP is required.
07500
n-

es,

order the weak scale, left-right mixing effects are su
leading for multi-TeVm0. As a result, the lighter~heavier!
stop is mostly right-handed~left-handed!, and the lighter
~heavier! sbottom is mostly left-handed~right-handed!. For
large tanb, yb also suppresses third generation squ
masses. For example, foryb5yt , we obtain

mU3

2 .mD3

2 .mQ3

2 .
1

3
m0

2 . ~33!

In Figs. 14 and 15 we present the masses of the stops
sbottoms, respectively. By comparing with Fig. 13, we s
that the stops are always lighter than the first and sec
generation squarks. The lighter sbottom and heavier stop
nearly degenerate, since they are~approximately! in the same
SU~2!L doublet. The heavier sbottom, which is mostly t
right-handed sbottom, may also become significantly ligh
than the first two generation squarks for large tanb. There-
fore, in the multi-TeVm0 scenario, stop and sbottom produ
tion will be the most promising modes for squark discove
at the CERN LHC.

In contrast to the sfermions, gauginos cannot be v
heavy in this scenario. This fact is explicit in Fig. 4: for larg
M1/2, the fine-tuning coefficientcM1/2

becomes unacceptabl

large, irrespective of tanb. As a result, naturalness require
fairly light gauginos. For example, the constraintc<50 im-
plies M1/2&400 GeV, corresponding toM1&160 GeV,M2
&320 GeV, andM3&1.2 TeV. Such gauginos will be pro
duced in large numbers at the CERN LHC, and will be d
covered in typical scenarios.11

It is also interesting to consider the implications of t
focus point for Higgs boson masses. In supersymmetric m
els with minimal field content, the lightest Higgs boson ma
mh is bounded bymZ at tree level. However, this uppe
bound may be significantly violated by radiative correctio

11In some scenarios, however, the detection of all gauginos m
be challenging. This is particularly true in scenarios with degene
cies, such as theW-ino LSP scenario@23#. To our knowledge, the
detectability of all gauginos~not including the invisible LSP! in
such scenarios at the CERN LHC remains an open question.

of

FIG. 15. As in Fig. 14, but formb̃1
~dashed! andmb̃2

~solid!.
5-10
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FOCUS POINTS AND NATURALNESS IN SUPERSYMMETRY PHYSICAL REVIEW D61 075005
@24#. In particular, top-stop loop contributions, approx
mately proportional to ln(mt̃ /mt), may be important. Since
the focus point allows heavy stops, one may wonder if t
affects the upper bound on the lightest Higgs boson mass
answer this question, we have calculated the one-loop ra
tive corrections to the lightest Higgs boson mass. The re
is shown in Fig. 16; we emphasize theA0 dependence, as th
radiative correction is sensitive to left-right mixing throug
the A parameter. For the region with small fine-tuning p
rameter, say,c<50, we findmh,118 GeV. It is important
that a largeA parameter is forbidden by naturalness, as t
suppresses left-right stop mixing, which usually significan
increasesmh . Therefore, even in the focus point scena
with multi-TeV squarks, Run II of the Tevatron will prob
much of parameter space in its search for the lightest Hi
boson@25#.

Discovery of the heavy Higgs scalars is more challengi
At tree level, the masses of the heavy Higgs scalars are
proximately given by

mA.mH.mH6.AmHu

2 1mHd

2 22m2. ~34!

Although mHu

2 and m2 are always bounded by naturalnes

for moderate tanb, mHd

2 is only weakly bounded by natura

ness. For negligibleyb , mHd

2 does not participate in the focu

point behavior and is roughly RG-invariant. For larger tanb,
on the other hand,mHd

2 may be significantly suppressed b

yb during RG evolution. In particular, in the case of tanb
.mt /mb , there is an approximate symmetry under int
changingHu↔Hd andU3↔D3, and somHd

2 also has a focus

point near the weak scale. In Fig. 17, we present the ps
doscalar Higgs boson massmA in the (m0 ,M1/2) plane. For
tanb510, mHd

2 .m0
2, mA;m0, and detection of the heav

Higgs bosons at the CERN LHC or proposed linear collid
becomes impossible for largem0. However, for large tanb,

FIG. 16. Contours of constantmh ~solid! in the (m0 ,A0) plane
for M1/25300 GeV, tanb510, m.0, and mt5174 GeV. Fine-
tuning contours~dotted! are also presented forc550, 100, 200, and
500 @see Fig. 7~a!#.
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mHd

2 is suppressed byyb , andmA;O(100 GeV). For large

tanb, heavy Higgs boson with masses of several hund
GeV may be found at the CERN LHC through the deca
H,A→tt̄ @26#.

