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Abstract

Two new two-grid algorithms are proposed for solving the Maxwell eigenvalue problem. The new
methods are based on the two-grid methodology recently proposed by Xu and Zhou [Math. Comp.,
70 (2001), pp. 17-25] and further developed by Hu and Cheng [Math. Comp., 80 (2011), pp.
1287-1301] for elliptic eigenvalue problems. The new two-grid schemes reduce the solution of the
Maxwell eigenvalue problem on a fine grid to one linear indefinite Maxwell equation on the same
fine grid and an original eigenvalue problem on a much coarser grid. The new schemes, therefore,
save total computational cost. The error estimates reveals that the two-grid methods maintain
asymptotically optimal accuracy, and the numerical experiments presented confirm the theoretical
results.

Keywords
two-grid method; Maxwell eigenvalue problem; edge element

1. Introduction

In this paper, we develop efficient algorithms for computing the Maxwell eigenvalue
problem, which is a basic and important computational model in computational

electromagnetism, e.g., in regard to electromagnetic waveguides and resonances in cavities

(see, e.9., [7, 12, 33, 39]). The governing equations are

curl(p, teurlu)=w?e,u in{), (11

div (e;,u) =0 inQ, (12
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Yeu=0 on oS}, (1.3

where €2 C R"(n=2,3) js a bounded Lipschitz polyhedron domain and v; u is the tangential
trace of u. The coefficients i and & are the real relative magnetic permeability and electric
permittivity, respectively, that satisfy the Lipschitz continuous condition, whereas w is the
resonant angular frequency of the electromagnetic wave for cavity 2. In the following
sections, we will use the conventional notation A to replace «?.

Edge finite element methods for solving the Maxwell eigenvalue problem are widely used
and their convergences have been studied extensively (see [8, 11, 20] and references
therein). Imposing the divergence-free constraint in the discretization is a challenging task.
The divergence-free constraint (1.2) can be dropped from the weak formulation and imposed
implicitly. Though dropping the constraint may introduce spurious eigenvalues, doing so
will not affect the nonzero eigenvalues (see, e.g., [20, 36, 31, 30, 48]). An alternative is the
so-called mixed formation. In a mixed formulation, a Lagrange multiplier is introduced to
impose the divergence-free constraint (1.2) in a weak sense. Using the mixed discretization,
no spurious eigenvalue will be introduced. However, the resulting linear algebraic system is
larger and of the saddle point type such that it is difficult to solve (see, e.g., [1, 2, 36]).
Another approach is the penalty method which relies on explicitly imposing the divergence-
free condition by introducing a penalty term (see, e.g., [9, 17, 31]). Compared with the
discretized linear system that arises from the mixed method, the system from the penalty
method is considerably smaller. However, the penalty method also introduces spurious
eigenvalues.

For all the methods referring to Maxwell eigenvalue problems above, a large-scale discrete
eigenvalue problem has to be solved, which is very challenging and time-consuming.
Multigrid methods for computing eigenvalues of symmetric and positive definite cases, e.g.,
[5, 21, 28, 29, 38], are not applicable directly for the Maxwell eigenvalue problems due to
the large kernel of the differential operator curl. To steer the inverse iterations away from
the kernel of curl, Hiptmair and Neymeyr [30] proposed the so-called projected
preconditioned inverse iteration method; see also [13] for the extension to adaptivity. In
each inverse iteration, multigrid methods are applied in order to solve a shifted Maxwell
equation and an additional Poisson equation with the purpose of imposing the weak
divergence-free constraint. It takes 10 to 20 iterations to converge to an acceptable tolerance
[30].

Here, we focus on speeding up the iterations by using a two-grid approach. The two-grid
method, first introduced by Xu [43, 44], has been applied to many problems, such as
nonlinear elliptic problems [45], nonlinear parabolic equations [18, 19], Navier-Stokes
problems [25, 35], and Maxwell equations [50, 51]. In regard to the presented study, most
relevant work is the two-grid method for elliptic eigenvalue problems developed by Xu and
Zhou [46]. The main idea proposed by Xu and Zhou [46] is to reduce the solution of an
eigenvalue problem on a given fine grid with mesh size h to the solution of the same
eigenvalue problem on a much coarser grid with mesh size H > h, which can be easily
solved as the size of the discrete eigenvalue problem is significantly smaller than the
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original eigenvalue problem on the fine grid, and the solution of a linear problem on the
same fine grid, which can be solved by mature and efficient numerical algorithms.

In this paper, we adopt this idea and develop efficient two-grid methods for solving the
Maxwell eigenvalue problems. That is, we first solve a Maxwell eigenvalue problem on a
coarse grid and then solve a linear Maxwell equation on a fine grid. Essentially, the
procedure is similar to performing only one step of the Rayleigh quotient iteration using a
good initial guess from the coarse grid. It provides a competitive approach for computing the
Maxwell eigenvalue problems. Although generalizing the two-grid approach to the Maxwell
eigenvalue problems seems straightforward, several nontrivial theoretical and practical
issues must be addressed.

First, it is important to note that the standard two-grid method (Xu and Zhou [46]) for
elliptic eigenvalue problems works when the order of error in the L2 norm is one order
higher than the error in the energy norm. Therefore, on the fine grid, a simple linear
equation, which comes from the inverse iteration (or the fixed point iteration in general), can
be used to maintain the asymptotically optimal accuracy for H2 = h. In terms of
approximation of the Maxwell equations, it is well-known that establishing an L2 norm error
estimate is a very challenging task [52]. For example, for the first family edge element, we
cannot expect the error in the L2 norm has higher convergence rate than the error in the
energy norm. As a result, in order to make the two-grid algorithm work, on the fine grid, we
must solve linear Maxwell equations derived from the shifted inverse iteration. This idea is
proposed in [34, 47] as an acceleration scheme for the standard two-grid method of elliptic
eigenvalue problems.

For the shifted inverse iteration, we need to solve an indefinite and nearly singular Maxwell
equation on the fine grid. However, it is difficult to solve this equation such that very
efficient solvers are required. Because we are interested in small eigenvalues, the wave
number of this indefinite Maxwell problem is relatively small. We will use the
preconditioned minimal residual (P-MINRES) including the shift Laplacian technique [23,
22] and the HX preconditioner [32] for the corresponding definite linear equation. Again
since we are interested in the approximation of eigenvalues, we discard the standard relative
residual norm but use the approximation of eigenvalues as the stopping tolerance of P-
MINRES. Our numerical computation shows that the solver with the modified stopping
tolerance converges in a few steps, which is almost uniform with respect to the size of the
problem. In summary, we reduce solving the Maxwell eigenvalue problem to solving a
Maxwell equation for which efficient solvers/preconditioners are available.

