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A n Objectiv e Approac h t o Trajector y M a p p i n g 

throug h Simulatin g Annealin g 

Stephe n Gilber t  (stkphen@psyche.MIT.edu ) 
Departmen t  o f  Brai n &  Cognitiv e Science s 

M I T El0-120 .  Cambridge ,  M A 0213 9 U S A 

Abstrac t 

Trajector y Mappin g (TM )  wa s introduce d i n 199 5 a s a  ne w 
experimenta l  paradig m an d scalin g technique .  Becaus e 
onl y a  manua l  heuristi c fo r  processin g th e dat a wa s 
included ,  w e offe r  a n algorith m base d o n simulate d 
annealin g tha t  combine s bot h a  computationa l  approac h t o 
processin g T M dat a an d a  mode l  o f  th e huma n heuristi c use d 
by Richard s an d Koenderin k (1995) .  W e briefl y compar e 
th e T M approac h wit h M D S an d clustering ,  an d the n 
describ e th e detail s o f  th e algorith m itsel f  an d presen t 
relevan t  severa l  diagnosti c measures . 

Introduction 

Psychologist s hav e ofte n explore d ho w peopl e organiz e thei r 
knowledg e abou t  differen t  objects .  A  variet y o f 
experimenta l  paradigms ,  suc h a s M D S ,  o r  Multi -
Dimensiona l  Scalin g (Shepard ,  1962 )  an d hierarchica l 
clusterin g (Dud a &  Hart ,  1973 ;  Corter ,  1996) ,  hav e bee n 
used t o tr y t o elici t  th e feature s o f  stimul i  tha t  subject s fin d 
important . 

I n 199 5 Richard s an d Koenderin k propose d a  ne w scalin g 
techniqu e calle d Trajector y Mappin g (TM) .  Broadl y 
speaking ,  T M i s a n experimenta l  paradig m tha t  ask s 
subject s fo r  judgment s abou t  th e feature s o f  stimul i  an d the n 
model s th e subjects '  conceptua l  structur e wit h a  connecte d 
graph .  Richard s an d Koenderin k describ e th e paradig m 
generall y an d giv e severa l  examples ,  bu t  d o no t  offe r  a 
detaile d algorith m fo r  derivin g th e graph s fro m th e subjec t 
data .  W e hop e t o offe r  a  complet e experimenta l  T M 
procedur e b y describin g an d analyzin g suc h a n algorithm . 
The graph s resultin g from  thi s algorith m resembl e thos e o f 
Richard s &  Koenderin k previousl y mad e b y han d usin g 
variou s heuristics . 

Part I: Overview of the Approach 

Ther e ar e 3  stage s t o T M .  Th e first  i s  th e experimenta l 
paradigm ,  i.e .  collectin g th e data .  Th e secon d i s analyzin g 
th e data ,  i.e .  turnin g i t  int o graphs .  Th e thir d i s interpretin g 
th e data ,  i.e .  decidin g wha t  th e trajectorie s i n th e graph s 
impl y abou t  th e subject' s menta l  representations . 

I n eac h T M trial ,  a  pai r  o f  stimul i  ar e chose n an d 
designate d A  an d B .  Th e subjec t  i s  aske d t o not e som e 
featur e tha t  differ s acros s th e tw o an d t o choos e fro m th e 
remainin g stimul i  a  sampl e fo r  eac h o f  th e blan k spaces ,  a n 
extrapolan t  i n eac h directio n an d a n interpolant .  Th e 

resultin g quintuple t  look s somethin g lik e this :  (  extrap .  -
A -  interp .  -  B  -  extra p ) . 

I n som e cases ,  extrapolatin g o r  interpolatin g ma y no t  b e 
appropriate .  Fo r  thes e th e subjec t  als o ha s th e optio n t o 
choos e "no t  feasible" ,  meanin g tha t  th e subjec t  feel s 
uncomfortabl e choosin g an y featur e tha t  link s th e pair ;  "no t 
available" ,  meanin g tha t  th e subjec t  ca n imagin e th e perfec t 
stimulu s fo r  a  slot ,  bu t  i t  i s  no t  availabl e i n th e stimulu s 
set ;  o r  "dea d end" ,  meanin g tha t  A  o r  B  represen t  a  limi t  fo r 
featur e extrapolation . 

Usin g thes e quintuplet s o f  subjec t  data ,  w e us e a n 
algorith m base d o n simulate d annealin g t o generat e a 
connecte d grap h o r  trajector y map .  Th e link s i n th e grap h 
reflec t  frequen t  connection s foun d i n th e quintuple t  data .  B y 
furthe r  analyzin g th e trajector y m a p an d th e dat a tha t  create d 
it ,  w e ca n not e subgraph s tha t  migh t  represen t  feature s i n 
th e data .  Thes e subgraph s offe r  a  representatio n tha t 
combine s feature s o f  bot h metri c scalin g an d clustering ;  th e 
subgraph s ar e ordere d clusters . 

