UC Santa Barbara
UC Santa Barbara Electronic Theses and Dissertations

Title
Generalization and Optimization in the Interpolation Regime: From Linear Models to Neural
Networks

Permalink
https://escholarship.org/uc/item/3817f3p2

Author
Taheri, Hossein

Publication Date
2024

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/3817f3pz
https://escholarship.org
http://www.cdlib.org/

University of California
Santa Barbara

Generalization and Optimization in the Interpolation
Regime: From Linear Models to Neural Networks

A dissertation submitted in partial satisfaction

of the requirements for the degree

Doctor of Philosophy
in

Electrical and Computer Engineering
by

Hossein Taheri

Committee in charge:

Professor Christos Thrampoulidis, Co-Chair
Professor Haewon Jeong, Co-Chair
Professor Kenneth Rose

Professor Yao Qin

September 2024



The Dissertation of Hossein Taheri is approved.

Professor Kenneth Rose

Professor Yao Qin

Professor Haewon Jeong, Committee Co-Chair

Professor Christos Thrampoulidis, Committee Co-Chair

July 2024



Generalization and Optimization in the Interpolation Regime: From Linear Models to

Neural Networks

Copyright (©) 2024
by

Hossein Taheri

11



Acknowledgements

Many amazing individuals have helped, inspired, and guided me during the last
few years. First, I thank my advisor Prof. Christos Thrampoulidis for his exceptional
mentorship and for providing an unstressful and fair work environment during the last
five years. His great taste in research, boundless curiosity and passion for understanding
have been specially inspirational to me. We explored fascinating concepts and topics
across diverse fields, and I was consistently amazed by his deep and extensive knowledge
in each area. Beyond research, he was like an older brother to me, offering support in
numerous challenging situations. I am grateful for his kindness and generosity.

I would also like to thank other committee members Prof. Haewon Jeong, Prof.
Kenneth Rose and Prof. Yao Qin for their insightful questions, suggestions and feedback
on this thesis. Their constant support has been essential in the formation of this thesis. I
am especially grateful to Prof. Rose for the courses on information theory and pattern
recognition; his intuitive and insightful teaching style has greatly inspired me. Likewise I
thank Prof. Jeong for the Generative ML course and the thought-provoking questions
and discussions we had in class.

I extend my gratitude to my collaborators over the years, whose help has been crucial
in shaping my academic experience. I would also like to thank my friends in Santa Barbara
who made my Ph.D. journey enjoyable. I am grateful for my friendship with Nate, Rahul,
Nima, and many others and for the great memories we shared.

Finally, special thanks go to my parents, my three sisters, and my brother for always
being by my side. Even though I could not visit you and there were ten thousands
kilometers between us, I felt your presence and positive energy throughout these years.

This dissertation is dedicated to all of you.

v



Curriculum Vitae
Hossein Taheri

Education

2024 Ph.D. in Electrical and Computer Engineerin (Expected), University
of California, Santa Barbara.

2022 M.Sc. in Electrical and Computer Engineering, University of Cali-
fornia, Santa Barbara.

2018 B.Sc. in Electrical Engineering and Mathematics (double major),
Sharif University of Technology.

Publications

[1] H. Taheri, and C. Thrampoulidis. Generalization and Stability of Interpolating
Neural Networks with Minimal Width. In Journal of Machine Learning Research,
2024.

|2] P. Deora™, R. Ghaderi*, H. Taheri*, C. Thrampoulidis. On the Optimization and
Generalization of Multi-head Attention. (* denotes equal contribution), In Transac-
tions on Machine learning Research, 202.

[3] H. Taheri, and C. Thrampoulidis. On Generalization of Decentralized Learning with
Separable Data. In International Conference on Artificial Intelligence and Statistics,
2023.

[4] H. Taheri, and C. Thrampoulidis. Fast Convergence in Learning Two-layer Neural
Networks with Separable Data. In AAAI Conference on Artificial Intelligence, 2023.

[5] H. Taheri, R. Pedarsani, and C. Thrampoulidis. Asymptotic Behavior of Adversarial
Training in Binary Linear Classification. In IEEFE transactions on Neural Networks
and Learning Systems, 2023.

|6] H. Taheri, R. Pedarsani, and C. Thrampoulidis. Fundamental Limits of Ridge-
Regularized Empirical Risk Minimization in High dimensions. In International
Conference on Artificial Intelligence and Statistics, 2021.

[7] H. Taheri, A. Mokhtari, H. Hassani, R. Pedarsani. Quantized Decentralized Stochas-
tic Learning over Directed Graphs. In International Conference on Machine Learning,
2020.



[8] H. Taheri, R. Pedarsani, and C. Thrampoulidis. Sharp asymptotics and optimal
performance for inference in binary models. In International Conference on Artificial
Intelligence and Statistics, 2020.

[9] H. Taheri, R. Pedarsani, and C. Thrampoulidis. Optimality of Least-squares for
classification in Gaussian Mixture Models. In IEEE International Symposium on
Information Theory, 2020.

[10] A. Reisizadeh, H. Taheri, A. Mokhtari, H. Hassani, R. Pedarsani. Robust and
communication-efficient collaborative learning. In Advances in Neural Information
Processing Systems, 2019.

vi



Abstract

Generalization and Optimization in the Interpolation Regime: From Linear Models to

Neural Networks
by

Hossein Taheri

Learning with large models has driven unprecedented advancements across diverse fields
of machine learning. As model’s size grows the capacity of the model to memorize or
interpolate the dataset also increases. Learning under interpolation presents new challenges
and opportunities which are not addressed in classical statistical learning theory. In this
thesis, we explore the performance of learning methods in the interpolation regime across
various models, including linear models and neural networks. Our primary goal is to
understand how data and model characteristics influence the convergence behavior of
gradient-based methods such as gradient descent and to quantify how well these models
generalize to new data.

In the first section, we explore linear models, which are the simplest examples where
learning under interpolation can be studied. In particular, we consider empirical risk
minimization methods applied on high-dimensional generalized linear models and Gaussian-
mixtures. Our goal is to understand the optimal test error performance for such models in
an asymptotic set-up where the data-dimension is comparable to the number of training
samples. By deriving a system of equations which precisely characterises the test error
performance, we are able to find a tight lower-bound on the test error which holds for
any convex loss function and ridge-regularization parameter. We then show the bound is
tight by proposing a loss function and regularization parameter which achieves the bound.

As a corollary, we are able to approximately quantify the sub-optimality of least-squares
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depending on the data-model.

Continuing with linear models, we consider adversarial learning with high-dimensional
Gaussian-mixture models. Adversarial training, based on empirical risk minimization,
currently represents one of the main approaches for defending against adversarial attacks,
which involve small but targeted modifications to test data that result in misclassification.
We derive precise asymptotic expressions for both standard and adversarial test errors
under £, bounded perturbations within a Gaussian mixture model framework. Our results
yield exact error formulas that demonstrate the relationship between adversarial and
standard errors and the influence of factors such as the over-parameterization ratio, the
data model, and the attack budget.

In the next part of the thesis, we aim to extend our theoretical findings to neural
networks. Neural nets are known for their ability to memorize even complex datasets,
often achieving near-zero training loss via gradient descent optimization. Despite this
capability, they also demonstrate remarkable generalization to new data. We investigate
the generalization error (i.e., the gap between training and test errors) of neural networks
trained with logistic loss. Our main finding reveals that under a specific data-separability
condition, optimal test loss bounds are achievable if the network width is only poly-
logarithmically large with respect to the number of training samples. Moreover, our
analysis framework which is based on algorithmic stability presents improved generalization
bounds and width lower bounds compared to prior works employing alternative methods
such as uniform convergence via Rademacher complexity.

Next in chapter five, we again consider the problem of learning two-layer neural
networks in the interpolating regime, discussing the role of large-step sizes in speeding
up the training. Particularly, we consider the Normalized Gradient Descent (NGD)
algorithm where the step-size is chosen inversely proportional to the loss. NGD has

proven effective in accelerating the convergence of exponentially-tailed loss functions, such

viil



as exponential and logistic losses, particularly for linear classifiers handling separable
data. We demonstrate that for exponentially-tailed losses and two-layer neural nets,
NGD achieves a linear convergence rate of the training loss towards the global optimum,
provided the iterates identify an interpolating model. This is facilitated by our proof of
gradient self-boundedness conditions and the establishment of a log-Lipschitz property.
Additionally, we address the generalization capabilities of normalized GD for convex
objectives through an algorithmic-stability analysis, showing that it avoids overfitting
during training by providing finite-time generalization bounds.

In the final section, we consider the decentralized learning scenario where the data is
kept locally among several computing agents which are communicating their parameters
over a graph. Our study focuses on decentralized learning in overparameterized settings,
where models achieve zero training loss, specifically examining the properties of decentral-
ized gradient descent (DGD) on separable data. Our research provides new finite-time
generalization bounds for DGD, extending existing knowledge predominantly focused
on centralized learning scenarios. Additionally, we develop enhanced gradient-based
methods for decentralized learning with separable data, demonstrating significant orders
of magnitude of speed-up compared to previous methods.

These results offer new insights and tools for understanding and improving learning in

the interpolation regime across various model architectures and learning paradigms.
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Chapter 1

Introduction

1.1 Motivation

Large-scale learning with big data and large models has shown to be an inseparable
part of machine learning in the past few years, achieving breakthrough success in almost all
applications from computer vision to language modeling. Using gradient-based methods on
empirical risk minimization (ERM) techniques (e.g., logistic regression) is still the the most
popular approach for optimization and learning in these scenarios. While implementing
an optimization method for a given learning task, the statistician or machine learning
engineer is primarily interested in two outcomes: the convergence behavior of the empirical
loss and the generalization performance of the learned model to new data. Naturally,
obtaining models of small generalization error, that has sufficiently good performance on
data beyond the training set, is the ultimate goal of a machine learning task. Nevertheless,
the current understanding of the properties of large models and gradient-based optimizers
is mostly through heuristics and a theory that explains their properties is only recently
emerging.

In this thesis, we present several theoretical and empirical results on the optimization

1



Introduction Chapter 1

performance and generalization power of large models, ranging from high-dimensional
linear models to neural networks for both centralized and decentralized settings. Our
results provide insights on the role of sample-size, model size, loss function and regular-
ization on the performance of learning models in the modern interpolation regime and
they complement the findings from classical statistical learning theory.

In the remaining of this chapter, we provide an overview of the content of this thesis.

1.2 Organization of chapters

Chapter 2: In the first chapter of this thesis, we start with high-dimensional linear
models which is perhaps the simplest scenario where large-models can be rigorously
studied. The study of linear models, nonetheless, provides valuable insight into the
general behavior of more complex models. We consider two linear models, namely
high-dimensional generalized linear models and Gaussian-mixtures. For the generalized
linear models, the goal is recovering the ground signal w* € R? from n observations
yi = ¢(xTw*), i € [n], where ¢ : R — {1} is a (possibly random) binary function
and z; € R? denote the data points which are i.i.d sampled from a centered Gaussian
distribution. Some examples for ¢ can be the signed model where ¢(t) = sign(¢) and the
logistic model where ¢(t) = 1 with probability 1/(14 exp(—t)) and ¢(t) = —1 otherwise.
For the Gaussian-mixture model the data points are generated according to x; = y;w* + z;
where z; denotes the independent noise. We study the performance of empirical-risk
minimization (ERM) estimators Wy, that solve the following optimization problem for

some convex loss function f: R — R,

1 & +
Wi arggé@nél fyix; w) + Aw]| (1.1)
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When A > 0, choosing convex loss functions such as logistic loss f(¢) = log(1+4exp(—t))
and quadratic loss f(t) = (1 — t)? leads to a strongly-convex program. On the other
hand, when A = 0 it is known (e.g. [1]) that the solution to (1.1) is unique if and only if
the over-parameterization is sufficiently small such that d/n < 0% where §% = 1 for the
quadratic loss and 07 > 2 when f is a decreasing loss such as the logistic loss. Our results
for the case of zero regularization are valid only given the solution is unique.

Once Wy, is obtained, we can measure its performance with its correlation to w* or

alternatively by its test accuracy given by,
A(Wyy) = 1;5 (sign(z'@yy) = y) .

Certainly, choosing loss functions and regularization parameters that result in estimators
with higher values of correlation and test accuracy are more desirable. Our goal in
this part is to understand the optimal performance in an asymptotic set-up where the
data-dimension (d) is comparable to the number of training samples (n). In particular we
are interested in answering the following questions:

How do we quantify the performance of estimators derived by ERM in Eq.(1.1)? What
s the optimal performance and how to choose the optimal loss function and regularization
parameter in the ERM problem?

In other words, we aim to precisely characterize the optimal loss f* and optimal

regularization parameter A\* defined as:

f ) = 0 1.2
(f7, A7) = arg max  A(@y,), (1.2)

where C denotes the set of convex and real-valued functions. To tackle the problem,

first we show the performance of ERM for any convex f and non-negative \ is derived
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through a system of three equations. As a demonstration, we note the following which

characterizes the error for generalized linear models with label function ¢:

E|S9(S) M}, (aG + uSo(S);7) | = = (1.3a)
72 51@[ (M, (aG + nSé(S); T))Q: — o2, (1.3b)
TdE[G M, (aG + pSe(S); T): — a(1 — M\7d). (1.3¢)

In the above, S,G ~ N(0,1), M/, (2;7) :== delg(f;T) and M (z;7) := min, 3= (z — v)* +
f(v) is known as the Moreau-Envelope of the loss function f (e.g., see [2]). The above
equations are derived according to an application of Gaussian comparison inequalities
known as the Convex Gaussian Min-max Theorem (CGMT). For more information and
background about CGMT we refer the reader to [3, 4, 5]. Denoting as, and ps as

the solution obtained from solving the equations in (1.3), we can show that the high-

dimensional limit of the test accuracy is then obtained as

lim A(@,) = Pes (% G+ S6(5) > 0) 6,8 ~N(0,1).
d,m—o0 [DY

This essentially provides an asymptotically precise formula for the performance of ERM
solutions based on the chosen loss function and regularization. In general, it can be shown
that in order to find the best possible ERM performance, we should find f* € C and A* > 0
that minimizes a g« y+/pip« A+. By exploiting an algebraic structure in the equations, we are
able to find a tight lower-bound on the desired quantity which holds for any convex loss
function and ridge-regularization parameter. We then show the bound is tight by proposing
a loss function and regularization parameter which precisely achieves the bound. This
essentially shows that the derived loss and regularization achieve the desired maximality

condition of Eq. (1.2). The proposed optimal loss and regularization parameter are

4
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derived based on different problem parameters such as over-parameterization ratio d/n,
data model ¢ and the strength of the ground signal (i.e. SNR). As a corollary, we are able
to approximately quantify the sub-optimality of quadratic loss. For instance, we show that
surprisingly quadratic loss (defined as f(t) = (1 —t)?) with optimally-tuned regularization
is approximately optimal for logistic data model and “small" signal strength (i.e., small

|wol|), but the sub-optimality gap grows drastically as signal strength increases.

Chapter 3: Continuing with linear models, we consider the more challenging case
of adversarial learning with high-dimensional Gaussian-mixture models. Many modern
learning algorithms are known to be susceptible to small carefully crafted perturbations
which can fool the classifier to label test points incorrectly. As an example, a traffic sign
can be slightly altered such that it is misclassified by a convolutional neural network |6, 7.

One prominent method to robustify the model against such attacks is adversarial
training |6] which is based on ERM training of adversarial inputs:

1 n
0 = i _§ f (il +6) " A|wl?. 1.4
@=argmin max 2 [ (yilzi + 6) "w) + Aw| (1.4)

wERY [|6;|q<etr

Once @ is obtained, the adversarial test accuracy is defined as:

A(Q/E) = Exyy { max 1{y:sign(<m+5,@))} . (15)

ll6]lq<ets

In the equations above, &4, ;s represent the attack budget during training and test time,
respectively. As a side note, we remark that ;. need not be chosen equal to ¢;, and
in fact our results show that the optimal value of ¢, is generally larger than ¢, in the
high-dimensional regime; that is for defending against attacks of strength ¢;5 during test
time, the attack budget during training should be chosen larger than e, with the gap

increasing as d/n increases.
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Adversarial training in Eq. (1.4) currently represents the one of most well-known
approaches for defending against adversarial attacks, which involves small but targeted
modifications (denoted by ;) to training data as a proxy for minimizing the success
rate of attacks during test time. While this method has shown practical success, its
generalization properties in classification settings remain poorly understood. In particular,
we are interested in answering the following questions:

what is the performance of adversarial training in high-dimensional linear models?
Does adversarial training lead to degradation in test accuracy on clean data? Is there
always a trade-off between standard and adversarial accuracies?

We addresses this questions by offering a detailed analysis of the robustness of
adversarial training within the context of binary linear classification. In a similar style
as the equations presented for standard training in Eq. (1.3), here we derive precise
asymptotic behavior for both standard and adversarial test errors under ¢, bounded
perturbations where ¢ > 1. Our approach here allows the use of general Gaussian
design beyond isotropic features where x; ~ N(0,X). Our results yield exact error
formulas that elucidate the relationship between adversarial and standard errors and
the influence of factors such as the over-parameterization ratio, the data model, and the
attack budget. Notably, the error curves show that the optimal value of &;,. decreases
as the over-parameterization ratio d/n decreases. Perhaps surprisingly our results also
illustrate that adversarial training can improve standard accuracy across a range of values

for over-parameterization ratio.

Chapter 4: In the next part of the thesis, we consider the more challenging case of

binary classification with neural networks. We focus on a one-hidden layer network with
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m hidden neurons where

O(w,x) = \/% Z a;io(x " w;). (1.6)

In the above, o : R — R is the activation non-linearity, the weight vector w € R™ is
formed by stacking all w; € R? that is the weight vector entering the i'th hidden neuron.
Moreover, a; € R is the second layer weight connecting the neuron ¢ to the output, which

is assumed to be fixed during training. The ERM in this case is defined as

w

min F(w) := % Z Fly®(w, z,)), (1.7)

where f is any convex and monotonically decreasing loss such as the logistic loss.

It is a well-known fact that one hidden-layer neural networks are “universal approxi-
mators”, that is given large enough m, they can approximate any real continuous function
arbitrarily well [8]. In practice, large neural networks are renowned for their ability to mem-
orize datasets, often achieving near-zero training loss via gradient descent optimization [9].
In particular, it is often empirically observed that despite the non-convex optimization
landscape and no explicit regularization, gradient descent for neural networks of even
small width leads the objective to the global optimum. Interestingly, despite the large
overparameterization and underlying model’s complexity, these solutions also demonstrate
sufficiently good generalization capabilities to new data [10, 11]. This motivates the
following questions which are the focus of our study:

How wide should a neural network be in the interpolating regime such that convergence
to the global optimum is guaranteed? What is the convergence behavior of gradient descent
under this over-parameterization condition? How do the solutions found by gradient

descent generalize to unseen data?
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We address these questions by providing a refined analysis of the generalization
behavior of neural networks trained with logistic loss through the lens of algorithmic
stability. Algorithmic stability is perhaps the oldest method for studying the generalization
abilities of learning algorithms [12, 13|. In particular, we use the on-average notion of
stability [14] which bounds the expected generalization gap of gradient descent at iteration

T as follows:

E[Fp (wr) = F (wr)] SE

1< »
=S er —w]|
=1

where Fp is the test error and both expectations are over data sampling. Additionally,
w7 denotes the output of T iterations of gradient descent when the ith training sample is
removed from the training set. Therefore, it suffices to bound the right hand side in the
equation above. While algorithmic stability has been proven useful for convex objectives
[15, 14], the extensions to non-convex objectives lead to sub-optimal results [16, 17, 18].
Our findings in this chapter, extend the algorithmic stability framework to the non-convex
case of neural networks and obtains generalization rates akin to the convex case which
hold true even for very small width networks.

We note that the objective in Eq. (1.7) can be highly non-convex depending on the
dataset. Therefore unfavorable scenarios where gradient descent may converge to a local
optimum or saddle point are plausible. To tackle this issue, in the literature it is often the
case that an NTK-separabilty condition [19] for the dataset is assumed which guarantees
that the linearization of the network around initialization can separate the dataset with
some margin. Formally speaking, the NTK separability condition assumes that for almost

surely all n training samples from the data distribution there exists w* € R™ and v > 0
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such that ||w*|| = 1 and for all i € [n],

yi<Vw(I> (wo, x;) ,w*> > .

In other words, the above condition guarantees that at a constant distance from initializa-
tion (i.e. wy € R™?), there exists a weight vector that can classify the training set with
some margin -y.

Our main finding in this section shows that under the NTK separability condition and
with standard Gaussian initialization, gradient descent at iteration 7' decays the training
loss at the rate of 5(72%) and achieves rate-optimal test loss bounds of order 5(72%),
if the network width is only poly-logarithmically large with respect to the number of

training samples where,

N (1ogj§n)) |

This departure from existing generalization outcomes using algorithmic stability, which
typically require polynomial width of order m = (n?), underscores the significance of
our approach. Moreover, our analysis presents improved generalization bounds and width
lower bounds compared to prior works employing alternative methods such as uniform
convergence via Rademacher complexity. The key to this improvement lies in leveraging
the Hessian information of the objective function during gradient descent iterates. We
demonstrate that neural networks of poly-logarithmically large width trained by the
logistic loss satisfy an approzimate quasi-converity property along the gradient descent
path. To demonstrate the practical implications of our findings, we specialize our analysis

to an XOR-distributed dataset for which we present refined width conditions.
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Chapter 5: Continuing with neural networks in the interpolating regime, in chapter 5,
we investigate the Normalized Gradient Descent (NGD) algorithm for accelerating the
training process. Unlike ordinary GD where the step-size is typically fixed, In NGD the

step-size at iteration t is chosen as,

mZG(N;J’

Since in the interpolating regime F'(w;) is decaying to zero, the step-size in NGD is

growing unboundedly as training progresses. Previous studies on NGD focused on the
case of linear classifiers in the interpolating regime [20, 21, 22]. We essentially extend
the analysis of NGD to neural networks. While in the previous chapter, we derived the
rate of O(1/T') for ordinary gradient descent with neural nets, here we show that under
specific separability conditions, the training rate is exponentially decaying. Moreover,
we study for the first time, the finite-time test error performance of normalized GD for
convex objectives. In particular, we provide sufficient conditions for the generalization of
NGD and derive bounds of order O(1/n) on the expected generalization error, where n is

the training-set size.

Chapter 6: In the final section, we transition from centralized to the decentralized
learning scenarios. In decentralized learning, data is kept locally among several computing
agents (also called nodes) which are communicating only their parameters over a graph.
Formally, the decentralized gradient descent method (DGD) has the following update rule

for any node ¢ € [N] at iteration ¢:

wétﬂ) = Z Aékwl(:) - VFE, (wét))

keNeigh(¢)

10
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In the above, node ¢ computes a weighted summation of its neighbors parameters and then
implements one step of gradient descent on its local loss F; g('ll)ét)>. Each node has access
to ny training points and overall DGD updates aim at minimizing the global objective
F(-) with n training points where F(w) := & S Fo(w).

Our study focuses on decentralized learning for classification tasks in over-parameterized
settings, where the model has enough capacity to perfectly classify the whole dataset
correctly and thus can achieve zero training loss. Our research provides new finite-time
generalization bounds for DGD, extending existing knowledge predominantly focused on
centralized learning scenarios. Remarkably, these bounds for DGD are nearly equivalent
in order to those of centralized learning. In particular, for logistic regression we find that

with n = ﬁ and after T iterations, DGD with n training points reaches the test loss

rate of order,

~( 1 1

o(7m+3),
which is comparable to the rate of 5(% + %) for centralized settings. Additionally, we
develop enhanced gradient methods based on normalized gradient descent for decentralized
learning with separable data. Our experiments demonstrate significant improvements in

training speed and finite-time generalization performance for our proposed algorithm in a

logistic regression task with linearly separable data.

11



Chapter 2

High-dimensional Linear Models: Sharp

Asymptotics and Fundamental Limits

2.1 Introduction

Empirical Risk Minimization (ERM) includes a wide family of statistical inference
algorithms that are popular in estimation and learning tasks encountered in a range of
applications in signal processing, communications and machine learning. ERM methods
are often efficient in implementation, but first one needs to make certain choices: such as,
choose an appropriate loss function and regularization function, and tune the regularization
parameter. Classical statistics have complemented the practice of ERM with an elegant
theory regarding optimal such choices, as well as, fundamental limits, i.e., tight bounds
on their performance, e.g., [23]. These classical theories typically assume that the size
m of the set of observations is much larger than the dimension n of the parameter to
be estimated, i.e., m > n. In contrast, modern inference problems are typically high-
dimensional, i.e. m and n are of the same order and often n > m |24, 25, 26]. This
chapter studies the fundamental limits of convex ERM in high-dimensions for generalized

12
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linear models.

Generalized linear models (GLM) relate the response variable y; to a linear model
al'xq via a link function: y; = p(al xq). Here, xo € R™ is a vector of true parameters
and a; € R", i € [m] are the feature (or, measurement) vectors. Following the ERM
principle, Xq can be estimated by the minimizer of the empirical risk % YL (yi, aiTx)
for a chosen loss function £. Typically, ERM is combined with a regularization term and
among all possible choices arguably the most popular one is ridge regularization, which
gives rise to ridge-regularized ERM (RERM, in short):

- RS A
Xgp = arg min — zﬁ (yi,al x) + §HXH§ (2.1)

This chapter aims to provide answers to the following questions on fundamental limits of
(2.1): What is the minimum achievable (estimation/prediction) error of X;\¢ How does
this depend on the link function ¢ and how to choose L and X to achieve it? What is the
sub-optimality gap of popular choices such as ridge-reqularized least-squares (RLS)? How
do the answers to these questions depend on the over-parameterization ratio n/m? We
provide answers to the questions above for the following two popular instances of GLMs.
Linear models: y; = alxy + 2;, where z; id Py, i € [m]. As is typical, for linear models,
we measure performance of X, , with the squared error: [|X,., — Xol|3.

Binary models: y; = f(al'x), i € [m] for a (possibly random) link function outputing
values {1}, e.g., logistic, probit and signed models. We measure estimation performance
in terms of (normalized) correlation (X7 , o) / Xz ll2lI%0]|2 and prediction performance

in terms of classification error P(y # sign(X} , a)) where the probability is over a fresh

data point (a,y).

All our results are valid under the following two assumptions.

13



High-dimensional Linear Models: Sharp Asymptotics and Fundamental Limits Chapter 2

Assumption 2.1.1 (High-dimensional asymptotics). Throughout the chapter, we assume

the high-dimensional limit where m,n — oo at a fized ratio § = m/n > 0.

Assumption 2.1.2 (Gaussian features). The feature vectors a; € R",i € [m] are iid

N(0,1,).

Overview of Contributions. We are now ready to summarize this chapter’s main

contributions.

e For linear models, we prove a lower bound on the squared-estimation error of RERM;
see Theorem 2.2.1. We start with a system of two nonlinear equations that is parametrized
by the loss £ and the regularizer A, and determines the high-dimensional limit of the
error for the corresponding £ and A [26, ?|. By identifying an algebraic structure in these

equations, we establish a lower bound on their solution that holds for all choices of £ and

A

e For binary models, we first derive a system a of three nonlinear equations whose unique
solution characterizes the statistical performance (correlation or classification error) of
RERM under mild assumptions on the loss and link functions £ and f; see Theorem 2.3.1.
Previous works have only considered specific loss and link functions or no regularization.
Second, we use this system of equations to upper bound the accuracy over this class of

(L, f)-pairs; see Theorem 2.3.2.

e Importantly, we present a recipe for optimally tuning £ and A in both linear and
binary models; see Lemmas 2.2.1 and 2.3.1. For specific models, such as linear model
with additive exponential noise, binary logistic and signed data, we numerically show
that the optimal loss function is convex and we use gradient-descent to optimize it. The
numerical simulations perfectly match with the theoretical predictions suggesting that

our bounds are tight.

14
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e We derive simple closed-form approximations to the aforementioned bounds; see
Corollaries 2.2.1 (linear) and 2.3.1 (binary). These simple (yet tight) expressions allow
us to precisely quantify the sub-optimality of ridge-regularized least-squares (RLS). For
instance, we show that optimally-tuned RLS is (perhaps surprisingly) approrimately
optimal for logistic data and small signal strength, but the sub-optimality gap grows
drastically as signal strength increases. In the Appendix, we also include comparisons to

ERM without regularization and to a simple averaging method.

2.1.1 Prior Work

Our results fit in the rapidly growing recent literature on sharp asymptotics of
(possibly non-smooth) convex optimization-based estimators, e.g., [27, 28, 29, 30, 31,
32, 33, 34, 26, 35, 36, 37, 38, 39, 40, 41, 42, 43, 42, 43, 44, 45]. Most of these works
study linear models. Extensions to generalized linear models for the special case of
regularized LS were studied in [46], while more recently there has been a surge of
interest in RERM methods tailored to binary models (such as logistic regression or SVM)
[47, 1, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57].

Out of these works relatively few have focused on fundamental limits among families
of ERM (rather than specific instances). The papers [58, 36, 59] derive lower bounds and
optimal loss functions for the squared error of (unregularized) ERM for linear models. In
a related work, [60] studies robustness of these methods to the noise distribution. More
recently, [41] performed an in-depth analysis of fundamental limits of convex-regularized LS
for linear models of structured signals. For binary models, upper bounds on the correlation
of un-regularized ERM were only recently derived in [53]. This chapter contributes to
this line work. For linear models, we build on corresponding sharp error characterizations

in [35, 37] to extend the results of |58, 36, 59| to ridge-regularized ERM. Specifically, our
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results hold for all values of 4 > 0 including the, so called, overparameterized regime
d < 1. For binary models, our contribution is twofold: (i) we present sharp asymptotic
characterizations for RERM for a wide class of loss and link functions; (ii) we use these
to extend the correlation bounds of [53] to the regularized case.

On a technical level, the sharp asymptotics are derived using the convex Gaussian
min-max Theorem (CGMT) [33, ?]. In particular, we follow the machinery introduced in
[46, 51, 52, 53, 54| that applies the CGMT to binary models and predicts the performance
in terms of a system of few nonlinear equations. Our main technical contribution here is
proving existence and uniqueness of the solutions to these equations, which is critical as it

guarantees that our performance bounds hold for a wide class of loss and link functions.

Notation. We use boldface notation for vectors. We write i € [m] fori =1,2,...,m. For
a random variable H with density p,, (h) that has a derivative p’ (), ¥h € R, we define its
Fisher information Z(H) := E[(p;{(h)/pH(h))Q]. We write M (z;7) := min, 5= (z —v)? +
L(v), for the Moreau envelope function and prox, (z;7) := argmin, 5-(z — v)? + L(v) for

the proximal operator of the loss £ : R — R at x with parameter 7 > 0. We denote the
first order derivative of the Moreau-envelope function w.r.t z as: M., (z;7) 1= Wg—a(f”).
Finally, for a sequence of random variables X, ,, that converges in probability to some

constant ¢ in the high-dimensional asymptotic limit of Assumption 2.1.1, we write

P
Xpn — cC.

2.2 Linear Models

Consider data (y;,a;) from an additive noisy linear model: y; = aZTXO + zi, z iid

Py, 1€ [m]

Assumption 2.2.1 (Noise distribution). The noise variables z; are #id distributed as

Z ~ Pz, i € [m], for a distribution P, with zero mean and finite nonzero second moment.
16
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For loss functions that are lower semicontinuous (Isc), proper, and convex we focus on
the following version of (2.1) that is tailored to linear models:

1 & A
Ry = in —Y L£(y;—al ZIx1% 2.2
X 1= arg min - ; (y a; X) + 2||XH (2.2)

x€eR”™

We assume without loss of generality that ||xg|l2=1'.

2.2.1 Background on Asymptotic Performance

Prior works have investigated the limit of the squared error ||X,, — xo||* [206, ?].

Specifically, consider the following system of two equations in two unknowns « and 7:

B[ (M, (aG+Z;¢)>2] I (2.3a)

720

E[G-M’E,l (aG+Z;T)] _ ol =m)

—_— 2.

where G ~ N(0,1) and Z ~ Py is the noise variable. It has been shown in [26, 7] that
under appropriate regularity conditions on £ and the noise distribution Py, the system of
equations above has a unique solution (agy > 0,7, > 0) and a7 , is the HD limit of

the squared-error, i.e.,
~ P
e = xoll3 — aZx (2.4)

Here, we derive tight lower bounds on a%, , over both the choice of £ and A. Our starting
point is the asymptotic characterization in (2.4), i.e., our results hold for all loss functions

and regularizer parameters for which (2.3) has a unique solution that characterizes the

!Suppose that ||xg[2= r > 0. Then, the optimization problem in (2.2) can be transformed to the
case Xg := Xo/r (hence ||Xo||= 1) by setting L(t) := L(rt), X :=r?X and Z = Z/r. This implies that the
results of Section 2.2.2 can be reformulated by replacing Z with Z.

17
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HD limit of the square-error. To formalize this, we define the following collection of loss
functions £ and noise distributions Py:
Ciin ::{(E, Py) ‘V)\ > 0: (2.3) has a unique bounded solution (a, , >0,7,, > 0) (2.5)

and (2.4) holds} :

We refer the reader to [26, Thm. 1.1] and [?, Thm. 2] for explicit characterizations of
(L, Pz) that belong to Cy,. We conjecture that some of these regularity conditions (e.g.,
the differentiability requirement) can in fact be relaxed. While this is beyond the scope
of this chapter, if this is shown then automatically the results of this chapter formally

hold for a richer class of loss functions.

2.2.2 Fundamental Limits and Optimal Tuning

Our first main result, stated as Theorem 2.2.1 below, establishes a tight bound on the
achievable values of o7 , for all regularization parameters A > 0 and all choices of £ such

that (£, Pz) € Ci.

Theorem 2.2.1 (Lower bound on oy ). Let Assumptions 2.1.1, 2.1.2 and 2.2.1 hold.
For G ~ N(0,1) and noise random variable Z ~ Pz, consider a new random variable
Vo := aG + Z, parameterized by a € R. Fixz any § > 0 and define o, = o, (9, Pz) as
follows:

_ §(a? — 22 6*) Z(V,)
b= odeenys | >0 (1—29)2

=1/. (2.6)

For any L such that (L, Pz) € Cin, A > 0 and a%)\ denoting the respective high-dimensional

limit of the squared-error as in (2.4), it holds that ap ) > a.

The proof of the theorem is presented in Section 2.5.3.2. This includes showing that
18
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the minimization in (2.6) is feasible for any 6 > 0. In general, the lower bound «, can be
computed by numerically solving (2.6). For special cases of noise distributions (such as
Gaussian), it is possible to analytically solve (2.6) and obtain a closed-form formula for
o, which is easier to interpret. While this is only possible for few special cases, our next
result establishes a simple closed-form lower bound on «, that is valid under only mild

assumptions on Pz. For convenience, let us define hs : Ryg — R,

hs () :z%(l—x—5+\/(1+5+x)2—45>. (2.7)

The subscript 6 emphasizes the dependence of the function on the oversampling ratio 9.

We also note for future reference that hs is strictly increasing for all fixed § > 0.

Corollary 2.2.1 (Closed-form lower bound on «a?). Let ay be as in (2.6) under the
assumptions of Theorem 2.2.1. Assume that pz is differentiable and takes strictly positive

values on the real line. Then, it holds that
a2 > hs (1/2(2)).

Moreover, the equality holds if and only if Z ~ N(0,(?) for ¢ > 0.

The proof of Corollary presented in Section 2.5.3.5 shows that the gap between the
actual value of o, and hs(1/Z(Z)) depends solely on the distribution of Z. Informally: the
more Z resembles a Gaussian, the smaller the gap. The simple approximation of Corollary
2.2.1 is key for comparing the performance of optimally tuned RERM to optimally-tuned
RLS in Section 2.2.3.

A natural question regarding the lower bound of Theorem 2.2.1 is whether it is tight.
Indeed, the lower bound cannot be improved in general. This can be argues as follows.

Consider the case of additive Gaussian noise Z ~ N (0, (?) for which Z(Z) = 1/E[Z?] =
19



High-dimensional Linear Models: Sharp Asymptotics and Fundamental Limits Chapter 2

1/¢?. On the one hand, Corollary 2.2.1 shows that a? > hs(¢?) and on the other hand, we
show in Lemma 2.2.2 that optimally-tuned RLS achieves this bound, i.e., 042(27 Nt = 15 (C?).
Thus, the case of Gaussian noise shows that the bound of Theorem 2.2.1 cannot be

improved in general.

Our next result reinforces the claim that the bound is actually tight for a larger class

of noise distributions.

Lemma 2.2.1 (Optimal tuning for linear RERM). For given 6 > 0 and Py, let (o, >
0,2z, € [0,1/0)) be the optimal solution in the minimization in (2.6). Denote A\, = x4
and define V, := a,G + Z. Consider the loss function L, : R — R defined as L,(v) :=
M2 20 (v;1). Then for L, and A, the equations (2.3) satisfy (o, T) = (i, 1).

We leave for future work coming up with sufficient conditions on P, under which
(L, Pz) € Cyn, which would imply that the bound of Theorem 2.2.1 is achieved by choosing
L =L, and A = )\, in (2.2). In Figures 2.1(Left) and 2.2(Top Left), we numerically (by
using gradient descent) evaluate the performance of the proposed loss function £,, in the
case of Laplacian noise, suggesting that it achieves the lower bound «, in Theorem 2.2.1.

See also Figure 2.3(Left) for an illustration of L,.

2.2.3 The Sub-optimality Gap of RLS in Linear Models

We rely on Theorem 2.2.1 to investigate the statistical gap between least-squares (i.e.
L(t) = t*in (2.2)) and the optimal choice of £. As a first step, the lemma below computes

the high-dimensional limit of optimally regularized RLS.

Lemma 2.2.2 (Asymptotic error of optimally regularized RLS). Fiz § > 0 and noise
distribution Py. Let Xy, 5 be the solution to \-regularized least-squares. Further let ay, \

denote the high-dimensional limit of ||R sy x — Xoll3. Then, X = ay, is minimized at
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Aopt = 2E[Z?] and

o = s (E[27]).

We combine this result with the closed-form lower bound of Corollary 2.2.1 to find

that a?/aj , = € [w,,1] for

_ hs (1/Z(2))

W = e
hs (E[22])

The fact that ws < 1 follows directly by the increasing nature of the function hs and the

Cramer-Rao bound E[Z?] > 1/Z(Z) (see Proposition 2.5.3(c)). Moreover, using analytic

properties of the function hs it is shown in Section 2.5.3.6 that
azfal s, >w, >max {1 -4, (Z(2)E[Z°])"'}. (2.8)

The first term in the lower bound in (2.8) reveals that in the highly over-parameterized
regime (0 < 1), it holds ws ~ 1. Thus, optimally-regularized LS becomes optimal. More
generally, in the overparameterized regime 0 < § < 1, the squared-error of optimally-tuned
LS is no worse than (1 — §)~! times the optimal performance among all convex ERM.

The second term in (2.8) is more useful in the underparameterized regime § > 1 and
captures the effect of the noise distribution via the ratio (Z(Z)E[Z?])~ < 1 (which is
closely related to the classical Fisher information distance studied e.g. in [61]). From
this and the fact that Z(Z) = 1/E[Z?] iff Z ~ N(0,¢?) we conclude that w; attains
its maximum value 1 (thus, optimally-tuned LS is optimal) when Z is Gaussian. For
completeness, we remark that [62] has shown that when Z ~ A/(0, (?), then the minimum
mean square error (MMSE) is also given by hs(¢?). To further illustrate that our results
are informative for general noise distributions, consider the case of Laplacian noise, i.e.,
Z ~ Laplace(0,b?). Using E[Z?] = 2b* and Z(Z) = b™? in (2.8) we obtain ws > 1/2, for

all b > 0 and § > 0. Therefore we find that optimally-tuned RLS achieves squared-error
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that is at most twice as large as the optimal error, i.e. if Z ~ Laplace(0,?), b > 0 then
for all § > 0 it holds that af , =< 2a7. See also Figures 2.1 and 2.2 for a numerical

comparison.

2.3 Binary Models

Consider data (y;,a;), ¢ € [m] from a binary model: y; = f(alxy) where f is a

(possibly random) link function outputting {+1}.

Assumption 2.3.1 (Link function). The link function f satisfies vy :=E[S f(S)] # 0,
for S ~ N(0,1).2

Under Assumptions 2.1.1, 2.1.2 and 2.3.1 we study the ridge-regularized ERM for
binary measurements:
W,y i= arg min 1 iﬁ (via] w) + éHWH2 (2.9)
LA - weR"  m - 1Ny 92 . .

We also assume that ||xg||o= 1 since the signal strength can always be absorbed in the link

function, i.e., if ||xg|l2= 7 > 0 then the results continue to hold for a new link function

f(t) = f(rt).

2.3.1 Asymptotic Performance

In contrast to linear models where we focused on squared error, for binary models, a
more relevant performance measure is normalized correlation corr (Wg )y, X ). Our first

result determines the limit of corr (W, xo ). Specifically, we show that for a wide class

2See Section 2.5.4.1 for further discussion.
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of loss functions it holds that

N |\/K\/£)\XO| P 1
. _ ol e 1 2.10
Pra corr (W,C)m XO) ||WL,)\||2||X0||2 1+ O—%,)\ 7 ( )

where 07 \ 1= aZ ,/u7 , and (agx, fig,x) are found by solving the following system of three

nonlinear equations in three unknowns (a, i, 7), for G, S id N(0,1) :

E[S f(S) My (aG + uSf(S)im) | = A, (2.11a)
= 5E[ (M, (aG + uSF(S); 7))2: — a2, (2.11b)
Tm[a M, (aG + pSf(S); 7): = a(1 — Md). (2.11¢)

To formalize this, we define the following collection of loss and link functions:

Chin 1= {(L’, f)‘ VA > 0: (2.11) has a unique bounded solution (az \ > 0, piz x, Tzx > 0)

and (2.10) holds}.

(2.12)

Theorem 2.3.1 (Asymptotics for binary RERM). Let Assumptions 2.1.1 and 2.1.2
hold and ||xollo= 1. Let f : R — {—1,4+1} be a link function satisfying Assumption
2.3.1. Further assume a loss function L with the following properties: L is convez, twice
differentiable and bounded from below such that L'(0) # 0 and for G ~ N (0,1), we have
E[L(G)] < co. Then, it holds that (L, f) € Cpn.

We prove Theorem 2.3.1 in Section 2.5.2. Previous works have considered special
instances of this: [48, 52| study unregularized and regularized logistic-loss for the logistic
binary model, while [53] studies strictly-convex ERM without regularization. Here, we

follow the same approach as in [52, 53|, who apply the convex Gaussian min-max theorem
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(CGMT) to relate the performance of RERM to an auxiliary optimization (AO) problem
whose first-order optimality conditions lead to the system of equations in (2.11). Our
technical contribution in proving Theorem 2.3.1 is proving existence and uniqueness of
solutions to (2.11) for a broad class of convex losses. As a final remark, the solution to
(2.11) (specifically, the parameter 02 ,) further determines the high-dimensional limit of

the classification error for a fresh feature vector a ~ N(0,1,,) (see Section 2.5.4.2) :
e =P (f (aTx0) (aTWzn) < 0) = P(opn G + SF(S) <0), G, S N(0,1).

(2.13)

2.3.2 Fundamental Limits and Optimal Tuning

Thus far, we have shown in (2.10) and (2.13) that o, ) predicts the high-dimensional
limit of the correlation and classification-error of the RERM solution w, . In fact,
smaller values for o y result in better performance, i.e. higher correlation and classification
accuracy (see Section 2.5.4.2). In this section we derive a lower bound on o ) characterizing

the statistical limits of RERM for binary models.

Theorem 2.3.2 (Lower Bound on o). Let Assumptions 2.1.1, 2.1.2 and 2.5.1 hold.
iid

For G,S ~ N(0,1) define the random variable Wy := sG + S f(S) parameterized by
s € R. Fixz any 6 > 0 and define

. ' . 1 —s*(1—s*Z(Wy))
0x = 0u(0,f) 1= i s> 0 S T W) T ZOV,) — 1)

1
2 —
—2rx+z 5(1+52)_1

(2.14)

For any (L, f) € Coin, A > 0 and JZA the respective high-dimensional limit of the error as

in (2.10), it holds that oz \ > 0.
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We prove Theorem 2.3.2 in Section 2.5.4.3, where we also show that the minimization
in (2.14) is always feasible. In view of (2.10) and (2.13) the theorem’s lower bound
translates to an upper bound on correlation and test accuracy. Note that o, depends on
the link function only through the Fisher information of the random variable s G+ S f(S).
This parallels the lower bound of Theorem 2.2.1 on linear models with the random variable

S f(S) effectively playing the role of the noise variable Z.

Next we present a useful closed-form lower bound for o,. For convenience define the

function Hs : R.; — R parameterized by 0 > 0 as following,

Hs(x) :=2 (—5 —x40x+ /(=0 —x+0x)2 +40(x — 1))1. (2.15)

Corollary 2.3.1 (Lower bound on o,). Let o, be as in (2.14). Fiz any 6 > 0 and assume
that f(-) is such that the random variable Sf(S) has a differentiable and strictly positive

probability density on the real line. Then,
o > Hs (Z(Sf(9)) ).

Corollary 2.3.1 can be viewed as an extension of Corollary 2.2.1 to binary models.
The proof of the corollary presented in Section 2.5.4.6 further reveals that the more the
distribution of Sf(S) resembles a Gaussian distribution, the tighter the gap is, with

equality being achieved if and only if Sf(S) is Gaussian.

Our next result strengthens the lower bound of Theorem 2.3.2 by showing existence
of a loss function and regularizer parameter for which the system of equations (2.11) has

a solution leading to o.

Lemma 2.3.1 (Optimal tuning for binary RERM). For given § > 0 and binary link

function f, let (o, > 0,2, € [0,1/6)) be the optimal solution in the minimization in (2.14).
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Denote A\, = x, and define W, := 0,G + Sf(S). Consider the loss function L, : R — R

,C*(:E) =-M n(Axd—1)

Axd—1
Sy O sy 1os (Pw,

) (z;1), (2.16)

where n:=1—Z(W,) - (02 — a2\0 — \0) — A\ and Q(w) := w?/2. Then for L, and \,,

the equations (2.11) satisfy (a, pu, 7) = (04, 1,1).

Lemma 2.3.1 suggests that if £, satisfies the assumptions of Theorem 2.3.1, then
oc,a, = 0. In Figures 2.1 and 2.2 and for the special cases of Signed and Logistic models,
we verify numerically that performance of candidates £, and A, reaches the optimal errors
. This suggests that for these models, Lemma 2.3.1 yields the optimal choices for £ and

A. See also Figure 2.3(Right) for an illustration of L,.

2.3.3 The Sub-optimality Gap of RLS in Binary Models

We use the optimality results of the previous section to precisely quantify the sub-
optimality gap of RLS. First, the following lemma characterizes the performance of

RLS.

Lemma 2.3.2 (Asymptotic error of RLS). Let Assumptions 2.1.1, 2.1.2 and 2.3.1 hold.
Recall that vy = E[Sf(S)] # 0. Fiz any 6 > 0 and consider solving (2.9) with the
square-loss L(t) = (t —1)* and X\ > 0. Then, the system of equations in (2.11) has a

unique solution (g, x, fhey xs Te,n) aNA

- Caf, 1 (1_ V2+2+26+A6+5V]%((2+A)5—6)) (2.17)
X = 2 T 952 f — 2 2 /)’ '
Py 2 vy VA+46(A —2) + 2 (N +2)

Moreover, it holds that of, y > o7, = H;((1 —v})™") with equality attained for the

opt :

optimal tuning Aepy = 2(1 —v3)/(6 V7).
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In resemblance to Lemma 2.2.2 in which RLS performance for linear measurements
only depends on the second moment E[Z?] of the additive noise distribution, Lemma 2.3.2
reveals that the corresponding key parameter for binary models is 1 — I/J%. Interestingly,
the expression for o7, ,  conveniently matches with the simple bound on o7 in Corollary

2.3.1. Specifically, it holds for any ¢ > 0 that

> Q5 = . (2.18)
0?27/\@ H; ((1— i )

We note that Hy(-) is strictly-decreasing in its domain for a fixed § > 0. Furthermore,
the Cramer-Rao bound (see Prop. 2.5.3 (d)) requires that Z(Sf(S)) > (Var[Sf(S)]) " =
(1— V]%)_l. Combining these, confirms that s < 1. Furthermore 25 = 1 and thus
o2 = 0327/\0“ iff the random variable Sf(S) is Gaussian. However, for any binary link
function satisfying Assumption 2.3.1, Sf(.S) does not take a Gaussian distribution (see
Section 2.5.4.1), thus (2.18) suggests that square-loss cannot be optimal. Nevertheless, one
can use (2.18) to argue that square-loss is (perhaps surprisingly) approximately optimal
for certain popular models.

For instance consider logistic link function f, defined as P(f.(z) = 1) = (1 +
exp(—rz))~t, where r := ||xq|2. Using (2.18) and maximizing the sub-optimality gap
1/Qs over § > 0, we find that if f = fr—1 then for all § > 0 it holds that

op < 1.003 o2

62 7)\opt

Thus, for a logistic link function and ||Xo||2= 1 optimally-tuned RLS is approximately
optimal! This is in agreement with the key message of Corollary 2.3.1 on the critical
role played by Sf(95), since for the logistic model and small values of r, its density is

“close” to a Gaussian. However, as signal strength increases and f, converges to the sign
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Figure 2.1: The lower bounds on error derived in this paper, compared to RLS for the
linear model with Z ~ Laplace(0,1) (Left), and for the binary Signed model (Middle) and
binary Logistic model with ||xo[|= 10 (Right). The red squares denote the performance of
the optimally tuned RERM as derived in Lemmas 2.2.1 and 2.3.1. See Section 5.3 for
details and additional numerical results.

function (f,(-) — sign(-)), there appears to be room for improvement between RLS and
what Theorem 2.3.2 suggests to be possible. This can be precisely quantified using (2.18).
For example, for r = 10 it can be shown that 0?2,)\0“ < 2.442 02, V6 > 0. Lemma 2.3.1
provides the recipe to bridge the gap in this case. Indeed, Figures 2.1 and 2.2 show that
the optimal loss function £ predicted by the lemma outperforms RLS for all values ¢ and

its performance matches the best possible one specified by Theorem 2.3.2.

