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Hybrid Feedback for Global Asymptotic Stabilization
on a Compact Manifold

Pedro Casau, Rita Cunha, Ricardo G. Sanfelice, Carlos Silvestre

Abstract— In this paper, we employ a hybrid feedback control
strategy to globally asymptotically stabilize a setpoint on a
smooth compact manifold without boundary satisfying the
following: there exists a finite maximal atlas such that the
desired setpoint belongs to each chart of the atlas. The proposed
hybrid controller includes a proportional-derivative (PD) action
during flows and, at jumps, uses hysteresis to switch between
local coordinate charts to stabilize the desired setpoint robustly
with respect to exogenous disturbances. We show that the
proposed controller can be used for attitude stabilization of
a rigid body and we illustrate the behavior of the closed-loop
system via simulation results.

I. INTRODUCTION

A dynamical system is usually comprised of a state-space
— the set of points where the system state lies — and of
ordinary differential equations, whose solutions determine
the evolution of the state as a function of time. The analysis
of the stability of a setpoint on the state space dates back
to [1] and, depending on the nature of the system, one
may resort to analysis tools for systems evolving on the
n-dimensional Euclidean space (see e.g. [2]) or geometric
analysis of dynamical systems if the system evolves on a
more general manifold (see e.g. [3], [4] and [5]).

For the case of dynamical systems with inputs, one is
interested in designing controllers such that the behaviour of
the closed-loop system follows a desired pattern. This task
has seen many successes in the scope of linear dynamical
systems, where it was shown that controllability equates
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to the existence of optimal feedback laws. For the case
of nonlinear systems, however, it has been shown in [6]
that continuous state-feedback laws fail to provide global
asymptotic stability of a setpoint for dynamical systems
evolving on compact manifolds. To address this problem,
alternative strategies based on nonsmooth feedback laws
have been developed: for instance, in [7], a sample-and-
hold stabilization strategy is proposed to globally s-stabilize
a given set and, in [8] a nonsmooth control law is proposed
to globally asymptotically stabilize a reference in the unit-
quaternion group. However, it has been shown in [9] that, if
a set cannot be globally asymptotically stabilized by means
of a continuous state-feedback law, then it cannot be robustly
globally asymptotically stabilized by a discontinuous state-
feedback law either. A particular control synthesis tool that
emerged to address the topological obstructions to global
asymptotic stabilization on compact manifolds is known as
synergistic hybrid feedback (see e.g. [10], [11], [12] and
references therein).

Synergistic hybrid feedback is a hybrid control strategy
whose popularity has been increasing over the past few years.
This control strategy draws its name from the quintessential
ingredient that composes it: synergistic potential functions.
These are collections of functions with the following prop-
erty: for each unstable equilibrium point of the gradient
vector field of a given function, there exists another function
in the family that has a lower value. By monitoring the
difference between the value of the function currently used
and the lowest possible value among all functions in the
collection, it is possible to globally asymptotically stabilize
a given reference by switching between gradient-based vector
fields whenever a given amount is exceeded.

The first hybrid controllers for synergistic hybrid feed-
back were presented in [13], but it was not until [10]
that synergistic potential functions became to be known by
this name. This novel hybrid control technique spawned a
plethora of contributions on global asymptotic stabilization
on compact manifolds, including, most notably, the two-
dimensional sphere [14], the three-dimensional sphere [15]
and the special orthogonal group [16], [17]. It has also found
applications in attitude stabilization [18], rigid-body vehicle
stabilization and tracking [19], tracking for quadrotor vehi-
cles and navigation, thus constituting a notable advancement
for the problem of stabilization on compact manifolds [6]
and ensuing problems [20].

