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Polymers and Brownian rods have been predicted and observed to migrate across streamlines in flowing systems, poten-
tially impacting rheological measurements, material processing, and microfluidic systems. In particular, gradients in
cross-stream diffusivity give rise to concentration gradients across streamlines, in direct contrast with naive expecta-
tions from equilibrium statistical mechanics. Here, we provide a simple, physicially intuitive understanding for the
subtle mechanisms that underlie this counter-intuitive effect. Specifically, we identify three minimal ingredients: (1) the
cross-stream diffusivity of the solute must depend on its internal degrees of freedom, (2) internal degrees of freedom
must be driven nonconservatively in a position-dependent manner, and (3) a mechanism must exist for the concentration
to relax to a steady state spatial proflie. Significantly, we argue that the inhomogeneous steady-state distributions that
have been observed do not result from directed cross-stream migration. In fact, we show that no migration occurs in
systems without spatial relaxation. Rather, concentration gradients are established due to anisotropic rates of spatial
relaxation, and the lack of directed cross-stream migration that would be found in a conservative system. We demon-
strate with simple model systems analogous to Brownian rods, externally triggerable two-state molecules, and in exter-
nally imposed temperature or solute gradients, which affect steady concentration profiles beyond what would be
expected from thermophoresis or diffusiophoresis. Our results have implications for separation strategies and for vari-
ous microfluidic and processing flows. © 2014 American Institute of Chemical Engineers AIChE J, 00: 000-000, 2014
Keywords: fluid mechanics, suspensions, rheology, transport

resolution involves the subtle interplay of various fluid
mechanical, statistical mechanical, and thermodynamical
phenomena. When does intuition from equilibrium statistical
mechanics carry over to flowing systems? For example, solu-
tions of otherwise homogeneous polymers flowing through
straight channels or cylinders have been observed to develop
inhomogeneous concentration profiles, with concentration
gradients perpendicular to fluid streamlines that are attributed
to gradients in cross-stream diffusivity.>”'* Such systems are
steady in the Lagrangian sense—material elements moving
along streamlines experience a temporarily steady environ-
ment—and no forces are exerted in directions across stream-
lines. One might naively hope that results from equilibrium
statistical mechanics will apply, namely, a local concentra-
tion distribution that follows the Boltzmann distribution,
with no dependence on kinetic parameters like viscosity and
diffusivity. In many cases, such equilibrium expectations are
recovered. Nonetheless, gradients in cross-stream diffusivity
in even dilute solutions of flowing polymers give rise to
non-Boltzmann distributions, despite the lack of a clear driv-
ing force that establishes them.

Although the dissipative nature of flowing systems gives
cover for the failure of equilibrium theories, it leaves no
simple means of discerning the physical mechanisms behind
“cross-stream migration,” nor does it provide any context to

Background and Introduction

Understanding the behavior of small particles and macro-
molecules in suspension has long played a central role in
fundamental and applied science. In particular, many techni-
ques and technologies assume solute to remain homogene-
ously distributed. However, flows may drive unexpected
concentration gradients, with deleterious effect. For example,
polymer depletion layers near rheometer walls give an effec-
tive slip that causes material mischaracterization. Material
processing flows can cause inhomogeneous particle distribu-
tions that degrade the finished product quality. Many sensing
and detecting systems in microfluidics and biotechnology
involve flowing solutions of target molecules that bind to
wall- or bead-bound receptors." If fluid flows along receptor-
coated walls cause target molecules to migrate perpendicular
to the walls, sensing rates will differ between stationary and
flowing solutions. Hydrodynamic chromatographic separa-
tions are based on the relative amounts of time spent by par-
ticles of different sizes on streamlines of different speeds;
unexpected mechanisms that influence particulate distribution
will affect the resulting separation.

In addition to their applied importance, these issues raise
questions that are deceptively simple to pose, yet whose
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clearly distinguish flowing systems for which the Boltzmann
distribution does indeed hold from those in which cross-
stream inhomogeneities develop. In this work, we examine
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dissipative systems that establish cross-stream concentration
gradients, distill out the essential ingredients, and elucidate
the mechanism by which they do so. In the spirit of using
bead-spring models of varying complexity to capture the
qualitative (and even quantitative) mechanistic phenomena
for polymeric liquids,'” we analyze simple model systems to
elucidate phenomena that arise in systems that are more
complicated mathematically and physically. In particular, we
pose a series of paradigmatic model problems that are math-
ematically simpler than those that have been analyzed thus
far. In so doing, we clearly identify three ingredients that are
necessary and sufficient to give rise to this counter-intuitive
phenomenon, and identify a clear, mechanistic picture by
which these steady-state inhomogeneities develop. In fact,
we demonstrate that the eventual concentration gradients
arise not due to any directed cross-stream migration, as
might be expected, but rather due to anisotropic relaxation.
Perhaps ironically, it is the lack of directed, cross-stream
migration that gives rise to cross-stream gradients. After all,
anisotropic relaxation exists in equilibrium systems as well,
wherein the Boltzmann distributions reflect the mutual can-
celation between directed, cross-stream migration and aniso-
tropic relaxation.

These insights allow us to propose a variety of new sys-
tems in which we predict analogous “gradient-relaxation
drift,” including colloidal and macromolecular (e.g., poly-
meric or protein) systems. Additionally, we will discuss this
phenomenon in the context of thermophoresis and other solu-
tion gradients, and demonstrate that concentration gradients
due to anisotrophic relaxation will arise in addition to any
thermophoretic or multicomponent effects.

We begin by discussing what can be expected from sus-
pended species in equilibrium systems. Because inertia is
typically negligible in liquid solutions, particulate behavior
is governed statistically by the Smoluchowski equation

% =—V-j=V - -{D(r)VP+b(r)Ve(r)P} M

Here P(r,t) is the probability of finding the particle at r
at time ¢, j is the probability flux, ¢(r) is the potential
energy (e.g., gravitational, electrostatic, or magnetic) for a
particle located at r, and the diffusivity and mobility tensors
D(r)=kgTh(r) are related via the fluctuation-dissipation the-
orem. In equilibrium, Eq. 1 is solved for arbitrary D(r) sim-
ply by the Boltzmann distribution

Pg (r):P06_¢(r>/kBT )

Notably, no kinetic properties (viscosity,
mobility) appear in the equilibrium distribution.

In flowing systems, the probability flux j is modified to
include advection with the local fluid via

diffusivity,

J,=u(r)P (©)
to give an advection—diffusion equation
% =V - {D(r)VP+b(r)V¢(r)P}—u(r) - VP 4

In many cases of microfluidic, scientific, and industrial
importance, flows occur along channels or walls and are,
thus, perpendicular to confining forces (u-V¢=0). One
might expect the Boltzmann distribution (2) to thus hold, as
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Pa)  wp=0 (5)

u(r) - VPg(r)=— ol

even though the system is not in equilibrium.

Although the Boltzmann distribution is indeed often
observed in flowing systems, curious exceptions can be
observed even in homogeneous systems with u-V¢$p=0
everywhere. One might suspect that suspended particles
migrate across streamlines due to deterministic, hydrody-
namic interactions with channel walls; however, general and
powerful symmetry arguments based on the reversibility of
Stokes flow'®"® do not allow such cross-stream migration
for rigid particles in the low-Reynolds number limit of inter-
est here.

Additional physics are required to break this reversibility and
drive particles across streamlines. For example, inertia can
induce drift away from walls,'”® and can be exploited to
manipulate particles and cells in “intertial microfluidics.™!
Many-body collisions in driven colloidal suspensions give rise to
“shear-enhanced migration” toward regions of low shear,”> and
induce chaos that breaks irreversibility even in deterministic,
non-Brownian suspensions.” Deformable bodies in flow (e.g.,
red blood cells,”* emulsion drops,”® and polymers®*!0-12)
migrate away from walls via a well-known hydrodynamic force-
dipole mechanism.”

Less easily explained, however, are the low polymer con-
centrations observed in the center of channel flows,> %1011
despite the irrelevance of many-body effects, the lack of
nearby walls, and the absence of flows or forces that would
drive a cross-stream migration. Early theories appealed to
equilibrium statistical mechanics, and argued that systems
seek less deformed states to maximize entropy (see, e.g.,
Ref. 2 for a review). However, dissipative systems need not
obey even the basic principles of equilibrium statistical
mechanics. Here, by contrast, deformable bodies move to
maximize deformation.

Two model systems have been studied explicitly to
address these flowing polymer systems: Brownian rods>*
and bead-chain polymers®®'" in parabolic flow between
channel walls. Through simulations and multiple-timescale
analyses, this subtle ‘“cross-stream migration” has been
argued to result from a diffusivity that depends on rod/poly-
mer configuration, and configurations that are driven out of
equilibrium by the (position-dependent) flow.