Comparison with MDS and Clustering 

To giv e a n ide a o f  th e rol e tha t  T M ca n pla y i n relatio n t o 
traditiona l  scalin g techniques ,  w e offe r  a n exampl e 
knowledg e domain ,  analyze d usin g M D S ,  hierarchica l 
clustering ,  an d T M .  Th e domai n i s a  se t  o f  1 0 subwa y 
station s i n Boston .  Thi s domai n i s  relativel y abstract ; 
subway station s ca n b e though t  o f  i n severa l  contexts . 
Where ar e th e stop s i n relatio n t o eac h other ? Wher e ar e th e 
stop s i n relatio n t o th e cit y abov e them ? Ar e th e stop s o n 
th e sam e trai n line ? W e wil l  illustrat e ho w eac h o f  thes e 
question s i s answere d bes t  b y a  differen t  representatio n o f 
knowledge ,  an d therefor e b y a  differen t  scalin g technique . 
The subwa y station s i n thi s exampl e ar e Boylston ,  Central , 
Charle s St. ,  Copley ,  Downtow n Crossing ,  Harvard , 
Kendall ,  Par k St. .  Scienc e Place ,  an d Sout h Station . 

Figur e 1  i s a n M D S plo t  tha t  come s from  askin g a 
subjec t  fo r  th e "geographi c similarity "  o f  eac h pai r  o f 
stations ,  e.g .  " H o w nea r  i s thi s statio n t o tha t  station ,  o n a 
scal e fro m 1  t o 10? "  M D S ca n tur n thes e dat a int o a  metri c 
space .  Th e spac e illustrate s quit e wel l  th e geographi c aspec t 
of  subwa y statio n knowledge ,  wher e th e station s ar e i n 
relatio n t o eac h other .  Th e dimension s o f  th e spac e coul d b e 
vaguel y describe d a s North-Sout h an d East-West ,  althoug h 
the y appea r  slightl y skewed  here ,  a s predicte d b y Lync h 
(1960) . 

Note ,  however ,  tha t  thi s plo t  tell s  u s nothin g abou t  whic h 
stop s ar e connecte d t o eac h othe r  (th e "routes") ,  o r  wher e 
cit y boundarie s li e (th e "clusters") . 
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Figur e 1 :  Thi s M D S plo t  o f  th e similarit y dat a fo r  th e 
subwa y station s illustrate s quit e wel l  th e geographi c natur e 
of  subwa y statio n knowledge .  Th e dimension s ar e simila r 
t o th e North-South-East-Wes t  axe s o f  a  traditiona l  m a p o f 

th e Bosto n area . 

Figure 2 is the tree of hierarchical clusters representing the 
same similarit y dat a a s Figur e 1 .  Here ,  th e station s ca n b e 
see n t o b e clustere d b y geographi c region .  Th e pai r  o f 
station s i n lowe r  righ t  come r  represen t  th e cor e o f  downtow n 
Boston .  Th e fou r  right-mos t  station s mak e u p a  broade r 
downtow n area ;  th e five  right-mos t  station s ar e thos e i n 
mai n Bosto n area .  Th e Kend-Char-Sc i  P  cluste r  ar e thos e 
alon g th e Charle s river ,  an d th e left-mos t  tw o stop s ar e 
thos e dee p i n Cambridge .  Thes e ar e th e grouping s tha t  thi s 
particula r  subjec t  make s whe n h e think s abou t  th e subwa y 
stops .  Thes e cluster s answe r  th e question ,  "Wher e ar e th e 
stop s i n relatio n t o th e city? "  Not e tha t  w e stil l  don' t  kno w 
abou t  whic h station s ar e o n th e sam e lines . 

Figur e 3  show s th e trajector y m a p o f  th e subwa y data .  B y 
overlayin g th e ordering s o f  subjec t  dat a ove r  th e graph ,  w e 
ca n se e whic h node s for m trajectories .  I n thi s case ,  ther e ar e 
tw o trajectorie s tha t  overla p a t  th e Par k station .  Thi s grap h 
reveal s th e subwa y line s themselves ,  somethin g neithe r  o f 
th e othe r  approache s coul d do .  Th e node s runnin g fro m S.S . 
t o Har v ar e o n Boston' s Re d Line ,  an d Cop l  throug h Sci P 
ar e o n th e Gree n Line .  Th e Par k node ,  a s i t  i s  indee d 
shown ,  i s a n intersectio n poin t  wher e riders  m a y chang e 
trains .  Ou r  clea n divisio n o f  cluster s likel y stem s fro m th e 
subjec t  mentall y movin g fro m statio n t o statio n alon g 
singl e trai n lines .  I f  th e subjec t  live d a t  Copley ,  however , 
and travele d t o Charle s St .  fo r  work ,  the n th e dat a woul d 
hav e le d u s t o se e Par k a s a  nod e wher e th e path s "tur n 
comers" ,  an d w e m a y no t  hav e foun d th e divisio n o f  trai n 
lines .  Nevertheless ,  domain s wit h stimul i  tha t  ca n b e 
though t  o f  a s varyin g alon g separat e bu t  overlappin g 
clusters ,  lik e subwa y stations ,  ar e ver y appropriat e fo r  T M . 

