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S c e n e s f r o m E x d u s i v e - O r : 

Back Propagation is Sensitive to Initial Conditions 

John F. Kolen & Jordan B. Pollack 
Laborator y fo r  Artificia l  Intelligenc e Researc h 
Compute r  an d Informatio n Scienc e Departmen t 

T h e Oh i o Stat e Universit y 
Co lumbus ,  Oh i o 43210 .  U S A 

kolen-j@cis.ohio-state.edu ,  pollack(2)cis.ohio-state.ed u 

Thi s pap« r  explore s th e effec t  o f  initia l  weigh t  selectio n o n feed-forwar d network s learnin g 

simpt e function s wit h th e badt-propagatio n technique .  W e firs t  demonstrate ,  throug h tli e us e o f 

Mont e Carl o techniques ,  tha t  tli e magnitud e o f  th e initia l  conditio n vecto r  (i n weigh t  space )  i s a 

ver j  signiAcan t  paramete r  i n convergenc e tim e variability .  I n orde r  t o furthe r  understan d thi s 

resuH ,  additiona l  deterministi c experiment s wer e performed .  Th e result s o f  thes e experiment s 

demonstrat e th e extrem e sensitivit y o f  bad e propagatio n t o initia l  weigh t  configuration . 

Back Propagatio n (Rumelhart ,  Hinton ,  &  Williams ,  1986 )  i s th e networ k trainin g metho d 

of  choic e fo r  man y cognitiv e modelin g projects ,  an d fo r  goo d reason .  Lik e othe r  wea k 

methods ,  i t  i s  simpl e t o implement ,  faste r  tha n man y othe r  "general "  approaches ,  well-teste d b y 

th e field,  an d eas y t o mol d (wit h domai n knowledg e encode d i n th e learnin g environment )  int o 

ver y specifi c  an d efficien t  algorithms . 

Rimielhar t  e t  al .  mad e a  confiden t  statement :  fo r  man y tasks ,  "th e networ k rarel y get s 

stuc k i n poo r  loca l  minim a tha t  ar e significantl y wors e tha n th e globa l  minima."(p -  S36 ) 

Accordin g t o them ,  initia l  weight s o f  exactl y 0  canno t  b e used ,  sinc e symmetrie s i n th e 

enviromnen t  ar e no t  sufficien t  t o brea k symmetrie s i n initia l  weights .  Sinc e thei r  pape r  wa s 

published ,  th e conventio n i n th e field  ha s bee n t o choos e initia l  weight s wit h a  unifor m distri -

butio n betwee n plu s an d minu s p ,  usuall y se t  t o 0. 5 o r  less . 

The convergenc e clai m wa s base d solel y upo n thei r  empirica l  experienc e wit h th e bac k 

propagatio n technique .  Sinc e then ,  Minsk y &  Paper t  (1988 )  hav e argue d tha t  ther e exist s n o 

proo f  o f  convergenc e fo r  th e technique ,  an d severa l  researcher s (Jud d 1988 ;  Blu m an d Rives t 

1988 ;  Kole n 1988 )  hav e foun d tha t  th e convergenc e tim e mus t  b e relate d t o th e difficult y o f 

th e problem ,  otherwis e a n unsolve d compute r  scienc e questio n ( P =  NP )  woul d finally  b e 

answered .  W e d o no t  wis h t o mak e claim s abou t  convergenc e o f  th e techniqu e i n th e limi t 

(wit h vanishin g step-size) ,  o r  th e relationshi p betwee n tas k an d performance ,  bu t  wis h t o tal k 

abou t  a  pervasiv e behavio r  o f  th e techniqu e whic h ha s gon e unnotice d fo r  severa l  years :  th e 

sensitivit y o f  bac k propagatio n t o initia l  conditions . 

Initially ,  w e performe d empirica l  studie s t o determin e th e effec t  o f  learnin g rate ,  momen-

tu m rate ,  an d th e rang e o f  initia l  weight s o n t-convergenc e (Kole n an d Goel ,  1989) .  W e us e 

th e ter m t-convergenc e t o refe r  t o whethe r  o r  no t  a  network ,  startin g a t  a  precis e initia l 

configuration ,  coul d lear n t o separat e th e inpu t  pattern s (correc t  output s abov e o r  belo w .5 ) 

withi n t  epochs .  Th e experimen t  consiste d o f  trainin g a  2-2- 1 networ k o n exclusive-o r  whil e 

varyin g thre e independen t  variable s i n 11 4 combinations :  learnin g rate ,  r\ ,  equa l  t o 1. 0 o r  2.0 ; 

momentu m rate ,  a ,  equa l  t o 0.0 ,  0.5 ,  o r  0.9 ;  an d initia l  weigh t  range ,  p ,  equa l  t o 0. 1 t o 0. 9 i n 

