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ABSTRACT

The differential cross sectlons for the (n, p) elastic scattenng at en-
‘ergies where the scattering is no longer isotropic in the c. m. system
{{i- e. for energies higher than about 10 MeV) are very often required for
measurements of neutron fluxes and spectra. Literature provides a good
amount of experimental data, but no simple empirical formula has yet
been proposed that allows one to ccalculate the values of tlus cross sec-

- t1on at any energy and at any angle.

N. Metropolis1 and J. Gammel2 have proposed two semi-empirical
formulas that fit the total (n,p) elastic scattering cross section with an
acceptable approximation for, respectively, energies higher than 71 Mé&V
and energies up to 74 MeV. Using these formulas, F. Ha_]na13 has pro-
posed a rather sophisticated empirical expression for fitting the differ-
ential cross section data up to about 600 MeV.

Us1ng a part of the HaJnal results, we have sought 2 simpler expres-
sion’ f1tt1ng the experimental data with a better approximation. This

. study is a part of the program of the development of a fast neutron spec-
trometer to be used in stray fields around h1gh energy accelerators

INTRODUCTION

We have apphed the least-square method
for finding the coefficients of a fitting func-
tion expressihg the n:p differential elastic-
scattering cross section as a function of the

c.m. neutron scattermg angle (8) and the lab

“incoming neutron Kinetic energy (T) up to 400

MeV. ,

The experimental data of differential
n-p scattering cross sections used in our
calculations were obtained from the Experi-

mental Cross Section Information Library

of the Lawrence Rad1at1on Laboratory—

L1vermore. 4 Gammel has proposed a fit- -

- ting function for the n-p elastic differential

cross section based on'the assumptien that

it is symmetrical about 90 deg in the c.m.

system; this function fits the expenmental
data rather’ n1ce1y up to 42 MeV. It was used
as the primary part of our fitting function.
A cos36 and a. cos4,0 term were added as
suggested by Gammel. Then we tried the
best fitting by adding also several sinusoidal
terms: the best fitting up to 400 MeV was
found by adding a sin#6, a sin 26, and a »
sin4f term. The final e‘xpressio‘n we used
is shown as Eq. 12. _ '
In the least-square calculai:iqrr of the co-
efficients of the fittihg function, the condition
was imposed that the differential cross sec-

tions should satisfy the total scattering

‘cross section’on 1ntegrat1on over the whole

solid angle. In our energy range essent1a11y.

-elastic scattermg is the only mode of process. .



Incidentally, there are ma'hy more experi-
mental data for the total cross sections than
for the d1fferent1a1 cross gections, and semi-
emp1r1ca1 fitting- fun_ctmns which approximate
very accurately the total cross sectiens_ in
our energy'range have been proposed.
Gammel's function approx1matee the total
cross secuon accurately up to 71 Mev, and
Metropohs 8 formula.i g1ves a good fit for
the rest of our energy range, as shown in
Fig. 1.

the total cross sectmn for each neutron en-

These functions were used to supply

ergy in the actual calculation of the coeffi~
cients of the f1tt1ng formu.la for differential
In fact, the calculational

scheme was set up in such a way that it

.cross section.

automatically satisfies this normalization to
the above total cross. sect10n in applying the
least-square method. This constraint some-
times causes a woreening of the fitting of the
differential cross section. especially When
the values of the _total cross section as giveri
" by the functions are not in agreement with the
» eo_rrespon&ing experiit;ental data. Each ex-
perimental datﬁm of the differential cross
" section was given different weight: the in-
verse of the data value was used as weight.
_.For some energies there were so few
experimental data that it was very difficult
to iiﬁd a geod fitting shape. In those cases,
some fake data points were inserted in the
calculation to make the ehape compatible with
This was

especially true for the low energy region,

the currently accepted behavior.
namely below 40 MeV. The fitting functions
calculated eecording to the above method

can be used to pi'ed_ict the differential cross -
sections at energies. for which the experi-
mental data are not available, using a simple

linear interpolation.

