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' THEORY OF HELIUM DISSOLUTION IN URANIUM DIOXIDE

I Interatomic Forces in Uranium Dioxide

BY

Donald R. Olander
Inorganic Materials Research Division of the
Lawvrence Radiation Laboratory and the '
Department of Nuclear Engineering,
'~ University of California .
Berkeley, California

ABSTRACT

Knowledge of the nature of the interatomic forces in uraniwm dioxide is

. required for theoretical treatment of phenomena such as radiation damage, ad-

,sorptlon and gas solublllty The Van der Waals and repulsive . forces are of

partlcular interest, for these interactions govern the behavior of neutral

. species’ 1p‘the crystal.' The Kirkwood-Mliller expres31on for the' coefficients

- of the l/i'n dispersion forces were employea, and the form of thc repu131ve
_ potentials were taken from the delta-function model’ of Masori and Vanderslice.

The two disposable parameters in the repulsive potentials were evaluated

from data on the atomic properties of the constituent iens and the lattice
constant and‘compressibility of UOQ. The calculated cohesive energy of the
UO lattice was in very good agreement with the value obtalned from a con~

ventional Born-Haber cycle.
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Knowledge of the nature of tne 1nteratom1c forces in uranium dioxide’

-is reoulred for theoretlcal calculatlon of phenomena such as -radiation .

damage, adsorpulon, and gas solubility. Here we evaluate bheSE‘fOTCES<

. using data on the atomic Droperties of the‘ions and the ldtﬂice constant,

‘-and compres31b111ty of UO at 0° K

2

lattlce shown in Flg l is of the fluorlte type end is

(1)

The UO2

assumed to be completely 1on1c in character The room temper ature - .

lattlce‘constant‘ls a % ;.A?OA Extrapolatlon of thermal expan31on data®
. to 0°K yields a value of a = 5. h68A The catlon snion distance is ~
.g~f3»a/hv 2. 368A the oxygen oxygen separablon is Too = a/2 % ?.TSQR,j
1'.and the dlSuance between uranium atoms is r % /f. 3 867A

uu

The cohes1ve energy. represents the energy released when a mole’ of

5 is assembled from the constituent ions 1n1t1ally at in-

© finite separation. The cohesive ener consists of four components .due to - ..
P ! _ . ) mp ] . ¢

attractive forcesland a'repnlsive contribution erising from the overlapping

. of the electron‘cloudsrof.adjacent ions. The_mejor attracfive components'

are the Coulomb energy resulting from the interacfion of the'oxygen and

uranlum ions and the London or Van der Waals forces arising: from the

( 3u5>

All terms ex-

. o 5
cept the Coulomb term con51st of three components, ar1s1ng from 0 -0 2

U and O interactlons.

e At s i et b s

v

e - ‘,
e rm e = rage remmeea

i e+ g e w2



NS IR NIy KT VAR T RERR VLRI TR S MR RN o 1) ST VIO T 8 S S WL S

S S SRNT W T AR VAT I

-3-

The cohesive energy, Ec, as a function of lattice constant, a, is:

- /’.L_’ 6/ _ oo /-
[:c-: o :c_‘ f‘L\w 4% L)a;( ”"‘:‘ / L)r/’( ./“) =K V‘//’JC,*
e o [vv ST
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(3) 3 _ i sl 3 ' (1)
ﬁi COJ T ﬁ /<Uu .fiii__ ' 5’[”‘ C o .
“/2)50 . ) eV = o
(o /7% Tl

Thelrepulsivehtefm has‘been takeﬁ as exponential in form, for réasbns to'Ee
discussed later. | | .

Following Childs(6),the zero point vibratibnai energy of the lattice
has been considered as a part of the cohesive energy..

The Coulomb energy is represented by the flrst term on the rlght of

(7)

Eq. (l). The constant Cc is given by

where % is the charge on the oxyéeﬁ.ion (-2)-ahd M. is the Madelung consténtl
for the fluorite structure based on the lattlce constant a (ll 6365). The
numerical value of C_ is 1.55 x lOu keal/riole’ _A.

The coefficients K in Eq. (1) represent the sum of the intefactions of
a central atom with the other atoms in the lattice. They multiply the
potential'at the nearest neighbor distance, ana are greater'thaﬁ the actual.
number of nearest neighboré because of the contribution of more distant ions.

Numerical values of the K's depend upon the type of lattice and the rapidity

with which the particular potential variles with separation'distance.
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Tabulations of Kﬁ' for l/r potentlals are also avallable
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The oxygeniions in‘the UO2 crystal form a s1mple cublc lattlce w1th a

' nearest'neighbor-distance of'roo'=_a/2.,’"f Oo(roo) denotes the notentlal

,energy .of a pa ir Of oxygen lons. at a separatlon of rOO due to “the rcpu151ve 171"'\'

or.one of the attractlve forces,'the contrlbutlon-of thlS“partlcular term'u S

to the cohesive energy is:

,- (lﬂ/x.}.')]fc k'Lw('\{“') + l((pdf’ )' o " (‘C(/ ( YJ)F{”" '. /\"’ /\’éjl/qa ("’)( )

" where N, is Avogadro's number.