For  thi s domain ,  eac h scalin g techniqu e contribute s a 
differen t  insigh t  int o th e data .  M D S illustrate s wher e th e 
stop s ar e i n geographi c relatio n t o eac h other .  Th e 

Figur e 2 :  Thi s hierarchica l  cluste r  tre e o f  th e subwa y 
statio n dat a reveal s cluster s base d o n geographi c region , 
rangin g fro m th e cor e o f  downtow n Bosto n (righ t  mos t 

cluster )  t o mid-Cambridg e (lef t  mos t  cluster) . 
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Figur e 3 :  Thi s trajector y m a p o f  th e subwa y dat a reveal s th e 
subwa y line s themselves ,  somethin g neithe r  o f  th e othe r 

approache s coul d do .  Th e node s runnin g fro m S.S .  t o Har v 
ar e o n th e Re d Line ,  an d Cop l  throug h Sci P ar e o n th e 

Gree n Line . 

hierarchica l  clusterin g tre e group s stop s togethe r  tha t  hav e 
relevanc e t o thei r  are a i n th e city .  T M show s whic h stop s 
ar e connecte d t o eac h other ,  an d i n whic h order .  Thi s 
compariso n illustrate s tha t  eac h metho d ca n play s a  par t  i n 
th e analysi s an d tha t  T M complement s th e traditiona l 
method s well . 

I t  i s  wort h notin g tha t  severa l  researcher s hav e propose d 
usin g a  connecte d grap h representatio n o f  similarit y data ; 
most  prominen t  ar e Pathfinde r  (Cooke ,  Durs o & 
Schvaneveldt ,  1986) ,  N E T S C A L (Hutchinson ,  1989) ,  an d 
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M A P N ET (Klauer ,  1989) .  T M distinguishe s itsel f  from 
thes e method s b y model in g no t  similaritie s bu t  clustere d 
ordering s o f  data .  B y doin g so ,  T M ca n represen t  feature s 
tha t  ar e no t  wel l  expresse d b y pairwis e relation s suc h a s 
similarity . 

PART II: The Algorithm 

Findin g th e bes t  grap h give n th e quintuple t  dat a i s a 
combinatoria l  optimizatio n problem .  Richard s an d 
Koenderin k solv e thi s proble m throug h a  manua l  heuristi c 
tha t  involve s systemati c tria l  an d error ,  resultin g i n w h a t  i s 
subsequentl y take n t o b e th e "simplest "  graph ,  give n th e 
data ,  whil e allowin g fo r  s o m e inconsisten t  data .  W e offe r  a 
T M algorith m tha t  m a k e thi s procedur e objective ,  usin g a 
simulate d annealin g paradigm . 

T h e first  ste p i n th e dat a analysi s i s  breakin g th e 
quintuplet s int o triples .  O f  a  quintuple t  A  B  -  C  -  D  E , 
fo r  example ,  th e triple s w o u l d b e A  B  -  C ,  B  C  D ,  an d 
C D  -  E .  T h e n u m b e r  o f  time s eac h tripl e occur s i n th e 
quintuple t  dat a i s assigne d a s th e weigh t  o n tha t  triple .  T h e 
weight s ar e normalize d b y th e m a x i m u m possibl e weigh t  ( n 
fo r  n  stimuli )  s o tha t  th e m a x i m u m weigh t  i s  1.0 .  Se e 
Figur e 4 . 

T h e triple s ar e use d t o buil d graph s throug h overlaps .  I f 
tripl e (1 ,  5 ,  3 )  occur s frequently  (ha s a  hig h weight) ,  an d 
tripl e (5 ,  3 ,  4 )  occur s frequently,  the n w e connec t  t he m t o 
for m th e chai n 1 - 5 - 3 - 4 .  I f  w e coul d continu e t o connec t 
triple s unti l  w e forme d a  complet e graph ,  the n th e proces s 
wou l d b e simple .  Ofte n triple s conflict ,  however .  Ther e ar e 
tw o m a i n ambiguitie s tha t  m u s t  b e resolve d i n th e tripl e 
linkin g process .  T h e first  conflic t  i s  calle d a  "split-or-fit. " 
I f  ou r  nex t  heavil y weighte d tripl e i s (5 ,  3 ,  2 ) ,  fo r  example , 
we aren' t  sur e o f  th e relationshi p o f  node s 2  an d 4 .  W e 
coul d hav e eac h branc h f ro m 3  (splittin g th e chain) ,  o r  w e 
coul d fit  the m bot h int o th e s a m e straigh t  chain ,  givin g les s 
importanc e t o th e coherenc e o f  on e o f  th e triples ,  e.g .  1  -  5 
3 - 4 - 2 . 