Another problem introduced by the shifted inverse iteration is the divergence-free constraint
which only holds weakly on the coarse grid. It is possible to explicitly impose this constraint
on the fine grid by projecting the obtained approximated eigenfunction on the coarse grid to
the discrete divergence-free space on the fine grid by solving an extra Poisson equation.
However, our analysis, which is based on the Helmholtz decomposition and an estimate of
the differences between the weakly divergence-free functions on coarse and fine grids,
shows that even without the projection step, our two-grid method produces an
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approximation A" to A and remains asymptotically convergence rate for H3 = h. When the
domain is smooth and convex, the rate of convergence is

A=\ < C(HO+RY).

Note that H3 = h implies that a very coarse mesh can be used—which saves considerably
computational cost and time, especially in three dimensions. For example, for a three-
dimensional unit cube, h = 1/64, the number of unknowns is 1, 872, 064, whereas for H =
h1/3 = 1/4 there are only 604 unknowns.

On the other hand, we require the coarse grid to be fine enough to be able to capture the
information we are interested in. This fact somehow limits us to choosing too-coarse grids in
our two-grid algorithms, but it is a standard requirement for solving eigenvalue problems.

The rest of this paper is organized as follows. In section 2, we introduce the Maxwell
eigenvalue problem. Section 3 presents new algorithms proposed in this paper, as well as
some notes about the algorithms. In section 4, we show the error estimates of our two-grid
methods for the Maxwell eigenvalue problem. And, in section 5, we give some numerical
examples in two and three dimensions to demonstrate the efficiency of our new methods.

2. Preliminary

Denote by

{u € (L2(Q)):curlu € L2(Q), yu=0}  (ifn=2)
{ue (LZ(Q))Szcurlu € (LZ(Q))S,%u:O} (if n=3)

3

Hy(curl;Q)= {

equipped with the norm ||u||cur1::(||u||2+||curl 'u,HQ) : The tangential trace isyyu =u x nin
three dimensions, whereas the tangential trace is y; u = u t in two dimensions with n
denoting the outer unit normal vector and t the unit tangential vector on boundary I" = 092.
Define X:= {u € Hy(curl; ), div(g u) =0in Q}.

The variational form of the Maxwell eigenvalue problem (1.1)—(1.3) is as follows: find
(A u) € RT x X and u 2 0 satisfying

a(u,v)=Ab(u,v) forallv e X, (2.1
where

a(u,v)=(p, Leurlu, curlv),
b(u,v)=(e,u,v).

We use (-,") for the standard L2-inner product and define a weight L2-inner product (-, )g =

b(:,").

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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It is easy to check that the bilinear form a(u, v) satisfies the following conditions (see
Corollary 4.4 in [31]):

a(u,v) < Cpl|ul|cun||V||eunt for allu,v € X,
a(u,u) > Co|ul|?,, for allu € X.

curl

Define an operator A : X —X’ & X such that (A, y) = a(u, v); therefore, A is compact and
self-adjoint on X. By virtue of the Hilbert-Schmidt theory (see [31, 40]), there exists an
infinite discrete set of eigenvalues {\} and the corresponding eigenfunctions uy € X, k=1,
2,3, ..., satisfy (2.1).

As the divergence-free constraint (1.2) is difficult to impose in the discretization, we will

consider a modified variational problem: find (A, «) € R* x Hy(curl;Q?) and u # 0
satisfying

a(u,v)=Ab(u,v) for allv € Hy(curl;2). (22

That is, we solve the eigenvalue problem in a space larger than X. The eigenfunction
corresponding to A # 0 remains unchanged [8]. Because for \ # 0, by taking v = Vp in (2.2),

p € HY(Q), we have
a(u, Vp)=Ab(u, Vp)=X(e,u, Vp)=0 for allp € H}(Q),

which implies a divergence-free constraint (1.2) in the weak sense. However, now zero is an
eigenvalue of (2.2) and the corresponding eigenspace is the infinite dimensional space

V H} (Q) when the domain € is simple.

We will consider the finite element approximation based on the modified variational form
(2.2). Let 7, be a conforming triangulation of the domain €2. The lowest-order edge element
defined on 7 is

Vi={u, € Ho(cwl;Q)|uy|;=a,+b, x ¢ for allT € 7}, (23)
and the discrete divergence-free space is
X,= {uh € Vi|b(uy, Vg)=0 for allq € 52} , o 4)
where Sgis the standard linear Lagrangian finite element space with zero trace such that
VS,(Z C Vh'

The finite element discretization of (2.2) is as follows: find (), u;,) € R x Vj, and u, Z0
satisfying

a(wp, vp)=Apb(up, vp) for allv, € V3. (2.5)

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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Based on the same argument, for Ay, # 0, the corresponding finite element approximation uy,
implicitly satisfies the discrete divergence-free constraint, i.e., up € X;,. Therefore, nonzero
eigenvalues Ay, and the corresponding eigenfuctions uy, satisfy

a(uh,vh):/\hb(uh, ’Uh) for all vp € Xh- (2.6)

We use (uj, 4;) to denote the continuous eigen-pairs and (up, i, Ay i) to denote the discrete
eigen-pairs and order them as follows:

A< A <SS
Al SAp2 S S A S

The following error estimate, which can be found in [8, Theorem 5.4], is useful in our
analysis.

Let A; be an eigenvalue of problem (2.1) with multiplicity m;, and denote by M(4;) the
corresponding eigenspace. Then, exactly m; eigenvalues of problems (2.6) Ani;s - - -5 Anjiyy,
converge to A;. By denoting Mp(4;) as the direct sum of the eigenspaces corresponding to
Ahjirs - -+ Ahsin, W have that there exists hg such that for 0 < h < hy, the following
inequalities hold:

|/\Z — )\h,i_7| < C(pl(h)+p2(h))2 for all j=1,...,m;,

o (M(A), My (X)) < Clpr(h)+pa(h)), @7

where C is a constant independent of h and o(M();), M (Aj)) denote the gap between M(%;)
and M();), which is defined as

a(M(X;), My (Aq))=maz(T(M(\;), Mp(X;)), T (Mp(Ai), M(N:)))

(M (Ai), Mp(Ai))= sup inf ||w; — wip|cun
w; €M () %i,h€EMR(N:)

Due to the space restriction, we refer to [8] for the definitions of pq, p. Here we only list
examples of py, p, related to our work. When € is a Lipschitz polyhedron, X  (H1/2*5(2))3

1
[26, 6, 40], and consequently p, (k)=py(h)=06(R'/>+?) for some 0<6 < > And, when Q is
smooth or convex, 5= 1/2 and p; (h)=py (k)= (k). The details can be found in [8].