Basic System

For guidance, we turn to a minimal system that gives rise
to non-Boltzmann profiles under steady-state flows. For
mathematical simplicity, we consider a particle whose state
P(q,y,t) can be described by two Cartesian co-ordinates: y
as a physical location and ¢ as a “configuration” (Figure 1).
The translational y-diffusivity D,, depends on configuration
¢, which is driven in a nonconservative, y-dependent manner
(i.e., with a convective flux uq(y) in configuration space), to
give a Smoluchowski equation

oP 0 oP 0 oP
E_a_q <qu6—q_uq(y)P)+8_y (Dyy(CI) a_y) (6)

More generally, some conservative force ¢ (e.g., an exter-
nal magnetic field) might affect the configuration, in which
case
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Figure 1. Model system for cross-stream concentration
gradient formation.

A solute flows at cross-stream position y along a channel,
and possesses a configuration or internal degree of free-
dom, denoted by a Cartesian variable g (which is here
depicted as rod orientation.) The cross-stream diffusivity
D,y (q) is taken to depend upon configuration (just as
rod diffusivity depends upon orientation), and the con-
figuration is driven in a nonconservative, position-
dependent way (here depicted as a shear-rate gradient
that orients the rod to a varying amount.)

oP 0 oP 0 oP
= - +— Dy (q) —
Y <D‘”’ dq a(y)P) Ay (D” @ Gy) @
where
Dy, 06
a(y)=uy(y)— kB_q;‘(?_q ®)

We have deliberately stripped our model system of as
many mathematical complications as possible, for clarity and
ease of presentation. One analogous physical representation of
this system would be a Brownian rod flowing in a Poiseuille
flow between straight channel walls (Figure 1). The location
of the rod within the channel is given by y, and the rod’s ori-
entation angle (described in the full, physical system by one
or two rotation angles) is simplified here to a Cartesian vari-
able ¢ in our model system. The translational (cross-stream)
diffusivity D,, of the rod at each instant depends on its orien-
tation ¢, as diffusivity parallel to the axis of an infinitely thin
rod is double that perpendicular to the axis (e.g., Ref. 17).
Finally, any local shear rate changes the average alignment of
the rod [introducing a peak to an orientation distribution func-
tion P(0, ¢), here simplified as changing the “g” distribution
function P(g)] in a spatially nonhomogeneous way: stronger
shear rates (near walls) shift the peak in conformation space
to greater average orientations. A different realization of this
basic system would be a (deformable) polymer in flow, whose
configuration variable “q” could be multidimensional, depend-
ing on the level of detail it was modeled.

We briefly adapt the multiple-scales analysis from Ref. 3
to the present system (Eq. 7). If gradients in y are small and
configurations ¢ relax quickly, then a quasisteady distribution
in ¢ is achieved at each position y

C))

where the time scale 7 over which the local concentration A
evolves is long compared with the relaxation time for config-

(.% {As(y)J: Dyy(q) exp (qu(:q)q - %) dq] =0 an

can be directly integrated via

0| Do@en (”gjjq - %) dg=Co  (12)

to give an explicit form for the prefactor A;

Ay(»)=Co (r Dyy(q) exp (""(y Ja_ M) dq) W

. Dy ksT

The steady-state concentration C(y) is thus inhomogene-
ous and given by

ug(Ma_dlq)
COJe Do 1) dg

cs<y):jps<q,y>dq: (14)

(u;,;,v)q, o) )
J Dyy (q) e qq B dq

Analogous integrals for the specific system of Brownian
rods in Poiseuille flow are given in Ref. 3.

Significantly, neither forces nor advective flows exist that
drive particles across streamlines (i.e., in the y-direction).
Nonetheless, a nonuniform (non-Boltzmann) concentration
profile is attained, wherein concentrations are higher where
cross-stream diffusivities are lower. This would appear to
require two key features: a configuration-dependent transla-
tional diffusivity Dyy(g), and configurations that are driven
by a nonconservative “advection” u,(y). If D,, were inde-
pendent of configuration ¢, it could be taken outside the inte-
gral in (13) and (14) would give a constant concentration
Cy=Cy/Dy. If the “configuration advection” u, did not
depend on position y, the right-hand side of (14) would sim-
ply be constant. Finally, in a conservative system, the config-
uration flux u, would be derivable from a scalar potential

oD
cons —_ 15
U™ () 94 (15)
which would, in turn, introduce a positional advection
COHS:_@NC]% (16)
! dy Iy
whereupon (6) would simply give a Boltzmann distribution
for C,.
How are these non-Boltzmann concentration profiles

established? One might naturally expect that the local flow
induces a directed, cross-stream drift. We now demonstrate,
however, that no average drift occurs in an unbounded sys-
tem. The Smoluchowski equation (6) represents conservation
of probability

P=—V-.j 17

where j consists of probability fluxes, both in configuration

urations. A steady distribution Py(g,y) is achieved, when ji=— qua_P +u(y)P— Dyg 09 P (18)
there is no net flux in the y-direction dq ksT Oq
oP .
JD‘,},(q) %dq=0 (10) and position
’ Y

. . . . oP
where we have integrated over all possible configurations g. J? =—Dyy(q)a— (19)
This no-flux condition Y
AIChE Journal 2014 Vol. 00, No. 00 Published on behalf of the AIChE DOI 10.1002/aic 3



Multiplying the Smoluchowski equation (17) by y, and
integrating over ¢ and y gives an evolution equation for (y)

e (o] (e o

The first term vanishes identically upon integration
because jY=0 at infinity, and the second may be integrated
by parts to yield

oy oP
J Jﬁdydq=J JD,vy(fI) oy da 2N
which direct integration gives
0 rmee
% :_JD)')’(‘])P dq (22)
t I

Since P(y==*00) =0 at any finite time, the cross-stream
drift is given precisely by

o)
ot

We are now faced with an apparent contradiction: this sys-
tem evolves from an initial Boltzmann concentration to a
non-Boltzmann distribution (14) under a nonconservative
configuration “flux.” Although one might expect this to
result from a directed, cross-stream migration, we have
shown that there is identically zero drift in this system. How
can these two observations be reconciled?

We now argue that anisotropies in the way that concentra-
tion profiles relax to steady state, rather than any net cross-
stream drift velocity, are responsible for the eventual non-
Boltzmann steady state. Arguments based on the steady state
obscure the dynamics that must occur to establish that
steady state. The lack of any mean drift (Eq. 23) in the
simplest model system (a polymer or rod flowing within a
channel>*®112) " arises because no mechanism exists for
concentration profiles to relax to a steady state—rather, the
profiles can simply spread without bound. Steady state is
never achieved in the unbounded system, as the spatial relax-
ation time is infinite.

Particles flowing between two no-flux channel walls
(y==£L), however, experience no confining force until they
encounter the wall, which exerts whatever force is required
to maintain the no-flux condition. Repeating the above argu-
ment for systems bounded by no-flux walls at =L modifies
(22) to give

oy) _

ot

=0 (23)

- [DutaiPa Pt @b

which is not generally zero. The position-dependent
“configuration advection” gives a different configuration dis-
tribution P(g, L) at the top and bottom surfaces. The no-
flux boundary effectively takes those particles that would
have diffused past =L in an unconfined system, and injects
them back in. It is the diffusivity difference between
particles reinjected at the top (y =L) vs. those at the bottom
(y=—L) that leads to the eventual cross-stream gradients. In
other words, the particles themselves experience no net
migration within the channel—as many fluctuate up as
down, and the ensemble-averaged position does not drift—
until particles experience a confining force that drives their
positional relaxation. The response to this confining force
depends on the local mobility by,=D,,/kgT of the solute:
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those particles that reach the upper wall (where D,, is lower)
take longer to return than those that reach the channel center
(where D, is higher). Therefore, solute gradually accumu-
lates in regions of low average diffusivity over time scales
relevant for positional relaxation (here given by t ~ L?/D,).