2.4 Conclusion and Future work

This paper derives fundamental lower bounds on the statistical accuracy of ridge-
regularized ERM (RERM) for linear and binary models in high-dimensions. It then derives
simple closed-form approximations that allow precisely quantifying the sub-optimality
gap of RLS. In Section 2.5.6, these bounds are further used to study the benefits of
regularization by comparing (RERM) to un-regularized ERM.

Among several interesting directions of future work, we highlight the following. First,

our lower bounds make it possible to compare RERM to the optimal Bayes risk [63, 64].
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Second, it is interesting to extend the analysis to GLMs for arbitrary link functions beyond
linear and binary studied here. A third exciting direction is investigating the fundamental

limits of RERM in the presence of correlated (Gaussian) features.

29



High-dimensional Linear Models: Sharp Asymptotics and Fundamental Limits Chapter 2

2.5 Proofs and additional results

2.5.1 Useful facts

2.5.1.1 On Moreau Envelopes

In Proposition 2.5.1, some of the differential properties of Moreau-envelope functions,

used throughout the paper are summarized (cf. [2]):

Proposition 2.5.1 (Properties of Moreau-envelopes). Let £ be a lower semi-continuous
and proper function. Then
(a) The value My (x;T) is finite and depends continuously on (x,T), with Mg (z;7) —

L(z) as T — 04 and Mg (x;7) = miner L(t) as 7 — 400, for all v € R.

(b) The first order derivatives of the Moreau-envelope of a function L are derived as

follows:

, oM, (x;7 1
e wr) o= 2T Lo (i), (2.19)
, . OM (x5 1 _
Lo (x;7) = — 5 = —Q—TQ(x — prox, (z; 7‘))2. (2.20)
Also if L is differentiable then
1 (@;7) = L(prox, (7)), (2.21)
!/ 1 /
Mo (w57) = =5 (L (prox, (2:7))%, (2.22)

(c) Additionally, based on the relations above, if L is twice differentiable then the following
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1s deriwed for its second order derivatives :

" L L (prox, (x; 7))
My (z;7) = 1+T£"(prf)x£ )’ (2.23)
(i&/tpros (7)) £ pros (x:7))

1+ 7 L"(prox, (x; 7))

My (w;7) = (2.24)

The following proposition gives the recipe for inverting Moreau-envelpe of a convex
function:

Proposition 2.5.2 (Inverse of the Moreau envelope). [59, Result. 23] For 7 > 0 and f a
convez, lower semi-continuous function such that g(-) = My (-;7), the Moreau envelope

can be inverted so that f(-) = —M_, (7).

Lemma 2.5.1 (e.g., [53], Lemma A.1.). The function H : R* — R defined as follows
H(xapaT) = _7_<‘T_p)27 (225>

15 jointly convex in its arguments.

2.5.1.2 On Fisher Information

In Proposition 2.5.3 we collect some useful properties of the Fisher Information for

location. For the proofs and more details, we refer the interested reader to [65].

Proposition 2.5.3 (Properties of Fisher Information, [65]). Let X be a zero-men random
variable with probability density px satisfying the following conditions: (i) px(x) >

0,—00 <z < 00; (i) p'y () exists; and (iii) The following integral exists:

Z(X) :/00 de.

—oo Px(T)
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The Fisher information for location Z(X) defined above satisfies the following properties.

(a) T(X) = El(ex()?) = B[ (289)].
(b) For any c € R, Z(X + ¢) = Z(X).
(c) For anyc e R, Z(c X) =Z(X)/c*.

(d) (Cramer-Rao bound) Z(X) > with equality if and only if X is Gaussian.

1
E[xQ] Y
(e) For two independent random variables X1, Xy satisfying the three conditions above

and any 0 € [0, 1], it holds that T(X; + X5) < 0*Z(X,) + (1 — 0)*Z(X>).

(f) (Stam’s inequality) For two independent random variables Xy, Xy satisfying the

three conditions above, it holds that

Z(X1) - Z(Xo)
%) = 2 2

(2.26)
Moreover equality holds if and only if X1 and X5 are independent Gaussian random
variables.

Lemma 2.5.2. Let G ~ N(0,1) and Z be a random variable satisfying the assumptions
of Proposition 2.5.5. For any a € R, use the shorhand V, := a G + Z. The following are

true:
(a) lim, 0 a*Z(V,) = 0.
(b) lim, o a*Z(V,) = 1.

Proof: To show part (a), we use Proposition 2.5.3(e) with 6 = 0 to derive that

lima*Z(V,) < lima®>Z(Z) = 0, (2.27)

a—0 a—0
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where the second step follows by the fact that Z(Z) is finite for any Z satisfying the
assumption of the lemma. In order to prove part (b), we apply Proposition 2.5.3(¢c) to
deduce that :

1
lim a®Z(V,) = lim a*Z(aG+ Z) = lim I(G+ -Z) = 1, (2.28)

a——+o00 a——+00 a—+00 a

2.5.1.3 On Min-max Duality

Theorem 2.5.1 (Sion’s min-max theorem [66]). Let X be a compact convex subset of
a linear topological space and Y a conver subset of a linear topological space. If f is a
real-valued function on X x Y with f(x,-) upper semicontinuous and quasi-concave on

Y.Vz € X, and f(-,y) lower semicontinuous and quasi-convex on X,Vy € Y then,

min sup f(z,y) = sup min f(x,y).
2€X yey (z,y) yey rE€X (z,y)

2.5.2 Asymptotics for Binary RERM: Proof of Theorem 2.3.1

In this section, we prove that under the assumptions of Theorem 2.3.1, the system of

equations in (2.11) has a unique and bounded solution.

2.5.2.1 Asymptotic Error of RERM via an Auxiliary Min-Max Optimization

As mentioned in Section 2.3, the proof of Theorem 2.3.1 has essentially two parts. The
first part of the proof uses the CGMT [?] and the machinery developed in [?, 46, 52, 67|
to relate the properties of the RERM solution to an Auxiliary Optimization (AO). The
detailed steps follow mutatis-mutandis analogous derivations in recent works |?, 46, 52, 67,
51] and are omitted here for brevity. Instead, we summarize the finding of this analysis

in the following proposition.
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Proposition 2.5.4. Consider the optimization problem in (2.9). If the min-max opti-
mization in (2.29) has a unique and bounded solution (a* > 0, u*,v* > 0,v* > 0), then
the values of ap x and e x corresponding to L and A defined in (2.66)-(2.67) are derived

by setting ap \ = o and pig y = [be, where

x Kk k& . yv ary )\[,L2 \a?
s, @, v, =ar min  max |O(a, p,v,7y) = — — — + — + —+
(@t =arg min [l vn) = 5 - L A X
]RZ()XRX]R>Q (229)

E [Mﬁ (a6 + w555 5)} ]

and G, S ”éfl/\/(o, 1).

The system of equations in (2.11) is derived by the first-order optimality conditions
of the function © based on its arguments («a, i, v, ), i.e., by imposing VO = 0. In fact,
similar to [53], it only takes a few algebraic steps to simplify the four equations in VO = 0
to the three equations in (2.11).

For the rest of this section, we focus on the second part of the proof of Theorem
2.3.1 regarding existence/uniqueness of solutions to (2.11), which has not been previously

studied in our setting.

2.5.2.2 Properties of © : Strict Convexity-Strict Concavity and Boundedness
of Saddle Points

We will show in Lemma 2.5.4 that for proving uniqueness and boundedness of the
solutions to (2.11), it suffices to prove uniqueness and boundedness of the saddle point
(a*, p*,v*,v*) of ©. In fact, a sufficient condition for uniqueness of solutions in (2.29)
is that © is (jointly) strictly convex in («, p,v) and strictly-concave in 7 (e.g., see [53,
Lemma B.2.]). Lemma 2.5.3, which is key to the proof of Theorem 2.3.1, derives sufficient

conditions on £ guaranteeing strict convexity-strict concavity of © as well as conditions
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on L ensuring boundedness of (a*, u*, v*, 7).

Lemma 2.5.3 (Properties of ©). Let L(-) be a lower semi-continuous (lsc), proper
and convex function and X > 0. Then the following statements hold for the function

O : RZO X R x R>0 X R>0 — R n (229),

(a) If L is bounded from below, then for all solutions (a*, u*,v*,v*) there exists a

constant C > 0 such that o* € [0,C], u* € [-C,C] and v* € [0,C].

(b) If L is bounded from below and E[L(G)] < oo for G ~ N(0,1), then there exists a

constant C > 0 such that v* € [0, C].

(c¢) In addition to the assumptions of parts (a) and (b) assume that L'(0) # 0, then

¥ > 0,0 >0 and v* > 0.

(d) If L is twice differentiable and non-linear, then © is jointly strictly-conver in

(o, i, 0).

(e) If L satisfies the assumptions of part (c) then © is strictly-concave in 7.

2.5.2.3 Proof of Lemma 2.5.3

Statement (a). Let O(a, p,v) == SUp,er., O, g, v,7). For all feasible (a, p,v) it
holds

O(a,pu,v) > O (a,pu,v,1)

v o Ma? + p?) )
- 5o E[Mec (oG + pSf(S);:v) |- (2:30)

Recall that £ is bounded from below, i.e., for all £(x) > B,Vz € R for some real B. By

definition of Moreau-envelope function the same bound holds for M, i.e. for all z € R
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and y € R., we have that M, (z;y) > B. Using this, we proceed from (2.30) to derive

that:

. by 2 2

ARV A (2.31)

Based on (2.31) that holds for all feasible («, u, v) and using the fact that A > 0 it can

be readily shown that

lim min O («, u,v) = 400, lim min O («, 4, v) = 400,
a—+00 (p,v)ERxRs0 V=400 (a,pu)ER>oXR
lim min O (a, 1, v) = +00.

p—=F00 (,v)ER>9xR>0

Thus, the function © (o, g, v) is level-bounded in Rsq x R x Rso. This implies the
boundedness of solutions (a*, p*, v*) to (2.29) [2, Thm. 1.9], as desired.

Statement (b). Under the assumptions of the lemma, we know from part (a) that the
set of solutions to (o, p*, v*) in (2.29) is bounded. Thus we can apply the Min-Max

Theorem 2.5.1 and flip the order of minimum and maximum to write:

min max O(q, u,v,v) = max [é(y) = min O (a, p,v,7) |.
(atyp,0) YER>g vYER>q (a,p,v)
€ [0,01x [~ C,C]x (0,C] € [0,01x[-C,C]x(0,C]

(2.32)

Without loss of generality, we assume C' large enough such that C' > max{1,1/v/0}. Then,
by choosing « =1, =0 and v = 1/\/5, we find that for all v > 0:

O(y) < © (1,0, 1/V/3, 7) = —2—\7/5 + % +E {M,; (G; ﬁ)} . (2.33)

Note that for any y € R: M, (y; #/S) = mingep %g(as —y)?+ L(z) < L(y). Thus we
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derive from (2.33):

~ v A
0() <~ =+ 5 +EILE)]. (2.34)

But E [£(G)] is assumed to be bounded, thus it can be concluded from (2.34) that the

function ©(y) is level-bounded, i.c.,

~

lim ©(y) = —oc. (2.35)

Y—++0o0o

This implies boundedness of the set of maximizers v*, which completes the proof.
Statement (c). First, we show that v* > 0. On the contrary, assume that v* = 0. Then
based on (2.29) and Proposition 2.5.1(a),

(o, p*,v*) = arg min — 4+ — +min L(t) |,

(a,p,0) 2 2 teR
€ [0,0]x[-C,C]%(0,C]

implying that o* = p* = 0 and O(a*, u*, v*,7*) = mingeg L£(t). On the other hand, in
this case we find that for any 5 € (0, C],

O(a*, u*, v, 5) =30 + M, (0' %) > min L(t).

teR

To deduce the inequality, we used the fact that M, (0;7) = mingeg t2/(27) + L(t) >
mingeg L£(t) for all 7 > 0, provided that £(t) does not attain its minimum at ¢ = 0. Thus,
since by assumption £/'(0) # 0, we deduce that O(a*, u*, v*,7) > O(a*, u*, v*,v*), which
is in contradiction to the optimality of +*. This shows that v* > 0 for any loss function

satisfying the assumptions of the lemma. Next, we prove that a* > 0. if a* = 0, then
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based on the optimality of o* it holds that

00

-~ >0,
aa (a*,,u*,v*,'y*) -
thus based on (2.29),
E{G M, <*Sf(5)'v—*)]—7—*>0 (2.36)
é,l /J’ Y ’y* \/5 - . .

Since by assumption G and S f(.S) are independent and E[G] = 0, we deduce from (2.36)
that v* = 0, which is in contradiction to the previously proved fact that v* > 0. This
shows that a* > 0, as desired. Finally, we note that if v* = 0, then based on (2.29) and

in light of Proposition 2.5.1(a), we find that,

a Ao A\
(a%, 1, 7") = arg min - max —7% ++ % + E[ﬁ (aG + qu(5>>H :
€ [0,C]1%[=C,C] ’

which based on the decreasing nature of RHS in terms of v, implies that either v* = 0 or
a* = 0. However, we proved that both v* and a* are positive. This proves the desired
result v* # 0 and completes the proof of this part.

Statement (d). Let wy := (aq, p1,71) and wy := (aw, t12, 72) be two distinct points in

the space R>¢ x R x R5(. We consider two cases :

Case I : (aq, p1) = (g, o)

In this case, it suffices to show that for fixed @ > 0 and p and under the assumptions
of the lemma, the function E [M, (aG + uSf(S); )] is strictly-convex in 7. Denote by
p(a, u, 7) == prox, (G + uSf(S); 7). First, we derive second derivate of the Moreau-

envelope function with respect to 7 by applying (2.24), and further use convexity of £ to
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derive that :

B[ Me (G + S 1) 7)]

or?
N O R -
N L+7L" (p(a,p,T)) - (2:37)

Next we show that the inequality above is strict if £(-) is a non-linear function. First we

note that combining (2.19) and (2.21) yields that for all x € R:

£ (proxe (4:7) = (& — prox, (7)),

1 —prox', (x;7
£ (pros, (a:7)) = ——Pr e T)

T prox’p (z;7)

Using these relations and denoting by p'(a, 1, 7) := prox',; (oG + uSf(S);7), we can

rewrite (2.37) as following :

aa—;]E[ME (oG + uSf(S):7) |
1 (aG +uS£(8) = plasmm)) (1 =Pl p.7)) .
T Pl m)(1+7 L (bl 1,7)) )

It is straightforward to see that if a > 0, then aG + pSf(S) has positive density in the
real line. Thus from (2.38) we find that :
82

mE Me (G 4+ pSf(S);7)| =0 <= JceR st.Vr e R: prox, (z;7) =z +c.
-

(2.39)
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Recalling (2.19), we see that the condition in (2.39) is satisfied if and only if :
de,,c, e Rist. Ve e R: Mg (257) = ¢,z +c,. (2.40)

Using inverse properties of Moreau-envelope in Proposition 2.5.2, we derive that the loss
function L£(-) satisfying (2.40) takes the following shape,

C2

VeeR: L(z)=-M_ i, (;7) =cx+ 7—21 +c,.

where I(-) is the identity function i.e. I(t) = t, Vt € R. Therefore if £ is non-linear
function as required by the assumption of the lemma, E [M, (aG + pSf(S);7)] has a

positive second derivative with respect to 7 and consequently © is strictly-convex in v.

Case I @ (aq, p1) # (g, o)

In this case we use definition of strict-convexity to prove the claim. First, for compactness

we define :

1
pi : = prox, (G + ;S f(S); 7;) = arg min . (0;G + piSf(S) —w) + L(w),

A2 a2
M AN B M (040G S F(S): )

for i = 1,2. Based on the way we defined the functions © and €2, one can see that in
order to show strict-convexity of © in («, p, v) it suffices to prove strict-convexity of € in

(o, 1, 7). Let 6 € (0,1), and denote 7y := 071 + 079, ag := Oy + Oary and pig := Opy + Opto.
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With this notation,

Az a2 1 N2 B
% + % +E {2— (agG + 19SF(S) — (Bpr + 9])2)) + £<0p1 + 9p2> }
To

:A—“‘%+A—O‘3+E[H(QG+ SF(S), 0, +p T)+£(ep +§p)}

5 5 0 Ho » UP1 2,70 1 2

At | Aag
< 210 4 70
<SSt
E [9H<Q1G+,u15f(5’),p1,ﬁ> +§H(a2G+ugSf(S),p2,Tg> +£<9p1 +§p2>} .

(2.42)

The first inequality above follows by the definition of the Moreau envelope. The equality
in the second line uses the definition of the function H : R* — R in (2.25). Finally, the
last inequality follows from convexity of H as proved in Lemma 2.5.1.

Continuing from (2.42), we use convexity of £ to find that

— Y XY

E HH(OQG + me(S),pl,Tl) +§H(O&2G + MQSf(S),pQ, 7'2) + Qﬁ(pl) —}-@E(pg) (243)

Additionally since A > 0 and (aq, pt1) # (a2, pi2), we find that :

M;E N Ag? _ A(Gu?;gué) N Wa?;%%)
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Thus proceeding from (2.43) we conclude strict-convexity of the function € :

AOpt +0p3) | M0ad +0a3)
2 2
E[QH(%G + 111 Sf(S),p1, 1) + OH (oG + 112Sf(S), pa, 72) + 0 L(p1) + 0L (p2)

Q(le + gWQ) <

= 0Q2(wy) + 02 wo).

This completes the proof of part (d).

Statement (e). Based on the proof of part (¢) and under the assumptions of the lemma
we have a* # 0. Thus we see that the random variable aG + pSf(S) has a positive
probability density everywhere in the desired domain of the optimization problem in
(2.29). Next, we use the result in [53, Proposition A.6], which states that if the random
variable X has a positive density everywhere and L is continuously differentiable with
L'(0) # 0 then

EIM.(X;51/7)

is strictly concave in 7. Based on this, © is strictly-concave in . This completes the

proof of the lemma.

2.5.2.4 From (2.29) to (2.11)

The following lemma connects the min-max optimization (2.29) to the system of

equations in (2.11)

Lemma 2.5.4 (Uniqueness of solutions to (2.11)). Assume that the optimization problem
in (2.29) yields a unique and bounded solution (o > 0, u,v > 0,~v > 0). Then the equations

(2.11) have a unique and bounded solution (o > 0, u, 7 > 0) where T = v /7.

Proof: By direct differentiation with respect to the variables (i, a, v,7), the first
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order optimality conditions of the min-max optimization in (2.29) are as follows:

E {Sf(S)Mé,l (aG+qu(S); %)} =M\, \a+E {GMQJ (aG + uSF(S); 3)1 _ %
1 / v 0 v , v v«
SE [ 02 (aG+ uSf(S); ;)] =5 ok { P (aG +uSF(S); ;)] t3=

(2.44)

Assumptions of the lemma imply that the saddle point of the optimization problem
in (2.29) is unique and bounded, therefore (2.44) yields a unique bounded solution

(@ > 0,p,v > 0,7 > 0). By denoting 7 = v/v and using the fact that M., (v;7) =

—5(M7, (z;7))? (as implied by (2.19)-(2.20)) we reach the Equations (2.11) i.e.,
E[S f(S) - My, (aG + pSF(S);7) | = =M, (2.452)
26 - E[ (M (G + pSf(S); 7'))2 | = o, (2.45b)
7o E[G Moy (aG + pSF(S);7) | = a(1 = Aro). (2.45¢)

The uniqueness of (a > 0, u, 7 > 0) as the solution to (2.45) follows from the uniqueness
of the solution (a > 0, u,v > 0,7 > 0) to (2.44). In particular if there are two distinct
solutions (o, p1,71) and (aq, ps, 72) to the Equations (2.45), then we reach contradiction
by noting that (o, 1, vy := 041/\/5,71 = 041/(71\/3)) and (ao, fig, Vg = 042/\/5,72 =
a2 /(12/0)) are two distinet points satisfying the Equations (2.44). This completes the

proof of the lemma.

2.5.2.5 Completing the proof of Theorem 2.3.1

We are now ready to complete the proof of Theorem 2.3.1. Based on Lemma 2.5.4,
for the system of equations in (2.11) to have a unique and bounded solution, it suffices
that (o* > 0, u*,v* > 0,7 > 0) as the solution of (2.29) is unique and bounded. Since
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© is convex-concave and the optimality sets are bounded from Lemma 2.5.3(a)-(e), a
saddle point of © exists |68, Cor. 37.3.2]. Additionally, based on the assumptions of the
theorem and in view of Lemma 2.5.3(d),(e), © is jointly strictly-convex in («, p, v) and
strictly-concave in 4 which implies the uniqueness of (a* > 0, u*,v* > 0,7* > 0) as a
solution to (2.29). This completes the proof of the theorem.

As mentioned in the main body of the chapter, we conjecture that some of the technical
conditions of Theorem 2.3.1, albeit mild in their current form, can be relaxed even further.
Refining these conditions can be an interesting topic of future work, but is out of the
scope of this chapter. We mention in passing that the conclusions of Theorem 2.3.1 also
hold true if we replace the two-times differentiability condition by an assumption that

the loss is one-time differentiable and strictly convex.

2.5.3 Fundamental Limits for Linear Models: Proofs for Section

2.2
2.5.3.1 Auxiliary Results

Lemma 2.5.5 (Boundedness of 7 in (2.49)). Let L(-) be a non-linear, convex and twice
differentiable function, A >0 and § > 0 and the pair (a, T) be a solution to (2.3) where

a> 0. Then,0<7'<%.

Proof: Using Stein’s lemma (aka Gaussian integration by parts) we find that
E|\G- M, (aG+ Z;T)] = QE[MZJ (aG+ Z;T)
Therefore the equation in the LHS in (2.3) is equivalent to

T6E /\/1271 (aG+Z;7)| =1— A1 (2.46)
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Next we prove that under the assumptions of the lemma, E [le (aG + uSf(9); 7')] is

positive. First using properties of Morea-envelopes in (2.23), we have

E|M}, (aG+ Z; 7)] ~E L f:gfa‘ofi (G;(; JZr;))T)J > 0. (2.47)
In particular, we see that equality is achieved in (2.47) is achieved if and only if
VeeR: MZJ (x;7) = 0.
Or equivalently,
de,,c, ER:st. Ve e R: My (x;7) = c,x + ¢, (2.48)

Finally, using Proposition 2.5.2 to “invert" the Moreau envelope function, we find that

the loss function £(-) satisfying (2.48) is such that

02

T 1
Vz eR: ﬁ(x):_M—clf—cz ($;T):Clx+7+c2,

where I(-) is the identity function i.e. I(t) = t, Vt € R. But according to the as-
sumptions of the lemma, £ is a non-linear convex function. Thus, it must hold that
E [./\/lz1 (a« G+ Z;7)] > 0. Using this and the assumptions on A and 4, the advertised

claim follows directly from (2.46).
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2.5.3.2 Proof of Theorem 2.2.1

Fix a convex loss function £ and regularization parameter A > 0. Let (> 0,7 > 0)

be the unique solution to

572-E[< i (aG+Z;7)>2] =’ — N7, (2.49a)

5T-E[G-M'£,1 (OéG+Z;T)] =a (1l — MT). (2.49b)

For convenience, let us define the function ¥ : R>q x [0,1) — R:

(a*> — 22 5%)Z(V,)

\J = 2.50
(a,) (1 —20)? (2:50)
Then, ay, > 0 as in (2.6) is equivalently expressed as
in da>0: U(a,2) - - (2.51)
L= min <a>0: ¥Y(a,z)=—=¢. )
“ 0<z<1/5 )

Before everything, let us show that «, is well-defined, i.e., that the feasible set
of the minimization in (2.51) is non-empty for all 6 > 0 and random variables Z
satisfying Assumption 2.2.1. Specifically, we will show that there exists a > 0 such

that ¥ <a, m> = 1/6. It suffices to prove that the range of the function U(a) :=

v <a, m> is (0,00). Clearly, the function ¥ is continuous in R>. Moreover, it can
be checked that W(a) = (a2 + 2a)¥y(a) where Uo(a) := a*Z(V,). By Lemma 2.5.2,

lim, 0 Yo(a) = 0 and lim, 4o Yo(a) = 1. Hence, we find that lim, g \Tf(a) = 0 and

lim, 1o ¥(a) = +00, as desired.

We are now ready to prove the main claim of the theorem, i.e.,

a > . (2.52)
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Denote by ¢, the density of the Gaussian random variable aG. We start with the following

calculation:

——a [ M, (0ir)p, 0)do = —aB[Mp, (Veir) -6, (0)]. (259)

where for a random variable V', we denote its score function with &y (v) := pi, (v)/pv(v)

for v € R. Using (2.53) and o > 0, (2.49b) can be equivalently written as following,
1 - \o7=—0r- E[ L (Vi 7) .gvawa)]. (2.54)

Next, by applying Cauchy-Shwarz inequality, recalling E[(&y, (Va))?] = Z (V,) and using
(2.49a), we have that

(B[ME (Veir) -6, (W)]) < B[ (Mey (Viem) ) ] -2 (V) = |

where we have also used the fact that 7 > 0. To continue, we use (2.54) to rewrite the

LHS above and deduce that:

(1 —A(57>2 - (0® = N2 0* ) T(Va)

5 5 (2.55)

By simplifying the resulting expressions we have proved that («, 7) satisfy the following

inequality:
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(@ = N 6%272) Z(V,)
(1—=X61)2

> (2.56)

1
5

In the remaining, we use (2.56) to prove (2.52). For the sake of contradiction to (2.52),
assume that there exists a valid triplet (a, A, 7) such that o < «,. Recall by inequality
(2.56) that « satisfies:

\If<a, AT) > (2.57)

Sl

We show first that (2.57) holds with strict inequality. To see this, suppose that W(a, A7) =
1/6. From Lemma 2.5.5, it also holds that A7 € (0,1/6). Hence, the pair (o, A7) is a
feasible point in the minimization in (2.51). Combining this with optimality of «, lead
to the conclusion that a, > «, which contradicts our assumption a < «,. Therefore we
consider only the case where (2.57) holds with strict inequality i.e., ¥(«, A7) > 1/0.

To proceed, note that W(0,z) < 0 for all € [0,1). Thus, by continuity of the function

a+— ¥(a,z) for fixed z € [0,1/6):
~ ~ ~ 1
Ja: st. 0<a<a, and \I/<a,)\7'>:g. (2.58)

By recalling our assumption that o < ay, we can deduce that (2.58) in fact holds for
a < a,. However, this is in contradiction with the optimality of o, defined in (2.51). This
shows that for all achievable « it must hold that o > a,. This proves the claim in (2.52)

and completes the proof of the theorem.
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2.5.3.3 Proof of Lemma 2.2.1

To prove the claim of the lemma, it suffices to show that the proposed loss function
and regularization parameter, satisfy the system of equations in (2.49) with o = «,. For
this purpose we show that (£, \, a, 7) = (L., \s, o, 1) satisfy (2.49).

First, we recognize that for the candidate optimal loss function in Lemma 2.3.1 we
have Vv € R that

2 \252
ay— A

) (2.59)

IE*,l (v;1) =

Thus by replacing the proposed parameters in (2.49a) we have :

/ 2 043_)\352 ? 2 2 ¢2
51[“3[(/\45*71 (V;,l)) } —5(1_—)\*5) Z(\Vi) = o, — A0,

where for the last line we used the definitions of o, and A, in the statement of the lemma.
This proves the claim for (2.49a). To show that Equation (2.49b) is satisfied we use its
equivalent expression in (2.54) and also replace (2.59) in (2.54). Specifically, this shows

that

5E[G-M’5*71 (Vi 1)} = —504*15{ o1 Vg 1) - &u (Vi)

o (a2 —N26%) - I(Vh)
- 1—\6

= (1 — A\ 0),

from which we conclude that Equation (2.49b) is satisfied. This completes the proof of

the lemma.
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2.5.3.4 Proof of Lemma 2.2.2

By letting £(t) = t* we find that My (x;7) = % for all x € R and 7 € R.y.
Using this in Equations (2.49) and a after a few algebraic simplifications we arrive at the
following closed-form expression for oz%w ) for all A > 0 and random variables Z with finite

second moment,

E[Z2|(A+20+2)+2(6 — 1)+ X0+ 1)

2 ]‘ 2
LR -5+
ain = 5 (L= ElZ7=9) 2 /(A 120 _2)? 1 8\

(2.60)

Next, by using direct differentiation to optimize this over A > 0, we derive A, = 2E[Z?]

and the resulting expression for 04%2’ Aope 111 the statement of the lemma.

2.5.3.5 Proof of Corollary 2.2.1

As mentioned in the main body of the chapter, the difficulty in deriving a closed-form
expression for a, in (2.6) is due to the fact that in general Z(V,) = Z(aG + Z) may not
be expressible in closed-form with respect to a. The core idea behind this corollary is
using Stam’s inequality (see Proposition 2.5.3) to bound Z(V,) in terms of Z(aG) = a2
and Z(Z). Specifically, applying (2.26) to the random variables a G and Z we find that:

I(V,) =Z(aG+ Z) < 1+Ia+zz)(z) (2.61)

Substituting the RHS above in place of Z(V,) in the definition of «, in (2.6), let us define

a as follows:

S min da (=28 I(2) 1
o= o<x<1/5{ 20 Tt 22(2) © 5} | (2:62)
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The remaining of proof has two main steps. First, we show that

Q
0o
v

Q)

[\o}

(2.63)

Second, we solve the minimization in (2.62) to yield a closed-form expression for a.
Towards proving (2.63), note from the definition of a, and inequality (2.61) that there
exists z, € [0,1/§) such that

1 (o —210*)I(V)) (o — 236%) I(Z)

5 (_1 — 507 S (—n0P(l+a2Z(2)

Thus, the pair (o, ) is feasible in (2.62). This and optimality of & in (2.62) lead to
(2.63), as desired.

The next step is finding a closed-form expression for &@. Based on (2.62) and few
algebraic simplifications we have :

a’= min {a®:a®Z(Z2)- (6 — (1 —26)?) > (1 —x6)*+6°2*L(Z)}

0<z<1/6

. 2. 2 (1—a20)?+22Z(2)
T (0 oty { ZI<Z>~<a—<1—asé>2>}

max{0,250} <z <1/§

- min (1 —2d)* +6°2*1(Z)
- max{0,2=°}<z <1/5 {I(Z) (0= (1 —120)?) } ' (2.64)

The last equality above is true because the fraction in the constraint in the second line is
independent of a. Next, by minimizing with respect to the variable z in (2.64), we reach
a=hs(1/Z(2)).

Finally, we know from Proposition 2.5.3(f) that equality in (2.61) is achieved if and
only if the noise is Gaussian i.e. Z ~ N(0,(?) for some ¢ > 0. Thus, if this is indeed the

case, then o, = @ and the lower bound is achieved with replacing the Fisher information
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of Z i.e, Z(Z) = ¢(~2. This completes the proof of the corollary.

2.5.3.6 Proof of Equation (2.8)

First, we prove the bound w, > (Z(Z) E[Z2))"". Fix § > 0 and consider the function
hs(z) := hs(x)/x for > 0. Direct differentiation and some algebra steps suffice to show
that hs(z) is decreasing. Using this and the fact that 1/Z(Z) < E[Z?] (cf. Proposition
2.5.3 (c)), we conclude with the desired.

Next, we prove the lower bound ws > 1—9. Fix any 6 > 0. First, it is straightforward to
compute that hs(0) = max{1—9,0} > 1—0d. Also, simple algebra shows that hs(z) < 1,2 >
0. From these two and the increasing nature of hs(x) we conclude that 1 —§ < hs(x) < 1,
for all x > 0. The desired lower bound follows immediately by applying these bounds to

the definition of ws.

2.5.4 Fundametal Limits for Binary Models: Proofs for Section

2.3

2.5.4.1 Discussion on Assumption 2.3.1

As per Assumption 2.3.1, the link function must satisfy E[S f(S)] # 0. This is a rather
mild assumption in our setting. For example, it is straightforward to show that it is
satisfied for the Signed, Logistic and Probit models. More generally, for a link function
f:R — {£1} and S ~ N(0, 1), the probability density of Sf(S) can be computed as

follows for any x € R:

g

@ - F0) 22 fu)m P -, (@69)

Psysy (z) = <1 + N
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From this and the fact that exp(—x?/2) is an even function of z, we can conclude that
Assumption 2.3.1 is valid if f(az) is monotonic and non-constant based on x (e.g., as in the
Signed, Logistic and Probit models) . In contrast, Assumption 2.3.1 fails if the function f
is even. Finally, we remark that using (2.65), it can be checked that S f(S) ~ N (1, (?)
if and only if (i, ¢) = (0,1), and consequently only if fis an even function. Based on
these, we conclude that for all link functions f satisfying Assumption 2.3.1, the resulting
distribution of Sf(S) is non-Gaussian. Finally, we remark that vy = E[Sf(5)] is the
first Hermite coefficient of the function f and the requirement v; # 0 arises in a series of

recent works on high-dimensional single-index models, e.g., [69, 70]; see also |71, 72| for

algorithms specializing to scenarios in which vy = 0.

2.5.4.2 Discussion on the Classification Error (2.13)

First, we prove that for an estimator w,, the relation P(o.,\G + Sf(S) < 0)
determines the high-dimensional limit of classification error. Then we show that the
classification error is indeed an increasing function of o, ) for most well-known binary
models.

For the estimator w, ) obtained from (2.9), and x¢ denoting the true vector with
unit norm, the parameters iy and ag ) denote the high-dimensional terms of bias and

variance,

N P
XoWea — [, (2.66)

~ P
[Wea — fea Xo||§ — aZ (2.67)

We note that by rotational invariance of Gaussian distribution we may assume without

loss of generality that xo = [1, 0, 0, ---, 0]" € R™. Therefore we deduce from (2.66) and
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(2.67) that

n

. P 2 P
Weall) == pea, > (Weali)’ — a2,
i=2

Using these, we derive the following for the classification error :

557/\ =P ( f (aTxo) aT\/?S\/L)\ <0 )
=P f(a1)- (Wea()a(l) + Wea(2)a(2) + -+ Wea(n)a(n) ) <0 ).

Recalling Assumption 2.1.2 we have a ~ N (0, I). Thus by denoting S, G id N(0,1) and

assuming without loss of generality that pz \ > 0, we derive (2.13).

Next, we show that for the studied binary models in this chapter, the high-dimensional
limit for the classification error is increasing based on effective error term o > 0. In
particular, we find that if py,  (¥) > pg, o (—2) for ¥ € Ry then it is guaranteed that
a— PlaG+ Sf(S) < 0) is an increasing function for a > 0. To show this, we denote by ¢
the density of standard normal distribution and let a; > as to be two positive constants,

then under the given condition on pg, ., we deduce that,

(Sf( ) < a1 — ]P Sf ) < GQG)

+oo 0 azg
/ / pSf(s) ¢(g) dedg — / / Dsys) (z) p(g) drdg > 0.
—oo Jairg

This shows the desired. Importantly, we remark that in view of (2.65), this condition on
the density of Sf(S) is satisfied for many well-known binary models including Logistic,

Probit and Signed.
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2.5.4.3 Proof of Theorem 2.3.2

We need the following auxiliary result, which we prove first.

Lemma 2.5.6 (Boundedness of 7 in (2.45)). Fiz 6 > 0 and A > 0 and let L be a convez,
twice differentiable and non-linear function. Then all solutions T of the system of equations

in (2.45) satisfy 0 < 7 < 55.

Proof: The proof follows directly from the proof of Lemma 2.5.5 by replacing Z with
wSf(S). Note that the Equation (2.45¢) can be obtained by replacing Z with pSf(S) in
Equation (2.49b).

Next, we proceed to the proof main of Theorem 2.3.2. For convenience, let us define
the function ® : R5( x [0,1/d) — R as following :
1 —s*(1 — s*’Z(Wy))

O(s,x) = S (LW £ IOV —1) 22 + 220(1 + s77). (2.68)

Then, o, as in (2.14) is equivalently expressed as:

L= mi >0: &(s,2) =1}, 2.69
0p = Join {s = (s,2) = 1} (2.69)

Before everything, we show that o, is well defined, i.e., the feasible set of the mini-
mization in (2.69) is non-empty for all § > 0 and link functions f(-) satisfying Assumption
2.3.1. Specifically, we will show that for any 6 > 0 there exists s > 0 such that
P = D (s, ﬁ) = 1. It suffices to prove that the range of the function ® is (0, 00).

Clearly, the function is continuous in R>(. Moreover, it can be checked that

~ 2 1 — s*Z(Wy)

D(s) = Py(s) + 50159 where ®y(s) := 5LV, T IOV = 1)

(2.70)

But, by Lemma 2.5.2, lim,_,o s*Z(W,) =0 and lim,_, ;o s> Z(W,) = 1. Using these, we
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can show that lim, ,o Pg(s) = +oo and lim, o, Pg(s) = 0. Combined with (2.70), we
find that lim, ;o ®o(s) = +o00 and lims o s?Z(W,) = 0. This concludes the proof of
feasibility of the minimization in (2.68).

We are now ready to prove the main claim of the theorem. Fix convex loss function £
and regularization parameter A\ >. Let (o > 0, i, 7 > 0) be the unique solution to (2.45)

and denote o = a/u. We will prove that

o> 0,. (2.71)

The first step in the proof will be to transform the equations (2.45) in a more
appropriate form. In order to motivate the transformation, note that the performance of
the optimization problem in (2.9) is unique up to rescaling. In particular consider the

following variant of the optimization problem in (2.9) :
~ . Cl = T 2
Voo = ar mm—g L(c,yia;, w) +c M|e,wl||*|, ¢, >0,¢c, #0.
LA g w mi:1 (zy ) ) 1 H 2 H 1 27’é

It is straightforward to see that, regardless of the values of ¢, and c¢,, corr (W, Xo) =
corr (Vg ., Xo ), where recall that W, solves (2.9). Thus in view of (2.10), we see that
the error o resulting from W, , and V., are the same. Motivated by this observation, we

consider the following rescaling for the loss function and regularization parameter:
L():=—L(n-), A =T, (2.72)
From standard properties of Moreau-envelope functions it can be shown that
M, (fps1) = & My (57).
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Using these transformations, we can rewrite the system of equations (2.45) in terms of o,

£ and X as follows:

Eﬂ[s f(8) - Miy, (W, 1>: Y (2.73a)
]E[ (M’E’l (W, 1))2: = 02/s, (2.73b)
E[G Ml (Woi1) | = 0(1 - X8)/6. (2.73¢)

where we denote W, := oG + Sf(95).
Next, we further simplify (2.73) as follows. Similar to the procedure leading to (2.53),

here also we may deduce that,
E[G-M’al (Wg;l)} - —O—E[gwo(wg) M (Wai D).
Thus (2.73¢) can be rewritten as
E|¢,, (Wo) - M, (Wo: 1)] — (M — 1)/6. (2.74)
Additionally, we linearly combine (2.73a) and (2.73c) (with coefficient o) to yield :
E|\W, My (Wyil) | =0%/6 — "X =), (2.75)

Putting together (2.73b), (2.74) and (2.75), we have shown that o satisfies the following
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system of equations:

Q
[\
!

E|W, - M, (Woil) | = = = o"A = (2.76a)
/ 27 o
E[(/Wg,l (Wg;l)) | =75 (2.76b)
1o~ 1
E[6w, (Wo) - Mz, (Woi 1) | =3 = 5. (2.76¢)

Next, we will use this fact to derive a lower bound on . To this end, let 8,, 5, € R

be two real constants. By combining (2.76a) and (2.76c) we find that

E[(8,Ws + 8,60, (o)) - M, (Wi 1)] = 3,(% — X =D+ 4,(— ). @77

Applying Cauchy-Schwarz inequality to the LHS of (2.77) gives :

(ﬁl (%2 —otA - X) + 500 - %))2 < JE[(@WU + ﬁgwg(wo)))g} E {(MZ1 (W3 1) )1

0_2

E |: (B1Wa + /82£WU(WO')))2:| Fv (278)

where we used (2.76b) in the last line. To simplify the expectation in the RHS of (2.78),
we use the facts that E[W?] = 02 + 1 and E[(&w, (W,))?] = Z(W,). Also by integration
by parts one can derive that E[W, - &, (W,)] = —1. Thus we arrive at the following

inequality from (2.78):
(51 (0-2/6 - 0-23; - X) + 62 (X - 1/6)>2 < 612 (02 + 1) + 622 I(Wa> - 2/3162' (279)

Now, we choose the coefficients 3, and 8, as follows: 8, = 1—=A6— (02— Xd—\6) Z(W,,)
and 3, = 1. (We show later in Theorem 2.3.1, that this choice lead to an achievable lower

bound). Substituting these values in (2.79) and simplifying the resulting expressions yield
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the following inequality for o:

1—02(1— o*Z(W,))

ST+ TV - 1) D AT <L (2.80)

We will now finish the proof of the theorem by using (2.80) to prove (2.71). For
the sake of contradiction to (2.71), assume that o < o,. From (2.80) and the notation
introduced in (2.68), we have shown that ® (o, A) < 1. Recall from (2.72) that A = Ar.
But, from Lemma 2.5.6 it holds that A=A < %. Therefore, the pair (o, X) is feasible in
the minimization problem in (2.69). By this, optimality of o, and our assumption that
o < 0, in (2.69) it must hold that ® (5, \) < 1. But then, since lim,_,o ® (s, ) = +0o and

by continuity of the function ®(-, x) for all fixed z € [0,1/4), we have:

doy: st.0< o0y <o, and ®(oy,\) = 1. (2.81)

Therefore ®(o1,\) = 1 for oy < oy, which contradicts the optimality of o, in (2.69) and

completes the proof.

2.5.4.4 Proof of Lemma 2.3.1

To prove the claim of the lemma we show that the proposed candidate-optimal loss
and regularization parameter pair (L, \,) satisfies the system of equations in (2.45)
with (a, i, 7) = (04, 1,1). In line with the proof of Theorem 2.3.2 and the equivalent
representation of (2.76) for the equations in (2.45), we show that (L, \,) satisfy all
three equations in (2.76) with (o, u, 7) = (04, 1,1). We emphasize that since p =7 =1,

based on (2.72) the £, and A, remain the same under these changes of parameters thus

(Z*<')> )‘*) = (E*v )‘*)'

Note that we need M(+) to be able to assess the equations in (2.76). For this purpose
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we use inverse properties of Moreau-envelope functions in Proposition 2.5.2 to derive the

following from the definition of £, in (2.16) :

v n(Ao—1) A0 —1
Me. () = =5y =z ) it -z o8 )
Thus,
My 1) = 20— 20 e ()

S —ZW.) "~ s(n—Z(Wy))

Using this and the fact that E[W, - {, (W,)] = —1 (derived by integration by parts), the

LHS of the equation (2.76a) changes to

Ao —1 ) AN —1
E[W* M (W 1)] - —ME W7 - mﬂf (W, - &y, (W)]
IR VI e S S
= Sz T sy T s M

where for the last step, we replaced 7 according to the statement of the lemma.

Similarly, for the second equation (2.76b), we begin with replacing the expression for

.1 (Wi 1) to see that

E (M, (WD)’ = 52((:*_5;(33*»2 (0°E [W2] + T (W) + 20 E [W, - &w. (W)

— <)‘*5 — 1)2 2 2
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After replacing 1, we can simplify (2.82) to reach the following

2 — (1 —a2Z(W, o2, )

B (M (V)] = 5B =R A e o
Do, N - o2 af
B ) P

where the last two steps follow from the definition of o, in (2.14) and ®(-,-) in (2.68).

For the third Equation (2.76¢) we deduce in a similar way that

B[, (V) M. 1) | = = 22BN, 6, (W] — 5 TOV)
1
=X\ -5

confirming the RHS of Equation (2.76¢). This completes the proof.

2.5.4.5 Proof of Lemma 2.3.2

Let £5(t) = (1—1t)? for t € R. Using the Equations in (2.45) and replacing My, (x;7) =

(z-1)*
2741

fixed A > 0. For compactness, define F(-,-) : Ryg x Ryg — Ryo where F(4,\) =

we can solve the equations to find the closed-form formulas for (u,«,7) for a

A6+ 4/8A + (§(\ +2) — 2)2. We derive the following for y, \ and ay, » and for all § > 0,

46 E[Z7]
Hea X = )
24264+ F(6,)\)
(2= 2= 200+ FEN 420+ PO (1- ZREEET )
2
Qpy N =

2(2 =264 F(6,))* (F(6,)) — X))

Using these, we reach 0%, \ = o, ,/u7, , as stated in (2.17). By minimizing o7, , with

respect to A > 0 we derive Aoy and the resulting o, Xope 111 the statement of the lemma.
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2.5.4.6 Proof of Corollary 2.3.1

The proof is analogous to the proof of Corollary 2.2.1. Here again we use Stam’s
inequality in Proposition 2.5.3 to provide a bound for Z(W,) = Z(cG + Sf(S)) based on
Z(6G) = 672 and Z(Sf(9)). First we define

L 1 1 )
01:15121%1{320:5+6$2(I(Sf(s))_1) —22+ 02 (1 +s5 %) < 1}. (2.83)

Next we use Stam’s inequality to deduce that :

B Z(Sf(9))
TWo) := LoG + 519 < T2 57057(9))

We can use this inequality in the constraint condition of o, in (2.14) to deduce that:

1 1 B
5 S @SIEy =) M T IN(1+07) <1, (2.84)

Thus we find that (o,z) = (04 As) is a feasible solution of the constraint in (2.83),

resulting in :

o, >0. (2.85)
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To complete the proof of the theorem, we need to find the closed-form &. Proceeding
from (2.83) we derive the following

~ ) 1 1 1
02:?21{)1{52'_(5(2(5}”(5))—1)+x25> §1+2m—5—x25}

. .2
:min{52zi<1+2x 1/6 xé}

— 1
=0 $* 7 saEErE-n T X0

-1
1+4+2r—1/6 — 2%
I (- R WY ‘
=20 sEErEy-n T

The first line follows by algebraic simplifications in (2.83). The second line is true since

by Cramer-Rao bound (see Proposition 2.5.3 (d)) Z(Sf(S)) > (Var[Sf(S)])~!; thus
Z(Sf(S)) > 1. Noting that the right hand-side of the inequality is independent of o and
can take positive values for some = > 0 we conclude the last line. Optimizing with respect
to the non-negative variable x in the last line completes the proof and yields the desired

result in the statement of the corollary.

2.5.5 Comparison to a Simple Averaging Estimator

In this section, we compare the performance of optimally ridge-regularized ERM to

the following simple averaging estimator

. 1 &
ave — i A . 286

This estimator is closely related to the family of RERM estimators studied in this

chapter. To see this, note that w,.. can be expressed as the solution to ridge-regularized
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ERM with A =1 and linear loss function £(z) = —x for all z € R:

" 1 > N I U TR ST
Wawe = a1g min = [lyia; — w3 = arg min — > " —yiai'w + || wl3.
=1 i=1

Moreover, it is not hard to check that the correlation performance of W,y is the same as
that of the solution of RLS with regularization A approaching infinity.

It is in fact possible to exploit these relations of the estimator to the RERM family in
order to evaluate its asymptotic performance using the machinery of this chapter (i.e., by
using the Equations (2.11)). However, a more direct evaluation that uses the closed form
expression in (2.86) is preferable here. In fact, it can be easily checked that the following

limit is true in the high-dimensional asymptotic regime:

~ 1
Vo >0 : cort ( Waye , Xo ) AN — s, (2.87)
1 =+ Syf

where recall our notation vy = E[Sf(S)], S ~ N(0,1). The use of the simple averaging
estimator for signal recovery in generalized linear models (also, in single-index models)
has been previously investigated for example in [72].

A favorable feature of W, is its computational efficiency. In what follows, we use
our lower bounds on the performance of general RERM estimators, to evaluate its
suboptimality gap compared to more complicated alternatives. To begin, in view of (2.87)

and (2.10) let us define the corresponding “effective error parameter"
2 L
Oive = V7. (2.88)

First, we compare this value with the error of regularized LS. Let wyg be the solution to
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unregularized LS for n > m. It can be checked (e.g., [46]) that

1
H—’
1+ ol

1
where o7g := —(VJT2 —1). (2.89)

corr (Wrs, Xq ) ]

Directly comparing this to (2.88), we find that ngs = (ﬁ) (1-vf), forall§>1. In

other words,
Ohe 2 01s = 02077 (2.90)

Next, we study the performance gap of the averaging estimator from the optimal RERM.
For this, we use Corollary 2.3.1 to compare o2, to the lower bound o,. We find that for

any 0 > 0 and any link function f satisfying the assumptions of Corollary 2.3.1:

> 512 Hy (I(Sf(s>>). (2.91)
We complement these bounds with numerical simulations in Section 5.3.

2.5.6 Gains of Regularization

2.5.6.1 Linear models

In this section, we study the impact of the regularization parameter on the best
achievable performance. For this purpose, we compare «,, the best achievable performance
of ridge-regularized case, to the best achievable performance among non-regularized
empirical risk minimization with convex losses denoted by . By definition of ayyreg,
for all convex losses £, in the regime of § > 1 it holds that, aye; < ar 0. In [58], the
authors compute a tight lower bound on cyee and show that it is attained provided that

pz is log-concave. Our next result bounds the ratio o2 / &ieg, illustrating the impact of
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regularization for a wide range of choices of Z ~ D and any ¢ > 1.

Corollary 2.5.1. Let the assumptions of Corollary 2.2.1 hold and d > 1. Then it holds

that:
(6 —1) 1 a? .
h < X < {5—112,1}. 2.92
Bz "\17)) = @, =0T .
Proof: In order to obtain an upper bound for o7 /a2, first we find a lower bound
for a?,.,. We have

ureg*

1
2 _
O'/ureg I(Vaureg) - 57

thus we may apply the Stam’s inequality (as stated in Proposition 2.5.3(f)) for Z(V,

ureg )

to derive the following lower bound :

2 > L 2.93
aureg_m~ (2.93)

Also note that it holds that of < of, Aope- Lhus by recalling Lemma 2.2.2 and the fact that

the function hs(-) < 1 for all § > 0 we deduce that o? < 1. Additionally since a? < o2

ureg’

we conclude the upper bound in the statement of the Corollary. To proceed, we use the

Cramer-Rao bound (see Proposition 2.5.3(d)) for Z(V,

Qureg

) to derive the following upper

bound for azreg which holds for all § > 1:

This combined with the result of Corollary 2.2.1 derives the lower bound in the statement
of the corollary and completes the proof.
Importantly, based on (2.92) we find that as 6 — 1 the ratio o} /o, reaches

zero, implying the large gap between o and o e in this regime. In the highly under-

66



High-dimensional Linear Models: Sharp Asymptotics and Fundamental Limits Chapter 2

parameterized regime where § — oo, by computing the limit in the lower bound our

bound gives

1 o
S F o<, 2.94
E[Z2Z(Z) = sbe a2y (2.94)

For example, we see that in this regime when Z is close to a Gaussian distribution such
that Z(Z) ~ 1/E[Z?], then provably a, & (uyeg, implying that impact of regularization is
infinitesimal in the resulting error. We remark that for other distributions that are far
from Gaussian in the sense Z(Z) > 1/E[Z?] the simple lower bound in (2.94) is not tight;

this is because the bound of Corollary 2.2.1 is not tight in this case.