-2.._

II. - CALCULATION METHOD
A. Least- Square Method

As is shown in the next section, our ob-
ject is to represent the shape of (n-p) elastic
scattering cross sections as a linear com-
b1nat1on of several preselected sinusoidal
functions, and the least-square method is
used in the process of-eelectxng the coeffi-

cients of these functions that give the mini-

. mum deviation between the experimental data

and the fitting-function values at data points. ’

The least-square method as used in our cal-

'culatibns5 is as follows.

The least- -square method assumes that
the best approx:tmatlon over a domain D,
wh1ch is composed of N discrete points, is
that one for whlch the sum of the squared

errors in D is m1n1mum Suppose that the

" values of f(x) are expenmentally known over

a discrete set of N values Xy .- of the

XN

variable x in an interval (a,b), and that the -

approx1matzon function has the form
n.

'y(xa)‘=‘; I ety biy) = £lx,)

k=1

(fora=1, .-+ N), (1)

where d)k(x) are n. appropnately chosen
functions.

Let's suppose that each data point has
If we define for each
of the N points the residual R(x ) by the
equat1on

different weight w(x ).

n.

Rix,) = f(x,) - Z

k=1

ay ¢k(xoz)

=f(x) - y(x,), 2)

.the best approximation, in the least-squares

sense, is defined to be that for which the co~

' eff1c1ents a are determined so that the sum

of w(x ) R (x ) over the N data po1nts 1s

* minimum. If we write this sum as |

r

|
o
|
i
o
1
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this imposes the conditions

-n
2
9 a (w £- a'kq)k >a
: k=1-
=0 (for r = 1,-++,n)
_ (4)
or ’ o .
(wo, | £- Z : a | Ny = (wo, (E-y)), =
k=1 ‘
' ' I R : . (5)
or . v '
-’ z : 2 (We, ¢>af= (wo ),
= - |
. . ‘(forlv'=19 s e n).

(6)

This leads (for each set of N points, and for
each energy value) to n simultaneous linear
equations in the n unknown parameters a,, '

e an. Here, the values f(x ) are

a:sumed to be known over d1screte data

points. These 31multan_eous linear equations

can be svolved by usual standard techniques.
If we write these simultaneous equations

again in more d_irect form, they appear as

Z wix, )6 )¢1(x )
Z wi,) b (x ) & (x,)
a=1 :

N

+a wx,)e (x )é (x)
a=1
. . | h |
= W(xav)' ¢ (x, ) E(x,)
a=1
(for r= _1, *e°n). (7)

If we def1ne an nXn matrix K by

(8)

=| wlx,) & (x,) & (x,) |
: ; -

and two column vecto.r.s Kand F by

219 ‘fi
X< .| F< |,
S £
n, R

- - N o
where .(-fi)~ = E w(xa) b (xa)f(xa) . (9)

the above equation becomes, in matrix form,

RxK:i

Therefore if K is nons1ngu1ar, the solution

(10)

vector .4 is

- @17 (11) -

"In inverting the ;hatrixv B, the LRL computer

librafy subroutine LINIT was used.

B. Cross Section Expressions

In finding the functions for f1tt1ng the n-p

1e1ast1c scattenng cross sectmns to the ex-

perimental data, the’ f0119w1ng function was

used for the c. m. system,



' = _+‘B(<':os36)
+ C'(cos®6) + D(sin 6) + E (sin 26)
"+ F(sin46) + G |, (12)

where 6 is the neutron scattering angle in
the c. m. system, in-mb/sr, T is the kine-
tic energy of the incident neutron (in MeV) in
the laboratory system, and Athrough Gare the
parameters to be determined. The above
form was adapted to make it satisfy auto-
matically the total sc.atteringi cross section
when integrated over the whole solid angle.
The folloWing‘é are the Gammel and .
Metr{)polis formulas for total scattering

cross sections, respectively:

oa(T)
- ) : 3
1.206 T + (-1.86 +0.09415 T_+ (_).0001306 TZ)
+ LS > in barns,
1.206 T+ (0.4223+4+0.13 T)
(13)
and
34.10 82.2

oM (T) = 2 P

where f = % is the neutron velocity in the

laboratory system in c units. These formu-

las are plotted in Fig. 1 together with exper-

imental data. ) ' v
‘The requirement of no_rmalizé,tion to the -

total scattering cross section at each inci-

'_ dent neutron ene,i"gy‘gives rise to a corre-

lation betweenvth'e coefficients.