Conservative Systems

The same anisotropy in positional relaxation occurs in con-
servative systems, whenever spatial diffusivity D, depends on
position y. How is it that equilibrium systems avoid non-
Boltzmann concentrations? For guidance, we turn to the mini-
mal conservative system, which has spatially varying diffusiv-
ity Dy,(y) but no internal degrees of freedom ¢. Its
Smoluchowski equation

oP 0 oP
o oy (D(J’) 8_y> (25)

when multiplied by y and integrated over all y, yields an
evolution equation for the mean position

a<y>:_J o

-y L
— yo-dy=yj +ijdy (26)
ot Jy L

The first term on the right vanishes because there is no
flux from “outside”—whether at infinity or at a boundary.
The second term involves a diffusive flux, which can be
integrated by parts to give

oP L oD
D—dy=D(y)P —|P(y)—d 27
[pGya=pwipe) [P Zar @
so that
o) oD L
wr —JP(y)a—ydy D(y)P(y) y (28)

The D(y)P(y)|", term is the precise analog of Eq. 24,
describing the anisotropic “reinjection” of particles due to
the confining forces imposed by the two walls, and drives a
gradual accumulation of solute in regions of low diffusivity.
The [P(y)d,Ddy term, however, has no analog in the sys-
tems described above. Any diffusivity that depends explicitly
on position y drives a true cross-stream migratory velocity
toward regions of greater diffusivity, as though the solute
species were convected with velocity V - D. Thus, even in
an unbounded system (L — oo, in the absence of relaxa-
tion)—there is a nonzero solute drift up diffusivity gradients.
In equilibrium, this drift is precisely counteracted by the ani-
sotropic positional relaxation: a constant concentration
P(y)=Py, satisfying the Boltzmann distribution, clearly satis-
fies Eq. 28

o)
ot

By contrast, a spatial diffusivity D,, that does not depend
explicitly on position y, but rather on configuration ¢, which
on average depends on position y, exhibits no V - D drift to
cancel the anisotropic positional relaxation, giving rise to
non-Boltzmann distributions as in Eq. 24.

It is perhaps ironic that the non-Boltzmann concentration
gradients attained in steady-state flowing systems arise due
to the absence of a cross-stream drift velocity. The hallmark
of the phenomenon described here is that concentration gra-
dients build only through anisotropic relaxation of the

=PoD(y)|", —PolD(L)-D(-L)] =0 (29)
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concentration field. An ensemble of particles experiences
zero net drift until the particle positions are forced to relax
toward a steady state, at which point the cross-stream gra-
dients in mobility and diffusivity cause positional relaxation
from one end to occur more quickly than from the other.

Specific Model Calculations

Having laid the general framework for cross-stream gradi-
ent formation via anisotropic relaxation, we now demonstrate
with explicit calculations of the dynamics of three paradig-
matic model systems, each of which illustrates a different
feature. The first involves a solute whose configuration ¢ and
position y are both confined by harmonic potential wells.
The second involves a solute whose configuration ¢ is har-
monically confined, but whose position y is confined
between two planar walls, and thus, which relaxes purely
diffusively. Although the latter is the simplest and most
direct analog of the flowing suspensions described initially,
it is algebraically more cumbersome than the harmonic sys-
tem. These two examples involve different relaxation mecha-
nisms, in line with the general role for relaxation we have
argued. A particular benefit of these two computations is
that they elucidate the dynamic, transient processes by which
cross-stream gradients arise. To generalize our picture
beyond continuous degrees of freedom (like rotation), we
examine a third model system with two discrete states, such
as a protein or macromolecule that can be folded or
unfolded. Finally, we examine particles in solutions with
imposed gradients (e.g., thermal or solute), wherein
“differential relaxation” drives steady-state concentration
gradients in addition to those driven by thermophoretic or
diffusiophoretic drift.

Doubly harmonic potential well

We begin with perhaps the simplest model system (Fig. 3)
in which anisotropic relaxation gives rise to cross-stream
gradients. Specifically, we consider a solute whose positional
diffusivity Dyy(Q) depends linearly on “configuration” Q via

Dyy(Q) :D()(l"l‘GQ) (30)

where Dg is a constant diffusivity. We assume this linear
dependence for the sake of analytical tractibility and to illus-
trate the fundamental mechanism behind this phenomenon,
rather than because it accurately describes a range of sys-
tems. Although rods** and near-spheres®® have diffusivities
with a mild O(1) dependence on orientation (at most a fac-
tor 2 for rods of infinite aspect ratio”), deformable solutes
like polymers can stretch significantly to yield extremely
large differences in diffusivities when subjected to different
flows.

The solute sits in a doubly harmonic potential well that
confines both position and configuration

Q2 Y2
D(Q,Y)=kpT| = + — 31
(Q,Y)=ks <2L§ 2L (31
so that spring constants in the Q- and Y-directions are
ksT ksT
kQ =—, ky: — (32)
12 2

Finally, a nonconservative flux drives conformational
changes in a position-dependent manner, via

AIChE Journal 2014 Vol. 00, No. 00
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ugp=—73Y (33)

Note, here that the capital variables Q, Y, and T represent
dimensional quantities; later, nondimensionalized quantities
will be represented by lower-case variables.

The Smoluchowski equation for this system is

OP _ Ojo _Ojy
T 00 oY (34
where
. op . QP
Jo= DO@Q yYP—Dg 12 (35)
and
OP YP
L I _or -
jr=—Dy(1 eQ)( o7 L%) (36)

We take the particle to start at Qg=Y,=0 at T = 0. Scaling
lengths Q and Y by typical Q-excursions from the center of
the well, Ly, and time T by the Q-relaxation time back to
the center of the well, Lé /Do, we obtain a nondimensional-
ized equation

oP _
S =Pt 03Py +(gP), +(1+g) (P +7 7 OP),)  BT)
Here, the parameter o
i
= 1 38
o Do < (38)

is a dimensionless shear rate, and relates the time to diffu-
sively explore “configuration space” (i.e., to diffusively
explore the g-well) to the shear shear time 7~'. The parame-
ter

B=Lye < 1 (39)

relates the spatial extent of the configuration well to the
length scale over which the diffusivity varies (¢"!); and t
L2
1= L—; > 1 (40)
q
gives the positional relaxation time scaled by the configura-
tional relaxation time. We assume configurations relax much
more quickly than position within the channel, so 7> 1,
and that the g-spring is much “stronger” than the y-spring,
so that y-excursions are larger than g-excursions by O(t!/2).
It will prove convenient to rearrange the Smoluchowski
equation as

LoP=ayP,+BgPy+pt " q(yP), 41
where

P
LoP = % —Pyy—(qP),~Py—7'(yP), (42)
gives the dynamics of the “unforced” system, wherein a par-
ticle diffuses within a doubly harmonic potential well.

Before launching into a full, propagator-based treatment,
the steady problem can be readily be solved using a pertur-
bation expansion

P*(q,y) =P} +aPs+ BPy+op {P‘;ﬁ—I—PM 43)

DOI 10.1002/aic 5



where
_ OP:
P=L! 0 44
ko (y 8q> @9
, [ &P q0 )
s =L x4 12 (yps 4
=Ko {q dy*  toy OF2) } @)

and so on. By way of notation, P, is the solution arising
from the “source” terms fgP,,y,, Pp, arises from ayPp, and
so on. The steady distributions can be shown to be given by

o= /2=7/(20)

Po(a:y) =7 (46)
—¢/2-y/(21)
s __12 €
Py(g,y)=—1 D nlide) (47)
Py(q,y)=0 (48)
22042 )y e~ 4 /275 /(27)
Py y)= S (49)

+3t+21 T
(1+37+272) 2
5 (4,5)=0 (50)

The ensemble-averaged displacement y°, computed using
(43) in

?S=J J yP*(q,y)dgdy (51)

—00 — 00

is zero for all terms smaller than O(af}), with the first non-
zero contribution to y*

S 12
' =af (52)
arising exclusively from P,s, which represents particles
whose configurations are first driven by a position-dependent
advection (giving oP}), and whose positions then relax back
to the center anisotropically (introducing t), due to the
configuration-dependent diffusivity/mobility (giving f3). This
is the mechanism indicated in Figure 2. By contrast, P;n —
which reflects contributions from particles that first diffuse
anisotropically, then experience conformation advection—is
actually zero, and does not contribute to y*.
Because two-dimensional (2-D) diffusion in a harmonic
well

P(q,y,0)=06(¢—q0)0(y—yo) (54)

can be solved exactly,”’ and because the forcing terms on
the right-hand side of Eq. 41 are all small, we can treat this
system perturbatively. The leading-order behavior is
described simply by the unperturbed propagator £, for a par-
ticle diffusing in a 2-D harmonic well, with the right-hand
terms acting as “source” terms much as weak scatters act as
source terms for scattering. A significant benefit to this
approach is that it elucidates the dynamic mechanism that
gives rise to the gradients we seek to understand, as the
order in which the processes occur (advection, relaxation,
etc.) is accounted for naturally.