2.5.6.2 Binary models

In order to demonstrate the impact of regularization on the performance of ERM
based inference, we compare o, with the optimal error of the non-regularized ERM for
0 > 1 which we denote by oueg. Thus oy satisfies for all convex losses that oyres < 07 0.
The general approach for determining oy,eq is discussed in [53] in which the authors also
show the achievability of s for well-known models such as the Signed and Logistic
models.

Our next result quantifies the gap between oys and o, in terms of the label functions

fand 0 > 1.

Corollary 2.5.2. Let the assumptions of Theorem 2.5.2 hold and 6 > 1. Further assume
the label function f is such that pg (x) is differentiable and positive for all x € R. Then

it holds that:

O i (z(s5(s))) < 2 < min{é_l'I(Sf(Sz))_l’l}' (2.95)
1—v 0 Y

f ureg
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Proof: To provide the bounds of the ratio 2/ Jfreg, we follow a similar argument
stated in the proof of Corollary 2.5.1. First, we use the result in [53] which states that for

o2 and all § > 1 it holds that

ureg

2 > 1 2.96
Tos 2 5 E(ST(S)) 1) (290

Since it trivially holds that o2 < o7 , = and also by noting that o7, , = as derived by
Lemma 2.3.2 satisfies o7, , o S sz for all 6 > 0 (which is followed by the fact that
/N0 Vf

Hg(x) <

< &=1s)» We conclude that

Q
* b
[\
‘H

(2.97)

=%
<
N

Additionally since it trivially holds that ¢ < o2, we conclude the upper bound in the

ureg

statement of the corollary. We proceed with proving the lower bound in the statement of

the corollary. For this purpose, first we derive an upper bound for aﬁreg. Using the fact

that afreg satisfies :

1—02 (1—=0% ZT(Wieg))
ureg ureg -1 (298)
50‘5reg (0-2 gI<Wureg) + I(Wureg) - 1)

ure

as well as the Cramer-Rao lower bound (Proposition 2.5.3(d)) for Z(Wyes) we may deduce

that :

2

Uureg —

(6 — 1)1/]20.

2.99)
5 (
1-— vy

This combined with the lower bound on o2 as stated in Corollary 2.3.1 proves the lower
bound in the statement of the corollary and completes the proof.

Importantly, as shown by (2.95), in the case of § being close to 1, one can see that
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both of the bounds in (2.95) vanish. This shows the large gap between o, and o, and
further implies the benefit of regularization in this regime. When § — oo i.e. in the highly
under-parameterized regime, by deriving the limits as well as using Proposition 2.5.3 (d),

we see that (2.95) yields:

i L <m T <1 (2.100)
. 1m . .
1_1/]2” I(Sf(S))—l ~ 0o 0-121reg N

Thus in this case both the values of o, and oy, are approaching zero with the ratio
depending on the properties of Sf(S). For models such as Logistic with small signal
strength (i.e. small ||xo[|) where Z(Sf(S)) ~ 1/(1 — v}), one can derive that based on
(2.100) the ratio reaches 1, which confirms the intuition that for large values of ¢ the

impact of regularization is almost negligible.

2.5.7 Numerical Experiments
2.5.7.1 Details on Figure 2.1

In Fig. 2.1(Left), we compare the lower bound of Theorem 2.2.1 with the error of RLS
(see Lemma 2.2.2) for Z ~ Laplace(0, 1) and ||x¢|l2= 1. To numerically validate that o
is achievable by the proposed choices of loss function and regularization parameter in
Lemma 2.2.1, we proceed as follows. We generate noisy linear measurements with iid
Gaussian feature vectors a; € R!'%. The estimator X, », is computed by running gradient
descent (GD) on the corresponding optimization in (2.2) when the proposed optimal loss
and regularizer of Lemma 2.2.1 are used. See Figure 2.3(Left) for an illustration of the
optimal loss for this model. The resulting vector X, », is used to compute [|X., x, — Xol|?.
The average of these values over 50 independent Monte-carlo trials is shown in red squares.

The close match between the theoretical and empirical values suggest that the fundamental
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limits presented in this chapter are accurate even in small dimensions (also see the first
and second rows of Table 2.1).

In the next two figures, we present results for binary models. Figure 2.1(Middle) plots
the effective error parameter o for the Signed model and Figure 2.1(Right) plots the
classification error ‘£’ for the Logistic model with ||xo||s= 10. The red squares correspond
to the numerical evaluations of ERM with £ = £, and A = A, (as in Lemma 2.3.1) derived
by running GD on the proposed optimal loss and regularization parameter. See Figure
2.3(Right) for an illustration of the optimal loss in this case. The solution W, , of GD
is used to calculate o, 5, and &, », in accordance with (2.10) and (2.13), respectively.
Again, note the close match between theoretical and numerical evaluations (also see the
third and fourth rows of Table 2.1).

Finally, for all three models studied in Figure 2.1, we also include the theoretical
predictions for the error of the following: (i) RLS with small and large regularization (as
derived in Equations (2.60) and (2.17)); (ii) optimally tuned RLS (as predicted by Lemmas
2.2.2 and 2.3.2); (iii) optimally-tuned unregularized ERM (marked as auyreg, Oureg; Eureg) -
The curves for the latter are obtained from [58| and [53] for linear and binary models,
respectively. We refer the reader to Sections 2.5.6.1 and 2.5.6.2 for a precise study of the
benefits of regularization in view of Theorems 2.2.1 and 2.3.2; for both linear and binary

models.

2.5.7.2 Additional Experiments

In this section, we present additional numerical results comparing the bounds of
Theorems 2.2.1 and 2.3.2 to the performance of the following: (i) Ridge-regularized Least-
Squares (RLS); (ii) optimal unregularized ERM (Section 2.5.6); (iii) a simple averaging
2

estimator (see Section 2.5.5). Figure 2.2(Top Left) plots the asymptotic squared error «

of these estimators for linear measurements with Z ~ Laplace(0,2). Similarly, Figure
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Table 2.1: Theoretical and numerical values of af/az, — (for linear models) and
o2/ 0%7 Nopt (for binary models) for different values of ¢ and for some special cases studied in
this chapter. The theoretical results for o, and o, correspond to Theorems 2.2.1 and 2.3.2.
The empirical values of a, and o, are derived by numerically solving the optimally-tuned
RERM (as derived in Lemmas 2.2.1 and 2.3.1) by GD with n = 100. Results shown are
averages over 50 independent experiments.

0 | 05 2 4 6 8

THEORY 0.9798 0.9103 0.8332 0.7690 0.7447

Z ~ LapLAcE(D, 1) EXPERIMENT | 0.9700 0.8002 0.8109 0.7530 0.7438

THEORY 0.9832 0.9329 0.8796 0.8371 0.8043

Z ~ LaPLACE(0, 2) EXPERIMENT | 0.9785 0.9103 0.8550 0.8316 0.7864

THEORY 0.9934 0.8531 0.6199 0.4602 0.3618

f=s1en EXPERIMENT | 0.9918 0.8204 0.6210 0.4710 0.3829

THEORY 0.9826 0.8721 0.7116 0.6211 0.5712

f=Loc1sTIC, [Xo[= 10 o e ienT | 0.9477  0.8087 0.7112 0.6211 0.6389

2.2(Top Right) and Figure 2.2(Bottom) plot the effective error term o for Logistic data
with [|xg||2= 1, and the limiting value p of the correlation measure for Logistic data with
|x0||2= 10, respectively. The red squares represent the performance of optimally tuned
ERM (as per Lemmas 2.2.1 and 2.3.1) derived numerically by running GD, as previously
described in the context of Figure 2.1.

The numerical findings in Figures 2.1 and 2.2 validate the theoretical findings of
Sections 2.2.3 and 2.3.3, regarding sub-optimality of RLS for Laplace noise and Logistic
binary model (with large ||x¢||) and optimality of A-tuned RLS for Logistic model with
small ||x¢||. Furthermore, by comparing the optimal performance of unregularized ERM
to the optimal errors of RERM in both Figures 2.1 and 2.2, we confirm the the theoretical
guarantees of Section 2.5.6 regarding the impact of regularization in the regime of small §

for both linear and binary models.
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2
— %0 T7O0

2
0%, 001

Figure 2.2: Fundamental error bounds derived in this chapter compared to RLS, averaging
estimator and optimal unregularized ERM for: (Top Left) a linear model with Z ~
Laplace(0,2), (Top Right) a binary Logistic model with ||x¢|l2= 1, (Bottom) a binary
Logistic model with ||x¢|l2= 10 (here shown is correlation measure (2.10)). The red
squares correspond to numerical evaluation of the performance of the optimally tuned
RERM as derived in Lemmas 2.2.1 and 2.3.1; see text for details.
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Figure 2.3: Illustrations of the proposed loss functions achieving optimal performance (as
in Lemmas 2.2.1 and 2.3.1), for three special cases: a linear model with additive Laplace
noise, the binary logistic model and the binary signed model. Here, in both plots, we fix
0 = 2. The curves are appropriately shifted and rescaled to allow direct comparison to
the least-squares loss function; see text for details.

2.5.7.3 Optimal Tuning in Special Cases

Figure 2.3 depicts the candidate for optimal loss function derived in Lemmas 2.2.1 and
2.3.1, for specific linear and binary models discussed in this chapter. To allow for a direct
comparison with the least-squares loss function, the optimal losses for the linear models
are shifted such that £, > 0 and rescaled such that £,(1) = 1. Similarly, for the Logistic
model with ||xq||= 1, the optimal loss is rescaled such that £,(1) = 0 and £,(2) = 1.
Interestingly, for this model, £,, when rescaled (which results in no change in performance
by appropriately rescaling \,) is similar to the least-squares loss. This confirms the
(approximate) optimality of optimally-tuned RLS for this model and further verifies the
numerical observations in Figure 2.2 (Top Right) and the theoretical guarantees of Section

2.3.3 for this model.
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Chapter 3

Adversarial Training with

High-dimensional Linear Models

3.1 Introduction

Several machine learning models ranging from simple linear classifiers to complex
deep neural networks have been shown to be prone to adversarial attacks, i.e., small
additive perturbations to the data that cause the model to predict a wrong label [73, 74].
The requirement for robustness against adversaries is crucial for the safety of systems
that rely on decisions made by these algorithms (e.g., in self-driving cars). With this
motivation, over the past few years, there have been remarkable efforts by the research
community to construct defense mechanisms, e.g., see |75, 76| for a survey. Among many
proposals in the already rich literature, perhaps the most popular approach is that of
adversarial training [6]. Among many favorable properties, adversarial training is flexible
and easy-to-adjust to different types of data perturbations and has also been shown to
achieve state-of-the-art performance in several tasks [7|. However, despite major recent
progress in the study and implementation of adversarial training, its efficacy has been
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mainly shown empirically without providing much theoretical understanding. Indeed,
many questions regarding its theoretical properties remain open even for simple models.
For instance, how does the adversarial /standard error depend on the adversary’s budget
during training time and test time? How do they depend on the over-parameterization
ratio? What is the role of the chosen loss function?

In this chapter, we consider the adversarial training problem for ¢;-norm bounded
perturbations in classification tasks, which solves the following robust empirical risk

minimization (ERM) problem:

m

min max L (yi, fo(xi + &) + A||0]2. (3.1)

GERZ i=1 H‘szllqg Etr

Here, {(x;,¥i) }icjm) € R™ x {#£1} is the training set, §; € R™ are the perturbations with /
the dimension of the feature space, fg : R" — R is a model parameterized by a vector
0 € R, ¢, is a user-specified tunable parameter that can be interpreted as the adversary’s
budget during training, and A is the ridge-regularization parameter. Once the robust

classifier 6 is obtained by (3.1), the adversarial error / robust classification error is given

by
oo | 2 Lyssian(rero} |

where 174 is the 0/1-indicator function, (x,y) € R" x {£1} is a test sample drawn from
the same distribution as that of the training dataset, e is the budget of the adversary,
and fg uses the trained parameters 0 and the fresh sample x to output a label guess. The
standard classification error is given by the same formula by simply setting s = 0.

The goal of this chapter is to precisely analyze the performance of adversarial training
in (3.1) for binary classification with linear models i.e., fo(x) = (8,x). In our proof

we use the Convex-Gaussian-Min-max-Theorem (CGMT) |?, ?, ?| and in particular its
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applications to the convex ERM that enables its precise analysis, e.g., [5, 55, 52, 53, 77].
However, compared to previous works, we develop a new analysis for robust optimization
with correlated data.

Our main contributions are summarized as follows:
e We precisely analyze, for the first time, the performance of adversarial training with
{5 and /., attacks in binary classification for two important data models of Gaussian
Mixtures and Generalized Linear Models. See Sections 3.3 and 3.4.
e Our approach is general, allowing us to characterize the role of feature correlation,
regularization and general ¢, attacks with ¢ > 1. In particular, our proof technique
allows for non-isotropic features, yielding novel theoretical results even for non-adversarial
convex regularized ERM settings (i.e., when &, = ¢ = 0). We elaborate on our technical
approach in Section 3.3.3.
e Numerical illustrations in Section 3.3.2 show tight agreements between our theoretical
and empirical results and also allow us to draw intriguing conclusions regarding the
behavior of adversarial and standard errors as functions of key problem parameters
such as the sampling ratio 0 := m/n, the budget of the adversary e, and the robust-
optimization hyper-parameter €, in our studied settings. Moreover, we observe interesting

phonemena by comparing our results with the Bayes optimal robust errors.

3.1.1 Prior Works

Relevant to the flavour of our results, the recent work |78| studies precise tradeoffs and
performance analysis in adversarial training with linear regression with ¢, perturbations
and isotropic Gaussian data. Compared to [78|, our results hold for binary models,
general {, perturbations with ¢ > 1, non-isotropic features with mild assumptions on

the covariance matrix. Moreover, we consider regularized ERM allowing us to study the
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behavior of adversarial training in the over-parameterized regime in the limit of A — 0.
Similar results on the behavior of adversarial training in classification are only derived in
a concurrent work by [79]. On the one hand, compared to [79] our analysis applies to both
discriminative and generative data models, and also to the regularized ERM. Our analysis
also allows generic covariance matrices while the analysis of [79] only applies to very
specfic structures for the covariance matrix. Additionally, we examine how our formulae
on adversarial training compare with those of the Bayes robust estimator. On the other
hand, [79] extend their analysis to robust support vector machines (SVM). Note however
that we can retrieve the same results regarding the performance of adversarially-robust
SVM by evaluating our formulae on regularized ERM with logistic loss and vanishing
regularization parameter.

Our analysis of correlated features was motivated by [55], which derives sharp general-
ization gaurantees for SVM models with correlated data. Very recently, correlated features
have been considered in various settings, e.g., [80, 81, 82|. However, none of these works
studies the more challenging problem of adversarially-robust ERM as we do here. To see,
at a high-level, why this differs from standard ERM or standard SVM analysis note the
following complications in the analysis. First, because adversarial training is formulated
as a min-max optimization, it is not at all apparent that the machinery of Gaussian
comparison theorems applies. Second, the performance metric here is robust error (rather
than standard error), and we show that this changes the statistics that needs to be tracked
by the CGMT analysis. Third, the primary optimization to which we eventually apply the
CGMT involves an “effective" ¢,-regularizer (where ¢, is the dual norm of the adversary’s
¢,-norm), which unlike previous works appears inside the argument of the loss function,
requiring new techniques to scalarize the auxiliary optimization. Specially, we do this in
the presence of non-isotropic features, which yields new results even for standard ERM

methods.
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The Adversarial Bayes risk for Gaussian-mixtures has been recently characterized
in [83, 84, 85]. Here, we combine their results with our precise asymptotics on the
practically relevant adversarial training method, allowing us to investigate fundamental
limits of the latter. The references |86, 87| discuss optimization landscape of adversarial
training, however these works do not address generalization properties of adversarial
training, as done in this chapter. The prior work [88] considers adversarial training
with linear loss in order to analyze the sample complexity of robust estimators. Instead,
here we investigate the more challenging, but practically more relevant, 0/1-loss and
its tractable approximations (e.g. hinge, logistic). Another related line of work studies
trade-offs between the standard and adversarial errors e.g., see [89, 90, 91, 85], but for
simpler algorithms and data models, rather than adversarial training and correlated
GLM/GMM, which we focus on here. The benefits of unlabeled data in robustness have
been investigated in several works, e.g. [92, 93|. An exciting direction opening up with
our analysis is investigating adversarial training performance for random features and
neural tangent models. To date, precise asymptotics for such models have been obtained
only very recently and for the simpler problem of standard ERM [94, 95, 96, 81, 97].
A preliminary version of this work appeared in [98]. The results presented in [98] only
apply to data that follow the isotropic Gaussian mixture model and only to /., attacks.
The current manuscript significantly extends the scope of these results: First, we extend
the results for GMM to general covariance matrices (not necessarily isotropic). This is
important because it better captures data distributions in practice. We also note that the
extension is technically nontrivial, requiring several modifications in the proof compared to
the isotropic case. Second, in the journal version we describe unifying analysis and results
that applies both to discriminative and generative models. Specifically for discriminative
models, we present new results for GLM data. Third, we provide a general analysis of

¢,-norm attacks. This extends the results of the conference version that only applied to
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lso-norm. For demonstration, we present results for /y-attacks in Section 3.4. Finally, we
have extended our numerical study by introducing additional experiments in Appendix

3.7.

Notation

Letting 6(x) denote a Dirac delta mass at z, the empirical distribution of a vector
x € R" is given by %zyil d(x;). The empirical joint distribution of v,u € R" is given
by =37 6(vi,u;). The Wasserstein-k distance between two measures py, po is defined
as Wi(p1, p2) 2 (infpep E(xv)~p| X — Y|k)1/k, where P denotes all couplings of p; and ps.
We say that a sequence of probability distributions u,, converges in Wasserstein-k distance
to a probability distribution g, if W (g, ) — 0 as n — oo. The Gaussian Q-function is
denoted by Q(-). ® denotes the element-wise multiplication. The function ||-[|¥ is denoted
by 2. For a positive semi-definite matrix S we define ||v|[s= VVTSy. Finally, for a
sequence of random variables X, , that converges in probability to some constant c in

the proportional asymptotic limit m,n — oo, m/n — 0, we write X, ,, L

3.2 Problem Formulation

In this section, we describe the data model, the specific form of (3.1), and the
asymptotic regime for which our results hold. After this section, it is understood that all

our results hold in the setting described here without any further explicit reference.

3.2.1 Data Model

We study two stylized models for binary classification.
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Gaussian Mixture Models. The first model is a Gaussian Mixture model (GMM)
where the conditional distribution of the feature vectors is a Gaussian with mean +67
(depending on the label y; € {£1}) and with covariance X,,. The subscript n emphasizes

the dependence on dimension. Formally, the GMM assumes

Generalized Linear Models. The second model is a generalized linear model (GLM)
with binary link function. Specifically, assume that the label y; € {£1} associated with

the feature vector x; is generated as
yi =v (07, %)), % ~N(0,%,), (3.3)

for a possibly random link function ¢ : R — {£1}. This includes the well-known Logistic
and Signed models, by letting P(y(xz) = 1) = 1/(1 + exp(—x)) and ¥(z) = sign(x),
respectively.

We assume that the underlying (unknown) vector of regressors 8% € R"™, and the

covariance matrix ¥,, € R™*" satisfy the following technical (and mild) assumptions.

Assumption 3.2.1. The minimum and maximum eigenvalues of the covariance matrices

3, satisfy 0 < ¢ < Apin(Xn) and Apax () < C < 0.

Assumption 3.2.2. Denoting ¢, £ (627%,05)Y2 for GLM and (, £ (6% £-16%)/2 for
GMM, we define their high-dimensional limits as ( and Z, .e., Cn N ¢ and 5}; N E

Moreover, for both models we assume without loss of generality that ||0%||2 I

Assumption 3.2.3. Let ¥, = U,A, U] be the eigen-decomposition of X, and let

Ani denote the i’th entry on the diagonal of A,. Denote v, = Ul 0. Then the joint
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distribution of (v/n@} ;, Ani,/NVns), i € [n], converges in Wasserstein-2 distance to a

probability distribution I1 in R x Ry X R, 7.e.,
1 - * Wa
= § :5(\/ﬁenz7)‘n,za \/ﬁvn,i) > 11
n b
i=1

The assumption on ||@}]|2 is without loss of generality for GLM since ||65]|2 can be
absorbed in the link function . Similarly for GMM, if ||@%||2# 1, we can always assume
normalized features x, by appropriately scaling the covariance matrix 3,,. We remark that
while the Gaussian distribution assumption on feature vectors is crucial for our theoretical
analysis, our empirical results suggest that this assumption can be relaxed to include at
least the family of sub-Gaussian data distributions. We discuss this universality property

in Appendix 3.7.

3.2.2 Asymptotic Regime

We consider the high-dimensional asymptotic regime in which the size m of the training
set and the dimension n of the feature space grow large at a proportional rate. Formally,

m,n — oo at a fixed ratio 6 = m/n.

3.2.3 Robust Learning

Let @L be a linear classifier trained on data generated according to either models

(3.2) or (3.3). As is typical, given 6, a decision is made about the label of x based on
sign((x, 6,)). Thus, letting y be the label of a fresh sample x, the standard error is given
by

o\ A
€(0n> = Exg 1{y7£sign<<x,§n)>} . (34)
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Here, the expectation is over a fresh pair (x,y) also generated according to either the GLM
or the GMM model. Next, we define the adversarial error with respect to a worst-case
{;-norm bounded additive perturbation. Let ey > 0 be the budget of the adversary. Then,

the adversarial error is defined as follows:

géq,ats (é\n) é Ex,y (35)

1 ~
Hgﬁgts {ysian((x+8,0n)) }

~

Adversarial training leads to a classifier 8,, that solves the robust optimization problem
(3.1) with L(y, fo(x + &)) replaced by L(y(6,x + 8)). The loss function £ : R — [0, 00) is
chosen as a convex approximation to the 0/1 loss. Specifically, throughout the chapter,
we assume that £ is convex and decreasing. This includes popular choices such as the

logistic, hinge and exponential losses.

3.3 Main Results for /., Perturbations

3.3.1 Asymptotic Behavior

In this section, we focus on the case of bounded /. -perturbations, i.e. the adversarial
error in (3.5) is considered for ¢ = co. Specifically, let én be a solution to the following

robust minimization:

m

I%inz“é‘r‘naxs L (yi (x5 4 6:,0,)) + A||0,.])2. (3.6)
o 19illees 7

In our asymptotic setting, &, is of constant order and the factor 1/y/n in front of
it is the proper normalization needed to ensure that the perturbations norm |[|d;|2, is
comparable to the norm of the true vector ||07||2, i.e., both are constant in the high-

dimensional limit — n. We explain this normalization further in Section 3.3.3. Here, we
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consider the case of diagonal covariance matrix (i.e., 3, = A,,). Note that this assumption
can be made without loss of generality for GMM data. Indeed, instead of features x; as
in (3.2) and mean vector 8%, we can equivalently analyze features x; = Ux; and mean
vector /05 = U 0*. For the GLM data in (3.3), we defer the general case of possibly
nondiagonal ¥, to Appendix 3.8.1 where we also discuss how final expressions simplify in
the case of isotropic features.

Before presenting our main result, we need to introduce some necessary definitions.

We write
A .1 2
/\/lf(w;/-i):mumﬂ(w—v) + f(v), (3.7)

for the Moreau envelope of a function f : R — R at + € R with parameter x > 0 [2].
We also define the following min-max optimization over eight scalar variables. Denote

v = (a, T, w, i, 72, B,7,n) and define f : R® — R as follows:

2 2 2

\ A W'To o af T2 BT /e
= — ——C _——_— _— e ———
F¥) = —yw =2 % 2 9 T 5w

where C' = Z and ¢ (defined in Assumption 3.2.2) for GMM and GLM, respectively. We

introduce the following min-max objective based on the eight scalars,

min max f(v)+E {ML (ZOW —w; E)}

()!77'17’UJER+, 72757’YE]R+7 /B
pER neR
af an ., ey
+epvE |:M£1+et:'y€% (TZ\/é_LH + _TQD T L )} , (38)

where D 2 (2L and ¢2 for models (3.2) and (3.3), respectively, H ~ N(0,1) and

83



Adversarial Training with High-dimensional Linear Models Chapter 3

(T, L,V) ~ II where II was defined in Assumption 3.2.3. We also let for convenience

Va2 + p2C2 G+ pC? for GMM,
N

aG + uCS - ¥(¢S) for GLM,

Zau (3.9)

where G, S id N(0,1). Notice that the objective function of (3.8) depends explicitly on
the sampling ratio 6 and on the training parameter ;.. Moreover, it depends implicitly
on @7 and A, via T and L, respectively, and on the specific loss £ via its Moreau
envelope. The nature of allowed perturbations (the {-type) is reflected in (3.8), via the
Moreau-envelope of the dual-norm (the ¢; norm).

We are now ready to state our main result in Theorem 3.3.1, which establishes a

relation between the solutions of (3.8) and the adversarial risk of the robust classifier 6,.

The proof is deferred to Appendices 3.8.1 and 3.8.1.

Theorem 3.3.1. Assume that the training dataset {(x;,y;)}i"y, is generated according to
either (3.2) or (3.3) with diagonal covariance matrices satisfying Assumptions 3.2.1-53.2.3.
Consider the robust classifiers {6,,}, obtained by adversarial training in (3.6). Then, the

high-dimensional limit for the adversarial error &, N (én), converges to,

M) or GMM
Q( \/m f ) (310)

P(,u*CS@Z)(CS) FarG < w—) for GLM,

£

where Q(-) denotes the Gaussian Q-function and (o*, u*, w*) is the unique solution to the

scalar minimax problem (3.8).

The asymptotics for adversarial error in Theorem 3.3.1 are precise in the sense that

they hold with probability 1, as m,n — oo. In the following section, we demonstrate the
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precise theoretical values and the corresponding numerical values.

3.3.2 Numerical Illustrations

In this section, we illustrate the theoretical predictions for various values of the different
problem parameters, including 6 = m/n and the attack budgets ey, and ei. For numerical
results here, we focus on the hinge-loss i.e., £(t) = max (1 — ¢,0) and on the GMM with
isotropic features; thus L has a unit mass at 1. Additional experiments on GLM are given
in Appendix 3.7. We further assume that T is standard normal and fix regularization
parameter A = 10~%. To solve (3.8), we derive the solution of the corresponding saddle-
point equations (derived in Eq. (3.60) in Appendix 3.8.1) by iterating over the equations
and finding the fixed-point solution after 100 iterations. For the numerical results, we set
n = 200 and solve the ERM problem (3.6) by gradient descent. The resulting estimator
is used to compute the adversarial test error by evaluating (3.4) on a test set of 3 x 10°
samples. We then average the results over 20 independent experiments. The results for
both numerical and theoretical values are depicted in Figures 3.1-3.2. Next, we discuss

some of the insights obtained from these figures.

Impact of § on standard/adversarial errors. Figure 3.1 depicts the adversarial and
standard errors as a function of § = m/n. We compare the results of adversarial training

with the Bayes optimal error. Formally, the Bayes Adversarial Error is defined as

& -.(OPT) £ min Exy [ max

1 . 311
o Y L8l Se (o x+0)} (3.11)
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Figure 3.1: Adversarial/Standard test error based on 6 := m/n. Solid lines correspond
to theoretical predictions while markers denote the empirical results derived by solving
ERM with vanishing regularization(r = 10~%) using gradient descent. The dashed lines
denote the Bayes adversarial error (left) and the Bayes standard error (right). Note that
the adversarial error of estimators obtained from adversarial training, approaches the
Bayes adversarial error as ¢ grows.

For the Gaussian-mixture model (3.2) under an ¢, attack with budget ¢, the Bayes

adversarial error is derived as follows|83]:

€1,(OPT) = Q16" — ™[5 ), (3.12)

where p* = arg min [|0* — pl|%_..
llmllq<e "

The dashed lines in Figure 3.1 show the Bayes Adversarial Error, derived according to
(3.12) for € = g5/ /1.

Note that both errors decrease as the sampling ratio § grows, with the adversarial error
approaching the Bayes adversarial error of the corresponding value of . In Appendix
3.8.3, we formally prove that for ¢y attacks bounded by ey € [0, 1], the robust error
achieved by adversarial training with any &, € [0, 1] converges to the Bayes adversarial

error in the infinite sample-size limit i.e., when 6 — oo. More generally, in light of
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Figure 3.2: Theoretical (solid lines) and Empirical (markers) results for the impact of
adversarial training on the adversarial test error for e = 0.5 (Left) and ey = 0.9 (Middle).
The blacked dashed lines denote the Bayes adversarial error for the corresponding values
of 5. The colored dashed lines depict the optimal value of each curve. Note that the
optimal value of ¢, decreases as d grows. Right: Impact of adversarial training on the
standard test error, illustrating that adversarial training can improve standard accuracy.

comparison between the error formulae of Theorem 3.3.1 and the Bayes adversarial error,
Figure 3.1 provides a means to quantify the sub-optimality gap of adversarial training for
all values of the oversampling ratio 6 > 0 and for different values of the adversary’s budget.
A related study was performed in [99], but therein the authors derive error bounds for
a simple averaging estimator. Instead, our analysis is precise and holds for the broader
case of convex decreasing losses. Next, we comment on the shape of the error curves
as a function of the sampling ratio. Note that a second sharp decrease in standard and

adversarial errors appears right after an separability threshold ¢ Sy which we define as

the maximum value of § for which the data-points are ({, f/t%)—separable (for definition,
see the discussion on Robust Separability in Section 3.5). This constantly decreasing
behavior of the error is in contrast to the corresponding behavior in linear regression with
(5 perturbations and ¢, loss analyzed in [78|, where error based on ¢ starts rising after the
first decrease and then again decreases as § grows. This double-descent behavior can be
considered as extension of the more familiar double-descent behavior in standard ERM

(first observed in numerous high-dimensional machine learning models [100, 11, 101]),
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to the adversarial training case. Finally, we highlight the following observation from
Figure 3.1a: For highly over-parametrized models (very small §), standard accuracy
remains the same for different choices of €. As § grows, adversarial training (perhaps
surprisingly) seems to (also) improve the standard accuracy. However, for very large ¢,
increasing &, hurts standard accuracy. These observations are consistent and theoretically
validate corresponding findings on the role of data-set size on standard accuracy that

were empirically observed in [89] for neural network training with non-synthetic datasets

such as MNIST.

Impact of e, on standard/adversarial errors. Adversarial and Standard error
curves based on the hyper-parameter ¢, are illustrated in Figure 3.2. Note that the
adversarial error behavior based on &y, is informative about the role of the data-set size on
the optimal value of ¢,. Figures 3.2a-3.2b show that the optimal value of &, is typically
larger than €. Also note that as § gets smaller, larger values of ¢, are preferable for
robustness. As detailed in Appendix 3.7, this behavior is also observed in real-world
experiments with the MNIST dataset. Figure 3.2¢ illustrates the impact of £ on the
standard error, where similar to Figure 3.1b, we observe that adversarial training can
help standard accuracy. In particular, we observe that in the under-parameterized regime
where 6 > ¢ n (as we will define in Section 3.5), adversarial training with small values
of ey, is beneficial for accuracy. As ¢ increases, such gains diminish and indeed adversarial

training starts hurting standard accuracy.

3.3.3 Proof Sketch

The complete proof of Theorem 3.3.1 is deferred to the appendix. Here, we provide

an outline of the key steps in deriving (3.8) and (3.10).
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Reducing (3.6) to a minimization problem. For a decreasing loss function, picking
d; & —y;sign(0,) ei:/+/n, optimizes the inner maximization in (3.6). Therefore, (3.6) is

equivalent to,

m

. Etr
n;;ln;c(yi (xi,0,,) — ﬁuenul) + A [16.1% (3.13)

From (3.13), we can see now why the specific normalization of &, is needed in (3.6).
Recall that (for model (3.3), for instance), x; ~ N (0, X,,) and \|0;H2i> 1. For simplicity
assume here that ¥, = I,,. For fixed 0, the argument y;(x;, @) behaves as ||@]/259(S),
where S ~ N(0,1). Thus, for s that are such that ||@]|o= ©(1) (which ought to be the

case for “good" classifiers in view of ||@| 2= 1), the term y;(x;,80) is an ©(1)-term. Now,

thanks to the normalization 1/4/n in (3.6), the second term = ||@||; in (3.13) is also of

u
the same order. Here, we used again the intuition that ||@||;= ©(y/n), as is the case for

the true 8*. Our analysis formalizes these heuristic explanations.

The key statistics for the adversarial error. Our key observation is that the
asymptotics of the adversarial error of a sequence of arbitrary classifiers {6,,}, depend on
the asymptotics of only a few key statistics of {8, }. This is formalized in the following
lemma. The proof is deferred to Appendix 3.8.1. Similar to before, there is nothing

special here to ¢ = 0o, so we state this result for general q.

Lemma 3.3.1. Fiz g > 1 and let ¢, denote the dual norm of {,. Let 5,*; = 271/29;; for
data model (3.3) and /0\5 = 251/20; for data model (3.2). Further, for both models, define
projection matrices ©,, and O+ as follows, ©,, = bngET/HbgHg, 0L £1, — ©,. Further,
let ¢ and €' (possibly scaling with the problem dimensions) be the upper-bounds on norm of
the adversarial perturbation during training and test time, respectively. With this notation,
assume that the sequence of {0,,} is such that the following limits are true for the statistics
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1/2 1/2
10,1, . 10,2728, 12 and |6, /%8,

P 1 P
{el6n]l,} = w, EUK%Ey%%M}—%%

{leLs126,],} & a,

where C' = C, ¢ for GMM and GLM, respectively. Then, in the high-dimensional limit, the

adversarial error converges to,

Q (—“622112)8//2) for GMM,
V#iTa (3.14)
P(Mgs B(CS) + aG — we' e < o) for GLM.

The detailed proof of the lemma is deferred to the appendix. There are essentially two
steps in establishing the result. The first is to exploit the decreasing nature of the 0/1-loss
to explicitly optimize over ;. This optimization gives rise to the dual norm |6, ||,. The
second step is to consider the change of variables 6, = 0~n £ 271/ %9, and decompose
§n on its projection on E%/ 20; and its complement. In the notation of the lemma,
§n = @ngn + @ﬁgn The Gaussianity of the feature vectors together with orthogonality of
the two components in the decomposition of 8,, explain the appearance of the Gaussian
variables S and G in (3.14). When applied to {-perturbations, Lemma 3.3.1 reduces the

goal of computing asymptotics of the adversarial risk of §n to computing asymptotics of

the corresponding statistics ||251/2§n||1, 1©,6,]|2, and (|06, 2.

Scalarizing the objective function. The previous two steps set the stage for the
core of the analysis, which we outline next. Thanks to step 1, we are now asked to
analyze the statistical properties of a convex optimization problem. On top of that,

due to step 2, the outcomes of the analysis ought to be asymptotic predictions for the
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quantities HE;l/QénHl, 10,0, ||> and [|©6,,||5. However, note that the term H2;1/2§n|\1
appears inside the loss function. In particular, this is a new challenge, specific to robust
optimization compared to previous analysis of standard regularized ERM. Moreover,
both of the terms HE;l/anHl and HE;l/zgnH% are not decomposable based on ||©,,6,]|»
and [|©18,2, due to the presence of the term 3,2, The first step to overcome these
challenges is to identify an appropriate minimax Auxiliary Optimization (AO) problem
that is probabilistically equivalent to (3.13). The second crucial step is to scalarize the
AO based on an appropriate Lagrangian formulation. Finally, we perform a probabilistic
analysis of the scalar AO. This results in the deterministic minimax problem in (3.8). See

the appendix for details.

3.4 Main Results for /5 Perturbations

When ¢ = 2, the min-max problem is equivalent to the following, by choosing the

optimal choice 8; = —y;£,0/]0|2,

0, M 4

1
min — E L (yi (xi,0,) — eicl|nll2) + X602 (3.15)
i=1

Here, we assume {X,} to be a sequence of positive definite matrices. Denote v =

(o, 71, T3, W, f1, T2, 3,77,n) and define g : R — R as follows,

2 2
~\ A H-T2 o af ATy B
& P22 P T2, PN
9(v) = —yw =2 % 2 2
2
?7 o 5tr77-3
+77M 27202 + 2 ’
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where recall that C' £ E and ¢ for GMM and GLM, respectively. With this notation, we

introduce the following min-max problem,

min max ¢(v)+E [Mz: <Za,,u —w; E)]

a7T17T3vw€R+ T271877€R+9 /8
pER neR
C4,82 ~
2.2 —+ L
N« EtrY 25
+ 2,4 +r EL 3 ozn+2’r ro ’ (316)
TyC% \ 273 StrYOToTITe — S+ L

where we define L £ 1 /L and L for GMM and GLM, respectively and the random

variables L and Z, , are defined same as in (3.8).

Theorem 3.4.1. Consider the same setting as in Theorem 3.3.1, only here assume
that ¢ = 2 and {X,} are positive definite matrices(not necessarily diagonal) satisfying
Assumptions 3.2.1-3.2.5. Let (a*, u*, w*) be the unique solution to the minimax problem

(3.16). Then, the high-dimensional limit for the adversarial error (&27&5(4/9\”) ) converges to

M) or GMM
Q( \/m f ’ (317)

P(u*gsw(gS) TG < w—> for GLM.

Proof of Theorem 3.4.1 is deferred to Appendix 3.8.2. Compared to Theorem 3.3.1,
note here that the asymptotic prediction only depends on the total energy of 8*(which
was assumed to be 1 in Assumption 3.2.2) and not on its empirical distribution 7". We
present numerical illustrations on fy-attacks in Appendix 3.7, where we also discuss how

the data-set size and attack budgets, affect the adversarial and standard test errors based

on Theorem 3.4.1.
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3.5 Further Discussions

Remark 3.5.1 (Training with no Regularization and Robust Separability). An instance of

special interest in practice is solving the unregularized version of the min-max problem:

m

min ) max L (y; (x; + 0:,6,)) . (3.18)

6n M |81l

Following the same proof techniques as above, we can show that the formulas predicting
the statistical behavior of this unconstrained version are given by the same formulas as in
Theorem 3.3.1 with » = 0 and also provided that the sampling ration ¢ is large enough
so that a certain robust separability condition holds. In what follows, we describe this
condition. We start with some background on (standard) data separability. Recall, that
training data {(x;,y;)} are linearly separable if and only if 30 € R™ such that for all

training samples y;(x;,0) > 1. Now, we say that data are (¢,,¢)-separable if and only if
10 € R" st yi(x;,0) — |0, > 1, Vi € [m].

Note that (standard) linear separability is equivalent to (¢, 0)-separability as defined
above. Moreover, it is clear that ({,, ¢)-separability implies (¢,, 0)-separability for any
¢ > 0. Recent works have shown that in the proportional limit data from the GLM
are ({,,0)-separable if and only if the sampling ratio satisfies 6 < d,, [1, 48, 55, 102| for
some d,, > 2. Here, the subscript ¢ denotes dependence of the phase-transition threshold
0y on the link function 1 of the GLM. We conjecture that there is a threshold 6y . m,
depending on ¢, the link function ¢ and the probability distribution IT such that data
are ({,, )-separable if and only if § < dy 1. We believe that our techniques can be used
to prove this conjecture and determine ¢y . 11, but we leave this interesting question to
future work. Instead here, we simply note that based on the above discussion, if such a
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threshold exists, then it must satisfy dy . < dy 011, for all values of €, and in fact it is a
decreasing function of €. Now let us see how this notion relates to solving (3.6) and to our
asymptotic characterization of its performance. Recall from (3.13) that the robust ERM
for decreasing losses reduces to the minimization ming y ., L(y;(x;, 8) — ¢|@]|,,). Thus,
using again the decreasing nature of the loss, it can be checked that the solution to the
objective function above becomes unbounded for 8 such that the argument of the loss is
positive for any ¢ € [m]. This is equivalent to the condition of (¢, €)-separability. In other
words, when data are ({,, €)-separable, the robust estimator is unbounded. Recall from
Section 3.3.3 that the minimax optimization variables w, i, a represent the limits of ||0An|| P
H@nE,l/2§n]|2, and H@}LE}/Qé\nHQ. Thus, if 6, is unbounded, then w*, ii*, o* are not well
defined. In accordance with this, we conjecture that the minimax problem (3.8) for » =0
(corresponding to (3.18)) has a solution if and only if the data are not (¢,,¢)-separable,
equivalently, iff 6 > 4, .. Equivalent results are applicable to the Gaussian-Mixture

models.

Remark 3.5.2 (On Statistical Limits in Adversarial Training). The asymptotics in (3.17)
imply that for ¢, perturbations and isotropic features, since w* = /a*? + p*2, the errors
depend on the ratio o*/p*. In fact, it can be seen that smaller values of the ratio lead
to smaller adversarial error. This leads to an interesting conclusion: In order to find the
hyper-parameter e, that minimizes the adversarial error, it suffices to tune e, to minimize
the ratio o /p*. A similar conclusion can be made for the case of /., perturbations, by
noting from (3.10) that the adversarial error is characterized in a closed form in terms
of (a*, u*,w*). In view of these observations, our sharp guarantees for the performance
of adversarial training open the way to answering questions on the statistical limits and
optimality of adversarial training, e.g. how to optimally tune ey, ? How to optimally choose
the loss function and what is the best minimum values of adversarial error achieved by

the family of robust estimators? How do these answers depend on the adversary budget
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and/or the sampling ratio 6 ? Fundamental questions of this nature have been recently
addressed in the non-adversarial case based on the corresponding saddle-point equations
for standard ERM, e.g., |58, 41, 49, 103, 53, 77|. Theorems 3.3.1 and 3.4.1 are the first

steps towards such extensions to the adversarial settings.

3.6 Conclusions and Future Directions

We studied the generalization behavior of adversarial training in a binary classification
setting. In particular, we derived precise theoretical predictions for the performance of
adversarial training for the GLM and GMM. Numerical simulations validate theoretical
predictions even for relatively small problem dimensions and demonstrate the role of
all problem paramters on adversarial robustness. Finally, we remark that the current
analysis can be extended to general convex regularization functions building on our ideas.
An interesting future direction is analyzing adversarial training for Random Features
[104] and Neural Tangent Kernel [105] models. One other natural question is considering

attacks other than ¢;,-norm attacks considered in this chapter.
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3.7 Additional Numerical Experiments

Experiments on ¢/, attacks and GLM

In this section, we complement the numerical illustrations of Section 3.3.2, by consid-
ering the case of Signed measurements as well as extending to the {s-perturbations case.
We focus on the Hinge-loss and for simulation results we set n = 200, A = 0,3, =1, and
average the results over 20 experiments. Figures 3.3a-3.3b depict the adversarial /standard
errors for the signed measurements. Notably, based on Figure 3.3a, one can observe
that adversarial attacks are successful in GLM, as for a fixed 9, adversarial training does
not seem to improve noticeably the adversarial error (the error bars are obtained by
10 experiments). However, note the critical role of data-set size on both standard and
adversarial errors as depicted in Figure 3.3b. Similar to the GMM, here we also observe
that both adversarial and standard errors are decreasing based on ¢ in both cases of
q = 2,00.

Figures 3.3c-3.3d depict the error curves for the GMM and ¢ = 2. Perhaps surprisingly,
here we see that more aggressive adversarial training improves the standard error as the
error curve is strictly decreasing with respect to e,. We also highlight that unlike the
q = oo case where there was a finite optimal choice of ¢, here increasing &, always
helps the robust accuracy. Note also the role of § on error curves, especially by increasing
0, both errors decrease and notably the adversarial error approaches the Bayes optimal

error. For a formal proof of this phenomenon, see also the discussion in Appendix 3.8.3.

Universality in Adversarial Robustness

Thus far, we focused on Gaussian data. One may wonder whether our theoretical

results extend to other data distributions. We conjecture that our results enjoy the
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Figure 3.3: Adversarial and Standard Errors for the Signed model (Top) and the Gaussian-
mixture model (Bottom). The dashed lines denote the Bayes adversarial error for the
corresponding values of &.

universality property, i.e., the same asymptotic formulas in Theorem 3.3.1 and Theorem

3.4.1, hold when data is sampled from a sub-Gaussian distribution. Figure 3.4 illustrates

the empirical results for the adversarial and standard error of Gaussian-mixture model as

well as a model obtained by the mixture of Rademacher distributions, i.e.,

x|y ~ 10 + pi,

P(%‘
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Figure 3.4: Empirical results for Rademacher(squares) and Gaussian(circles) data dis-
tributions in a generative data model alongside the theoretical curves. Here ¢ = oo
and e, = € = 1. The perfect match between theory and experiments supports the
conjectured universality property in adversarial training.

where each entry of p; € R" is distributed iid from Rademacher distribution. Note the
perfect agreement between theory and simulation for both standard and adversarial errors,
which supports the universality conjecture. For standard ERM, the universality property
has been studied in numerous recent works e.g., see [106, 107, 108]. Extending such

results to the adversarial training case is left for future work.

Experiments on MNIST

We present experimental results to demonstrate the adversarial error of linear clas-
sification beyond synthetic data. Specifically, we consider the /., robust classification
with hinge-loss for the ‘0’ and ‘1’ digits of the MNIST dataset, which has a dimension of
n = 784. Both classes’ data points are shifted and normalized, so that Xy = —X(1) and
1X0)]|= [IX)l|= 1, where X(o), X(1) are the empirical mean vectors of each class. Figure 3.5
displays the results for the adversarial error for two attack budgets at test time, denoted
by ei. Similar to the findings in Figure 3.2a-3.2b, we observe that increasing the sample

size m leads to a decrease in the optimal e, (which optimizes the adversarial error).
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Figure 3.5: Adversarial error in binary classification of digits ‘0’ and ‘1’ from the MNIST
dataset, while using Hinge-loss and setting ¢ = oo. The results shown represent the
averages from 10 experiments. Note that the optimal e, decreases as the sample size
increases.

Furthermore, we observe that for sufficiently large m, the optimal ey, is approximately

equal to .

3.8 Proofs

3.8.1 Proofs for Section 3.3

In this section, we provide an asymptotic analysis for adversarial training with /.
perturbations. First, we consider the case of general X,, and then show how our theoretical
results simplify when X, is diagonal and when ¥, = I,,. We focus on Generalized linear
models (3.3). The corresponding analysis for Gaussian-Mixture models (3.2) is deferred
to Section 3.8.3.

We begin with proving the key statistics required for the high-dimensional asymptotics.
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Adversarial Error of an Arbitrary Estimator

In the following lemma, we characterize the asymptotic adversarial error under ¢, ¢ > 1
perturbations of an arbitrary sequence of estimators {6,,}°°, (where 8,, € R"), in terms of
the high-dimensional limits for the key statistics ||@,]],, 10,3:/%6, > and ||@#2}/20n||2,
where p is such that 1/p + 1/q = 1. We assume that the adversary has budget .

First, we formalize the adversarial test error in the next lemma, which is a restatement

of Lemma 3.3.1 specialized to GLM.

Lemma 3.8.1. The high-dimensional limit of the adversarial test error for the Generalized

Linear models with a given sequence of classifiers {0,,} is given as follows,

Ly,

(ectg )y s P(u( S-(CS) + aG — ue < o) (3.19)

where G, S ud N(0,1) and provided that

HET—Ll/fO‘;

T (0.0.)/10:5 |06,
for £y-norm denoting the dual of the {,-norm, 6, £ %%, 55 = 2}1/202 and O, € R™"
defined as follows:
Or 21, -06,, @né@.
167113
Moreover, in the special case of ¢ = 2 and X, = I,, by denoting ¢ = o/, (3.19) simplifies

to,

(3.20)

(£51M(9,)} L5 P (—sw(s ) +0G _ 5) .

o2 +1
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Proof: First, for 8,, # 0 note the following chain of equalities:

max 1 - = max 1
[8llgze - WTIRREEOOI} T s TGO (0.00) <0}

= 1{y<X79n)+miﬂ\|5||qgs y(8,0n) <0}

= L{y(x,0,)—¢)0. <0}

where in the last line we used the fact that ¢, is the dual norm of ¢, norm. Thus, we can

write

Ex, | max 1{y¢sign<x+5,en>}} = P(y # sign ((x,6,) — ye|6,},) )

7 Ll8llg<e

= P(y(x, 0) — =)10ull,< 0)

—P(y (%, 0.3120,) + y (x, 6 L/26,) — 2[|6,],< 0)

(
(
—P(y (x,2}/%6,) — ]6,],< 0)
(
(

_P(y <>-<, @n5;> ty <>-<, @;§;> — =2, ),< o),

(3.21)

Where x is a standard Gaussian vector. Also, for the labels y we have,
y =1 ((x,60,) = ¥((%,6;)) = ¥((x,0,6;)).

Now, by Gaussianity of X and since 0,0+ = 0,0, + O =1, we find that (x, @n@;> and
y are both independent of (X, @#b;} Therefore, we can replace (X, @#b;} by (X, @#/9;)

for some standard Gaussian vector x independent of X. Then, by rotational invariance
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of x and since y is independent of it and takes values +1, yiT@fL@; is distributed as

)?T@#@;. But, again by rotational invariance of the gaussian distribution, we have that

for G, 5 54 A0, 1),

(x.00;) ~ [6:]. 5.
(%,010,) ~ |0:0,:G.

<>—<, @b}> — @ <>—<,67> ~ @\@HQS

— x —
167113 165113

Next, recall that ‘55

= 0:'%,0% — ( based on Assumption 3.2.2 and note
2
the lemma’s assumptions on convergence of ]|2;1/2@;|]p, (b:, b%>/|\§;‘:H§ and H@l@;Hg.

Combining with the above, we deduce that,

y = (S, <>‘<, @n§;> L ucs, <>—<, @¢§;> RV (3.22)

Putting this together with (3.21) gives the limit in (3.19) for GLM. To derive (3.20),
note that when ¢ = 2 and X,, = I,,, it holds that ( =1 and u = y/a? + p? due to

18,2 10,8, + O, 2= /10,0, 13+ 0+6, 13 2 /a7 + 12
This concludes the proof.