AV

The bracketed uerm on the left of Eq (2) sums the contrlbutlons from ‘

fthe six nearest nelghbors at r the twelve next nearest nelchbors at

OO’

\fé-r s etc. Thls lattlce sum is multlplled by tw1ce Avogadro s number (the o

00

number of oxygen atoms per mole of U0 ) and by one~-half to av01d countlng

interactions twice; The lattice sums are converging series, the values of R

~which have been tabulated'for potentials which vary”as'l/rnv For n';f30 '

for example, = 6, which 1nd1cates that only the nearest nelghbors are

00.
s1gn1f1cant contrlbutors, for long—range forces characterlzed by n 6,-;: R
however, KOO = 8 L, and the ions more dlstanu than the nearest nelghbor By

(8 )

shell contrlbute nearly 30% to the .total 1nteractlon energy

" The uranium ions conStluute a face- centered Cublc latclce in UOQ,'and

v thelr contrlbutlon to the total energy is:

Um[ {wtfw «-@‘«” (vw " @’ 'w) -J l\w»dﬂv %ﬁ(nu

(8)
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Beginning with a central uranium ion, the lattice sum for the'oxygen-?
uranium interactions is:

M;y[s b (1) + 24 ), ({1 >>+] o T 60(0) oy

The first two terms in the brackets of Eq. (h):are identical to the
first and fourth terms of thé~body-centéred—cuﬁic lattice sum. " Since the’
second and third terms do not aﬁpear,vthe,entiré sum can be reasonably -
approximated.by the first (or nearest neighbor) term.

Table 1 summarizes the values of X used in the various terms in Eq. (1).

Table 1. Component'Lattice Sum Coefficients(8>
n in l/%n . ‘ Interaction o "0-0 U-U 0-U
6 - dipole-dipole C - 8.40 - 1klks 8
8 ~ ‘dipole~quadrupole - ! . 6.95 - 12.80 -8
10 ! quadrupole-quadrupole = |  6.43 12.31 8
12 . | repulsive 160 L1213 8

-

Since lattice sums are not available‘fogvexponential'potentials,'the
l/:rl2 potential has been used to approximate the K coefficients for the
repulsive terms.

' Attractive Forces

* © Several formulae for evaluating dipolé-dipole_interactions have been.
proposedf(9) The original London formula is:
o B L T O

., = = 3ad oo A
Ab LRGN /,)j;-f-xis._
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where A ‘and B denote the two molecules, a 1s the polarlzablllty and hv a
characterlstlc energy, usually taken to be the 1on1zatlon energy r,qh;
The theory of Klrkwood and Muller ylelds'li‘~f
| ﬂs’: At yfﬂ/b f ;(8/}5. e

.:“where mc2 is the energy equlvalent of the rest mass of the electron (O 51 mev)

v and y the susceptlblllty
| {f”'fu” The Klrkwood-Muller formula has oeen chosen for the follow1ng reasons- S
| Flrst Eq (5) (w1th the characterlstdc energ& taken as . the 1on1zatlon ;;e
:.;potentlal) cannot be alrectly applled to 1nteractlons 1nvolv1ng uhe 0 ailon;
Wthh has é negatlve 1onlzat10n potentlal and 1s unstable as‘a free.spec1es
wv\Secona, Eq (6) best - reproduces the exoerlmentally observed dlpole-dloole |
‘r_forces for the rare gases.(lo) Slnce the.oxygen 1on-has the electron strucAfkaf;n-
' ﬂ.r“ture of neon, and tetravalent uranium that of radon kplus two extra Sf elec-s?f
:‘trons), Eq (6) Would be expected to satlsfactorlly predlct dlsper51on kf‘f'
energles for the constltuent ions of UO2 . ‘ | v
The Klrkwood-Muller relatlon has been used exten31very 1niadsorptlon _;c'

lgd.~:','calculatlons(ll )12, l3 lh)

which, llke thls study, 1nvolve estlmatlon of
'dlnteratomlc forces 1n the condensed rather than the gaseous phase

The Van der Waals forces also 1nclude contrlbutlons from hlgher order
'multlpole momentsf( ’3 . 5) in addltlon to.the dlpole-dlpole 1nteractlons;rH’?ﬂ
: dipoleQGuadrupole_forces give:rise to & term varyingAas l/r8. -The l/rlo

"udterm contalns contrlbutlon from quadrupole-quadrunole and dlpole-octupolebr‘

R T

o interactions. The l/r term 1ncludes dlpole-fourth order pole and quadru-
ipole-octupole 1nteract10ns
Terms hlgher than the dlpole-quadrupole 1ntera0ulon are usual y not ' . id

. included in lattlce energy.computatlons., However, when the separatlon

¢
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" distance between the. constituent atoms is sufficiently smAII,'the'higher

order intefactions are not negligible. The l/rlo and l/r12 terms have been

considered by Heller in his study of the loosely bound Hg-rare gas molecules, -

: - 4y .
in which the separation distance is of the order of 3.0-3.SK.< ) In the
UO2 lattice, the 072 -U+h separation is 2.368A, and because of the appre-
ciable polarizabilities of the two ions, the higher order multipole forces

may be significant.In this study, only terms up to and including the

-

" quadrupole~quadrupole interaction will be considered. There is no experi-

mental verification of the accuracy of formulae describing interactions
higher than the dipole-quadrupole, but the approximations probably become

(3)

less valid as the order of the poles involved increases. Furtherﬁore,
since the Kirkwood-Miller formula overestimsted the dipole-dipole potential

by some 50% for rare gases, neglecting contributions of octupoles and fourth

. order poles tends to compensate for the high interaction energies predicted

for the lower order poles.
A means of extending'the Kirkwood -Miiller theory to the higher.order

(15)
2

terms in the dispersion energy has been suggested by Kiselev and Poshkus

who noted that Eqs. (5) and (6) are identical if the characteristic energy.