In this paper, we draw inspiration from existing synergistic
hybrid feedback strategies to develop a hybrid controller
that globally asymptotically stabilizes a given setpoint on a
compact smooth manifold without boundary. To represent the



dynamical system, we make use of a embedding on a higher
dimensional Euclidean space, while the proposed controller
employs a proportional-derivative (PD) control law which
implements negative feedback of local coordinates (charts) in
order to steer the system towards the desired setpoint, under
the assumption that the setpoint belongs to each chart in the
atlas that defines the manifold. This approach is general and,
unlike earlier contributions which focused on a particular
manifold of interest, such as the unit-quaternion group [15],
the special orthogonal group [16] or the n-dimensional
sphere [21], the proposed controller is not tied to a particular
manifold. A second benefit of the proposed approach with
respect to synergistic hybrid feedback is that the so-called
synergy gap, which regulates controller switching, can be
set arbitrarily high, thus endowing the system with additional
robustness to exogenous perturbations. Also, solutions to the
closed-loop system are endowed with nominal robustness
to measurement noise because the system satisfies some
regularity conditions, known as the hybrid basic conditions
(c.f. [22, Assumption 6.5]). Finally, we illustrate these key
points with the application of the proposed controller to the
global asymptotic stabilization of the attitude of the rigid-
body and ensuing simulation results.

This paper is organized as follows. In Section we
present some notation and definitions that are used through-
out the paper. In Section we describe precisely the sta-
bilization problem. In Section we present the controller
design. In Section[V] we present the simulation results and in
Section VI, we end the paper with some concluding remarks.

II. PRELIMINARIES & NOTATION

The symbols R and N represent the set of real numbers
and nonnegative integers, respectively. The n-dimensional
Euclidean space is represented by R” and it is equipped
with the inner product (u,v) := u'wv for each u,v € R"
and the norm |z| := \/(z, x) for each x € R™. The symbol
e’ represents a vector in R™ whose components are zero,
except for the ¢-th component, which is equal to 1 (we drop
the superscript, whenever the dimension of the vector can
be inferred from the context). The set of m x n matrices is
denoted by R™*" and the Kronecker product between two
matrices A and B is denoted by A ® B. The n X n identity
matrix is denoted by I,,. The operator vec : R™*™ — R™"
is given by vec(A) := [(Ae;)T (Aen)T]T for each
A € R™*" and M,, ,, : R™" — R™*" denotes its inverse.
The trace of a matrix A € R™*™ is denoted by tr(A).

Given a function ¢ : M — N, the image of a set
U C M through ¢ is given by ¥(U) == {y e N : y =
¢ (x) for some © € U}, and the inverse image of a set
V C N is given by v 1(V) := {z € M : ¢(z) € V}.
If %) is invertible, then 1)~ denotes the inverse of 1.

The derivative of a differentiable matrix function with
matrix arguments F : R™*" — RF*¢ is given by
__Ovec(F(X))

DF(X) := dvec(X)T

for each X € R™*"™. For scalar functions with vector
arguments V' : R®™ — R, we make use of the alternative

notation VV (x) := DV (x), for each = := (x1,...,2,) €
R™.
A hybrid system H with state space R™ is defined as
follows: .
el ¢eC,
¢teGE) ¢eD,

where £ € R™ is the state, C' C R” is the flow set, F' :
R™ = R" is the flow map, D C R" denotes the jump set,
and G : R™ =% R"™ denotes the jump map, where the notation
= indicates that ' and G are set-valued maps. A solution
¢ to M is parametrized by (¢,j), where ¢t denotes ordinary
time and j denotes the jump time, and its domain dom ¢ C
R>o x N is a hybrid time domain: for each (T, J) € dom¢&,
dom¢ N ([0,7] x {0,1,...J}) can be written in the form
Uj;ol([tj,tjﬂ],j) for some finite sequence of times 0 =
tg <ty <tg <--- < ty, where ¢;’s define the jump times.
A solution ¢ to a hybrid system is said to be maximal if it
cannot be extended by flowing nor jumping, and complete if
its domain is unbounded. The projection of solutions onto the
t direction is given by &l4(t) := £(¢t, J(¢)), where J(t) :=
max{j : (¢,j) € dom&}. The distance of a point £ € R™ to
a closed set A C R™ is given by [¢] 4 := inf,ca |y — £ and
A is said to be: stable for H if for every € > 0 there exists
d > 0 such that every solution £ to H with |£(0,0)|, <
d satisfies |(, )] 4 < e for all (¢,7) € dom¢; globally
attractive for A if each maximal solution ¢ is complete and
limy4j 00 (2, 5)| 4 = 0; globally asymptotically stable for
‘H if it is both stable and globally attractive for H.