Case I: Correlated Features with General Covariance Matrix

For all x € R",7,C € R, and a PD matrix S € R"*", we define,

.1 2
Mpcps) (57 2 min o [S2 =y, + Iyl + vl (3.23)
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Assume that the PD covariance matrix ¥, and the true vector @ satisfy the following
limit for all constants ¢y, co, c3, ¢4 € RT x RT x R x R*, and the standard Gaussian vector
h € R",

1 _ N P -
EM (£1+C1£§72n) (622n1/2h + 03\/ﬁt9n; C4> — ]\4Cl (Cg, C3, C4) , (324)

for a function M : R® — R.
Following the same notation as in (3.8), we introduce the following min-max objective
based on eight scalars,

min max f, (V) + Eggs {/\/ll; (OzG + ¢ S(¢S) ; T1>}

— w R
o,71,weERL, 72,8,7€ER,, B
S

HER n
af  an O%u)
7'2\/5 7T2C2’ T2 '

+€tr7M r (

YEtr

(3.25)

Theorem 3.8.1. Assume that the training dataset {(x;,y;)}i"y, is generated according to
Generalized Linear models (3.3) with PD covariance matrices satisfying Assumptions 3.2.1-
3.2.53. Consider the sequence of robust classifiers {én}, obtained by adversarial training in
(3.6) with a convex decreasing loss function £ : R — R. Then, the high-dimensional limit

for the adversarial test error (8400’6%) is derived as follows,

{5&% (én)} r, IP’(M*C SB(CS) + a*G < wrers /gtr), (3.26)

vn

where (*, p*, w*) is the unique solution to the scalar minimax problem (3.25).

Proof:  Recall that for the GLM we have x; ud N(0,%,,). Therefore, the decreasing
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nature of the loss leads to the following simplification in (3.13):

m

1
0,:= min max — Y L(y(x;+8;,6,))+ 6,3 (3.27)

0,€R" [illnoze T 4=
i€[m] n

)

:IM1_§:£%Xwn —]|0nl1) + Al|6.]]3

0,cR™» M,

0, —ZE — l|8all1) + A6. 2. (3.28)

yv.x Bn i=1

In the last expression above, we have introduced additional variables v;. This redundancy
will allow us to write again the optimization as a minimax problem, but this time in a
different —more convenient in terms of analysis— form compared to (3.27). Specifically,
the minimization in (3.28) is equivalent to the following:

1 m
i —N C 0, i (yi (%, 0,) —v;) + A[6,]3. (3.29
min _ max nl;é; (vi — £[|6n]]1) j{:u (yi (%3, 0n) — vi) + Al|On]l5. (3.29)

0, €R" vER™ ucR™

We introduce the variable 9 = 21/20 and X; = EEI/QXZ thus x; iid (0,1,). Based on

the new notation, (3.29) can be rewritten as:

min  max —ZC( —8”2

f,€R",veRm UER™

)+ 55 o) )

+A Hz; (3.30)

Next, we define the projection matrices ©,, 0 € R™" based on /0\7*: = 207*1 as follows,

~~T
06

0,2 " O,=1,—06,.
0*
’ "o
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Since ©,, + O =1,,, we deduce that (3.30) is equivalent to,

0,€R" veRm UER™

1 & —~
| LS (o=,
min max mlzl: v n

1 & ] — —
) - — Zuivz‘ + — Zuzyz <5<z‘, @n9n>
! me3 ma3
(3.31)

2
) .

1 & —~ —~
- 191 _i7@l0n> )\ Hzil/zan
+— ;u y <X v6,) + ||

Splitting 5; based on ©,,0+ has two purposes. First it immediately reveals the two
terms ||®n/0;||2 and ||@Tf/0;||2 of interest to us in view of Lemma 3.8.1 . Second, as we
will see, it allows the use of the CGMT.

For compactness we write (3.31) in vector notation,

<u, yX@nb‘;> <u, YXele,

~_—

1) ~
min  max —=% (v —€ HE;UQHH lm) — (. v) + +
0, cRn yeRm UER™ M 1 m m m
2
+A HE;”29n , (3.32)
2

where

(v) 2 [L(v1); L(va); -5 L(vm)] € R™,
Y £ diag<y17 Y2, -, ym) S Rmxm7

X2 ;% %) ] € R™™, (3.33)

Before proceeding, we recall our main tool the Convex Gaussian Min-max Theorem
[?, 7, 7] which relies on Gordon’s Gaussian Min-max theorem. The Gordon’s Gaussian

comparison inequality [3] compares the min-max value of two doubly indexed Gaussian
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processes Xy u, Vw,u based on how their autocorrelation functions compare,

Xy 2 u'Gw +T'(w,u), (3.34a)

)

YVw.u £ ||w||2gTu + ||u||2hTW + ['(w,u), (3.34b)

where: G € R™*" g € R™, h € R”, they all have entries iid Gaussian; the sets Sy, C R"
and S, C R™ are compact; and, I' : R” x R™ — R. For these two processes, define the
following (random) min-max optimization programs, which we refer to as the primary

optimization (PO) problem and the auziliary optimization (AO).

®(G) = min max Xy u, (3.35a)
WESw u€Su ’
¢(g,h) = min max Yy.u. (3.35b)

According to the version of the CGMT in Theorem 6.1 in [5], if the sets Sy and S, are
convex and 1 is continuous convex-concave on Sy, X Sy, then, for any v € R and ¢t > 0, it
holds

P(|®(G) —v| >t) <2P(|p(g,h) —v| > t). (3.36)

In words, concentration of the optimal cost of the AO problem around p implies concen-
tration of the optimal cost of the corresponding PO problem around the same value pu.
Moreover, starting from (3.36) and under strict convexity conditions, the CGMT shows
that concentration of the optimal solution of the AO problem implies concentration of
the optimal solution of the PO to the same value. For example, if minimizers of (3.35b)
satisfy ||w*(g,h)||s — ¢* for some (* > 0, then, the same holds true for the minimizers
of (3.35a): ||[Ww*(G)|l2 = ¢* (Theorem 6.1(iii) in [5]). Thus, one can analyze the AO to

infer corresponding properties of the PO, the premise being of course that the former is
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simpler to handle than the latter.

Returning to our minimax problem (3.32), we observe that the objective is convex in
(5;, v) and concave in u. Also note that the term Y X @né; is independent of Y X @#@;
as the entries of Y depend only on X©,, which is orthogonal to X©2, i.e., based on the

definition of ©,, we have
v = 0(x] 0}) = V(X[ 6;) = (%] ©,6;).

Therefore, along the same lines as in the proof of Lemma 3.8.1, we can substitute
X6t by X OL for a standard Gaussian matrix X that is independent of X and everything
else in the objective of (3.32). Thus, we can use CGMT for PO in (3.32) with the choice

— 1T —
r ({Gn,v},u> 2 m (V —€ HE;l/QGn
m

| 1m) - (u,v) . <u, YX@nE;>

2
m m 2’

s

With this, we derive the following AO for (3.32),

1 _ <u, YX@n0n>
min  max —=% (V —¢ HE;l/Qﬂn 1m) — (u, v) +
0, cRn,veRm UER™ M 1 m m

u'vgleze,

, , 1Y la(b.©:8,)

m m

+

—~ 12
+A Hz;l/zen
2

. (3.37)

where g € R™, h € R" have entries i.i.d. standard normal. Note that similar to [5]
and despite the fact that we are working with finite dimensional matrices now, we will
consider the asymptotic limit at the end of the approach. Thus as the final optimization
has a bounded solution in the high-dimensional limit, we can relax the assumption of
compactness of the domain of optimization which is needed for CGMT.

To proceed, we observe that Yg ~ N(0,1) and ||[u'Y = |[ullz. So, next we can
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optimize w.r.t u to find that:

e L) <u, YX@n@Z> .\ (u,g) H@,{OZ - HuH2<h, 9i5;>

ucR™ m m m m
5(h,0}8,

J*%
5(h,0:6,

1 _ o~ —
= max — <u, -v+YX06,0,+g H@,ﬁon

werm,l2lz g m

:maux;i H—v +YX0,0, +¢g H@{OZ

ﬁ€R+ \/m

2
Hence we replace this in (3.37) to simplify the objective as follows,

: 1, ~
_ min  max — (V —€ HE;I/QO,L
0,cRn . veRm BERL M

2112

11m> + \/% H—vJFYX@nﬁqugH@ib\;

5(h,6:0,)

e z . (3.38)

' [z,

inside the loss function. For

Next, our trick is to dualize the the term & HE#/Q@;
1

this, we first introduce an extra optimization variable w > 0 along with the constraint

w =€ 251/2/0\;

and then turn this into an unconstrained min-max problem. This
1

yields the following equivalent formulation of (3.38),

1 12_” ( 1 ) + 5 H
min max —(V—w —_— || —
G.cR" veRm BERL M " /m

w=el[= ]|

v+YX0,6,+g H@ﬂ;

2‘2

5(h,6:6,)

—~ 12
+ + A HE_I/Qen 3.39
/M n 2 ( )
1 — 9
o Bmun e (] ) o]
0, €R" veR™ weR, B1ER+ M 1 )

. NG (3.40)

+ % H—ijYX@n@ZJrgH@ibz

2
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The key reason behind this reformulation is to allow optimization with respect to 6,
which is the primary variable of interest in the objective function. As we will see, our
goal is optimizing with respect to the direction of @ib; and @nb\;, which according to
Lemma 3.8.1 comprise the terms parametrizing the adversarial error of the estimator

6,,. To do this, we introduce the slack variable p,, for 5; (equivalently p,, for 6,, where

pn 2 S.125.) and rewrite the optimization problem (3.40),

. 1’ . o
~ min max ——(v —wl,,) + (g HZT—Ll/an _ w) + A HET—LI/29n
0,€R" veR™ weR; B7ERL M 1 )

st. 20 %0,=p,

5(h,6:6,)

B co A 1
T
— min max —m(v—wlm)—7w+57||221/2mH1+7’H251/2muz

Pr.On€R" veR™ weR BYERL AER™ 1M

—

(B s Lo el | )

L

(3.41)

2

— 2
In (3.41), we applied the Lagrangian method to both of terms HEEIQON

and Hz;l/ﬁ
1

2
This is essential to scalarizing the objective function based on ©,0,, and @i@n, which is

our next step. As a remark and as we will see in Section 3.8.1, only in the special case of

3., = 1I,, it is possible to apply the Lagrangian to the /; norm and simply decompose
1613 as

16113 = 11080, + [10564ll5.

Now, we can finally optimize w.r.t the direction of @#@; First, note that

(v )= (o (5 0)) + (rei) - ().
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With this decomposition, we can optimize w.r.t. G)f;@; as follows,

5(h,6.6,)

. A\ B . .
min — —,@i9n> +— H—V—FYX@nen—i- H +
Ny <\/ﬁ 8 21l Jm
A B o
_ min @Le > H—v +YX0,0, +a H
e%é;em||@#e~n||2:a< \/_ \/ vm &ll,
Ox B
~ mi _OhA L D gy —H VX H 42
min —a o + —m@" + v+YX0,0, +ag (3.42)

By replacing (3.42) in (3.41) we have,

-
min max (v —wl,) —yw+ey||X, 125
ﬁ;,@né\;ER”,veRm,w,aeR+ BYERL,AER™ m< ) 7 7” p Hl
A .~ 2 A —
_7671( n_0n> 2_1/2 n _’@L n
SEDY
—al|l— \/nﬁ —f—%@ﬁh —I——H -v+YX6,80, +ong (3.43)

We replace ¢ with e, /y/n specialized to the case of ¢ = 0o. Such normalization is
necessary to guarantee the boundedness of the solutions to (3.43) when &, = O(1). To
continue, we will use the same trick as in [?| that = min,cg, % + 5 for every x € R,.

Thus we may rewrite the last two terms based on the squared ¢5 norm by introducing
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two new variables 71, 75 € R, to obtain the following new objective,

-
. gtr'y — —
~ min max —m(v—wlm)—”yw—l——HEnl/Qanl
P1,O0n0, ER™ vER™ w,a, 71 ER 4 72,8,7€ER4,AER™ M \/ﬁ

A — — A —
(om0 (B-0)) + rlmeal <%,@m>

Q 15} QTo B
_oias Lol o ‘
219n nAt NI R 2 T orm 2mm 2
(3.44)

where we also used the fact that m/n = §. By the following chain of equations, we

simplify the maximization with respect to A,

- L h
;IéaR},g <\/ﬁ’@npn> 2 N @ A+ \/g@

B 7-2pn\/_
oF (Wh A+ " )

()

L= af
@n (pnﬁ_l_ 7'2\/(_5}1)

2

= Imax —_—
AER” 2n72

QmTQ ~losn|:+ <% NS 5ﬁ>> (3.45)

0! (%h—AJrT?bZ\/ﬁ) 2 “n)|

sl + (%20, (5 -0,) ) .40

2no

2 2

2

= max max —
OnAER” ©LAeR”  2NTy

(Shy <pn\/_ +

2n

2mT vn
2 2
_ 1 Ofﬁ 1L @nA N_N
~ opackn Qna n (pn\/_+72\/_ ) s  2mTy [ hH2 <\/ﬁ’@” (p" 0">>
2 2
1 of O‘B
3.47
2na n (pn\/_+72\/_ ) , 207 (3:47)

In deriving (3.45) we used completion of squares. In (3.46), we decompose maximization

of X into ©, A\ and @#)\ and used the fact that @,ﬁ +06, =1, and @#@n = 0,,. In the
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last line we used the fact that ||©:h||3— n. We note that the last line is true subject to
the constraint ©,,p, = @ng,:, which ensures boundedness of the min-max objective. We

include this constraint in the next step of the proof. Therefore, inserting (3.47) back in

(3.44) we derive,

.
. Etr’y — —
~ min max —m(v—wlm)—7w+—HEnl/Qanl
Pn,On0,ER™ vER™ w,a,11 ER4 7, T2,BERL M \/ﬁ
s.t. ©npn=6,0n

+ 7=, 1/2~H H@L( N apf h) T_af on
2" Pn oo ), 20m 2
+ H vV +YX6,0, —I—agH o 571 (3.48)
2mm
Recalling ©: 21— 0,, we can deduce
2 2
1 af —~—2 252
(S (pn\/ﬁ+ ) - n+ h|| —||©,.pn ©,h
4 - meY I o e RN
41— ywre,pn (3.49)

7'2\/_

Since H%HQL ¢ where ¢ = O(1) by Assumption 3.2.2, we can see that
1©,h|3=0(1), h'6,p,=h"6,6,=ph"6; =0(1),

which implies that the last two terms in (3.49) vanish asymptotically and we have that,

21—
. _

The last line is due to the constraint in (3.48) ie., ©,p, = 0,0, (or equivalently

2

—~ 12
- H@nanQ
2

—_

<pn\/_ +

=0 ) aﬁsh

—~ 112
pnf+ - 17|65,
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(FVZN;—TQ = u, based on the definition of ©,, and u). Therefore by plugging this in (3.48)
nil2

and introducing the Lagrangian multiplier n € R, (3.48) can be equivalently rewritten as

follows,

-
. 5tr7 — —
_ min max —m(v—wlm)—7w+—H2n1/2an1
Pn.OnOn R VER™ woami Ry VTR M Vn

i (#57) /5

2
2 MZTQ 0x aB?  ar
1257 s _an
FrlE e, + ‘ "\/_erf 20 273 2
571
H—V—i-YX@ 0, +agH + —
2mm

S SRl <o S S 2
PrnER® vER™,  v,7m2,B€RL mER M m) =7 N Pully 2

w,a, 71 ER L, ueER

12
2 /’LQTZ 6;(7, aﬂz T B —~
2 2 %
Pn — - — 4+ /|- Y X0
2 ‘ \/_JFTZf 2 Wy 2 +27'1mH VEur AL,
0 n
+%+77<,U (6. p >> (3.50)
16;115

Minimization w.r.t v can be written based on the moreau-envelope of :

T —
in = (v — wl,, |-v+urxe;
Jgﬂlgflnm(v v )+27'1m v "
1 _
=—M (,uYXB,*1 +ag — wl,,; E) . (3.51)
m B

Our final key step is to write the minimization with respect to p,, € R™ based on the

Moreau-envelope of the £; + €3 norms. To this end, we rewrite the terms in (3.50)
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consisting of p,, as following,

(6:.51)
=z
6;

nay/n G

-n

2

7'2‘

27n

0*
™o

navn o

2
Y —
uin = [ 2l g pnmﬁ n
Y — af
= min 2 520, 2 g - o -
2 —_—
S aﬁnN 2<%h>
27’2 0:1 ) \/ETQ‘O;: )
_ EtrY 1/2 25 2 aﬁ —
= min 2z 4 275+ 2 v+
__wa
2T2 /é\i ’
2
EtrY —
= min “ ], +
2
T2 1/2 ~1/2 nay/n -1/29%
— |2 n h—- ———=3""°0"
" 20m || pf+72f 6]
2 2

Here, the first step follows from the completion of squares while the second step follows

o(exl)

Now, note that the minimization w.r.t.

from the fact that /BETh

vanishes.

following Moreau-Envelope function:

8tr’7

2
n (£1+5t “/£2’

af

) 72\/5

—-1/2

114

h+

n’a

27'2

any/n . QELY

27

9*
"2

T2

‘ 2 n

0*
"2

(3.52)

—~ 12"

0*
"2

= O(1) and thus the last term asymptotically

pn in (3.53) is equivalent to the

Y

(3.53)
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where recall the definition of M(£1+(1£2 S) (x;7) in (3.23). Thus, the following objective
29

function is derived by replacing the Moreau-envelopes in (3.50),

. Ty |2 af? am | B R
min max —yw-———I|0¢| ——(———+—+nu— 5
o, weRY, T9,8,7ER,, 2a 2 207 2 2 27 |lo
HER neRr T2 n||,
1 = 1
+ —M | Y X0+ ag —wl,,; —
m 5
EtrY af any/n QE7Y
+ M(ﬂ Iy ) En1/2h+ /\\//_20;; . (354)
n ey "2 = 7'2\/3 * T2
T2 On
2

We note that based on the definition of ©,, the entry ¢ on the diagonal of Y, denoted

—~

by y; is derived as y; = ¢ ((x;,0%)) = ¥ ((X;, 67)), where
<>-<i, §§> ~N (o, e;Tzneg) .

Therefore it yields that

pY X0 — uC (s © W(Cs)),

where U(Cs) = [¢(Cs1);---;10((sp)] for the vector s € R™ with i.i.d standard normal
entries s; and by Assumption 3.2.2, ¢ denotes the high-dimensional limit of 8% 33,07

Therefore based on the separability of the Moreau-envelope M we have,

M (“YX@E +og —wl, %) L, Bog {Mﬁ (aG ¢S (CS) — w %)} ,
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for S,G id N(0,1). Also, it holds that,

1 afl any/n acyy | P oo [ o an ayey
-M . —Zn1/2h + o; — M , : )
n <£1+sm£§’2”) 2V 2 T2 Vo T T

—~

0,

7—2‘
2

(3.55)

Putting these back in (3.54), we conclude with the objective in (3.25). This completes

the proof.

Case II: Correlated Features with Diagonal Covariance Matrix (Proof of

Theorem 3.3.1)

Note that the Moreau-envelope in (3.55) is not separable in general and thus the

computation of ./\/l< may not be simplified further. By assuming 33, to be

G+ 3 %,)
diagonal i.e., 3, = A,, with diagonal entries A, ;, ¢ € [n], it is concluded from (3.53) that

the minimization becomes separable over the entires of p,,. In fact, it is inferred that in

this case:
1 r
Moy [ 2 g 0
n egry 2T 7'2\/5 T 0;; T2
2
1 — a any/n QE¢r
:_ZMMEW% fA h; + 77[ S0 A” . (3.56)
n i—1 t T2/ OAn; Ty ‘ 0;; T2An i
2

By Assumption 3.2.1, we know that A\, ; € (¢,C), for all i € [n] and all n € N, where ¢ > 0.

This results in My, 1 (+;-) being Pseudo-Lipschitz of order 2. Thus by Assumption 3.2.3,
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the expression in (3.56) converges in probability to

af an ., Qcuy
Erur {Méﬁstrﬂzg (TQ\/EH + T2C2T’ L )] : (3.57)

for the standard Gaussian random variable H and (L, T") drawn according to distribution
1. Thus in this case, (3.54) converges to the min-max problem in (3.8). This completes

the proof of Theorem 3.3.1 for GLM.

Case III: Isotropic Features

When 3, = 1,,, the final expressions can be further simplified, as the term ||En0Nn||§
becomes decomposable into ||©,8,|2 and ||©18,||2. Here we focus on the case of ¢ = 0o
for GLM and defer the analysis of ¢ = 2 to Section 3.8.2. Proceeding with the same

notation as in (3.8), consider the following min-max objective,

min s, (9) 4ot s+ Bas | Me (a6 s 0(s) - s )|
a,717w§R+7 TZ?B%ERJ” ’ 5
ne n

T ewyEng {Mh (ﬂH + &7, O‘W)} | (3.58)
72\/3 T2 T2

Corollary 3.8.1. Consider the Generalized Linear models (3.3). Assume the same
settings and assumptions as in Theorem 3.8.1, only here assume that 3, = 1,,. Then, the
high-dimensional limit for the adversarial test error (&, N ) is derived as follows,

{5&% (9})} 2, IP’(;K S(S) + a*G < wreys /5tr>, (3.59)

vn

where (o, p*, w*) is the unique solution to the scalar minimaz problem (3.58).

Proof: The proof follows the same steps as Theorem 3.8.1. Note here that ( = 1 and

the random variable L = 1. Also, in deriving (3.41), it suffices to write the Lagrangian
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equivalent formulation only for the ¢; loss and write ||, |J2= ||@n/0\;||3+||@#/9\;||§i>

ra? 4+ rp?, which results in (3.58).

A System of Equations.

We find solutions to the min-max problem in (3.58)(the objective of which we denote by
L : R® — R) by forming and solving V¢ L = 0. To compute VgL we leverage properties of
Moreau-envelopes and appropriately combine different equations in the system VgL = 0,
so as to simplify the resulting expressions (details are provided below). This leads to
the system of eight equations (3.60). Our experiments suggest that the simplifications

that lead to these, are important for a simple iterative fixed-point scheme to obtain the
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theoretical values of (o, u*, w*).
(

n=LE[Z (w+prox, (uZ + aG — w;m1/B))] — 2\ + 12 — k2,

p=E [T - prox,, (a8H/(mV5) + anTfrs:acer/m)|

v=—E M}, (uZ +aG —w;n /)],

) 2
5% = E[( i (uZ—i—aG—w;Tl/ﬁ)) ],
= \}]E [H Prox,, (% + omT/Tg;ozstry/Tg)] ,
(3.60)

o= 5+2/\T (172 + PE [Gprox, (oG + pZ — w; 1 /B)]),

= B [Ma, (22 4 a0

[Sale afH 2
—;TEH y <\[+OZ77T/7—2aa5tr’7/7—2>> },

7_22 _ a2+u <62/5+77 +5tr7 E[( (aﬁf» —0—0677T/7'2,Oé€tr’7/7'2>)2]

-5 1, (32t

—2nevE [TJ\/l}h1 <O‘Bf— + anT7—27O‘5tr’7/7_2>} >,

where the random variable Z = S(S) for GLM and Z = S + 1 for GMM, and the

constant Kk = 1 and 2 for GLM and GMM, respectively. Here, the Proximal operator of a

function f : R — R, at  with parameter £ > 0, is defined as follows,

1
prox; (; k) = arg min o (x —v)* + f(v).
v K

(3.61)

Next, we explain how to derive the Equations (3.60) for GLM. The approach for GMM

is similar. Before starting, we recall useful properties of Moreau-envelops which we will

leverage in deriving the equations.

119



Adversarial Training with High-dimensional Linear Models Chapter 3

Proposition 3.8.1 (|2]). Let £ be a lower semi-continuous and proper function. De-

note My, (z;k) & aMgix;“). and M, (z;5) = Wg—,gz;”). Then the following relations
hold between first-order derivatives of Moreau-envelopes and the corresponding prozimal

operator,

e (5:7) = =& — prox (7)), (3.62)
1

M/[,,2 (z;7) = Tor

— (z — prox, (z;7))°. (3.63)

We proceed with the derivation of the Equations (3.60). First, we start with V,L to

find that,

V,.L = —&+ +E{s¢() " (Msw( )+ aG — wg)}+2>\u

:_%Hﬁﬁ <u—wE[5¢(S)]—E {Sww)-pm& (W( )+ ol —w E)D

+ 2\,

which gives rise to the equation below for finding n*:

n= P + ﬁ—wE[Sw(S)] + %E {Sw(S) - prox, (/LSQ/J(S) +aG — w; %)1 — 2\

(6% T T

(3.64)

By taking derivative w.r.t 7 and rewriting the derivatives based on proximal operators,

we derive the equation for u*:

. na Sy , ozﬁ om QEyY
V,L=pu——+ E |TM ( T )}
TR Ty { ot TQ\/_ Ty

na Qn o, OEq7
= ———l——E T E |T - prox H+ T ,
TR T Tl - [ Pt ( V6 T2 )}
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which after noting that E[Z?] = 1, yields the following equation:

'u = ]E |:T . prOXel ( H + %T agtrﬁ)/):| ) (365)
2\/_ T2

In order to find v*, we consider V,,L to derive that:

y=-E { (MS@D( ) +aG —w; %)} (3.66)

TO proceed, we derive C TlE and Cﬁii
+—1]E [ ! </LS¢(S)+QG—w'—1)]
5 L2 ) 3

<M’£,1 (usw(S) +aG —w; %) > 2] (3.67)

Vﬂiz—?—g%—% 52 {M£2(u5w(3)~l—a6’—w;%)]

QE4Y , af QE¢rY
+ E|\H - M ( H + —T )1
V0 { G\ /o T2

2
o o <£ (u5¢(5)+aG—w;%)>]

= — — 4+ —FE
+Eu) R {H.M;hl ( b g O‘"T 0‘5“7)} (3.68)

57’2 2 252
V0 7’2\/_ T2

(3.67) yields the equation for deriving S i.e.,

= (e (s (s v 2)])

Next, we combine (3.67) with (3.68) with proper coefficients to simplify the equations
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VoL VgL af QEqrY [ / ( af aetrfy)}
+ =1- + E\H- M H+ —T
B 1 0T T2 \/_7'17'2 fl 2\/_ T2

af 1 af { < an oz&w)]
=1- + —E |H - prox H+ T ,
0T T2 \/37'1 (7’2\/5 P b 7'2\/_ T2

which yields the following equation:

H+ O‘"T O‘gt”)] (3.71)

1
7n=—FE|H - prox
' [ P KP(Q\/_ T2

Vo

In a similar way, we derive me/ and V,L:

VT2_E — 04/82 _g 4 772()[7’2 _ €t2r’7204E [ / < aﬁ H + anT OZEtr’y):|

200 20m3 2 272 72 T2V 5

_afewy { ) ( af an aew)}
E|H-M + T
\/— ol T9V/0 T2

aneRy ) of3 o aew) }
— E|T - M H+ =~ T , 3.72
3 { ol ( 79V T2 (3.72)

b

2
vl O m o owm g {G-M’m (aG+“S¢(S)_w;%>]

2 .2
LT g {Mgl ( B O‘”T ag”)} 12\
2\/_ T2

ﬁ‘gtr’y |: / < O‘ﬁ Oégtr'Y) :|
—FE|H - M + T
7'2\/_ ol 72\/_ T2

g {T M, ( H+—"T O‘EW)] (3.73)
V6

T2 T2
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First, the following equation is directly followed based on (3.72):
9 2 2 2.2
2 2a <aﬁ L s

2
, af om QE4Y
- T
RN . 2 (Mzhl <Tz\/_ T2 ))]

_Oéﬁ€tr’7E |:H'M/€1,1( af o 0477T a5tr7>}

\/3 7'2\/_ T2
— aneanE {T M, ( by O‘"T 0‘5“7)] > (3.74)
T\ Ve T2

In the next step, we combine (3.72) and (3.73) to derive that,

VL + Vol _ E[G- M}, (aG + pSp(S) —w;mi/B)] — 1+ 2 a/m
(0% T2 T2
= i(a —E[G - prox, (oG + uSy(S) — w;n/ﬁ)]) — 142X a/7.
T1T2

This gives the following equation, based on the stationary point condition:

a= (mQ + BE [G - prox, (aG + uSY(S) — w; 1 /B) ])/(5 +27). (3.75)

Finally, the following equation is derived directly based on Vvi,

77 Oégtr/y
= e E [ My, —l— T
W= el [ ‘ (7’2\/_ T2 )1
etrva , an .. QEyY
— H+ T . 3.76
( ( V0 T2 )) ] ( )

27’2
By putting together the equations (3.64), (3.65), (3.66), (3.69), (3.71), (3.74), (3.75) and

E

(3.76), we end up with the system of eight equations in (3.60) for GLM. The steps required

for deriving (3.60) for GMM are in a similar fashion.
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3.8.2 Proofs for Section 3.4

Case I: Correlated Features with General Covariance Matrix (Proof of Theorem

3.4.1)

First, we note that when ¢ = p = 2, the term || %, 1/va||p (in (3.50)) can be rewritten
as follows,
1 T3

1/2~ _ - 1/2~
HZ ”2_7?&?+ 273 HE Hz 2‘

(3.77)

The reason behind this reformulation is to permit the analysis of the final Moreau-envelope

expression. With this, we rewrite the steps previously required to derive (3.53), as follows

2 0 Pn
. 5tr7 1/2~ B < " n>
o =5, ANA
;’glelﬂr%l”< T3 )H H2+2na P \/_+7'2\/_ o ‘/07 ’
™o
2
. Etr’}/ 1/2~ af 7704\/_ Y
- > 25 h— _0:
g;gﬂgn(% )H pull, + 5 P+ — ‘9*
2 2
o afin —~
S =T e Y
27'2 0; ) \/mTQ 0;; )
2
. Etr —~ Q a\/ N — 20[
Iylnn<¥+r>“2 V2Bay + 5 (| Bai + O h- n[zeﬁ -1
PreR 73 7-2\/_ 7—2‘9* 27’2 0
L I P "o
. 1 (ewy
=R (273 +r) v/l
2
. 2
L s | gy 2 2;”%-%2;1/29; -T2 (378)
20471 7'2\/3 7—2‘0* 27’2 0*
" 2 "2
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1/2

To proceed, note that 3/~ = UnA,IL/ QU,TL where U, is an orthogonal matrix, therefore with

a change of variable U, p,, = p,,, the minimization based on p,, in (3.78) is equivalent to:

2

Th_ 7704\/_ UTH*

‘min 1 (62“7 —i—r) Hﬁ;\/_HQ + _n 1/QA/\/_+

& 7'2\/_ ‘ 6
2 2
(3.79)
It holds that U h ~ h and following Assumption 3.2.3, we have
U'6x = U x120r = AU 0r = A2, (3.80)

Therefore optimization over p, becomes separable over its entries and (3.79) is equivalent
to

2

1 " Eir — >\ni —
— min (ﬂ + 7“> pn,i2 + T;— Pni + ol h; — na/\\//ﬁz Vi
an Ton/0An T ‘ 0+
2

_ (Etr’Y )ZMf af h, + nay/n Sy 2T

( 12 Y
27—3 5/\71 i 0~ 27’27’3)\,171'
) ’7‘2 n )

P €47y no ey + 21310
— E 2 H V; 3.81
<273 H) vt {M@ (TQ\/_ T Lo 27973 )} (3:81)
2.2
5tr7 77 «
= — | E 3.82
( 273 * r) (722(4) g [—Et”;gf;‘"’m +L (3:82)

where H is standard normal and in (3.81), we used Assumption 3.2.3, together with
the fact that ¢3 is pseudo-Lipschitz of order 2. In deriving (3.82), we used the fact that

Mg (2;7) = % and E[H?] = E[V? = 1. Inserting this back in (3.50) leads to the
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following objective,

2 2 2
- w2 0B em Pm T T
a,Tl,S'gl,llleER+, Tg,}fr,lwae}ﬂ%+, ’Yw 20é g 257’2 2 + 2 +nlu 27—2§2 + 2
JSN neR
)
FEos [Mﬁ (aG UGS () — ws E)]

EtrY 772oz2 4452
- —— | E 3.83
! (273 +T> (T%C“) = +L (383)

T2T3

This completes the proof of Theorem 3.4.1.

Case II: Isotropic Features

Here we derive the minimax objective for 3, = I,,. We focus here on GLM, the

extensions to GMM are achievable in light of the analysis in Section 3.8.3.

Corollary 3.8.2. Consider the Generalized Linear model (3.3). Let 3, = I, and

HB;|]2i> 1. The high-dimensional limit for the adversarial test error takes the following

form,

(£5(,)) Ly p (“%G < ) , (3.80)

where (a*, p*) is the unique solution to the following min-maz objective,

min max [ &2
peER, o, TeRY BERL 2

— Oé7§ + \a? + )\,LL2 + EG,S [ML <,uS@D(S) + oG — EtrV a? +/~L2§T/ﬁ>]-

(3.85)

Proof: We know that,

0, = min —Zﬁ YiX; 0 — €ue[|Onll2) +)‘||0n||§'

0,€R™ M
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To proceed, we use our approach that derived (3.38), to end at a similar expression, here
for p = 2. We omit the steps as they are akin to the steps that led to (3.38). We end up

with the following objective which is the counterpart of (3.38) for ¢ = p = 2.

| 1 B .
el e S (v = eullOnlloln) + | =V + VX 00, + 0760 ]af],  (386)
AhTet6,
2 T N6l =

NGD

. 1) B 1 2 BT
min max —(v—etr||0n||21m)+—H—v—{—YX@nOn+g||@n9n||2H2 + —
On€R" vER™ B,reR, M mT 2

h'ele,
+ 5—"

N6,115

where similar to (3.44), here also (3.86) is due to = min,cp, g + 7. By minimizing

w.r.t. 8, and denoting o 2 ||©:8,]2, 11 £ [|0,,0,]]2 we have,

1T
min max —- (v—atr oﬂ—l—;ﬂlm) + b |—v + uY X 0" + ag||’
veR™ pneR,acRy B, 7€RL M mT
7 aph
L BT ot e,z

2 vm
After m,n — oo, one can easily see that the objective simplifies to (3.85). Additionally,
by replacing (a*, p*) derived as the solution of (3.85), in (3.20), we derive the asymptotic
error of adversary. This completes the proof

A System of Equations

Now, we present the corresponding fixed-point equations for the ¢ case in (3.87).

The equations are obtained by forming VL = 0 based on three variables (o, p, K), where

127



Adversarial Training with High-dimensional Linear Models Chapter 3

K:=T/p.

(I[*]G,SK/\/VQ1 (,uS@/)(S) + aG — e/ + p?; /{) )2] = 5725,

Ec . [5¢(S) M, (MS¢(5) +aG — egr/a? + 1i2; n)] — 2\
+\/:Tr+#2]EG,S [M’m (,uSMS) +aG — g/ + p?; K)] ,

Eqs [G M (,uS@/)(S) +aG — etr\/m; /{)] = —2a\

k + B [ My (150(5) + aG — suv/a? + i) | + &
(3.87)

Next, we show how to derive the saddle-point equations (3.87) from VL =0. To

derive the first equation in (3.87), we can see that based on Proposition 3.8.1,

V,L = § - %]E ( i (uS@D(S) +aG — e/ a? + uZ;T/ﬁ>)2], (3.88)
Vsl = g - % + QLﬁZE[ <M,£,1 (MS@/)(S) +aG — euwy/a? + p%; T/ﬁ))Z]

After forming %E + sz = 0, we can deduce that a = 7v/8. Since we defined x £ 7/,
it follows that 8 = a/(kv/9). Replacing this in (3.88), yields the first equation in (3.87).
The last two equations in (3.87), are obtained directly from vui =0 and VL = 0.

For GMM (3.2), the min-max objective and the system of equations are obtained by

replacing Sv(S) with S+ 1, in (3.85) and (3.87).
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3.8.3 The Gaussian-Mixture Model Analysis

Adversarial Error of an Arbitrary Estimator

Next lemma (restatement of Lemma 3.3.1 for GMM) derives the asymptotic error of a

given sequence of estimators for the Gaussian-Mixture model.

Lemma 3.8.2. The high-dimensional limit of the Adversarial Error for the Gaussian-

Mizture model with a sequence of classifiers {0, } is given as follows,

{5GMM(9n)} .0 Gt (3.89)

Lq,e — )
A /QZ + Iu2<‘2

where Q(+) denotes the Gaussian Q-function and u, p and « are derived as follows,

v

o (0:.0,)/16:15-" . |er,

P
gye?
2

or L,-norm denoting the dual of the —norm,A;: n n,A:: n "0 an c R™"
‘, denoting the dual of the {, 6, 2 x.°0,,0: 2 %."%0 and O+ € R

defined as follows:
A 0107
—_— —2.

|o:

Moreover, in the special case of ¢ = 2 and X, = I,, by denoting ¢ = o/, (3.89) simplifies

Or21, -0, 0,

2

to,

GMM P K o .
{£52M(0,)} — Q (—\/m > , (3.90)

Proof: Note that here /0\7*: is defined rather differently in GLM. Based on the definition

of GMM, we have x = y0* + z for z ~ N(0,,X%,) and z = 3./%z for standard Gaussian
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vector z. We can write

Eyy | max 1{y¢sign<x+a,en>}} = ]P’(y<xa 0,) — |0, < 0)

7 LlIsllg<e

P(y(2,0,) + (6,,6;) — <6, ],< 0) (3.91)

)

_P ((z, 0.0,) + (Z,0:6,) + (0,,67) — ¢ HE;UQ@;

—~

— P (4(2.6,) + 0,.67) - = |27,

<o),
P

(3.92)

where (3.91) and (3.92) follow from the definition of the Gaussian-Mixture model and

noting that z is independent of y. Since (Z, @{B\D and (z, @an are independent, we can

deduce that for G, S iid N(0,1), it holds that

(5.6,8.) - <Qz;—0> (5,8) 5 5,

(v o

2

22 £, aG,
<5;,5§> — u>.

where recall that ‘ /05

= 0:'3-16," — ( by Assumption 3.2.2. Therefore, from
2

(3.92), we infer that,
12010, 5 P(uC (5 +) +aG —ue < 0).

This leads to (3.89). When ¢ = 2 and ¥,, = I,, we have that Z: 1 and noting that
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u=+/a?+ p?, leads to (3.90). This completes the proof.

Proofs for the Gaussian-Mixture Model

In this section, we outline the approach to the proof of Theorem 3.3.1 for GMM.
In light of the previously described steps for GLM, here we only need to derive the
corresponding min-max scalar problem for GMM. For the Gaussian-Mixture model we

have by definition that x; ~ N (y;0%,%,). Thus, the min-max ERM can be equivalently

written as follows,

2
g, g 2> 2(n(x+,0.)) + 10,1

1€[m]

. 4 . 2
- in Z£<y1<xz, 6.) — l6.11) + 10,3

:gngﬁnﬁzﬁ«z“ n>+</0v”’/9\£>_6H2; 1>+)\HE; 2
i LS e (i) (0. ] ) o

(3.93)

The second step is due to the fact that 57*: = 221/207*1, 6, £ %/°0, and that Y
and z; id N(0,1,) are independent for all . In the last step we used the matrices
0, = 9;0* /||0 |2 and ©F £ I, — ©,, to allow scalarization w.r.t. desired quantities

a, i and also to allow using CGMT as the random variables (z;, @n@;) are (z;, @#b;) are

independent. Next, similar to (3.32), we can use the Lagrangian multiplier method to
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obtain that (3.93) is equivalent to

T

. 1 129
min  max —-* (v —€ HEnl/zgn
b;;ERn,VGRm ueRm™ m

_|_
m m m

11m>_<u,V> N <“’Z@"a;> <“’Z®i§;>

o el (6, 0) s 399

*
m " 2

The objective in (3.94) bears close similarity to its GLM counterpart in (3.32). Note

that here Z@nb\; and Z@#b; have the same role as YX@,;O; and YX@#/OZ in (3.32),

respectively. Here we also have an additional term <“m;m><b;, 5;:) compared to (3.32). We

recall that based on the definition, it holds that (5;, /0\7*;) N ,qu. Continuing with the
same technique described in Section 3.8.1 that led to the objective (3.54), we find that

for GMM, (3.94) is equivalent to the following min-max problem (details are omitted for

brevity):
. 1 |12 af? an | fBn n o
min max —yw——_— |05l — g (5t 5t ——""3
a,mL,wERL,  72,8,7€RY, 2c 2 207 2 2 9 ) ’0‘;
HER neER T2 n

1 _~ ~
+ —M (MZO; +ag + uC?1,, — wl,y,; E)
m B

YT e 07

= W0 sy ;
T2

Y
- M(£1+st:w£§’2") oo " (3.95)

+

0;

’7'2‘
2

We have 2/0\7*: ~ gs for a standard Gaussian vector s independent of g. This leads to

1 > e i ~ ~
™ (“295 +ag 4 ¢ Ly — wly; %) — Eq {Mc <\/a2 + 122G + p¢? — w; %)] :

for standard Gaussian random variable GG. In particular, when 3, is a diagonal matrix,

we end up with the following min-max problem based on eight scalars:
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2 2 2
. WTa= aff ary,  fBn n
min max —yw— —~(C ——— —+ — +nu— —
a,71,wERL,  72,8,7€ERy, 2c0 207y 2 2 27—2C2
pER neR

+ Eg [Mﬁ (\/ a2 + 122 G + g —w;%)]

O{B OéT] Oégtr'Y
+epvE My p v g2 H+ —=-T; ’ 590
tr’) L, HT { bt 56 (7’2\/ oL TQCQL 2L >] ( )

as desired by Theorem 3.3.1.

Proof of Theorem 3.4.1 for GMM, follows the same steps as GLM, however note that

here, due to the definition of 55, (3.80) changes into
Ulor = U 1207 = AV2UT 07 = AV, (3.97)

Thus, the resulting min-max objective has the following form,

2 2 2
i T27p & QT: T O ET
min max —yw — u<2 _ i o 2 + 5 1 + N — n — 4 tr Y73
71,73, WERY,  72,8,7€ERY, 200 201 2 2 275(? 2
HeER neR

+EG |:./\/l£ (\/a2+ﬂ252G—|—u52 —w;%)_

4 52 7]
EurY ?72052 4;72% + Lil
+ +r = ]EL ;)
273 7'22C4 Suyatamsra 4 T

27273

This together with Lemma 3.8.2, yields the proof of Theorem 3.4.1 for GMM.

The Large Sample-size Limit

In this section, we focus on the § = m/n — oo limit. In particular, we consider the
Exponential loss £(t) = exp(—t) and the isotropic Gaussian-mixture model and set r = 0.

We prove that for ¢ = 2, when § — oo, the adversarial test error, exactly achieves the

133



Adversarial Training with High-dimensional Linear Models Chapter 3

Bayes adversarial error derived by [83]. The results are summarized in the following

corollary.

Corollary 3.8.3. Consider the Gaussian-mixture model under the same settings as
Corollary 3.8.2. Let the loss function L, be the FExponenttal loss and let 6 — oco. Fix
ews < 1. Then if e, < 1, the adversarial test error of estimators derived by adversarial

training and the Bayes adversarial test error are equal.

Proof: To see this, note that under these conditions, (3.85) takes the following form

min_~ max Lj e = & + Eq [Mg (\/ a? + 2 G+ p— e/ a? +M2§7/5>]-

peER,a,TeRy BeERL 2
(3.98)
In light of Proposition 3.8.1, M (z;-) is a decreasing function for all x. This gives,
lim 5*(0) =00,  lim 7%(9) = 0. (3.99)

d—00 d—00

Since lim,_,0o Mg (z; k) = L(x) for all z, we deduce that,

(o, ) =arg min Eqg [exp (atr\/oﬂ + 12— p+ o+ [L2G>:|

a€cRy ueR

=arg min  exp <5tr\/a2+ﬂ —p+ (e +p )/2)
acRy ,peR

=arg min e/ +p2 —p+ (o +p?)/2,
acRy ,ueR

which results in (a*, u*) = (0,1 —¢€,). Plugging these in (3.90), we derive the following for
the large sample-size limit of the generalization error of adversarial training, conditioned
on g < 1,

lim £EMY(@,) = Q(1 - sts>. (3.100)

d—00
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On the other hand, based on [83], the Bayes adversarial error for isotropic GMM is derived
as follows,
8 OPT) = @ (s 0" - ,).
Z||gXEts
In particular, noting that ||8*[s— 1 (by Assumption 3.2.2) and ¢ = 2, we find that the
Bayes adversarial error in this case is

gSMM(OpTY Ly Q(max{l . 0}). (3.101)

Lo Ets

Comparing (3.101) with (3.100) reveals that in the infinite sample size limit, if ey < 1, by
choosing any e, < 1, the test error of adversarial training reaches the Bayes adversarial
error. As a remark, it can be readily shown that for the general case of H0*|]2i> ¢, the

same results hold for g;, < ¢ and g5 < c.
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Chapter 4

(Generalization and Optimization in

Interpolating Neural Networks

4.1 Introduction

Neural networks have remarkable expressive capabilities and can memorize a complete
dataset even with mild overparameterization. In practice, using gradient descent (GD) on
neural networks with logistic or cross-entropy loss can result in the objective reaching
zero training error and close to zero training loss. Zero training error, often referred to as
“interpolating” the data, indicates perfect classification of the dataset. Despite their strong
memorization ability, these networks also exhibit remarkable generalization capabilities to
new data. This has motivated a surge of studies in recent years exploring the optimization
and generalization properties of first-order gradient methods in overparameterized neural
networks, with a specific focus in the so-called Neural Tangent Kernel (NTK) regime. In
the NTK regime, the model operates as the first-order approximation of the network at a
sufficiently large initialization or at the large-width limit [105, 109]. Prior works on this
topic mostly focused on quadratic-loss minimization and their optimization/generalization
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guarantees required network widths that increased polynomially with the sample size n.
This, however, is not in line with practical experience. Improved results were obtained
more recently by [110] who have investigated the optimization and generalization of ReLU
neural networks with logistic loss, which is more suitable for classification tasks. Assuming
that the NTK with respect to the model can interpolate the data (i.e. separate them
with positive margin ), they showed through a Rademacher complexity analysis that
GD on neural networks with polylogarithmic width can achieve generalization guarantees
that decrease with the sample size n at a rate of O( \/iﬁ)

In this chapter, we provide rate-optimal optimization and generalization analyses of
GD for shallow neural networks of minimal width assuming that the model itself can
interpolate the data. We focus on two-layer networks with smooth activations that can
almost surely separate n training samples from the data distribution. Concretely, we
consider a realizability condition where data and initialization are such that model weights
can achieve arbitrarily small training error € while their distance from initialization is
g(g) for some function g : Ry — R,. Under this condition, we demonstrate generalization

152
guarantees of order O(M). More generally, for any iteration 7" of GD and assuming

n
)2 1

1 152
network width m = Q(g(%)”‘), we obtain an expected test-loss rate O(—g(g + —g(;‘g) ).

Additional to the generalization bounds, we provide optimization guarantees under the
same setting by showing that the training loss approaches zero at rate O(@). We note
that these results are derived without NTK-type analyses. For demonstration and also for
connection to prior works on neural-tangent data models, we specialize our generalization
and optimization results to the class of NTK-separable data. We show this is possible
because the NTK-data separability assumption implies our realizability condition holds.
Thus, for logistic-loss minimization on NTK-separable data, we show that the expected

test loss of GD is O(% + 1) provided polylogarithmic number of neurons m = Q(log*(T)).

This further suggests that a network of width m = Q(log*(n)), attains expected test loss
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O(%) after T' ~ n iterations.

In contrast to prior optimization and generalization analyses that often depend on
the NTK framework, which requires the first-order approximation of the model, we build
on the algorithmic stability approach [13] for shallow neural-network models of finite
width. Although the stability analysis has been utilized in previous studies to derive
generalization bounds for (stochastic) gradient descent in various models, most results
that are rate-optimal heavily rely on the convexity assumption. Specifically, the stability-
analysis framework has been successful in achieving optimal generalization bounds for
convex objectives in [14, 111, 112]. On the other hand, previous studies on non-convex
objectives either resulted in suboptimal bounds or relied on assumptions that are not
in line with the actual practices of neural network training. For instance, [17] derived

pe/(Be+1) I
(=) for general -smooth and non-convex objectives,

a generalization bound of O
but this required a time-decaying step-size 7, < ¢/t, which can degrade the training
performance. More recently, [16] explored the use of the stability approach specifically for
logistic-loss minimization of a two-layer network. By refining the model-stability analysis
framework introduced by [14], they derived generalization-error bounds provided the
hidden width increases polynomially with the sample size. In comparison, our analysis
leads to improved generalization and optimization rates and under standard separability

conditions such as NTK-separability, only requires a polylogarithmic width for both global

convergence and generalization.

Notation

We denote [n] := {1,2,---,n}. We use the standard notation O(-),(-) and use

O(-),Q(-) to hide polylogarithmic factors. Occasionally we use < to hide numerical

constants. The Gradient and Hessian of a function ® : R%“*% — R with respect to the
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ith input (i = 1,2) are denoted by V;® and VZ®, respectively. All logarithms are in base
e. We use ||-|| for the ¢ norm of vectors and the operator norm of matrices. We denote

(w1, ws] == {w : w=aw, + (1 — a)w,y,a € [0,1]} the line segment between wy, w, € RY.

4.2 Problem Setup

Given n ii.d. samples (z;,y;) ~ D,i € [n] from data distribution D, we study

unconstrained empirical risk minimization with objective F' : RY — R:

weRd

(A JEECNPN I
min {F(w) =Y Rw) = =37 F (5 (w,31) } (4.1)
i=1 i=1
This serves as a proxy for minimizing the test loss F': R¥ — R:

F(w) = Egy~o [ (y@(w, )] (4.2)
We introduce our assumptions on the data (x,y), the model ®(-,z), and the loss function
f(+), below. We start by imposing the following mild assumption on the data distribution.

Assumption 4.2.1 (Bounded features). Assume any (x,y) ~ D has almost surely

bounded features, i.e. ||z||< R, and binary label y € {£1}.