) :

2 41 82.2 in mb,  (14)

-4

Sin‘ce '
.21r7 -n': S 2 : ‘2 .
[ de 1t 2'(T/9Q) COZS 8 sino d6 =4n,
-] 1+2/31(T/90) .
0 Y0 . ) : _

cos®0 sin d6 = 0,

4o'\=l

m

[

2
0

cos49>sin6 db = -4—;-T ,

| o1

' [d¢[“sin9 sin6do =n°,
. 0 v o . . . --. .

T rr"b L
d¢/sin 26'8in6d@ =0, .
"0 0
2T Ly .
/d¢/’sin493in9 de =0,
0 (I ‘
and

2 o« .
/ d¢/1 sin@ do = 4w, .
0 0 : . '

the integratioﬁ of Eq. 12 gives ‘

r o - (T)
. : _ . tot
Goy(M=" [ o6, Tian = tgE—
X (4 A+ 4;’ C + w2 D4+4nG),.

or

(15) - .

(16)




If we insért this relation in Eq. 12, we get

o

o (0, T) i} tcTth X g(6, T) = —tot

4T

X{Bf(cos3‘e)_+"c l}:oq49 - GgT ]
T ‘ . 4 . )
N b .

+ D [sme - -— g(e Ti,+ E(stB)
+F sin:4 8+ G [1_ - g(e, T)] } . (17’)

where . _
4+2 (T/90)% cos?

g(O, T) =
' 1+2/3 (T/90)*

It is th1sequat1on tl1at is used in the least-

squarevcalculation'. Using the symbols of

Section IIA, we have, for the neutron energy

T,

! )
£(0) = (6,T) - t‘jfﬂ

g(6,T),

a =B ,(6)=cos’0,

a, =C; ¢,(8)=costo - Lg(o,T)
2 - N 2 . . -5 g i !
a3=D;  $;(0) =sind - T (6, T),
a, =E; 4,(0) = sin26,

ag =F; ¢(0)=sin40,

ag =Gy $(0)=1-¢g(6,T), .

and the matrix elements of K and Fare

JT&L .
&) =1 W"‘-a"*’i(xa?d’j"‘_a)» :

| =1

e 2 W) £0c,) 8, ).

’ 'I'hen, the ma’crlx equatmn for unknown ma-

_trix vector K is |

RZX-F,

-5-

‘coefﬁcient)'with a straight line.

and this was solved by using the LRL com- -
puter library subroutine LINIT, which was

'coded based on the Crout reduction technique. _

A system of linear equations is solved for
each value of the neutron energy. Because
not all the provided experimerltal data have:
error bars, the weight of each datum has

been taken as the inverse of the datum itself.

II1. RESULTS
In Table I are the calculated values of

_ the seven constants of Eq 12 for the differ-

ent energies. In Fig. 1 we show the total

cross section following the Gamme‘l formula

' and the Metropohs formula together w1th the

expe. rimental data.
In Figs. 2 through 29 are plotted for the

enefgy values for which we ‘had expenmental

" data, the Eq. (12) using the values of the con-

stants tabulated in Table I, together with the
experimental data. Some of the reported er-
ror bars on the expenmental data which were
not given in Ref. 4 have been taken from .
Ref. .6.

with the energies.

The fitting of the formula varies
wé calculated the good-
ness of the fit with the xz method for each
value of the energy. '

We have plotted the values of the calcu-

lated differential cross-sections as a func-

‘tion of the energy for some angle of scat-

" tering by connecting the calculated points

(at the energy values for which we had the
‘ - They are
shown in Figs. 30 to 36, With the exception
of those at 0 apd 180 deg w‘here' the experi-

mental values show large errors, these

. curves look qu1te smooth.

. We use a linear mterpolatmn between

adJacent energy values for f1nd1ng the cross

o sections for the energy values for which

there is no expe r1mental data. In F1gs. 37

‘to 40 we show gome cross section shapes for

some energy values as calculated by lmear '

1nte rpolat1on. !
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Fig. 27. Experimental data and fitting curves
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various energies.
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