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Preface

This report was prepared by the Reverberation Group* of the
Unlverslty of Californla, Divislon of War Research, for the National
Defense Research Commlittee under contract OEMsr-30.

Abstract

The directlvity 1ndex, discussed 1n Refs. 1 and 2, which is
currently used for characterizing the directional properties of trans-
ducers, refers primarlly to thelr abillty to radlate sound power.
When transducers are used in echo ranging, the dlrectivity 1index 1s,
theoretlically at least, of minor interest. Of greater interest is
the abllity of the transducer to discrimlnate between the echo from a
target at which 1t 1s polnted, and the reverberation returned to 1t
from this and other directions. This discrimination is measured by
other quantities, called reverboration Indices (Ref. 3). One of these
concerns volume, the other surface or bottom reverberation. The pur-
pose of thc present work was to study the relatlons between the three
indices.

Concluslons drawn from a study of typical projector patterns
are as follows:

1. The volume reverberatlion index and the surface reverber-
ation Index of a projector are linearly related to the directivity
index, provided that the directivity pattern 1s reasonably similar to
that of a clrcular plston in an Inflnite baffle. This condition is
found in the echo-ranging projectors studled when they are operated
at 24 kc without domes. However, the directivity index does not
provide a rellable measure of the reverberation indices when the pro-
Jector pattern has abnormally strong slde lobes.

2. Nelther projector housing studled has appreciable effect
on reverberatlion indices.

3. The echo:reverberation ratlio depends almost entirely on
the shape of the main lobe of the composite dlrectivity pattern (see
p. 1) between zero and -6 db. As a result, the reverberation indices

* At present, this g¢roup congists of R. J, Christensen, R. W. Raltt,
C. H. Parker, T, H. Schafer, J. D. Frautschy, and M. J. Sheehy.
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of a transceiver can be determined by measuring the width of ite
dlrectivity pattern at -5 db. Half of this angle will be termed the
half-wldth of the pattern.

4. Since the reverheration indlces can be so readily calcu-
lated from the half-width, it 1s recommended that thls quantity be
gpeclfied in describing a transducer. The dlrectivity 1index usually,
but not always, can be calculated from the half-wldth to within 3 4b.

1it
3
CONTF %@“S%‘\?I AL




DEFINITIONS

CONTENTS

. . e e e o e o & o o o « o . « o .

DIRECTIVITY AND REVERBERATION INDICES . . . . . .

TABIE I . .

APPENDIX T.

.

. . . o o . e o o . ¢ e ¢ e e o o o

CIRCULAR PISTON IN AN INFINITE BAFFLE

A. Volume Reverberation . . . . . . « . .
B. BSurface Reverberation . . ¢« ¢« +. ¢« « o« &

APPENDIX II.

RECTANGULAR PISTON IN AN INFINITE BAFFLE

A. Surface Reverberation . .« « ¢« ¢« ¢ ¢ o o«
B. Volume Reverberation . . « ¢ ¢ ¢ ¢« o « &

TABLE II

REFERENCES

. . o o o o e« o o . * o e o ¢ & o o

. . . e o o o o . e e o o o o e e o

iv

CONFIDENTIAL




27
= dlrectivity factor of hydrophone = (1/4m) L> j

THE DISCRIMINATION OF TRANSDUCERS AGAINST REVERBERATION

DEFINITIONS

wavelength.

effective radius of circular projector, effective side of rectangu-
lar projector (Fig. 1).

effective silde of rectangular projector (Fig. 1).
effective area of projector.
center of projector face.
axis of symmetry of directivity pattern.
defined by Fig. 1.
intenslty of projected sound at any dlstance along ST (Fig. 1),
in unlits of the intenslty at the same distance of the sound pro-
Jected along SS',
electrical power generated by the projector when sound from a
standard source at any distance falls on it along the line ST
(Fig. 1), in units of the electrical power genecrated when the
gource 1s In front of the projector on the axis 8S3' at the
game dlstance.
composite directivlity pattern.

21 7’/2
directivity factor of projector==(l/4n)_£ J;ﬂ/z a(6,4) cos © a8 dg.

”"/Z q'(8,4) cos © a9 df.

7" a(0,8)a' (0, 4)af.
om 7’/2
fo J_,,/z a(@,£)qa'(0,¢) cos © a8 dg.

directlvity index of projector = 10 loglod.
directivity index of hydrophone = 10 log 4d'. R

surface reverberation index = 10 log Q/QTL
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J, = volume reverberation index = 10 log P/km.

y = half the angle in degrees In the plane © = 0 between the two
rays of the composlte directivity pattern on which qq' 1is 6 db
below unity. The angle y 1s called the half-width of the
pattern.

