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ABSTRACT
A discussion is vgiven of certain consequéncés of efnploying Regge poles
- rather than fixed-J poles as the source of two-éartiél'e' generalized potentials,
Three qualitative as-pects are emphasized: | ]
() For the purposes of sti'ip approximation' dynamics, confrary to common
belief, the Regge potential has roughly the bsame energy depencience as that
due to exchange of a fixed-spin particle. | | |

(b) The Regge potential, relative to that produced by a corresponding

fixed-spin particle, is damped by an exponential "form factor, " roughly"
. , 2a' (t-m®)

estimated as = , where a' is the trajectory slope, t the

. negative square of momentum transfer, and m  the particle mass.
(c) Ambiguous zero-range components in the fixed-J potential become

replaced by unambiguous shbrt-range components in the Regge potential,
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I. INTRODUCTION
Within a nuclear democracy governed by bootstrap dynamics all poles
are of the Regge type, but partial bootstrap calculations for practical reasons
more ofteh than not corhpute the two-particle generalized potentials as if |

they were geherated by fixed-J poles communicating with crossed reactions,

Sometimes this practice gives reasonably accurate results, but sometimes

. it is totally erroneous. Also, there are ambiguities associated with the zero-

| range components of fixed-J potentiais. It is the purpose of this paper to
eluc.idate the qualitative conditiolns under which tbhe u$e of fixed-J potentials
is légitimate .and to explain.how the z'ero-_ran.ge ambiguity is! rerhoved if one
understands the asymptotic behavior of Regge paramefers. We also attempt
to dispel a myth conéerning the energy dependence of the Regge potential.

Our enti‘re discussion is carried out within the framework of the new

form of strip approximation, in whi;:h the dyﬁamics requiring a potential

"li is confined to the low-energy interval where bound states and resonanéés
ére prominent. 1 As explained in. reference 1, one cannot extend potential
dynamics to the high-energy're_gio_n without double-counfing; but if high ener'-

gies are dominated by Regge poles--as suggested by most experiments to

| datez-—there may be no need for a detailed dynamics outside the low-energy

strip;

To‘formulate the strip ‘a‘pproximati'o'n, it is supposed that the four-line
connected part may be broken into two separé.fgly analytic parts: |
| Alsit) = Vo(t, s) + A%(s, 1), o (1:1)

5

‘the first term Vs it, s) not containing any poles in the channel invariant s
TS

and the second te¥m A®(s,t) not containing any poles in the crossed-channel "

invariants t and u. Conversely, Asv(s,t)'-is supposed to contain all the s
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poles wh11e V (t, s) contams all the crossed poles._ Regge asymptotlc behavior

prescrlbes that ’

i B A . PN e . , . . , » . . . -

| e ade) AR
A(s t) o< ,th +wd L, 2y
toru-v ol S _— v
s fixed . , c ' :
while o o o .
Vits) e T st xwte o0 Y (1)
8 Or u > - A R S G

E tﬁx_ed S I
: , N IR . \j» R SRR

~

w1th a cerrespond1hg behav1or for ve | .as | s or t-> bl w1th u- flxed The v

power a. (s) is the leadmg Regge traJectory commumcatmg 3w1th the s .

reactlon, wh11e ‘a. (t) is the correspondmg traJectory for the t reactloh.:"'

The sign (%) is determmed by the tra_)ectory 31gnature. |

The poss1b111ty of a strip apprommatmn depends on the further a.ssump-

T tlon that, as a functlon of s, A%(s,t) is large only within a strip | |
J} I- 1° The exper: 1menta1 basis for such an assumptlon has beeh d1s- - '
cussed in reference 1, leading to the conclusmn that s, 2 4 Ci»eﬂVZe The

s 58<s

str1p width s, must be chosen large enough so that (a) all significfaht' 8
resonances are included inside the strip, and (b) at all energies above the '
strip the Regge asymptotic expansion in terms of a finite number of crossed.

poles is a reasonable Vapproxim_ation.‘”-, It follows that.