0. 1 increments ,  an d 1. 0 t o 10. 0 i n 1. 0 increments .  Eac h combinatio n o f  parameter s wa s use d 

t o initializ e an d trai n a  numbe r  o f  networks. ^  Figur e 1  plot s th e percentag e o f  t-convergen t 

(wher e t  =  50,00 0 epoch s o f  4  presentations )  initia l  condition s fo r  th e 2-2- 1 networ k traine d o n 

'Number s range d from 8  t o 8355 ,  dependin g o n availabilit y  o € computationa l  resources.  Thos e dat a 
point s calculate d wit h smal l  sample s wer e usuall y surrounde d b y dat a point s wit h large r  samples . 
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th e exclusive-o r  problem .  Fro m th e figure  w e thu s conclud e th e choic e o f  p  ̂  0. 5 i s mor e tha n 

a convenien t  symmetry-breakin g default ,  bu t  i s  quit e necessar y t o obtai n lo w level s o f  noncon -

vergen t  behavior . 

W hy d o network s exhibi t  th e behavio r  illustrate d i n Figur e 1 ? Whil e som e migh t  argu e 

tha t  ver y hig h initia l  weight s (i.e .  p  >  10 )  lea d t o ver y lon g convergenc e time s sinc e th e 

derivativ e o f  th e semi-linea r  sigmoi d functio n i s effectivel y zer o fo r  larg e weights ,  thi s doe s 

not  explai n th e fac t  tha t  w h e n p  i s betwee n 2  an d 4 ,  th e non-t-convergenc e rat e varie s from 5 

t o 5 0 percent . 

Thus ,  w e decide d t o utiliz e a  mor e determinist k approac h fo r  elicitin g th e structur e o f 

initia l  condition s givin g rise  t o t-convergence .  Unfortunately ,  mos t  network s hav e m a n y 

weights ,  an d thu s m a n y dimension s i n initial-conditio n space .  W e can ,  however ,  examin e 2 -

dimensiona l  slice s throug h th e spac e i n grea t  detail .  A  slic e i s specifie d b y a n origi n an d tw o 

orthogona l  direction s (th e X  an d Y  axes) .  I n th e figures  below ,  w e var y th e initia l  weight s 

regtilarl y throughou t  th e plan e forme d b y th e axe s (wit h th e origi n i n th e lowe r  left-han d 

comer )  an d collec t  th e result s o f  runnin g back-propagatio n t o a  particula r  tim e limi t  fo r  eac h 

initia l  condition .  Th e m a p i s displaye d wit h grey-leve l  linearl y relate d t o tim e o f  convergence : 

blac k meanin g no t  t-convergen t  an d whit e representin g th e fastes t  convergenc e tim e i n th e pic -

tiu'e .  Figur e 2  i s a  schemati c representatio n o f  th e network s use d i n thi s an d th e followin g 

experiment .  Th e number s o n th e link s an d i n th e node s wil l  b e use d fo r  identificatio n pur -

poses .  Figure s 3  throug h 1 1 sho w severa l  interestin g "slices "  o f  th e th e initia l  conditio n 

spac e fo r  2-2- 1 network s traine d o n exclusive-or .  Eac h slic e i s compactl y identifie d b y it s 9 -

dimensiona l  weigh t  vecto r  an d associate d learning/momentu m rates .  Fo r  instance ,  th e vecto r 

(-3+2+7-4X+5-2-6Y )  describe s a  networ k wit h a n initia l  weigh t  o f  -0. 3 betwee n th e lef t  hidde n 

uni t  an d th e lef t  inpu t  unit .  Likewise ,  " + 5 "  i n th e sixt h positic m represent s a n initia l  bia s o f 

0. 5 t o th e right  hidde n uni t  Th e letter s " X "  an d " Y "  indicat e tha t  th e correspondin g weigh t 

i s varie d alon g th e X -  o r  Y-axi s fro m -10. 0 t o +10. 0 i n step s o f  0.1 .  Al l  th e figiires  i n thi s 

pape r  contai n th e result s o f  40,00 0 run s o f  back-propagatio n (i.e .  20 0 pixel s b y 20 0 pixels )  fo r 

up t o 20 0 epoch s (wher e a n epoc h consist s o f  4  trainin g examples) . 

