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FOR THE DIFFERENTIAL CROSS SECTIONS IN THE ENERGY 
. . RANGE BETWEEN 2?,.5 AND 400 MeV 

.Alessandx:o Rindi. ChunBin Lim. and T~llio Salmon-Cinottrt 

Lawrence Radiation Laboratory 
University of California 

Berkeley: California 94720 

November 20,1970 

ABSTRACT 

The differential cross sections for the (n, p) elastic scattering at en-
ergies where the scattering is no longer isotropic in the c. m. system 

\ (i. e. for energies higher than about 10 MeV) are very often required for 
measurements of neutron fluxes and spectra. Literature provides a good 
amount of experimental data, but no simple empirical formula has yet 
been proposed that allows one to calculate the values of this cross sec-
tion at any energy and at any angle. . 

N. Metropolis 1 and J. Gammel2 have proposed two' semi-empirical 
formulas that fit the total (n, p) elastic scattering cross section with an 
acceptable approximation for. respectiveiy, energies higher than 71 MeV 
and energies up to 71 MeV .. Using these formulas. F. Hajnal3 has pro­
posed a rather sophisticated empirical expression for fitting the differ-
ential cross section data up to about 600 MeV. . 

US.ing a part of the Hajnal results, we have sought a simpler expres­
sion fitting the experimental data with a better approximation. This 
study is a part of the program of the development of a fast neutron spec­
trometer to be used in stray fields around high energy accelerators. 

INTRODUCTION 

We have applied the least-square method 

for finding the coefficients of a fitting func­

tion expressing then;;.p differential elastic­

scattering cross .section as a function of the 

c.m. neutron scattering angle (e) and the lab 

incoming neutron kinetic energy (T) up to 400 

MeV . 

rh~ ~:jC~~rlmpntllcl 4M~ 8~ 4i.H~r~ptial 
n-p scattering cross s.ections used in our 

calculations were obtained from the Experi­

mental Cross Section Information Library 

of the Lawrence Radiation,La:boratory­

Livermore. 4 Gammel
2 

has proposed a fit­

ting function for the n-p elastic differential 

cross section based on the assumption that 

it is symmetrical about 90 deg in the c. m. 

system; this function fits the experimental 

data. rather nicely up to 42 MeV. It was used 

as the primary part of our fitting function. 
34' 

A cos e and a cose term were added as 

suggested by Gammel. Then we tried the 

best fitting by adding also several sinusoidal 

terms: the best fitting up to 400 MeV was 

found by adding a sin e, a sin 2e, and a 

SiIl1~ tHm. The Hilal flxpression we used 

is sllown as Eq. 12. 

In the least-square calculation of the co­

efficients of the fitting function. the condition 

was imposed that the differential cross sec­

tions should satisfy the total scattering 

cross section on integratio~ over the whole 

solid angle .. ' In our energy range tlssentially 

elastic scattering is the only mode of process. 

·11 
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Incidentally, there are niany more experi­

mental data for the total eros s sections than 

for the differential cross sections, and semi­

empirical fitting functions which approximate 

very accurately the total cros s sections in 

our energy range have been proposed. 

Gammel's function2 approximates the total 

cross section accurately up to 71 MeV, and 

Metropolis' s fo~m~a 1 
gives a good fit for 

the rest of our energy range, as shown in 

Fig. 10 These functions were used to supply 

the total cross section for each neutron en­

ergy in the actual calculation of the coeffi­

cients of the fitting formula for differential 

eros s section. In fact, the calculational 

scheme was set up in such a way that it 

automatically satisfies this normalization to 

the above total cross section in applying the 

least-square method.' This constraint some­

times causes a worsening of the fitting of the 

differential 'cross section, especially when 

the values of the tota1 cross section as given 

by the functions are not in agreement with the 

corresponding experimental data. Each ex­

perimental datum of the differential cross 

, section was given different weight: the in­

verse of the data value was used as weight. 

For some energies there were so few 

experimental data that it was very difficult 

to find a good fitting shape. In those cases, 

some fake data points were inserted in the 

calculation to make the shape compatible with 

the c'urrently accepted behavior. This was 

especially true for the low energy region, 

namely below 40 MeV. The fitting functions 

calculated according to the above method 

can be used to predict the differential cross 

sections at energies for which the experi­

mental data are not available, using a simple 

linear interpolation. 
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II. CALCULATION METHOD 

A. Least-Square' Method 

As is shown in the next section, our ob­

ject is to represent the shape of (n-p) elastic 

scattering cross sections as a linear com­

bination of seve,ral preselected sinusoidal 

functions, and the least-square method is 

used inthe process of selecting the coeffi­

cients of these functions that give the mini­

mum deviation betweeri the experimental data 

and the fitting-function values at data points. 