The othe r  typ e o f  ambiguit y i s simpl y calle d a 
"conflictin g triple, "  i.e .  w h e n tw o triple s sugges t  differen t 
orderin g fo r  th e sam e thre e stimuli .  I n ou r  example ,  (5 ,  4 , 
3)  woul d b e a  conflictin g tripl e sinc e i t  contradict s (5 ,  3 ,  4) . 
Conflictin g triple s ca n indicat e nois y subjec t  data ,  sinc e a 
subjec t  w h o doe s no t  behav e consistentl y woul d generat e 
mor e conflictin g triples ,  bu t  the y ca n als o aris e fro m tw o 
stimul i  clos e enoug h t o eac h othe r  i n th e featur e spac e tha t 
th e subjec t  consider s th e tw o ordering s interchangeable . 
Usuall y conflictin g triple s canno t  bot h b e satisfie d i n a 
graph ,  althoug h i t  sometime s make s sens e t o includ e the m 
bot h b y fitting  the m i n a  smal l  triangula r  cycle . 

The goa l  o f  th e algorithm ,  a s describe d above ,  i s  t o find 
th e bes t  possibl e grap h a s a  mode l  o f  th e triples .  W e begi n 
by constructin g a n initia l  unit-lin k grap h wit h al l  th e link s 
tha t  woul d b e necessar y t o satisf y al l  th e triples .  W e the n 
optimall y adjus t  thi s grap h fo r  th e give n triple s an d fo r  a 
certai n cos t  function .  Thi s optimizatio n take s plac e b y 
carryin g ou t  simulate d annealin g usin g Gibb s samplin g 
(Press ,  e t  al ,  1988) .  Th e stat e variabl e tha t  w e optimiz e i s a 
binar y link-matrix ,  stochasticall y addin g an d removin g link s 
t o minimiz e th e cos t  function .  Afte r  finding  th e optima l 
unit-lin k grap h accordin g t o th e annealin g process ,  w e the n 
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Figur e 4 :  S u m m a r y o f  th e Trajector y Mapp in g procedure . 

adjus t  th e parameter s o f  th e cos t  functio n an d begi n again . 
Afte r  iteratin g thi s proces s ove r  a  larg e spac e o f  cos t 
functio n parameters ,  w e hav e a  collectio n o f  unit-lin k graph s 
tha t  ar e eac h optima l  fo r  thei r  particula r  paramete r  settings . 
( We discus s belo w h o w th e variou s parameter s affec t  th e 
optima l  graphs. )  T o calculat e th e final  trajector y m a p ,  wit h 
a rang e o f  weight s o n th e links ,  w e averag e th e optima l 
unit-lin k graph s ove r  th e spac e o f  th e cos t  functio n 
parameters .  Se e Figur e 5  fo r  a n overvie w o f  th e procedure . 
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Figur e 5 :  O v e r v i e w o f  th e simulate d annealin g portio n o f 
th e T M algorithm . 
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T h e Cos t  Func t io n 

Th e cos t  functio n i s a  mathematica l  mode l  tha t  choose s h o w 
t o settl e th e variou s ambiguitie s tha t  aris e whe n tryin g t o 
lin k triple s a s describe d above .  Ou r  cos t  functio n als o 
represent s a n attemp t  t o mode l  th e manua l  heuristi c o f 
linkin g triple s tha t  Richard s an d Koendcrin k (1995 )  suggest . 