Ql = Q of rectangular projector with slde a 1in the plane © = 0.

Q2 = Q of rectangular projector with side b in the plane © = 0.
u = (2Ma/A) sin ¢, clrcular projector.
u = (ma/A) sin @, rectangular projector.

v = (m/A) sln O, rectangular projector.

NOTE: D depends only on g and D' depends only on q', whereas
P and Q depend on botk q eand q'. The patterns g and q'
should be ldentical and can be considered so for ideal transducers.
However, when a transducer 1s driven at large amplitudes it may
vlibrate in a different way than at low amplitudes, perhaps due to
nonlinearity 1In the characterlstic of the crystals. The geometric
mean q" = (qq')Z could be used for both projector and recelver;
but since the pattern q"2 from which P and Q would then be
computed 18 Just qq', the simplest way to treat emplrlcal patterns
is to define P and Q 1In terms of the measured patterns, as
though projector and recelver were separate units.

DIRECTIVITY AND REVERBERATION INDICES

_ The directlive property of echo-ranging transducers is cur-
rently expressed by the directivity index D. This Index is defined
as ten times the logarithm of the directivity factor 4. Imn turn,
this 1s defined as the ratio of the total sound power emlitted to

the total sound power which would te emitted 1f the intensity in all
directlons were equal to that on the axis. A mathematically ldenti-
cal quantity D' 1is used when the transducer is operated as a
recelver, but D' has no simple physical meaning. While the dlrec-
tivity Index 1s sufficient to characterize a transducer used as a
projector or as a receiver, two indices can be defined which, in
some cases, more accurately characterize the discrimination of a unit
against reverberation when 1t 1s used as a transcelver of echoes.
The purpose of this study was to investligate the relation emong
these varlous indices under practical cilrcumstances.

CONFIDENTIAL




-3 -
It can be shown from the definition of 4 that
o7 77/2
a = (1/4m ], j_mézq(e,¢) cos © d6 dg, (1)

where ©® and ¢ are angles defined by Fig. 1, and q(©,4) is the
projector directlvity pattern. The directlivity factor of a recelver,
d', 1s the same integral except that the receiver dlrectivity pattern
q'(6,4) is substituted for q(6,4).

As shown in Ref. 3, p. 8, under ldeal condltions volume rever-
beratlon intensity 1is proportional to an integral P which depends
on the dlirectivity patterns of the transceiver. Similarly, the Inten-
slty of surface and bottom reverberation is proportional to a factor
Q whilch depends on the directivity patterns. These are given by
the Integrals

an "/3
p= [ 7], a(e;h)a'(e,4) cos © a0 af (2)

a = J." a(0,8)a'(0,4)3. (3)

The quantlty qq' 1s called the composite pattern of the transcelver.
(See Note on p. 2.) Q 1is the Q(O) of Ref. 3.

The condition for complete nondirectlonality 1s q = q' = 1,
whence d =1, P =L4m and Q =27 for a nondirectlional transceiver.
Thus, the ratio of the volume reverberation experilenced to that which
would be experlenced were the transceiver nondirectlional 1s P/bm,
and the corresponding quentlty for surface and bottom reverberatlon
1s Q/2m These quantitles could be termed volume reverberation
factor and surface reverberation factor by analogy with directivity
factor. The corresponding quantities on the db scale are called
volume reverberation index, J,, and surface reverberation 1ndex, Jg.
Summarizing,

D = 10 log d (4)
D' = 10 log 4'

J, =10 log p/hr (5)
Jg =10 log Q/2m (6)

It 1s difficult to evaluate d, P, and Q analytically, even
in the case of ideal patterns; but there are several numerical methods
avallable. A graphical method 1s described in Ref. 2, p. 11l. All

CONFIDENTTIAL




T

data for this report were obtalned by numerical integration, using
the trapezoldal rule. Thils method consists 1n converting the pattern
to be integrated from db ve 1 to intensity, at equal intervals;
multiplying by the appropriate trigonometric factor; adding up the
products; and multiplylng the sum of the products by the Interval

in radians between consecutive ordinates. A method of numerical
integration for a three-dimensional pattern to find P when the only
information at hand consists of directlivity patterns in the planes
=0 and ¢ =0, is given in Ref. 3, pp. 1l4-17. A three-dimensional
pattern 1s needed to find 4, 4', and P, but these quantities can
be calculated approximately from one plane pattern by assuming axial
symmetry.