The model ® : RY x R? — R is parameterized by trainable weights w € R? and takes
input € R?. For our main results, we assume ® is a one-hidden layer neural-net of m

O(w,x) := LZ% o((w;, x)), (4.3)

where o : R — R is the activation function, w; € R? denotes the weight vector of the jth
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hidden neuron and j—%, j € [m] are the second-layer weights. For the second layer weights,
we assume that they are fixed during training taking values a; € {£1}. We assume that
for half of second layer weights we have a; = 1 and for the other half a; = —1. On the
other hand, all the first-layer weights are updated during training. Thus, the total number
of trainable parameters is d' = md and we denote w = [wy;ws; .. .;wy] € R% the vector
of trainable weights. Throughout, we make the following assumptions on the activation

function.

Assumption 4.2.2 (Lipschitz and smooth activation). The activation function o : R — R

satisfies the following for non-negative constants ¢, L:
o' ()| < ¢ [o"(W)|< L, VueR

We note that the smoothness assumption which is required by our framework excludes
the use of ReLU. Examples of activation functions that satisfy the smoothness condition

include Softplus o(u) = log(1 + ¢*), Gaussian error linear unit (GELU) o(u) = u(1 +

erf(\%)), and Hyperbolic-Tangent where o(u) = %=%. On the other hand, Lipschitz

el+e

assumption is rather mild, since it is possible to restrict the parameter space to a bounded
domain.

Next, we discuss conditions on the loss function. Of primal interest is the commonly
used logistic loss function f(u) = log(1 + e™*). However, our results hold for a broader
class of convex, non-negative and monotonically decreasing functions (lim, . f(u) = 0)

that satisfy the following:

Assumption 4.2.3 (Lipschitz and smooth loss). The convez loss function f: R — R,

satisfies for all u € R

4.2.8.A: Lipschitzness: |f'(u)|< Gy.
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4.2.3.B: Smoothness: f"(u) < Ly.

Assumption 4.2.4 (Self-bounded loss). The convex loss function f: R — Ry is self-

bounded with some constant By > 0, i.e., | f'(u)|< By f(u),Vu € R.

The self-boundedness Assumption 4.2.4 is the key property of the loss that drives
our analysis and justifies the polylogarithmic width requirement, as will become evident.
Note that the logistic loss naturally satisfies Assumptions 4.2.3.A and 4.2.3.B (with
Gy =1,L; =1/4), as well as, Assumption 4.2.4 with Sy = 1. Other interesting examples
of loss functions satisfying those assumptions include polynomial losses, with the tail
behavior f(u) = 1/u” for 3 > 0, which we discuss in Remark 4.4.1. To lighten the
notation and without loss of generality, we set Gy = Ly = 5 = 1 for the rest of the
chapter. We remark that our training-loss results also hold for the exponential loss e™".
The exponential loss is self-bounded and while it is not Lipschitz or smooth it satisfies

a second-order self-bounded property f”(u) < f(u), which we can leverage instead; see

Appendix 4.8.1 for details.

4.3 Main Results

We present bounds on the train loss and generalization gap of gradient-descent (GD)
under the setting of Section 4.2. Formally, GD with step-size n > 0 optimizes (6.1) by

performing the following updates starting from an initialization wy:

VE>0: wiy = wy — nVﬁ(wt).
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4.3.1 Key properties

The key challenge in both the optimization and generalization analysis is the non-
convexity of f(y®(-,z)), and consequently of the train loss F (+). Despite non-convexity,
we derive bounds analogous to the convex setting, e.g. corresponding bounds on linear
logistic regression in [113, 114, 112]. We show this is possible provided the loss satisfies

the following key property, which we call self-bounded weak convexity.

Definition 4.3.1 (Self-bounded weak convexity). We say a function F : RY — R is

self-bounded weakly convex if there exists constant x > 0 such that for all w,
Amin (v?ﬁm)) >k Plw). (4.4)

Recall a function G : RY — R is weakly convex if 3k > 0 such that uniformly over all
w € RY, Apin (V2G(w)) > —k. If k = 0, the function is convex. Instead, property (4.4)
lower bounds the curvature by —x G(w) that changes proportionally with the function
value G(w). We explain below how this is exploited in our setting.

To begin with, the following lemma shows that property (4.4) holds for the train
loss under the setting of Section 4.2: training of a two-layer net with smooth activation
and self-bounded loss. The lemma also shows that the gradient of the train loss is self
bounded. Those two properties together summarize the key ingredients for which our

analysis applies.

Lemma 4.3.1 (Key self-boundedness properties). Consider the setup of Section j.2
and let Assumptions 4.2.1-4.2.2 hold. Further assume the loss is self-bounded as per
Assumption 4.2.4. Then, the objective satisfies the following self-boundedness properties

for its Gradient and Hessian:

1. Self-bounded gradient: HVE(@U)H < (RF;(w), Vi€ [n].
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2. Self-bounded weak convezity: Ammn (VQF\(w)) > —L—\/Igﬁ(w).

Both of these properties follow from the self-boundedness of the convex loss f combined
with Lipshitz and smoothness of . The self-boundedness of the gradient is used for
generalization analysis and in particular in obtaining the model stability bound. The
self-bounded weak convexity plays an even more critical role for our optimization and
generalization results. In particular, the wider the network the closer the loss to having
convex-like properties. Moreover, the “self-bounded” feature of this property provides
another mechanism that favors convex-like optimization properties of the loss. To see
this, consider the minimum Hessian eigenvalue Ay (V2F (wy)) at gradient descent iterates
{wi}i>1: As training progresses, the train loss F (wy) decreases, and thanks to the self-
bounded weak convexity property, the gap to convexity also decreases. We elaborate on

the role of self-bounded weak convexity in our proofs in Section 4.5.

4.3.2 Training loss

We begin with a general bound on the training loss and the parameter’s norm, which

is also required for our generalization analysis.

Theorem 4.3.1 (Training loss — General bound). Suppose Assumptions 4.2.1-4.2.}
hold. Fix any training horizon T > 0 and any step-size 1 < 1/Lz where Lz is the
objective’s smoothness parameter. Assume any w € R and hidden-layer width m such
that ||w — wo[2> max{nTF(w),nF(w)} and m > 182L*R*||w — wo||*. Then, the training

loss and the parameters’ norm satisfy

Flwr) < %Zﬁ(wt) < 2F(w) +

t=1

5w — wol|?
onT

Vie [T © ||lwe —wol < 4w — wpl.
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A few remarks are in place regarding the theorem. First, Eq. (4.5) upper bounds
the running average (also known as regret) of train loss for iterations 1,...,7T by the
value, at an arbitrarily chosen point w, of a ridge-regularized objective with regularization
parameter inversely proportional to 1. Because of smoothness and Lipschitz Assumption
4.2.3 of f, it turns out that the training objective is Lz-smooth. Hence, by the descent
lemma of GD for smooth functions, the same upper bound holds in Eq. (4.5) for the
value of the loss at time T, as well. Moreover, the theorem provides a uniform upper
bound of the norm of all GD iterates in terms of ||w — wy||. Notably, and despite the
non-convexity in our setting, our bounds are same up to constants to analogous bounds
for logistic linear regression in [114, 112]. As discussed in Sec. 4.3.1 this is possible thanks
to the self-bounded weak convexity property.

The condition m 2 ||w — wp||* on the norm of the weights controls the maximum
deviations of weights w from initialization (with respect to network width) required for
our results to guarantee arbitrarily small train loss. Specifically, to get the most out
of Theorem 4.3.1 we need to choose appropriate w that satisfies both the condition
m > ||w — wo|[* and keeps the associated ridge-regularized loss F(w) -+ ||w — wo||?/(nT)
small. This combined requirement is formalized in the neural-net realizability Assumption
4.3.1 below. As we will discuss later in Section 4.4, this assumption translates into an
assumption on the underlying data distribution that ultimately enables the application of

Theorem 4.3.1 to achieve vanishing training error.

Assumption 4.3.1 (NN—Realizability). There exists a decreasing function g : Ry — R,
which measures the norm of deviations from initialization of models that achieve arbitrarily
small training error.

Formally, for almost surely all n training samples and for any sufficiently small € > 0
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there exists w'© € RY such that
F\(w(g)) <eg, and g(e)= Hw(s) — w| .

Since Assumption 4.3.1 holds for arbitrarily small ¢, it guarantees that the model has
enough capacity to interpolate the data, i.e., attain train error that is arbitrarily small (¢).
Additionally, this is accomplished for model weights whose distance from initialization
is managed by the function g(¢). By using these model weights to select w in Theorem

4.3.1 we obtain train loss bounds for interpolating models.

Theorem 4.3.2 (Training loss under interpolation). Let Assumptions 4.2.1-4.3.1 hold.

Let n < min{-, g(1)?, 1?321)02)} and assume the width satisfies m > 182L*R* g(7)* for a
a w

fixed training horizon T'. Then,

5 2 5g(7)°
F <= L 4.
(wr) < 7+ 251, (1.6
1

To interpret the theorem’s conclusions suppose that the function g(-) of Assumption
4.3.1 is at most logarithmic; i.e., g(%) = O(log(T)). Then, Theorem 4.3.2 implies that

m = Q(log*(T)) neurons suffice to achieve train loss O(L) while GD iterates at all

Si=

—

iterations satisfy ||w; — wo||= O(log(T")). In Section 4.4 (see also Remark 4.3.1), we
will give examples of data separability conditions that guarantee the desired logarithmic
growth of g(-) for logistic loss minimization, which in turn imply the favorable convergence
guarantees described above. Under the same conditions we will show that the step-size
requirement simplifies to n < min{3,1/Lz} (see Corollary 4.4.1). Finally, we remark

that Theorem 4.3.2 provides sufficient parameterization conditions under which GD with

T = Q(n) iterations finds weights wr that yield an interpolating classifier and thus,
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achieve zero training error. To see this, assume logistic loss and observe setting 7" 2 n in
Eq. (4.6) gives F(wy) < log(2)/n. This in turn implies that every sample loss satisfies

~

Fi(wr) < log(2), equivalently y; = sign (®(wr, 7;)).

4.3.3 Generalization

Our main result below bounds the generalization gap of GD for training two-layer
nets with self-bounded loss functions. We remark that all expectations that appear below

are over the training set.

Theorem 4.3.3 (Generalization gap — General bound). Suppose Assumptions 4.2.1-4.2./
hold. Fiz any time horizon T' > 1 and any step size n < 1/Lz where Lz is the objective’s
smoothness parameter. Let any w € RY such that |w — wo||2> max{nT F(w),nF (w)}.
Suppose hidden-layer width m satisfies m > 642L?R*||w — wyl||*. Then, the generalization
gap of GD at iteration T is bounded as

80> R?
<

n

E[F(wr) - F(wr) E [nT F(w) + 2llw - wo?].

A few remarks regarding the theorem are in place. The theorem’s assumptions
are similar to those in Theorem 4.3.1, which bounds the training loss. The condition
[w — wo||2> max{nTF(w),nF(wo)} needs to hold almost surely over the training data,
which is non-restrictive, as in later applications of the theorem, the choice of w arises from
Assumption 4.3.1. The condition m > 64?L2R*|Jw — wy||* on the width of the network, is
also the same as that of Theorem 4.3.1 but with a larger constant. This means that the
last-iterate train loss bound from Theorem 4.3.1 (Eq. (4.5)) holds under the setting of
Theorem 4.3.3. Hence, it applies to the expected train loss ]E[ﬁ (wr)] and, combined with
the generalization-gap bound, yields a bound on the expected test loss E[F (wr)].

To optimize the bound, a proper w must be selected by minimizing the population
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version of a ridge-regularized training objective. In interpolation settings, the procedure
for selecting w follows the same guidelines as in Assumption 4.3.1 and in a similar style

as obtaining Theorem 4.3.2.

Theorem 4.3.4 (Generalization gap under interpolation). Let Assumptions 4.2.1-4.5.1

hold. Fiz T > 1 and let m > 64°L*R* g(3)*. Then, for any n < min{%ﬁ,g(l)z, %}

the expected generalization gap at iteration T satisfies

_ UCRY(3?

n

E[F(wT) — FPlwy) (4.7)

Note the width condition is similar in order to that of Theorem 4.3.2. Thus, provided
g(%) < log(T') (see Remark 4.3.1 and Section 4.4 for examples), we have generalization gap
of order O(%) with m = Q(log*(T")) neurons. Combined with the training loss guarantees
from Theorem 4.3.2, we have test loss rate O(% + %) This further implies that with
m ~ log*(n) neurons and T = n iterations, the test loss reaches the optimal rate of O(%)
On the other hand, previous stability-based generalization bounds (e.g., [16]) required
polynomial width m > T2 and eventually obtained sub-optimal generalization rates of
order O(%) We further discuss the technical novelties resulting in these improvements in
Section 4.5.

Remark 4.3.1 (Example: Linearly-separable data). Consider logistic-loss minimization,

et—e ¥
ev+e~ v

tanh activation o(u) = and data distribution that is linearly separable with margin
7, i.e., for almost surely all n samples there exists unit-norm vector v* € R? such that
Vi € [n] : y;(v*, ;) > . We initialize the weights to zero, i.e. wy = 0 and show that the

realizability Assumption 4.3.1 naturally holds in this setting. To see this, for any fixed

e>0,set a= %\/%/6)) and assume m > 4log?(1/¢). With this choice, select weights
wj(.e) = v, a; = \/Lm for j € [1,---,%] and w]@ =—av*,q; = \;—% for j € {F+1,---,m}.
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Then, the model output for any sample (z;,y;) satisfies

where the first equality uses the fact that tanh is odd, the first inequality follows by
the increasing nature of tanh and data separability, and the last inequality follows since
ay < 1 and o(u) > u/2 for all u € [0,1]. Thus, the loss satisfies F(w(®) < ¢ since for the
logistic function log(1 + e*) < e*. Moreover, our choice of a implies g(g) = ||w(®) — wyl||=
|w®]||= ay/m = 2log(1/e) /7. To conclude, the NN-Realizability Assumption 4.3.1 holds
with ¢g(e) = 2log(1/e)/y and thus applying Theorems 4.3.2, 4.3.4 shows that with
m = Q(log*(T)) neurons, the training loss and generalization gap are bounded by O(VQLT)
and O(ﬁ)v respectively. We note that the same conclusion as above holds for other

smooth activations such as Softmax or GELU.

4.4 On Realizability of NTK-Separable Data

In this section, we interpret our results for NTK-separable data by showing that our
realizability condition holds for this class. We recall the definition of NTK-separability

below [19, 115].

Assumption 4.4.1 (Separability by NTK). For almost surely all n training samples
from the data distribution there evists w* € RY and v > 0 such that ||w*||= 1 and for all

i€ [n],
yi<vlq)(w0,37i)7w*> > 7. (4.8)
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We also assume a bound on the model’s output at initialization. Similar assumptions,
but for the value of the loss, also appear in prior works that study generalization using

the algorithmic stability framework [18, 116].

Assumption 4.4.2 (Initialization bound). There exists parameter C' such that Vi € [n]

|D(wo, ;)| < C, for almost surely all n training samples from the data distribution

The next proposition relates the NTK-separability assumption to our realizability

assumption. The proofs for this section are given in Appendix 4.8.3.

Proposition 4.4.1 (Realizability of NTK-separable data). Let Assumptions /.2.1-
4.2.2,4.4.1-4.4.2 hold. Assume f(-) to be the logistic loss. Fize > 0 and let m > %(20—1—
log(1/¢))*. Then the realizability Assumption 4.3.1 holds with g(g) = %(20 + log(1/e)).
In other words, there exists w'®) such that
~ 1
Fw®) <e, and Hw(e) —wy|| = = (2C + log(1/e)). (4.9)
Y
Having established realizability, the following is an immediate corollary of the general

results presented in the last section.

Corollary 4.4.1 (Results under NTK-separability). Let Assumptions 4.2.1-4.2.2,/.4.1-

4.4.2 hold and assume logistic loss. Suppose m > (5425#(20+10g(T))4 for a fixed training

horizon T. Then for any n < min{3, %}, the training loss and generalization gap are
F

bounded as follows:

- 5(2C + log(T))?
<
Flur) < 2T

E [F(wT) ~ Flwr)] <

Y

2402 R?
v*n

(2C + log(T))>.

A few remarks are in place regarding the corollary. By Corollary 4.4.1, we can conclude
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that the expected generalization rate of GD on logistic loss and NTK-separable data as
per Assumption 4.4.1 is O(%) provided width m = Q(log*(T')). Moreover, the expected
training loss is E[F (wr)] = (7). Thus, the expected test loss after 7" steps is (4 + =). In
particular for "= Q(n), the expected test loss becomes O(%) This rate is optimal with
respect to sample size and only requires polylogarithmic hidden width with respect to n,
specifically, m = Q(log*(n)). Notably, it represents an improvement over prior stability
results, e.g., [16] which required polynomial width and yielded suboptimal generalization
rates of order O(7'/n). It is worth noting that the test loss bound’s dependence on
the margin, particularly the W%n—rate obtained in our analysis, bears similarity to the
corresponding results in the convex setting of linearly separable data recently established
in [114, 112]. Additionally, our results improve upon corresponding bounds for neural
networks obtained via Rademacher complexity analysis [110] which yield generalization
rates O( \/iﬁ) Moreover, these works have a v~® dependence on margin for the minimum
network width, whereas in Corollary 4.4.1 this is reduced to y~*. We also note that in
general, both v and C' may depend on the data distribution, the data dimension, or the

nature of initialization. This is demonstrated in the next section where we apply the

corollary above to the noisy XOR data distribution and Gaussian initialization.

Remark 4.4.1 (Benefits of exponential tail). We have stated Corollary 4.4.1 for the logistic
loss, which has an exponential tail behavior. For general self-bounded loss functions
and by following the same steps, we can show a bound on generalization gap of order
O(2(f7(%))?) provided m = Q((f~*(5))*). Hence, the tail behavior of f controls both
the generalization gap and minimum width requirement. In particular, under Assumption
4.4.1, polynomial losses with tail behavior f(u) ~ 1/u” result in generalization gap
O(T* 5 /n) for m = Q(T*#). Thus, increasing the rate of decay 3 for the loss, improves
both bounds on generalization and width. This suggests the benefits of self-bounded

fast-decaying losses such as exponentially-tailed loss functions for which the dependence
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on 7T is indeed only logarithmic.

Example: Noisy XOR data

Next, we specialize the results of the last section to the noisy XOR data distribution
[117] and derive the corresponding margin and test-loss bounds. Consider the following
2¢ points,

Ti = (x117$12> e ,:L’fl) € {(1’ O)’ (07 1)? (_17 0)7 (07 _1)} X {_17 1}d72’
where x denotes the Cartesian product and the labels are determined as y; = —1 if z} =0
and y; = 1 if x] = £1. Moreover, consider normalization T; = \/%mi so that R = 1. The
noisy XOR data distribution is the uniform distribution over the set with elements (7;, ;).
For this dataset and Gaussian initialization, [110] have shown for ReLU activation that
the NTK-separability assumption holds with margin v = Q(1/d). In the next result, we

compute the margin for activation functions that are convex, Lipshitz and locally strongly

convex.

Proposition 4.4.2 (Margin). Consider the noisy XOR data (T;,y;) € RYx {1}, Assume
the activation function is convez, (-Lipschitz and p-strongly convez in the interval [—2, 2]
for some p > 0, 1.e., minge|_o 9 o’ (t) > u. Moreover, assume Gaussian initialization
wy € RY with entries iid N(0,1). If m > % log(2/0), then with probability at least
1 — 0 over the initialization, the NTK-separability Assumption 4.4.1 is satisfied with

margin y = g
An interesting example of an activation function that satisfies the mentioned assump-
tions is the Softplus activation where o(u) = log(1 + €*). This activation function has

@ = 0.1 and ¢ = 1, and it is also smooth with L = 1/4. Therefore, the results on
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generalization and training loss presented in Corollary 4.4.1 hold for it. For noisy XOR
data, Proposition 4.4.2 shows the margin in Assumption 4.4.1 is v 2 1/d. Additionally,
for standard Gaussian initialization we have by Lemma 4.8.9 that with high-probability
the initialization bound in Assumption 4.4.2 satisfies C' < v/d. Putting these together,
and applying Corollary 4.4.1 shows that GD with n training samples reaches test loss
rate O(%) after T~ n iterations and given m = Q(d°) neurons. It is worth noting that
the number of training samples can be exponentially large with respect to d. In this case

the minimum width requirement is only polylogarithmic in n.

4.5 Proof Sketches

We discuss here high-level proof ideas for both optimization and generalization bounds

of Theorems 4.3.1 and 4.3.3. Formal proofs are deferred to Appendices 4.8.1 and 4.8.2.

4.5.1 Training loss

As already discussed in Section 4.3.1, the key insight we use to obtain bounds that are
analogous to results for optimizing convex objectives, is to exploit the self-bounded weak
convexity property of the objective in Eq. (4.4). Thanks to this property, the Hessian
minimum eigenvalue )\min(vzﬁ (w¢)) becomes less negative at the same rate at which the
train loss F'(w;) decreases.

The technical challenge at formalizing this intuition arises as follows. Controlling
the rate at which F/(w;) converges to F(w) for the theorem’s w requires controlling the
Hessian at all intermediate points wy, := aw; + (1 — a)w, « € [0, 1] between w and GD

iterates w;. This is due to Taylor’s theorem used to relate F (wy) to the target value F (w)
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as follows:

2

~

ﬁ(w) > ﬁ(wt) + <VF(wt), w — wt> + % Amin (VQﬁ(wat)> Hw — wy

Thus from self-bounded weak convexity, to control the last term above we need to control
F (wq) for any intermediate point w,, along the GD trajectory. This is made possible by

establishing the following generalized local quasi-convexity property.

Proposition 4.5.1 (Generalized Local Quasi-Convexity). Suppose F:RY 5 R satisfies
the self-bounded weak convexity property in Eq. (4.4) with parameter k. Let wy,wy € RY
be two arbitrary points with distance ||wy — wy|| < D < \/2/k . Set 7 := (1 — kD2/2)7".
Then,

max F(v) < 7 max{F(w;), F(w,)}. (4.10)

vE[w,wa)

Recall that quasi-convex functions satisfy Eq. (4.10) with 7 = 1 and D can be
unboundedly large. The Proposition 4.5.1 indicates that our neural-net objective function
is approximately quasi-convex (since 7 > 1) and this property holds locally, i.e. provided
that wy, wy are sufficiently close.

Applying (4.10) for w; = wy, ws = w allows controlling F(w,) in terms of the train
loss F'(w;) and the target loss F(w). The only additional requirement in Proposition 4.5.1

for this to hold is that
1/k o< vV/m 2 ||w; — wl?. (4.11)

This condition exactly determines the required neural-net width. Formally, we have the

following.
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Corollary 4.5.1 (GLQC of sufficiently wide neural nets). Let Assumptions /.2.1,/.2.2,
4.2.4 hold. Fiz arbitrary wy,ws € RY | any constant X > 1, and m large enough such that

VI > Nl — w2, Then,

max F(v) < (1—1/A) " max{F(w), F(ws)}. (4.12)

vE[wi,wo]

To conclude, using Corollary 4.5.1, we can show the regret bound in Eq. (4.5) provided
(by (4.11)) that /m = |Jw; — w||* is true for all ¢ € [T]. To make the width requirement
independent of w;, we then use a recursive argument to prove that ||w; — w||< 3||w — wo||.
These things put together, lead to the parameter bound ||w; — wyl| < 4]jw — wg|| and the
width requirement v/m 2 ||w — wp||* in the theorem’s statement. We note that the GLQC

property is also crucially required for the generalization analysis which we discuss next.

4.5.2 Generalization gap

We bound the generalization gap using stability analysis [13, 17]. In particular,
we use [14, Thm. 2| that relates the generalization gap to the “on average model
stability”. Formally, let w;" denote the ¢-th iteration of GD on the leave-one-out loss
Fri(w) := =D DI Fj(w). As before, w, denotes the GD output on full-batch loss F. We
will use the fact (see Corollary 4.8.3) that f(y®(-,x)) is Gp-Lipschitz with G = (R
under Assumptions 4.2.2 and 4.2.3.A. Then, using [14, Thm. 2(a)] (cf. Lemma 4.8.6) it
holds that

E|F(wr) - Flur)| < 2G5 E[% iuw —uwrll]. (4.13)

In order to bound the on-average model-stability term on the right-hand side above we

need to control the degree of expansiveness of GD. Recall that for convex objectives GD
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is non-expansive (e.g. [17]), that is ||(w — nVF(w)) — (w' — pVE W )| < |lw — w'|| for
any w,w’. For the non-convex objective in our setting, the lemma below establishes a
generalized non-expansiveness property via leveraging the structure of the objective’s

Hessian for the two-layer net.

Lemma 4.5.1 (GD-Expansiveness). Let Assumptions 4.2.1 and 4.2.2 hold. For any
w,w' € RY, any step-size n > 0, and w, := aw + (1 — a)w' it holds for H(w) :=
nL—\/}gﬁ’(w) + max {1, nEQRZﬁ”(w)} that

[ (= 9B ) ~ (o~ 9B @) < max H(wa) o~ w',

a€0,1]

where we define ﬁ’(w) = %Z?:Jf’(yi@(w,xi)ﬂ and ﬁ”(w) = %Z?:l " (y:®(w, x;)).

This lemma can be further simplified for the class of self-bounded loss functions.
Specifically, using | f'(u)|< f(u) and f”(u) <1 from Assumptions 4.2.4 and 4.2.3.B, we

immediately deduce the following.

Corollary 4.5.2 (Expansiveness for self-bounded losses). In the setting of Lemma 4.5.1,
further assume the loss satisfies Assumptions /.2.5.B and 4.2.J. Provided n < 1/(¢*R?),

it holds for all w,w' € RY that

2

H (w - UVF\(U))> - (w’ - WVF\(IU/)> H < (1 + ULR max F\(wa)> Hw —w'l|. (4.14)

\/m a€(0,1]

In Eq. (4.14) the expansiveness is weaker than in a convex scenario, where the

coefficient would be 1 instead of 1 + % MaXqefo1] F(w,). However, for self-bounded

losses (i.e. |f'(u)| < f(u)) the “gap to convexity” "\L/g mMaXaco,1] ﬁ(wa) in Corollary 4.5.2

is better than the gap from Lemma 4.5.1 for 1-Lipschitz losses (i.e. |f'(u)| < 1), which

would be ﬂ%. Indeed, after unrolling the GD iterates, the latter eventually leads to

polynomial width requirements [16].
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Instead, to obtain a polylogarithmic width, we use the expansiveness bound in Eq.
(4.14) for self-bounded losses together with the generalized-local quasi-convexity property

in Corollary 4.5.1 as follows. From Corollary 4.5.1, if m is large enough such that
vm > LR*||w; —w;'||?, WVt € [T], Vi€ [n],

then Eq. (4.12) holds on the GD path. This further simplifies the result of Corollary 4.5.2

applied for w = wy, w’ = w;" into

H(wt—nvﬁwwt)) (wyt — gV EF 7 (w H<HHwt

where HZ =14+ 271/L§ maX{F “Hwy), F “(w;")}. Now from the optimization analyses in
Sec. 4.5.1, we know intuitively that 7 (w,) < F(w,) decays at rate O(1/t); thus, so does
Fﬁ’( ). Therefore, for all i € [n] the expansivity coefficient ﬁf in the above display is
decaying to 1 as GD progresses.

To formalize all these and connect them to the model-stability term in (4.13), note

using triangle inequality and the Gradient Self-boundedness property of Lemma 4.3.1 that
e = wih|| < || =V F () = (=W E )| + =Rt

Unrolling this display over t € [T], averaging over i € [n], and using our expansiveness

bound above we show in Appendix 4.8.2 the following bound for the model stability term

g T—

Z (4.15)

t=0

1 & i nﬁRe
E;HwT_wT | <

where 8 < (Zt L F(w,) + ST Fi(w; )> /+/m . But, we know from training-loss bounds
in Theorem 4.3.1 that >, F(wy) < |lw — wo|? (and similar for S Fi(w;")). Thus,
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B < |lw—wpl|?/+/m. At this point, the theorem’s conditions guarantees /m = ||w —wyl|?,
so that 8 = O(1). Plugging back in (4.15) we conclude with the following stability bound:
L3 wr — w1 S ZtT:o ﬁ(wt)/n Applying the train-loss bounds of Theorem 4.3.1

once more completes the proof.

4.6 Prior Works

The theoretical study of generalization properties of neural networks (NN) is more than

two decades old [118, 119]. Recently, there has been an increased interest in understanding
and improving generalization of SGD/GD on over-parameterized neural networks, e.g.
[120, 121, 122, 16]. These results however typically require very large width where
m = poly(n). We discuss most-closely related-works below.
Quadratic loss. For quadratic loss, [123, 124, 125, 121, 126] showed that sufficiently
over-parameterized neural networks of polynomial width satisfy a local Polyak-F.ojasiewicz
(PL) condition |VF(w)|[2> 2u(F(w) — F*), where 1 is at least the smallest eigenvalue
of the neural tangent kernel matrix. The PL property in this case implies that the
training loss converges linearly with the rate F(w;) = O((1 — nu)!) if the GD iterates
remain in the PL region. Moreover, [127, 128|, have used the PL condition to further
characterize stability properties of corresponding non-convex models. Notably, [128]
derived order-optimal rates O(Min) for the generalization loss. However these rates only
apply to quadratic loss. Models trained with logistic or exponential loss on separable
data do not satisfy the PL condition even for simple interpolating linear models. Aside
from the PL condition-related results, but again for quadratic loss, [129] showed under
specific assumptions on the data translating to low-rank NTK, that logarithmic width is
sufficient to obtain classification error of order O(n~'/*). In general, they achieve error
rate O(n~/?), but for m = Q(n?).
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Logistic-loss minimization with linear models. Logistic-loss minimization is more
appropriate for classification and rate-optimal generalization bounds for GD have been
obtained recently in the linear setting, where the training objective is convex. In particular,

for linear logistic regression on data that are linearly separable with margin v > 0, [114]

log? T + log? T)

o7 i Ignoring log factors, this is

proved a finite-time test-error bound O(
order-optimal with the sample size n and training horizon T Their proof uses exponential-
decaying properties of the logistic loss to control the norm of gradient iterates, which
it cleverly combines with Markov’s inequality to bound the fraction of well-separated
datapoints at any iteration. This in turn translates to a test-error bound by standard
margin-based generalization bounds. More recently, [112] used algorithmic-stability
analysis proving same rates (up to log factors) for the test loss. Their results hold for
general convex, smooth, self-bounded and decreasing objectives under a realizability
assumption suited for convex objectives (analogous to Assumption 4.3.1). Specifically,
this includes linear logistic regression with linearly separable data. Here, we show that
analogous rates on the test loss hold true for more complicated nonconvex settings where
data are separable by shallow neural networks.

Stability of GD in NN. State-of-the-art generalization bounds on shallow neural
networks via the stability-analysis framework have appeared very recently in [16, 18, 116].
For Lipschitz losses, [16] shows that the empirical risk is weakly convex with a weak-
convexity parameter that improves as the neural-network width m increases. Leveraging
this observation, they establish stability bounds for GD iterates at time T provided
sufficient parameterization m = Q(T 2). Since the logistic loss is Lipschitz, these bounds
also apply to our setting. Nevertheless, our work improves upon [16] in that: (i) we
require significantly smaller width, poly-logarithmic rather than polynomial, and (ii) we
show O(1/n) test loss bounds in the realizable setting, while their bounds are O(T'/n).

Central to our improvements is a largely refined analysis of the curvature of the loss via
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identifying and proving a generalized quasi-convexity property for neural networks of
polylogarithmic width trained with self-bounded losses (see Section 4.5 for details). Our
results also improve upon the other two works |18, 116], which both require polynomial
widths. However, we note that these results are not directly comparable since [18, 116]
focus on quadratic-loss minimization. See also Appendix ?77.

Uniform convergence in NN. Uniform bounds on the generalization loss have been
derived in literature via Rademacher complexity analysis [130]; see for example [131, 132,
133, 134, 135] for a few results in this direction. These works typically obtain the bounds
of order O(\%), where R depends on the Rademacher complexity of the hypothesis space.
Recent works by [110] also utilized Rademacher complexity analysis to obtain test loss rates
of O(1/4/n) under an NTK separability assumption (see also [19]) with polylogarithmic
width requirement for shallow and deep networks, respectively. Instead, while maintaining
minimal width requirements, we obtain test-loss rates O(1/n), which are order-optimal.
Our approach, which is based on algorithmic-stability, is also different and uncovers new
properties of the optimization landscape, including a generalized local quasi-convexity
property. On the other hand, the analysis of [110] applies to ReLU activation and bounds
the test loss with high-probability over the sampling of the training set. Instead, we
require smooth activations similar to other studies such as [129, 136, 137, 19, 16, 18, 116|
and we bound the test loss in expectation over the training set.
Convergence/implicit bias of GD. Convergence and implicit bias of GD for logis-
tic/exponential loss functions on linear models and neural networks have been investigated
in [113, 138, 20, 139, 140, 136]. In particular, [139, 141] have shown for homogeneous
neural-networks that GD converges in direction to a max-margin solution. While certainly
powerful, this implicit-bias convergence characterization becomes relevant only when the
number 7" of GD iterations is exponentially large. Instead, our convergence bounds apply

for finite 7' (on the order of sample size), thus are more practically relevant. Moreover,
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their results assume a GD iterate to such that F (wyy) < log(2)/n. Similar assumption
appears in [136], which require initialization F(wo) < 1/n'*C for constant C' > 0. Our
approach is entirely different: we prove that sufficient parameterization benefits the loss
curvature and suffices for GD steps to find an interpolating model and attain near-zero

training loss, provided data satisfy an appropriate realizability condition.

4.7 Conclusions

In this chapter we study smooth shallow neural networks trained with self-bounded
loss functions, such as logistic loss. Under interpolation, we provide minimal sufficient
parameterization conditions to achieve rate-optimal generalization and optimization
bounds. These bounds improve upon prior results which require substantially large over-
parameterization or obtain sub-optimal generalization rates. Specifically, we significantly
improve previous stability-based analyses in terms of both relaxing the parameterization
requirements and obtaining improved rates. Although our focus was on binary classification
with shallow net- works, our approach can potentially be extended to other architectures
such as transformers; for preliminary results in this direction see [142]. Extending our
results to the stochastic case by analyzing SGD is another important future direction.
Moreover, while our current treatment relies on smoothness of the activation function
to exploit properties of the curvature of the training objective, we aim to examine the
potential of our results to extend to non-smooth activations. Finally, our generalization
analysis bounds the expectation of the test loss (over data sampling) and it is an important

future direction extending these guarantees to a high-probability setting.
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4.8 Proofs

4.8.1 Training Loss Analysis

This section includes the proofs of the results stated in Section 4.3.2.

Proof of Theorem 4.3.1

We begin with proving the general train-loss and parameter-norm bounds of Theorem
4.3.1. In fact, we state and prove a slightly more general statement of the theorem which
includes non-smooth and non-Lipschitz losses (such as expoential loss) that satisfy a

second order self-bounded property described below.

Assumption 4.8.1 (2nd order self-boundedness). The convex loss function f: R — R,

satisfies the 2nd order self-boundedness property, i.e.
f"(u) < f(u),Yu € R.

Theorem 4.8.1 (General statement of Theorem 4.3.1). Let Assumptions 4.2.1-4.2.2
hold. Assume the loss function satisfies self-bounded Assumption 4.2.4. Moreover, suppose
either Assumption 4.2.5 or Assumption 4.8.1 hold. Fix any T > 0. Let the step-size
satisfy the assumptions of the descent lemma (Lemma /.8.1). Assume any w and m
such that |jw — wp||*> max {nTﬁ(w), nﬁ(wo)} and m > 182 L2R*|w — wo||*. Then, the

training loss and the parameters’ norm satisfy

T
1 ~ ~ 5w — wp||?
— F < 2F —_—_ 4.16
F 3 Flu) < 27 () + Tl (4.16)
vt € [T ||we — wol|< 4fjw — wo|.
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To prove Theorem 4.8.1, we first state our descent lemma for both self-bounded losses

and lipschitz-smooth losses.

Lemma 4.8.1 (Descent lemma). Let Assumptions 4.2.1-4.2.2 hold. Assume the loss func-

tion satisfies self-boundedness Assumptions 4.2.4,4.8.1. Then, for anyn < e F}(wt) min{ ZQLL, ﬁ}

the descent property holds, i.e.,
Flwe) < Flw) = JIVE(w)]*

Moreover, if f satisfies Assumption 4.2.3 then the descent property holds for anyn < 1/Lz

where Lz := (*R* + L—ﬁ; is the smoothness parameter of the training objective.

Proof: Due to self-boundedness Assumption 4.8.1, as well as Assumptions 4.2.1-
4.2.2 the objective is also self-bounded according to Corollary 4.8.3, i.e., |V2F(w)||<
<£2R2 + %) F(w), |VF(w)||< R F(w).

By Taylor’s expansion, there exists a w’ € [wy, wyy1] such that,

. . . 1 .
Fwy1) = Plw) + (VE(w), wes — w) + ; (s = wp, V() (wies — wy))

~ ~ 1
S F(’U}t) + <VF(wt),wt+1 - U)t> + = max

2 UE[wt,wt+1]

V2R ()| - s = well

) (PR ) _ e
< F(wg) —n||VF(wy)||*+ max F(v) - HVF(wt)

2 vE[we,wiq1]

By Corollary 4.8.1, for /m > n*LORYF2(w;) > LR2 |0V F (w;)||2= LR2|Jwiyy — we]|? it
holds that
max F(v) < 2max{F(w;), F(wi1)},

vE[wt,wi41)
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which yields

2

F(wi1) < F(w) = 0| VE(w)|*+7’ (W - Lfﬁ) max { F(w,), F(wy1) } - [VF ()]
(4.17)

1

P . . . 1
We note that the condition on m simplifies to m > 1 if n < VIO T

Back to (4.17), if F(wy1) > F(w,) by our condition < 42R2+L1R2/\/m ﬁ(;) it holds

that

ﬁ(thrl) . 1)

F(wey1) < F(wy) + nnvmt)n?( T

< ﬁ(wt) _I_nEQRQF\Q(wt) (ﬁ(wtﬂ) _ 1) ‘

: 1 1
Since n < R T(wy)’

ﬁmﬁg<ﬁw@+ﬁw@<€%$?_1>
= ﬁ(wtﬂ) )

which is a contradiction. Thus it holds that F (Weg1) < F (w¢). Continuing from Eq. (4.17)

with the assumption 7 < T L1R2 T F(i)t), we conclude that

~ ~ ~ 1 LR*\ A ~
Flwir) < Flw) — TIHVF(wt)||2+§772 (f232 + ﬁ) F(wy) - [[VF(w)|?

o~ 77 o~
< F(w) — §HVF(wt)|]2.

This completes the proof for self-bounded losses.

Next, suppose f is 1-smooth and 1-Lipschitz. Then, as per Corollary 4.8.3, Fis
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smooth with the constant

LR?
Ls:=0FR+ —.
T

Following similar steps as in the beginning of proof and assuming step-size n < 1/Lz we

immediately conclude that,

. - - 2L,
owHﬁSfWM)—MW”WWMV+n2FW”WwMV

~ n ~
< F(wy) = SIIVE(w)l*.

This completes the proof.

As a remark, the descent property implies that the loss decreases by each step, i.e.,
F(w,) < F(wp). Thus for self-bounded losses the condition < m min{ z7, ﬁ}
is sufficient. We also note that the Lipschitz-smoothness and 2nd order self-bounded
assumptions are only required for the descent lemma above, which results in conditions
on the step-size based on the properties of loss. In the rest of the proof we only use the
self-bounded Assumption 4.2.4 in order to use the self-bounded weak convexity property
of the objective (see Def. 4.3.1).

Next lemma finds a general relation for the training loss in terms of an arbitrary point

w € RY and the fluctuations of loss between w and GD iterates w.

Lemma 4.8.2. Let Assumptions 4.2.1-4.2.2 hold. Assume the loss function satisfies the
self-bounded Assumption 4.2.4. Moreover, suppose F and step-size m are such that the

following descent condition is satisfied for all t > 0:

Fluwna) < Flw) = 2 VE(wy)|* (4.18)
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Then, for any w € R it holds that

T

> F(w) < F(w) + + = max F(wae) |w — wy|?,
— nT z,f‘T

aE[O 1]

1
T
where we set Wy = aw; + (1 — a)w.

Proof:

Fix any w. By Taylor, there exists wa, @ € [0, 1] such that

Flw) = F(w) + (VE(w).w —wi) + 5 (w = w, V2P (war) (w0 — w)

> F(wn) + (VE(w), w0 = w,) + 3 hmin (V2E(wi)) o — el

e A

~ ~ 1 LR?
> Plw) + (VE(w),w = wy) = == Flwa) |l = wi]|*.
The last line is true by Corollary 4.8.3. Thus, for any w,

~ ~ ~ 1 LR?
F(w) = F(w) + (VE(w),w - w,) - 3 e Flwar) |Jw — w|.

Plugging this in (4.18) gives

~ 2
F(wiy) < < (wy), w — wt> - = HVF wy) 2 \/_ o nax (wat) lw — w,l]?
~ 1 1 LR?
= )+ (I = el = weal) + 57 mae Fuwer) o —
(4.19)
where the second line follows by completion of squares using w;; 1 — wy = —nVﬁ (wy).

Telescoping the above display for ¢t =0,...,T — 1, we arrive at the desired.
Next, when m is large enough so that we can invoke the generalized-local quasi-

convexity property, the bound of Lemma 4.8.2 takes the following convenient form
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Lemma 4.8.3. Let the assumptions of Lemma /.8.2 hold. Assume w and m such that

Vm > 2LR*|w — wy||* for all t € [T — 1] then

T A~
1 ~ ~ 2w — 2 F
72 Flw) <2F(w) + Jw = woll® | £(wo)

7 o7 (4.20)

t=1

Proof: 'We invoke Corollary 4.8.1 with A =4 to deduce that for all t € [T" — 1]

max Fwa) < g‘max{p( ), F(w)} < %ﬁ(wt) + %ﬁ(w). (4.21)

Noting the assumption on m and recalling Lemma 4.8.2,

T-1

T
1 ~ ~ lw—wo||* 1LR*1 ~ )
7> Fw) < Flw) + SN max F(wa) |Jw — w
P nT 2/mT “— a€l0,1]
4 [lw — wol|? — =
<ZF I
< 3fFw) o 3T ; (1we)
4~ [w—wol>? 1 o= =
<ZF =200 L 2 N Pw,).
SgFw+—F *37 ; (1we)

Arranging terms yields the desired result.
Finally, using the about bounds on the training loss, we can bound the parameter-norm

using a recursive argument presented in the lemma below.

Lemma 4.8.4 (Iterates-norm bound). Suppose the assumptions of Lemma 4.8.2 hold.

Fix any T > 0 and assume any w and m such that

l|w — wo|*> max{nTF(w), nF(wo)}. (4.22)
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and
Vvm > 18LR*||w — wy||?, (4.23)
Then, for all t € [T],
[y — w]|< 3[Jw — wol| (4.24)

Proof: Denote A; = ||w; — w||. Start by recalling from (4.19) that for all ¢:

2

A?H < A? + nﬁ(w) — nF(th) + 1 ——= max F(wat) A2 (4.25)

2\/_ m «€0,1]

We will prove the desired statement (4.24) using induction. For ¢t = 0, Ay = ||w — wy|.
Thus, the assumption of induction holds. Now assume (4.24) is correct for t € [T — 1], i.e
Ay < 3||lw — wyl|, ¥t € [T — 1]. We will then prove it holds for t = T..

The first observation is that by induction hypothesis y/m > 18 L R?||w—wyg||*> 2L R* A?
for all ¢t € [T'— 1]. Thus, for all ¢ € [T" — 1], the condition of the generalized local quasi-

convexity Corollary 4.5.1 holds for A = 4 implying (see also (4.21))
Vte [T —1] : max F(wy) <

Using this in (4.25) we find for all ¢t € [T" — 1] that
A2 < A2 4 pF(w) — nF(wi) + 17—t LR A F(w )+ 4ﬁ< )
1 = A t+1 ovm \3" T3

1

< 42+ 1) P () + 0 (F(w) + 3Fw))

3

where in the second inequality we used again that /m > 2LR?A?. We proceed by
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telescoping the above display over t =0,1,...,T — 1 to get

T-1

3

4 1 g I
AR < AL+ ST F(w) + onF(wo) + 51 ) F(wy) — nF (wr)
t=0

T
4 2 ~ 1 ~
2
< A+ gnTF(w) + gﬁF(wo) + 577 ; F(uwy),

where the second line follows by nonegativity of the loss.

~

Now, to bound the last term above, observe that the condition of Lemma 4.8.3 holds

since v/m > 2LR?A? for all t € [T — 1] by induction hypothesis. Hence, using (4.20), we

conclude that

4 2 - 1 . 242 F(w
A?p§A3+§77TF(w)+—77F(wo)+—nT<2F(w)+n—;+%

3 3

5 ~ 5 ~
= gA(Q) +2nTF(w) + gnF(wo)

= Ar < 3|Jw — wpl|.

(4.26)

In the last inequality, we used the assumptions of the lemma on ||w — wy| and Ay =

|w — wpl|. This completes the proof.

Completing the proof of Theorem 4.8.1.

The proof follows from combining the bounds on the training loss and parameters

I

growth from Lemmas 4.8.3-4.8.4 and noting that with condition on |w — wpl[* from

Lemma 4.8.4 we have F(wy) < ||w — wol[%/n to derive (4.16). Moreover, we have

lwe = wol[ < Jlwy — w][+[[w = wol| < 4f|w — wol|
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Proof of Theorem 4.3.2

Here we prove training loss bound for interpolating NN as asserted by Theorem 4.3.2.
Similar to the previous section, we prove a more general result where the loss is not
necessarily Lipschitz or smooth. We are now ready to prove Theorem 4.3.2 for general
self-bounded losses. In particular, Theorem 4.3.2 follows directly from the next result by

choosing f to be Lipschitz and smooth.

Theorem 4.8.2 (General statement of Theorem 4.3.2). Suppose Assumptions /.2.1-
4.2.2, 4.2./ hold. Moreover, assume the objective and data satisfy the Assumption 4.53.1.
Let the step-size satisfy the assumptions of Descent Lemma 4.8.1. Moreover, assume

n < min{g(1)?, g(1)* } and m > 182L2R* g(1)* for a fized training horizon T. Then,

Lg’ F(wo)
~ 2 5g(+)?
F < = T
(wr) <7+ T
1
vielT) : u -l < 4g(7).

Proof: According to Assumption 4.3.1, for any sufficiently small € > 0, there exists
a w® such that F(w®) < e and [|[w® — w||= g(¢). Pick ¢ = 1/T. With the condition

n < min{g(1)% ¢(1)%/F (w)} we have

N ~ 1
maxx {nTF(w/™), nP(wo) } < g(1)? < g()* = [T —wol?,

where in the second inequality we used the fact that g is a decreasing function. The

desired result is obtained by Theorem 4.8.1.

Generalized local quasi-convexity property

In the remainder of this section, we prove the generalized local quasi-convexity property.
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Proposition 4.8.1 (Restatement of Proposition 4.5.1). Suppose F:RY 3R satisfies
the self-bounded weak convexity property in Eq. 4./ with parameter . Let wy,wy € R
be two arbitrary points with distance ||w; — wo|| < D < \/2/k . Set 7 := (1 — kD?/2)"".

Then,

max F(v) < 7 max{F(w;), F(ws)}. (4.27)

vE w1 ,w2]

Proof: Assume the claim of the proposition is incorrect, then

max F(v) > 7 max{F(w;), F(ws)} > max{F (wy), F(ws)}. (4.28)

vE[wi,w2]

Define w, 1= argmaxyew, us] ﬁ(v) Note that w, is an interior point. Thus by the

optimality condition it holds
<Vﬁ(w*),w1 - w2> ~0. (4.29)

By Taylor’s approximation theorem for two points w;,w € R¥, there exists a wg €

[w, wy], such that

~

~ ~ 1 ~
Fw) = F(w) + <VF(’LU),’LU1 — w> +5 <w —wy, V2 F(wg) (w — w1)> (4.30)
Pick w = w, = cwy + (1 — a)wse in Eq. (4.30), and note that

<Vﬁ(w*),w1 — w*> =—(1—a,) <V1/7\(w*),w1 — w2> = 0.
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Therefore,
N N 1 )~
Flwn) = Flw.) + 5 (w. = w1, V2F (wg) (w, — wn))
N 1 2
> F(w,) + EAmm(V F (wgp) Hw* wy
~ 1 - 2
> F(w*)—§ F(wB)Hw*—wl

where in the last line we used the self-bounded weak convexity property i.e., Amin (VQZ/T\ (w5)> >
—kF (wg).
This leads to

Note that wg € [w,, w;] C [wy, ws), thus ﬁ(wﬁ) < F(w,) by definition of w,. Therefore,
Flw.) < o F(w)
Wy w
1—Lkfwr — w2
=T Tepet )

2

which is in contradiction with (4.28). This proves the statement of the proposition.

Specializing this property to two-layer neural networks yields the following.

Corollary 4.8.1 (Restatement of Corollary 4.5.1). Let Assumptions 4.2.1,/.2.2, 4.2.4

hold. Fiz arbitrary wy,ws € RY, any constant X > 1, and m large enough such that

Vi > N lwy —w, |2, Then,

max F(v) < (1—1/X) " max{F(w), F(wy)}. (4.31)

v€[wr,we)
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Proof: By our assumptions and Corollary 4.8.3 the objective’s Hessian satisfies

Invoking Proposition 4.8.1 with x := L—\/%Q concludes the claim.

4.8.2 Generalization Error Analysis

This section includes the proofs of the generalization results stated in Section 4.3.3.

Proof of Theorem 4.3.3

We prove the generalization gap of Theorem 4.3.3 for Lipshitz-smooth losses. The
proof follows the steps of our proof sketch in Sec. 4.5.2.
First, the proofs of exansiveness of GD in NN (Lemma 4.5.1) and the corresponding

model stability bound are given next.
Lemma 4.8.5 (GD-Expansivieness). Let Assumptions 4.2.1-4.2.2 hold. For any w,w'’

and w, = aw + (1 — a)w' it holds that

| (w=nVE@)) = (w = yVFW)) | < max Hwa) Jw—w].

a€l0,1]
LR?

H(w) = nﬁ

F'(w) 4+ max {1, 77£2R2F\”<w)} :

where we define F'(w) := LS (yi®(w, 21))| and F'(w) := L (i ®(w, xy)).