The least-square method as used in our cal­

culations
5 

is as follows. 

The least-square method assumes that 

the best approximation over a domain D, 

which is composed of N discrete points, is 

that one for which the sUill of the squared 

errors in D is minimum. Suppose that the 

values of f(x) are experimentally known over 

a discrete set of N values x'f .. x
N 

of the 

variable x in an interval (a, b), and that the 

approximation function has the for~ 

n 

y(xa ) == E' ak~(xa)::::: f(xa ) 

k=1 

(for a = 1, '" N), (1) 

where ~(x) are n appropriately chosen 

functions. 

Let's suppose that each data point has 

different weight w(xa ). If we define for each 

of the N points the residual R(x ) by the 
a 

equation 

n 

R(xa ) == f(xa ) - E ak ~(xa) 
k= 1 

(2) 

the best approximation, in the least-squares 

sense, is defined to be that for which the co­

efficients a are determined so that the sum 

of w(x
a

) R2(x
a

) over the N data points is 

minimum. If we write this sum as 

• 

; 

i 
j 
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{ex.) -t. "k-.ex.JZ==.n, 
(3 ) 

this imposes the conditions 

. = 0 (for r = 1" •. , n) 

(4) 

or 

or 

(for r = 1, .,. n). 

(6) 

This leads (for each set of N points, and for 

each energy value) to n simultaneous linear 

equations in the n unknown parameters a
1

, 

a 1 , ..• an' Here, thE! values f(x
a

) are 

assumed to be known over discrete data 

points. These simultaneous linear equations 

can be solved by usual standard techniques. 

If we write these simultaneous equations 

again in more direct form, they appear as 

-3-

+ a .[~ w(x ) cp (x ) cp (x )J n£..J arana 
. a = 1 

=[.~. w(x )'cp (x )f(x )] L.J. ara a 
a=l 

(for r = 1, '" I'l). 

If we define an nX n matrix K by 

K= (K .. ) 
IJ 

= [ ~N W(X') cp. (x .) cp. (x >J' . a 1 a J a 
. a = 

and two column vectors it and F by 

where w(x ) cp. (x )fix )J ' a 1 a a 

(7 ) 

(8) 

(9) 

the above equation becomes, in matrix form, 

KXit = F. (10) 

Therefore if K is nonsingular, the solution 

v~ctor it is 

(11) . 

In inverting the matrix K, the LRL computer 

library subroutine LINIT was used. 

B. Cross Section Expressions 

In finding the functions for fitting the n-p 

elastic scattering cross sections to the ex­

perimental data, the' following function was 

used for the c. m. system, 



+ C(cos 4 8 ) + D(sin 8) + E (sin 28) 

+ F(oin4el + G l (,21 

where 8 is the neutron scattering angle in 

the c. m. system, inmb/sr, T is the kine­

tic energy of the inCident neutron (in MeV) in 

the laboratory system, and A through G are the 

parameters to be determined. The above 

form was adapted to make it satisfy auto­

matically the total scattering cross section 

when integrated ove.r the whole solid angle. 

The followings are the Gammel and 

Metr()polis formulas for total scattering 

cross sections ,respectively: 

"G(T) 

= 1.206 T +(-1.86 + 0.09415 T + 0.0001306 T 2 / 

+ '1T. ] in barns, 
1. 206 T + (0.4223 + 0.13 T)2 

(13 ) 

and 

(T) 34.10 82.2 + 82.2 
"M = 7-13- in mb, (14) 

where f3 = ~ is. the neutron veloCity in the 

laboratory system in c units; These formu­

las are plotted in Fig. 1 together with exper­

imental data. 