Figure s 1 2 an d 1 3 presen t  a  close r  loo k a t  th e sensitivit y o f  back-propagatio n t o initia l 

conditions .  Thes e figures  z o o m int o a  comple x regio n o f  Figur e 11 ;  th e caption s lis t  th e loca -

tio n o f  th e origi n an d ste p siz e use d t o generat e eac h picture . 

Sensitivit y behavio r  ca n als o b e demonstrate d wit h eve n simple r  functions .  Tak e th e cas e 

of  a  2-2- 1 networ k learnin g th e o r  function .  Figur e 1 4 show s th e effec t  o f  learnin g "or "  o n 

network s (+5+5-1X+5-1Y+3-1 )  an d varyin g weight s 4  (X-axis )  an d 7  (Y-axis )  fro m -20. 0 t o 

20. 0 i n step s o f  0.2 .  Figur e 1 5 show s th e sam e region ,  excep t  tha t  i t  partition s th e displa y 

accordin g t o equivalen t  solutio n networic s afte r  t-convergenc e (20 0 epoc h limit) ,  rathe r  tha n th e 

tim e t o convergence .  T w o network s ar e considere d equivalent ^  i f  thei r  weight s hav e th e sam e 

sign .  Sinc e ther e ar e 9  weights ,  ther e ar e 51 2 (2"9 )  possibl e networ k equivalenc e classes .  Fig -

ure s 1 6 throug h 2 5 sho w successiv e zoom s int o th e centra l  swir l  identifie d b y th e X Y coordi -

nat e o f  th e lower-lef t  come r  an d pixe l  ste p size .  Afte r  20 0 iterations ,  th e resultin g network s 

coul d b e partitione d int o 3 7 (bot h convergen t  an d nonconvergent )  classes .  Obviously ,  th e 

smoot h behavio r  o f  th e t-convergenc e plot s ca n b e deceiving ,  sinc e tw o initia l  conditions ,  arbi -

traril y  alike ,  ca n obtai n quit e differen t  final  networ k configwation . 

Not e th e triangle s appearin g i n Figure s 19 ,  21 ,  2 3 an d th e mosai c i n Figur e 2 5 

correspondin g t o th e are a whic h di d no t  converg e i n 20 0 iteration s i n Figur e 24 .  Th e triangula r 

F̂or  renderin g purpose s only .  I t  i s  extremel y difficul t  t o kno w precisel y th e equivalenc e classe s o f  solu -
tions ,  s o w e approximated . 
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boundarie s ar e simila r  t o fracta l  structure s generate d unde r  iterate d functio n system s (Bamsle y 

1988) :  i n thi s case ,  th e iterate d functio n i s th e bac k propagatio n learnin g method .  W e propos e 

tha t  thes e fractal-lik e boundarie s aris e i n back-propagatio n du e t o th e existenc e o f  multipl e 

solution s (attractors) ,  th e non-zer o learnin g parameters ,  an d th e non-linea r  deterministi c natur e 

of  th e gradien t  descen t  approach .  Whe n mor e tha n on e hidde n uni t  i s  utilized ,  o r  whe n a n 

environmen t  ha s interna l  symmetr y o r  i s ver y underconstrained ,  the n ther e wil l  b e multipl e 

attractor s correspondin g t o th e larg e numbe r  o f  hidden-uni t  permutation s whic h for m 

equivalenc e classe s o f  functionality .  A s th e numbe r  o f  solution s availabl e t o th e gradien t  des -

cen t  metho d increases ,  th e mor e complicate d th e non-loca l  interaction s betwee n them .  Thi s 

explain s th e puzzlin g resul t  tha t  severa l  researcher s hav e noted ,  tha t  a s mor e hidde n unit s ar e 

added ,  instea d o f  speedin g up ,  back-propagatio n slow s dow n (e.g .  Lippma n an d Gold ,  1987) . 

Rathe r  tha n a  hill-climbin g metapho r  wit h loca l  peak s t o ge t  stuc k on ,  w e shoul d instea d thin k 

of  a  many-bod y metaphor :  Th e existenc e o f  man y bodie s doe s no t  impl y tha t  a  particl e wil l 

tak e a  simpl e pat h t o lan d o n one .  Fro m thi s view ,  w e se e tha t  Rumelhar t  e t  al.' s  clai m o f 

back-propagatio n usuall y convergin g i s du e t o a  ver y tigh t  focu s insid e th e "ey e o f  th e 

storm" . 