At the end of this section, we give an important identity that relates the error in the
eigenvalue to the eigenfunction approximation. The proof is standard and can be found, for
example, in Lemma 3.1 of [4].

Proposition 2.2

Let (A, u) be an eigen-pair of (2.1) or (2.2) with A # 0. For any w € Hg(curl; 2)\{0}, we have

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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a(w, w) _a('w—u,w—u)_ blw —u,w —u)
b(w, w) b(w, w) b(w,w)

3. Two-grid methods

In this section, we present our two-grid methods for the Maxwell eigenvalue problems. We
will prove the error estimates in the next section.

3.1. Main algorithms

Let 7, and 7, each be triangulations of the domain 2 with different mesh size H and h,
where H > h. Usually, 7 is a refinement of 7. The finite element spaces associated with
7,,and 7, are denoted by Vi and V}, respectively. Based on these two grids, we present the
following two-grid methods for Maxwell eigenvalue problems.

Algorithm 1.

Solve a Maxwell eigenvalue problem on the coarse grid 9H find (Ay, up) € R* x Vi and uy # 0 satisfying

a(uH, vH)=XH b(uH, vH) for all VH EVH. (3.1)

2 Solve a Poisson equation on the fine grid: find py, € Sy, such that

(&, By V) =b(y. V) forall g, €50 (32)

h h
Then update &,, € Xnby U, =ty — Vpp,
3 Solve an indefinite Maxwell equation on the fine grid .7},: find u" € Vj, such that

a@", v) - by b v ) =b@], ) forall v, vy (3.3)

4 Use the Rayleigh quotient to compute the approximate eigenvalue on the fine grid:

a(uh,uh)
b, uM)

A= (3.4)

Algorithm 2.

Solve a Maxwell eigenvalue problem on the coarse grid yH: find (A4, ) € R* x Vyanduy Z0
satisfying
a(uH, vH) = XH b(uH, vH) for all vy €V (35)

2 Solve an indefinite Maxwell equation on the fine grid %: find u" € V;, such that

a", v) - by b v) = by v forall v, €V, (36)

3 Use the Rayleigh quotient to compute the approximate eigenvalue on the fine grid:

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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We present two algorithms here. They differ in regard to the ways in which they handle the
divergence-free condition. In Algorithm 1, we project uy to X;, by solving one Poisson
equation. However, in Algorithm 2, we skip this step. Our error estimates in the next section
prove that both algorithms are effective. Algorithm 2 is cheaper in terms of computational
cost and, consequently, more efficient. Therefore, we recommend using it in preference to
Algorithm 1. On the coarse grid, we solve a Maxwell eigenvalue problem based on the
variational form (2.5). As the coarse grid problem is small, any robust method can be used in
this step. We assume that solving the Maxwell eigenvalue problem on the coarse grid is
inexpensive and that the total computational work is negligible compared with the work
associated to the linear system on the fine grid.

Remark 3.1—Algorithms 1 and 2 can be naturally used to compute multiple eigenvalues as
long as the coarse grid is fine enough. Assume that an eigenvalue A has multiplicity g and its
corresponding eigenfunctions are ul, u2, ..., ud. In our two-grid algorithms, we first need to

2 u?, on the coarse grid. Then we use

- - - 1
compute g approximated eigenfunctions w, ,u> , ..., u,

each ', m=1,2,...,q, to proceed with the two-grid algorithms. For example, in Algorithm
2, we use u’',m=1,2,...,q,in (3.6) to compute uhm m=1,2, ..., q. Finally, we compute
the Rayleigh quotient of U™ m =1, 2, ..., g, to get q approximate eigenvalues A\™™ m =1,
2, ..., g, on the fine level. These eigenvalues are approximations of the eigenvalue A with
multiplicity q and the space spanned by u™™ m =1, 2, ..., g, is an approximation of the
eigenspace spanned by u™, m =1, 2, ..., g, of the eigenvalue \. Note that the computed
eigenfunctions u™™M m=1, 2, ..., g, may not be orthogonal, but an orthogonal basis of the
space spanned by u"™ m =1, 2, ..., g, can be easily obtained by an orthogonalization
procedure, for example, the Gram—Schmidt algorithm.

Remark 3.2—Similar to the multiple eigenvalues case discussed in Remark 3.1,
Algorithms 1 and 2 can be naturally used to compute clustered eigenvalues as long as the
coarse grid is fine enough. For the sake of simplicity, assume two eigenvalues A and A, are
close but not equal to each other. We require that the coarse level is fine enough to capture
the gap between two different eigenvalues, i.e., we should be able to get two approximations
A1 and Ay o, which approximate A4 and A, respectively. Then we can proceed with the
two-grid algorithms as discussed in Remark 3.1 and get two approximate eigen-pairs

(A]ﬂ Ulf) and ()\ga ug) on the fine level. The error estimate we presented later will be
amplified by the factor 1/|A; — Ay|.

On the fine grid, it is necessary to solve an indefinite Maxwell equation, which is based on
the idea of using the approximation on the coarse grid as an initial guess in the Newton’s
iteration. As we shall explain next, this is different from the classical two-grid method for
eigenvalue problems.

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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Consider the abstract eigenvalue problem 27u=Au with a compact operator <. If we use the
approximation on the coarse grid uy and Ay as an initial guess, and apply one step of the

fixed-point iteration, we obtain o7u"=X, u . Roughly speaking, this describes the two-grid
method proposed by Xu and Zhou [46]. Due to the linear convergence rate of the fixed-point
iteration, if

[u = wy [ +A = A, [=6 (H?), @)

then we can expect the resulting two-grid method has asymptotical convergence rate

O(h)+6(H?), However, for the first family edge element, an optimal L2 error estimate such
as (3.8) is not available as the polynomial space is incomplete. Consequently, two-grid
methods based on the fixed-point iteration may not work.