V. SUMMARY AND DISCUSSION

In this paper, we have explored the existence of foc
points in the RG behavior of supersymmetry breaking
rameters and their implications for naturalness and exp
mental searches for supersymmetry.

For the experimentally measured top quark mass, the
persymmetry breaking up-type Higgs mass parametermHu

2

has a focus point at the scaleQ;O(100 GeV) in a class of
models which includes minimal supergravity. The value
mHu

2 at the weak scale is therefore highly insensitive to

universal scalar massm0 at the GUT scale. We have als
seen that this focus point behavior exists for all values
tanb*5.

SincemHu

2 plays an important role in the determination

the weak scale, this focus point behavior affects the natu
ness of electroweak symmetry breaking in minimal sup
gravity. In particular, because a largem0 can result in a
reasonably smallmHu

2 , naturalness constraints onm0 are not

as severe as typically expected. To discuss this issue qu
tatively, we have calculated the fine-tuning parameterc,
which is determined by the sensitivity of the weak scale
fractional variations of the fundamental parameters. As
have seen, in regions of parameter space withm0
;2–3 TeV this fine-tuning parameter may be as small as
regions withm0&1 TeV. As a result, multi-TeV sfermions
are as natural as sfermions lighter than 1 TeV. We note
the region of multi-TeV scalars and light gauginosand
Higgsinos is also somewhat preferred by gauge coupling
fication in minimal SU~5! @10,27,28#, as well asb-t Yukawa
unification at moderate to large tanb @29,30#. The discovery
of squarks and sleptons at the CERN LHC and propo

FIG. 17. Contours of constant heavy Higgs boson massmA

'mH'mH6 ~solid! in the (m0 ,M1/2) plane for~a! tanb510 and
~b! tanb550, A050, m.0, andmt5174 GeV. Fine-tuning con-
tours ~dotted! are also presented forc520, 30, 50, 75, and 100
~from below!.
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FENG, MATCHEV, AND MOROI PHYSICAL REVIEW D61 075005
linear colliders may therefore be extremely challenging, a
may require some even more energetic machines, suc
muon or very large hadron colliders.

In our analysis, we did not include the Yukawa coupling
notablyyt , and gauge couplings in the calculation of the t
fine-tuning parameterc. In Fig. 18, we present the sensitivit
coefficientcyt

for the~GUT scale! top Yukawa coupling. For

m0>1 TeV, cyt
is always larger than 70, and so ifcyt

is
included in the calculation of the fine-tuning parameterc, the
naturalness bound onm0 becomes much more stringent an
m0*1 TeV is disfavored. The inclusion ofyt and other stan-
dard model parameters in the fine-tuning calculation wo
thus lead to significantly different conclusions.

A definitive resolution to this question of whether or n
to include variations of standard model parameters in fi
tuning calculations cannot, we believe, be achieved witho
more complete understanding of the fundamental theorie
flavor and supersymmetry breaking. Without such kno
edge, any discussion necessarily becomes somewhat p
sophical. Nevertheless, several remarks are in order.

First, it is sometimes argued that one should not cons
variations with respect to parameters that have been m
sured or are highly correlated with measured quantities.
cording to this view, standard model parameters such as
strong coupling constant, and possibly alsoyt , should not be
included among theai . We do not subscribe to this view.12

If in the future the Higgsino massm is measured to be 10
TeV, given our current notions of naturalness, we belie
this should be considered fine-tuned, irrespective of the
curacy with which the Higgsino mass is measured.
course, if this were the case, the fact that a 10 TeVm pa-
rameter is realized in nature would be a strong motivation
consider alternative, and perhaps more fundamental, the
ical frameworks in which a 10 TeVm parameter is not un
natural.

12Note that the exclusion of standard model parameters from
fundamental parametersai does not imply that current experiment
data are ignored in the calculation of fine-tuning. All experimen
data are used in step~ii ! of the fine-tuning prescription to specif
the physical hypersurface of parameter space.