The emergenc e o f  chaoti c phenomen a i n neura l  networ k model s wa s certainl y anticipate d 

by bot h Kurte n (1989 )  an d Huberma n (1987) ,  carefull y avoide d (throug h th e choic e o f  sym -

metri c weights )  b y Hopfiel d (1982) ,  bu t  usuall y disregarde d b y connectionists ,  includin g 

Rumelhar t  e t  al. ,  despit e th e commo n knowledg e tha t  non-linearit y i s wha t  enable s thes e 

model s t o perfor m non-trivia l  computation s i n th e first  place . 

What  doe s thi s mea n t o th e back-propagatio n community ? Fro m a n engineerin g applica -

tion s standpoint ,  wher e onl y th e solutio n matters ,  nothin g a t  all .  Fro m a  cognitiv e scienc e 

standpoint ,  whe n makin g claim s tha t  a  back-propagatio n learnin g experimen t  i s relevan t  t o 

psychologica l  data ,  th e initia l  condition s fo r  th e networ k nee d t o b e precisel y specifie d o r 

made publicl y available . 

What  abou t  th e futur e o f  back-propagation ? W e remai n neutra l  o n th e issu e o f  it s  ultimat e 

convergence ,  bu t  ou r  resul t  point s t o a  fe w direction s fo r  improve d methods .  Sinc e th e slow -

down occur s a s a  resiil t  o f  globa l  influence s o f  multipl e solutions ,  a n algorith m fo r  first  factor -

in g th e symmetr y ou t  o f  bot h networ k an d trainin g environmen t  (e.g .  domai n knowledge )  ma y 

be helpful .  Furthermore ,  i t  ma y als o tur n ou t  tha t  searc h method s whic h harnes s "strang e 

attractors "  ergodicall y g\iarantee d t o com e arbitraril y  clos e t o som e subse t  o f  solution s migh t 

wor k bette r  tha n method s base d o n stric t  gradien t  descent .  Thus ,  rathe r  tha n abandonin g 

back-propagation ,  w e vie w thi s resul t  a s ye t  furthe r  impetu s t o discove r  ho w t o exploi t  th e 

information<reativ e aspect s o f  non-linea r  dynamica l  system s fo r  futur e model s o f  cognitio n 

(PoUac k 1989) . 
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Figur e 2  :  Schemati c Networ k Figur e 3  :  (•5-3+3+6Y-1-6+7X )  ti=3.2 5 a=0.4 0 

Figur e 4  :  (+4.7+6+0-3Y+1X+1 )  Ti=2.7 5 a=0.0 0 Figur e 5  :  (-5+5+1-6+3XY+8+3 )  ti=2.7 5 a=0.8 0 

Figur e 6  :  (YX-3+6+8+3+1+7-3 )  ti=3.2 5 a=0.0 0 Figur e 7  :  (Y+3-9-2+6+7-3X+7 )  t|=3.2 5 a=0.6 0 
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F igur e 8  :  (-6-4XY-6-6+9-4-9 )  ii=3.0 0 a = 0 . 5 0 F igu r e 9  :  ( -2+1+9-1X-3+8Y-4 )  ti=2.7 5 <x=0.2 0 

Figur e 1 0 :  (+1+8-3-6X-1+1+8Y )  T|=3.5 0 a=0.9 0 Figur e 1 1 :  (+7+4-9-9-5Y-3+9X )  Ti=3.0 0 oc=0.7 0 

IŜ ^̂ SffSSSfU l 

F igur e 1 2 :  (•9.0,-1.8 )  ste p 0.01 8 F igur e 1 3 :  (-6.966,-0.500 )  ste p 0.00 4 
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Figur e 1 4 :  (-20.00000 ,  -20.00000 )  ste p 0.20000 0 Figur e 1 5 :  Solutio n Networli s 

«SS8S88m!SSSS3mS83SS8!SS8;8S88»;;S«8!!SS t 

Figur e 1 6 :  (-4.500000 ,  -4.500000 )  ste p 0.03000 0 Figur e 1 7 :  Solutio n Network s 

Figur e 1 8 :  (-1.680000 ,  -1.350000 )  ste p 0.00240 0 Figur e 1 9 :  Solutio n Network s 
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Figur e 2 0 :  (-1.536000 ,  -1,197000 )  ste p 0.00078 0 Figur e 21 :  Solutio n Network s 

^S8888SS88 S 
Figur e 2 2 :  (-1.472820 ,  -1.145520 )  ste p 0.00007 0 Figur e 2 3 :  Solutio n Network s 
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Figur e 2 4 :  (-1.467150 ,  -1.140760 )  ste p 0.00001 6 Figur e 2 5 :  Solutio n Network s 
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