"-1s chosen as

’ ) %
Cipmg
4 J-’ = ..../

<
(16,17) -

(7)
The final expressions are

X ' ' '

RO S S : -
e = <3x7r 5 iy PRI (’(0//(/3 n
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for dipole-quadrupole;interactions,:and:“

't‘l- s /’/)(A

o (35 N,y ——
.',_.C/Jﬂ - {oZ‘/’T‘[M/c o /'f Xﬁ/}f/

) g{‘ykﬁ ‘f (9) }. -

for quadrupolé-quadruple interactions. o
The polarizability of the oxygen ion.and.Susceptibility of U+LL and 0'-2

‘are available from literature tabulations.(;B)ﬁ'The polarizability of tetra- -

valent uranium, however, has not been measured; an estimate based upon

:screenlng constants( 19) yields a value of 5.0A°. To assess thejreliabilityl»'

"'-OI thls flgure, the‘screening constant estimates and literature values for -

" calculated value for Ge +h is lower than the value reported by Tessman et al

_dons. The polarizabilities, however, exhibit.greater discrepancies.* The

- the'Polarizabilities;and susceptibilities of other tetravalentfcations is:"

shown in Table 2. The calculated values of the susceptibilities appear to: -

fbe'in reasonable agreement with'measurements, particularly for the heavier *

(20)

while for the remalnlng lons, the screenlng constant method ylelds values whlch :

-are as much as a factor of 3-h too large. The polarlzablllty of U

prdbably less than the calculated value of 5.0, but greater than the valueﬁ

of 2.& for Sn h_ In the fpllowlng"computat;on, a value of aU+h = 3.0 will f‘

0
Y

" be used.

The polarizability of the oxygen ion haé:been taken‘aS’the'average_of

23

the two values repofte@ in ref;'l8,'orfao-2ﬂ= 3;3A ."The_Susceptibilitiesf

; from the same source are 58 x 10-6'.33 and 33 x lO-§R3 for U+LL and 072 res- -

.'pectively;

An additional check'cn the plausibility of the polariiability estimates -
is offered by the relation between the index of refraction of UOeland its

molecular polarizability.(go)
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Here n is the refractive iﬁdex and Vm the molecuiar Yolume of UO2.
With L = 47/3, Bq. (10) is the Lorentz-Lorentz formuia; with L = 0, Bq. (10)
is the Drude formula. (21) Using v, = hO;8R3 from U0, density data and

= 2, 35<l) Eq. (10) ylelds QUO = 5.9 for the Lorentz-Lorentz formula and

aU02 14,7 for the Drude formula The value of GUOE corresponding to

aU+h = 3.0 and GO—2‘= 3.3 is 9.6, indicating that the estiméted polariza-

bilities of the individual ions are not unreasonable.

REPULSIVE FCRCES

Most investigations of interionic forces in crystals have utilized a

(22)

- repulsive potential originally suggested by Born and Mayer,

_Y/F

CPYG‘) -le - | o o (nv)';'
| 3.- | Lo o B
g:ﬁ(%% %’a>€ﬁL/; : (12)

In Eq. (12), /g is a constant for ail ions, z is the valence of thé_
ion, n.the humber'of outer shell eleétrons,'and ri the ionic radius;v Frbm
-an éxamination of the cohesive energy of the aikali halides,'Bornfand Mayer -
| Tfound that a single value of p = O.345R‘could be employed. This approacﬂ~"-
vis completely empirical, except that tﬁe exponential form is similar to the
poféntials.derived from quantum mechanical éalculations for the rare gases.k
':. 1 | , -+ There are several reasons for not employing the classical method to the
present.study of UOE: vfirst, the constant £ in Eq. (12) is not specified

(it is usually determined by minimizing the cohesive energy at the known
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interionic separatlon dlstance( 3)), >second, 1t 1s unreasonable to expect

that the steepness parameter o should ‘be the same for O 2 and:U .y or thab'
either be equal to.O.3hS; thlrd, in oraer to study ad orption‘or gastsoluQ:{:
bility phenomena in U02, it is necessary to obtain repulsive.potentials be~ o

tween neutral atoms and the ions'of the lattice. tEq{ (12) obviously;oannotitﬂFV"“

be applied t0 neutral spec1es, and there is no obvious way of 'mixing" the
- Born-Mayer potentlal w1th a rare. gas potentlal to obtain the 1on—atom

interaction.

In thislstudy we will utilize the delta-function modelvof.the repulsivev"

(24)

potential originally proposed by Mason and Vanderslice

* considerable success to the rare gas interactions. Since the ions in U02 L

. the model should apply to 02 and U™ as well.

The repulsive potential energy-distance relation is implicit in three = =i

eqnatlons . S |
Cp (Y ﬁu 9,0 g LH’ i /C/ﬂ’ﬂ 'fﬁﬁ %)j

where nA and np are the total numbers of electrons in the two partners, gA

and gB are measures of the blndlng strength of the electrons in the atom or f:

' 1on, and ¢ and v are glven by

: e - :_s:'p.»;; ST
amga (C€TTT)

& with similar expression for species B

"ﬁr“ {':'»r‘i In'Eq.‘(ls), . is the radius of spec1es A obtalned from screenlng
':?,, _ constant estlmates, and R the separatlon dlstance both 1n unlts of ao

and»applied'witnf -

... are spherically symmetric and have rare gas outer electron;confignrations;ﬂf‘!;.55

(13) ',f o
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the Bohr radius. The potential energy is in units ofiee/ao': 627.32
keal/mol. | | |
For the separation dietances in the U0, crystel (~ 2.53);'R is suffi-
ciently large to render.the exnoﬁentia;.terms in Egs. (14) and (15) negli-
gible: Va2 V3 = ﬂ,{l ATy . Bq. (13) reduces to the simple ex-

ponential form of Eq. (11), with b and p given by

s

J- = 62132 s Gags bt/ (16)

ao o

_ A

y

Seyeral features of the delta-function repulsive potential are of in-
terest: the prescription for the potential 1s 1ndependent of the radli of

the two specmes‘(a and aB) in the limit of large separatlon. The steepness

,parameter p is a functlon of the two 1nteraCu1ng spec1es, the same parameter: }

-whlch determlnes p also influences the magnitude of b; A "mixing rule is -
specified: the geometric mean of the ng2 for b and the reciprocal of the
arithmetic mean of the g's for.p; the formulation is equally valid for -lons

or atoms prov1ded that approprlate values of- g can be determined.