To examine the full, time-dependent behavior of this sys-
tem, we pose an expansion of the form

P(q,y,t)=Po+oP,+Pgtaf(P,s+Ppg,)+... (55)

where the “free” propagator P relates the probability that a
particle starting at {qo,yo} within a doubly harmonic poten-
tial at time #, will be located at {¢,y} at time ¢, and is given
by27

PO(qay: 1,40, Y0, tO):f(Q7 q0,1, fO)g(y7YO7 L t()) (56)

where

_ la=qoe ")’
exp ( 2( 1 ,L;Z(rfro)>

,qo,t,to)= 57
f(q,q0.t,t0) Van(l—e 212 (57
(=yoe= 1))
CXP(_W)
g(ymy(htat()): e - (58)

/2mt/2(1 _672(1‘7&))/1’)1/2

We now sketch the perturbation calculation; details are
given in Appendix B. We take the particle as initially being
located at the origin at time = 0. At any later time 7, the
particle has a probability Py(¢’,y',7,0,0,0) of being located
at {¢’,y'}. Therefore, at time ¢ the “advective” perturbation
effectively gives rise to sources and sinks according to
oy’ OPy/0q', each of which then propagates in time via Py(q,
v, t;¢',y',t') to contribute to the resulting probability of being
at {g,y} at time ¢ Since advective perturbations occur at
any time ¢ between zero and ¢, the full advective contribu-
tion is found by integrating over all times from zero to ¢

OP
_ -1 0
LoP=0 (53) Pi(q.y,0)=L Yo (59
subject to initial conditions
— 2a Y q‘r‘eraxes.' pr g low mobility:
\ -+ mobility lowered X35 Vrelaxes slowly
fluctuate 1a \": mean
b equilibrium _ \-ﬁ _ L E?“ﬂfbff”m - S positiony
fuctuate S |, Positiony : positiony T T = = “equilibrium
di 11 b ! position y
o Ugy) b -
e b mobility o8 . _—
VD(q “ b erassed VD(Q) « N 1 high mobility:

=" y relaxes quickly

Figure 2. Fundamental physical mechanism for differential relaxation.

(a) The solute makes a diffusive step either up (1a) or down (1b), with equal probability, leading to no net change in the ensemble-
averaged position of the particles. (b) The solute ‘“configuration” is driven by a local “configuration advection,” that is different
for up (2a) and down (2b) steps. The solute configuration rapidly equilibrates to a new quasisteady mean configuration. The
ensemble-averaged center of mass continues to remain unchanged. (c) The solute molecules relax back to the center. However, as
the mean diffusivity (or, equivalently, mobility) of the solute is lower for the “up” step (3a) than for the “down” step (3b), the lat-
ter relaxes to the center more quickly. The slower relaxation from above causes the mean position to rise, eventually establishing
cross-stream concentration gradients over the relaxation time scale.
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Figure 3. Definition sketch for the simplest model sys-
tem for differential relaxation.

A solute whose position y and configuration ¢ are both
confined by harmonic springs. The ‘configuration
advection” uq(y) is spatially dependent and nonconser-
vative, and diffusivity Dy, (q) depends on configuration.

CO[ [, 0Po(d,y,7,0,0,0
=J “ (y’ O(q’ya’/’ — )> Po(q,y, 14,y , ¢ )dq'dy df
0 -0 q
(60)

The term in parenthesis reflects “scattering” at time #—
here due to position-dependent advection—and the second
free propagator P takes the “scattered” probability at time ¢
and propagates it forward to time .

As shown in Appendix B, the O(a) probability is

Py(q,y,1)==q)f(q,0,£,0)g(y,0,1,0)H,(1) (61)
where
o2/t g*#f
():17;7’[1'*1 +21:Ez—l (62)

(1 —6_2’)(1 _6—21/1)

At times long enough for the system to relax to steady
state (1 > 1), P,(q,y,t) approaches the steady value P given
in (47).

In principle P,p can be computed through straightforward,
but involved, Gaussian integrals. As discussed earlier for the
steady solutions, P,s captures processes whereby the advec-
tively  perturbed probability (aP,) experiences a
configuration-dependent relaxation involving (. From the
arguments we presented above, we expect that precisely
those terms give rise to the eventual accumulation of proba-
bility in the “slow-relaxation” regions. Indeed, the mean
position

)= aﬁj JyPa/fdydq (63)
is shown in Appendix B to be
2 2o/t e .
=+ ——-2— —21¢ - 64
0) +1 —1 2-1 " (64)

The mean position (y) asymptotes to P, (from Eq. 52),
and is plotted in Figure 4. As expected from Eq. 23 the ini-
tial mean drift d(y)/dt|,_,, is identically zero. Despite the
nonzero gradient in the average cross-stream diffusivity

6<Dyy(Q)>

0 65
dy FO# (65)

the mean position does not change before the concentration
profile has a chance to relax. Had there been a true cross-
stream drift velocity due to cross-stream diffusivity gra-
dients, it would have been evident even at t = 0.
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Figure 4. The mean position (y) as a function of time
for the doubly harmonic solute (from Eq. 64).
Note that the slope d(y)/dt is zero at =0, as the mean
position builds up via differential relaxation, rather than
a directed cross-stream migration. Over the characteris-
tic relaxation time, the mean position saturates to the
value given by (52).

Singly harmonic well, between two walls

We now turn to a second example (Figure 5), which is
more cumbersome mathematically, but is a closer analogy to
the simplest system we described earlier, and which most
clearly demonstrates the mechanism by which concentration
accumulates. In particular, we consider a particle whose
position Y is confined by two hard walls (i.e., no forces
except to confine it between */h), whereas “configurations”
Q are confined within a harmonic potential centered at
Q0 =0, as shown in Figure 5. We take the configuration-
dependent diffusivity D,,(Q) to be given by (30), and the
advective velocity

ug=—Upsin (1Y /2h) (66)

to simplify an image treatment, as will soon be apparent.
This gives a Smoluchowski equation

o0P_ 0 (P o™ i, 2
ﬁ_ aQ (DO aQ +U0 S 2hP+D0L$ P) (67)
’p
+D0(1+eQ)% 68)

I |

le— _

Ve VCI(y)l

s
S @R —-—-

Figure 5. Definition sketch for a solute whose configu-
ration q is harmonically confined, but which
undergoes free diffusion between hard walls
aty==h.

The configuration advection ug(y) is taken to be sinusoi-

dal, as periodic extensions of the system can be added,
and walls treated with images (fig. 6).
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where capital variables are dimensional. To nondimensional-
ize, we scale Q by typical Q-excursions from the center of
the well, L,, Y by the channel height s, and time T by the
Q-relaxation time back to the center of the well Lg /Dy, to
obtain the nondimensionalized equation

oP . Ty

o =Pyt (qP)q-l-oc 51n7Pq+A(1 +Bq)Pyy (69)
where
UoL,

=— 1 70
o Dy < (70)
p=eL, < 1 (71)

7, L2
A=4=_14 1 72
T, h? < (72)

Here, unlike the doubly periodic well, we must impose
boundary conditions. Imposing a no-flux condition at the
walls gives

0P (q,y,1)

Dy, (9) dy =0 (73)

y==*1

It is straightforward to find the steady solution perturba-
tively, posing a regular expansion

P*(q,y) =Py FoP;+afiPy, (74)
and finding
P; e 75
O(qu)_ 2@ ( )
, 2e 7 2gsin(ny/2)
PS =/

(4.5) \/; A A (76)

2”728+ An’q?) sin(my/2
Puplq.y)= 2 BEATG )2 g,

(32+12Am*+ A1)V 2n

whereas both P9 and P;m are zero.
The average position can likewise be found from Py

16af
N ———< 78
o) n2(4+An?) (78)
in steady state. In the limit A < 1 (configurational relaxation
occurring much more quickly than positional), the mean
position is given by

4o
2

0)r0= (79)

As with the doubly harmonic case, the shift in the mean posi-
tion occurs because the position-dependent “configurational”
advection (o) drives nonuniform configurations, which then
relax in an anisotropic way due to the configuration-dependent
positional diffusivity (f5). The steady-state nature of the solution
(Eq. 74) implies that relaxation has already occurred. Irrespec-
tive, the steady solution inherently encodes the order of the
processes that gives rise to cross-stream gradient formation: (1)
solute molecules move diffusively (Py); (2) a local
“configurational” equilibrium is achieved (aP,), which gives
rise to a spatially inhomogeneous average mobility/diffusivity;
and (3) relaxation back to the center proceeds at different rates
for solute in different locations («fiP.s). Solute in regions with
relatively slow mobility take more time to relax than those in
regions with relatively high mobility. As there is no difference
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(to first order) in solute flux into regions of high or low average
mobility, the fact that it takes longer for the slow solute to relax
means solute will gradually and generally accumulate there.