The requirement of normalization to the 

total scattering cross section at each inCi­

dent neutron energy gives rise to a corre­

lation between the. coeffiCients. 
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Since 

21T 1T . 2' 2 

f del>f 1+ 2 (T/90) cos 8 
1+ (2/3)(1'/90)2 

o 0 . 

sin 8 d8 =41T, 

1 dOj oo.'e sme de = 0, 
o . 0 

21T 1T 1 del> !Sin8 
o 0 

sin 8 d8 2 = 1T 

21T 1T . f del> f sin 28 sin 8 d8 = 0, 

o 0 

21T 1T f del> lSin 4 () sin 8 d8 = 0, 

o 0 . 

and 

21T 

1 
1T 

del>f 1 sin8 d8 = 41T" 

o 

the integration of Eq. 12 gives 

"tot (TI = I. u(e, Tldll = 

. 4~ 2 
X (41T A+ '"5 C + 1T D+41TG), 

or 

A=1-G- 5-4' D. , C (1T) 

(15 ) 

(16) 
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If we insert this relation in Eq. 12, we get 

0'(8,T) 
O'tot (~) 

4'IT X ge8; T) = 
O'tot(T) 

4'IT 

X {II ,(~~,3;.I+C, [coo,4. _8'·5 Tl J 
. "', 1 . ' . 

+ D [s~n8 - ~:g(~; T~+ E (sin28) 

+ ~ sin',48;+ G, F- g(8,T)] J' 
where 

/22 1+2 (T 90) cos 8 

1 + 2/3 (T/90)2 

(17) 

It is this equation that is used in the least­

square, calculation. , Using the symbols of 

Section lIA, we 1:1ave, for the neutron energy 

T, 

O'tot(T) 
f(8) = ,0' (8, T) - 4'IT g(8, T) , 

a 1 =Bj <Pi (e) 
3 = cos 8, 

a
2 = c; <P2(8) = cos

4
8 

1 '5 g(8, T), 

'IT 
<P3(8) = sin8 - 4" g(8, T), 

<P4 (8) = sin 28, 

<PS (8) = sin 4 8, 

and the matrix elements of K and Fare 

(Kij ) =[t 
cx=1 

w(x ) cp. (x ) <P', (x ) ,] cx 1 a JCX 

(f.) = '[t 
1 cx = 1 

w(x ) f(x ) <p. (x J. 
a a 1 aJ 

Then, the matrix equation for unknown ma­

trix vector A is 

KA=F, 

-5-

and this was solved by using the LRL com­

puter library subroutine LINIT, which was 

coded based on the Crout reduction technique; 

A system of linear' equations is solved for 

each value of the neutron energy. Because 

not all the provided experimental data have 

error 'bars, the weight of each datum has 

been taken as the inverse of the datum itself. 

III. RESULTS 

In Table I are the calculated values of 

the seven constants of Eq. 12 for the differ­

ent energies. In Fig. 1 we show the total 

cross section following the Gammel formula 
, , 

and the Metropolis formUla together with the 

expe,rimental data. 

In Figs. 2 through 29 are plotted for the 

energy values for which we had experimental' 

data, the Eq. (12) using the values of the con­

stants tabulated in Table I, together with the 

eXperimental data. Some of the reported er­

ror bars on the experimental data which were 

not given in Ref. 4 have been taken from 

Ref. 6. The fitting of the formula varies 

with the energies. We calculated the good-
'2 

ness of the fit with the X method for each 

value of the energy. 

We have plotted the values of the calcu­

lated differential cross-sections as a func­

tion of the energy for some angle of scat­

tering by connecting the calculated points 

(at the energy values for which we had the 

coefficient) with a straight line. They are 

shown in Figs. 30 to 36. With the exception 

of those at 0 and 180 deg where the experi­

mental values show large errors, these 

curves look quite smooth. 

We use a linear interpolation between 

adjacent energy values for finding the cross 

s~ctions for the energy values fo~ which 

there is no experimental data. In Figs. 37 

to 40 we show s.ome cross section shapes for 

some energy values as calculated by linear 

inte rpolation. 
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Table I. Fitting formula coefficients for the c. m. differential scattering cross sections. 