In the appllcatlon of the delta-function model to rare gas atoms,‘Mason B

and Vanderslice found that g s“ould be specified by: .
, - , . - . .
| Y— _ o _ o
7 Mo o - : ' :
éj U £ 14 S : (18)
a, . _; where I is the 1onlzatlon potential of the free atom and ;H 13 6 ev is the

f - _lonization potential of hydrogen. For er,

Eq. (18), since the ionization potential of the free 072 ion is negatxve.

however, g cannot be obtained for

s(@atgd
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Hence, we. w1ll regard the values -of g for O and U e as dlsposable para-;lV
meters, Whl chi wi

and the compre551b111ty of UO2 f-

DETERMINATION OF THE PARAMETERS IN THE REPULSIVE POTENTIAL

Eq (1) can be wrltten as: . | - L
‘ Ec: ~ Cesul — E - E ——‘C;({’f2 »f— C -{-C. Lou R

~ vhere Eoguy 1S the magnitude of the electrostatlc term in Eq. (l), and EDD
.EDQ, and EQQ are the magnltudes of the sum of the multlpole 1nteractlons h

(1 e., "the terms in the last three brackets in Eq. (1)). The repuls1ve B

. terms are of the form shown in the first bracketed term of Vq (l), w1th b
and p given by Egs. (16) and (17)-

The condltlon that the cohe31ve energy be a maximum at the observed

' _lattlce constant is: ( 3)

o‘ZL her ai g A

e Using Eq. (l),Ithis fcrcedbalance IsIV

O ot t? 5’5 e +(5 z,m,«f(gw)g_? R (-;L)g;;)._;_

The coeff1c1ent of compressibillty, B, is related to the second derlva-
tive of E by.(23>

-

CLE g ate

-

&ZCL N f‘?{" o 'T-:f when a = 5 h68Ai;;

E Thls can be written as: f‘,i _?;_ ::I':HIb"E” B
b= 2% '7“ = ~bf- al - W~ N0 £

| j.%‘I (.. 3 [:oo 4‘ (ljuu> i;dfr(béé'f;II:L.;Ii3 '?v I;?L;{ ?%f;fici?':(EL)f_VE'

39

ll be selected to nge the best flt to the lattlca COnstant E,u_~m._

‘-»',(_"19)"?” :
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With the lattice constant fixed at a = S.h68ﬁ,vthe'attrac£ive terms in
qs. (19)-(21) are known constants. The terms invol?ing the repulsive
forces; hovever, are functions of & and gU. There are three equations for ,
the deter@ination of two unknowns.
The parameters.go and gc have been obtained by simultaneous solution ofv
‘Egs. (20) and (21), since these‘two equations are most sensitive to the re-
' pulsive potential.‘ Because of the dominant influence of the Coulomb term
in Eq. (19); the calculated cohesive energy is quite insensitive to & and
g The value of B in Eq. (21) has been obtalned from the data presented in
Ref. 1 and a rough extrapolation to 0°K as 8200 kcal/mole.
From Egs. (20) and (21), we have obtained gy = 1.27 and gu 1.32.
The oxygen ion has the same number“ef electrons as neon. Because the nu-
">-clear charge in O is two less than thatbof Ne, we would expect the eiec-4
trons in O -2 ~to be less tightly bound than in Ne Aecording to the delta-
function model, this would be reflected in a smaller value of g for O
than the value of 2.24 for neon. Conversely, U+u has nearly the same elec-n
tron structure as the rare gas radon, but the electrons are'more'tightly_
bound in U+h Because of the feur additional nuclear charges.. Consequenﬁly,
" we Weuld expect 85 to be somewhat greater than the 1.12 value of g for radon.

Both of these expectations are substantiated by the calculations.
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The contrlbutlon of each of the 1nteractlons to the cohe51ve energy
'_'is shown in Table 3 For comparlson, the results of the earller calcula—

~tion by Chllds( ) are also ‘shovn . In our figures, the oxygen-uranlum

'silnteractlon contributes most heav1Ly to the Van der Waals and repu151ve-

'“iterms ' . : ” | .
The very much smaller dlpole-dlpole term obtalned by Chllds is due in ;f;ﬁf.‘”

d';ipart to hls use of a polarlzablllty of U 4 of O 9A3 (calculated as the cubeldffy‘

| fVOf the ionic radlus) In addltlon, the characterlstlc energy of the oxygen Co

'vilon was assumed equal to the 1onlzatlon energy of c1” (h ev) . The charac-j 2
'v_terlstlc energy of 0 2 from Bq. (7) is 20. h ev. The repulsxve terms .in .
- Childs® analysis vere comnuted-from Egs. (ll) and (12) w1th p = O 3&5A
o © comparison, the‘steepness parameter.paﬁ obtained from Eq. (lT) w1th the,
| "computed values of'gO and gU is O.AO6EL' Chllds computed a value of B
’”.lh 800 kcal/mole, whlch is 80% greater than the experlmental value ]
» Us1ng a convenulonal Born-Haber cycle, the cohe51ve energy of UO2 has‘:ﬂ
'fl been estimated by Chllds as -2356 kcal/mole : Whlle our, flgure of- -23h0 is. ;;;}:i
" closer to this than Chllds the dominant: 1nfluence of the Coulomb energy a
precludes use of calculated cohe51ve energles as a method for asse551ng '
. the valldlty of varlous potentlal functlons ! | |
~The large Van der Waals energles calculated here are'ln part due to,;_.~"'

;;the close interionic spac1ng resultlng from the strong Coulombic attractlon SR

(1)

s

.i of the di- and tetravalent ions of- the lattlce.? The value of d cal-
culated from Eq. (6) is somewhat greater than the analogous constant for