This dynamic picture is confirmed by explicitly solving
for the dynamics of the system perturbatively, treating the
terms proportional to o and f§ as weak source terms. Doing
so clarifies the physical mechanism by which the concentra-
tion gradients arise. The no-flux boundaries at y==*1 can be
naturally enforced using the method of images, whereby the
walls are replaced by introducing “image” particles at
{*2,*4,=*6,...}, as in Figure 6. All solute particles—both
the true solute as well as all images—obey the same convec-
tion—diffusion equation (69), as we have chosen the advec-
tive term to be periodic. We can thus simply solve for a
single particle that starts at the origin yp=0, and evolves in
an infinite and unbounded system—~P(q,y, r)—from which
the image system for a particle starting at y=2j can be
obtained by shifting the origin to P, (q,y—2j,1). The solu-
tion to the bounded system, then, is given by

P(g,y.0)= > Puc(q.y=2j,1) (80)
fmt

We thus need only to solve for the unbounded system,
which obeys

. my\ OP O*Py
LoPo=0 sm(7) e A 1)
where
oP O*P 0 0P
P=———— ——(qP)— A== 2

subject to the initial condition
Poo(q,y,0)=0(q)o(y) (83)

The unperturbed propagator, which obeys LoP° =0 and
reflects the probability that a particle starting at ¢’, y' at time
¢ is found at ¢, y at time 7 is given by

- W - -0

e L {- - y=h

- - A= 4 RSre> - y=2h

Figure 6. The walls at y=+h in Figure 5 can be treated
using images.

An infinite series of image particles, located at y = 2jh, with
integer values of j, diffuse in an infinite system.
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P (q.y.t:4,Y . 0)=folq. ¢ . t.0)go(y. ¥, t,)  (84)

where
,(ztf(*t///’z)j
e 1—h
g )= —— (85)
folg,q,.1) e
,(i'\;,\");
e 4N
) l7t7 Z/ = 86)
oY1) =2 A7) (
and
h=e (71 87

The approach is entirely analogous to that given for the
doubly harmonic case: the right-hand side terms are treated
perturbatively as distributions of sources and sinks of proba-
bility that continuously arise and subsequently evolve via the
free-particle propagator P° (q,y,t;¢',y',7). Details of the
solution are given in Appendix C. As expected, the first non-
zero mean drift arises due to P,g—reflecting nonuniform
configuration ‘“advection,” followed by anisotropic relaxa-
tion. The mean drift, computed in Appendix C, is shown in
Figure 7.

Thus, the dynamic mechanism in Figure 2 is responsible
for these steady-state concentration gradients: (1) the particle
fluctuates up or down, and the position-dependent advection
(proportional to o) changes the mean configuration ¢; (2) the
configuration difference “above” and “below” give rise to
different mean diffusivities/mobilities “above” and “below”;
(3) the difference in mean mobility/diffusivity “above” and
“below” cause relaxation from the two sides to occur at dif-
ferent rates. Slower relaxation on the side with lower aver-
age diffusivity gives rise to a gradual accumulation of solute
there.

Notably, no cross-stream migratory drift velocity is driven
by gradients in average diffusivity. At times much shorter

1
mf\
>0.8} J
\"
-
A 0.4
=06} (b) ~—1/n<y> |[]
= A —— AT
v » 03 -.05
>
\
04 r ~0.2 e | 5
A
- =01 -.15
i Vv -
. ©
0 0.1 02 _03 0 .01 .02 .03 .04
0 T T

0 0.5 1 1.5 2 25 3 35 4
T=At

Figure 7. (a) The ensemble-averaged position (y) vs.

time, for a particle of the configurationally

harmonic, diffusive particle of Figure 5.

(b) There is no drift for very small times: the only
mechanism by which (y) changes is via differential
relaxation, and (c) at short times there is an exponen-
tially small probability (~e~'/*T or e~M/4Duty that a par-
ticle will encounter the wall and relax. Over the
positional relaxation time scale h?>/D,, however, the
average position does indeed change and asymptote to
that given by (79).
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than the positional relaxation time (T < 1, or equivalently
t < h?/Dy), the cross-stream velocity is exponentially small
(Figure 7), since at small times

%i ~ VTexp (;—;) (88)

<1

meaning

d(y)
dT

1 —1
poy T P <ﬁ> (89

On these short time scales, the exponentially small shift in
(y) reflects the exponentially small probability that a particle
starting at y =0 has diffused to the wall y = h. Correspond-
ingly, the probability that any such particles have started to
“relax” is exponentially small. As all shifts in (y) arise
purely due to asymmetric relaxation, it is only over the posi-
tional relaxation time scales that (y) changes appreciably.

Finally, we connect this calculation back to the original
observations motivating this work: polymers or rods carried
with a pressure-driven (Poiseuille) flow along a channel. In
these systems, the channel center is generally a location of
zero shear rate, giving the most randomly aligned rods or
unstretched polymers. As this is the highest-mobility state,
migration will generally occur away from channel centers.
The examples above, for which (D)(y) increased monotoni-
cally with y, would correspond, for example, to the upper
half of a channel in these flowing systems, such that poly-
mer/rod accumulation at y > 0 corresponds to migration
away from the channel centerline. Alternately, one could
use, for example, a magnetic field to externally align rods at
some angle relative to the channel. For example, shear might
rotate the rods above the centerplane to be more aligned
with the flow, whereas it would rotate those rods below the
centerline to be more perpendicular to the flow. In this case,
the diffusivity would decrease monotonically in the + y-
direction, and anisotropic relaxation would drive a net accu-
mulation above the centerline.

Two-state system

The above two examples involved a “continuous” degree
of freedom (e.g., rod orientation). We now illustrate with a
third model system which can adopt a discrete set of
“configurations” (e.g., a protein that can exist in folded or
unfolded states, fig. 8.) For simplicity, we will focus on a
solute with two states, confined by rigid walls at Y==*L, and
will denote the probability of being in either state as a(y,?)
or b(y,t). The two states have different diffusivities

D,=(1—€)Dy (90)
Dy=(1+€)Dy 1)

These discrete, state-dependent diffusivities are analogous
to a diffusivity that depends on a configuration described by
a continuous variable g. For simplicity, we will consider
transitions between solute states to occur with equal forward
and backward rate constants K, .,=K,_., = K. The internal
degrees of freedom must be driven in a nonconservative,
position-dependent way—here an additional, externally trig-
gered b — a transition (e.g., laser light with an intensity gra-
dient that unfolds a macromolecule). Specifically, we choose
this nonconservative transition to have sinusoidal spatial
dependence, oK sin(nY/2L), to allow image systems as in
Figure 6. The evolution of the system is then described by
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Figure 8. Definition sketch for a two-state system,
which demonstrates differential relaxation
for a solute with discrete configurations.

A macromolecule can be folded (b) or unfolded (a),
with (high and low) diffusivities D, and D,, respectively.
In equilibrium, the two states are equally likely, with
identical forward and reverse rate constants K. Particle
unfolding is triggered by an external, spatially varying
mechanism. Particles are equally likely to diffuse to the
right as to the left; once doing so, those to the right
have a higher chance of unfolding than those to the left.
When these particles relax to steady state, then, those
to the right relax more slowly than those to the left,
giving rise to a net accumulation of particles in the
slow-average-diffusion region.

da d%a _(nY
T D, 72 K(b—a)+oK sin (2L) b (92)
ob 9%b . [(nY
ﬁ—Dbm_K(b_a)_O(KSln(Z)b (93)

Note that analog of the “position-dependent configuration
advection” in the systems with continuous internal degrees
of freedom ¢ is here given by a position-dependent transition
rate constant oK sin(nY /2L).

First, we demonstrate the absence of any net drift in an
unbounded system. Adding the equations for both states,
multiplying by Y and integrating over Y gives an evolution
equation for the mean position (Y¥)

J Y(a+b)dY = 1'?=DaJ Yayydy+D/,J YbyydY — (94)

Each of these terms can be integrated by parts twice, pre-
cisely as in (24), to give

Y=D,{a(L)—a(—=L)}+Dy{b(L)—b(—L)} (95)

In an infinite system, where L — co,Y=0 at any finite
time. Finite systems, however, show anisotropic relaxation
b(L) # b(—L).

We can, as well, find the approximate steady-state distri-
bution, in the limit where gradients in the Y-direction are
gentle (a condition that can be checked a posteriori). In such
a case, at any given position the two populations reach a
local nonequilibrium steady state, in which the equilibrium
and driven transitions balance

For the populations to be in true steady state, there can be
no net flux of solute in the y-direction

Oda, Ob,
D, ——I—D =0 98
b oy (98)
which implies
D,a,(Y)+Dybs(Y)=Cy 99)

Equations 97 and 99 give the steady-state concentration of
each state

1+osi
a,(¥)=C xsin 3p) (100)
Dy(1+asin(2))+Dy,
1
bs(Y)=Cy 101
s() a(1+ocs1n( ))-I-Db (101)
and thus, the total solute concentration
cs(Y)=a,(Y)+by(Y) (102)
2+
¢, asin (%) (103)

D,(1+asin(Z))+D,

Once again, one sees that three ingredients must exist for
a steady-state non-Boltzmann profile. First, the diffusivity
must depend on conformation: if D,=D,, then (103) gives a
constant concentration. Second, the conformation must be
driven in a position-dependent, nonconservative way (here
with an additional b — a transition that varies via
oK 51n(2L)) If =0, then again 103 gives a constant concen-
tration. Finally, the concentration field must be able to relax
to steady state—the steady argument given here implicitly
assumes that steady state has somehow been reached, which
can only occur when particle positions have had time to
relax. As we showed earlier, in the absence of relaxation
(e.g., in systems with no confining force), there would be
identically zero drift in this system.

