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THERMAL CONDUCTIVITY FUNCTION FOR FINE-GRAINED UNSATURATED SOILS 1 

LINKED WITH WATER RETENTION BY CAPILLARITY AND ADSORPTION 2 

By Y. Lu, Ph.D.1 and J.S. McCartney, Ph.D., P.E., F.ASCE2 3 

ABSTRACT 4 

A thermal conductivity function (TCF) is proposed for unsaturated fine-grained soils 5 

describing the evolution in thermal conductivity with degree of saturation at room temperature and 6 

having parameters associated with the different mechanisms of water retention. Calibration with 7 

data from different fine-grained soils reveals that the proposed TCF captures the sigmoidal 8 

evolution in thermal conductivity with degree of saturation with a better fit to data in the low and 9 

high saturation regimes compared to other TCFs. Correlations between the parameters of the 10 

proposed TCF with those of a soil-water retention curve (SWRC) that considers both capillarity 11 

and adsorption water retention mechanisms confirm the coupling between these thermo-hydraulic 12 

relationships. Thermal conductivity values at degrees of saturation of 1 and 0 can be obtained from 13 

experiments on saturated and dry specimens, and the parameters of the new thermal conductivity 14 

function correlate linearly with the degree of saturation at maximum adsorption and the SWRC 15 

pore size distribution parameter. A strong correlation was also observed between the maximum 16 

suction and thermal conductivity in dry conditions, possibly due to effects of mineralogy and dry 17 

density on these parameters. A successful validation example for compacted bentonite indicates 18 

that consideration of the mechanisms of water retention permits deeper insight into linkages 19 

between the TCF and SWRC for fine-grained soils. 20 
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INTRODUCTION 21 

The thermal conductivity of a given soil at a constant density is a function of the degree of 22 

saturation, with a minimum thermal conductivity in dry conditions and a maximum thermal 23 

conductivity in saturated conditions, and the thermal conductivity increases with dry density (e.g., 24 

Johansen 1975; McCartney et al. 2013; Yao et al. 2019). Numerical simulations of coupled heat 25 

transfer and water flow in unsaturated soils require a functional relationship between thermal 26 

conductivity and the degree of saturation, referred to as the thermal conductivity function (TCF). 27 

For example, the TCF plays a major role in heat transfer analyses for unsaturated bentonite buffers 28 

in nuclear waste repositories (Zheng et al. 2010) and energy piles in unsaturated soils (Behbehani 29 

and McCartney 2022).  30 

Empirical TCFs with a single fitting parameter have been proposed by Johansen (1975), Côté 31 

and Konrad (2005), and Lu et al. (2007). While simple, the single fitting parameter limits the 32 

degree of nonlinearity needed to match experimental thermal conductivity data. Dong et al. (2015) 33 

hypothesized that the TCF and SWRC were linked with different trends in thermal conductivity in 34 

each of the water retention regimes (i.e., capillary, funicular, pendular). The SWRC describes the 35 

relationship between the degree of saturation S and matric suction ψ in soils, which is intrinsically 36 

related to the pore size distribution of the soil and indirectly reflects the connectivity between 37 

particles which affects conductive heat transfer (Likos 2014). Lu and Dong (2015) proposed a TCF 38 

whose parameters could be linked to the shape of the SWRC, as follows: 39 

𝜆 − 𝜆dry

𝜆sat − 𝜆dry
= 1 − [1 + (

𝑆

𝑆f
)

𝛾

]

1/𝛾−1

 (1) 

where λ is the thermal conductivity, λdry and λsat are the thermal conductivity at dry and fully 40 

saturated conditions, respectively, Sf is the degree of saturation from the SWRC at the onset of the 41 

funicular water retention regime which has a linear relationship with the residual saturation Sres, 42 
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and γ is the pore fluid network connectivity parameter linked to the pore size distribution parameter 43 

n in the van Genuchten (1980) SWRC. The TCF of Lu and Dong (2015) has a more nonlinear 44 

shape than previous TCFs, and its parameters were found to have a strong correlation with the van 45 

Genuchten (1980) SWRC for a range of soil types. However, a notable issue with the form of their 46 

TCF is that it does not converge to λsatwhen S = 1. Accordingly, the value of λsat in Eq. (1) must 47 

be treated as a fitting parameter that is larger than the experimentally-measured value of λsat for a 48 

saturated soil and does not have a physical meaning. This aspect of Eq. (1) may also affect the 49 

quality of correlations between the parameters of the TCF and those of the SWRC. Another issue 50 

is that the SWRC of many fine-grained soils, in particular high plasticity clays, are better 51 

represented by the SWRC of Lu (2016) which considers water retention by capillarity and 52 

adsorption mechanisms, as follows:  53 

                𝑆(𝜓) =
1

𝜃s

[𝜃a(𝜓) + 𝜃c(𝜓)]