Th e cos t  functio n contain s fiv e costs ,  eac h o f  whic h i s 
base d o n a n assumptio n abou t  th e constrainin g triples .  T o 
summariz e th e cos t  function ,  graph s ca n diffe r  dependin g o n 
whethe r  th e cos t  parameter s emphasiz e satisfyin g al l  th e 
triple s (givin g a  mor e connecte d graph )  o r  keepin g th e grap h 
structur e simpl e (givin g a  grap h wit h mor e linea r  chain s an d 
fewe r  satisfie d triples) .  T o brea k dow n thi s issue ,  w e hav e 
cost s o f  thre e types ,  constrain t  costs ,  metri c costs ,  an d 
topologica l  costs . 
Constrain t  C o s t s A  constrain t  cos t  i s  base d o n th e 
degre e t o whic h th e constraint s i n thi s optimizatio n proble m 
(th e triples )  ar e satisfied .  Fo r  example ,  i f  w e nee d t o satisf y 
th e tripl e 1  5 - 3 bu t  3  i s close r  t o 1  tha n 5  i n th e curren t 
graph ,  tha t  tripl e i s no t  satisfied .  W e hav e on e ter m i n th e 
cos t  function ,  calle d th e FailedTripl e cost ,  t o penaliz e fo r 
unsatisfie d constraints .  Becaus e w e wan t  t o emphasiz e th e 
priorit y o f  satisfyin g triple s wit h highe r  weights ,  th e 
FailedTripl e cos t  i s th e su m o f  th e log s o f  th e weight s o f 
th e triple s tha t  th e grap h lef t  unsatisfied .  Thi s cos t  stem s 
fro m th e initia l  ide a tha t  th e grap h shoul d b e a  goo d 
representatio n o f  th e triple s fro m th e subjec t  data . 
Metr i c C o s t s Ther e ar e tw o term s t o penaliz e fo r  metri c 
costs ,  th e UnequalSpacin g cos t  an d th e FarSpacin g cost . 
We sugges t  th e grap h incur s metri c cost s i f  i t  include s a 
tripl e withi n th e graph ,  bu t  i t  doe s no t  allo w th e node s o f 
th e tripl e t o b e adjacent .  I f  th e node s o f  a  tripl e ar e 
unequall y space d o r  space d quit e fa r  apart ,  e.g .  1  5  3  i s 
satisfied ,  bu t  th e grap h distanc e betwee n 1  an d 5  i s 1 ,  whil e 
th e grap h distanc e betwee n 5  an d 3  i s 4 ,  the n th e grap h ha s 
incurre d a n UnequalSpacin g cost .  I f  th e node s ar e space d fa r 
apart ,  bu t  ar e equall y spaced ,  the n th e grap h ha s incurre d a 
FarSpacin g cost .  Th e UnequalSpacin g cos t  fo r  a  give n 
tripl e i s th e differenc e betwee n th e numbe r  o f  node s betwee n 
th e thre e tripl e nodes ,  multiplie d b y th e weigh t  o f  th e triple . 
T h e FarSpacin g cos t  fo r  a  give n tripl e i s th e numbe r  o f  extr a 
node s betwee n th e tripl e nodes ,  agai n multiplie d b y th e 
weigh t  o f  th e triple .  Thes e metri c cost s ste m fro m ou r 
assumptio n i n T M tha t  whe n th e subjec t  perform s th e 
extrapolation s an d interpolatio n i n th e origina l  quintuplet , 
sh e woul d prefe r  t o pic k stimul i  tha t  resul t  i n close , 
equidistan t  quintuplets . 
Topologica l  Cost s Ther e ar e als o tw o term s t o penaliz e 
fo r  topologica l  cost s withi n a  give n graph .  Th e TotalLink s 
cos t  i s equivalen t  t o a  "price "  pe r  link ;  eac h additiona l  lin k 
has a  cost .  Th e MaxLinksPerNod e cos t  encourage s link s t o 
be sprea d acros s node s instea d o f  stemmin g fro m jus t  on e o r 
tw o individua l  node s b y assignin g a  penalt y proportionat e t o 
th e greates t  numbe r  o f  link s o n an y on e nod e (se e below) . 
Th e TotalLink s cos t  c o m e fro m th e modelin g assumptio n 
tha t  th e simples t  grap h possibl e shoul d b e use d t o mode l  th e 
dat a (Ockham' s Razor) .  Th e MaxLinksPerNod e cos t  stem s 
fro m th e assumptio n tha t  i t  woul d b e rar e fo r  on e stimulu s 
withi n a  domai n t o hav e m a n y mor e feature s associate d wit h 

i t  tha n th e othe r  stimuli .  Thus ,  th e cos t  functio n ca n b e 
expresse d as : 

cos t  =  Wf,Xf ,  +  H'„,;[ „  +  Wf̂ Xf ,  +  w„x „  +  w ^ x ^ 

wher e Xf ,  i s  th e FailedTripl e cost ,  x „  i s  th e UnequalSpacin g 
cost ,  Xf ,  i s  th e FarSpacin g cost ,  ;t „  i s  th e TotalLink s cost , 
and x„ ,  i s  th e MaxLinksPerNod e cost . 