Z:CsBr (2 5) The dlpole-dlpole contrlbutlon 1n CsBr 1s ll kcal/mole comnared

% l '::'to ~ 300 kcal/mole in UO - This thlrtyfold dlfference is due prlmarlly to

it ;. the much smaller anion- catlon separatlon in the UO lattice (2 3TA in UO

.compared e 3 7lA in CsBr\
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' Although the estimates of the repulsive parameters go and'gU calculated
here appear reasonable, it is difficult to ascertain:whether the reduction

of the original potential expressions of the delta-function model to the

simple exponential form is valid.' We can however, compare the potential

~ energy computed from Egs. (13)-(15) to that obtained from the Eq. (11)

with b and p given by Egs. (16) and (17).
Consider two oxygen ions a distance of 2.7h§ apart, each interacﬁing -

with a repulsive parameter gy = 1.27. If we take as the radius of the
ok, (19) |

oxygen ion the screening constant estimate of 0.6 the exponential

. r .
approximation yields a potential energy which is'S% greater than that ob-_

tained from the full expression. If the 0-2 radius is taken as the_ionic v

- radius of l.37ﬁ, the discrepaney increases te a factor of 2.4. In any case,

the approximate exponential form of the delta-function model can be re-.

. garded as semiempirical descriptioﬁ of the repulsive potential dependiﬁg

on one disposable parameter, g.

Of all the parameters required for the calculation of go and gU, the

'~ estimate of the polarizability of U Hh 15 least secure. The effect of thlsd

"parameter on .the results presented here has been .evaluated byvre¥solving

Eqs. (20Rnd (21) with o = 2.OK3“ins£ead of 3.0. The value of gy de-

creased from 1.27 to 1. 06 and &y increased'from 1.32 to 1.62. 'The Van der
‘Waals energies decreased by ~ T0 kcal/mole and the repulsive contribution E
increased by this’ amount. The computed cohesive energy remsined essentially_

= unchanged.
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Table 2. .-

Polarizabilities and Susceptibilities

RRE R U S

Ion'

. [+
T a, A3 '

x'x 10°, &3

Célc.

Lit.

Cale. - .

T

0.63
- 0.73

3.6
C 3.k
.19
_16;3 ,

5.0

LT

©0.73, 1.2

0.19, 0.21(20),

0_95(20)

0.37, 0.8(18).
o (= :

(18)

" 35 ,:.
f"SSf ;j
ﬂf29i .
' :u6j';_ﬂ
sz

12 -7

17

' 12- 
ot
| '3'v27i .
s

b3
58" .

"2.2:i"

22

- 33

Table 3.

- U0, (in keal/mole) .

Comporieﬁts of 'the COhes:.Ve Energy of ,. D

Interaction

This Work

| :”Childs<6)

Coulomb
Dipole#Dip&lé. |
_Dlpole-Quadrupole
AQuadrupole-Quadrupole_

rRepu131ve

2835

' -“301l'.*n"" e

CmeT2
s
| f+l876

2820
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' Cohesive Energy
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IT Helium Solubility

~ site-in the UO

THEORY OF HELIUM DISSOLUTION IN URANIUM DIOXIDE .

n BY
: Donald R. Olander _
Inorganic Materials Research Division of the °
Lawrence Radiation Laboratory and the
Department of Nuclear Engineering,
University of California
. Berkeley, California

ABSTRACT

The solubility_of helium in uranium dioxide was calculated directly

- from atomic properties‘and compared withvexperiment. The calculations
' were based upon a statiétical mechanical formula which assumes dissolved o

. helium to behave as a simple harmonic oscillator .in an interstitial

5 lattice. Knowledge of the intéractiohs between helium

and the oxygen and uranium ions of the lattice permits . computation of

the heat of solution and the vibration frequehcy, which yield the Henry's {"

L

Law constant. The calculated solubility of 6.6 x 10~ cc‘(STP)/gm-atm

at 1200°C was in good agreement with the experimental measurements, but . '
“the heat of solutions differed appreciably. ThisAdiscrepancy was
.attributed to experimental errors, for the very large observed heat of “. ‘,

. solution ( ~ -30 keal/mole) could notAarisé from purely physical

interactions.
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' The release of apprec1able amounts of hellum from 1rrad1ated erl _;1; f;£_7;~:

(1)

'”elements has recently been demonstrated. The hellum appears to

result from ternary flss1on, and because of 1ts hlgh dlf‘us1v1ty, is :1;?i:"ff:."

‘v:the Primary. constituent of the released gases. after short exposures.__-""’”“7

‘MEasurements of helium solublllty in U0, by Bostrom(e) and Rufeh et al (3’

: differ by an order of magnltude.

.

The calculatlon oF hellum solublllty is based upon the following ta o

‘?_;model

The uranlum and. oxygen 1ons are flxed at their equillbrlum

-;'ijSltlons in a perfect crystalllne lattlce.i'

2. The only places avallable for dlssolved hellum atoms are the

B unoccupled urenium sites in the UO, lattlce (dashed clrcles in Flg. ;r?Fj'f;';;;d:Y

' “:of-PartvI) S The number of such s1tes 1s equal to the number of uranium T?'

= atoms. -

- 3.0 A hellum atom in an 1nterst1t1al p051t10n in UO behaves as a
| s1mple harmonlc osc1llator w1th three vubratlonal degrees of freedom and -_y"'"

-;T_fcharacterlzed by a 51ngle frequency.