The notion of a smooth manifold is taken from [23]
and it is as follows: an m-dimensional smooth manifold is
comprised of an n-dimensional topological manifold .# and
a maximal smooth atlas ./ on .#. A maximal smooth atlas
of of .# is a collection of smooth charts {(U;,¥;)}ic s
(indefinitely continuously differentiable) that are smoothly
compatible. This means that: U; are open subsets of ./ that
cover A, v; : Uy — R™ and v; owi_l i (U; NU;) = R
are smooth invertible functions for each 7, j € .4, known in
the robotics literature as generalized coordinates (c.f. [3]).

III. PROBLEM SETUP

In this paper, we consider dynamical systems evolving on

a compact smooth manifold without boundary, denoted by
A, with dimension n and properly embedded in R™ with
m > n, described by

t =11

& = Mo ()

w=u
where © € 4, w € RF, u € R* is the input, and = —
I(z) € R™** is a continuous map whose image at = € .#
is the tangent space to .# at x, denoted by T,.#Z C R™,
i.e., the following is satisfied

{y € R™ : y = TI(z)v for some v € RF} = T,.#

for each z € .

For controller design purposes, we assume that .Z is
endowed with a smooth structure that satisfies the following
assumption.



Assumption 1. Given a compact smooth manifold without
boundary # with dimension n and v € M, let & =
{(Ui, ) }icn denote a smooth maximal atlas of .# where
A is a finite discrete topological space and ;(U;) = R”
for each i € . Then, we assume that v € U; for each
ie N

In this paper, our goal is to design a hybrid controller
g€ Fe(z,w,q)
q+ € Ge(z,w,q)

(z,w,q) € C CE

(r,w,q) € D C = @

with Z:= .# x R¥ x .4 and output u = k(z,w, q) defined
for each (z,w, q) € C such that, for some given r € .#, the
set

A:={(z,w,q) EE:z=r,w=0} 3)

is globally asymptotically stable for the interconnection
between (I) and @). Note that (2) measures (z,w) which
is the state of ().

IV. CONTROLLER DESIGN

For controller design purposes, let V' denote a continu-
ously differentiable function from R" to R, satisfying the
following: 1) VV(y) = 0 = y = Oﬂ 2) there exist
a,@ € Ky such that a(ly]) < V(y) < @(]y|) for each
y € R™

Under Assumption [T} let

V(J:,q) = {Z:ﬁq(x) -

for each (z,q) € A x N, where W := {(x,q) € M X N :
x € Uy}. We devise a hybrid controller as follows:

Ue(r)) if (z,q) €W

otherwise

(=0 (ewq)eC={(rwq) e ulr.q) < o}
¢" €o(r) (z,w,q) €D:={(z,w,q) €Z:plx,q) > ((54}‘»
where § > 0,
pwlx,q) == V(x,q) — v(z) )
for each (z,q) € A4 x A, and
o(z) := arg min V (z, p) Ve e A, (6a)
peEN
v(z) := min V(z,p) Vo e #, (6b)

peEN

with r € ./ satisfying Assumption [T} which guarantees that
14(r) is defined for each ¢ € A,

Moreover, given k, > 0, we define the output of the
hybrid controller @) as the following control law:

K(w,w,q) == —T(x) "Dy (2) "VV (y(x) — y(r)) — kuw,

(7)
for each (x,q) € # and w € R¥, where VV (y) denotes the
gradient of y — V (y) evaluated at y.

'A function « : R>0 — R>0 is a class-Coo function, also written v €
Koo, if a is zero at zero, continuous, strictly increasing, and unbounded.
Given a compact smooth manifold ./ and an atlas satisfying Assumption
one may conveniently select V (y) = |y|? /2 for each y € R™.