The mean position can be found in the e < 1 and o < 1
limits by Taylor expanding (103) to yield

G, o)

\ 104
Do XDy 2 (104)

from which it is apparent that Co=Dy/2. Next, we find the
mean steady position via

20€

S|
(Y“>=J_1 Ye(Y)dY="5L (105)

It will prove convenient to switch to “concentration” and
“difference” variables

c=b+a
d=b—a

(106)
(107)

to solve for the dynamics as well as steady-state distribu-
tions. Using these variables, the governing equations become

K(bs—as)+oK sm( )b ~0 (96) Oc P 0*d
—=D +eD 108
2L ar oy gy (108)

This gives a local relationship between the two 9d 92d P Y
populations T =Do—— 772 —2Kd+eDy—— 72 —oK sin (Z) (c+d) (109)
by(Y)= ;as(y) 97) Nondimensionalizing time by the configurational relaxa-
I+a Sm(zL) tion time k™! and distance by L, these become
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. e 0%
d=A(dyy+ecyy)—2d—o sin(%) (c+d) (111
where
_ Do
=<1 (112)

is the ratio of the configurational relaxation time (K ') to
the positional relaxation time scale (L2/D0), and is therefore
small, and « relates the strength of “configuration advection”
to the standard reaction rate.

Power series expansions give approximate steady-state dis-
tributions, with

200 y
A 1 7
dy ~ ad, St mZA sm( 2) (113)
20 Ty
3 = 1 _
Cy ~ OlEC,, 2 sm( 2) (114)

with all other components up to O(ae) being identically
zero. The mean position

(Y =L(y’)= %%ue — %L (115)
reproduces (105) in the long-wavelength limit (A < 1),
where positional relaxation is much slower than configura-
tional relaxation.

The dynamics, derived in Appendix D, are essentially
identical to those in Figure 7.

Suspension profiles under solute or temperature
gradients

We finally turn to systems with imposed external gra-
dients, with thermal and solute gradients as examples. Par-
ticles are known to move thermophoretically along local
temperature gradientszg’29 or diffusiophoretically in solute
gradie:nts,30’31 which naturally drive concentration gradients.
Such phoretic motions are generally described by phoretic
mobilities—for example, the diffusiophoretic mobility Dp(c)
is given by

ac

Up:DP((,') 8}7

(116)
where g—; is the local solute concentration gradient that would
exist in the absence of the colloid. In addition to this pho-
retic drift, however, such suspensions will also establish con-
centration gradients due to asymmetric relaxation, analogous
to the systems described earlier, whenever the diffusivity
depends on temperature or solute concentration.

Such suspensions exhibit the three ingredients required for
differential relaxation. (1) The diffusivity of a suspended
particle does not depend explicitly on position y, but rather
on a degree of freedom, whether temperature 7 or solute
concentration c¢. Although the temperature-dependence of
diffusivity is obvious, solute dependence is more subtle. For
example, the diffusivity of a charged particle depends on the
local ionic strength via the electroviscous effect.>>33 (2) The
degree of freedom (T or c¢) is forced to be spatially inhomo-
geneous in a nonconservative way, as free energy must be
irreversibly supplied to maintain heat or solute fluxes. (3)
Any finite system presents a mechanism for concentration

AIChE Journal 2014 Vol. 00, No. 00

profiles to relax to steady state. One should, therefore, expect
steady-state concentration gradients to be established due to
the differential relaxation mechanism we have been discus-
sing, in addition to any gradients that are established due to
a true thermophoretic or diffusiophoretic drift.

As before, we denote the spatial co-ordinate by y and the
local degree of freedom (e.g., the local temperature 7 or sol-
ute concentration ¢ that would exist in the absence of the
particle) by ¢. For clarity, we will consider ¢ to be given by
the solute concentration ¢, and denote the probability that a
particle is located at y and surrounded by a concentration ¢
that would exist in the absence of the particle by P(c,y,1).
We assume Fickian diffusion for the particles and the solute,
and the particles to move with a diffusiophretic velocity
given by Eq. 116. The evolution equation for P(c,y,t) is
given by

oP 0 oP 0 Oc 0 Oc
—=—(D()=—|+=—|(D,— |—=(Dp—P 117
ot 8y( (c)ay) 30( 3y> 6y< "y > o
For simplicity, we start by assuming no phoretic drift
(Dp =0), so that the colloidal flux
9P(c,y,1)

By (118)

Jy==D(c)

is purely diffusive. We also assume the solute concentration
¢ to have an externally imposed linear gradient

(119)

Under this simplified picture, the total particle flux is
given by
OP(y,c,1)

ay dc (120)

1.0== DG
and must vanish in steady state, requiring

]S=0=—2JD(C)PS(y,c, t)dc (121)

y ay

We define the steady probability P° in terms of a local
concentration C*(y) and a normalized probability distribution
p(v:¢)

Pi(y,c)=C'(y)p’(v;¢) (122)

where

sz(y7c)dc==1 (123)
The steady, spatially inhomogeneous concentration C° is
then given by

' C C
O@FJ =2 (124)

p'(y,¢)D(c)de

Even in the absence of any true phoretic drift, an inhomo-
geneous concentration profile thus develops in steady state.
Locally expanding ¢(y) and D(c)

oc
c(y) =~ co+ — (y— 125
¢(y) = co dy (y=o) (125)
D(c) ~ Do(1+B(c—cp)) (126)
gives an average diffusivity
Published on behalf of the AIChE DOI 10.1002/aic 11



D(y) =~ Do(1+p(c—c0))

~ Do<1+ﬁg—i(y—)’o)>

(127)

(128)

The steady-state particle concentration then follows from
(124) as approximately

) Co oc
Cy)=—|1-p=—0— 129
0= (185 ) (129
If, conversely, a phoretic migration (Eq. 116) were

included, the steady state particulate flux would be given by

ac? oc
Jy=—D(c)—=—+Dp—C° 130
y (c) 3 Py € (130
which must vanish, giving
0InC* _ Dp OC
—— == 131
dy  D(c)dy (3

To compare the magnitude of these effects, we now com-
pute the equivalent local phoretic drift velocity that would
reproduce the concentration gradient arising from anisotropic
relaxation. Using the local expansion of C° for the nonpho-
retic system (Eq. 129) in the equation giving zero-flux for a
phoretic drift (Eq. 131) gives an apparent phoretic mobility
D¥P

DY dc ac

c
by oy Pay )

(132)

meaning that the concentration gradients due to anisotropic
relaxation are equivalent to those arising from an equivalent
phoretic mobility

dD(c)

D =—py = — =

(133)

The anisotropic relaxation of particle concentration fields,
which we have shown to cause particle accumulation where
average diffusivities are low, gives concentration gradients
that are equivalent to those that would arise from a phoretic
velocity down the diffusivity gradient. Diffusiophoresis and
thermophoresis can occur either up or down gradients in sol-
ute’! or temperature.”” Anisotropic relaxation, conversely,
always builds concentration in low-diffusivity regions. A
more significant distinction, however, is that the particles
migrating phoretically exhibit a net drift velocity ((y) # 0),
whereas those accumulating via asymmetric relaxation expe-
rience identically zero net drift unless the concentration pro-
files are themselves relaxing spatially.

Discussion and Conclusions

We have here presented and discussed anisotropic relaxa-
tion as a central mechanism by which concentration (or
probability) gradients form across streamlines in suspensions
where no net, directed migration occurs. In particular, we
have argued that such gradients form via a three-step pro-
cess: (1) the solute takes diffusive steps across streamlines to
regions where different configurations/internal degrees of
freedom are more likely; (2) internal degrees of freedom, or
configurations, quickly equilibrate to reach a new quasis-
teady state whose average diffusivity and mobility are differ-
ent; (3) the solute positions relax to steady state (whether
bound by forces or constrained to remain within walls) with
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a rate determined by the mean mobility. Low-mobility states
take longer to relax, so probability gradually accumulates in
low-mobility regions. We have thus argued that cross-stream
concentration gradients arise whenever three conditions are
met: (1) the translational diffusivity depends on an internal
degree of freedom, (2) internal degrees of freedom must be
driven in a nonconservative, position-dependent manner, and
(3) some mechanism must exist for the concentration fields
in the system to relax to steady state.