Proof: Fix u : |lu/|=1 and define g, : RY — R:
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Note
|0 = VF@) - (' = VE@)|| = max lgu(w) ~ gu(w)].

l[ull=1

For any w,w’, we have

gu(w) — g, (W) = /01 u' (I - nVQﬁ(w’ + a(w — w'))) (w —w")da

< max ([ —V2F (' + alw — w’))> H Hw —uw'|l. (4.32)
agc|0,
For convenience denote wy = aw + (1 — a)w’ and A, := V2F(w,). Then, for any
a € [0, 1] we have that
|1 =092 P (wa) | = mas {11 = nAwin (Al 11 = DAmex(A0)] |- (4.33)

For convenience, let  := ﬁLRQﬁ’(wa) > 0 and note from Lemma 4.8.11 that

Amin(Aq) > — 5. Using this, we will show that
1 = N Amin(Aq)| < max{l + 76, nAmax(Aq) }- (4.34)
To show this consider two cases. First, if nAnin(Aa) € [—n0, 1], then
1= D Amin(Aa)| = 1 = NAmin(Aa) <1475,
On the other hand, if nApin(A,) > 1, then
11— nAwmin(Aa)] = PAmin(Aa) = 1 < DAmin(Aa) < DAmax(Aa),
which shows (4.34).

173



Generalization and Optimization in Interpolating Neural Networks Chapter 4

Next, we will show that
|1 = NAmax(Aa)| < max{1 + 78, nAmax(Aa)}- (4.35)
We consider again three cases. First, if n\pac(A4a) € [0,1], then
11T — DAmax(Aa)| = 1 — NAmax(Aa) < 1.
Second, if NApax(Aa) > 1
1 = DAmax (Aa)| = MAmax(Aa) = 1 < nAmax(Aa)-
Otherwise, it must be that —8 < Apin(Aa) < Amax(Aa) < 0. Thus,
1= DAmax(Aa)] = 1 = NAmax(Aa) <1 = nAnin(Aa) < T+ 16
To complete the proof of the lemma combine (4.33) with (4.34) and (4.35):
17 = nV2F(wa)|| < max{1 + 8, mAmax(Aa) },

and further use from Lemma 4.8.11 that nApax(Aas) < 77€2R2Z/7’\”(w) +np.
For the stability analysis below, recall the definition of the leave-one-out (loo) training
loss for i € [n]: Fi(w) := 1 > i ﬁ](w) With these, define the loo model updates of GD

on the loo loss:
w;fl = w;i—nVFﬁi(w;i), t>0, wai:wo.

Theorem 4.8.3 (Model stability bound). Suppose Assumptions 4.2.1, }.2.2, }.2.3, }.2.}
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hold. Fix any time horizon T > 1 and any step size n > 0. Set the regret and the

leave-one-out regrets of GD updates as follows:

T

T
~ 1 ~ . .
Z F(wy) and  Reg,,, = —max » F(w,").

Reg .=
€9 T icn) p—

’ﬂ |

Suppose that the width m s large enough so that it satisfies the following two conditions:
vm > 4LR? max {|lw; — wol?, Jw,* — wol*} , Vi€ [n],t € [T, (4.36)
and
vm > 6LR*nT max {Reg, Reg,,,} . (4.37)
Then, the leave-one-out model stability is bounded as follows:

< — 277€R (ﬁ(wo) +T- Reg) :

5 or -

Proof: Using self-boundedness Assumption 4.2.4 together with Corollary 4.5.2 it
holds for all 7 € [n]:

s ] | o9 w) (72 0) | -2

~ . (R ~
< H (wt — nVFﬁ’(wt)) — < — 77VFﬁZ ) H + 77—F (wy)
LR? (R ~
(1 b ma Fri(w?) ) Hwt + n—F(wt) (4.38)

where we denote for convenience w.! = aw; + (1 — a)w; ™.

Moreover, by the theorem’s condition in Eq. (4.36), it holds for all ¢ € [T] and all
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i € [n] that
—i —i ||2
Vm > 2LR*(|Jwy — wol*+|lw;” — wol*) > LR? ||w, — w”||”.

Thus, we can apply Corollary 4.5.1 for A = 2, which gives the following generalized-local

quasi-convexity property for the loo objective:

m[ax] Fri(w) < Qmax{ﬁﬂi(wt),ﬁﬁi(w;i)} :
agl0,1

In turn applying this back in (4.38) we have shown that

. 2L R? ~ ~ , ‘R
Hth —wiq|| < (1 +7 N max {F”(wt), F”(w?)}) ’ wy —w, " || + 77TFi(wt)
(4.39)
To continue, denote for convenience
: 2L R? ~ -
By =n N max {F”(wt), F”(wtﬂ)} and p:=nlR,

so that:

Hwt+l—w;11Hg(1+ﬁ;) ‘wt—w;i +§E(wt), Vi e [n],t € [T].

By unrolling the iterations over ¢ € [T'] and noting wy = wy*, we obtain the following for
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the leave-one-out parameter distance at iteration 7":

o w7 < §T1 ( THI (1+ 5i)> F(w)

t=0 \7=t+1
T-1 T-1
<25 exp ( 3 ﬁi) Fy(w,)
n t=0 T=t+1
p T-1 T-1 T-1 P T-1 N
<D exp (Z @) Fi(wy) = exp (Z 6;) =Y Fi(w)
n t=0 T=1 =1 n t=0
p T-1 T-1 N
< — exp | max g Fi(wy), Vi € |n]. 4.40

T
B = 2%2 max {max {Z F (wy), Z Foi(w;) }}
T T
A s {3 P 3=

2nLR? { L o ‘
= max ZF<wt) ) maX F_‘Z(w;l>
vim t=1 t=1
2nL R?
_ 2 T max {Reg, Reg, .} <2/3,

Jm

IN

where: (i) in the first inequality we used nonnegativity of f(-) to conclude for any i € [n]
and any w that F(w) < F(w); (ii) in the last line, we recalled the definition of the
regret terms and we used the theorem’s condition (4.43) on large enough m.

Using this in (4.40) and averaging over i € [n] yields

peﬁ T-1 1 noo
< W;E;E(wt)

nlRe3 <
n

-3 [ - wi
n

1€[n]

<

F(w,).

t=0
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The advertised bound follows by using e?/3 < 2 and writing

T—1 T =

1 ~ 1 ~ F
E Fuy) < = E F(w) = >—|—Reg
t:O t:()

To bound the generalization gap in terms of model stability we rely on the following

result.

Lemma 4.8.6 ([14]). Suppose the sample loss f(-, z) is G -Lipschitz for almost surely
all data points z ~ D. Then, the following relation holds between expected generalization

loss and model stability at any iterate T,

E[F(wr)] ~ E[F(ur)] < 26; E[% inT . (4.41)

With the two results above, we are ready to prove Theorem 4.3.3.

Theorem 4.8.4 (Restatement of Theorem 4.3.3). Suppose Assumptions J.2.1- /.2.4 hold.
Fiz any time horizon T > 1 and any step size n < 1/Lz where Lz is the objective’s
smoothness parameter. Let any w € RY such that ||w — w||2> max{nT F(w),nF(w)}.
Suppose hidden-layer width m satisfies m > 642 L* R*||w — wyl||*. Then, the generalization
gap of GD at iteration T 1s bounded as

802 R?
n

~

Flur)] <

]E[F(wT) - E [nTﬁ(w) +2||w—w0||2],

where all expectations are over the training set.

Proof: The proof essentially follows by combining Theorem 4.8.3 with Theorem

4.3.1. Note that the assumptions of Theorem 4.3.1 are met. Thus, the regret and
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parameter-norm are bounded as follows:

5l — wall2
Blw — woll” and max [|w; — wol| < 4flw — wo| - (4.42)

Reg < 2F
°8 = (w) + nT te[T)

We can also use Theorem 4.3.1 to the leave-one-out objective i and the corresponding
loo GD updates w;*. This bounds the loo regret and the norm of the loo parameter, as

follows:

5 5w — woll?

Regy,, < 2F(w) + and max max |Jw;" — wo|| < 4||lw — wo| .

onT i€ln] te[T]

We use these two displays to show that m is by assumption large enough so that Eqs.

(4.36) and (4.43) hold. Indeed, we have
Vm > 64LR*||lw — wy|*= 4LR? (4||w — w0||)2 > AL R? max{||wt — wol|?, |lw; — w0||2}
and

Vm > 64LR*||w — wo||* > 6LR? - 5||w — wyl|?
> 6LR? - (20T F (w) + 5||w — wo)|*/2)

> 6LR*nT max {Reg,Reg, .} -

In the second display we also used the theorem’s assumption that ||w — wp||2> nTF (w).

179



Generalization and Optimization in Interpolating Neural Networks Chapter 4

Thus, we can apply Theorem 4.8.3 to find that

1 & , 2UR / ~
- il < 222 )
" ; HwT wp|| < " (nF(wo) +nT Reg>
20R / ~ ~
< = (nF (wo) + 2T F(w) + 5llw — wo||*/2)
20R ~

where in the penultimate line we used (4.42) and in the last line we used the theorem’s
assumption that ||w — wo|[2> nF (wp).
To conclude the proof, simply take expectations over the train set on the above display

and apply Lemma 4.8.6 recalling G = (R.

Proof of Theorem 4.3.4

Here we prove the generalization gap for interpolating neural networks as per Theorem

4.3.4.

Theorem 4.8.5 (Restatement of Theorem 4.3.4). Let Assumptions 4.2.1-4.3.1 hold. Fiz

T >1 and let m > 64°L*R* g(7)*. Then, for any n < min{{=, g(1)? g(1)® } the expected
F

7 F(wo)

generalization gap at iteration T satisfies

_ 4R g(7) |

- (4.43)

E [F(wT) — Flwr)
Proof: According to Assumption 4.3.1, for any sufficiently small ¢ > 0, there exists

w'® such that ﬁ(w(s)) < e and ||[w® —wp||= g(g). Recall from Theorem 4.3.3 that,

802 R?

~

E | F(wr) —F(wT)] <

(nTﬁ(w) +2||w — wo||2) . (4.44)

In particular let ¢ = 1/7" and replace w with w®). This is possible since after 7' > 1
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steps and with the decreasing nature of g and the condition on step-size it holds that
[w®/T) — 2= g(1/T)? > g(1)? > max{nTF(wD), nF(we)}. Thus continuing from

(4.44) we have,

E [Puwr) ~ Plur)] < %ZRQ (7]4—29(%)2) |

Recalling 17 < ¢(1)* < g(4)? leads to the claim of the theorem.

4.8.3 Proofs for Section 4.4

We first prove proposition 4.4.1, which we repeat here for convenience.

Proposition 4.8.2 (Restatement of Proposition 4.4.1). Let Assumptions 4.2.1-4.2.2,4.4.1-
4.4.2 hold. Assume f(-) to be the logistic loss. Fize > 0 and let m > %(ZC—Flog(l/s))‘l.
Then the realizability Assumption /.5.1 holds with g(g) = %Y(QC’ + log(1/¢)). In other
words, there exists w® such that

~ 1
Fw9) <e, and Hw(a) —wy| = 5 (2C +log(1/2)). (4.45)

Proof: By Taylor there exists w’ € [w, wp| such that,

1
v ®(w, x;) = y;®(wo, z;) + yi<vlq)(w0> Ti), w — wo> + §yz<w — Wo, Vf@(w’, z;)(w — wo)>

(4.46)

Pick w = w® = wy + %*(20 + log(1/e)) for w* defined in Assumption 4.4.1. Since

|w*||= 1, we automatically derive the desired for ||w(®) — wq||. Next, we show that

~

Fi(w®)) < e. Based on Lemma 4.8.10, ||V2®(w', z;)||< L—\/’g. Continuing from Eq. (4.46),
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we deduce the following,

1 p R 2
yi®(w, z;) = — |y ®(wo, )| + vs <V1‘I’(w07$i)aw(€) - wo> - EHV%CI’(U’ , ;) Hw( ) — on
> —C +2C + log(1/e) L (20 4 1og(1/2))?
= o8 292 /m o8

> log(1/e).

The last step is due to the condition on m. The inequality above implies that E(w) =
Flyi®(w, 2;)) <log(l+¢) < ¢, and thus F(w) < ¢ as desired. This completes the proof.

With this, we may now prove Corollary 4.4.1.

Corollary 4.8.2 (Restatement of Corollary 4.4.1). Let Assumptions 4.2.1-4.2.2,4./.1-
4.4.2 hold and assume logistic loss. Suppose m > (5425#(20+10g(T))4 for a fixed training
horizon T. Then, for any n < min{3, L—lﬁ} the training loss and generalization gap are

bounded as follows:

~ 5(2C + log(T))?
<
Flur) < 20T ’
~ 240 R?
E|F(wr) - F(wr)] < 2, (20 +108(7))”

Proof: The given assumption on m satisfies the conditions of Proposition 4.4.1
for e = 7, g(1/T) = %(20 + log(T")). We can apply the results of our optimization
and generalization results from Theorems 4.3.2 and 4.3.4 for a fixed T" which satisfies
T > 1. Note that we can assume without loss of generality that v < 1 which implies that
g(1)? = 4C?/~42 > 4. Moreover, for logistic loss it holds g(1)2/F(wo) > #ﬁrec) >3

for all C'> 1. Therefore the condition on step-size simplifies to < min{3,1/Lz}. This

completes the proof.
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Proof of Proposition 4.4.2

The proof of Proposition 4.4.2 has the following steps: First, we consider an infinite-
width NTK separability assumption (Assumption 4.8.2) and show in Lemma 4.8.7 that it
is equivalent with high-probability to the NTK-separability in Assumption 4.4.1 given
logarithmic number of neurons. We then prove that the noisy-XOR dataset satisfies
Assumption 4.8.2 for convex and locally strongly-convex activations. The result of

Proposition 4.4.2 then follows by combining the two lemmas.

Assumption 4.8.2 (Infinite-width NTK-separability). There exists w(-) : R? — R? and

v > 0 such that |[w(2)|2< 1 for all z € RY, and for all (z,y) ~ D,

[, () @) () 2 7

where pn(-) denotes the standard Gaussian measure.

Lemma 4.8.7. Let {(x;,y;)} be any dataset of size n under Assumption J.2.1, satisfying
the separability condition of Assumption /.8.2 with some margin v > 0. Consider
initialization wy € RY where wy ~ N(0,Iy). Then, with probability at least 1 — & the
dataset is separable under Assumption J./.1 with margin at least v = 3 — F log!/?(7/6),

i.e., there exists unit norm w* such that for all i € [n] : y; (V1P (wo, x;), w*) > .

Proof- By the model’s gradient we have for any w* € R?

¢ = yz<V1<I>(wo,$z > = yzz o' ({woz, wi)) (x4, w}). (4.47)
Let w} = T W(wp ;). Then ||w*||< 1 and by Hoeffding’s inequality it holds for all ¢ > 0,
N —2t*m
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This leads to the desired result with an extra union bound over i € [n].

Lemma 4.8.8. Consider the noisy XOR data distribution {(Z;,y;)} and two-layer neural

network with a convex activation which is pi-strongly convex in [—2,2] i.e., minge_9 9 0" (1) >

w for some p > 0. Then the separability assumption 4.8.2 is satisfied with margin v =

Proof: The proof is essentially similar to [110, Prop. 5.3| and thus we follow their
notation and omit the details for brevity. While their proof relies rather crucially on the
ReLU activation, it can be appropriately modified to obtain a similar margin bound under
our different assumptions on the activation function. To see this, note that due to convexity
of activation function, the integrand in the line above Eq. (D.4) is non-negative. Therefore,
we can lower-bound the integral (which evaluates the margin) by restricting A; to |p;|< 1.
With this restriction we can use the local strong convexity of activation function to
lower-bound the margin, i.e., to uniformly lower-bound y; [p. 0’ ({2, x;)) - (W(2), z;) dun(2)
for all i € [n]. Specifically, note that with strong convexity in [—2,2], Eq. (D.4) in
[110] changes to > 22U (p;) minye[—s9) 0" (t) > 2L (p;) where U(t) := fjt (T)dr is the
probability that a standard Gaussian random variable falls in [—¢,¢]. This leads to the
final value for margin being % [piUpi)1p e Aldun(p) > 27@3/2 5 f tdpr > 455,

as desired.

Proposition 4.8.3 (Restatement of Proposition 4.4.2). Consider the noisy XOR data
distribution {(Z;,v;)}. Assume the activation function is convez, {-Lipschitz and p-strongly
convex in the interval [—2,2] for some 1 > 0, i.e., minge_99 0" (t) > . Moreover, assume
Gaussian initialization wy € R with entries iid N(0,1). If m > 802d3£21 g(2/6), then
with probability at least 1 — § over the initialization, the NTK-separability Assumption

4.4.1 1is satisfied with margin v = g55.

Proof:  The claim follows by combining the last two lemmas. In particular, we

derive the infinite width NTK-separability for the entire data distribution (of size 2¢) with
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margin y = ;55 and by the assumption on width and noting 7 = 24 we have y-separability

by NTK for the entire distribution with probability 1 —§ where v = 5 — \/ET% log?(n/8) =

07— %8 log'/?(1/8) > 307+ Lhis completes the proof.
Finally, we show how to control the parameter C' that bounds the model output at

Gaussian initialization.

Lemma 4.8.9 (Initialization bound). Let Assumption 4.2.1 hold and assume the activation
function to be £-Lipschitz. Consider initialization wy € R where wg ~ N(0,1y). Given

any 0 € (0,1), then with probability at least 1 — &, it holds for all i € [n] that

1B (wo, z:)| < (R\/210g(20/3). (4.49)

Proof: Recall that if a function ¢ : R* — R is G-Lipschitz then for Gaussian vector
Z = (Z1,Zy,- -+, Zy) where each component is i.i.d. standard Gaussian Z; ~ N(0, 1), it
holds for all ¢ > 0 that Pr[|¢(Z) — E[¢(Z2)]|> t] < Qexp(—%). Note that according to
Lemma 4.8.10, ®(-, z;) is (¢R)-Lipschitz for any data point x;. Therefore, with the given

initialization for wg, we have

|

t?
@ (o, ;) — E[@(wo, 2:)]| 2 1] < 2exp (——%2 32) -

It also holds that E[®(w, ;)] = 0. This is true since for half of second layer weights a; = 1
and for the rest a; = —1. Thus, we have Pr[|®(wy, z;)|> t] < 2exp(—%). A union
bound yields that uniformly over i € [n], we have Pr[|®(wq,x;)|> t] < 27 - exp(—%)

which concludes the claim of lemma.
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4.8.4 Gradients and Hessian calculations

Definitions

Assume IID data (z,y) ~ D, x € R% y € {&1}. Denote for convenience z := yz.

Suppose two-layer neural network model

a; € {£1},j € [m] and first-layer weights trained by GD on

nyz w, ;) wazz)-

zE [n]

for loss function f: R — R.

For convenience define

Z\f yi®(w, z;))|

ze[n

F'(w Z\f” yi®(w, :))|

ze[n

Model’s Gradient /Hessian

(4.50)

(4.51)

(4.52a)

(4.52b)

Lemma 4.8.10. The following are true for the model (4.50) under Assumption 4.2.2.

1. ||V (w, 2)||< (R.

2. |Vid(w,z)|< L.
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Proof: Direct calculation yields that,

a0’ ({(wy, x))x

V1®(w,z) =

Bl

| a0’ (Wi, )2

Noting that ¢'(-) < ¢,

V1@ (w, z)||* = ZZ ((w;, z)))? (4.53)

j 1 =1

< 0|f?

< (*R?.
For the Hessian,

0?®(w, x) I
ij
Thus,
1
Vid(w,z) = NG diag (a10” ((wy, z))zz”, ..., apo” ((wp, z))zz")
for any unit norm vector u € R™¢, define u; := [U(i—1ym41 © Uim] € R?. Moreover,
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define the matrix V2 ®(w, z) € R*? such that [V ®(w,z)]; = Po(w.o)

Ow; ;0w;yp

2 = 2
HUTV%I)(w,x)H = ZTV?Ui(I)(w,x)H
i=1
<3|t etw | 1l
< Z—Hl’H I ]*
L2R4
<
m

This completes the proof.

Objective’s Gradient/Hessian

Lemma 4.8.11. Let Assumption /.2.2 hold. Then, the following are true for the loss

gradient and Hessian:

1. |[VE(w)||< LR F'(w).

2. |V2F(w)||< PR2F"(w) + YL F'(w).

3. Amin (VQF(w)) > LI (),
Proof: The loss gradient is derived as follows,

VEw) =+ 3 P, 1))y Vi, z)
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Recalling that y; € {£1}, we can write

|vFw)|| = %H if’(yz-cb(w,:c»)yz-vl@(w?xi)

< S 1P ) ||V, )
i=1

</(RF'(w). (4.55)
For the Hessian of loss, note that

VZﬁ(w) = % Z F(yi®(w, 7)) V1@ (w, 2)Vi®(w, ;)T + f'(1:®(w, 2;))y; Vi®(w, x;).
=1
(4.56)

It follows that

|v2F )| = H% S o 2 T, + £ (b, )1, 2) 100 )

< LS, 2| T )

11 i w,2) || Va0, 2) V10 (w, ) |

IN

1 @G, 20) |10, 2|

LS ) [V

%F’(w) + CPR*F" (w). (4.57)

IN

To lower-bound the minimum eigenvalue of Hessian, note that f is convex and thus

f"(-) > 0. Therefore the first term in (4.56) is positive semi-definite and the second term
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can be lower-bounded as follows,

)\min(VQﬁ(w)) > — H% Zyif'(yifb(w,xi))V%fb(w, ;)

i=1
1 & .
> == Jyef (0 (w, 2:))| | ViR (w, )
i=1
2
> LB b,

vm

Corollary 4.8.3 (Self-boundedness of Objective). Let Assumption 4.2.2 hold.

If the loss satisfies Assumptions 4.2.4 (with By = 1) and /.8.1, then
1. |[VE(w)|< (R F(w).
2. |V2E(w)|< (5232 n %) Flw).

~

3 Ain <v2ﬁ(w)) > LB B(y).

If in addition the loss satisfies Assumptions /.2.5.A and 4.2.5.B with Ly = Gy = 1, then
6. |VF(w)|< (R.

7. | V2F(w)|| < R? 4+ HE.

Proof:  For self-bounded losses we have ﬁ’(w) < Z/f(w) and F’(w) < ﬁ(w) If the

loss is 1-Lipschitz and 1-smooth we have F'(w) < 1 and F”(w) < 1. Thus, the claims

immediately follow from Lemma 4.8.11.
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Chapter 5

Fast Convergence in Learning Neural

Networks with Separable Data

5.1 Introduction

5.1.1 Motivation

A wide variety of machine learning algorithms for classification tasks rely on learning
a model using monotonically decreasing loss functions such as logistic loss or exponential
loss. In modern practice these tasks are often accomplished using over-parameterized
models such as large neural networks where the model can interpolate the training data,
i.e., it can achieve perfect classification accuracy on the samples. In particular, it is often
the case that the training of the model is continued until achieving approximately zero
training loss [143].

Over the last decade there has been remarkable progress in understanding or improving
the convergence and generalization properties of over-parameterized models trained by

various choices of loss functions including logistic loss and quadratic loss. For the quadratic
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loss it has been shown that over-parameterization can result in significant improvements in
the training convergence rate of (stochastic)gradient descent on empirical risk minimization
algorithms. Notably, quadratic loss on two-layer ReLLU neural networks is shown to satisfy
the Polyak-Lojasiewicz(PL) condition [127, 144, 126]. In fact, the PL property is a
consequence of the observation that the tangent kernel associated with the model is
a non-singular matrix. Moreover, in this case the PL parameter, which specifies the
rate of convergence, is the smallest eigenvalue of the tangent kernel[126]. The fact that
over-parameterized neural networks trained by quadratic loss satisfy the PL condition,
guarantees that the loss convergences exponentially fast to a global optimum. The global
optimum in this case is a model which “perfectly” interpolates the data, where we recall
that perfect interpolation requires that the model output for every training input is
precisely equal to the corresponding label.

On the other hand, gradient descent using un-regularized logistic regression with linear
models and separable data is biased toward the max-margin solution. In particular, in
this case the parameter converges in direction with the rate O(1/log(t)) to the solution
of hard margin SVM problem, while the training loss converges to zero at the rate
O(1/t) [138, 113]. More recently, normalized gradient descent has been proposed as a
promising approach for fast convergence of exponentially tailed losses. In this method,
at any iteration the step-size is chosen proportionally to the inverse of value of training
loss function [20|. This results in choosing unboundedly increasing step-sizes for the
iterates of gradient descent. This choice of step-size leads to significantly faster rates for
the parameter’s directional convergence. In particular, for linear models with separable
data, it is shown that normalized GD with decaying step-size enjoys a rate of O(1/v/t)
in directional parameter convergence to the max-margin separator [20|. This has been
improved to O(1/t) with normalized GD using fixed step-size [21].

Despite remarkable progress in understanding the behavior of normalized GD with
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separable data, these results are only applicable to the implicit bias behavior of “linear
models”. In this chapter, we aim to discover for the first time, the dynamics of learning a
two-layer neural network with normalized GD trained on separable data. We also wish
to realize the iterate-wise test error performance of this procedure. We show that using
normalized GD on an exponentially-tailed loss with a two layered neural network leads
to exponentially fast convergence of the loss to the global optimum. This is comparable
to the convergence rate of O(1/t) for the global convergence of neural networks trained
with exponentially-tailed losses. Compared to the convergence analysis of standard GD
which is usually carried out using smoothness of the loss function, here for normalized
GD we use the Taylor’s expansion of the loss and use the fact the operator norm of the
Hessian is bounded by the loss. Next, we apply a lemma in our proof which shows that
exponentially-tailed losses on a two-layered neural network satisfy a log-Lipschitzness
condition throughout the iterates of normalized GD. Moreover, crucial to our analysis
is showing that the ¢, norm of the gradient at every point is upper-bounded and lower-
bounded by constant factors of the loss under given assumptions on the activation function
and the training data. Subsequently, the log-Lipschitzness property together with the
bounds on the norm of Gradient and Hessian of the loss function ensures that normalized
GD is indeed a descent algorithm. Moreover, it results in the fact that the loss value
decreases by a constant factor after each step of normalized GD, resulting in the promised

geometric rate of decay for the loss.

5.1.2 Contributions

In Section 5.2.1 we introduce conditions —namely log-Lipschitz and self-boundedness
assumptions on the gradient and the Hessian— under which the training loss of the

normalized GD algorithm converges exponentially fast to the global optimum. More
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importantly, in Section 5.2.2 we prove that the aforementioned conditions are indeed
satisfied by two-layer neural networks trained with an exponentially-tailed loss function.
This yields the first theoretical guarantee on the convergence of normalized GD for non-
linear models. We also study a stochastic variant of normalized GD and investigate its
training loss convergence in Section 5.2.4.

In Section 5.2.3 we study, for the first time, the finite-time test loss and test error
performance of normalized GD for convex losses. In particular, we derive bounds of order
O(1/n) on the expected generalization error of normalized GD, where n is the training-set

size.

5.1.3 Prior Works

The theoretical study of the optimization landscape of over-parameterized models
trained by GD or SGD has been the subject of several recent works. The majority of these
works study over-parameterized models with specific choices of loss functions, mainly
quadratic or logistic loss functions. For quadratic loss, the exponential convergence rate
of over-parameterized neural networks is proved in several recent works e.g., [127, 144,
145, 125, 132, 146, 121, 147, 126]. These results naturally relate to the Neural Tangent
Kernel(NTK) regime of infinitely wide or sufficiently large initialized neural networks
[105] in which the iterates of gradient descent stay close to the initialization. The NTK
approach can not be applied to our setting as the parameters’ norm in our setting is
growing as ©(¢) with the NGD updates.

The majority of the prior results apply to the quadratic loss. However, the state-of-the-
art architectures for classification tasks use unregularized ERM with logistic/exponential
loss functions. Notably, for these losses over-parameterization leads to infinite norm

optimizers. As a result, the objective in this case does not satisfy strong convexity or the
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PL condition even for linear models. The analysis of loss and parameter convergence of
logistic regression on separable data has attracted significant attention in the last five years.
Notably, a line of influential works have shown that gradient descent provably converges
in direction to the max-margin solution for linear models and two-layer homogenous
neural networks. In particular, the study of training loss and implicit bias behavior
of GD on logistic/exponential loss was first initiated in the settings of linear classifiers
[148, 149, 138, 113, 20]. The implicit bias behavior of GD with logistic loss in two-layer
neural networks was later studied by [150, 140, 141]. The loss landscape of logistic loss for
over-parameterized neural networks and structured data is analyzed in [151, 136], where
it is proved that GD converges to a global optima at the rate O(1/t). The majority of
these results hold for standard GD while we focus on normalized GD.

The generalization properties of GD/SGD with binary and multi-class logistic regres-
sion is studied in [114, 152] for linear models and in [123, 153, 115] for neural networks.
Recently, [154] studied the generalization error of decentralized logistic regression through
a stability analysis. For our generalization analysis we use an algorithmic stability analysis
[13, 17, 14]. However, unlike these prior works we consider normalized GD and derive the
first generalization analysis for this algorithm.

The benefits of normalized GD for speeding up the directional convergence of GD for
linear models was suggested by [20, 21]. This chapter contributes to this line of work.
Compared to the prior works which are focused on implicit behavior of linear models, we
study non-linear models and derive training loss convergence rates. We also study, the

generalization performance of normalized GD for convex objectives.
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Notation

We use ||-|| to denote the operator norm of a matrix and also to denote the fo-norm of
a vector. The Frobenius norm of a matrix W is shown by ||[W||r. The Gradient and the
Hessian of a function F': R — R are denoted by VF and V2F. Similarly, for a function
F :R? x RY — R that takes two input variables, the Gradient and the Hessian with
respect to the sth variable (where ¢ = 1,2) are denoted by V,;F and VZF, respectively.
For functions F,G : R — R, we write F'(t) = O(G(t)) when |F(t)|< m G(t) after t > ¢,
for positive constants m,ty. We write F(t) = O(G(t)) when F(t) = O(G(t)H(t)) for a
polylogarithmic function H. Finally, we denote F(t) = ©(G(t)) if |F(t)|< m1G(t) and

|F(t)|> m2G(t) for all t > ty for some positive constants my, ma, to.

5.1.4 Problem Setup

We consider unconstrained and unregularized empirical risk minimization (ERM) on

n samples,
. 1
min F(w) := — Z f(yi®(w,z;)) . (5.1)
weR4 n i—1
The ith sample z; := (z;,y;) consists of a data point z; € R and its associated label

y; € {£1}. The function & : RéxR? — R represents the model taking the weights vector
w and data point z to approximate the label. In this section, we take ® as a neural

network with one hidden layer and m neurons,
O(w,x) ==Y a;o((w;, ).
j=1

Here 0 : R — R is the activation function and w; € R? denotes the input weight

vector of the jth hidden neuron. w € R¢ represents the concatenation of these weights
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le, w = [wy;ws;...;wy]. In our setting the total number of parameters and hence
the dimension of w is d = md. We assume that only the first layer weights w; are
updated during training and the second layer weights a; € R are initialized randomly
and are maintained fixed during training. The function f : R — R is non-negative and
monotonically decreases such that lim; ., f(¢) = 0. In this section, we focus on the
exponential loss f(t) = exp(—t), but we expect that our results apply to a broader class
of loss functions that behave similarly to the exponential loss for large ¢, such as logistic
loss f(t) = log(1 + exp(—t)).

We consider activation functions with bounded absolute value for the first and second

derivatives.

Assumption 5.1.1 (Activation function). The activation function o : R — R is smooth

and for allt € R
0" (t)|< L.
Moreover, there are positive constants «, ¢ such that o satisfies for all t € R,
a<o(t) <L

An example satisfying the above condition is the activation function known as
smoothed-leaky-ReLU which is a smoothed variant of the leaky-ReLU activation o(t) =
(t1(t > 0) 4+ atI(t < 0), where I(-) denotes the 0-1 indicator function.

Throughout the chapter we let R and a denote the maximum norm of data points

and second layer weights, respectively, i.e.,

R:=max ||z;||, a:=max |a;|.
i€n] j€lm]
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Throughout the chapter we assume R = O(1) w.r.t. problem parameters and a = %

We also denote the training loss of the model by F, defined in (5.1) and define the

train error as misclassification error over the training data, or formally by Fy_;(w) :=

7 2 iy (SIGN((w, 7)) # v3).

Normalized GD. We consider the iterates of normalized GD as follows,
W1 = W — ntVF(wt) (52)

The step size is chosen inversely proportional to the loss value i.e., n, = n/F(w;), implying
that the step-size is growing unboundedly as the algorithm approaches the optimum
solution. Since the gradient norm decays proportionally to the loss, one can equivalently

choose 1, = n/||VF (w)]|.

5.2 Main Results

For convergence analysis in our case study, we introduce a few definitions.

Definition 5.2.1 (log-Lipschitz Objective). The training loss F' : R? — R satisfies the

log-Lipschitzness property if for all w,w’ € R‘i,

max F(v) < F(w) - Gy,

veE[w,w’]

where [w, w'] denotes the line between w and w’ and we define

Cwa = exp (c(||w — w'||+]|w — w'||*)) where the positive constant ¢ is independent of

w,w'.

As we will see in the following sections, log-Lipschitzness is a property of neural
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networks trained with exponentially tailed losses with ¢ = @(\/Lﬁ) We also define the
property “log-Lipschitzness in the gradient path” if for all w;,w, ; in Eq. (5.2) there

exists a constant C' such that,

max F(v) < CF(wy).

VE[we,wit1]

Definition 5.2.2 (Self lower-bounded gradient). The loss function F' : RY - R satisfies
the self-lower bounded Gradient condition for a function, if these exists a constant p such

that for all w,
IVE(w)|[= p F(w).

Definition 5.2.3 (Self-boundedness of the gradient). The loss function F' : R? - R

satisfies the self-boundedness of the gradient condition for a constant h, if for all w
IVE(w)|[< b F(w).

The above two conditions on the upper-bound and lower bound of the gradient norm
based on loss can be thought as the equivalent properties of smoothness and the PL
condition but for our studied case of exponential loss. To see this, note that smoothness
and PL condition provide upper and lower bounds for the square norm of gradient. In
particular, by L-smoothness one can deduce that ||V F(w)|]?< 2L(F(w) — F*) (e.g., |155])
and by the definition of y-PL condition |V F(w)||*> 2u(F (w) — F*) [156, 157].

The next necessary condition is an upper-bound on the operator norm of the Hessian

of loss.
Definition 5.2.4 (Self-boundedness of the Hessian). The loss function F' : R¢ — R

199



Fast Convergence in Learning Neural Networks with Separable Data Chapter 5

satisfies the self-boundedness of the Hessian property for a constant H, if for all w,
IV2F(w)||< H F(w),

where ||-|| denotes the operator norm.

It is worthwhile to mention here that in the next sections of the chapter, we prove
all the self lower and upper bound in Definitions 5.2.1-5.2.4 are satisfied for a two-layer

neural network under some regularity conditions.

5.2.1 Convergence Analysis of Training Loss

The following theorem states that under the conditions above, the training loss

converges to zero at an exponentially fast rate.

Theorem 5.2.1 (Convergence of Training Loss). Consider normalized gradient descent
update rule with loss F' and step-size n,. Assume F and the normalized GD algorithm
satisfy log-Lipschitzness in the gradient path with parameter C', as well as self-boundedness
of the Gradient and the Hessian and the self-lower bounded Gradient properties with

parameters h, H and i, respectively. Let n, = # for all t € [T] and for any positive

wt)

constant n satisfying n < #22 Then for the training loss at iteration T the following

bound holds:
ny’
Flw,) <(1— 5 Y F (wy). (5.3)

Remark 5.2.1. The proof of Theorem 5.2.1 is provided in Appendix 5.5.1, where we use a
Taylor expansion of the loss and apply the conditions of the theorem. It is worth noting
that the rate obtained for normalized GD in Theorem 5.2.1 is significantly faster than the

rate of 6(%) for standard GD with logistic or exponential loss in neural networks (e.g.,
200



Fast Convergence in Learning Neural Networks with Separable Data Chapter 5

[151, Thm 4.4], and [158, Thm 2]|). Additionally, for a continuous-time perspective on the
training convergence of normalized GD, we refer to Proposition 5.5.1 in the appendix,
which presents a convergence analysis based on normalized Gradient Flow. The advantage
of this approach is that it does not require the self-bounded Hessian property and can
be used to show exponential convergence of normalized Gradient Flow for leaky-ReLLU

activation.

5.2.2 Two-Layer Neural Networks

In this section, we prove that the conditions that led to Theorem 5.2.1 are in fact
satisfied by a two-layer neural network. Consequently, this implies that the training loss
bound in Eq.(5.3) is valid for this class of functions. We choose f(t) = exp(—t) for simpler
proofs, however an akin result holds for the broader class of exponentially tailed loss
functions.

First, we start with verifying the log-Lipschitzness condition (Definition 5.2.1). In
particular, here we prove a variation of this property for the iterates of normalized GD

i.e., where w,w’ are chosen as w;, w;;1. The proof is included in Appendix 5.5.2.1.

Lemma 5.2.1 (log-Lipschitzness in the gradient path). Let F' be as in (5.1) for the
exponential loss f and let ® be a two-layer neural network with the activation function

satisfying Assumption 5.1.1. Consider the iterates of normalized GD with the step-size

N = F(:’Ut). Then for any X € [0,1] the following inequality holds:
F(wy + Mwgpr — wy)) < exp(Ae) F(wy), (5.4)

for a positive constant ¢ independent of A, w; and wyy1.
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As a direct consequence, it follows that,

max F(v) < CF(wy), (5.5)

'l)G[”LUt,”LUt+1}
for a numerical constant C'.

The next two lemmas state sufficient conditions for F' to satisfy the self-lower bound-
edness for its gradient (Definition 5.2.2). The proofs are deferred to Appendices 5.5.2.2-

5.5.2.3.

Lemma 5.2.2 (Self lower-boundedness of gradient). Let F' be as in (5.1) for the exponen-
tial loss f and let ® be a two-layer neural network with the activation function satisfying
Assumption 5.1.1. Assume the training data is linearly separable with margin v. Then F

satisfies the self-lower boundedness of gradient with the constant p = j—% for all w, i.e.,

IVE(w)||= pF (w).

Next, we aim to show that the condition ||V F(w)||> puF(w), holds for training data
separable by a two-layer neural network during gradient descent updates. In particular,

we assume the Leaky-ReLLU activation function taking the following form,

0t >0,
o) = (5.6)

at t<0.

for arbitrary non-negative constants o, . This includes the widely-used ReLLU activation
as a special case. Next lemma shows that when the weights are such that the neural

network separates the training data, the self-lower boundedness condition holds.

Lemma 5.2.3. Let F be in (5.1) for the exponential loss f and let ® be a two-layer neural

network with activation function in Eq.(5.6). Assume the first layer weights w € R? are
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such that the neural network separates the training data with margin v. Then F satisfies

the self- lower boundedness of gradient, i.e, ||VF(w)||> pF(w), where p = 7.

A few remarks are in place. The result of Lemma 5.2.3 is relevant for w that can
separate the training data. Especially, this implies the self lower-boundedness property
after GD iterates succeed in finding an interpolator. However, we should also point
out that the non-smoothness of leaky-ReLLU activation functions precludes the self-
bounded Hessian property and it remains an interesting future direction to prove the self
lower-boundedness property with general smooth activations. On the other hand, the
convergence of normalized "Gradient-flow" does not require the self-bounded Hessian
property, as demonstrated in Proposition 5.5.1. This suggests that Lemma 5.2.3 can be
applied to prove the convergence of normalized Gradient-flow with leaky-ReLLU activations.
It is worth highlighting that we have not imposed any specific initialization conditions in
our analysis as the self-lower bounded property is essentially sufficient to ensure global
convergence.

Next lemma derives the self-boundedness of the gradient and Hessian (c.f. Definitions
5.2.3-5.2.4) for our studied case. The proof of Lemma 5.2.4 (in Appendix 5.5.2.4) follows
rather straight-forwardly from the closed-form expressions of gradient and Hessian and

using properties of the activation function.

Lemma 5.2.4 (Self-boundedness of the gradient and Hessian). Let F' be in (5.1) for the
exponential loss f and let ® be a two-layer neural network with the activation function
satisfying Assumption 5.1.1. Then I satisfies the self-boundedness of gradient and Hessian

. 2 2p2
with constants h = ‘& H .= LE L C/° 4 o
m m m

IVF(w)|< hF(w), [IV*F(w)||< HF (w).

We conclude this section by offering a few remarks regarding our training convergence
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results. We emphasize that combining Theorem 5.2.1 and Lemmas 5.2.1-5.2.4 achieves
the convergence of training loss of normalized Gradient Descent for two-layer networks.
Moreover, in Appendix 5.5.4, we refer to Proposition 5.5.1 which presents a continuous
time convergence analysis of normalized GD based on Gradient Flow. This result is
especially relevant in the context of leaky-ReLU activation, where Proposition 5.5.1
together with Lemma 5.2.3 shows exponential convergence of normalized Gradient-flow.
Finally, we remark that experiments of the training performance of normalized GD are

deferred to Section 5.3.

5.2.3 Generalization Error

In this section, we study the generalization performance of normalized GD algorithm.

Formally, the test loss for the data distribution D is defined as follows,

Fw) = Eqypp | Fy®(w, )]

Depending on the choice of loss f, the test loss might not always represent correctly the
classification performance of a model. For this, a more reliable standard is the test error

which is based on the 0 — 1 loss,

For(w) = E(yop [H(y £ SIGN(®(w, a:)))].

We also define the generalization loss as the gap between training loss and test loss.
Likewise, we define the generalization error based on the train and test errors.

With these definitions in place, we are ready to state our results. In particular, in this
section we prove that under the normalized GD update rule, the generalization loss at

step T is bounded by O(%) where recall that n is the training sample size. While, the
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dependence of generalization loss on T' seems unappealing, we show that this is entirely
due to the fact that a convex-relaxation of the 0 — 1 loss, i.e. the loss function f, is used
for evaluating the generalization loss. In particular, we can deduce that under appropriate
conditions on loss function and data (c.f. Corollary 5.2.1), the test error is related to the

test loss through,
F(w,)

o) = O, |

).

As we will see in the proof of Corollary 5.2.1, for normalized GD with exponentially tailed
losses the weights norm ||w,.|| grows linearly with 7. Thus, this relation implies that the
test error satisfies Fy_(w, ) = O(2). Essentially, this bound on the misclassification error
signifies the fast convergence of normalized GD on test error and moreover, it shows that
normalized GD never overfits during its iterations.

It is worthwhile to mention that our generalization analysis is valid for any model
® such that f(y®(-,x)) is convex for any (x,y) ~ D. This includes linear models i.e.,
®(w,x) = (w, z) or the Random Features model [159], i.e., ®(w,z) = (w,c(Ax)) where
o(-) is applied element-wise on its entries and the matrix A € R™*4 is initialized randomly
and kept fixed during train and test time. Our results also apply to neural networks
in the NTK regime due to the convex-like behavior of optimization landscape in the
infinite-width limit.

We study the generalization performance of normalized GD, through a stability analysis
[13]. The existing analyses in the literature for algorithmic stability of L—smooth losses,
rely on the step-size satisfying n, = O(1/ [~/) This implies that such analyses can not
be employed for studying increasingly large step-sizes as in our case 7, is unboundedly
growing. In particular, the common approach in the stability analysis [17, 14| uses the “non-
expansiveness’ property of standard GD with smooth and convex losses, by showing that

for n < 2/L and for any two points w, v € RY, it holds that ||w—nV F(w)—(v—nV F(v))||<
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|lw — v]||. Central to our stability analysis is showing that under the assumptions of self-

boundedness of Gradient and Hessian, the normalized GD update rule satisfies the

non-expansiveness condition with any step-size satisfying both n < ﬁ and n < ﬁ

The proof is included in Appendix 5.5.3.1.

Lemma 5.2.5 (Non-expansiveness of normalized GD). Assume the loss F' to satisfy
convexity and self-boundedness for the gradient and the Hessian with parameter h < 1

L. o s ) d 1
(Definitions 5.2.3-5.2./). Let v,w € R*. Ifn < (P (0 ) then
lw —=nVE(w) = (v—=nVF@))[<[Jw—wvl.

The next theorem characterizes the test loss for both Lipschitz and smooth objectives.
Before stating the theorem, we need to define §. For the leave-one-out parameter w;* and

loss F7(+) defined as
wity = =V (w,"),

and

we define 0 > 1 to be any constant which satisfies for all ¢ € [T, € [n], the following
Fo(w;) < 6 F7(wy).

While this condition seems rather restrictive, we prove in Lemma 5.5.1 in Appendix

5.5.3.3 that the condition on ¢ is satisfied by two-layer neural networks with sufficient
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over-parameterization. With these definitions in place, we are ready to state the main

theorem of this section.

Theorem 5.2.2 (Test loss). Consider normalized GD update rule with n, = where

_n__
F(wt)
n < hié' Assume the loss F' to be convex and to satisfy the self-bounded gradient and Hessian
property with a parameter h (Definitions 5.2.3-5.2.4). Then the following statements hold
for the test loss: (i) if the loss F' is G-Lipschitz, then the generalization loss at step T
satisfies

E(F(w,) — Flw,)] < 200

n
(i) if the loss F is L-smooth, then the test loss at step T satisfies,

E[F(w,)] < 4E[F(w,)] + 2oL

)
n

where all expectations are over training sets.

The proof of Theorem 5.2.2 is deferred to the Appendix. As discussed earlier in this
section, the test loss dependence on T is due to the rapid growth of the ¢, norm of w;.
As a corollary, we show that the generalization error is bounded by O(%). For this, we

assume the next condition.

Assumption 5.2.1 (Margin). There exists a constant 5 such that after sufficient iterations

the model satisfies |P(wy, x)|> F||we|| almost surely over the data distribution (x,y) ~ D.

Assumption 5.2.1 implies that the absolute value of the margin is 7 i.e., 2@l > 5

for almost every x after sufficient iterations. This assumption is rather mild, as intuitively
it requires that data distribution is not concentrating around the decision boundaries.

For the loss function, we consider the special case of logistic loss f(t) = log(1+exp(—t))
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for simplicity of exposition and more importantly due to its Lipschitz property. The use

of Lipschitz property is essential in view of Theorem 5.2.2.

Corollary 5.2.1 (Test error). Suppose the assumptions of Theorem 5.2.2 hold. Consider
the neural network setup under Assumptions 5.1.1 and 5.2.1 and let the loss function f

be the logistic loss. Then the test error at step T of normalized GD satisfies the following:

E[Fy-1(w,)] = O(ZE[F(w,)] + —)

1
n

The proof of Corollary 5.2.1 is provided in Appendix 5.5.3.4. In the proof, we use that

[wy|| grows linearly with ¢ as well as Assumption 5.2.1 to deduce Fy_y(w,) = O(%)
Hence, the statement of the corollary follows from Theorem 5.2.2 (i). Finally, we remark

the expected test error is decreasing with the rate 1/n, which is optimal in the realizable

setting we consider in this chapter.

5.2.4 Stochastic Normalized GD

In this section we consider a stochastic variant of normalized GD algorithm, Assume
z; to be the batch selected randomly from the dataset at iteration ¢t. The stochastic

normalized GD takes the form,
Wiy = wy — VI, (wy), (5.7)

where VF,,(w;) is the gradient of loss at w; by using the batch of training points z; at
iteration ¢t. We assume 7; to be proportional to 1/F(w;). Our result in this section states
that under the following strong growth condition [160, 161], the training loss converges at

an exponential rate to the global optimum.
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Assumption 5.2.2 (Strong Growth Condition). The training loss F : R — R satisfies

the strong growth condition with a parameter p,
E[[VE(w)[I"] < pllVF(w)]*.

Notably, we show in Appendix 5.5.5.1 that the strong growth condition holds for our
studied case under the self-bounded and self-lower bounded gradient property.
The next theorem characterizes the rate of decay for the training loss. The proof and

numerical experiments are deferred to Appendices 5.5.5.2 and 5.6, respectively.

Theorem 5.2.3 (Convergence of Training Loss). Consider stochastic normalized GD up-
date rule in Eq.(5.7). Assume F' satisfies Assumption 5.2.2 as well as the log-Lipschitzness
in the GD path, self-boundedness of the Gradient and the Hessian and the self-lower bounded

Gradient properties (Definitions 5.2.1-5.2./). Let n, = n/F(w,) for allt € [T] and for

any positive constant n satisfying n < #th. Then for the training loss at iteration T' the

following bound holds:

Fu,) < (1= 257 Pluy).

5.3 Numerical Experiments

In this section, we demonstrate the empirical performance of normalized GD. Figure
5.1 illustrates the training loss (Left), the test error % (middle), and the weight norm
(Right) of GD with normalized GD. The experiments are conducted on a two-layer neural
network with m = 50 hidden neurons with leaky-ReLU activation function in (5.6) where
a = 0.2 and ¢ = 1. The second layer weights are chosen randomly from a; € {j:%}

and kept fixed during training and test time. The first layer weights are initialized from
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Figure 5.1: Comparison of the training loss, test error (in percentage), and weight norm
(i.e., |Jwe||) between gradient descent and normalized gradient descent algorithms. The
experiments were conducted on two classes of the MNIST dataset using exponential loss
and a two-layer neural network with m = 50 hidden neurons. The results demonstrate the
performance advantages of normalized gradient descent over traditional gradient descent
in terms of both the training loss and test error.

standard Gaussian distribution and then normalized to unit norm. We consider binary
classification with exponential loss using digits “0” and “1” from the MNIST dataset
(d = 784) and we set the sample size to n = 1000. The step-size are fine-tuned to n = 30
and 5 for GD and normalized GD, respectively so that each line represents the best of
each algorithm. We highlight the significant speed-up in the convergence of normalized
GD compared to standard GD. For the training loss, normalized GD decays exponentially
fast to zero while GD converges at a remarkably slower rate. We also highlight that ||w,||
for normalized GD grows at a rate O(t) while it remains almost constant for GD. In
fact this was predicted by Corollary 5.2.1 where in the proof we showed that the weight
norm grows linearly with the iteration number. In Figure 5.2, we generate two synthetic
dataset according to a realization of a zero-mean Gaussian-mixture model with n — 40

and d = 2 where the two classes have different covariance matrices (top) and a zero-mean
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Figure 5.2: The left plot depicts two synthetic datasets, each consisting of n = 40
data points. On the right, we present the training loss results of gradient descent and
normalized gradient descent algorithms applied to a two-layer neural network with m = 50
(top) and 100 (bottom) hidden neurons.