=
𝜃a,max

𝜃s
{1 − [exp (

𝜓 − 𝜓max

𝜓
)]

𝑚

}

+
1

2𝜃s
[1 − erf (√2

𝜓 − 𝜓c

𝜓c
)] [𝜃s − 𝜃a(𝜓)][1 + (𝛼𝜓)𝑛]1 𝑛⁄ −1 

(2) 

where θs is the saturated volumetric water content which is equal to the porosity, θa(ψ) is the 54 

adsorptive volumetric water content, θc(ψ) is the capillary volumetric water content, ψmax is the 55 

maximum matric suction, ψc is the mean cavitation suction, θ(ψ) is volumetric water content 56 

corresponding to a given value of matric suction ψ, θa,max is the adsorption capacity representing 57 

the maximum adsorptive volumetric water content, α is a parameter related to the inverse of the 58 

air-entry pressure of the soil, n is a parameter reflecting the pore size distribution of the soil, and 59 

m is a parameter reflecting the SWRC shape in the adsorption regime. 60 
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NEW THERMAL CONDUCTIVITY MODEL 61 

A new isothermal thermal conductivity function for unsaturated soils is proposed: 62 

𝜆 − 𝜆dry

𝜆sat − 𝜆dry
= [1 −

1 − 𝑆𝜂

1 + (
𝑆
𝑆c

)
𝜂]

1−1/𝜂

 (3) 

where Sc is the degree of saturation at the onset of the capillary water retention regime, and η is a 63 

model parameter that reflects the changing rate of the thermal conductivity with the degree of 64 

saturation. The latter parameter reflects the pore size distribution and the pore water network 65 

connectivity among soil particles and is hypothesized to be related to the pore-size parameter n in 66 

the SWRC model of Lu (2016). The two other TCF parameters also have physical meaning: λdry 67 

and λsat correspond to the minimum and maximum values of thermal conductivity in dry and 68 

saturated conditions, respectively. An advantage of Eq. (3) over Eq. (1) is that the value of λsat can 69 

be obtained from a measurement of the thermal conductivity at saturated conditions instead of 70 

from model fitting. When S = 1, Eq. (3) degenerates to λ = λsat; when S = 0, Eq. (3) degenerates to 71 

λ = λdry. While previous studies found that the thermal conductivity is sensitive to applied stress 72 

(Cao et al. 2021), void ratio (McCartney et al. 2013; Yao et al. 2019), and variables affecting 73 

particle connectivity like gradation, particle shape and cementation (Xiao et al. 2018; 2020; 2021), 74 

the proposed SWRC-linked TCF is developed based on constant volume conditions as the 75 

parameters, including λdry, λsat, Sc, η, are related to the void ratio and pore size distribution. A 76 

similar assumption was also adopted by Lu and Dong (2015). While studies like Cao et al. (2021) 77 

considered other heat transfer mechanisms to develop a temperature-dependent TCF, the TCF 78 

developed in this study focuses only on conduction and is not temperature dependent as other heat 79 

transfer mechanisms can be considered explicitly in analyses (e.g., Behbehani and McCartney 80 

2022). 81 
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MODEL CALIBRATION AND COMPARISON WITH OTHER MODELS 82 

To calibrate the proposed TCF and to assess its performance in representing experimental data, 83 

data from thermal conductivity tests on ten fine-grained soils, ranging from silts to clays, were 84 

obtained from the literature. All these soils had water retention curve data available. Soils 1 and 2 85 

were grouped as low plasticity soil, and soils 3 and 4 were grouped as high plasticity natural and 86 

remolded soils. Six compacted bentonites (soils 5-10) typically used as backfill materials in the 87 

buffers for nuclear waste repositories were grouped together. One common feature of these soils 88 

is the SWRC pore size distribution parameter n is less than 2, which is common for fine-grained 89 

soil that exhibits a monotonic evolution in suction stress with increasing matric suction (Lu et al. 90 

2010). The physical, thermal, and hydraulic properties of these soils are listed in Table 1.  91 

The fitting results by the TCFs of Côté and Konrad (2005), Lu et al. (2007), and Lu and Dong 92 

(2015) are also included in this analysis. In the fitting of the new TCF, the values of λdry and λsat 93 

measured experimentally (when available) were used directly in the equation and only Sc and η 94 

were used as fitting parameters. Note that most of the values of λdry in Table 1 were measured in 95 

the laboratory, while estimates were made based on the fitting for four soils that did not have 96 

measured values (soils 5-7, and 9). In the fitting of the TCF of Lu and Dong (2015), the value of 97 