Fortunately, it 18 not necessary to integrate to obtain P
and Q to sufficlent accuracy, 1n any case studled so far. Only In
the presence of unusually hilgh side lobes will it be necessary to
resort to numerical integration to obtain 4 and d'. It 1is shown
in the appendix, Egs. (23) and (30) that for large (a > 2A\)* circular
and rectangular plstons 1In an Infinlte baffle

Q = 0.026k4y, (7)

where y 18 the half-width of the composite dlrectivity pattern in
the plane © = 0 (see definitlons). It is also shown in the appen-
dix, Bqs. (22) and (37), that under the same conditions

Q2 for a circular piston (8)

as]
ft

and

P = QlQQ for a rectangular piston,

where Qi and Qp, respectively, are values of © for the slde a
and the side b 1n the plane © =0. Thus P and Q can both be
readlly calculated from the half-width for two very common projector
shapes.

Also, d is related to Q. For a large clrcular piston in
an infinite baffle, Eqs. (21) and (26) give

d = 0.169Q° (9)

% Thig criterion for a large dlaphragm is quite conservative, and
Egs. (10), (11), and (12) are probably valld for any transducer
which does not have abnormally high side lobes.

CONFIDENTTIAL
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Equations (7), (8), and (9) can be used with Egs. (4), (5),
ant (5) to express the directivity and reverberation indices in
teims of the half-width:

Jg = 10 log y - 23.8 (10)
J, = 20 log y - 42.6 (11)
D =20 logy - 39.9 (12)

Sixteen standard echo-ranglng projector patterns were studied
to see how well the above relations, derived for an ldeal case, hold
in practice.

The values of Jg, Jy, and D which were obtalned by
Egs. (10), (11), and (12) are compered In Table I with the values
obtalned by numerlcal Integration. The dlrectivity indices in Col. 9
are taken from Refs. It and 5, except Cases 12-16. Important facts
shown for the cases studled by Table I are listed below:

1. Reverberation index values computed from the half-wildth
(Cols. 6 and 8) are not slgnificantly dlfferent from values found
by integratlng over the directivity pattern (Cols. 5 and 7).

2. In most cases, the directivity index computed by numerl-
cal integratlion (Cocl. 9) 1s within 3 db of the value predicted by
Eq. (12). However, reverberation indices are much less affected by
the slde lobes than 1s the directiviiy index, as can be seen from
thc fact that in computing the former the directivity pattern is
squared before Integration. Cases b, 7, and 16 illustrate thils very
clearly. '

3. DMNelther type of projector housing studled has appreclable
effect on reverberation indices.

CONFIDENTIAL




TABLE I
1 2 3 L 5 6 7 8 9 10
Case |Reference* Projector Freq. Jg Jy D
Num. Eq. Num. Eq. Num. | Eq.
ke Int. (10) | Int. (11) | Int. (12)
1 | FS701730 | QC wlth hood oh | -1b.7 |-1k.9 -19.5 | -21.7
2 | EST01731 | QC, no hood 24 | -13.5|-13.5 |-22.4 | -22.1 [ -19.0 | -19.3
3 | BST017%3 | QC, combination | 24 | -15.6|-15.6 | -26.3 | -26.4 | -22.4 | -23.5
** | ES701870 | JK, combination | 12.5] -14.0 | -15.1 | -24.7 | -25.4 | -13.8 | -20.3
5 | ES701871 | JK, combination | 25 | -15.7[-15.8 |-26.7 ] -26.7 | -23.1 | -23.7
6 | BS701872 | JK, combination | 30 | -16.3 | -16.3 -24,1 | -24.9
**7 | ES701875 | JK, combination |35 | -18.7]-19.0 -21.3 | -29.7
8 | EST0187h | JK, combination | 50 -18.81-18.8 -26.0 | -29.9
9 | EST01875 | JK, cowbination | 65 -20.1 ] -20.3 -28.9 | -32.5
10 | USRLLLO | QC, no dome 2k | -17.11{-17.0 -24.2 | -26.5
11 | USRL4S3 | JK, no dome 24 | -16.4 | -16.4 -23.8 | -25.1
12 | USRLL77 | JK, 0° with dome | 24 -16.2 | -16.2 -22.4 | -24.7
13 | usrik78 | JK,45° with dome | 24 -15.5 | -15.5 -21.2 | -23.3
14 | USRL479 | JK, 90° 2L -16.9 | -16.9 -23,7 | -26.1
15 | USRILB0 | JK, 135° 24 | -16.1]-16.1 -22.7 | -24.5
16 | USRL481 | JK, 180° 24 .| -18.8| -18.8 -18.2 | -29.9
Jasper Fk.";'z;/-;:-f'/-i'ff ~/&¢