T (MEV)' ft.. B C 0 E F .G -22.5 A.7Q9E-'H -1.4fHE-t)2 . -6.651E-02 O. O. O. 1.334E-01 
27.5 -7.42QE-Ol 3.21SE-02 1.6,66E-Ol O. O. O. 1.709E+00 
28.4 -4.9A7E-IH -3.694E-02 1.819E-Ol O. O. O. 1.462E+00 
32.'5 6.5?AE-'H -1.332E-02 1.188E-Ol 6.195E-02 7.297E-02 -1.095E"02 2.101E-01 
37.5 4.375F:-,,1 2.157£-03 -2.839E-Ol -4.506E-Ol 5.69f3E-02 -1.081E-02 9.732E-01 
42.5 ~.9n2E-nl 3.437E-n2 -6.942E-Ol -8.363E-01 2.629E-02 1.916E-02 9.055E-01 
41.5 3.307E-01 4.451E-02 9.322E-02 -2.336E-01 3.064E-02 2.292E-'02 8.342E-01 
52.5 -8.41'19E-02 5.159E-02 5.668E-Ol -9.561E-02 1.518E-02 1.756E-04 1.046E+00 
57.5 -4.460E-02 5.211£-02 7.221E~01 -1.138E-02 2.665E-02 -1.231E-02 9.090E-01 
62.5 4.53"1=:-01 5.1 94E-02 4.514E-Ol 1.611E-02 1.599E-02 7.504E-02 4.434E-01 
70.(\ 4.336E'-01 -4.610E-02 2.084E-01 -5.318E-Ol ' 9.802E",02 4.248E-02 9.424E-01 
AO .• " 3.1"7E-nl -1.175E-02 -5.047E-01 -1.313E+00 4.404E ... ·02 -4.296E-02 1.822E+00 
91.1.' 2.C:;85E-~1 -1.040E-02 -5.~59E-Ol -.1.665E+00 -6.674E-04 5.871E-02 2.155E+00 
99.1' 6.168E'-'H -2.(l12E-01 -6.357E-Ol -1.297E+00 -8.475E-03 6.285E-02 1.529E+00 I 

-J 105.1\ 3.,,95E-ol -1.003E-Ol -9.398E-Ol -2.252E+00 -8.379E-03 1.009E-Ol 2.648E+00 . I 

108.5 3.?~?E-rq -1.377£-01 ";8.891£-01 -2.118£+00 -1.1BIE-Ol 2.838E-02 2.515E+OO 
120.0 7.~?6€-n2 -1.617E-ol 1.956E-Ol -1.141E-01 3.930E-02 3.108E-02 1.328E+00 
130.n -3.3A6F.-nl -4.356£-01 -3.325£"'02 -2.592£+00 -4.518£-02 8.249E-02 3.381E+00 
131. " 2.2(\()E-O) -1.891E-Ol 5.8931=:-01 -6.526E-01 -2.426E-Ol -1.331E-02 1.175E+00 

. 150." -2.312E-I)2 -1.521E-,'1 -1.094E-Ol -2.412E+00 "'1.069E-02 1.039E-Ol 2.939E+00 
156." -7.5331:-"2 -'5.35SE-02 1.0'18E-02 -2~160E+00 "'2.362E-Ol 2.060E-02 2.770E+00 
112.0 -1.412£+00 "'5.626E-Ol 5.776£-01 -5.753E+00 3.8A7E-Ol 2.147E-Ol 6.815E+00 
200." -9.141E-Ol -1..679E-Ol -1.199£+00 -6.170E+00 -1.554E-Ol -2.006E-02' 7.000E+00 
215.n -7.336E-nl "'1.1 77E-" 1 -9.291E-Ol -6.365E+00 1.031E-02 3.960E-02 . 6,918E+00 
260.0 -1.0r;5E+no 1.886E-"1 -2.946£-01 -6.661E+OO "'2.046E"'01 -4,154E-02 7.349E+00 
300.n. -3.2n4E-,,1 -A.37~E"OI -1.796E+OO -4.872E+OO 3.462E-Ol 1.572E-Ol 5.506E+00 
3~0.(\ -1.4A5~+"O 5.832£-03 -1.417E+OO -9.114E+00 -3.569E-02 -4.361E-02 9.926E+OO 
400.n -7.6191:-"1 -9.<,52E-n1 -3.060E+OO -8.114E+OO 4.112£-(\) 1.377E-Ol 8.794E+00 
5S0.f\ ~7.~?SE-"1 2.333E-nl -1.544E+OO -7.034E+00 2.673E-Ol -5,861[-02 7.586E+00 
630." ' -9.n3nF.:-'Q 7.137E-Ol -1.52RE+00 -1.732E+OO -5.974E-02 -1.524E-Ol 8.281E+00 
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CENTER OF M~SS NEUTRON SCATTERING ~NGLE 

Fig. Z. Experimental data and fitting curves 
for np elastic scattering cross sections at 
various energies. 
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Fig. 4. Experimental data and fitting curves 
for np elastic scattering cross sections at 
various energies. 
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