L, There 1s no- 1nteract10n between dlssolved helium atoms, the fl;yu‘fﬁwﬁf; ‘
; “ solution is dllute. ,
_ : e

'_Y These assumptlons yleld the follOW1ng expreSS1on for the Henry s .1“

Lo

;3Law constant (see appendlx)

T e /Vs(/’r) ﬁfl ~/°) e

[ R - —— = /0 . 2132/% S .
b Ry T T (RAmE o @

»%;; IR kH is the Henry s Law constant in ce (STP) of dlssolved hellum per i"f“”_' s

f.gh:gram of. U'O2 per atm. nS is: the amount of dlssolved He ln cc (STP)/gm U0,

- v -
SRR SOF-SNE L

[

AR




l»and P is the helium pressure in atmospheres.

available (equel to 2.23 x 10°% sites/gn U0, or 83.0 cc

S

STD)/gm U0,

2T .
m is the mass of the helium atom, V is the frequency of osclllation of the o

. dissolved helium, T the abSolute temperature and R the gas constant,

k is Boltzmann's constant. E(o) is the heat of solution in kcal/mole.

A helium atomven an interstitial site in UO2 is in a cell or cage

formed by 8 oxygen atoms at a distance of J~§‘ a/l and 6 uranium atoms

at a distance of af2, where a is the lattice constant of UOé at the

temperature T. The heat of solution is the potential energy of the

helium (referred to the free atom) when located at the center of the

N_. is the number of sites

cell. At a distance r from the central position, the energy is denoted .

by E(r). According to the simple harmonic oscillator model, the actual'A:

2

£ ; o)+

N
Y= 2T

- potential energy curve is fit to the quadratic form:

@

el, The vibration frequency is related to the force-constant_)<by}ﬁ"'

  ('3)f__

In order to calculate the solubllity (or the Henry s. Law constant)

the energy curve E(r) must first be computed and shown to be reasonably

- well approximated by Eq. (2)..

The function E(r) is given by

. : W N o) o
— C o C :
t(y) - [3 __J_‘s';’_ 6 mﬂcdc ) s SHeV

(r/ (/)"

- (2)
A‘ : C, ¢ C) HC\- (3)
. 6 (of(‘xv ‘ ()] [? (W“/‘f)”. Heo

.<v}

(3
C,ku

a/:)”

(!cO .

al
(\f‘ /(F)ﬁ /~I¢U(Y)

o L;UA )‘?
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: He-O -2 1nteractlon and the second from He-U h 1nteractions; Inieach:'“
rt.case, the lattlce sums have been approx1mated by the number of nearest
.'rnelghbors. Relative to the oxygen 1ons, helium occuples a lattlce ff-;

.~;i-position-analogous to that of a uranium ion. Accordlng to'theadlscussfdnj;:ﬁ

_ neighbors.'

' comes from 1nteractlon between a central hellum atom and the 6 nearest

‘are given by the eight m(r) function. The potential energy of a

’ To ellmlnate the dependence upon angular pos1t10n, we utlllze the

PARSEIINE gy o

i . .
f‘ AL A

;( ne M@m/;ww } of)j

The four brackets in Eq. @i) represent dipole-dlpole, dipole-;uxl;ﬁ.ugtf;i‘v'%
quadrupole, quadrupole-quadrupole and repuls1ve 1nteractions respectlvely.fd;ffflﬂi

Each of the bracketed terms contaln two components _the f;rst from_ﬁf

........

of part I, this lattice sum can be replaced by the number  of nearestﬁ“:;f' f:'

In summlng the 1nteractlon between He and. U u, the first'term-”

l"t_ifU*h.lons at s distance of a/2. There are 8 next nearest. nelghbors at o ;:f,iﬂin

~distance of §§ a/2, followed by 2& U 4 ions at a dlstance of J‘-a/2.; :ibf;fﬂtf

For a l/r potentlal, the thlrd term is A—ls% of the second and the ;fff

| second term is A,5% of the flrst. Since the next nearest neighbor

W

term contrlbutes at most 5% to the total He U lattlce sum, the entlre L

,series has been approx1mated‘by the flrst term for all potentlals.

- The dependence of E(r) upon dlstance from the center of the cell

:helium atom within a cell is dependent upon angle as well as radlal

positlon because the host ions are p01nt centers of force located at

2y

- discrete p031t10ns (e.g. at the 8 corners of a cube in the case of C*"7. "

sphericalllzatlon procedure employed 1n the cell model for. llqulds

o e L fls
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. The angle-averaged'ﬁotential between a helium atem'and one of the nearest

neighbors is' .

490')’ fa“”j//“fm = J-W(f

*,_(s)':
. where . 3 A
K= (Yt*&éi‘ “2”0/“_) (6) )

With the origin at the center of the cell, d is the distance between

" the origin and the nearest neighbor ('§‘§ a/l for 0-2, a/2 for U*u), r

-.the distance of the He atom from the center and R is the distance between.'_z"

therHe atom and the nearest neighbor. /U—is the cosine of the angle .
A between r and 4 and q)is the azimuthal angle. - v
For pair potential functions of the type (19(R) = C/R and b e RAQ,:fi

-Eq; (5) can be 1ntegrated o yield:
qﬂ(y) cé)(aa) ” (r)

For & l/r potentlal. B

For & 1/r potentla,]_ | o ': | o
F°f a 1/r'° potential

"’M = (f+79 77 *5‘6)/(/“’7) R   --,(8¢)
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and for an. exponentlal potentlal’-’ R plﬂ”

[/ + ((.y (’('Je%d/{) — 1[{ 4 (H-J) f’]é

where - - - - U

3all of these functions are unlty at r " = Q}?ﬁ

';f;cell for a partlcular 1nteract10n is. obtalned by multlplylng Eq. (T) by 'Qvfif‘ .

The total potentlal energy of & hellum atom at p051t10n r in thej"'"

- ,the number of nearest nelghbors. When thls 1s done for the three -

(h) 1s obtalned.

The coefflclents ¢ and b and the steepness parameters /9 in Eq. (h)

vhame been computed from Bgs. (6), (8), (9) (16), and (17) of Part I.

'fThe values of aa and G emplOJed were those obtalned prev1ously
(g = 1.27 and gU ='1. 32), while gH was. computed from Eq. (18) of

s?.bart I as 2 56. The polarlzablllty and susceptlblllty of He were taken qu?@f*;ffu

U

 as 0. 206 A3 and 3. 12 x 10 -6 A3 respectlvely.