. A(s,t) = Vs(t,s),' ' _ - A for s > 84 ) . (1:4)

A

.These requirements do not place an upper limit on si, in practlce, how- o
ever, one usually chooses 8y as low as possﬂ)le 80 as to mmlmlze the =~ L -

number of chanﬁéls that must be 1nc1uded in the str1p dynamics,
: -

The functi%h ve (t, s) is our generahzed potent1a1 to be used w1th

-

multichannel two-partlcle s-chscontmmty formulas ms:.de the str1p, s <s:t




-3 o : » _ UCRL-16101
‘in order .dynai'ni‘.cally to generaté the function As(s,t) which contains the s
' poles. The dynamical e'quations »méy be of the N/D type or equivale;xtly of
the Mandelstam iterative type. We are not here concerned with further
approximations, often made in N/D equations, that lead to violation of
(I:4) by causing A%(s,t) to di\.rerge. as s > o, e We confine our attention

to the potential itself,

II. CONTRIBUTION TO THE POTENTIAL FROM AN

INDIVIDUAL CROSSED POLE

For reactions without spin in which particle masses (ma. 'rnb) do not

change, a fairly simple formula has been given for the contribution to the

pofential from an individual Regge pole in the t reaction:

- 00
4 .
Vis(t,s) =- 5 B; T.(t) o dzt Pai(t)(-z'\)
' zt(SZ’t) ’
X '1 & - '1 ) )
z -?t 4 +zt - . ,

-

" L _ ,
For example,” the approximation of left-hand discontinuities by those of the
‘potential, ignoridg the oscillations required to maintain consistency between

threshold and aéﬁ_?;'*nptbtic behavior, -

" q
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whe.re. S _' | -
T = (2a,(e) + ) ye) [‘qa(”éb‘?’ ey
and | |
o .sta Tty tq () ‘- S , .
z,(s,t) = a - b s T ¢ i <) I
| 2q,(t) g (t) . Sl e

2t 2 2_t ey
9, &)= ~-m ", oy =g oemyto e (I14)

" Here. ai(t). isitl_ne Regge trajectory and 'yi(t) the reduced residue, while
Bi is the_appropriate.;élemeﬁf. of the crossing ma.trix;' Thé () sign in (II:1) -
is determined by the signatﬁre df_ the trajectory, -The lower limit of the

. integral in (II:1) has been chosen to make the potential real for s < 8,» 80

. )

_ \,‘well inside the strip. Multiparticle channels inside the strip, however, are

better represented by unstable two-particle channels than through the Regge B

in principle rhight be set as low as the leading multiparticle threshold,

expansioﬁ, so it seems doubtful that one would ever want to choose S, belowﬂ":
about 81/2. We éha.ll set s, = 8, for the purposes of t'hevpre.sent .‘discussivon,
thereby achieving a potential that is real -(n,ona.bsorptive) throughout the
strip.% | |

For regions of t where Re ai(t) > 0; Formula (I1:1) needs to be
definéd l;y analytic continuation.’ :I‘he result is

- . . . . . L e
’

3,
]

* ‘ s . . . ' . . :
The potential 15“9{ matrix connecting all important two-particle channels; .

N

we are consideriﬁ% one (not necessarily diagonal) element of the matrix,

723
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Pai(t)(zt) & Pa’i(t)(-zt)

vt sy =- 1 T ()
1 ° z B 1 " sinﬂai(t)

Zi(t) = z,(8,,t)

+ : dz' P (2 )| —— e L .
: o o‘i(t) z' -z z' +z
-1 : : t t

(I1:1')

I, THE CROSSED REACTION PARTIAL-WAVE
EXPANSION OF THE POTENTIAL
- We have defined the potential associated with a particuiar Regge pole

.so that at fixed t it is analytic within an ellipse in z_ passing through

1
1
{4

& zt(si,t), a region that includes the entire strip interval, Everywhere

t

inside the strip, therefore, we may express, the potential through a Legendre .

polynomial expansion in z,:

A A Av}g;) P(2,), - (1 4)

Fn

 J=even. -
or odd integers
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dz, PJ(gt)-Yi (t.s). S 2y

) .