The two-grid algorithms we propose are based on the generalization of the accelerated two-
grid scheme proposed by Hu and Cheng [34], which can also be viewed as a variant of the
Newton’s method for the eigenvalue problems. Let us reformulate the eigenvalue problem as
the following nonlinear problem:

F(uh, /\h):znghuh - /\huh:0.
By applying the Newton’s method with uy and Ay from the coarse grid as the initial guess,
we have
du
VF(UH7)\H) SA :_F(qu)‘H)
and more specifically
ou

(e — Agl —uy) ( SA ) = — (Fhuy — Aguy),

which can be reformulated as

(D — A, I)(u,+0u)=0Au, . (3.9)

We cannot solve one equation (3.9) for two unknowns &u and 4. However, a crucial
observation is that 51 on the right-hand side can be treated as a scaling which will not affect
the Rayleigh quotient of the eigenfunction. More precisely, consider the problem without the
scaling 54 on the right-hand side:

(e — Ay Du"=u,,. (310

It is, therefore, easy to show that 54 uh = @ := uy + Su. Moreover, an important fact is that

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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)\h_(&{huhauh)_(ﬂhah7ﬁh)
- (uh’uh) - (&hﬂlh)

This means that solving the problem (3.10) could lead to the same approximation of the
eigenvalue as can be achieved with the Newton’s iteration, which suggests the second step
in our two-grid algorithms.

3.2. Efficiency and solver

Our main reason for proposing the two-grid methods is to address the high computational
cost of solving a large-size eigenvalue problem. Among the existing methods for the
Maxwell eigenvalue problem, the standard inverse iteration is one of the most popular
methods, although it is difficult to find a good initial vector and it is necessary to solve a
large positive semidefinite Maxwell equation. Furthermore, the solution must be projected
onto the orthogonal complements of the kernels in every iteration.

A two-grid scheme can reduce the discrete eigenvalue problem on a fine grid ; to the same
problem on a much coarser grid .7, and only one shifted inverse iteration on the fine grid
;- The accuracy of O(h*+H°) (assume the domain is smooth and convex) as shown in the
next section allows us to use a very coarse grid, which makes the computational cost on the
coarse grid negligible. Therefore, the dominate cost of the two-grid methods is solving an
indefinite and nearly singular Maxwell problem on the fine grid.

For the coarse grid eigenvalue problem (3.5), it is a generalized algebraic eigenvalue
problem which is small in size. We can solve the problem directly, for example, using the
eigs function in MATLAB. For (3.6) on the fine grid, we need to solve an indefinite
Maxwell equation. As we are usually interested in several small eigenvalues, we combine
the shift Laplacian technique [15, 22] with the HX preconditioner [32] in order to design an
efficient solver.

Write (3.6) in the following matrix form:

(A, — A, Mp)u"=b. (311

In this notation, Ar=(a(¢;, ¢:)),; is the stiffness matrix, Mp=(b(¢;, ¢:)),; is the mass
matrix, and b is the load vector. This is a symmetric indefinite system. We choose the

MINRES method with the shifted Laplacian preconditioner (Aj+A,, M, )~% which is further
approximated by the well-known HX preconditioner [32]. In our numerical experiments, one
step of the HX preconditioner is used in every MINRES iteration and the numerical results
show that such a solver is effective and robust.

For the stopping criterion of the MINRES method, we choose the accuracy of
e=|X, — AT /AT, where i means the iteration step, rather than the standard relative

residual ||b — (A, — A, Mj,)u™||/||b||. We made this choice for the following two reasons:
(1) the final goal is to solve an eigenvalue problem and approximate the eigenvalues, and (2)

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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the iteration error is almost entirely within the space spanned by the eigenvectors (see, e.g.,
[34]), such that the error will not affect the Rayleigh quotient. An alternative stopping

criterion is &= |1 — r[| / |Ir']|, where y'=A; u™ — Al M, u™". Note that in the definition of r,
A instead of Ay is used since the eigen-pair we are computing is (A, uh:i). We can also use
the stopping criterion é=min {W; = A/ I - 1Vi||/||ri\|} which includes both

eigenvalues and eigenfunctions. These choice of accuracy reduces the number of iteration
steps dramatically comparing with the standard choice of the relative residual.

Remark 3.3—When Ly is close to the close eigenvalue Ay, on the fine level, the indefinite
problems on the fine level in our two-grid algorithms become nearly singular and seem to be
more challenging to solve. This problem has been much discussed in the literature in the
context of general inverse power method. As shown in, e.g., [27, 42, 41], the near-
singularity of this system hardly presents a problem due to the fact that, for eigenvalue
problem, the near null space of this system is exactly spanned by the eigenfunctions that we
are interested in. A detailed discussion can be found, for example, in Remark 3.2 in [34].

4. Error estimate
In this section, we will give an error estimate of both our two-grid methods, Algorithms 1
and 2, for the Maxwell eigenvalue problems.

4.1. Error estimate of Algorithm 1

Assuming that the eigenvalue \ has multiplicity q, let
M(A)={u € X:uis an eigenvect or of (2.1) corresponding to A}
be the eigenspace corresponding to the eigenvalue k. Let A = {A;, i =1, ..., g} be

approximated eigenvalues of eigenvalue A by solving the variational problem (2.5). Let up, ;
denote the eigenvectors corresponding to i for i =1, ..., . Similarly, let

My (XN)=span {up 1,up2,..., Upq}

be the approximate eigenspace corresponding to the eigenvalue .

Given a positive constant |, define the following bilinear form:
aj(u,v):a(u,v)—i—pb(u,v) for allu,v € X. (4.1)

It is well-known that (see Lemma 4.10 in [40])

|aj(u, ’U)| < C”u”curlHUchrl for all u,v e X,
|a} (u,v)] > C|lu|?,, forallu e X,

curl

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.
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where the constant C depends on l, &, and g but is independent of u and v. A similar
statement is also true for space Xy, i.e.,

|ay; (wn, vi)| < C||“h||cuﬂ||”§z||cuﬂ for all wy,, vy, € Xp,
|a} (up,vp)| > Cllug| for alluy, € X,

curl

where the constant C also depends on ly, &, and p but is independent of up, v, and the mesh
size h. Moreover, we can define the operators K: (L2(€2))™ — (L2(2))" and Kp: (L2(Q)" —
(L2(2))" such that

a:j(K fov)=—2ub(f,v) forallv € X, 4.2
a:(Kh frvn)=—2ub(f,vp) for allvy € Xp. (4.3)

The following lemma has been shown in [40].

Lemma 4.1 (Theorem 4.11 in [40])—The operators K and K}, are bounded and compact
from L2(Q) into L2(£2). In addition,

HK f”curl < C||f||L2; (4.9)

||Kh churl < CHfHL27 (4.5)

where the constants C only depend on y,, &, and L.

Both K and Ky, are compact and their eigenvalues are —2p/(A+p) and —=2/(Ap+ 1),
respectively, where X and Ay, are eigenvalues of the Maxwell eigenvalue problem (2.1) and
(2.6). Therefore, we have the following estimate for the operator (I +Kp,)™! restricted to the
orthogonal complement of My(L) in X}, which will play an important role in the error
analysis for our two-grid methods.