λsat was used as an additional fitting parameter as the experimentally-derived value of λsat as it was 98 

not possible to incorporate the measured value of λsat into their equation when S = 1. The fittings 99 

of the proposed TCF to the data for the ten soils are presented in Figs. 1 and 2. The fitting 100 

parameters were obtained by least-squares regression, which permitted definition of the coefficient 101 

of determination (R2) and the root mean square error (RMSE) for evaluation of the difference 102 

between the measured data and predicted values. These values are reported in Table 2 for the fits 103 

of the newly proposed TCF and those of the other models. The best fitting of the four models with 104 
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the highest value of R2 was marked in bold. In most cases the newly proposed TCF had the best fit 105 

to the data, while in the rest of the cases the TCF had the second best fit.  106 

For the ten soils in Table 1, the thermal conductivity varied from 0.210 W/mK for dry 107 

conditions to 1.556 W/mK for saturated conditions, showing a wide range of thermal conductivity. 108 

Although the TCFs of Côté and Konrad (2005) and Lu et al. (2007) show acceptable fits for some 109 

soils, the TCF of Lu and Dong (2015) model and the newly proposed TCF have a better fit to the 110 

data for most of the soils. Furthermore, compared with the TCF of Lu and Dong (2015), the TCF 111 

proposed in this study has a better fit to the data for most soils. This better fit was achieved with 112 

one fewer fitting parameter in the new TCF as the value of λsat in the new model was fixed to the 113 

experimentally-measured value (when available). An inconsistency between the fitted Lu and 114 

Dong (2015) TCF and measured data is observed in the high saturation range due to the form of 115 

their equation when S approaches 1 which is not present in the fitted proposed TCF.  116 

The shape of the TCFs and the model parameters correspond with the soil texture. For instance, 117 

a more significant sigmoidal development with a flat shape at low degrees of saturation is exhibited 118 

for higher plasticity clay soils. The thermal conductivity is relatively insensitive in the hydration 119 

water retention regime because the increase of saturation typically preferentially occurs in the 120 

micro-pores within the clay particles (Dong et al. 2015; Lu et al. 2021). Additionally, the TCF 121 

parameter Sc and η for natural clays or claystones and compacted bentonite are generally higher 122 

than those of the lower plasticity soils. 123 

CORRELATIONS BETWEEN TCF AND SWRC PARAMETERS 124 

The ten soils from the literature listed in Table 1 had data available for calibration of the new 125 

TCF and the SWRC of Lu (2016) suitable for the evaluation of quantitative relationships between 126 

the TCF and SWRC. Although most of the SWRC datasets were obtained from drying tests or the 127 
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vapor equilibrium technique, no distinctions are made here for the effects of hydraulic hysteresis, 128 

mechanical loading, or volume change along the SWRC that may have occurred in the SWRC 129 

measurement. The fitting parameters of the SWRC of Lu (2016) are listed in Table 1.  130 

To test the hypothesis of an intrinsic relationship between the SWRC and TCF, a plot of Sc vs. 131 

Sa,max is shown in Fig. 3(a). Results in the figure show that Sc and Sa,max are interrelated, and 132 

approximately correspond to the transition from capillarity-dominated to adsorptive dominated 133 

water retention mechanisms. The values of Sc and Sa,max for lower plasticity soils are smaller, while 134 

the values of both parameters for clays are larger. The relationship between Sc and Sa,max may be 135 

explained by the fact that soils with high adsorption capacity typically contain more clay mineral 136 

content and have smaller/flatter soil particles and more micro-size pores. The soil particles can 137 

retain more adsorbed water to form water bridges between the neighboring particles leading to 138 

higher values of Sc and Sa,max. The equation relating Sc and Sa,max can be expressed as follows: 139 

𝑆c = 0.72 · 𝑆a,max + 0.21 (4) 

The coefficient of determination of 0.92 indicates a strong correlation between Sc and Sa,max. 140 

The intercept in Eq. (4) is greater than zero as even soils with low adsorption capacity will have 141 

water menisci at particle contacts at the end of capillarity. To further evaluate relationships 142 

between the pore size parameters in the TCF and SWRC, the relationship between TCF parameter 143 

η in Eq. (3) and SWRC parameter n in Eq. (2) is plotted in Fig. 3(b). A functional relationship 144 

between η and n for the different soils can be defined as follows: 145 

𝜂 = 9.92 − 4.39 · 𝑛 (5) 