Using the hybrid controller in @) with output (7)), the
closed-loop system resulting from the interconnection be-
tween (I)) and (@) is given by

T I (z)w
w| =F(z,w,q) = | k(lz,w,q) (z,w,q) € C,
q 0
xt x
wt | eGz,w,q) = w (x,w,q) € D.
a* o(x)
(3

Under Assumption (1] the closed-loop hybrid system satis-
fies the hybrid basic conditions [22, Assumption 6.5], which
are instrumental in guaranteeing robust stability of compact
sets (c.f. [22, Chapter 6]). To prove this, we make use of
the following intermediate results, which we provide without
proof due to space constraints.

Lemma 1. Let Assumption |l| hold. Then, the function o,
given in (6a), is outer semicontinuous, and the function v,
given in (Bb), is continuous and satisfies v(xz) < +oo for
each x € M.

Lemma 2. Let Assumption([l|hold. Then, the function p in ()
is continuous.

Finally, we present the main result of this section, which
guarantees global asymptotic stabilization of a given refer-
ence for the closed-loop hybrid system in (8.

Theorem 1. Let Assumption [I| hold. Then, the set is
globally asymprotically stable for the system ().

Sketch of proof:. We show that the hybrid system (8) satis-
fies the hybrid basic conditions. Then, we show that

_ . 1

W(z,w,q) :=V(z,q) + inw,
is nonincreasing for each solution to ; thus A is stable.
It follows from [22, Proposition 2.10] that each maximal
solution to (B) is complete and from [22, Theorem 8.2] it
follows that complete solutions converge to (3); hence A is
globally attractive. O

In the next section, we show how the proposed strategy
can be applied to the stabilization of a setpoint in SO(3).

V. APPLICATION TO ATTITUDE STABILIZATION FOR A
RIGID-BODY

In this section, we demonstrate the applicability of the
controller proposed in Section to the stabilization of an
attitude reference for a rigid-body, which is governed by the
equations of motion

R = RS(w),
Jw=8S(Jww + T,

(9a)
(9b)
where R € SO(3) := {R € R®*3 : det(R) =1, RTR =

I3} represents the attitude of the rigid-body, w € R3
represents its angular velocity, J € R3*3 denotes the tensor



of inertia, 7 € R? is the torque input, and S : R® — s0(3)
is given by

0 —Ws w2
S(w) = | w3 0 —w
—W9 w1 0

for each w := (w1, ws,w3) € R3 (see e.g. [4, p. 281]), where
50(3) := {X € R®3 : X = —XT} is the Lie Algebra
of SO(3). Noting that R € SO(3) can be regarded as an
element of RY by means of the map = := vec(R) with inverse
Mj 3 : R? — R3*3, we have that

RS(e;)w
z=—|RS(ey)w| = —(I3s ® R)Tw (10)
RS(eq)w
where I' := — [S(e;) S(ey) S(eg)}T. Replacing R =
M; 3(z) into (I0) and
7= Ju— S(Jw)w. (11)

into (Ob), it is possible to verify that the system (9) can be
cast as (I) with

(x) := —(I3 ® M3 3(z))T Va € R,

In order to demonstrate the controller design of Section
is suitable for the application at hand, we show that the
maximal atlas generated by the Cayley transform satisfies
Assumption [T}

A. A maximal atlas for SO(3)

The Cayley transform is the map C : s0(3) — SO(3) given
by C(X) := (I3 — X)(I3 + X) 7!, for each X € s0(3) :=
{X e R¥3: XT = —X}, with inverse C"1(R) := (I3 +
R)™Y(I3 — R), for each R € U := {R € SO(3) : R+
I5 is nonsingular}. The set U corresponds to the set of all
rotation matrices minus the rotations by 180 deg. To see this,
let us introduce the Rodrigues’ rotation formula [24], given
by

R(v,0) :=exp(0S(v))