Lemma 4.2—Let A;- ()) denote the orthogonal complement of M()) in X, with respect to
b(:,"). Then we have
-1
) . (46)

1
Let p=miny, x| A; — Al Assume that h is small enough such that [An ; — Aj| < 7P ford#

Anj— M
Ahjti

I+K,) ! = min
¢ n) "l (AMM

1 Loy
M )=

1
and assume that | — A| < Zp. Then we have
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Ahj — I
Ap i

p
T AN+2p

=1
=C;1>0.

A jEA

Proof: The identity (4.6) directly follows from the fact that

(I+K,) L ME(A) — M),
and the operator (I + Ky,) ™1 is self-adjoint with respect to the inner product b(:,").

1
Note that|Anj — | > [[Aj — Al = [ = Al = [Aj = Ayl = 5 then we have
1 1
0<Ap; < p— SP= [lor An,j > 5. Therefore,

Ang = B o
An,jt

min

> >0. (@7
O<z<p— ép or zZer%p

w—u‘ PSP

YRTN o+p | dptp T AN+2p

O

The following lemma shows that the discrete divergence-free function can be approximated
by a continuous divergence-free function. Such a construction for the case & = 1 is used, for
example, in Girault [24] and [3], and a detailed proof can be found in [31, 40].

Lemma 4.3 (Lemma 4.5 in [31])—Let u, € X}, and © be a bounded Lipschitz
polyhedron. There exists a u € HO (curl; §2) satisfying

curlu=curluy, div(e,u)=0, nQ, (4.8)
and
e — wpll, < CRY#9curluyy,  (4.9)

where the constants C and 0 < §< 1/2 are independent of h, u, and up,.

The following lemma, which can be found in [3], provides an error estimate for the solution
of the Poisson problem (3.2) on the fine grid in the two-grid algorithm.

Lemma 4.4 (Proposition 4.4 in [3])—Under the assumptions of Lemma 4.3, let py,, uZ
uy be defined as in Algorithm 1. Then we have

s
IVpnll,, =l =l |, < CHY2 P lewl | . @10
where the constant C and 0 < § < 1/2 are independent of h and up.

Proof: Note that w” =u,, — Vpy,
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b(’u,};{, Van)=b(u, — Vpp, Vg,)=0 for allg; € 52,

which implies u:{ is discrete divergence-free in 7. Then, by Lemma 4.3, there exists aw €
Hy (curl; Q) satisfying

curlw:curluz, div(e,w)=0, (4.11)

[ =l ||, < R lcurla . (4.12)

Furthermore, (3.1) implies that uy is discrete divergence-free in 52. Based on Lemma 4.3
again, there exists a ,;, € Ho (curl; ) that satisfies

curlw=curlu,,, div(e,w)=0, (4.13)
[ — wylly < CHY*PJcurlu,, ||, @14)

In view of (4.11) and (4.13), we know that

w—w € X, and curl(w — m):curl(uz —u, )=curl(—Vp,)=0,

which implies ,,, _ .

Finally, as 'u,Z =u, — Vp,and -, by the inequalities (4.12) and (4.14),

w —w

- &
||VthL2:HuH -—u <y — wHL2+||w - uZHLz < cH'/** chrluHHO'

h
A

This completes the proof. O

Now we are ready to provide an error estimate of Algorithm 1.

Theorem 4.5—Let Ay and (A, uM) be computed by Algorithm 1 and Ay is an
approximation of the eigenvalue A. Under the assumptions of Lemmas 4.2 and 4.4, there
exists an eigenfunction u € M ()) such that

. . h 1/2+6 3(1/249)
min/lu —au®(| , < O +H )y (4.15)

curl

mllr§1||u _ a’u,h” < C(h1/2+6+H3(1/2+6)). (4.16)

ac

And for the eigenvalue, we have
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where the constants C depend only on ,, &, o, 4, and u, and & € (0, 1/2] depends only on
the domain.

Proof: Let us define the operator Ap: Xj, — Xy, as

(Apu,v) =a(u,v) for allu,v € Xj.

Suppose eigenvalue ) is a multiple eigenvalue with multiplicity ¢. Let the eigen-pair (Ap j,
up i), for somei € {1, ..., g}, be one approximation of (A, u) by solving (2.5) which satisfies
the relation (2.6)

Apup, i =Apjup; in Xy (4.18)

If Ay = Apj for some j € {1, ..., g}. Then the estimate is obtained by Theorem 2.1. We thus
assume hy # A j forall j € {1, ..., q}. Since Ly approximates A, we also assume the coarse
grid size H is fine enough such that A is not equal to eigenvalues of A, other than .
Therefore A, — Ay | is invertible. Let @ € X}, be the solution of the operator equation:

(Ap = A DA =(An; — Al in (Xn, (5-),). (@19)
Here (Xy, (+,-)g) means the Hilbert space X}, endowed with inner product (:,-)g.
From (4.18) and (4.19), we have the error equation

(Ap = Ay D(wn; — ") =(Ani — Ay ) (wn,; —ul) in (X, (-,0) ). (420)

We decompose up, ; — u’; on the right-hand side as

Up; — u};:(um — Eth)—Q—(Eth — u’;),
where Ejp, is the orthogonal projection of X, w.r.t. to (-,")g, onto My, (A). We can thus rewrite
the error equation (4.20) as

(Ap = A D) (@ — @")=(Nns — A ) (Bpul, —all), @21

H

where '&h,i:uh,i — ()\h,i — /\H)(Ah — )\HI)il(uh’i — Eh’u,g)

Now it is crucial to observe that Ay — Ayl: Mp(A) — Mp(\) and

Ay, — A\, I:M;-(X\) — M;-()) are an isomorphism since My (L) is an eigenspace of operator
and Ay is not an eigenvalue of Ay,
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Then since uy, ; — Ehu’}{ € My (\) and up j € My, (A), we conclude Op j € My, (A). Similarly
(Bpul, — )€ pk () implies (On - @) € M (M)
Following an argument similar to that in [40], we can define a vector 4, ; € X, such that

(A, D Fhi=(Ani — Ay ) (Epul, —ul) in X,

Therefore, we have %, € Mj- () and

|- Fhi

curl —

ho_ .k
< ClAni = Ayl Bruy, — uH”Lz'

By the definition of Ky, with i = Ay, problem (4.21) is equivalent to

(I+EKy) (4, — @)=, ;.