The coefficient of determination of Eq. (5) is 0.89 confirms that the pore size distribution plays an 146 

important role in both the TCF and SWRC. In summary, the parameter n describes the shape of 147 

the SWRC in the capillarity-dominated regimes of the SWRC, while Sa,max is the degree of 148 
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saturation at the transition between capillarity-dominated and adsorption-dominated water 149 

retention mechanisms in the SWRC of Lu (2016), which may emphasize that the transition 150 

between the water retention mechanisms in the SWRC plays an important role in the shape of the 151 

TCF, emphasizing the importance of linking the TCF parameters to those of the SWRC of Lu 152 

(2016) as opposed to the more empirical SWRC of van Genuchten (1980). 153 

The parameter λdry in the TCF can be measured or potentially theoretically considered closely 154 

related to the soil particle contact form and area. Further, the soil mineralogy and associated 155 

microstructure also contribute to the maximum matric suction in the SWRC (Lu and Khorshidi 156 

2015). It is hypothesized that the thermal conductivity of dry soil λdry is related with the maximum 157 

matric suction ψmax for a given soil. The correlation between λdry in the TCF and ψmax in the SWRC 158 

shown in Fig. 3(c) follows a linear relationship with a best-fit equation given as follows:  159 

𝜆dry = 4.1 × 10−7 · 𝜓max (6) 

A high coefficient of determination of 0.93 indicates that the adsorptive water retention mechanism 160 

and soil mineralogy may play a role in the shape of the tail end of the TCF. However, the thermal 161 

conductivity in dry conditions is also strongly affected by the dry density in addition to mineralogy. 162 

Although the dry density may also affect the maximum suction in soils, this has not been 163 

established experimentally. Accordingly, it is recommended to measure the thermal conductivity 164 

values for dry and saturated conditions as specialized suction control techniques are not needed. 165 

With experimental values of λsat and λdry, the correlations for Sc and η in Eqs. (4) and (5) can be 166 

used to predict the shape of the TCF from the SWRC.  167 

VALIDATION 168 

The correlations between the parameters of the TCF and SWRC in Figs. 3(a) and 3(b) were 169 

used to predict the TCF of a soil that was not included in the database in Table 1. Specifically, the 170 
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transient evolution in thermal conductivity was measured during constrained hydration of a 171 

bentonite layer in a tank-scale test reported by Lu and McCartney (2023). The λdry and λsat values 172 

were from laboratory measurements, while the parameters Sc and η were predicted by Eqs. (4) and 173 

(5) using the SWRC parameters by Lu and McCartney (2022). Further, the measured value of λdry 174 

is close to a calculated value of 0.237 by Eq. (6), with an error of less than 3%, confirming the 175 

possible correlations between parameter λdry and ψmax in Fig. 4. A good fit was observed between 176 

the predicted TCF and the experimental data in Fig. 4, which reflects the feasibility of using the 177 

correlations established in this study to predict the shape of the TCF from the SWRC. The 178 

nonlinear evolution in thermal conductivity observed at the beginning of hydration is attributed to 179 

transient local volume changes in the bentonite layer. 180 

CONCLUSIONS 181 

An improved isothermal thermal conductivity function was proposed for fine-grained 182 

unsaturated soils and calibration with soils from the literature indicates that the new TCF captures 183 

the sigmoidal evolution in the thermal conductivity with changing degree of saturation and has an 184 

equal or better fit to experimental data for different fine-grained soils at both low and high 185 

saturation regimes compared to existing models. Correlations between the TCF parameters and 186 

those of the SWRC of Lu (2016) were established, indicating a relationship between the point of 187 

curvature parameter in the TCF and the maximum adsorption saturation, and a relationship 188 

between the shape parameter of the TCF and the pore size distribution parameter from the SWRC. 189 

The maximum suction from the SWRC was correlated with the thermal conductivity in dry 190 

conditions, as both variables are dependent on the soil mineralogy. A validation example from a 191 

long-term tank-scale test involving nonisothermal hydration of bentonite confirms that it is 192 
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possible to estimate the TCF for fine-grained soils from the SWRC parameters along with 193 

measurements of the thermal conductivity in dry and saturated conditions.  194 
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 270 

LIST OF FIGURE CAPTIONS 271 

Fig. 1. TCF calibration for fine-grained soils: (a) Bonny silt; (b) Palouse silt loam; (c) Denver 272 

claystone; (d) Georgia kaolinite. 273 

Fig. 2. TCF calibration for compacted bentonites: (a) GMZ; (b) GMZ; (c) GMZ07; (d) MX80; 274 