In treating conservative systems with diffusivity gradients,
naive algorithms that neglect the V -D drift velocity give
rise to erroneous steady concentration profiles, with low con-
centrations in regions of low diffusivity (see, e.g., Ref. 34
for a discussion). Correct algorithms incorporate the V -D
drift, for example, Ermak and McCammon’s algorithm35
introduces the drift explicitly, whereas Fixman’s algorithm36
involves a higher-order midpoint scheme which naturally
incorporates the drift. Such naive algorithms, in fact, corre-
spond directly to the (correct) dynamics of the systems we
discussed earlier, where diffusivity depends on conformation,
which is nonconservatively forced in a position-dependent
way. In the cases, we described above, there is identically
zero V - D drift, as D depends on configuration, rather than
position. This can be seen, as well, in Ma & Graham’s
kinetic theory of polymers in flowing systems®: what appears
to be a cross-stream migratory drift term (—V - D), in fact,
cancels the cross-stream migratory drift in the Fickian diffu-
sion term that would otherwise exist in a truly conservative
system. It seems ironic that it is actually the absence of
cross-stream, V -D drift that gives rise to cross-stream
gradients.

The three conditions we have outlined above are quite
general, and we have discussed several example systems to
highlight different realizations of the basic idea. Anisotropic
relaxation does provide a mechanism for concentrating par-
ticles in certain regions of flow, and could thus in principle
be used for separations. It must be remembered, however,
that anisotropic relaxation, as we have been describing here,
gives rise to identically zero directed drift, with gradients
only forming over the timescales with which the suspension
concentration profile itself relaxes. Although potentially
effective, asymmetric relaxation may thus be considerably
slower than other separation mechanisms.
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Appendix A: Gaussian Integrals for go =0

We are interested in computing integrals of the form

(o0
In:J q"g(q,q,1,7)g(q',0,7,0)dq (A1)
-
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where
(a=q'h)’
exp(— 21(17112)>
)= ——— (A2)
8(q.q',1,7) (=)
and
h=e 1)/ (A3)
Defining
ho=e "/ (A4)
hy=e 70 (A5)
d=l1—e 2 (A6)
A= + (A7)
2t(1—h3)(1—h?)
higq
B=——— A8
t(1—h3) (A%)
7
C= - A9
(- 5m) @
we must compute
I,= < JOO q"e By (A10)
" onn /(=R (1-12) )
We then scale u=1/Ag and complete the square, giving
_g(CbOv[aO) ~ B ! _ .2
IH—W . V"I‘FZ CXp( v )dv (All)
where we have used the simplifications
CeP /) = exp ( — I (A12)
216
An/251/2
A2 A=) (1—h) == Al13
( O)( 1) \/ﬂ ( )
and
B (1-12) \'"*
=h ! Al4
RClCIET a

The polynomial must then be expanded, and the integrals can be
done easily

J Vie ™ dv=1/7V, (A15)

-0
where Vo=1,V,=1/2,V4=3/4,Vs=15/8,V3=105/16 and so on,
giving

_Z

e 2wt
=————=1¢(¢,0,1,0 (A16)

N 8(q )
1=h)h
11=g(q,0,t70)%q A7)
T 1_h2 1—h2 1_h2 2

= 0;( R 520) 1q* )2(q,0,,0) (A18)
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Appendix B: Doubly Harmonic Well—
Development

Here, we compute the dynamics of the particle in the doubly
harmonic well, shown in figs. 3-4, which obeys the Smoluchow-
ski equation

0P
0y?

LoP =0 sin (g)

OP
Jq

Apq (B1)

doubly harmonic well. We assume the particle to be located at
the origin at time #= 0, meaning that it has a probability Py(q’,
y',7,0,0,0) of being located at {¢,y'} at a later time #. At
each time 7, the “advective” perturbation introduces a distribu-
tion of weak sources and sinks, oy’ OPy/d¢q’, which then propa-
gate in time via Po(q,y,t¢',y',¢) to contribute to the resulting
probability of being at {g,y} at time 7. The full advective contri-
bution is found by integrating over all times from zero to ¢

_; OPy
Pu(q,y,0)=Ly "y B2
(q,y,1) »Coyaq (B2)
t P / /
:J JJ(y/a O(q’ya7l;]70’0’0)>P0(6],y,t;q,,yl,tl)dq/dy/dtl
0 q
(B3)

The term in parenthesis reflects “scattering” at time ¢, and the
second free propagator P, takes the “scattered” probability at
time ¢ and propagates it forward to time ¢. This integral can be
written

1
P.(q,y, t)=J Fi(q,t,1)Gu(q,t,1)dt (B4)
0
where
* 9f(4,0,7,0
Fa(g.1.1) =J %f@ g..0)dg  (BS)
>~ qf(4.0,7,0
:J - ﬁf@b q,t,1)dq (B6)
— 00
qf (¢,0,1,0)e” ")
—— b b (B7)
0
o.0)
Gu(y, 1,1) =J Y'g(y',0,7,0)g(y, ', t,1)dy’ (B8)
—(t=1)/t(] ==/
e e
=y8(»,0,,0) (5 ) (BY)
where f and g are given by Eqs. 57 and 58 and where
o=1—e? (B10)
S.=1—e 2" (B11)

Formulae for the Gaussian integrals are given in Appendix A.
The O(a) probability is then given by

_ qf(g,0,4,0)g(»,0,1,0)

P t)= B12
9((q7 y7 ) 551 ( )
! - 4 /
><J 1= e ar (B13)
0
which can be integrated directly to give
Py(q,y,t)==qyf(,0,1,0)8(y,0,1,0)H,(t) (B14)
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where
1 T te /T Dre
Hy(t)=—|—— +—
00, \1+1 -1 2—1
Next, we compute P,g, the asymmetric relaxation of these per-
turbed configurations

(B15)

[ 0P,  qO(yP,)
Pus(q,y,t)=Ly" +2Z B16
s(q,y,1)=L, (qayz . ay) (B16)
t
:—J Ho (1 )F 4G pdt (B17)
0
where
Faﬂ=Jq’2f(q,q’,t,t’)f(q’,O,t’VO)dq’ (B18)
_ / ! 82 / / !
Goyp=| 80,y 1,1) 8y,2(yg(y,0,t,0)) (B19)
112 (?5(y',0,7,0)))dy’ (B20)

Ty’

Computation of these integrals is tedious but straightforward.
Rather than presenting all details, we compute the time depend-
ence of the mean position

x(1)) =0</3J Jmedydq (B21)
t
:—ocﬁJ H“(t/)<JFdﬁquyGaﬁdy) dr (B22)
0
and start with the integrals over ¢ and y
JF a/qu=Jq/2f (¢,0,7,0)dq (B23)
=1-h; (B24)
and
_=0) ’('g(y',0,7,0
10(y"%g(y',0,7,0
+_a(y g(y7 »v )) dyl (B26)
T oy
as
Jyg(y,yﬂ 1,0 )dy=y'e (B27)

On integrating B26 by parts, the first term vanishes to leave

(=)

T

JyGa;dy=—e jy'2g<y’,o,z’70>dy’ (B28)

T

_u=0)

=—e 7 (1-h3) (B29)

Using B24 and B29 in B22 gives an integral for the mean
position

! _=7)
0)=o| Ha()e =) 1R (B30)
0
which can be evaluated to give Eq. 64
2 2o/t ,[e—‘—fr ,
=——+ —2————21¢"" B31
D=t ey e B30

plotted in Figure 4.
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Appendix C: Singly Harmonic with Sinusoidal
Advection

Here, we compute the dynamics of the solute molecule
described in section, which obeys the Smoluchowski equation

OP P
LoP ocsm(z) 9 +Aﬂqu2 (C1)
where
oP _0*P 0 ’P
P=————— -AN— 2

subject to the initial condition
P(4:y,0)=6(q)o(y) (C3)

The no-flux boundaries at y==*1 are treated using a method of
images: we solve for the dynamics of a single particle in an
unbounded system, then add images at y;=y+2j

0(q)6(y—2j) (C4)

We will thus start by solving perturbatively for the single-
particle probability in an unbounded system and will then add
the corresponding images.