Therefore, we have

o — il < -1 T
[an: —a"| | <|[(I+Kn) |\M¢<AHM}%W||f/h||L2
< Cpl|Fnill ,

< CpC|’\h7i - /\H|HEhu2 —u

h
H”LQ.

According to to the standard error estimate of uy (see [8, 31]), there exists 7, € Mg (A) such

that[[n — wy | , < CH'*™ Therefore, we have

HEhu};I —u <|up—w

_ h 1)
< Huh - uII||L2+||uH - 'U'H”L2 < CHY** )

h h
AN A

where we use Lemma 4.4 in the last inequality. Then due to the standard estimate [\, j — Ay
<%= il + L = Ay < CH29 we have
~ ~h 5 34
[@n,: —a , < CHY¥ . (4.9
In view of the above procedure, we also have

h h : 30
[ Fhillcun < ClAs = Aull[ Bruy —uy |l | < CHY*. (43

curl —

On the other hand, (@, ; — @")=%, ; — Kj, (4@, ; — @") such that

U u 7, ¥ i1 ¥ : 36
fewrl(ains — @), < lldn; = @ o < CUFnill ot (@i — @), ,) < CHYH,

curl —
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where (4.23), Lemma 4.1, and inequality (4.22) are used.

Moreover, since o(M()), My, (\)) < Ch1/2*9 there exists u € M(X) such that || u = Opjlleurt <
ChY2*5and consequently

o=, < e ]l — @ < OO EY) 4y

Pl < CRMYPTOLHP2H0)  (45)

~h N
||u_u || < ||’U,—Uh71‘ curl —

curl =

Curl+||ﬁhvi —u
Note that &" = (A j — My)u™. Then the estimates (4.15) and (4.16) follow directly.

Using the triangle inequality and l|z[| ,=1, we have

~h I 3/2+38
@], > lull , = —a"]| , =1 CH* " 42

L2 —

. ~h . .
Hence, we obtain a lower bound of [#"(| , under the assumption H is small enough.

To get the estimate of the eigenvalue, by Proposition 2.2, the boundedness of |, and &,
(4.26), and the boundedness of A, we have

h _a(ah—u, @ —u) b(ah —u, @ —u)
N = A= _2A b@ )
< C ([leurl(u — a")|?, 42w — a||%, )

< C(h1+25+H3+65)’

which gives the error estimate for the eigenvalue (4.17). O

Remark 4.1—For the case in which domain € is smooth or convex, we have 6= 1/2 and

min|ju — au| ,+minflu - aut|, < C(h+H?),
A=\ < C(h?+HS).

4.2. Error estimate of Algorithm 2

Working in the divergence-free space Xy, requires solving an extra Poisson problem on the
fine grid. In this section, we discuss the convergence of Algorithm 2 based on the standard
edge element spaces Vy and Vy, and our analysis proves that this extra step can be skipped.
Note that Vi C Vj,.

In order to analyze Algorithm 2, again, we introduce the following auxiliary problem on the
fine grid:

—h —h
a(u ,vp) — A b(u ,vp)=(An; — Ay )b(u,,,vy) for allv, € Vi,

And we recall that the eigen-pair (\p j, upj) +€ R* x X satisfies
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a(wp;,vp)=Ap ib(up i, vy) for allv, € Vj

and thus obtain the following equation, which is similar to (4.20) but imposed on V}, instead
of Xj:

—h —h
a(uh,i —-u , ’Uh) — /\Hb(uh,i —-u Uh):(Ah,i — )\H)b(uhﬂ' — Uy, ’Uh), vy € Vh- (4-27)
—h .
Note that u;, ; — u =ey, ;+Vp,, for some ey j € Xp and 5, e SY, where p, can be determined
by solving
Ay (& VD, Van)=(An,i — Ay )b(wp; — w,, Vap,) for allg, € SY. (428

Following [40], we can easily estimate j, as following.

Lemma 4.6
Under the assumptions of Lemma 4.4, we have
_ [Ani — Ay 3/24
IVl = N EVpnll , < CH?*% (429
where py, is defined by (3.2) and the constant C and & € (0, 1/2] are independent of H.
Proof—Using (4.28), up j € Xp, and (3.2), we have
)‘H (ETVﬁh, th>:()‘h7i_)‘H)b(uH’ th):(/\hyi—)\H)(ETvph, th)fOI‘ all g, € 52.
Then the result follows from Lemma 4.4 directly. O
Theorem 4.7

Let Ay and (A", u") be computed by Algorithm 2, and A is an approximation of the
eigenvalue \. Under the assumptions of Lemmas 4.2 and 4.4 there then exists an
eigenfunction u € M(\) such that

. _ h 1/2+6 3(1/249)
ggﬂg”u au ||L2 <C(h +H ): (4.30)

gg]{gﬂu —aut|_, < C(RV/2+0 4 f301/2+0)y, (431)

And for the eigenvalue, we have
|)\ _ )\h| < C(h1+26+H3(1+25)), (4.32)

where the constant C and 0 < §< 1/2 depend only on |, &, p, Aj, and u.
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Proof—Substituting «, ; — \'l-L/h:ehﬂ-—}-Vﬁh into (4.27), and using u" =u,, — Vpy, then for
any vy, € X;, we have

a(eh,i’ vh)_)‘Ub(eh,i’ 'Uh):()‘h,i_’\n )b(uhyi_uﬂ ’ 'Uh):()‘hﬂ_’\n )b(uh,i_uz s V),
where we use b(Vp,,, v, )=0 in the first identity and b(Vpy, vp) = 0 in the second identity,
for all vi, € X;,. Now, we can rewrite the above identity in the operator equation:

(A = Ay Deni=(Ani = Ay) (upi — uly) in Xn  (433)

Comparing (4.33) with (4.20), we have e ; = up j — &, where &" is defined in (4.19). Hence,
we have %" —ah _ A
Therefore, based on (4.24) and (4.25), there exists a u € M (A) such that
—h - .
u—w'|| , < flw—a"| + VB, < CMH+H*2D) 434
and similarly
curl =

—h N 5 .
lw — v || < lJuw — uh||curl+vah||L2 < C(RY/2H0 L g31/240)) (4 35

This leads to (4.30) and (4.31). For the eigenvalue, using the triangle inequality and

[l ,=1, we have

—h —h 3/2436
Jull , 2wl , —lle—-ul,=1- CH?/*™ (436

Equation (4.32) follows from Proposition 2.2. 0O

When €2 is smooth or convex, we have §=1/2 and

: h : h 3
I;lelllkgnu —au ||L2 +121611:[R}”u —au ”curl < C(h+H )?
A=A < C(h2+HS).