Gaussian-mixture model with n = 40,d = 5 (only the first two entires are depicted in
the figure) where ¥, = I, 3, = 1I (Bottom). Note that none of the datasets is linearly
separable. We consider the same settings as in Figure 5.1 and compared the performance
of GD and normalized GD in the right plots. The step-sizes are fine-tuned to n = 80, 350
and 30,20 for GD and normalized GD, respectively. Here again the normalized GD

algorithm demonstrates a superior rate in convergence to the final solution.

5.4 Conclusions

We presented the first theoretical evidence for the convergence of normalized gradient
methods in non-linear models. While previous results on standard GD for two-layer neural
networks trained with logistic/exponential loss proved a rate of O(1/t) for the training

loss, we showed that normalized GD enjoys an exponential rate. We also studied for
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the first time, the stability of normalized GD and derived bounds on its generalization
performance for convex objectives. We also briefly discussed the stochastic normalized
GD algorithm. As future directions, we believe extensions of our results to deep neural
networks is interesting. Notably, we expect several of our results to be still true for deep
neural networks. Extending the self lower-boundedness property in Lemma 5.2.3 for
smooth activation functions is another important direction. Another promising avenue
for future research is the derivation of generalization bounds for non-convex objectives by

extending the approach used for GD (in [158]) to normalized GD.
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5.5 Proofs

5.5.1 Proof of Theorem 5.2.1

Based on the conditions of the theorem we have,

max F(v) < C F(wy),

VE Wi, Wi41]

IV?F(w)| < HF(w) and |[VF(w)||€ [uF (w), hF (w)]
Then by Taylor’s expansion and using the assumptions of the theorem we can deduce,

1
F(wir) < F(w) + (VE(w),wipr —wy) + = max  [|[V2F(0)]]-|wpe1 — wel|?

2 ve[wt,thrl]

2
< F(w) = ml| VF(w)|[*+75 max [ V2F ()| VF(w,)]”

Wt ,Wt+1

2
H
< F(w) = nl|VF(w) [+25=  max  F(0) - [|VF(w)]?

vE[wt,wi41]

2HCh?
< F(wy) = (P (w)? + 2 (F (wy)?
Let = 7y
HCh*n?
Flwi) < (1= + =) F(w)
Then condition on the step-size n < ﬁg}ﬂ, ensures that 1 —nu? + %’12"2 <1- # Thus,
e’
Flu) < (1= 25 Pluy).

2

Thus F(w,) < (1 — 77—’QQ)TF(wO). This completes the proof.
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5.5.2 Proofs for Section 5.2.2
5.5.2.1 Proof of Lemma 5.2.1

For a sample point # € R? and two weight vectors w, w’ € ]RJ, since the activation

function satisfies o’ < ¢, 0" < L, we can deduce that,

NE

[P (w, ) = (', )] = | ) ajo((w), x)) — ajo((w), z))|

1

<.
Il

Ms

<

laj|-lo({w;, 7)) — o ({wf, )]

I
—

J

By L-smoothness of the activation function and recalling that o’/(-) < ¢ we can write,

o((wj, x)) = o((wf, x)) < o' ((wj, x))(w; — wj, ) + §|<wj —wj, )|

L
< o’ ({wj, @) [ (w; — wf, @) [+ [ w; — wj, 2)[?
L 2
< lw; = willllz]+3 lw; — wjlll]
LR2

< OR||w; — w4+ [lw; — wjll*.

Since by assumption |a;|< a,

, m LR?
(@ (w, ) = @(w',2)| < Y _Jag | (CRl|w; — will+=[lw; — will*)

j=1

<aRY (ll|w; — wh||+LR|w; — w}|).
=1
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Hence, for a label y € {£1} we have

—y®(w, z) + y®(w', z) < |P(w,x) — ®(w', x)|

<aR ) (Uw; — wi|+LR[w; — w)|?).
j=1

Noting the use of exponential loss and by taking exp(-) of both sides,

f(y®(w,r))

U e (—y0(.) + ()

< exp (R Y (w; — w [ +LRw; — %)

j=1

< exp (aR(vml||w — w'|[+LR|Jw — w'||?*)) (5.8)
Thus for any two points w,w’ it holds,
fly®(w,2)) < fy®(w',2)) - exp (aR(Vm lw — w'|[+LR[w —w'[*)  (5.9)

Therefore, for a sample loss with (z;,y;) € R? x {£1} and v € [w;, wy44] i€, v =
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wy + Mwg1 — wy) for some A € [0, 1], we have,

Fi® (v, i) = f(yi®(wp + Mwipr — wy), 24))
< f(yi®(we.z:)) - exp (aR(Vm v — w|[+LR|jv — w[*))
= f(yi®(wr.z;)) - exp (aR(vm (A|[wer — e[|+ LR [wesr — wil*))
= [(yi®(wr.z;)) - exp (aR(v/m e[|V F (we)||+LRN* 0} |V (wy)||*))

Ui 2/, M 2 2
= Slyr®(wen)) - exp (aR(/m O g IVE ()| +LRN (oS PIVE ()

< fyi®(wea;)) - exp (VmaR by + aLR*Nh*n?)

where for the last step we used the assumption that n, = % for any constant n < ﬁiﬂ

and the assumption that |[VF(w)||< hF(w). This proves the inequality (5.4) in the
statement of the lemma.

To derive (5.5), note that since A < 1,

max  f(y:®(v, z;)) = max f(y; ®(wy + Mwigpr — wy), 24))
vE[wt,wi41] A€[0,1]

< f(yi®(we.)) - exp (vVm aRO\Ry + aLR*N*h*n?)

Noting that this holds for all ¢ € [n], we deduce that the following holds for the training

loss:

n

1
max F(v) < — max f(y;®(v,x;))
VE[we,wi41] n i1 VE[wi,wi41]

< F(wy) - exp (vVmaROA Ry + aLR*XN*h*n?) .

R{\hn + LR2)\2h2n?
m

Recalling that a < L and choosing C' = exp( NG ) leads to (5.5) and completes
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the proof.

5.5.2.2 Proof of Lemma 5.2.2

For the lower bound on the gradient norm, we can write
1 n
IVE(w)|| = 5”2 S @i®(w, 7))y Vi@ (w, z;)|
i=1

where Yw € ]RE, r € R? the gradient of ® with respect to the first argument satisfies the

following;:
Vi®(w, x) = [zayo’ ((wy, x)); xage' ((wa, 2)); - - 5 2o’ ({wp, )] € RY,

Equivalently, we can write

n

IVF@I = s (3 fu®, )y Va0, z).v)

7 n
veER ||v]l2=1 i=1

Choose the candidate vector v as follows
0 = [aw*; aw™; - - 5 apw”] e R? v="2o/|v,

Yil{wi,w*)

where w* is the max-margin separator that satisfies for all i € [n], o]

> v, where 7y

denotes the margin. We have ||o]|= ||a]|||w*|| where @ € R™ is the concatenation of second
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layer weights a;. Recalling o/(-) > «,

IVF@) 2 = ||||w ”nzf% (w,a:)) - sl (Za (g, @) )

> ||all Zﬂyi@(w,mi)) ik w)

[Jw||
~ YLy, Wy (2, w
> |la||a - (min Z¥————+ fy:®(w, z;))
il iy 255 - 25
> |lafjary - F(w).

This completes the proof of the lemma.

5.5.2.3 Proof of Lemma 5.2.3

Recall that,

n

1
IVE@)le = sup (=D flud(w,z))yVid(w,z).v)
vERY, [|v]|l2=1 i=1
where,

Vi®(w, ) = [zraio’ ((wy, )); xago’ ((wa, z)); - -+ ; xamo’ ({wp, x))] € R¢

Also, assume w € RY separates the dataset with margin v, i.e., for all i € [n]
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choose

then

n

IVE@) > (53 Foblw.2))p V1w, 2).0)

n

L1 Zf(yz w, xz Z wjaxl w37$2>)

lwlln 4=

Based on the activation function,

Uwj,x;)  (wj,x;) >0
(wj, zi)o' ((wy, 7)) =
alwj, ;) (wj,x;) <O.

which is equal to o((w;, x;)).

Thus,

m

IVF) = o S F(.20) -3 ago ()

=13 bl )

> F(w) v

This completes the proof.
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5.5.2.4 Proof of Lemma 5.2.4

Recall that,

where z; € R, w; € RY a; € Ryw = [wiwg...wy,) € R?. Then noting the exponential

nature of the loss function we can write,

IV = | 3 7 w2y a(w, )

<3 Fdl, 2|V, 2

=1

Noting that o’(+) < ¢,

2_ 2 _ Ozl
V10 (w, )|~ ZZ aje(i)o’ ((wy, ) < — =

7j=1 =1
Thus Vw € R? and h = f/—%

IVE(w)||< hF(w).
For the Hessian, note that since |¢”(-)|< L and

1
V20 (w, ) = . diag (a10” ((w1, z))zz”, . .., amo” (W, z))za’)
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then the operator norm of model’s Hessian satisfies,
V20 (w,7)||*< L*R*a®.

Thus, for the objective’s Hessian V2F(w) € RJXJ, we have

2 1 ¢ 2 T
IVZF(w)|| = ||5Zf(y@(wy%))yﬁl@(wa%) + [ ®(w, ;) Vi®(w, 2;) V1@ (w, 2;) ||

i=1

1 n

< 3 F (w2 (IV3R(w, 2]+ 910 0, 2) V10w, 2) )

=1

= 3 o, 2)) (1930 0, ) |41V o, ) )

=1
LR* (*R?

Denoting H := Lm—lf + %, we have ||V2F(w)||< HF(w). This concludes the proof.

5.5.3 Proofs for Section 5.2.3
5.5.3.1 Proof of Lemma 5.2.5

Define G(w, v) : R? x R? — R as follows,
G(w,v) := F(w) — (VF(v),w)
Note that

IViG(w,v)[|= [IV*F(w)[|< hF(w).
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Thus by Taylor’s expansion of G around its first argument and noting the self-boundedness

of Hessian and the convexity of F, we have for all w,w € R,

G(w,v) < G(@) + (ViG(d, v), w — F) + % max [[V2F (o) —

< G(w) + (V1G(w,v),w — ) + g rr[laxﬂ F()|jw — |
ve|w,w

< G(0) + (V1G(w,v), w — W) + gmax(F(w), F(0))||w — ]2

Taking minimum of both sides

gé%}iG(w,v) < ur}ré%i G(w,v) + (V1G(w,v), w — w) + max(F(w), F(@))M
< G, ) — r|[VAG (@, 0) |+ max(F (i — rV,G (i, v)), F()) " ||v1c2;(w, o)l
< G(w,v) — (r — 2r*hF(0))||V1G(w,v) || (5.11)

In the second step, we chose w = w — rV G (w, v) for a positive constant r. Moreover, for

the last step we used the following inequality (which we will prove hereafter) that holds

1
h(max(F(v),F(w)))’

under r <

F(@ — rV,G(@,0)) < AF(). (5.12)

The inequality in (5.12) can be proved according to the following steps. First consider

the convexity of F' and the self-boundedness of Hessian to derive the Taylor’s expansion
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of F' in the following style:
F(w —rV1G(w,v)) = F(w — rVF(w) +rVF((v))

< F(io — rVE@)) + r(VF (i — rVF (i), VF(v))

n MFHVF(U)HQ, (5.13)

where we define,
M (w,v) := max(F (@ — rVF (@) + rVF (), F(@ — rVF(0))). (5.14)
We have that if 7 < 1/(hF (1)), then
F(i —rVF(w)) < F()

Now, suppose that the assumption in (5.12) is false and on the contrary F(w—rV G (0, v)) >

4F (@), then
M(w,v) = F(w —rV,G(w,v)).

By using Cauchy-Shwarz inequality in (5.13) together with the self-boundedness properties
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we deduce that

F(i — VG, v))

< F(w) +r|VF(w - TVF(@))IIIIVF(U)||+%IIVF(U)II2F(@ — rViG(w,v))

r2h3

2

< F(0) +rh*F( — rVF(0))F(v) + F?(0)F (0 — rV,1G(,v))

T2 h3

< F(0) + rh*F(w)F (v) + 5

F?(0)F (b — rV,G(,v))

< 2F(w) + %F(UD —rViG(w,v)),

The last step is derived by the condition on r and the fact that h < 1. The last inequality
leads to contradiction. This proves (5.12). Thus, continuing from (5.11) and assuming

1
TS onE@)

F(v) = (VF(v),v) < F(@) = (VF(v), &) — 5| VF () = VF(v)]*

Exchanging v and w in the above and noting that under our assumptions it holds that

r< ﬁ(v)’ we can write
F(w) — (VE(w),w) < F(v) — (VF(0),v) — £HVF(1I)) — VF()|?

Combining these two together, we end up with the following inequality:

r|VE(w) — VF(v)||[< (VF(v) = VF(0),v — ).
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Therefore Yw,v € R? if n < 2r (which the RHS itself is smaller than ——— ),
n hmax(F (0),F(w))

lw = nVF(w) — (v =nVF@)|* = [[v — w|*=20{VF (v) = VF(w),v — w)
+1°IVF(v) = VF(w)|?
< v = wl*~ (2nr = n*) [VF(v) = VF(w)|

< v —wl*

This completes the proof.

5.5.3.2 Proof of Theorem 5.2.2

Fix i € [n] and let w;* € RY be the vector obtained at the step ¢ of normalized GD

with the following iterations,

wity = wy' = e VF ™ (wy?),

where 7, denotes the step-size at step k which satisfies 7, < hFﬂ;(wﬂ) for all k € [t —1].
k

Also, we define the leave-one-out training loss for i € [n] as follows:
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In words, w;" is the output of normalized GD at iteration ¢ when the ith sample is left

out while the step-size is chosen independent of the ¢ th sample. Thus, we can write

E[F(w,) — F(w,)] = —ZE (wy, 2) — f(w;", Z]E (w;?, z) — flw, 2)]

(5.15)

VAN
|5
i
=
=
RS

Since the loss function is non-negative, F ™ (w;) < F(w;) for all 7. Thus, by assumption of

the theorem the step-size satisfies 1, < ;= Fl(wt) < héF}i( L Vi € [n]. By the definition of

0, this choice of step-size guarantees that 7, < . Recalhng that 0 > 1, we deduce

_— hF“’L

that n, < - o Fﬂ(wlt) ) which allows us to apply Lemma 5.2.5. In particular, by

unrolling wy,; and w;},, and using our result from Lemma 5.2.5 on the non-expansiveness

of normalized GD we can write,

. 1 . . .
= || — ntVF”(wt) - Eme(wt, Zz) —w," + mVF”(w”)

—i
Hwt+1 — Wy

1 ¢ Ll < i
‘ = wt_ﬁntzvf(wtazj)_wt +E77tzvf(wt %)
=1 J#i

< lwg = VE " (wy) — w; +n,VE " (w )| + =V f (we, 2) |
. 1
< wt_w;z‘+ﬁ77t V f (wy, 2) ‘
< |lwe — flwy, 2). (5.16)

This result holds for all i € [n]. By averaging over all training samples,

RS i 1 ¢ iy
- > lwe — wi|I< - > lwe - wt”_’_EntF(wt)'

i=1 =1
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Thus, by telescoping sum over ¢, for the last iteration we have,

1 n hTfl
- > lhw, —w|< - > meF(wy)
=1 t=0

Next, we recall (5.15) which allows us to bound the generalization gap,

BIF(w,) ~ Fw,)] < 2503w,

2GT
—

IN

IN

This completes the poof for L- Lipschitz losses.

For L-smooth losses, the following relation holds between test and train loss and the

leave-one-out distance (e.g., see [152, Lemma 7|, [14, Theorem2]|):

n

312 .
E[F(w)] < A4E[F(w)] + - > E[ffw —w™].
i=1
Note the dependence on ||w — w™||?. Recalling (5.16), we had
-1 =1 1
Hwt—H - thH < Hwt —wy H + ﬁnthf(wtyzi)

By telescoping summation,
T-1

, h
|w,. — w;lHﬁ " Z nef (we.2;)

t=0
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this gives the following upper bound on the averaged squared norm,

1 n h2 n T-1
=Dl =P < SO e (wnez)?

=1 i=1 t=1

n T-1

O w2y

i=1 t=0

IN

h2 T-1 n

= (0T flwez))?

p2 I-1

= g( UtF(wt))2~

Hence, replacing these back in (5.17),

This gives the desired result for L-smooth losses in part (ii) of the lemma and completes

the proof.

5.5.3.3 On 6 in Theorem 5.2.2

Lemma 5.5.1. Assume the iterates of normalized GD with n < 1/h, zero initialization

(w.l.o.g) and m = BT? hidden neurons for any constant 3 > 0. Then ¢ in the statement

of Theorem 5.2.2 is satisfied with 6 = eXp(z—% + 4L/f2)-
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Proof: By the log-Lipschitzness property in (5.9) and recalling a = 1/m,

—i(, —i —i RC LR?
F ) < F ) e (o — wrll+ S = wrl?)

i R 2LR?
< Fwr) o (e (o I+ rl) + =

(o P +Hwrl®).  (5.18)

Now we note that the weight-norm can be upper bounded as following:

Similarly, we can show that ||w7||< nhT. Therefore by m = 72 and (5.18),

2LR?

=i -1 -1 Re -
F™(wp') < F™(wr) - exp (ﬁ(lle [+l[wrll) +
. 2 4LR?
< F'(wr) - exp (\/—Rﬁg(nhT) + TRn2h2T2>
2RI 4LR2>

V5 T8

(w7 |+ lwr )

< Fi(wy) - exp (

where the last step follows by nh < 1 as per assumptions on the step-size. This completes

the proof.

229



Fast Convergence in Learning Neural Networks with Separable Data Chapter 5

5.5.3.4 Proof of Corollary 5.2.1

First, note that if F(w) < 4, then ||w||> 2 (log(5) — 00), where og = |o(0)], since if

the lower-bound on ||w|| is incorrect then,

F(w) = %ZGXP(—%@(U}:%))

1 n
> = exp(—|lwllflz:l—o0)
i=1

v

> exp(- log(1/9))

= 0.
where we used,

yb(w.2) = Y yajo((w;,2))
<oy )|

< Z]aﬂ(ae + L{w;, 7))

J=1

m
< ool lalli+ll2ll2) _laj]-[lwyl]
j=1

< aollalh+Llzllo|afl2]lwll2

This is true due to ¢-Lipschitz activation and our assumption that [|a|;< mla|l.= 1,
where a € R™ is the concatenation of second layer weights.

Now, note that due to the convergence of training loss there exists a 7 > 0 such that
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at iteration ¢ the following holds:

F(w) < (1 — 1) F(wp).

Hence the weight’s norm at iteration ¢ satisfies,

1 (os)

w2 L log(——) — 2 = 0(1).

R 1—7 R

(5.19)

For the test error, by defining F to be the set of data points labeled incorrectly by ®(wy, ),

we can write

E,nlf (y®(ws, )] = lim ~

n—oo 1 4

> lim l Z fyi®(wy, z;))

n—oo M
1EF

— tim ~ 3 F(— [Py, 7))

n—o00 1, 4
1€EF

— lim 1 Zlog(l + exp(| P (wy, zi)]))

n—o00 1, 4
1€EF

3

> ol B o I SIGN (B, 2) £ 1)

= O(t)E(4,4)~p[L(SIGN(P(wy, z)) # )]

Z f(yiq)(wta xz))

1 o1 | D (wy, x;)]
> ol i 2 57 )
ic

Where we used the fact that log(1+exp(t)) > 5t and the one to the last line inequality

| (we,z;)]

iid

is due to Assumption 5.2.1 i.e., o =7 with high probability over (z;,y;) ~ D.

Hence the test error satisfies,

E[I(y # SIGN(®(wy, z)))] = O
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This together with the test loss bound in Theorem 5.2.2 yields the statement of the

corollary and completes the proof.

5.5.4 Normalized Gradient Flow

Proposition 5.5.1 (Normalized GD in continuous time). Let the loss function F satisfy
self-lower boundedness of the gradient with parameter pu (Definition 5.2.2) and the self-
bounded gradient property with parameter h (Definition 5.2.3). Consider normalized gradi-
ent descent with the Gradient flow differential equation given by Lw, = —V F(w;)/F (w).

Then the training loss at time T satisfies

F(wp) - exp(=h*T) < F(w,) < F(wp) - exp(—p*T).

Proof: Based on the assumptions, we have

b dt b F(wt) .
Then,
d _ o IIVE(w)|P?
EF(U&) == VF(U)t) Wy = W

By self-lower bounded property we have 4 F(w;) < —p?F(w;). Thus,

d L F(wy) )
Elog(F(wt)) = dF(wt) < —pt
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By integrating from t = 0 to t = T" one can deduce that,

log(F(w,)) — log(F(w)) < —p°T.

This leads to the desired upper-bound for F(w.). A similar approach by using the

self-bounded gradient property leads to the lower bound. This concludes the proof.

5.5.5 Proofs for Section 5.2.4
5.5.5.1 On the Strong Growth Condition

Proposition 5.5.2. Under the self-bounded gradient property (Definitions 5.2.2-5.2.3)

there exists a p such that the strong growth condition is satisfied i.e.,

E.[|VE.(w)[?] < pllVF(w)|*.

Proof: By the self-bounded gradient property and noting the non-negativity of f we

have,

This completes the proof.
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5.5.5.2 Proof of Theorem 5.2.3

Following the proof of Theorem 5.2.1 and noting the log-Lipschitzness and the self-

bounded Hessian property we derive that,

1
F(wer) < Fwe) + (VF(wy), wepr — wy) + §HC F(wy) [Jwerr — wef?

1
= F(w) = m(VF(w), VE., (w)) + ZHCuF(w)|[V E, (w) [ (5.20)
Taking expectation with respect to z; and using self-boundedness property yields,

1
E..[F(wi)] < Fwe) = mil [ VE(wo)|[P+5 HOn F(w) B [[|V Ez, (w) ]
1
< F(wy) = [ VE(w) [P +5pHCn F(w) [V F (w,)[|*

< Flu) = g (F(w))? + SpHRC (F(w)?

2

Let my = FC%

NG
Flwn)? since 1 <

1
E. [F(wi)] < F(w) (L =i + 5pHRC)

< (1= 25 puy).

This completes the proof.
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5.6 Experiments on stochastic normalized GD
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Figure 5.3: (Top) Training loss and Test error of stochastic normalized GD (Eq.(5.7))
on linear classification with signed measurements y = sign(z"w*) with d = 50, n = 100.
Here ‘b denotes the batch-size and ‘n‘ is the fine-tuned step-size. (Bottom) Training loss
of stochastic normalized GD on the dataset depicted in the left figure (d = 2,n = 40) for

a two-layer neural network with m = 50 hidden neurons.

In this section, we evaluate the performance of stochastic normalized GD in Eq.(5.7) for
linear and non-linear models. In Figure 5.3 (Top), we consider binary linear classification on
signed data with the exponential loss and plot the training loss and test error performance
based on iteration number. b denotes the batch-size from the sample dataset size of
n = 100. The weight vector is initialized at zero for all curves (wy = 04). The right plot

*

shows the test error for the same setup, where the optimal test error (Fjf , ~ 0.17) is

reached at various iteration numbers for each batch-size. In particular, for b = 10(yellow
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line) stochastic normalized GD achieves the final test accuracy at almost the same time
as the full-batch normalized GD (black line) while using 1/10 th gradient computations.

Figure 5.3 (Bottom) depicts the synthetic dataset of size n = 40 in R? alongside with
the training loss performance for each choice of batch-size b. Here we used a leaky-ReLLU

activation function as in Eq.(5.6) with £ =1, = 0.2.
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Chapter 6

Decentralized Learning in the

Interpolation Regime

6.1 Introduction

6.1.1 Motivation

Machine learning tasks often revolve around inference from data using empirical risk

minimization (ERM):
- 1
in F(w) = = ). 6.1
min P(w) = =3 f (w, ) (6.1)

Here f : R? x RY — R is a loss function and z; := y,a;, where (a;, Y iid D represent
features and labels, sampled from a distribution D. In large scale machine learning, due to
privacy concerns and communication constraints, data points are often distributed on a set
of local computing agents. Decentralized learning methods aim at minimizing the global

loss function (6.1) while agents communicate their parameters on an underlying connected
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graph. The most ubiquitous of these algorithms is Decentralized Gradient Descent (DGD).
Here the ¢th agent runs a step of gradient descent followed by an averaging step in which

every agent replaces its parameter with the average of its neighbors [162]:

IUétJrl) = Z Agkw,(:) - ntvpg(wét)) (62)

keN,
The superscripts signify the iteration number and Ay, refers to the averaging weights used
by agent ¢ for the parameter of agent k € N, where N, is the set of neighbors of agent /.
The global loss F'is the average of local loss functions F,, ¢ < N, where each F) is formed

as the average empirical risk evaluated on the local training dataset Sy of the ¢th agent:

N

F(w) = 5 - Blw), Fw) = - 3 flw.w)) (63)

=1 ©;€8

where n, denotes the dataset size of agent £. Convergence properties of the train loss F (+)
in DGD have been studied extensively in literature, e.g., [162, 163, 164, 165, 166]. The
bulk of these studies build upon classical optimization theory [155] suited for studying
the train loss per iteration. In particular, it is well-stablished in the literature that DGD
converges at the rate %Z;‘le F(o®) — F* = O(-%=) for smooth convex functions [163].

VT

Here w® is the average of local parameters w(gt). Our results in Sections 6.2.1-6.2.2 show

a rate of F(w™) = O(M) and ||[W@ — W12 = O((I°§Z)4) for the training loss and
consensus error of DGD over separable data with “exponentially tailed” losses.

The study of generalization performance of DGD algorithms in the literature is mostly
limited to empirical observations e.g., [167, 168, 169], making the theory behind test
error performance largely unexplored. Moreover, the traditional wisdom in convergence

analysis of DGD algorithms assumes the existence of a finite norm minimizer, which is

often the case for ERM with non-separable training data, e.g. [170]. However, modern
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machine learning models operate in over-parameterized settings where the model perfectly
interpolates the training data, i.e., it achieves perfect accuracy on the training data
[143]. Understanding the challenges imposed by over-parameterization and the behavior
of gradient descent on separable data has been the subject of several recent works
[138, 113, 132, 20, 140, 114, 22, 21, 152]. Yet, they are all focused on centralized GD,
while here we study the impact of the consensus error of DGD on both training and
generalization errors.

Our first goal is to complement prior general results on the convergence of training
loss in DGD by considering specific, but commonly encountered, settings in ERM over
separable data. This includes the analysis of non-smooth objectives such as the exponential
loss, analysis of logistic regression in the separable regime where the optimum is achieved
at infinity, and analysis of objectives satisfying the PL condition. The second goal
is to study, for the first time in these settings, convergence rates of the DGD test loss
F(w®) := Epop[f(w®, z)]. Finally, we leverage recent advances in the study of centralized
learning with separable data to design fast algorithms for decentralized learning. We

discuss our contributions below.

Contributions. In Sections 6.2.1 and 6.2.3, we derive convergence rates for the training
and test loss of DGD over separable data. Our results hold for convex losses satisfying
realizability and self-boundedness, as well as, convex losses satisfying self-boundedness
and the PL condition. In Section 6.2.2, we prove under additional self-boundedness
assumptions on the Hessian and gradient, which hold for exponentially tailed losses, that
the test loss bound can be improved to approximately match the test loss bounds of
centralized GD. When specialized to decentralized logistic regression on separable data,
our results provide the first generalization guarantees of DGD. In Section 6.2.4, we propose

two algorithms for speeding up the convergence of decentralized learning under separable
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data. Numerical experiments demonstrate that our proposed algorithms significantly

improve both the train test error of decentralized logistic regression.

6.1.2 Further related works

Decentralized learning. Over the last few years there have been numerous research
works which consider the convergence of first order methods for decentralized learning;
an incomplete list includes [162, 163, 164, 165, 167, 171, 172, 173, 170, 174, 175, 176].
While DGD is suboptimal for strongly-convex objectives [163, 166], alternative algorithms,
namely EXTRA and Grading Tracking, for achieving exponential rate appeared in
[177, 178] and were studied further in [179, 174]. More recently, [180] proposes accelerated
methods for improving generalization and training accuracy of decentralized algorithms;
however, their study of generalization error is empirical. The concurrent works [181, 182]
study the generalization bounds of decentralized methods for Lipschitz convex losses (see
also |183, 184]). However, we consider exponentially tailed losses under the separable
data regime and prove faster convergence and generalization rates under these conditions.
Compared to these works, we also propose improved algorithms for learning with separable
data. Finally, we highlight that our rates on the train loss are comparable to [170, Theorem
2]. While [170] also derives convergence of DGD train loss on separable data, their analysis
is valid only for bounded optimizers. In contrast, we derive training loss bounds which
are true for the case of unbounded optimizers as is the case for logistic regression over

separable data.

Implicit bias of GD. An early work on the behavior of ERM with vanishing regu-
larization on separable data appeared in [148]. Closely related, a line of recent works
[138, 113, 20, 141, 21, 114, 152] studies the parameter convergence, as well as training

and test loss convergence, of gradient descent on separable data, showing that for (a class
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of) monotonic losses the solution to ERM and the max-margin solution are the same

At)

in direction., i.e., ||[W® — b, ||— 0. Here w® := w® /||w®| and ,,,, := wy,,/||wyl,

where the vector w,,,, is the solution to the hard-margin support vector machine problem,

Wy = arglruré%}leH st. yw'a; > 1, Vi€ [n].

A~

Notably, [113, 138] characterized the rate of directional convergence to be [|w™) — b, ||=
O(1/1og(T)) and for the training loss to be F(w™) = O(WLT) Recently, Shamir [114]
and Schliserman and Koren [152] showed that the test loss of GD for logistic regression
on linearly separable data satisfies F(w™)) = O(ULT + %) signifying that overfitting
does not happen during the iterates of GD. In Section 6.2.2 (Remark 6.2.5), we show
that the test loss of DGD with logistic regression on linearly separable data satisfies
E[F(0M)] = é(niT + 1 4+7n?), where the expectation is taken over training samples chosen
i.i.d. from the dataset. As we explain, the term n? captures the impact of consensus error

(i.e., decentralization) on the generalization rate.

While directional convergence is significantly slow for gradient descent, following

VF(w®)

(t+1) — () _ ) VW)
the update rule w =w M F(w®)]’

it can be improved to 1/y/¢ with decaying
n; at rate 1/4/t for linear models [20]. Furthermore [185] proved improved training
convergence of this algorithm for two-layer neural networks, suggesting the benefits
extend to non-linear settings. These results apply to centralized optimization scenarios.
However, in decentralized learning settings, the local loss functions are kept private and
any information about the global loss, such as its gradient ||V (@®)| is hidden from
the agents. In Section 6.2.4, we propose algorithms which address these challenges and
extend the normalized GD update rule to decentralized learning scenarios. Furthermore,

we prove the asymptotic convergence of normalized local parameters wz@ / ngt) || to the

solution of centralized GD.
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Notation We use [|-|| to denote the ¢5-norm of vectors and the operator norm of matrices.
The Frobenius norm of a matrix W is shown by ||[W|g. The set {i € N:i < N} is
denoted by [N]. The gradient and hessian of a function F' : R? — R are denoted by VF()
and V2F(-), respectively. For functions f,g : R — R, we write f(t) = O(g(t)) when
|£(1)|< Mg(t) after t > t, for positive constants M, ty. Finally, we write f(t) = O(g(t))

when f(t) = O(g(t)h(t)) for a polylogarithmic function h.

6.2 Main Results

Throughout this chapter we make the following standard assumption on the mixing

matrix A = [A;;]nxn corresponding to the underlying connected network.

Assumption 6.2.1 (Mixing matrix). The mizing matriv A € RN*N is symmetric, doubly

stochastic with bounded spectrum i.e., |\;(A)|€ (0,1] and \2(A) < 1.

First, we state a lemma which relates the generalization loss of DGD at iteration ¢
to its train loss and consensus error up to iteration ¢. The lemma is derived based on a
stability analysis [13, 17, 14]. Specifically we use a self-boundedness and a realizability
assumption [152] which makes the stability analysis feasible for settings such as logistic
regression on separable data. Additionally, we assume convexity and L-smoothness of the
loss function. Formally, we assume the following, where for simplicity, we use the short-
hand f,(w) := f(w,z) for the loss incurred at a generic x € D in the data distribution

D.
Assumption 6.2.2 (Convexity). The loss functions f, : RY — R are convexr and
differentiable, satisfying, f.(w) < fo(v)+ (Vfo(w),w —v).

Assumption 6.2.3 (Smoothness). The loss functions f, : R? — R are L-smooth and

differentiable, i.e. f,(w) < fo(v) + (Vfa(v),w —v) + Z|lw — 0|2
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Assumption 6.2.4 (Self-boundedness of the gradient). The loss functions f, : R¢ — R

satisfy the self-boundedness property with the parameters ¢ > 0 and o € [%, 1], i.e.,

IV fa(w)][< e (falw))® .

Assumption 6.2.4 is weaker than Assumption 6.2.3, since an L-smooth non-negative
function f satisfies ||V f(w)||?< 2L(f(w) — f*) < 2Lf(w), where f* := inf,, f(w) >
0. However, we make use of the smoothness property whenever it suits the analysis,
particularly to bound training loss.

Additionally, we make the following assumptions: All local parameters are initiated at
zero i.e, wél) = 0 for all £ < N. We assume for simplicity of exposition, that each agent
has access to n/N (ny = n/N) samples from the dataset. The general case can be treated
with minor modifications. We also assume that f,(w) > 0 for all w and the minimum of
each loss is zero i.e., ff = 0.

Before our key lemma, we introduce a few necessary notations. We define matrix

W® e RV*4 a5 the concatenation of all agents’ parameters at iteration ¢, i.e., W =

[wgt), e ,wg\?]T. We also denote by w® := ]%[ Zévzl wét) the average of local parameters,
and denote by W® = [w® ... @w®] € RV*? its concatenated matrix.

Lemma 6.2.1 (Key lemma, Informal version). Let Assumptions 6.2.1-6.2.4 hold. Consider

the iterates of decentralized gradient descent in Eq.(6.2) with a fized positive step-size
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n < Then, for the test loss F' at iteration T > 1, it holds that

2
T

E[F@D)] < E [F(wm)]

271222
n*Lc”T 1 N o
B 20 P |

T

+ TEg (3w - oy 2] (6.4

N F ) .
t=1

where the expectation is over the training set of n i.i.d samples.

The precise statement and the proof of Lemma 6.2.1 are deferred to Appendix 6.5.1.
Lemma 6.2.1 bounds the test loss with respect to the train loss and the consensus error.
In the following sections, we show how Lemma 6.2.1 yields test loss bounds on DGD by
establishing bounds on the train loss and consensus errors under different assumptions on
the loss function.

It is worth remarking that Eq. (6.4) is in fact valid not only for DGD, but also for
Decentralized Gradient Tracking (DGT). DGT is another popular algorithm for distributed
learning that can accelerate train error convergence over DGD by modifying the update
in Eq. (6.2) such that each agent keeps a running estimate of the global gradient [178|.
The reason why (6.4) continues to hold for DGD is that the proof of Lemma 6.2.1 only
relies on the updates of the “averaged” parameter w'*) := % Zévzl wy and that the update
rule of @ for both DGD and DGT is derived as @ = @~ — 1L v Vﬁ’g(wét_l)).
Thus, starting with Eq.(6.4) one can also obtain test loss bounds of DGT after replacing

appropriate bounds of DGT for the training loss and consensus error. We leave this to

future work.
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6.2.1 Convergence with general convex losses

The upper-bound in Eq.(6.4) shows how the consensus error and train loss of DGD
affect the test loss.
The next lemma bounds the training loss and consensus error of DGD for general

convex losses. The proof is deferred to Appendix 6.5.2.1

Lemma 6.2.2 (Training bounds for convex losses). Under Assumptions 6.2.1-6.2.3, for

any w € R? and for a fized step-size

< 1 . 1 1 —
— min —
=7 AV

where ay € (3/4,1), a0 > 4 are parameters that depend only on the mixing matriz, the

train loss and consensus error of DGD (6.2) satisfy:

1 o 2wl
?ZF(’U_J ) < T +4F(w), (6.5)
t=1
T
1 . o’ L? 2)w]|? -
— WO _wo2 < =2 4F (w)).
NT;H |7 < 1—a1( T +4F (w))

To bound the training loss for functions f(-) where the optimum is attained at infinity
we need a realizability assumption. In particular, we choose w € R? (in Lemma 6.2.2)

using the following.

Assumption 6.2.5 (Realizability). The loss functions f, : R — R satisfy the realizability
condition, i.e. 3 decreasing function p : Ry — Ry such that for every € > 0 there exists

w € R with ||0||< p(e) that satisfies f.() < e.

The set of Assumptions 6.2.2-6.2.5 covers classification over linearly separable data
with logistic loss, in addition to losses with other exponential-type tails exp(—w") and

polynomial tail w™", for » > 0.
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Remark 6.2.1 (Training loss of DGD on separable data). The realizability assumption
as stated appeared recently in [152] (and was implicitly used in [113, 114]). It can be

checked that for linearly separable training data with margin v, loss functions with an

exponential tail such as logistic loss satisfy this assumption with p(e) = %log(%) (e.g., see

Proposition 6.6.3 and [152, Lemma 4|). Based on Lemma 6.2.2; this leads to the following

bound for DGD training loss for all £ > 0,

T

1 . 21og(1/¢)?

~ N Ba®) < 228NNy (6.6
(log T)?

In particular, choosing ¢ = 1/T, gives a rate of O( ), surprisingly matching up to

nT
logarithmic factors the corresponding rate for centralized GD in [113, Theorem 1.1].

Remark 6.2.2. The bounds of Lemma 6.2.2 are true for any dataset {xi}ie[n] provided
that Assumptions 6.2.2 and 6.2.3 hold for all f, = f,, = f(w,x;) = fi(w),i € [n].
Similarly, (6.6) holds provided Assumption 6.2.5 is true over the training set (i.e. provided
the training dataset is separable). However, bounding the test loss in Lemma 6.2.1,
requires bounding the ezpectation over all datasets of the train/consensus errors. This is

guaranteed by Assumptions 6.2.2-6.2.5 as they hold for any point x in the distribution.

Theorem 6.2.1 (Test loss with convex losses). Under Assumptions 6.2.1-6.2.5, by

< 1 . 1 1—061
—=INnin —
n L\/T 1, 20{2

where ay € (3/4,1), a0 > 4 are parameters that depend only on the mixing matriz and

choosing
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assuming € < ’)%2, the test error of DGD for iteration T > 1 satisfies:

p(e)® | Lp(e)* 1 o, Liple)®
O(\/T+ n3—2a T +7>’

where the expectation is over the training set of n i.i.d samples.

Remark 6.2.3 (DGD with logistic regression never overfits). The proof of Theorem 6.2.1 is
delayed to Appendix 6.5.2.2. As in Remark 6.2.1, we take logistic regression on separable
data with margin v > 0 as our case study. For logistic regression (as well as other loss
functions with an exponential tail), it can be verified that the self-boundedness assumption
holds with o = 1. Similar to Remark 6.2.1 it holds that p(e) = %1og(§), thus choosing
e = 1/V/T results in a test loss rate O(\/LT + 1) by Eq.(6.7). This indicates that the

upper-bound decreases at a rate of O(\/LT) until after 7' = n? - (max(£;, £))* iterations
where the upper bound essentially reduces to (’3(%) Additionally, the fact that the
upper-bound is decreasing proves that with appropriate choice of step-size, overfitting

never happens along the path of DGD at any iteration.

Remark 6.2.4 (Log factors). The attentive reader will have recognized in Remarks 6.2.1
and 6.2.3 that due to the “p(e) = O(log(T"))” factor, the upper bound on the test loss in
Eq. (6.7) increases (very) slowly with log!(T"). Note that this term becomes dominant
only when T is exponentially large with respect to the sample size n and the margin ~.
Our experiments in Sec. 6.3.2 confirm this slow logarithmic increase late in the training

phase. Analogous behavior, but for centralized GD training, are discussed in [138, 152].
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6.2.2 On the convergence of DGD with exponentially-tailed losses

In this section, we show that our guarantees can be improved for exponentially tailed
losses. First, we note that the bounds in Lemma 6.2.2 and Theorem 6.2.1 hold for the
average loss across iterations ¢ < T'. It is straight-forward to see that if DGD is a descent
algorithm i.e., F(@w®D) < F(w®) for all t < T, then F(w®) < %23:1 F(@w®); thus
implying that the upper-bounds on training and test loss hold for the last iterate of DGD.
We will prove that DGD is indeed a “descent algorithm” for a class of convex losses which
include popular choices such as the logistic loss and even non-smooth choices including
the exponential loss. Moreover, we show that the consensus error of Lemma 6.2.2 as well
as the test loss bounds of Theorem 6.2.1 can be improved compared to the results of the
previous section.

In particular, we use the following assumptions together with the self-boundedness

gradient assumption (Assumption 6.2.4) with o = 1 as well as the convexity assumption.

Assumption 6.2.6 (Self-bounded Hessian). The local losses F,: RS R satisfy the

following for the Hessian matrices V2F, and a positive constant h,
IV2 Ey(w)[|< b Fy(w).

Assumption 6.2.7 (Self-lowerbounded gradient). The global loss satisfies for a constant
T that

IVE(w)||2 7F(w).

Assumptions 6.2.2, 6.2.4, 6.2.6 and 6.2.7 include linear classification with non-smooth
losses such as the exponential loss, losses with super-exponential tails (exp(—z"),r > 1)

and the logistic loss; e.g., see Proposition 6.6.1 in the appendix.

Theorem 6.2.2 (Last iterate convergence of DGD). Consider DGD with the loss functions
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and mixing matrixz satisfying Assumptions 6.2.1,6.2.2,6.2.6,6.2.7 and Assumption 6.2./
with « = 1 and ¢ = h. Assume that the step-size satisfies n < %, for a constant ¢
depending only on the mixing matrix and on 7, h, then DGD is a descent algorithm i.e,
for all t > 1 it holds that F(w™) < F(w®). Moreover, the train loss and the consensus

error of DGD at iteration T satisfy the following for all w € R?,

n - 2||w]]?

F(w'D) < 4F -

(@) < 4F(w) + = 7

- 2 ~ h2 w 4
me—wmh:OO%%%m+J%h) (6.8)

The proof of Theorem 6.2.2 is included in Appendix 6.5.3.1. In the following remark,

we discuss the implications of this result.

Remark 6.2.5 (Improved rates). While similar to Lemma 6.2.2, for logistic regression we
have F(w™) = O(%T + =), for the consensus error rate we have by applying Theorem

6.2.2 and noting that p(e) = log(1/¢) /v,

p— K2 (log(1/2))’
me—WmM:0<%ﬁﬂu—7@r—)

After choosing e = 1/T, we have the improved rate |[W ) — WD||2= O(), which is
superior over the rate O( %) for general convex losses with constant 7 (Lemma 6.2.2). For
the test loss, employing Lemma 6.2.1 with the new rates for the consensus error leads to

the following rate for DGD with logistic regression,
~ 1
E[F@™)] = O(—+ —+7?). (6.9)

In accordance to Remark 6.2.2, we can conclude the above from Lemma 6.2.1 provided

Assumptions 6.2.4 and 6.2.7. Thus, the bounds of Theorem 6.2.2 remain true for all
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training sets within the data distribution. We note that the resulting bound in (6.9) is
a superior rate for the test loss of logistic regression, compared to the rate of Remark
6.2.3. Concretely, setting n = 1/T"/3 gives a rate of O(1/T%?3 + 1/n), faster than the
O(1/+/T +1/n) rate in Remark 6.2.3. On the other hand, it is slightly slower compared to
its centralized counterpart O(1/T + 1/n) in [114, 152]. As revealed by Lemma 6.2.1, the
additional n? factor in (6.9) captures impact of the consensus term, which is unavoidable

in decentralized learning.

6.2.3 Convergence under the PL condition

Next, we show how our previous results change when the global loss satisfies the p-PL

condition. Formally, the PL condition [156, 157] is defined as follows.

Assumption 6.2.8 (PL condition). The loss function F:R? — R satisfies the Polyak-

Lojasiewic(PL) condition with parameter i > 0: |VE(w)||2> 2u(F(w) — F*).

The next lemma shows that DGD enjoys an exponential rate under the PL condition

and smoothness. and data separability (i.e., * = 0). See Appendix 6.5.4.1 for a proof.

Lemma 6.2.3 (Train loss under the PL condition). Let Assumptions 6.2.1,6.2.3 and 6.2.8

hold and let the step-size n < min 1‘:‘1, 5Tz %, 1}, where the constants ci € (3/4,1)
and ay > 4 depend only on the mizving matriz. Define ¢ := 1 — &, then under the data

separability assumption, the iterates of DGD satisfy for allt > 1,

p(w(t)) < Ct—lﬁ@(l))’

20427]2[/2]5(@(1))071
1— (05} )

il LA P

We use this lemma combined with our key lemma 6.2.1 to obtain the test loss bound

in the next theorem. The proof is provided in Appendix 6.5.4.2.
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Theorem 6.2.3 (Test loss under the PL condition). Let Assumptions 6.2.1-6.2./ hold.
Further assume 6.2.8 holds for all training sets in the distribution. Let n and ¢ be as in

Lemma 6.2.3. Then the iterates of DGD satisfy for all T > 1,

- L202 o n2L4
E[F(@™)] = O<CT+ n3-2020 (nT)* 2 + 112 )

Remark 6.2.6. The bound above involves (nT)*72*. When a < 1, as in the case of smooth

T2)? where

functions such as highly over-parameterized Least-squares f(w,z) = (1 —w
d > n, the bound becomes vacuous as it is increasing with 7'. This suggests the existence
of overfitting in DGD under such scenarios; with the optimal value of 1" achieved at

the very early steps of training. See Appendix 6.7.1 for experiments that confirm this

behavior.

6.2.4 Improved Algorithms: Fast Distributed Logistic Regression(FDLR)

In this section, we consider decentralized learning with exponentially tail losses on
separable data and propose modifications to the DGD algorithm for improving the
convergence rates based on the normalized GD mechanism.

Our first proposed algorithm —Fast Distributed Logistic Regression(FDLR)- is sum-
marized in Algorithm 1. Each agent keeps two local variables wy, v, € R? which are also
communicated to neighbor agents at each round. In matrix notation, Algorithm 1 has

the following updates:

WD — AW — 70y,

VD — AVO L VEWED) - VEW®),

Asin (6.2), A € RV*¥ is the mixing matrix of the undirected network of agents, which
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Algorithm 1: FDLR
(1)

Input: Initial values w, ,vél) € RY for all agents ¢ € [N], step size ; and mixing
matrix A = [Ag]nxn
1 fort=1,...,T all agents { € [N] in parallel do

(t+3) (t) v
2 | w Y= = gy @]
1
3 send and receive local variables wéH"’) and Uét)
t+2
4 (t+1 ZkENZ Aékw( )
5 | v““ Swen, Aol + VE(w{™) = VE,(w])

Algorithm 2: FDLR with Nesterov momentum

Input: Initial values wé ), (1 ), (1) ¢ R? for all agents £ € [N], hyper-parameters

¢, and mixing matrlx A = [Aw]nxn
1 fort=1,...,T all agents i € [N] in parallel do
(t+1) _ o0 4 vy

2 2 = (2, o)
llvg Il
(t+3) (t) (t+1) ot
3 | w, P =w, —m(zy T+ ||v€t>||)
4
. . (t+3) (t)
4 send and receive local variables w, and v,

t+1
5 w(t+1 ZkENe Agkw( 3)

6 (t+1 Zke/\/ chvk i VF ( t+1)> o Vﬁe(wét))

satisfies the regularity conditions in Assumption 6.2.1. Furthermore W® 1 (®) VF (W) ¢

) ()

RN*4 are formed by stacking w,”,v,” and local gradients VF@(’(U( ) for all £ € [N] as

their rows. The matrix V® € RV*? is formed by concatenation of the vectors v 2 / Hv;) I

as its rows. In step (2) of Algorithm 1, every agent ¢ runs in parallel an update rule
which resembles the distributed gradient descent update rule (aka Eq. (6.2)), with the

difference that the local gradient Vﬁ’g(wét)) is replaced by vét) / ||vét)||. In the next step,

agents send their local parameters wé ), M to their neighbors. Step (4) is the consensus

(t+1/2)

step at which agent ¢ computes a weighted average of w sent from neighbor agents

k, in order to update w,". (" Step (5) uses the newly computed local gradient Vﬁg(wétﬂ))
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and the gradient computed in the previous step to updates the local parameter vét). The

) is to estimate the global gradient. This idea

purpose behind introducing the variable vét
is previously used in the gradient tracking algorithm (e.g. see [178|) and the idea also
relates to stochastic variance reduced gradient (SVRG) [186]. The following theorem
proves that for exponentially decaying loss functions and separable data, FDRL with

time-decaying step-size 1, = 1/+/t converges successfully in direction to the solution of

centralized gradient descent. The proof is provided in Appendix 6.5.5.

Theorem 6.2.4 (Asymptotic convergence of FDLR). Let the sequence {wét)} be generated
by FDRL (Algorithm 1) trained with logistic or exponential loss on a separable dataset with
n, = O(1/\/t). Then, for all ¢ € [N], lim_,o wét)/Hwét)H = Wy, /|| wyn |, where w

MM (&

the solution to max-margin problem.

Based on the above result, we anticipate that FDRL has good test performance. In
fact, we will show in Section 6.3 that FDRL achieves good test performance orders of
magnitude faster than DGD. To get some insight on this and also on the nature of
the FDLR updates consider the infinite time limit. In this limit, when the matrix A
satisfies the mixing Assumption 6.2.1, it can be checked that V() = %llTVﬁ’(W(o")).
Hence, as t — oo the variables vét) for all agents converge to the same global gradient
Zévzl Vpg(wét)). Realizing this, we can see that Step (2) of FDLR is asymptotically

approximating a normalized GD update, i.e., for large t, each agent performs an update

W2 0 S VE(wy)
14 ~ % LA N O)
120 V(g2

. Previously, normalized gradient descent has been used
to speed up convergence in centralized logistic regression over separable data|20|. Here,
we essentially extend this idea to a decentralized setting and argue that FDLR is the
canonical way to do so. In particular, the idea of introducing additional variables v, that
keep track of the global gradient is critical for the algorithm’s success. That is, a naive
implementation with updates wétﬂm = wét) - ntVFg(wét))/HVFg(wét))H2 based only on
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the local gradients would fail. At the other end, just introducing variables v, without
performing a normalized gradient update (i.e. implementing gradient tracking) also fails
to give significant speed ups over DGD. See Section 6.3 for experiments in support of this
claim.