The Parameters of the Cost Function 

Eac h o f  th e fiv e term s include s a  paramete r  w  whic h weight s 
tha t  ter m i n relatio n t o th e others .  Eac h vecto r  o f 
parameter s w  define s a  grap h spac e i n whic h w e ca n perfom i 
simulate d annealing .  A  goo d wa y t o thin k abou t  th e 
parameter s i s a s a  se t  o f  prioritie s abou t  whethe r  t o satisf y 
triple s o r  cu t  d o w n o n links .  Se e Figur e 6 .  Th e fewe r  link s 
ther e are ,  th e fewe r  satisfie d triple s ther e ca n be .  Fo r 
example ,  i f  th e FailedTripl e paramete r  i s ver y lo w (allowin g 
triple s t o fai l  pell-mell )  o r  i f  th e TotalLin k paramete r  i s ver y 
hig h (reducin g th e numbe r  o f  link s drastically) ,  the n th e 
grap h wil l  likel y hav e ver y fe w link s a t  all ,  le t  alon e chain s 
tha t  coul d mak e meaningfu l  trajectories .  Likewise ,  i f  th e 
FailedTripl e paramete r  i s ver y hig h o r  th e TotalLin k 
paramete r  i s ver y low ,  the n link s wil l  flouris h an d th e grap h 
wil l  b e a  dense ,  fully-connecte d mess . 

Faile d 
Tripl e 
cost ^  contour s 

^  o f  graph s 
r  wit h equa l 

number  o f 
ink s 

O O 
q O o TotalLink s cos t 

-» 

Figur e 6 :  A  schemati c illustratio n o f  th e trade-of f  betwee n 
satisfyin g triple s an d keepin g graph s simple . 

Thus we can cover a useful area of the parameter space by 
explorin g a  three-dimensiona l  subspac e o f  th e five-
dimensiona l  paramete r  spac e b y usin g jus t  th e thre e 
parameter s fo r  FailedTriples ,  TotalLinks ,  an d FarSpacing . 
Becaus e graph s ca n var y s o dramaticall y i n thi s space ,  th e 
algorith m run s a t  a  wid e rang e o f  paramete r  setting s an d the n 
average s th e resultin g graphs .  "Average "  mean s tha t  i f  lin k 
( 1 3 )  occurre d i n 5 0 % o f  th e graph s i n th e sample d 
paramete r  space ,  the n th e outpu t  grap h ha s a  weigh t  o f  5. 0 
(o f  10.0 )  o n lin k ( 1 -  3) . 

Th e questio n remain s a s t o h o w t o determin e thi s rang e o f 
settings .  Th e curren t  samplin g o f  setting s ha s bee n 
carefull y chose n throug h tria l  an d erro r  o n a  variet y o f 
differen t  type s o f  data .  W e ru n th e algorith m ove r  a 
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sufficientl y wid e are a o f  spac e tha t  w e ar e assure d tha t  i t 
reache s extreme s i n al l  directions .  Th e extrem a ca n b e 
recognize d whe n graph s ar e full y  connected ,  o r  whe n ther e 
ar e n o connection s a t  all .  Th e samplin g i s no t  complclcl y 
uniform ;  a t  lowe r  value s o f  th e parameter s w e sampl e mor e 
densely ,  becaus e smalle r  change s i n tha t  rang e hav e a 
significan t  effec t  o n graphs .  W e believ e tha t  th e idea l 
subspac e withi n th e paramete r  spac e varie s slightl y 
dependin g o n variou s attribute s o f  th e stimulu s domain ,  bu t 
our  experiment s i n tha t  are a ar e no t  ye t  finished .  Eve n i f  th e 
idea l  subspac e wer e found ,  result s woul d no t  chang e 
dramatically ;  al l  th e stronge r  trajectorie s woul d emerg e th e 
same.  Mo r e subtl e path s migh t  b e abl e t o b e identifie d 
mor e accurately ,  however . 

Once w e hav e a  graph ,  th e experimente r  ca n se e h o w th e 
grap h break s int o trajectorie s b y iterativel y thresholdin g th e 
grap h (removin g link s belo w a  certai n weight )  an d b y 
plottin g th e dat a triple s ove r  th e graph .  Thresholdin g point s 
t o th e stronges t  trajectorie s withi n th e graph ,  an d plottin g 
th e actua l  triple s ofte n help s disambiguat e intersectin g 
trajectories .  Becaus e th e graph s tha t  appea r  throug h graduall y 
increasin g th e threshol d approximat e th e graph s tha t  on e 
finds  i n th e weigh t  spac e a s on e move s firom  th e area s o f 
ver y dens e graph s t o th e area s o f  les s dens e graphs ,  th e T M 
outpu t  grap h ca n b e see n a s a  singl e representatio n o f  a  se t 
of  th e graph s i n th e paramete r  space . 

Our  algorith m output s th e grap h a s a  tex t  file  tha t  i s 
structure d t o b e rea d b y th e Do t  an d Neat o graph-drawin g 
softwar e o f  Bel l  Lab s (Koutsofio s &  North ,  1993 ;  North , 
1992) . 