(e) Kyungju; (f) FEBEX. 275 

Fig. 3. Relationships between TCF parameters and those of the SWRC of Lu (2016): (a) Sc and 276 

Sa,max; (b) η and n; (c) Relationship between TCF parameter λdry and Lu (2016) SWRC 277 

parameter ψmax. 278 

Fig. 4. Validation of transient evolution in thermal conductivity of MX80 bentonite in a tank-279 

scale test by Lu and McCartney (2023).   280 
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Table 1. Physical, thermal, and hydraulic properties of ten fine-grained soils 281 

No. 
Name and 

reference 

θs 

(m3/m3) 

ρd 

(Mg/m3) 

λdry 

(W/mK) 

λsat 

(W/mK) 

Parameters of the SWRC of Lu (2016) 

α 

(1/kPa) 

n 

(-) 

ψc 

(kPa) 

Sa,max 

(m3/m3) 

m 

(-) 

ψmax 

(kPa) 

1 Bonny silta 0.43 1.50 0.350 1.250 0.058 1.74 3000 0.046 0.13 7.9 × 105 

2 Palouse silt loamb 0.53 1.25 0.210 0.950 0.080 1.38 60000 0.243 0.40 7.0 × 105 

3 Denver claystonec,d  0.51 1.31 0.410 1.050 0.0040 1.54 20000 0.392 0.15 1.0 × 106 

4 Georgia kaolinitec,d 0.51 1.28 0.239 1.556 0.0100 1.70 20000 0.171 0.01 6.0 × 105 

5 GMZe 0.44 1.50 0.580 1.370 0.0009 1.35 45000 0.459 0.22 1.4 × 106 

6 GMZf 0.36 1.70 0.600 1.420 0.0002 1.32 60000 0.550 0.22 1.4 × 106 

7 GMZ07g 0.42 1.60 0.362 1.220 0.0002 1.55 30000 0.562 0.15 9.0 × 105 

8 MX80h 0.41 1.60 0.340 0.935 0.0003 1.45 30000 0.571 0.16 7.0 × 105 

9 Kyungjui 0.40 1.60 0.350 1.220 0.0005 1.24 40000 0.552 0.25 9.0 × 105 

10 FEBEXj 0.43 1.53 0.480 1.050 0.0002 1.45 50000 0.495 0.25 1.2 × 106 
aDong et al. (2014); bMcInnes (1981); cLu and Kaya (2013); dLu and Dong (2015); eLu et al. (2020); fYe et al. (2017); 282 
gXu et al. (2019); hMadsen (1998); iCho et al. (2011); jVillar (2002).  283 
 284 

Table 2. Fitting parameters for the newly proposed TCF and other TCFs from the literature (Bold: Model 285 
with best fit; Underlined: Soils where new model has the second best fit) 286 

Soil 
Côté & Konrad (2005) Lu et al. (2007) Lu & Dong (2015) Proposed TCF 

к R2 RMSE β R2 RMSE Sf γ R2 RMSE Sc η R2 RMSE 

Bonny silt 3.72 0.893 0.074 0.95 0.850 0.090 0.145 2.62 0.985 0.033 0.283 2.44 0.985 0.033 

Palouse silt loam 3.30 0.546 0.117 0.78 0.596 0.111 0.233 3.81 0.988 0.027 0.295 3.96 0.990 0.026 

Denver claystone 2.10 0.902 0.049 0.28 0.988 0.021 0.217 2.63 0.979 0.026 0.405 2.76 0.981 0.027 

Georgia kaolinite 3.18 0.900 0.105 0.92 0.897 0.109 0.171 2.92 0.992 0.036 0.280 2.80 0.998 0.018 

GMZ 0.96 0.839 0.078 0.53 0.567 0.110 0.432 4.75 0.983 0.032 0.540 4.07 0.998 0.012 

GMZ 0.90 0.688 0.064 0.54 0.104 0.133 0.468 4.63 0.983 0.020 0.580 4.31 0.989 0.018 

GMZ07 1.15 0.965 0.051 0.52 0.926 0.079 0.363 3.50 0.968 0.054 0.629 2.87 0.995 0.022 

MX80 0.98 0.994 0.017 0.55 0.913 0.066 0.442 4.20 0.950 0.052 0.600 3.30 0.976 0.037 

Kyungju 0.78 0.882 0.062 0.57 -0.029 0.161 0.546 5.95 0.924 0.062 0.640 4.60 0.969 0.039 

FEBEX 0.75 0.994 0.013 0.59 0.976 0.035 0.440 3.51 0.997 0.010 0.610 3.51 0.998 0.009 
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