= (-1)7 B, T, () { — . —
e | [;I'-_ai.(t)][J+ai(t)f1] R

L e AR
' | ‘ -1 q‘zf"pai(f)(z')-Q_J;(z'): . ,

We see that, as expected the potent1a.1 component V (t) has a- pole at

t'tJ., where a. (tJ) J That is, -

L V) ———p; (g, e, 0]7 —
t"’tJ.l : S Jl

- where -

t=t

: VRJi =Y (tJ )/( J ST T e

-

Let us now identify the standard approx1mat1on of the potent1a1 by a

© fixed J component. First one smglea out of the part1a1-wave expansmn ' | «
: ﬁ“ R

(I11: 1) a part1cu1ar term, usually the lowest J value JO’ then one approximates g \
the coefficient VJ (t) by (IIL: 3), keepmg only the t dependence assoc1ated |

with the pole and the crossed-channel thresholds. One then has

&l
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Vi) = p;(ZJO_f 1) (RfJoi/f;]'O'i'-t)

s+ %) + a0 (t)

, A
X [qa(t)q_b(t)} Py ] o, - (I1:5)

0\ 2q,(t)q,(t)

s

The fask of this paper is to'comp'are Formula (III: 5) to the more complete

expression (II:1), (II:1'), or equivalently (III:1) together with i(III:Z).e

v, COMPARISON OF FIXED-J AND REGGE POTENTIALS
|

- FOR |t] << 8.

Cur first remark is that for 0 <s < 8y and t < 0, the only reg1on in

which the potential is needed for dynamics, it is not unreasonable to keep

only the first term of the partial-wave expaﬁsion (III:4). The ekpansion is

rapidly convergent, with an exponential behavior for large J determined by

t

-the =z singtilarity at zi(t):

~J log [z (t) + (Ziz(t) - 1')1/2]

vi) < cwe ST avey

J >

Thls exponential cutoff starts becommg effectlve for . J 21 because of the

Fro1ssart prohibition on Regge poles for J > 1 when t <0, 3 It is easy to

venfy that the real part of log[z1 + (z1 - 1)1/2] is not only positive but of

the order of ma.gnitude unity over most of the strip.

'R'-h

Thus any segnous complaint about the fixed-J approxunatmn (I11: 5) to

y ¥-

the potential ougi’\'t mnot be with respect to the s dependence, which within
most of the strip is given adequately by Py [z(s,t)]. Of course as one
. 0 S -
|
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\

‘This formula shares with Formula (III:2) the propevrtie—s’of ehief'intere_st to ., o

functions, ai(t)

- 8o we take

T o " ucRL- 16101'
approaehevs the upper boundary of the str1p, more than one Legendre poly-
nom1a1 should be kept, but the charactenstm Regge ) dependence (I: 3) will
never appear _1ns1de the strlp. We could make it appear inside by choosing
S, <<-s:1 in Ferrnula (II:1), but as explained above such a_procedure raises
pr-oblems. of double co'"unting.'
| Evidently Formula (IiI:5) is accurate when t is su:fficiently near
i',_ but often the poles of interest, iike the p and «, liea substant1a1 :
digtance fromt = 0, We thus requ1re a critical cemparlson for t <0 .of -
Formula (III 2) with the approx1mat1on (I11:3). An essent1a1 feature of (III°2),,V
not apparent from the expressmn g1ven, is the exponent1a1 dependence on J-

shown in (IV:1). We have not been able te carry out the mtegratmn in (III:2)

so as to exh1b1t exp11c1t1y this exponent1a1 behavior, but Khuri and J'ones

Lyt

us and has the advantage of being-much more transparent." Our problem'
then becomes a companson of Formula (IV 2) with (111: 3).