PART III: Diagnostic measures 

As wit h an y dat a collectio n an d analysi s procedure , 
diagnosti c measure s ar e importan t  fo r  answerin g question s 
like ,  " H o w wel l  doe s m y mode l  fi t  th e data?" ,  " H o w nois y 
i s th e dat a t o begi n with?" ,  an d " H o w simila r  ar e thes e tw o 
subjects '  models? "  Belo w w e describ e thre e diagnosti c 
measure s create d fo r  T M .  Th e firs t  i s  a  simpl e tes t  fo r 
whethe r  a  se t  o f  triple s i s rando m o r  not .  Th e secon d 
measure s th e explanator y powe r  o f  th e resultin g trajector y 
map.  Th e thir d provide s a  metho d o f  comparin g differen t 
trajectorie s map s o f  th e sam e data . 

Measure of Randomness 

I t  i s helpfu l  t o hav e a  measur e o f  randomnes s o f  th e subjec t 
data .  W e measur e randomnes s b y comparin g th e distributio n 
of  th e tripl e weight s fro m th e subject' s dat a wit h th e 
distributio n o f  weight s tha t  woul d occu r  i f  dat a wer e create d 
arbitrarily ,  i.e .  create d b y hundred s o f  Mont e Carl o 
simulation s o f  subjects. .  I f  th e tw o distribution s diffe r 
significantl y accordin g t o a  chi-square d test ,  the n w e ca n 
conclud e tha t  th e subject' s dat a i s wort h examining . 

I f  a  T M subjec t  ignore d ou r  instruction s an d answere d 
randomly ,  th e weigh t  distributio n o f  th e subject' s triple s 
woul d matc h th e Mont e Carl o distributio n closely .  T o 
measur e th e significanc e o f  th e difference ,  w e calculat e th e z -
score s o f  th e difference s fo r  eac h weigh t  leve l  (sinc e th e 
threshol d fo r  significanc e fall s exponentiall y  wit h increasin g 
weight) .  Eve n th e smalles t  differenc e i n th e distribution s a t 

hig h weigh t  level s suc h a s 7  o r  8  result s i n a n enormou s z -
score .  Fo r  a  Mont e Carl o subject ,  fo r  example ,  wit h 
medium-size d N  (N=15) ,  th e likelihoo d o f  generatin g a  tripl e 
wit h weigh t  greate r  tha n 4  i s ver y smal l  ( < 2. 4 x  10') ,  s o 
any subjec t  dat a tha t  w e find  wit h eve n on e tripl e wit h a 
weigh t  o f  4  o r  greate r  i s alread y likel y t o b e fa r  from 
random . 

Measure of Trajectory Map Fit to the Data 

Once w e ar e satisfie d wit h inpu t  data ,  w e nee d a  measur e o f 
fit,  a  numbe r  whic h tell s u s h o w wel l  th e outpu t  o f  th e T M 
algorith m model s th e data .  T o calculat e measur e o f  fi t 
betwee n a  se t  o f  triple s fro m a  subjec t  an d th e resultin g 
trajector y map ,  w e m a k e a  lis t  o f  th e triple s hel d withi n th e 
model ,  an d the n w e compar e th e tw o lists .  S o tha t  w e ca n 
assig n weight s t o th e model-base d triples ,  w e firs t  assig n 
cost s t o th e link s o f  th e grap h tha t  ar e inversel y proportiona l 
t o th e lin k weights .  W e ca n the n lis t  th e triple s containe d i n 
th e grap h wit h thei r  costs .  Th e cos t  o f  a  tripl e consist s o f 
th e cos t  o f  al l  link s traverse d whil e movin g fro m th e first 
nod e t o th e thir d node .  Onc e w e orde r  th e model-triples ,  w e 
ca n compar e thi s lis t  o f  triple s wit h th e origina l  dat a 

We the n us e tw o differen t  measure s t o asses s fit ,  eac h 
base d o n a  compariso n o f  thes e tw o list s o f  triples .  Th e 
first  i s  simpl y th e percentag e o f  unmatche d triples ,  i.e .  th e 
percentag e o f  th e dat a triple s tha t  wer e no t  include d i n th e 
model .  I f  a  mode l  contain s 3  ou t  o f  th e 4  dat a triples ,  fo r 
example ,  thi s measur e i s 2 5 % .  Thi s measur e doe s no t 
penaliz e th e mode l  fo r  containin g additiona l  triple s beyon d 
th e data ,  however ,  an d thu s a  ftilly-connected  mode l  woul d 
satisf y 1 0 0 % o f  th e triple s whil e offerin g littl e insigh t  int o 
th e domain .  Also ,  thi s measur e give s u s n o indicatio n a s t o 
whethe r  th e weighting s o n th e satisfie d triple s ar e 
appropriate . 
Our  secon d measur e o f  fit  i s  base d o n rankin g th e triple s i n 
th e tw o lists ,  an d the n calculatin g th e Ko lmogorov -Smimo v 
statistic ,  D ,  (Pres s e t  al ,  1988 ;  Siegel ,  1956 )  fo r  th e tw o 
cumulativ e distribution s o f  th e tw o list s o f  ranks .  D  equal s 
th e m a x i m u m differenc e betwee n th e tw o distributions .  I f 
th e mode l  containe d exactl y th e sam e triple s a s th e data , 
weighte d i n th e sam e order ,  th e statisti c woul d b e zero .  A s 
th e mode l  add s additiona l  triple s (a s i t  ofte n doe s jus t 
becaus e o f  th e necessar y topolog y o f  a  grap h tha t  model s 
othe r  triples) ,  th e distributio n o f  model-tripl e rank s become s 
distorte d i n compariso n t o th e rank s o f  th e dat a triples . 
Thus ,  thi s measur e penalize s fo r  th e additiona l  triple s i n a 
model  tha t  th e matched-tripl e measur e doe s no t  tak e int o 
account . 