* Numbers in thls column ldentify projcctor

** Measurements made at San Dlego on another

show abnormal side lobes.,

But whether or

istlc of the JK type, they illustrate the
and J,, as compared with thelr effect on D.

have on Js

patterns given in Refs. 4 and 5.

unit of the same type did not
not these patterns are character-
small effect which high side lobes
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APPENDIX I

CIRCULAR PISTON IN AN INFINITE BAFFLE

Volume Reverberation

For the speclal case of circular symmetry, Eq. (2) reduces,
by Ref. 3, p. 8, to

p=2n | ¢°(y) sin y ay, (13)

where  1s an angle defined by Fig, 1. Because of the postulated
baffle, the upper lim!t of integratlon must be ™/2. From Ref. 6,
P. 255, clted in Ref. 9,

®(y) = (231(u)/w)¥, (14)

u = (2ma/A) sin
Also,

dy¢ = Andu/(2ma cos ).

At ¢ = /2, u = 2ma/n; however, the integrand converges so rapidly
to zero (Figz. 24) that the integral from 0O to u =3 is within 2%
of the integral from O to o, Therefore, 1f 2ma/A 2 3, the upper
limit of 1ntegratlion may be replaced by 3. Since,

i/ﬁos Y = {1 - (ku/zrm)gj_%
=1 4+ O.5(%m/2ﬂa)2 oo (15)
it follows that if the piston is large, P 1s very nearly eqgual to
(2fere?) |7 T213(w) /uT% au. (16)

Integrating [Jl(u)/u]ﬁu, Table II, by the trapezoldal rule

P = 0.149(\/a)? (17)

CONFIDENTTIAL
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Surface Reverberation

From Ref. 3, p. 13, for circular symmetry
2m
= [Taay. (18)

Because of the baffle, integration is carried over -rdé < Y 5”n/2.
By pattern symmetry, the integral from -m/2 to O equals the inte-
gral from O to /2. Hence,

/.
Q=2 " FWay. | (19)

By the argument used above, (see Flg. 2A for convergence of the inte-
gral) if the plston 1s large this 1s approximately

Q = (\/ma) j: (2Jl(u)/u)”du. (20)
Integrating by the trapezoldel rule,
Q = 0.387\/a. (21)
Comparing Egs. (17) and (21),
P =qf. (22)

Q can be determined from any point (ul,q ) on the maln lobe
of the composlite pattern. Ehe point must be 80 chosen that
f“(Jl(u)/u)”du = [3(J)(u)A)"du, nearly; but it must not be chosen so
fﬁr dowvn from the %eak that the 1lrregularity of emplrlcal patterns
will be llkely to affect the measuremcnt of uy. Figure 2B 1s a L
plot of LrKJl(u)/u)Ldu against the pattern level 10 log (2Jl(u)/u)
At 6 db the integral 1s withln one b of 1ts final value, and the rate
of risc 1s beglnning to diminish rapidly. Therefore, the polint
(uy,0.25) was chosen. From a table of q = (QJl(u)/u), u; 1is found
to be 1.61. By definition,

]

u, = (2ma/N) sin gy

2171,"'115&/ N,
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epproximately, 1f ¢, 1s in radlans. Putting for a/k 1ts value
0.3870 from Eq. (21} and replacing ¢, by y, its equivalent in
degrees,

Q = 0.026ky. (23)

It is easily shown (Ref. 1, Card 17) that for a directivity
pattern whilich 1s symmetrical about the axls

m
4 =0.5 jo a(y) sinydy. (2b)
For a circular piston in an infinite baffle,
.77/'2 o i
d=0.5 }O (27, (w)/u)®sinyd y. (25)
By Ref. 7, p. 98, which 1s cited in Ref. 2, if a > A 1t can be shown

that
a = (n/orma)Z. (26)
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APPENDIX II

RECTANGULAR PISTON IN AN INFINITE BAFFLE

In the study of reverberation made by the Reverberation Group,
much of the data was taken wilth rectangular projectors. It was neces-
sary to work out pattern relations analogous to the foregoling to deter-
mine the projector constants Q(S) and P, and the effective dimenslons
of the projector.