=13 +sin(0)S(v) + (1 — cos(6))S(v)?
for each (v,0) € S? x [0, 7], where S := {z € R*"*! :
x'z = 1} with n € N denotes the n-dimensional sphere
and, since the eigenvalues of a rotation matrix have unitary
norm, if R + I3 is singular, then the eigenvalues of R are
A1 =1 and Ay = A3 = —1, which implies that tr(R) = —1.
Using (T2)), it follows that tr(R(v,0)) = =1 <= cosf =
—1, thus we conclude that SO3)\U := {R € R3*3 : R =
2vvT — I3 for some v € S?}. Using the Cayley transform,
it is possible to construct a maximal atlas for SO(3) which
satisfies Assumption [I] as shown next.

12)

Proposition 1. Let Uy := U,
U, .= {ReR>™: Rle, m/2)R € U}

for each q € {1,2,3}, and
Yo(R) := STHCTY(R)) VR € Uy
Yg(R) == SHC ' (R(e,,7/2)R)) VR e U,

foreach q € {1,2,3}, then & := {(U;, ;) biey with N :=
{0,1,2,3} is a maximal atlas for SO(3) and 14(Uy) = R3
for each q € N

Proof. The proof follows closely the one in [25]. O

B. Simulation Results

Using the function V(y) := |y|° /2, defined for each
y € R® and the atlas & = {(U;,¢q)}qer given in
Proposition [T} which satisfies Assumption [I] we are able
to apply the hybrid controller proposed in Section The
interconnection between (@) and (@) is given by

R RS(w)
w| =F(R,w,q) = | k(R,w,q) (R,w,q) € C,
g 0
Rt R
w+ eG(R7w7q): w (R7w,q)€D,
q* o(R)
(13)

where we made use of and assigned the virtual input u
in (TI) to k, given by
k(R ,w,q) = —k,w
~T7 (I3 ® R")Dg(R) T VV (g (R) — ¥g(Ra))
for each (R, w, q) satisfying R € U,, w € R3. For simulation

purposes, we select the reference Ry = I3 and we set § = 1
and k., = 2. The initial conditions are

0.0253  —0.9994  0.0243

R(0,0) ~ [—-0.9994 —0.0259 —0.0237],
0.0243  —0.0237 —0.9994 (14)

w(0,0)=[0 0 3]",

q(0,0) =1,

and were purposely selected to lie in the jump set in order
to trigger an initial jump, but also to generate a second
jump before converging to the origin. Figure [I] portrays the
simulation results which were obtained using the Hybrid
Equations Toolbox, described in [26], where the first plot
presents the evolution of p as a function of time and shows
that there is a jump once p(xl:(t),ql:(t)) is equal to 1,
meaning that the attitude of the rigid-body is approaching
an unwanted critical point. The jump does does not affect
the values of x and w, and the attitude error and the norm
of the angular velocity converge to 0, as shown in the
second and third plots, respectively. Note that, at least for
some time after the jump, we have p equal to 0, meaning
that the current logic variable yields the minimum value of
W(R,q) := V(¢q(R) — ¥q(Ry)) for each (R,q) € # and
Rd = 13.

C. Robustness to Perturbations

Given the atlas &7 := {(U;, %) }ics of SO(3) constructed
in Proposition [I| and a reference Ry € SO(3), a key
property of the controller design presented in Section [[V]
is limg_soe)\u, W(R,q) = +oo, where W(R,q) :=
V(¥g(R) — ¥q(Rq)) for each (R,q) € #. Since o
covers SO(3), it follows that any continuous path ¢ :
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and the norm of w with continuous time for a solution to () with initial

condition (T4).

R., — SO(3) x4 converging to (SO(3) x A")\# satisfies
u(R,q) > 6 for some t > 0.

In the literature of synergistic potential functions, the func-
tion () is referred to as the synergy gap, and the parameter §
is the lower bound on the synergy gap that enables controller
switching (see, e.g., [16]). Even though the controller design
in Section resembles synergistic hybrid feedback, it is
different in the sense that the synergy gap can be set to an
arbitrarily large value, thus improving the robustness of the
closed-loop system to exogenous perturbations at the cost of
increased input demand.