. by Eq. (2) for dlsplacements up to~0.8 & from the equlllbrlum pos1tlon..':5‘

For T = 1200° C, the lattlce constant was estlmated from thermal :f'"nlﬁ
‘aexPansion'data as 5-525_A- Table 1 shows. the potentlal energy of +the o

‘ i:helium atonm as a'function of displecement from its equilibrium position. "

.,“t‘and Table 2 shows the components of the energy at the equllibrlum : L

ﬂfp031t10n

Despite the complexity of the m(r) functlons of nq. (8), the last

column of Table l shows that E(r) can be qulte satisfactorlly approx1mated L

2y( pt/ﬁ T ;ﬂ, ( 8 a.) e

.3 attractlve 1nteract10ns and the repuls1ve terms and the results summed, f';?fr o

T

« @
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| For r> 0.8 A; the calculated potential energy begins to decrease, due
'_' to the rapid growth of the dipole-quadrupole and.quagrupole-quadrupole ‘
forces.- We do not belleve that'this behavior is realistic,‘since‘the |
expressions for the Van der Waals forces are valid only at large
separations. The force constant at 1200 C computed from the first 51xr
figures in the last column of Table 1 is 23.8 kcal/mole_-ﬁ , and the
vibrational frequency is 7.9 x lOIQ:Secfl. The solubility can.then be
calculated from Eq. (1). | |

A comparison oP the experimental and theoretlcal Henry s Law

h’constants is shown 1n‘Table 3 for various temperatures.

The effect of temperature on the solubility‘appears in three places.t,,v>'

"It occurs expllc1tly in the exponentlal and pre—exponentlal terms in
(l), a second order temperature effect results from the variation
~..of the lattice parameter with temperature.‘sA change in the lattice
constant uill alter the various components of E(r) by different amounts.i
~ For example‘at T = 800°C, the lattice constant is estimated at 5. 50L&, |
the heat of solutlon is =2.49 kcal/mole, and the vibrational frequency c
‘r is 8.0 x 1072 sec™ . The’ heat of solution is smaller at 800°C than |

 at 1200°C because the contraction“of the lattice increases the repulsive

forces more than the attractive forces. If one weré %o accept E(0) = -2.631-‘5

keal/mole at 1200° C as the heat of solution and neglect the other

temperature effects, the solublllty at 800°C would be 26% oreater than "~ o

'.at 1200°C. However, when the jS term in Eq. (l) and the effect of

:; temperature on E(0) and V are considered, the predlcted solubility

| or 800°C is 1.5% smaller than at 1200°C. ‘The effective heat of solution
t,between these two temperatures is positive rather than.negative, as would

. be -suggested by the negative values of E(0).




i

b LAY SR __1 “ L,xl L T L T D A R e T A i T s 0 T T L et ke e i S ! i A et 24

R

The magnitude of the‘theoretical values in Table.3 are'in reasonably
.f good agreement with the measurements of Rufeh, et al.<3). There exists,r
‘however, a large discrepancy in the heats of solution;flTable L summarizes'??
.?H_measurements and calculations on hellum solubility in silicon, germanium;tf“'
and gquartz. The heats of solution_for Ge and Si»are‘positive; for quartz}
it is slightlyvnegati've.'~ The'large-negative valuesvobserved‘by,Rufeh and;vi}(
_Bostrom for er.are‘surprising and cannot be explained by‘the theoreticalf:{
‘model employed here. The Van der Waals attractive forces_are’simply_not |
:l strong_enough to give net binding energies.of lOQ3kacal/mole.73Heats of-v' )
";1solution of this magnitude are more characteristic of some form of_homopolarl??.
or.chemical»hinding,lbehavior vhich one would not_erpect from heliumrl
Table,h‘also indicates the wide variation in the solubilities.of'helium:‘v
in various materials. Notable is the nearly Six order of magnitude dis-lb
vcrepancy between measurement and theory in Ge. |
The. order of magnitude agreement between the calculated and experimental
-v_solubilities appears to substantlate the assumptions upon which the model lS 'bi
»T*{based The major uncertainty in the calculation (1n addition to the four lvsif“
'}fiuassumptions listed at the beginning ‘of this paper) is the value of the
;‘polarlzabllity of tetravalent uranium. If insteadiof GU 3 OA3, a value of
:i 2.0&3 had been employed the calculated helium solubilities in Table 3 would
i “'have been reduced by a factor of’ 2 5. This extreme sensitivity of the cal- .
'culated solubility on the parameters of the attractive and. repulsxve forces. v:
Cis due to the fact that E(0) is a small difference between large repuls1ve .
_and attractive energies Wthh are nearly equal (see Teble 2) A small per-.¥'
,; o centage change in one component produces a large change in the difference. L

Thls sen81tIV1ty is ev1dent when the model’ is applled to the calculatlon of

- neon solubility in U0

o Using the known atomic_proPerties’of neon and a

. . ©




" repulsive parameter.gNe = 2.24 (from Eq. (18) of paft I), an wnrealistic -

E(0) of =16.6 kecal/mole is computed, and the potential function E(r) has a

maximum rather than a minimm at r = 0. If, however, e is reduced by 7%,_‘

‘the calculated potential well E(r) has the same shape and depth as that for

He and the calculated solubility of Ne in UO, is then of the same order of.