Bot h o f  thes e measure s ar e ke y fo r  determinin g th e leve l 
of  "noise "  i n th e data .  Becaus e i t  i s  likel y tha t  lower -
weighte d triple s contai n mor e noise ,  w e threshol d th e triple s 
data ,  i.e .  remov e triple s weighte d belo w a  certai n threshol d 
befor e usin g the m a s inpu t  fo r  th e algorithm .  Th e measure s 
of  fit  ar e use d t o determin e th e threshold .  W e ru n th e 
algorith m o n set s o f  triple s base d o n al l  possibl e thresholds , 
and the n examin e th e variou s measure s o f  matche d triple s 
and th e Kolmogorov-Smirno v statistic .  Not e tha t  w h e n w e 
measur e th e numbe r  o f  matche d triples ,  w e compar e th e 
model-triple s wit h al l  dat a triples ,  eve n i f  th e mode l  wa s 
base d o n onl y triple s o f  weigh t  3  an d above ,  etc .  Usin g 
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bot h measures ,  w e ca n se e a t  whic h threshol d th e mode l  fit s 
best . 

Measure of Similarity of Two Trajectory Maps 

Becaus e w e hav e propose d a  ne w mode l  fo r  representin g 
subjec t  data ,  i t  i s  importan t  tha t  w e als o propos e a  measur e 
fo r  ratin g th e similarit y o f  tw o differen t  models .  Give n tw o 
trajector y maps ,  w e loo k a t  th e list s o f  th e weighte d link s 
fo r  bot h graphs ,  an d rewar d fo r  commo n link s an d punis h fo r 
distinctiv e links .  T o differentiat e betwee n graph s wit h 
identica l  topolog y bu t  differentl y weighte d links ,  w e als o 
penaliz e fo r  th e differenc e betwee n weight s o n th e commo n 
links .  Th e rang e o f  thi s measur e i s [-1.0 ,  1.0] ,  wher e 1. 0 
implie s identica l  graphs .  Usin g suc h a  measure ,  w e ca n 
compar e th e trajector y map s o f  tw o subject s an d decid e 
whethe r  the y migh t  b e usin g simila r  feature s t o construc t 
thei r  maps .  I t  i s  importan t  t o not e tha t  ou r  featur e measur e 
focuse s exphcitl y o n individua l  links ,  a s oppose d t o overal l 
grap h structure . 

Summary & Conclusions 

We hav e describe d a n algorith m designe d t o buil d Û jector y 
maps fro m subjec t  dat a objectively .  Base d o n th e simulate d 
annealing ,  th e algorith m use s triple s derive d fro m subjec t 
dat a a s constraint s tha t  ca n b e use d t o find  a n optima l 
connecte d graph .  W e hav e chose n parameter s o f  th e cos t 
functio n s o tha t  th e algorith m model s th e manua l  heuristic s 
followe d b y Richard s &  Koenderin k (1995) .  Lastly ,  w e 
introduce d thre e diagnosti c measure s fo r  trajector y maps :  a 
measur e o f  subjec t  dat a noise ,  a  measur e o f  fit  fo r  a 
trajector y ma p it s data ,  an d a  measur e o f  similarit y betwee n 
tw o trajector y maps .  W e believ e tha t  thi s algorith m offer s 
an usefu l  metho d o f  creatin g trajector y map s tha t  closel y 
mimic s th e origina l  intention s o f  Richard s &  Koenderink . 

A mor e detaile d explanatio n o f  th e algorith m ca n b e foun d 
i n Gilber t  (1997) .  Thi s wor k als o include s Trajector y Map s 
of  a  variet y o f  dat a sets ,  includin g kinshi p terms ,  colors , 
soun d textures ,  musica l  intervals ,  Bosto n touris t  attractions , 
and knowledg e representations .  Th e we b pag e a t 
<http://www-bcs.mit.edu/~stephen/tma > allow s th e reade r  t o 
downloa d sourc e cod e fo r  th e algorithm . 
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