To illustrate how the behavior of the closed-loop system
is affected by the presence of input disturbances and how
one may use the parameter § to mitigate its adverse effects,
consider the following perturbed hybrid system:

R ) RS(@) ) ) )
o | =rR & 4 +eR) | (R@ G eC,
§ 0
N X (15)
RT R A )
at)e| @ (R,&,4) € D,
q* o(R)
where
C:={(R,&,q) € SOB3) x R® x A : u(R,q) <},
D:={(R,&,§) € SO(3) x R* x A : u(R, ) > 6}

and, for each R € Us,

€(R) = —(14OT T (BORT)DYg(R) 'YV (4(R)~v4(Ra))
with € > 0 is an exogenous disturbance that counteracts
the effect of the proportional term of the control law «, thus
preventing the stabilization of the desired reference. Figure [2]
presents the simulation results for the hybrid system which
combines the dynamics of and (T3)), with affected
by the perturbation R +— e(R) generated by (I3, that is,

the hybrid system described by

RS(w)
K(R,w,q) +€(R)

0 .
<= Rs@) | t€O9xC¢ (16)
K(R, &) + €(R)
0
§+€G1(§)UG2(§) &€ D1UDsy
where £ := (R,w,q,]%,cb,d) and
G(R,w,q) x {(R,®,q)}
Gi€)=19 ifee D :=DxSOB) xRS x A4 -
() otherwise
(17a)
{(R,w.q)} x G(R,2,9)
G2(8) =4 if¢ce Dy :=SO(3) xR® x A x D
() otherwise
(17b)

In these simulations, we use the same congroller parameters
for both closed-loop systems, except for § which is set to
0.01, and the initial conditions are

) 1.0000 0 0
R(0,0)=R(0,0)~ | 0  —0.8012 —0.5984],

0 05984 —0.8012
(0,00~ [0.0776 0 0], w(0,0)~ [0.8571 0 0]

4(0,0) = 4(0,0) =2
(18)

The analysis of Figure [2| reveals that ¢t — R|.(t) is con-
verging to a neighborhood of the desired equilibrium point
while ¢ — R|,(t) remains at a distance. We conclude that
the closed-loop system with the higher synergy gap is able to
overcome the disturbances e and converge to a neighborhood
of the equilibrium point. It should be pointed out that,
similarly to (16)), it is possible to craft a disturbance that
prevents the asymptotic stabilization of the nominal system
(R,w, q). However, doing so also prevents the asymptotic
stabilization of (R,, ¢), as shown in Figure [3

Figure [3| represents the evolution with time of a solution
to

RS(w)
(R, w, )+€(R)
&= RS() EelCxC (19)
K(R,©,4) + €(R)
0
§+ €G1(£)UG2(£) Ee€e Di1UD,y

for the initial condition (I8). It is possible to verify that, even
though the disturbance R — ¢(R) was constructed to prevent
the stabilization of (R, w, q), it also prevents the stabilization
of (R,w,q).

Finally, note that controller switching usually leads to
control inputs that are discontinuous, and this may be an
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unreasonable assumption for some applications. Further re-
search efforts will focus on the smoothing of the control
input.

VI. CONCLUSIONS

In this paper, we presented a controller for global asymp-
totic stabilization of a setpoint on a manifold that draws
inspiration from existing control strategies based on synergis-
tic potential functions. Given a function that is continuously
differentiable and positive definite, we used local coordinate
charts to design a controller that stabilizes the setpoint
through gradient-based feedback during flows, and jumps to
a lower value near unwanted critical points.

We evaluated the proposed strategy through the problem of
stabilizing a given attitude reference for a rigid-body vehicle.
Key concepts of synergistic potential functions, such as the
synergy gap, are illustrated for this system, and the behavior
of the closed-loop system is tested by means of simulations.
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