5. Numerical experiments

In this section, we will report several numerical experiments in two and three dimensions to
verify the effectiveness and robustness of Algorithm 2. We implemented these experiments
using the iFEM package [16]. We did the computation in double decision but only display
six digits after the decimal in tables, which are accurate enough for quantity bigger than
1075,

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



1duosnuen Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

ZHOU et al. Page 20

Example 5.1

Consider the Maxwell eigenvalue problem (1.1)—(1.3) on the two-dimensional domain 2 =
(0,1) x (0, 1) and p, = & = 1 in Q. It is easy to show that Ay = A» = 72 and A3 = 272

The results shown in Tables 1-3 verify the theoretical expectations. Let A y and Ay p denote
the eigenvalues computed by solving the eigenvalue problem (3.5) on the coarse grid 7, and
the refined grid 7, respectively, and let A? denote the eigenvalue obtained by Algorithm 2,
here k =1, 2, 3. The coarse mesh .7, is the uniform triangular mesh. The fine grid 7; is
obtained by applying several uniform refinements (every triangle is divided into four
congruent triangles) from 7, .

We design several tests to verify our error estimate. First, we fix a coarse mesh and vary the
fine mesh. The mesh sizes satisfy the relation h? > H®, and thus O(H®) is smaller than

&(h*), From Table 1, it is evident that the approximation rate is indeed o), Second, we
fix a fine mesh and vary the coarse mesh subject to the constraint h? = HE. Table 2 shows
that we can obtain the same level of accuracy by using different coarse meshes. In Table 2, a
dash means that the computer we use does not have enough memory to solve the eigenvalue
problem with direct solvers when the mesh size is too small. Third, in Table 3, we vary both
the coarse and the fine meshes at the same time, subjected to h? = HS, i.e.,

O(h*+H®)=06(H®), similarly, we only need pay attention to whether the numerical results

satisfy [A = A"|=C€(H®), In fact, it is easy to find that the convergence rate is @ (H®), as
shown in Table 3.

To sum up, we have used three different approaches to show that the numerical results are

consistent with our theory. Tables 1-3 verify that [A — A"|=0(h*+H®) Further, the solver
introduced before is efficient. The most time-consuming part of the solver is the HX
preconditioner. Therefore, we report the number of calls of the HX preconditioner. We
compare our method with the inverse iteration method for computing eigenvalues. For the
first eigenvalue, at each inverse iteration step, PCG using the HX preconditioner typically
needs five or six iterations and typically 10 steps of inverse iteration are needed. For other
eigenvalues, a shifted indefinite and near singular Maxwell equation should also be solved,
and again around 10 steps of inverse iteration are needed to converge. Our method behaves
essentially like one inverse iteration and thus reduces the total computational cost. We
choose HX preconditioner as the computational cost unit because other measurements, such
as CPU time, depends on the programming language, computational environment, and many
other facts.

Example 5.2
Consider the Maxwell eigenvalue problem on a two-dimensional L-shaped domain 2 = (-1,
1)2/(0, 1) x (-1, 0) and p, = & = 1. Ay = 1.47562182 (see [10]).

We consider an L-shaped domain problem. The solution has a singularity at the origin and &
# 1/2 in the analysis. We use a simple adaptive method for the twogrid method. The coarse
grid g7 used in this numerical experiment is an adaptively refined grid. 7 is obtained by
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uniform refinement (every triangle is divided into four) of &z, fori=1, 2, 3; see Figure 1.
From Table 4, we know that this simple adaptive two-grid method is also efficient for the L-
shaped domain. Due to the singularity of the solution and the refinement strategy we use, the
rate is not close to the second order. Here for adaptive grids, the second order h? is replaced
by N~1, where N is the number of unknowns. We would expect an optimal rate of
convergence with more sophisticated adaptive edge finite element methods, e.g., [49].

Consider the Maxwell eigenvalue problem on a three-dimensional domain 2 = (0, 1)3, p, =
& =1in Q. According to [17], we have A = Ay = A3 = 272. We use the first family linear
edge finite element to approximate Hg (curl; ). In the same way as before, we retain the
size of the coarse grid and of the fine mesh satisfying H = h3, and the convergence rate of

the two-grid scheme is nearly @' (h*)+G(H®), Table 5 supports our error estimate.

Consider the Maxwell eigenvalue problem on a three-dimensional domain 2, where Q is a
closed metallic cavity with a ridge along one of its faces. The coefficients yy =1 and g =1
in ©2. We consider a practical problem from engineering [12]. This domain is a rectangular
cavity, air-filled, and has a metallic cavity with dimensions 1 x 0.5 x 0.75 cm. For more
information about the domain, see Figure 2 in [12]. A mesh of 2 is shown in our Figure 2.
We do not know the exact solution to this problem; however, we did compare our results to
those reported in [12]. Generally speaking, the smaller the mesh size, the better the
accuracy. In this test, the two smallest eigenvalues are computed in the fine mesh, which has
about 1 million unknowns. In Table 6, datal and data2 come from [12]. We compared our
results to those in [12], and found that our results are compatible with the results reported in
[12]. The number of calls of the HX preconditioner is also stable to the mesh size but
depends on the eigenvalue. As shown in [37], the major component of our algorithm, i.e.,
the HX preconditioner, is highly scalable. Based on the parallel implementation in the hypre
Iibrary,1 the HX preconditioner works nicely for a problem of size 78 million on 1024
processors. Therefore, we expect that our two-grid algorithms, which are mainly based on
the HX preconditioner, will be effective and efficient for large-scale Maxwell eigenvalue
problems based on similar parallel implementation.

6. Conclusion

In this paper, we have proposed two two-grid methods for the Maxwell eigenvalue problem.
These methods only need to solve a general eigenvalue problem on the coarse grid and then
solve one linear equation on the fine mesh using an efficient iterative method. We also have
shown the asymptotic error estimate of the two-grid methods. Finally, we have presented
several numerical experiments including two- and three-dimensional cases in order to
confirm our theories.

1hypre: high-performance preconditioner, http://www.lInl.gov/CASC/hypre/.
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(a) Adaptive coarse mesh Ty (b) Adaptive fine mesh Th

Fig. 1.
Coarse and fine meshes with the adaptive method.
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Fig. 2.
A coarse mesh used for Example 5.4.

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.

Page 26



Page 27

ZHOU et al.