The unperturbed propagator, which obeys £0P20=0 and reflects
the probability that a particle starting at ¢/, y’ at time 7 is found
at ¢, y at time ¢ is given by

Py(q,y,0)=

P (q.y.:4.Y ') =folq,q . 1.0)g0 (v, Y 1, (C5)
where
_la=d'n)?
folg,q' .t /)=$ (C6)
Y 2n(1—n2)
-y
Qo011 = — €7)
O 2 aN(i—1)
and
h=e 1) (C8)

The leading-order, single-particle probability that satisfies the
initial conditions (C4) for the jth image is then given by

v 2/)

2
€xp (_ 2<1q—4,z)> ~

P)= C9)
0 2n(1—h2) 2v/mAt (
At O(«), we must compute
_ . /Ty oP!
=L, ! (sm (7) a_qo) (C10)
which is given by
t
PO(:J FOC(q7 t7 t,)Gé(y,l‘,t,)dt, (Cll)
0
where
o0 Ofo(q',0,7,0
Fant)=] stadn P00y e
. 00
Gé(y,t,/)=J 200,y 1,1)g0(, 2,7, O)sm( 5 )dy
Letting z/=y —2j and Y;=y—2j, we compute G, (y) (C13)
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Gi(y)="U

J /

_y2 (Y _Rac-ty
e Yj /4At Sin <_J> e 4t
2/ At 2t

Now, computing F,

(C14)

— (C15)
2y [(1=R) (1=’
&
qe x (=1
V2o

gives the O(x) unbounded, single-particle probability for the jth
image

(C16)

yZ
j+1 qge~ Me T

P (q.y,)=(=1) (C17)
2V 2A18°
4 ; N ,
xJ sin<ﬁ>e*—“m gy (C18)
0 2t
Under the substitution #=7(1—u), this becomes
2 YZ
e 'me 4/\/[
P (g.y,=(-1y 1 47 (C19)
2n\/ 2At6
! Yi(1- ihui=u
XJ sinwe S My (C20)
0

In the asymptotic limit # > 1 (i.e., many g-relaxation times), the
integral is exponentially dominated around # = 0 and is thus can
be approximated using Watson’s lemma.?” Expanding the inte-
grand around # =0 and computing the leading-order approxima-
tion gives

y.

Seam Y
Py ) ~ (—1y1 42 e Ly (” f) c21
(¢,y,1) = (—1) Y (C21)
‘OO’ 2
xJ exp(—t(ﬂH)u)du (€22)
0 4
\/_e ze ~Th nY;
1yt 4 in<—’> 23
~ D n\/_(n2A+4) 2 (€29

Note we have also taken d=1, as is appropriate in the limit
t> 1. Summing all images using Y;=y—2;j gives

2
i 2qe_47
Py, 0) ~ (-1 ———— (C24)
Ry vy Wy
X Z e (‘43 s1n<— —jrc) (C25)
which simplifies to
2 vffz
4ge 7% sin () & G
Py(q,y,1) = — ) (C26)

\/_(n2A+4) = 2/t

Note that the sum itself is the free diffusion of an infinite series
particles starting at y==*2j, which in the 7— oo limit
approaches 1/2
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o _U-2)?

e T in
Z 2V/nAt

=0

—1/2 (C27)

giving the long-time behavior of P,

—-4*/2
2q¢ i (”y ) (C28)

P,(q,y,t — o0) > ———————sin( —
@y ) V2r(m2A+4)

2

in agreement with (76).
Last, we need to compute P,g, to get the leading-order mean
drift due to differential relaxation. We define

4
P7 W)= T~ Ju o\ 2
(q,,1) AT 4)f (9)8x(y1) (C29)
where
ge T2
«\q)= C30
12(q) W (C30)
and
—(y=2))* /4Nt
. [Ty e
«(y, )= sin _ C31
2(y:1) (2 )Z NI (C31)
The probability P,z is given by
Pos(q,y,0)=L""(Aq(P,),,) (C32)
— 4A ! ! / /
- mJOFa[f(q7[7[)Go€[)’(yat7[)dt (C33)
Here
Fop(q. 1, f’)=J qf(d)fo(g, 4 1,0)dq (C34)
and
00 2
Gup(y,t,1 )=J_ W(g“ ', 7))go v,y t,1)dy" (C35)

Our central interest concerns the quantity (y(7)), which requires
integrating P, over both ¢ and y. For simplicity, we integrate
over ¢ first

E)=| " Fulatig (36
=qu’q’fz(q’, t’)r dqf (¢,4,1,1) (C37)
-0
= J dq'qfu(q' . 1)=1 (C38)
to give an average probability
(). 0) == PR J; Gyt )l (C39)

There is no longer any “short” time, so we rescale all times by
the long (relaxation) time scale Ar

T=At (C40)

To compute G.5 in Eq. C13, we will consider g, from Eq. C31
to be

o~ =2 /AT +i%

and will eventually take the imaginary part. Using

5281()’/7 T,) _ (_l)jeiﬂzr/4 (efz¢’2/4T/(u/2_2T/)>

C42
0y 8T72\/nT’ (2
where u' =y —2j—inT’, and evaluating Eq. C13 gives
" (—l)je’”ZT’/“ ) 2
Gy, T)= —STS/Z\/E ((u —2T)e 47) (C43)
where u=y—2j—inT'.
To find the mean position (y(7)), we must compute
4af (T (1
1))y=— G T')dydT’ C44
(1)) 4+77:2/\J0 Jily 2y, T')dy (C44)
We compute the integral over y first
1 677[421[ .
G, (y,t)dy= ———r -1y C45
_(@j—ytinr’)? 1
xe (y(2j+inT’—y)—2T)’ (C46)
-1
The integral over T’ can then be performed to give
Tl
J J ¥Go(y, 1 )dydT' = (C47)
0J-1
o~ (=2)"/4T , 1
- e NV iny/2
2012 (( 1y =e® )‘_1 (C48)
7,[277" in(y+2) ,, . . 1
—4 4j+inT—2
LI U )Imerf(J x y) (C49)
4n 4T -1

The first term (C48) vanishes on summation. Finally, using C44
gives the mean position

2T
4ofi e 10
t)= — C50
0= oy (€50)
in(+2)) 4j+inT—2y !
X» Re|e * (imy—4)Imerf (7> (C51)
¥ ).
which appears in Figure 7.
Appendix D: Two-State Dynamics
The equations are
¢=A(cyy—edyy) (D1
d=Ad,,—2d— Aec,y—asin (g) (c+d) (D2)
Unperturbed propagators are
oyt t) o~ 0Y) /A=) 03
C ) 7t:t =
oLy 2/aA(t—t")
—(=y)/AN(=1)
do(y,y1,0)=e 20— (DY)

2/nA(t—1)

We start with a particle at y = 0, equally likely in either state

,T)= C41 oy
gzx(y ) 2\/7I_T ( ) a(y, 0)=b(y, 0):% (DS)
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or

c(y,0)=4(y) (D6)
d(y,0)=0 D7)

So the perturbative solution is

o L~ AN

oy, )=y 7 3 (D8)

j=—00
do(y,1)=0 (D9)
To O(x)

cs(y,)=0 (D10)

(—1)j+ljt 7207[,)7Y272InY/\1’+1:2/\2/(171/) ,
dy(y, )= e USSR (D1

e Vi N
j+1
_ (2—1)//: tJl e_zru_z_;_Anzfu(lfu)472i7z(]7u)}’du (D12)
VAt Jo

where we have made the substitution 7/=¢(1—u). In the limit A
< 1 (equilibration time short compared with diffusive relaxa-
tion), the first exponential kills the integrand for u > O(1),
whereas the second exponential varies slowly. Taylor expanding
the second around u = 0 to use Watson’s lemma gives

Y el

(—l)jﬂte_f_/fr eTJOO

=2

X, e sin()
d,(y,t)=— — 2/ (D15)
0.1 j;oo 4v At
which in the limit # — oo becomes
1
dy(y,t — 00) — —Zsin(%) (D16)

Finally, we compute the O(xe) term, this corresponds to the
probability that has been advected, then anisotropically relaxes

o0y /AAG—1)

I o]
Coe= T p— NV D17
! JOJ—OO Y AAr(t—1) i’ (17
Using
—1Y(A? Q+AR)+2ATY' =Y"?) _vn wr
d;,y,:( V(AF 2+ An'r) +2iAz ) 5264 (D18)

16V 7A3F5

and computing

0)0)=oc]

0

t

1 1
J J cap(y)ydydy'dr’ (D19)
-1J-1

gives a result that is functionally identical to the singly har-
monic drift (Figure 7). (y) is thus exponentially small at small
times (Af < 1), then approaches the steady state

dy(y, 1) e | e *™du (D13)
2
2kt o (A= 0(1)) — = ae (D20)
—1 J* 2 n T
) AR (D14)
4/ At as expected (e.g., from Eq. 105).
Taking the imaginary part and summing over all images j gives Manuscript received Oct. 8, 2013, and revision received Dec. 24, 2013.
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