2
‘ magnitude as that of He. Bostrom(z) has reported that ﬁeon is ~ 1/30 as
 soluble as helium, although this figure is based upon only one measurement
at the limit of the sensitivity of the method. In SiOz, neon and helium
exhibit nearly equal solubilities.(9’lq) ‘ |

For the heavier rare gases, the balance éf‘engrgies tips in fgvor of

. the repulsive components; the E(QO) values become more positive and the

-solubility decreéses. This behavior,cofresponds to decreasing repulsive

'parame't'ers,' which for Ar, Kr, and Xe are 1.6k, 1.L6, ‘and 1.26 respectivély. :
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Part. II. .
Table 1. Potentlal Energy 1f a Hellum in an Interstltlal Slte 1n UO as a

' Functlon of Dlsplacement from Equilibrlum Pos1tlon (T 1200°C)

e

0| R, keal/mole | aEG)E(0))x2

_ : 0.122 '”;:jff ' . .¥:f" -2. hs .ff::ﬁ~}:_ L
Ceas o as T
'.fgv;o.367;~;f£;;;. ff;;i”ff;-l-oﬁ'j:111;4.

o 090 :fff?g% fi}.' 0. 2u'f f;€ff]?

om0 -, _3783
el ses

o919 66 o

R T TR SRR 1% AT PAE MRS AR

LTI i maT ST,

vTable 2. Components of E(O), kcal/mole at T 1200°

PN

. He-O;- - | - ) ‘He-U+

dipole-dipole - - -12.39 EESI . .5.00°
PR  dipole-quadrupo;é o v:;_3,h2;:; v;5;.' *n' _ﬁfL¥§O.73
'  qﬁadrupole—quadrupole_ - O.h6’[ﬂ'?ﬁ__ Lo ;=;Q.OS_

I ° repulsive o g 12.62 | :Q ‘ R 6.80
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Table 3. ‘COmparison of Measured and Calculated Solubilities:

kﬁ x 104, ce(STP)/en U0, - atm

Théoretical Experimental
800 6.5 2.1(2)
1000 7.0 1.1(2)
1200 6.6 6.7(3)
o b 1300 6.5 3.2(3)
© Table L. Helium Solubility in other Crystals

S v . Heat of Sol'n
.. Crystal Solubility atoms/ce keal/mole

;31(6)' 1-2 % 1013; 11.0

oM - 7.8 (cale.)

Ge(8)‘3  1028 (cale:) -~ 1. 1.6 (calc.)

w® ’ 'f;H3'5,¥wl°}2 ',nAl3.o |

Ge(T)ﬁ‘; . —— 8.1 (calc.)

5102(9), 2.6 x 107 - P
| U02(3) 3-6 x 1070 - -34.0 -
10,2 12 x 10%7 -11.0

U0, (This work) | 2x10'7 (cale.). (- 1.0 (cale., 1000-1300°C)
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~ equation

Appendix - Derivation of Eq. (1)

The condition of equilibrium between helium in the gasebus'

- and dissolved states is:

- F(g) = F(s)

R 02 4N

C@a-n

H(s) - 18(s) = H(®) - TS(&) N

F, H, and S are the molar Gibbs free energy, enthalpy

and entropy, respectively. g and s denote the gaseous and

'~ dissolved states. By the assumption of a dilute solution;'the

‘partial molar quantities in the dissolved state have been

replaced.by molar quantities.

'Since helium is an ideal gas, its enthalpy is:

H(g) = g RT. : C ” . l; o (A-3)

The entropy of an ideal gas is glven by the Sackur-TetrOde"‘

(11, 14)

3 /2

S(g) = R zn[(kT

‘where P is the‘pressure in atm and 106p the'pressufe in dynes/cmz.
The enthalpy of He in the dissolved state is.-the sum of the
enthalpy of vibration of a simple harmoﬁic-oscillator'w;th three

degrees of freedom and the potential energy at the.equilibriuma

2

6

)(va kT)
107p h2 -

f;é-R'
2

 position in the UO, lattice:

(11) G N. Lewis, M. Randall, K. S. Pltzer and L. Brewer,

"Thermodynamics"

- Chap. 27, 2nd edition, McGraw-Hill (1961)

- (12) J. F. lee, F. W Sears, and D. L. Turcotte,"Statistical

Thermodynamics"

Chaps.. 8,9, Addison Wesley (1963).

(A-4)
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.1f‘H(é)r=

Hv1b'

G e (12)
where‘Hvib 1s glven by

T

inib
with respect»to v is zero since’ Qv b ‘is 1ndependent of volume

The éntrOPYjOf'helium'inzthe dissolved state is the.sum of e'ﬂ*'“

the entropy of Mixing and the entrbpy'pf'Vibratioth '“

.-. (11)
Svib is glven by

| o - 3n Q N
sVib 3R | 4n Q i * (e————llh ). S

K'Smik is related to the number of d15t1ngu1shab1e arrangements of“

‘»_ns atoms on N 51tes by

e -l Nst - L Ns- ns . f’,f‘-.v'-
_SmiX = R En ns! (N n ) R Zn ——-n—s—— § (A"‘g)

~For a 51mp1e harmonlc osc111ator w1th one degree of freedom,m

the v1bratlona1 partltlon function 1s.<}2)

QV - = __2:353_;:4~ _l--‘_'f'fﬁffvf‘?”{flﬁfifr'--f ‘t f'
ib - -u S Q}F:5' N :}ff"e?;e??fﬁﬁxfri ;(A-lO)j
'where. e e e T R TR ,

s E(o) L ey

is the v1bratlona1 partltlon functlon The derivafiveth'.
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For the‘sysfem considered here'(T=5-1200°c, v0.8 x 1013 : -1)

)
u is on the order of 0.25 and the approxiﬁate form of Eq. (A—lO)
is accurate to one'part in 400. | | |
With nS/NS<Z' 1, substitution of Egs. (A-Q) thréugh (A-1)
‘into Eq. (A-2) yields Eq. (1. | i
An expression similar to Eq (1) has been qtiiized for

adsorptlon studies. (13)

(13) D. N. Young and A. D. Crowell "physiéal' Adsorption of Gases"
p 76 Buttersworth (1962) i . S ' :
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to, any information pursuant to his employment or contract
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