FIG. 18. As in Fig. 3, but for the sensitivity parametercyt
.
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There are, however, other considerations which favor
exclusion of standard model parameters from the list ofai .
As noted in Sec. III, we are interested in the naturalness
the supersymmetric explanation of the gauge hierarchy.
should not require that supersymmetry also solve the pr
lem of flavor. In fact, in many supergravity frameworks, th
supersymmetry breaking parameters and the Yukawa c
plings are expected to be determined independently. For
ample, in hidden sector scenarios, the supersymmetry br
ing parameters are determined in one sector, while
Yukawa couplings are fixed in some other sector and b
completely independent mechanism. In this case, it se
reasonable to assume thatyt is fixed to its observed value in
some sector not connected to supersymmetry breaking,
we therefore should not consider variations with respect to

Finally, it is worth noting that there are several possib
scenarios in which it is clear thatcyt

should not be included

in c or is at least negligibly small. One possibility is thatyt
may evolve from some higher scale, such as the Planck s
to a fixed or focus point at the GUT scale. The weak scal
then highly insensitive to variations in the truly fundamen
parameter, i.e.,yt at the Planck scale. Alternatively, the to
Yukawa coupling may arise as a renormalizable opera
with coefficient determined by a correlation function
string vertex operators. The couplingyt would then be fixed
to its current value~or possibly one of a discrete set of va
ues!, and it is again inappropriate to consider continuo
variations with respect toyt . Note that in both of these sce
narios, yt may receive additional contributions from non
renormalizable operators of the formdyt;ge, whereg is a
coupling constant, ande is some small expansion paramete
such asv/M Pl , wherev is some vacuum expectation valu
In this case,cg andce should be included in the definition o
fine-tuning, but they will be negligible for smalle.
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APPENDIX: DETERMINATION OF FOCUS POINT SCALE
FOR yb™yt AND ybÄyt

In this appendix, we discuss the focus point analytically
one-loop for the two casesyb!yt and yb5yt . Solutions to
the RG equations are well-known for these two cases@31#.
For both cases, we derive a closed form expression involv
the gauge couplings andmt that must be satisfied if the focu
point scaleQF is to be at the weak scale. We also show th
if the focus point is at the weak scale foryb!yt , it is also at
the weak scale foryb5yt .

In the analysis of theyb5yt case, we neglect the effect
of yt and the hypercharge differences in theyt and yb RG
equations, soyt and yb remain degenerate throughout the
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RG evolution. The validity of these approximations is ve
fied only by the numerical results in Sec. II. In addition, t
intermediate case, whereybÞyt but yb may not be neglected
is not considered. However, the following analysis may
helpful in understanding the numerical results, and in p
ticular, the behavior of Figs. 1 and 2.

Let us define

ãa[
ga

2

16p2
, a51,2,3, ~A1!

ãy[
yt

2

16p2
. ~A2!

These quantities obey the following RG equations:

dãa

d ln Q
52baãa

2 , ~A3!

dãy

d ln Q
52S sãy2(

a
r aãaD ãy . ~A4!

In the minimal supersymmetric standard model, (b1 ,b2 ,b3)
5(11,1,23), (r 1 ,r 2 ,r 3)5(13/9,3,16/3), ands56 and 7 for
yb!yt andyb5yt , respectively. The solution forãy is

ãy~Q!5
ãy~Q0!E~Q!

122sãy~Q0!F~Q!
, ~A5!

where

E~Q!5)
a

@122baãa~Q0!ln~Q/Q0!# r a /ba, ~A6!

F~Q!5E
ln Q0

ln Q

E~Q8!d ln Q8. ~A7!
o
,

e

B
t.

.
.
.
,
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We find then that

esI(Q)[expS 2sE
ln Q0

ln Q

ãy~Q8!d ln Q8D
5

1

122sãy~Q0!F~Q!
511

2sãy~Q!F~Q!

E~Q!
.

~A8!

For a universal scalar mass, the conditions for the fo
point ~see Sec. II! are

esI5H 1/3 for yb!yt ,

2/9 for yb5yt .
~A9!

We see that these are simultaneously satisfied atQ5mt if

ãy~mt!F~mt!

E~mt!
52

1

18
. ~A10!

In terms of the top quark mass, this requirement correspo
to

1

16p2 Fmt~mt!

v sinb G2F~mt!

E~mt!
52

1

18
, ~A11!

where mt(mt) is the running top quark mass, andv
5174 GeV.

Given fixed gauge coupling constants, Eq.~A11! specifies
which top quark mass will place the focus point at the we
scale. ForQ05MGUT5231016 GeV anda(MGUT)51/24,
we obtainF.2130 andE.13 at Q5174 GeV. For sinb
.1, the requirement is thenmt(mt).160 GeV, which is
very close to the running mass corresponding to the phys
pole massmt'174 GeV. Therefore, for the experimental
measured top quark mass, the focus point ofmHu

2 is close to

the weak scale foryb5yt and also foryb!yt .
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