Author Manuscript

0c | 26T | s-o6vTe66'8- | T626€L6T | T6265L6T | £v1092°6T | 9sert | ou/T | €
ge | 00z | v-eevootee- | 6es6eL'6T | 6ES6EL'6T | £vT09L6T | 82T/ | ot | €
e | ooc | e-azt00z8'1- | 62S0v2'6T | 62S0VL'6T | EvTO9L6T | YT | 9Tt | €
62 £-98v22.2'~ | T8YYvL6T | T8vivs'6T | evT0o9s'6T | zem | ouT | €
oc | voz | 9-eesssys | 1696986 | 62s698'6 | 2.5.98%6 | 9sert | ouT | @
Te | 00z | s-eesesere | €.5698'6 | c25698'6 | 2.6.98%6 | seuT | 9wt | 2
8¢ | ooz | v-e0ss1seT | 6.v698%6 | 6.v698%6 | 2:6.986 | v | 9ut | 2
ze v-985G8T0°S | 20T698'6 | 20T698'6 | 1.6.98%6 | zem |91t | 2
oc | voz | 9-eesssys | 1696986 | 96s698'6 | 925.98%6 | 9ser [ ouT | T
Te | 00z | g-eesesere | £.5698'6 | S0e698'6 | 9:6.98%6 | 8zuT | ot | T
8z | ooz | v-e08s152T | 6.v698°%6 | sovs9se | 9:5.986 | vt | 9T | T
ze -985G8T0'S | 20T698'6 | €28v98'6 | 9/5.986 | ze/m | ouT | 1
XH | oy AR b Why oM, y H [

T alqel

Author Manuscript

"T'G ajdwex3 10y saysall aul) PaLIBA PU USaLl 8SJe0d paxi

Author Manuscript

Author Manuscript

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



Page 28

ZHOU et al.

Author Manuscript

¢ ?olgel

Author Manuscript

ee | 5-oz6.968'T- | 6ezeeL6T | - | 62s0vL6T | 21T | w9/t | €
e | §-9€09968'T- | 62z6eL6T | — | T8vvL6T | 21S/T | 2o | €
8e | 5-oT18.66'T- | 62z6eL6T | — | €v109.°6T | 21s/T | 9/t | €
6e | SovTSGrLT- | 9zzeeL6T | - | GLvOze'6T | 21T | e | €
Te | 99v9.86.C | 2096986 | - | 676986 | 2IS/T | v9/T | 2
0c | 9-98e/86.C | 2096986 | - | 2016986 | 2IS/T | zem | €
se | 9011008 | 2096986 | - | L6986 | 2IS/T | 9T | 2
ee | o9-9gezees | 2096986 | - | 811986 | 21T | 8T |2
Te | So06ees6T | 9896986 | - | 6078986 | 21/ | vorT | 1
oe | S9orvese'T | G85698%6 | - | €z8vos6 | Z1a/ [ zem | 1
g | $9z10996'T | 986986 | - | 9150886 | 21/ [ 9T | 1
ee | s9z0TTTLT | 8156986 | - | 6188626 | 21/ [ 8T | 1
= X , »
XH sy’ M Y H |

"T'G ajdwex3 10J Saysall 8S1e0d PalIeA pue ysawl aul) paxi4

Author Manuscript

Author Manuscript

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



Page 29

ZHOU et al.

Author Manuscript

6€ 0T'9 | S-9G80EV9'T—- | 6CC6ELGT - G/0¢8'6T | ¢1S/T | 8/T | €
o133 ¥T'9 | €-906S8¢T'T— | LEEOVL'6T | 6CS0VL°6T | L¥S€C0°0C Y97 VIl | €
9¢ ¢-9T005.6',—- | 8S68T8'6T | S.¥0¢8'6T | L8T.82°0C 8/T 2T | €
ge | zg's | o-esczzesz | 2096986 - 811986 | 218/ | 8T | @
6¢ €29 ¥-8GGESEE'T T.¥698°6 6.7698°'6 8GG0€8'6 /1 VIl | ¢
0z Z-8926TT0T | S8v658'6 | S8TT98'6 | 0000096 | 81 |21 |2
€e v6'S G-8¢0TTILC 8.5698°6 - 8T8E6.'6 CI8/1 | 8T | 1T
62 | 68'G | €99/5/99T | 9e6298'6 | 60v8986 | zetsise | vort | v | T
0¢ -9891¢88'6 ¢8L0LL'6 618E6L'6 7918088 8/T ar |1
X = e , ,
XH | ey Rl Hy u H |

€9l|qel

Author Manuscript

"(4 = ¢H) T'G 9|dwex3 Joj saysawW Ul Pue 851809 Pale/

Author Manuscript

Author Manuscript

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



Page 30

ZHOU et al.

Author Manuscript

v alqel

Author Manuscript

S 0
LT | ve82LLT | vvvSLYT | 969TS < ve8 &
S 0
8.1 | v-e8v.8'G | ve0sivT | ¥862T & ve8 &
T 0
- €-a1€10C | 60vELV'T | 89zv & ve8 &
=Y
arey | y Ty Wwoa | u | HWoa | H

Author Manuscript

Author Manuscript

‘wajqo.d urewop adeys 7 4oy pub-om1 aandepy

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



Page 31

ZHOU et al.

Author Manuscript

G 9lqel

Author Manuscript

902287 | €2 | €15 | v-osLszvos | sveseser | vorm | vt | €
very | 2t z-a159265y | eszeeo6t | s |zt [ €
902287 | €2 | €15 | v-osLszvos | sveseser | vort | vt | 2
very | 2t z-a159265y | zszeeoet | s | et [ @
902287 | €z | v8s | e-otrz052v | esvveset | vorr | vt [ T
Ty | e 1-0,88812°2 | OzeLovet | s @ |1
Wwoa | xn [ewey | 4¥ = ax g | u |

(Y = ¢H) £°G 9|dwex3 1o} ysaw auly pue 8s1eod palieA

Author Manuscript

Author Manuscript

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.



Page 32

ZHOU et al.

Author Manuscript

99Iqel

Author Manuscript

6 89¥'L Ly oL Sy 9vv'L v6€’L  ¥S€'L  ¥8C'L 4

9¢ 160G €¢ 180'S ve L10'S 1509 6667 TGV T
821'S€C'T 00€'8ST 28L'0¢C §58¢ 1.9 19¢  jod

XH gauld XH ¢duld XH Ta8ul4 &skeo) ceep Terep  ON

“Juswa|d abpa Jap.o 1samo| ayl Buisn °G ajdwex3 10} S} nsal pLb-om |

Author Manuscript

Author Manuscript

SIAM J Numer Anal. Author manuscript; available in PMC 2015 July 16.