Surface Reverberation

If a # b, Qq, the value of @ with the side a horizontal
(as in Fig. 1), is different from Qy, the value of Q with the slde b
horlzontal., By Ref. 3, p. 13,

a = [7a(0,4)a'(0,4)a8. (27)

It can be shown (Ref. 8, p. 100) that for a rectangular plston In an
infinlte baffle q(0,¢) = (sin u/u)<, where u = (Ma/A) sin §. For an
1deal transducer q' = q. Because of the baffle and because q(0,¢)
is symmetrical, the integral from O +to 277 equals twice the inte-
gral from Oto /2. Hence,

Q, = (gx/na)ijazksin u/u)udu/cos é. (28)

Since 1/cos # =1 + 3(An/ma) + . . . , and because the integrand
converges rapidly (Fig. 2A),

Q = (QK/Wa)ij(sin u/u)udu,

approximately, 1f the piston 1s large. Integrating (sin u/u)u, Table II,
by the trapezoidal rule

Q, = 0.665 \/a (29)

Qy = 0.665 N/b = Qla/b

CONFIDENTIAL
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By definitlon, (sin ul/ul)2 = 0.5 1if wu, 1s the half-width.
: Assuming that the pattern is 8o narrow that sin' ¢ = ¢, u = mfa/A.
£ From a table of (sin u/u)e, uy; = 1.39. Putting its value 0.665/Q
for a/N ead converting the aiigle @; corresponding to u; to y
in degrees,

Q = 0.0262y (30)
i E. Volume Reverberatlon
£ From Ref. 3, p. 8,
% (27 "2
P= [ [ 7 q°(6,4) cos © do dg. (31)
o “‘-n/g

Eeceuse of the baffle, and by symmetry,

/e ,1r/
/ Jo ®42(8,4) cos 6 a8 ad. (32)

P =L

o

The space pattern of a rectangular plston In an infinite baffle, from
Ref. 8, p. 100, lis

o]
g\ 5 sin“[(ma/\) cos © sin ¢] . sine[(ﬁb/k) sin 0]
x _ q(e,4) = ((ma/A) cos © sin gJe [(mdb/A\) sin ©]< (33)

If 1t is assumed that cos © =1 for all appreclable values of the
integrand, then .

a(8,4) = (sin w/u)?(sin v/v)? (34)
&{ where
:}; u = (ma/A) sin ¢ and v = (mb/A) sein 9.
'g;:
,\ _ab/N ma/A
4 P = (u%?ﬁwgab)JO ’ j; (sin u/u)u(sln v/v)udu dv/cos ¢ (35)
%ﬁ l/cos ¢ can be eipanded as before. If &a > 2\, 1t can be assumed that
bt cos ¢ =1 for all appreciable values of the Integrand and that the

j%_ upper limits of integration may be replaced by 3 (Fig. 2A). Then
& because a definite Ilntegral is a function only of the limlts and not
of the variable of integration,

& CONFIDENTIAL
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2 L2
_ LN 87ain u
P = 2 {jo { u ] du} (36)
= Qng (57)
= .4&2%?/ab. (38)

P 1s related by about the same constant to the wavelength A and the
effective area A of the projector in the two cases studied. For the
clrcular projector,

P = 0.4610%/ma® = 0.46102/A. (39)
For the rectangular projector,

P = 0.44223%/ab = 0.44232/A. (L0)

it
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TABLE IT
u (J](u)/u)h (sin u[u)LL
0.0 0.06250 1.00000
1 .06219 .99321
.2 .06126 97366
3 03975 .94160
A .05768 .89832
.5 .05512 84531
6 .05214 78430
| “ .7 .0L830 .T1736
B 8 04519 64653
B 9 04139 57387
] 1.0 .03750 .50136
1 1.1 .03358 43087
1 1 1.2 .02973 .36392
] 1.3 .02600 .30182
1] 1.4 02246 .2U548
1 1.5 .0191k .19555
1,; 1.6 .01609 .15233
| 1.7 01334 .11578
| 1 1.8 01089 .08568
:;% 1.9 .00875 ;5': s .06153
k. 2.0 . 00691 S .04273
15s
B 2.1 00536 - .02855
'gg 2.2 o839 | 01824 :
2.3 00358 . .01105 ;
,Ei\ oL 00221 - o .00627 ;
.ifl 2.5 00156 | : - .00%28 |
:§§; 2.6 00108 . .00155
it 2.7 0072 . .00063 1
: 2.8 00046 . .00020 :
2.9 .00028 : .00005 f‘
3.0 .00016 .00000 f
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