We also present a yet improved Algorithm 2, which combines FDLR with Nesterov
Momentum. The key innovation of Algorithm 2 compared to FDLR is its step (3), where
now the local parameter wét) is updated by a weighted average (zétﬂ)) of normalized
gradients from previous iterations. Similar to our previous remarks regarding FDLR,
extending the Nesterov accelarated variant of normalized GD for centralized logistic
regression [22] to the distributed setting is more subtle as now each agent has access only
to local gradients. Our experiments in Section 6.3 verify the correctness of the proposed

implementation of Algorithm 2 as it achieves significant speed ups over both DGD and

FDLR.

6.3 Numerical Experiments

In this section, we present numerical experiments to verify our theoretical results and
demonstrate the benefits of our proposed algorithms. We begin with a numerical study of

the performance of FDLR.

6.3.1 Experiments on FDLR

In Fig. 6.1(Left), we compare the performance of FDLR and its momentum variant
to DGD and gradient tracking (GT) for exponential loss with signed measurements (i.e.,
y = sign(a"w*) for samples a, labels 3 and the true vector of regressors w*) with n = 100,
d = 25. The underlying graph is selected as an Erdos-Rényi graph with N = 50 agents

and connectivity probability p. = 0.3. On the y—axis, directional convergece represents
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the distance of normalized wét) to the normalized final solution for agent ¢ = 1, i.e.,
||% — %H (see Theorem 6.2.4). The hyper-parameters 7, y; are fine-tuned for each
algorithm to represent the best of each algorithm and the final values are n; = 0.1,0.05,0.5
and 0.2 for Distributed GD, GT, Alg. 1 and Alg. 2, respectively and v, = 0.8 for Alg. 2.
Our algorithms significantly outperform the well-known distributed learning algorithms
in directional convergence to the final solution. Regardless, in this case we noticed that
the gain obtained by including the momentum is small. In Fig. 6.1(Right), we consider a
binary classification task on a real-world dataset (two classes of the UCI WINE dataset
[187]) where d = 13 and n = 107. We compare the performance of FDLR (blue line) and
its momentum variant (red line) with DGD and DGT on an Erdos-Rényi graph with
N =10 and p. = 0.4. The hyper-parameters are fine-tuned to n, = 12,1,0.9,2 for DGD,
DGT, Alg. 1 and Alg. 2 respectively, and v, = 0.88 for Alg. 2. Notably, while Alg. 1
significantly outperforms both DGD and DGT, the benefits of adding the momentum are
also significant in this case as Alg. 2 demonstrates a faster rate of convergence than Alg.
1.

The two plots in Fig. 6.2 (Left) illustrate the train and test errors of DGD/DGT and
our proposed algorithms for the same setting as Fig. 6.1(Left) with n = 800 and d = 50.
Here the hyper-parameters are fine-tuned to be 7, = 0.01,0.01,0.4,0.5 for DGD,DGT,
Alg. 1 and Alg. 2, respectively and v, = 0.5 for Alg. 2. Fig. 6.2(Right) shows the training
and test losses. Here, we use the same dataset with N = 10, p. = 0.4 and an exponential
loss. The hyper-parameters are fine-tuned to 7, = 0.01,0.012,0.4,0.6 and ~ = 0.9. Both
of our algorithms outperform the commonly used DGD and DT, in both training error
and test error performance. Also, the gains of adding the momentum are significant,
since FDLR with Nesterov momentum (Algorithm 2) reaches an approximation of its final
test accuracy in 50 iterations, while the same happens for FDLR with approximately

300 iterations. An interesting phenomenon in Fig. 6.2 (see also Fig. 6.3(Right)) is
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Figure 6.1: Directional parameter convergence of our proposed Algorithms 1-2 compared
to the vanilla distributed gradient descent and gradient tracking algorithms on (Left)
synthetic data y = sign(a'w*) and (Right) on two classes from the UCI WINE dataset.
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Figure 6.2: Training/test misclassification errors and train/test losses for our proposed
algorithms compared to the decentralized gradient descent and gradient tracking algorithms
on synthetic data y = sign(a'w*) with n = 800, d = 50.

the behavior of test loss: while during the starting phase the test loss is monotonically
decreasing, after sufficient iterations the test loss starts increasing. This behavior of test
loss is indeed captured by the bounds on the test loss of DGD in Theorems 6.2.1-6.2.2

and Remarks 6.2.3-6.2.5. In particular, the increase in test loss is observed in the bound

(log T)?
VT

@ suggests that the bound after sufficient iterations starts to slowly increase. See

for the test loss O( + (IOiT)Z) in Remark 6.2.3, where the presence of the term
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10° 0.4
——Train loss, 4 = 0.2, 7 =05 N
O(log?(t)/t) —Centralized GD
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Yain loss, & = 1, = 05 —— Decentralized GD

- = 0@/t
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Figure 6.3: Consensus error, train loss and test loss for DGD with exponential loss
and linearly separable data. Left and middle plots verify the rates O(1/t?) and O(1/t)
(Theorem 6.2.2 and Remark 6.2.5) for consensus error and training loss of DGD. Right
plot shows test loss for DGD and GD show approximately similar convergence behavior
under separable data.

also Remark 6.2.4.

6.3.2 Experiments on convergence of DGD

Next, we investigate the convergence behavior of DGD for the train loss and the
consensus error. We consider the same network topology, mixing matrix and data
setup as in the last figure. Left and middle plots in Fig. 6.3 show the consensus error
LW ® — W®|2 and the train loss F(w®) in solid lines, for two over-parameterization
ratios d/n. We recall that d and n represent the dimension of the ambient space and
the dataset size, respectively. The dashed lines help to show for each solid line, the
approximate rate of convergence after sufficient number of iterations. Notably, we observe
that the convergence rates on the consensus error (O(1/t?)) and on the train error (O(1/t))
stated in Remark 6.2.5 are attained in both cases (recall that O(-) hides logarithmic
factors). Fig. 6.3 (Right) depicts the Test loss of DGD for d/n = 0.05. For comparison,
the corresponding curve for centralized GD is also shown. Here step-sizes are fine-tuned
to represent the best of each algorithm. In agreement with our findings in Remark
6.2.5, we observe approximately similar behavior between the convergence behavior of

two algorithms. As before, the slight increase in the curves of test loss are due to the
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logarithmic factors in test loss upperbouds.

6.4 Conclusions

We studied the behavior of train loss and test loss of decentralized gradient descent
(DGD) methods when training dataset is separable. To the best of our knowledge, this
yields the first rigorous guarantees for the generalization error of DGD in such a setting.
For the same setting, we also proposed fast algorithms and empirically verified that they
accelarate both training and test accuracy. We believe our work opens several directions,
with perhaps the most exciting one being the analysis of non-convex objectives. We are
also interested in extending our results to other distributed settings such as federated

learning [188] and Gradient Tracking e.g., [178].
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6.5 Proofs

In this section, we present the proofs of all theorems and lemmas stated in the main
body. We organize the appendix as follows,

The formal statement and proof of Lemma 6.2.1 are included in Appendix 6.5.1.

The proofs for Section 6.2.1 are included in Appendix 6.5.2.

The proofs for Section 6.2.2 are included in Appendix 6.5.3.

The proofs for Section 6.2.3 are included in Appendix 6.5.4.

The proof of Theorem 6.2.4 is included in Appendix 6.5.5.

Auxiliary results on our assumptions are included in Appendix 6.6.

Finally, we conduct complementary experiments in Appendix 6.7.

Notation

Throughout the appendix we use the following notations:

W=~y wy, Wi=[mw,---, o €RV

VE(w) = - Z Vf(w, z;),

A

VE(W) = [VE (), VEy(ws), - - -, VEx(wy)]" € RN,
R 1L .
VEW) := ~ > VE(wy),
/=1
. N
V EFy(wy) := - Z V f(we, z;).

ijSg
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where recall that d is the dimension of ambient space, n is the total sample size, N is the

number of agents and each agent has access to n/N samples.

6.5.1 Proof of Lemma 6.2.1

Lemma 6.5.1 (Formal statement of Lemma 6.2.1). Consider the iterates of decentralized

2

gradient descent in Eq.(6.2) with a fived positive step-size n < . Let Assumptions

6.2.1-6.2.4 hold. Then for the test loss F' at iteration T' > 1, it holds that
T 2c0
E[F(w™)] < 4E | F(@™ E[( LS F@® 6.10
[F(@™")] < (@) + — 5 fZ (@™) (6.10)

2 2
9L4 o IL'n* 1 -
(}juw <t>HF) e O E <§j||wi? Wil
i=1 t=1

where the expectation is over training samples and Wi?, Wii) denote the parameter
matriz and averaged parameter matriz at iteration t for the DGD algorithm when the i-th

data sample is left out.

Proof: The proof relies on algorithmic stability[13, 17]|. Specifically, we build on the
framework introduced by [14] (and also used recently by [152]). Unlike these works, our
analysis is for decentralized gradient descent.

We define wétll as the parameter of agent ¢ resulting from decentralized gradient
descent at iteration ¢, when the i*" training sample i < n is left out during training. We
emphasize that the i** sample may or may not belong to the dataset of agent .

We define w(ff € R?

w®

J,)

==
10
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as the average of all agents’ parameters at iteration ¢, when the i"* sample is left out of

the algorithm. Thus, the parameter matrices Wﬁ(t) WE? € RV*? are defined as follows,

7 )

The first step in the proof is to bound the term 1 377"  [l@t — w(ij? By definition of

DGD in Eq.(6.2), we have the following update rule for the averaged parameter,
oY =g — pVEW®),
Analogously,

wg;rl) (t) nVF(W(t) ‘(t) Z Z Vf(weﬁw ).

Z 1 z;€8,x;#x;

Thus by adding and subtracting VF(W®) and VF (W ) we have

H — (t+1) t+1)||
- HW) = VW) — @8 v W)

— (@) = pVEWD)) + gV EWY) — v W)

< @ = g PV O) - @) - i F))|

+ nHW(Wﬁ?) ~VEWY) ] + UHW(W@)) _VE©) H
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For the last term, using smoothness, we can write

)
I

IN
2= ==
(-
g

|

o~
Il
—

IA

3=
T

N
I — @@V = fnw WO p.

The second term is upper-bounded similarly. Using these bounds, splitting the gradient
VEW®) = 3 F@D ) + L f (@0, 2;), using smoothness and convexity [jw +
nVf(w) —v—nVf)|< [Jw—wv]| for n <2/L [155] and employing Assumption 6.2.4 we

can write

|20 — wCV < @ — gV EO) - (@) — gV EW))]

t
fuwi} WY+ fuw WO g
1 _ _ _ _ _
< =D Ml = V@Y ap) —al) + g @l -f>||+ﬁ|rw<t>—an(w“%xi)—wi?n
i
t
\/—HWJ W9 e+ fuw WO
< |a® - @ H+ IV £ (@9, ) |+ WD — 0o 2w — oy,
\/_ \/_

< [la® — *“||+ (F(@, ) +

\/—II W ||F+\/—||W WO p.
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By summing over ¢ € [T],

T T
L _
o™ — )< DS j = I =Wl
t=1

||W(t) _ W(t)||F~

e o
M’ﬂ I

t=1

We define for the ease of notation the following two consensus terms,

:(XT:HW(t)—W(t)HF>2 and e .:(ZH W )2. (6.11)
t=1

Thus the bound for the squared term can be written as follows

2.9 T 2 272 272
—(T+1) _ 7(T+1) 2 3cn” () )\ 3°L* oy | 3n°L7 ()
o < B (S () + 2 B

By averaging over i € [n] and noting that « € [1/2,1] so that z“ is concave, we

conclude that

n n T 2 n
1 3c? a 3n?L? 3n?L?
1 S(T41) (T 2 o 77 ) . n (1) | oML (m)
n ;Zl\lw P E :(E :(f(w 7$1>) ) + Nn eni’ T N ¢
f

Thus we have for iteration 7"

2c
1< 32272 (1 < - 3n2L2% & 3022
- oD _ a5 D2< 22T [ 2N prap® o (1) | ML (1)
n;_le w2 |7 < R (TE (@) |+ N Eleﬂ t— ¢
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Next we use [152, Lemma 7| (see also |14, Theorem 2|), which states that for the L-smooth
loss f, the test error of the output w of an algorithm taking as input a dataset (x1,...,z,)

size n, satisfies the following,

BIF(w)] < 4E[F(w)] + - 3 Ellhw - -],

where expectations are taken over the training set (zy,xs,---,z,). We replace w with
@) and by using (6.12) (which we can do because it holds true for all datasets since

Assumptions 6.2.1-6.2.4 hold for every sample z in the distribution),

2 n
E[F(@™)] < 4B[F(@)] + 22 SRl -

This leads to (6.10) and completes the proof.

Finally, we explain the informal version of the lemma presented in the main body
(Lemma 6.2.1). Compared to the bound in Eq. (6.10), the informal Lemma 6.2.1
combines the consensus-error term e!”) with the average leave-one-out consensus-error
term %Zie[n} e (recall the definitions in (6.11)). It is convenient doing that for the

7) and egTi) (for

following reason. To apply Lemma 6.5.1, we need upper bounds on e
specific assumptions on the function class that is optimized). We do this in the section that
follows. It turns out that the bounds we obtain for the consensus-error term e(”) also holds
for the leave-one-out consensus error terms e( ) ,i < [n]. The reason for that is that our

bounds are not affected by the sample-size, but rather they depend crucially only on the

smoothness parameter of the train loss. It is easy to see that the smoothness parameter
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of the leave-one-out train loss %ZZ, i [(w, i) is upper-bounded by the smoothness

parameter of £ >~ f(w, z;). See Remark 6.5.1 for more details.

6.5.2 Proofs for Section 6.2.1

Lemma 6.5.2 (Recursions for the consensus error). Let the step-size n < (1 — X)/4L
where A := max((|]\2(A)], | An(A)]))%. The consensus error of DGD under Assumptions

6.2.1,6.2.3 satisfies the following:
WO = WOlf< ar WD — WD ao NP LPE (@), (6.13)

where o 1= 22 g = 4(= — 1).

Proof: Denoting A := lim;_,,, A" = %11T, it holds by Assumption 6.2.1,

IAW = W[5 = (A =A%) W = W)|F= Y (A = A=) (W; = W)

=1

N
< DA = AZ|PWi = WilP< max(A3(A), AR (A) - [W = W[5, (6.14)

=1

where W is the i th column of W. By Assumption 6.2.1, A = max((|]A2(A)], [An(A)]))? < 1.

For the consensus error, we can write,

WO — W2 = |w® — W=D —® 4 jpt=b)2,
< W — W
= [|AW Y — gV B D) - WO

< (14 /) AWEY - W2 (1 4+ Y2 [ VEW D) |12,

where the second step is due to || X — X||#< || X || [169, 170]. The last line holds for any
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B >0, due to [la+b|*< (1+ 871 [al*+(1+ 571)(b]*.
Based on this inequality and by noting (6.14) and using the L—smoothness assumption,

we can deduce that,

IWO-WOZ< (1 4+ HAW Y = WED|F(1 4 87 [VEW D)5
< 1+ BHAWED = WD 2421+ B | VEW D) = VEW D)3
+2(1+ BT [VEW )% (6.15)
< (L4 BMWED — WD G201+ g7 )L WD — w3,

+4(1+ B LN F(w,-1),
where the last step is due to L—smoothness and the non-negativity of F, 7, 1.e.

N N
IVEWED)E = STIVE@*)P< 20 3 (B0 ) — E7) < 2LNE(aD).
=1 =1

Thus,

WO — W2 < (14 B)A +2(1+ B L)WY — w12,

+4(1 + B YHYn?LN F(w®Y).
Next, choose = (1 —A)/(2A). Then, it follows from the assumption n < (1 —\)/4L that

(1+BA+2(1+ B8 L < (3+N)/4 = ay,

414+ 7Y <4(2/(1 = X)) = 1) = as.

This concludes the lemma.

By telescoping summation over the iterates t = 1,---,7T of the consensus error in
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Eq.(6.13), we end up with the consensus error at iteration 7. The final expression is
stated in the next lemma.
Lemma 6.5.3. Under the assumptions of Lemma 6.5.2, it holds for T > 1 that,

T-1

WO — WO G< ol MWy = Wi |3+ (aen®LN) Y ol F(@™ ).

t=1
Lemma 6.5.4. Under the assumptions of Lemma 6.5.2 and the zero initialization as-
sumption for all agents, the average consensus error satisfies,

T-1

1 & asn?L
L WO _ o)z« 22
NT ;” < (1—« )T;

Proof: By Lemma 6.5.3 and the zero initialization and non-negativity assumptions,

we have
T T -1 T-1 T—r
1 - 2L . 2], .
N7 LW WOl < SEESES al ) < Y el Y Fa)

t=1 t=2 =1 =1 t=1

9, T—1 T-1 9, T-1
agn”L r—1 o= (1) aon”L o ()
< « F(w'") < F(w'™)

TS T 2

Lemma 6.5.5. Under Assumptions 6.2.2,6.2.5 and for all w € R, the DGD updates

satisfy the following recursions:
20— AL’ - ooy < 100 w0l L2772 0L < o
> F )S T +WF(w) + ZHW I
Proof: 'We start by upper bounding the following quantity:

[0 —wl? = @ — gV EW®) —w|?
= ([0 — w|*+? | VEW )P =2n(@® — w, VEWY))
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For the second term above, using L—smoothness and non-negativity of the loss, we obtain:

IVEWD)|? = [VEW®Y) = VE@Y) + VE@)|?

< 2|VEWY) = VE@)|P+2|VE (@)

2L2 .
Z” — @O |?+4LF(w®).

For the third term, by using L—smoothness and convexity properties we can write,

N
_ _ 1 ) )
(@0, VW) = 53 (@ —w, VEw,))
=1
1 NONIN0! Iy 2 (w0
= NZ(U} —wy, VE,(w +EZ —w,VFg(wg )
=1 {=1
1« L 1 —
o — - t t _ - t -
> 5 2 E@®) = Fyw)) = Sl = aO P+ () = Fi(w))
=1 =1
. X L _
B — Blw) — D _ )2,
(®0) ~ F(w) — 5 [[WO ~ WO
Combining these inequalities we derive the following:
[+ — wlP< 5 — w]*+y? (222|W O — WOI3/N + ALE (@)

~ 29(B(@) - B(u) - 2 WO~ WO/N).
Summing these equations for t =1,2,...,T — 1,

T—1
_ ~ 2L2n% + nL _
o™ — w|P<|la® —w)*+ 3" LI w o o),

N
t=1
T-1 T-1
+ > (AL =2 F(@W) + 2 nF(w).
t=1 t=1
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We conclude that,

9 T—1

2n — ALy 4L77 oM — wl|? 21)27)2 —i— nlL <
2 Flo
T

ZHW“ WO 220 F (w).

6.5.2.1 Proof of Lemma 6.2.2

Lemma 6.5.6 (Restatement of Lemma 6.2.2). Under Assumptions 6.2.1-6.2.4 and zero

initialization, for any w € R and for a fived step-size n < min{l—al % 1— e

}, where
ay € (3/4,1),ag > 4 are parameters that depend only on the mizing matriz, the following

holds for the train loss and consensus error of DGD:

liﬁ(u_)(t)) < 2wl +4F (w) (6.16)
T~ - T ’
T
1 s’ L 2||w||?
— W2 < 220 +AF(w)). 6.17
T ; W5 < a _a1>( T (w)) (6.17)

Proof: Recalling the initialization wél) = 0= w" = 0 and using n < 1/(4L), we

deduce from Lemma 6.5.5 that,

IS 2 lwl* | - 77+L
N Fa®) < 2F w® w2
72 P < o 2R ) + Zn WO
By Lemma 6.5.4

= w w
T — - T T(1—ay) —

I o) + L S F@®)

w) + — w
- T 2T —

where the condition on 7 on the lemma’s statement ensures that (2L%n+L)aon?L/(1—a;) <

1/2. This gives the statement of the lemma for the training loss in Eq.(6.16). Appealing
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again to Lemma 6.5.4 for the consensus error yields (6.17).

Remark 6.5.1 (Bounds for leave-one-out consensus error). The bound in Eq. (6.17) also
applies to the leave-one-out consensus-error term %ZtT:l||W$) - Wi?“% To see this

starting from Lemma 6.5.4 note that we still have

L= ® _ o 0@772L S
t 7/
T Z“W‘!’L - W‘!i ||%‘ ) ’L _"Lt (619)
= t=1
where we denote the leave-one-out train loss F.;(w) := %Zi,# f(w,z;). This is true

because the smoothness parameter of F.;(w) is (1 — 1/n)L < L. Moreover, applying
Lemma 6.5.5 to the leave-one-out loss (and using again that it’s smoothness parameter is

upper bounded by L), we have for all w that

T-1
2n — 4Ln? L ||w 12 - 2L2772+77L
o @)  F 2F(w) + Zn Wil
t=1

But, from the initialization assumption U_JE‘IZ-) = 0 and also F_;(w) < F(w) since the

functions are assumed non-negative. Hence, and also using (6.19), shows that

9 T—1

277 4L77 Z HwH2

- + QnF(w) +

T—1
(2L + nL)aon?L L
T(l —041) ZFﬁi(wﬁit)

t=1

Note that after using n < 1/(4L) this is exactly analogous to Eq. (6.18) for the train
loss, which leads to the same bound F.;(w (t)) < 2”“’“ + 4F(w) for the leave-one-out
loss. Plugging this back to Eq. (6.19) shows that the bound in (6.17) also holds for the

leave-one-out consensus term.
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6.5.2.2 Proof of Theorem 6.2.1

We are ready to prove Theorem 6.2.1 by combining our results from Lemmas 6.2.2
and 6.2.1. We state the proof for general choice of step-size n. In particular, Theorem

6.2.1 follows by the next theorem after choosing 7 = O(1/v/T).

Theorem 6.5.1 (Theorem 6.2.1 for general n). Consider DGD under Assumptions 6.2.1-

6.2.5, and choose n < min{l_Lo‘l, T/ 1= 0‘1} The following bound holds for the averaged

test error of DGD with separable data up to iteration T, assuming € < p(e)*/nT,

1 ZF (t) (P(5)2 i L2CQ{P(5)4Q (nT)22 + L4p(6)4773T) .

T 3—2a
t:l n n

Proof: By Lemma 6.2.1,

B[F(a®)] - o(E[F@®)] + Lo g2 ;;Fwﬂ o

nS 2a

t

+ RO - )

Thus, by Lemma 6.2.2,

1
=S E[F@")]| =
t=1
T
w]* | - L2C szH so | L' L o WP 2
O|—+F t5( Y — t F )
(Bl 52 13 s B 5y

By Assumption 6.2.5 and assuming € < p(e)?/nT, the statement of the theorem follows.
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6.5.3 Proofs for Section 6.2.2

Lemma 6.5.7 (Iterates of consensus error). Consider DGD with the loss functions and
mixing matrix satisfying Assumptions 6.2.1,6.2.2, 6.2.6 and Assumption 6.2.4 with a = 1

and ¢ = h. By choosing n_1 < =2 : the consensus error at iteration t > 1 satisfies

NV T,
WO~ O < 5y WD D 4 SN (6:20)
where we define

Bri= (3+N)/4, 85 = (4/(1 = ) = 2), A := max{| A (A) P, |An (4)]*}

and
Mgy_y) == max{F(W ), F(otD)}.
Proof: By Lemma 6.5.2 and the inequality (6.15), the consensus error satisfies for
any (8> 0,
N _ 2
HW“) ol <+ ﬁ)/\HW(t‘l) D (6.21)
F F

2

~ ~ 2
#2014 B |[VEW D) = VR 2014 57

vF(W“—U)HF
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For the second term in (6.21), we have the following chain of inequalities,

ZHVF ) = V(D)2

N
<3S max VPR Plef Y — @ty (6.22)
—1 we[wétfl),w(t—l)]
N
<12y max  (Fy(v)lwf ™ — @Y (6.23)
(t=1) —(t—1
1—1 ve€lwy, @]
N
= h? I 2, (=1 _(t—1))2
;(we[w({l_ng_(t_l)] o))l — @t
< hQZmax{Fz Y, B2 Y — w2 (6.24)
N
7 (t-1) (t-1)  _(t—
< thax{rana]s;F,f(wk ) rglga]\)ch]?( ot 1)>}Z_Zly|w£ — D)2

< h2N2M(2t,1) W(t—l) . W(t—l)

. (6.25)

The Taylor’s remainder theorem gives (6.22) and v; € [w(t_l)

., w* V] denotes a point

that lies on the line connecting wftil) and @Y. Also, (6.23) is valid due to the self-
boundedness of the Hessian stated in Assumption 6.2.6. The inequality (6.24) follows by
the assumption of convexity of £}, due to the fact that for a convex function f : R — R
and any two points wy, wy € R?, it holds that max,eu, w,) f(v) < max{f(w:), f(ws)}. To
derive (6.25), we used max;<y Fi(w;) < NF(W) and max,<y Fy(w) < N - F(w), which

hold since the loss functions are non-negative.

In order to derive an upper-bound on the last term in (6.21), we use Assumption 6.2.4
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(with o = 1,¢ = h):
A = 2 N . 2 N R .
HVF(W“‘”)HF = ; HVFe(w“‘”)H <n ;(Fz(w(t—”)f < REN2F2(50D),

Replacing the upper-bounds back in (6.21), we conclude

— 2 _ 2
HW(t) —Ww® . < ((1+ B 2(1 + 5—1)nt2_1h2N2M(2t_1))HW(t—l) _ W(t—l)HF
21+ BN AENTF2 (D),
Choose § = % Then by lemma’s assumption 7,y < Wﬁ_l), we can verify the
following two inequalities:
_ 34+ A
(I+B)A+2(1+ 8 1)77t271h2]\72]\4(2t71) < 1

4
20+1/0) < 7= 2

This concludes the proof.
By recursively evaluating (6.20), we obtain a bound on the consensus error at iteration

T, which we present next.
Lemma 6.5.8 (Last iterate consensus error). Under the assumptions and notations of

Lemma 6.5.7, the consensus error at iteration T satisfies

me _ W(T)HQ < gl Z o
F

9 T—1 .
ot Boh®N?> " B2 F (wr_y).
t=1

The next lemma obtains a sandwich relation between F (™)) and F(W)). This
is convenient as it allows replacing M := max(EF(W®), F(w®)) by either of the two

terms with only paying a constant factor of two. See also the remark after the statement

274



Decentralized Learning in the Interpolation Regime Chapter 6

of the theorem.

Lemma 6.5.9. Under the assumptions and notations of Lemma 6.5.7, with zero initial-
ization W = WO = 0 and by choosing n, < 8(}1;% ‘(:ﬁ% fort € [T — 1], it holds at

iteration T that
FoD)y < FwDy < 2F(w™). (6.26)

Proof: First, we prove F(W®) < 2F(wD). If F(WD) < F(w®), there is nothing
to prove. Thus, assume F(W(T)) > F( (). Then by applying Taylor’s remainder
theorem, the self-boundedness Assumption 6.2.4 with ¢ = h,a = 1, convexity of F, Lemma
0.5.8 and the restriction on the step-size, in respective order, we have the following

imequalities,

EWD) < |EWD) — F@D)|+F (@)

IN

< max [VE@)| WD - WO+ F@®)
ve[W (M) W(T)]

<h- max F@)-[[WTD —wWD|+F@@D)

ve[W (D) W(T))]

< b max{FWD), F@ )} - [WD — 7D |+ b))

< B(W! ( h4N225 n? F2(wp_ t)>1/2+ﬁ(w(T))

Thus F(WT) < 2F(w™). By exchanging WD and @™ and in a similar style we derive
>

%F( ). This completes the proof of the lemma.

Remark 6.5.2. Lemma 6.5.8 above requires tuning 7, oc 1/ My := 1/max(E(W®), F(@®)).
Lemma 6.5.9 shows that abiding by this choice for ¢ =1,...,7 — 1 and any T" > 1 guar-
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antees F(W ™) < 2F(w™). Hence, My > 2F (™). Since this holds for all T and
at t = 1, F(W®) = F (o), it follows by recursion that Lemma 6.5.8 holds provided

n o< 1/EF(w®). We use observation in the proofs below.

We are ready to prove Theorem 6.2.2. First, we prove that DGD is a descent algorithm

in the next lemma.

Lemma 6.5.10 (Descent lemma). Consider DGD under the assumptions and notations
of Lemma 6.5.7. Moreover, let Assumption 6.2.7 hold, then by choosing n; < % for

t <T, where

0= 1/ maX{4h3N h? 61°F 4h2\/E) }7

7'2 ’ 71—ﬁ177(1—ﬁ1 <627)

DGD is a descent algorithm, i.e., for all T > 1.
F@™) < F(o™).

Proof: With the self-boundedness assumption on the Hessian (Assumption 6.2.6)

and applying the Taylor’s remainder theorem for step T+ 1 of DGD, we obtain the
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following,

A . 1 .
< F@) + (VE@®D), @™ —a®) + = max_[|V2F()[|[|a®*) —a™|?

2 ve[w(T) w(T+1)]
2
< F@ D) =0 (VE@D), VEW D)) + 72 max [V2E()[|[VEW D))
r 2 ve[w(T) w(T+1)]
hn? . _ .
_r F EF(WVIN|12
2 veponaX,, FOIVEW ]
. . A hn? R A
< F(@) =, (VE@D), VEWT)) + ;7 max{ £ (@), F(@ ) IVEWT)|?,

(6.28)

where for the third step we used

N
72 F !<—ZHV2F4 %Z (1).

In the next step of the proof, we upper-bound the second and third terms in (6.28). For

the second term, by noting that 2(a, b) = ||a||*+|b]|*—||a — b||*, we can write

(VE(w! WF<W<T>>>=—||VF< <T>>||+ IVE(W >||2__||w< @) — VEW D)2,

(6.29)

By recalling (6.25) and Lemma 6.5.8 (which we can apply because of Remark 6.5.2), we

find an upper-bound the last term in (6.29) as follows,

A A 1 A A
IVE@®) = VEWD)|? = HIVEWD) = VR D)L

< 2ME (W = WO
T-1
< WAMEN?By Y Bk FP(wry). (6.30)

t=1
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Returning back to (6.28), thus far we have derived the following,

ﬁ@”“»sﬁWﬂ”w—@wvﬁwﬂ%W—%wvﬁwwﬂMQ

—77Th4N2 5225 772 F2 (wr—¢)

+%I\VF< D) max{ £(w™), F(@ ™)}, (6.31)

We aim to prove that F(@*V) < F(w™) for all T > 1. If F(@T*)) > F(o®),

applying (6.31) with the assumption 7; < yields,

5
Fa®)

F(@T) < B(@™) - 77T”vﬁ(w(T))||2+ 10 N M o

b
2(1=5)

h _ . .
+ SRV EWD) P @ ), (6.32)
Note that it holds due to (6.30) that,

IVEWD)|? < 2HVI:"(U‘J(T))|!2+2|Wl:ﬂ(W(T)) — VE@®)|?

< 2|IVE(@D))? ARy S*h N M Be.

5
Replacing this in (6.32) and noting that M) < 2F (™) by Lemma 6.5.9, we can simplify

the inequality (6.32) as follows,

A

F( (T—i—l))

~

< F@0) 40, |VE@®) | (hn, F(27) ~ )

+ RN, F (D) (14, FwTD))
2

< F@@ ) + 0,2 F (@) (i, + 8, N*CVF (@) = s 4

+ 82N2C"),
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where for the ease of notation we define C' := 4h%B5(1 — 31)~'. Recalling nr < o (T))

and noting that by the assumption of the lemma § < 0 < h2 and 6 <

h“ ’ Ve Ve

conclude that,

Dividing both sides by F (M) leads to the contradiction due to the fact that 7 < h and

thus 7/2h < 1. Thus F(@T+Y) < F(@™). This completes the proof.

6.5.3.1 Proof of Theorem 6.2.2

Theorem 6.5.2 (Restatement of Theorem 6.2.2). Consider DGD with the loss functions
and mixing matriz satisfying Assumptions 6.2.1, 6.2.2, 6.2.6, 6.2.7 and Assumption 6.2./
with o = 1 and ¢ = h. Assume that the step-size satisfies n < % for & defined in (6.27).
Also, recall positive constants (31, B2 depending only on the miring matriz as defined in

Lemma 6.5.7. Then DGD is a descent algorithm i.e, for all T > 1 it holds that
ﬁv(u—](TJrl)) F( (T))

Moreover, the train loss and the consensus error of DGD at iteration T" satisfy the following

for all w € RY,

F(o™) < AF 2w 6.33
(w™) < 4F(w) + T (6.33)

1 . 86:h° - Jw]*
WHW(T) — WD < —1—2& (4n2E2( )+—T2 ). (6.34)

Proof: First, we note that by Lemma 6.5.10, under the assumption 7; < 6/ F (w®)

for t < T, we have F(wT*t)) < F(w™). Thus fixing n < §/F(w®), ensures that
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F(@ ™)) < F(w™), for all T.
Next, we derive the train loss and consensus error under the assumptions of the

theorem. Start with,
[0 — w|P= (|0 — w|*+7*|VEW D) |P=2n(@® — w, VEWD)). (6.35)
For the second term, by self-boundedness of gradient, we can write,
IVEW®)|= —HZ VE(wy)| < %ZFM’) = hE(WW).

For the third term in (6.35), we have,

N
(=1
1 & 1 —
=~ 240w VEw) = 55 3w~ w, VEiw?)
(=1 (=1
N N
1 A 1 .
< = Yl = @OV E ()| -5 Dl —w, VE )
=1 =1
N
1 .
< w7 2l = @IV E(w?) |+ 5 Y (Fulw) = F(wf?)) - (6.36)
(=1 (=1
N
h .
< w5 2 Felw) | ~ t>r|+NZ ) (6.37)
=1

Here (6.36) follows by convexity of Fj, and (6.37) follows by the assumption on self-

boundedness of the gradient.
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Thus, the inequality (6.35) can be written as follows,

[0 —w|P< [[8® — wlP 4P W) + 2pEW OO — WOl (6.38)

+ 2F (w) — 2nF(W®).
Moreover, by Lemma 6.5.8 and the assumption on 7,

T-1

- _ fo 1

||W(t) _ W(t)HFS (ﬁth Zﬂi 177i_tF2(wT—t))1/2 < m
t=1

and

Thus (6.38) changes into,
[0®) —w|*< @9 —w|*—nEWY) +20F (w).

Telescoping sum leads to

[t — w]?

7 (6.39)

T

1 . ,

= Y FWY) <2F(w) +
t=1

By Lemma 6.5.9, we have F(w®) < 2F(W®). Finally, as we proved in the beginning,

DGD is a descent algorithm, implying

T

. 1 .
Flo™) < = F(ao®
(o) < 7 3 F(at)

In view of (6.39), this yields the claim of the theorem for the train loss (6.33). Finally,
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appealing to Lemma 6.5.8, gives (6.34). This completes the proof of the theorem.

6.5.4 Proofs for Section 6.2.3

Lemma 6.5.11 (Train loss under PL condition). Let Assumptions 6.2.1,6.2.3 and 6.2.8
hold, and let

n < min{i’ ZLZC_I Y1) and C=max {5 1 — By where o = A, ap = A5 — 1)

same as in Lemma 6.5.2, Then fort > 1

~

FoW) < ¢ E@W). (6.40)

Proof: By L— smoothness we have

2

F@“”)SF@”)—MVFMWL?FOW%>+Q£W?FWW%W
= F(a®) - ﬁ—ﬂ—WVFGV“MQ IVE@D) [+ VEW D) = VE @)
A n B
sz%w@>—§MVFau>n+-HVF< D) = VE@®)|?

A /]7 ~
< F(@") - S [VF@)|? +1 IIW(” WO
By pu—PL condition we have,
[ (o (1) A (= (1) nL? ) _ 1702
(@) < (1 - ) E(@) + T WO - WO,
By Lemma 6.5.2,
t—1

1
N”W(t) - wWY%< aQUQLZazl LE (@), (6.41)

=1
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which results in,

By induction assume F(w®) < ('~'F(w™) then using the assumptions on ¢ and 7 yield

the following inequalities,

This completes the proof of the lemma.

6.5.4.1 Proof of Lemma 6.2.3

Lemma 6.5.12 (Restatement of Lemma 6.2.3). Let Assumptions 6.2.1,6.2.3 and 6.2.8
hold and let the step-size n < min{%, ﬁ\ / “;ﬂ 1Y, where the constants oy € (0, 1)

5 LI

and ay > 0 are defined same as in Lemma 6.5.11. Define ¢ := 1 — %, then under the

data separability assumption, the iterates of DGD satisfy for all t > 1,

F(a") < ¢THE@W),

200m? L F(w™M)
1-— Qaq

SO O < ¢,
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Proof: The bound on the train loss follows directly by Lemma 6.5.11, after noting
that n < 1_—:‘1 implies £ < 1 — u/2. The consensus error is derived by (6.41) and

using the bound on F(w®).

6.5.4.2 Proof of Theorem 6.2.3

Theorem 6.5.3 (Restatement of Theorem 6.2.3). Let Assumptions 6.2.1-6.2.4 and 6.2.8
hold, and let n and ¢ be as in Lemma 6.5.11. Then the iterates of DGD under the data
separability assumption satisfy for all T > 1,

L262 n2L4 )

E[F(fu‘)m)} - O((T + OV o

n3—2a'u2a

Proof: By simplifying Lemma 6.2.1 using the convergence bounds in Lemma 6.5.12,

we end up with the following,

L2C2772 ?72L4
E|F(u™)| = 0(¢" ety o).
= e e o
Based on the definition of ¢, we have (7%;)** = (l%)2CY and ﬁ < ;%' This proves the

statement of the theorem.

6.5.5 Proof of Theorem 6.2.4

Theorem 6.5.4 (Restatement of Theorem 6.2.4). Consider FDRL(Algorithm 1) on
separable dataset, and choose n = O(1/y/t). Then for all { € [N]

wét) w
lim =
= ||| lw

MM

I
MM

where recall that wy denotes the solution to hard-margin SVM problem.
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(t)
Proof: Replace IZE_”H in step 2 of Algorithm 1 by arbitrary perturbations 6?) of unit
norm. Then note that the sequence {wét)} generated by step 2 is identical to decentralized
GD with n||5ét)||—> 0. Thus by [163, Lemma 1|, consensus is asymptotically achieved for

all £ € [N], i.e.,

lim [[w” — @®]|= 0.
t—o00

Thus

: (1) O e
tlggo”wz wy || tlggollw

D _ g®)|= lim n||g®|= 0.

t—o0
This implies that for all i € [N] we have limt_mHVFg(wétH)) - Vﬁg(wét))H: 0, thus by
appealing again to [163, Lemma 1] and applying it to step (5) of Algorithm 1, we find

that,
lim ||v§t) —W||=0.
t—00

Aggregations of gradients in step (5) imply that () = %(W(t)) — VE(w®). Thus step

VE(@®)

VE@O)

(2) of FDLR for every agent i converges to w') —n

t—o0

(t) Fr (0 (1)
CI 0 _, VE@Y)
w, —n—r— | — (0 —)—————— |||
| (v "nvé“n) ( "HVF(MH)

Thus for all ¢, the sequence {wét)} converges to the solution of normalized GD, i.e., the

max-margin separator w,,,,, for linearly separable datasets (|20, Theorem 5|). This leads

MM’

to the statement of the theorem.
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6.6 Auxiliary Results

Proposition 6.6.1 (Bounds on the exponential loss). Consider linear classification with

the exponential loss f(w, (a,y)) = exp(—y - w'a) over linearly separable dataset (a;,y;)",

with binary labels y; and with max;||a;||< r for a constant r. The training loss in this case

satisfies for all w € RY,
IVE ()€ [ F(w), cFw)], [|V2F(w)||< hF(w),

for constants ¢, and h independent of w.

Proof: Using F(w) = 1 St exp(—y; - w'a;), one can deduce that,

T on

1 n
VF(w) = - Z yia; exp(—y; w' a;),

=1

. 1
VEF(w) = - ia; —yiw' a;).
(w) n;aaz exp(—y;w a;)

Therefore it holds that,

. 1 <&
IVE(w)| = EIIZ yiai exp(—yw ' a;)||

=1

1 n
<= > llyiai exp(—yiw " a;)]|

=1
1 - T =
= > lliaillexp(—yaw" a;) < rF(w).

1=1

A similar approach for the Hessian of F results in the following inequality,

IV2E(w)||< r*F(w).
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Moreover, due to linear separability there exists a w* € R? such that,

T
YW a;

>, Vi€ [N],

[

where v > 0 denotes the margin. Therefore, using the supremum definition of norm we

can write,

1

n

1 < -
= sup ﬁZyiaieXp(—yiw ai),v>

IVE(w)] =

Z yia; exp(—y;w ' a;)
i=1

UERd i=1
st [oll=1
1 « w*
> (=Y giaiexp(—yw'a;), —
n ]

v

1 n
— Z v - exp(—yiw " a;)
i

= 7F(w).

This completes the proof.

Proposition 6.6.2 (Bounds on the logistic loss). Consider linear classification with the
logistic loss f(w, (a,y)) = log(1+exp(—y-w'a)) over linearly separable dataset (a;,y;)™,
with binary labels y; and with max;||a;||< r for a constant r. The training loss in this case

satisfies for all w € RY,
IVE(w)|[€ [¢D(w), cF(w)], [[V*F(w)||< hF(w),

for ®(w) = =357 | %m and constants ¢, ¢ and h independent of w.
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Proof: The training loss is now F'(w) = L5 log(1 + exp(—y; - w'a;)). Thus,

: 5N exp(—y; w' a;)
VF = - —Yily )
) " i:l( - )1 +exp(—y; - w'a;)
V2F(w) = 1 - .a; exp(—y; w'a;)

n < @i (1+exp(—y;w'a;))?

By considering the norm and noting that exp(t)/(1 4 exp(t)) < log(1 + exp(t)),

n

; 1 exp(—yi w'a;)
VEW) == Y (~ya
IVEw)l = Z( y“>1+exp<_yi.wrai>
T
exp(—y; w_ a;)
< -
S A~

% Z log(1 + exp(—giw " a;)) = rF(w).

Likewise, since exp(t)/(1+exp(t))* < 2log(1+exp(t)), we can conclude that the operator

norm of the Hessian satisfies,

A A

V2E(w) < 2r°F(w).

This completes the proof of upper-bounds for the gradient and Hessian. For the lower-

bound on gradient note that by using the supremum definition of norm and recalling the
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max-margin separator satisfies y’ﬂ”uj;‘ai > ~ for the margin v > 0 and all ¢ € [n], we obtain,

: 1I¢ exp(—yi w' a;)
VF =— [
IVE@) =~ e ———
1 ¢ exp(—y; w a;)
= su - i g
Ueﬂgj ;y 1+ exp(—y; - w'a;)
s,t. |lv]|=1
>

1 i exp(—yiw'a;)  w*
- i
n T e (g wTa) ]

_Z exp(—y; w'a;)

Ty exp(—y;i-w'a;)

This yields the lower bound v®(w) on the norm of gradient and completes the proof.

Proposition 6.6.3 (Realizability of the exponential and logistic loss [152]). On linearly
separable data with margin v > 0, the exponential loss function satisfies the realizability
assumption (Assumption 6.2.5) with p(e) = —%log(s), where v denotes the margin.

Moreover, the logistic loss function satisfies the realizability assumption with p(e) =

—% log(exp(e) — 1).

6.7 Additional Experiments

6.7.1 Experiments on over-parameterized Least-squares

In Fig. 6.4, we conduct experiments for highly over-parameterized Least-squares
(f(w,z) = (1 —w'x)?), where d is typically significantly larger than n to ensure perfect
interpolation of dataset. Note that, the train loss is not strongly-convex in this case,
instead it satisfies the PL condition(Assumption 6.2.8). Notably, as predicted by Lemma
6.2.3, we notice the linear convergence of the train loss and the consensus error in Fig. 6.4

(Left). On the other hand, for the test loss, we observe its remarkably fast convergence
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0.98 —— Test loss, £ =4,7 =001 ]

n

est oss, & — 2.1 0,03
—— Test loss, & = 2,7 = 0.03

0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration Iteration

Figure 6.4: Consensus error, train loss and test loss for DGD with over-parameterized
least-squares(square loss). The test loss achieves its optimum at the very early stages of

DGD.

(after approximately 50 iterations) to the optimal value, which is followed by a sharp

increase in the subsequent iterations.

6.7.2 On the update rule of FDLR

In the final section of this chapter, we state a remark regarding the update rule of

FDLR. Recall the update rule of DGD,

wétﬂ) = Z Agkw,it) — ntVﬁ}g(wét)). (6.43)
keEN,

Notably, we expect FDLR to be perhaps the simplest approach for accommodating
normalized gradients in decentralized learning setting since in DGD the agents only have
access to their local gradients. In particular consider a Normalized DGD algorithm with

the same update as in (6.43) but with Vﬂ(wl@) replaced by Vﬁ}(wgt))/HVE(wgt))H, ie.,
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105}

= Normalized DGD n=0.01

= Normalized DGD 1 =0.1
Normalized DGD n =1

Train Loss

—DGD
109} ——FDLR (Alg 1)
0 200 400 600 800 1000
Iteration

Figure 6.5: Normalized DGD with the update rule in Eq.(6.44) for different step-sizes
n compared to DGD (Eq.(6.43)) and to FDLR (Alg 1). The step-sizes for DGD and
FDLR are fine-tuned so that best of each algorithm is depicted. Normalized DGD cannot
outperform DGD while FDLR is significantly faster than DGD. Here we consider linear
classification with the exponential loss function and the dataset is generated according to
signed measurements with Gaussian features and n = 100, d = 50.

[ (00 ()
V EFy(w
wétﬂ) = E Agkw,gt) —'r]t—f( ft)) (6.44)
keN, [V Ee(w,”)|l

The Normalized DGD algorithm above does not lead to faster convergence. This is
due to the fact that in DGD the local gradient norm ||Vﬁz(wl(t))\| can be different than

the global gradient norm ||VE (wgt))H. Thus even if with the update rule (6.44) the local
(t)

parameters w; ’~ converge to the global optimal solution, still the update rule for the
averaged parameter w® is different than the update rule of centralized normalized GD.
Our numerical experiment in Fig. 6.5 demonstrates the incapability of Normalized DGD in
speeding up DGD. In particular, we note that for any choice of step-size Normalized DGD
does not lead to acceleration compared to DGD whereas FDLR massively outperforms

DGD.
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A note about convergence rates of DGD

As mentioned in the chapter’s introduction, many prior works on investigate con-
vergence of DGD and of its stochastic variant decentralized stochastic gradient descent
(DSGD) under various assumptions, e.g. [167, 168, 169, 170] and many references therein.
Most recently, [170] has presented a powerful unifying analysis of DSGD under rather
weak assumptions. Specialized to convex L-smooth functions for which there exists w*
such that |V f;(w*)||= 0 (i.e. interpolation) [170, Thm. 2| shows a rate of O(LRy/T)
for average DSGD updates. Here, Ry = ||w; — w*||5. Ignoring logarithmic factors, this
rate is the same as what we obtained in (6.6) (as a consequence of Lemma 6.2.2) for
DGD specifically applied to logistic loss over separable data. However, our result does
not directly follow from [170, Thm. 2|. The reason is that logistic loss on separable data
does not attain a bounded estimator. In fact, we believe the log?T' dependence of the
rate that shows up in our analysis (see Eq. (6.5)), is a consequence of the infinitely
normed-optimizers in our setting and we expect the bound to be tight as suggested by
our experiments (see Fig 6.3) and in agreement with convergence bounds for logistic
regression on separable data in the centralized case derived recently in [113, Theorem. 1.1].
On the other hand, the results of [170] are applicable to finite optimizers, which yields
O(1/T) convergence rates without log factor. Besides the above, in Theorem 6.2.2, we
prove novel last-iterate (as opposed to averaged in the literature) convergence bounds for
the train loss and faster consensus error rates of @(1 /T?). This is possible by leveraging
additional Hessian self-bounded (Assumption 6.2.6) and self-lower-boudned (Assumption
6.2.7) assumptions, which hold for example for the exponential loss. Finally, we recall that
our main focus is on studying finite time generalization bounds for DGD (e.g. Theorem
6.2.1), which to the best of our knowledge are new in this setting. Having discussed

these, it is worth noting that the analysis of [170] applies under a relaxed assumption
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on the mixing matrix (see [170, Assumption 4]) than the corresponding assumptions
(e.g. Assumption 6.2.1) in the literature. For example, this relaxed assumption covers
decentralized local SGD (with multiple local updates per iteration) as a special case and
is interesting to extend our results (on logistic regression over separable data) to such

settings.
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Conclusions

In this thesis, we have explored various aspects of learning in the interpolation regime across
linear models and neural networks. Our findings provide both theoretical insights and
practical implications for improving the performance of these models in over-parameterized
settings.

For linear models, we derived sharp guarantees that accurately predict the performance
of high-dimensional linear classifiers. These precise results allowed us to design optimal
loss functions and regularization parameters, thereby achieving the theoretical lower
bound on test error. We extended this framework to the adversarial training scenario,
deriving exact asymptotic expressions for both standard and adversarial test errors under
¢,-bounded perturbations in Gaussian mixture models.

In the context of neural networks, we established non-asymptotic bounds on the
training and test error performance in the interpolating regime. Our analysis revealed
an exponential improvement in the lower bound on network width necessary for optimal
performance. Additionally, the resulting generalization bounds enhance the results
obtained from well-established methods such as uniform convergence, providing a more

refined understanding of neural network behavior in over-parameterized settings.
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Finally, we studied the behavior of train loss and test loss of decentralized gradient
descent (DGD) methods in the interpolation regime and proposed two algorithms for
speeding up the training.

As a future direction, we aim to extend our sharp analysis framework to more
complex neural network architectures, such as deep neural networks and transformers.
Additionally, we hope to derive the fundamental limits for adversarial training, offering
precise characterizations for the optimal loss, regularization and attack budget that could
guide the development of robust learning models. Another potential direction is to extend
our algorithmic-stability analysis from neural networks to more complex architectures

and training paradigms, such as next-token prediction in transformers.
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