Ev1dent1y some knowledge of the traJectory and reduced res1due '

- found a shghtly d1£ferent Regge formula4 for wh1ch the part1a1-wave pr.o_;ectio'n .

" yields
o 'v-i() o, . ,()aim_“ } -vi.(t).'
t) = B, t)q, (t
J ,Bl [qa b‘ ] J _ a‘i(t) :
7 exp. (¥[J-d'i'(t)] log {z,(t) +[2,2()-1]%/ 2.,}) L av) -

’-hd Y; (t), is requ1red Expenmental mdlcatmns are that - -

for t| < ty YV 11near approxlmatmn to the traJectory is not mlsleadmg, o
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o) 2 Tg7+ o 6y ety D | (1v:3)

0 0 0

' ~ 2 , ) . .
Let us also assume 8, >> maz, my 1t], so that the exponential factsor in

- (IV:2) becomes
u.i(t)-.]'
4

S — . SRR . (1V:4)
q,, (t)qy (t) ‘ | -

With these sifnplications, we reduce (IV:Z} to

Jo RJ {t) , ‘

i . 0. ,
V‘To (t)"’ ﬁi q.a-(’*}qb(t) R T » ' ' \IV.Z! }
. I -t :
0-
where ~ . /
i ' Yi(t) @i(t)‘J
R.J. {t) = 8 . {IV:5)
I | i A :
| ajfty)

Thé adequacy of the fixed~J approximation kITII.:3) has thus finally reduc.ed to
‘the adequacy bf ignoring the ¢t depeﬁdence of the function | R;(t) defined by
(IV:5), To make further progress the reduced-residue function requires
attelntion,
A. rough formula‘has b'een‘ given Dy ‘C"_hévw 4and Teplitz for the residue

- function: 5

v,(®). oy |
Sy S
ot ®) g (B)g (8] . ’

Y S A S oy
where Y (t) is thi8 projection of the t-reaction potential onto {(complex)

~ angular momentum J, The quantity t is a characteristic energy (squared)
: !

750
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presumed to be somewhere in the middle of the t strip. Qi:' ce the widths

AY
- «

of a.xl str i should be simi.lafp, we estimate t az = si/Z., In deriving
Formula (Iv:2') it was assuméd that |t} << Sy so variation of the factor

(T - t) in (IV:6) is weak and the most important 't dependence is that of the

function
s ' cai(ﬁ)-JG D(fc.i(t) 3 B .
F.lgy = : Qg ‘ (t) . . V.7
b a_(t)q, (%) ,jo- - CoL o }
AR N | A4 () |
:

which for convenience has been normalized to unity at ¢ = ty " The function .

; F. (t) evidently may be regarded as a kind of.form factor, .

The first faci:or in (IV:7), if we estimate vqa('ﬁ) as

-

s,/2) % (s,/8) "2,

i and similarly for qb(_‘é), 'becolm'les

v

!

“[Tn-0:(t)]4n 8 {t~ty i)/t‘ " A o
e O P e TONTE L v
where | )
. "i e . ) . . '_ /: . -' . . . CERR - .
JtC . vz; o'i' (tscl) ﬁl’f\ 3. o <o . S . . (.!.V.:?/

R

e S - " - i N . ! T -‘ “"i ' o R :
The second factor is harder to estimate and may in come casez be impor-

tant, but in simple models its variation with ¢ or !t] g no stronger
27 Wy N e § 5 ~ 7 : ".- .1 4
than that of factors already neglected, - The ssemaa'i pomt is that the ¢

reaction potentzai has singularities in .z,ﬁ much closer than z,, arising
R o

o

~

fromthe & poles~-which tend to occur toward the lower side of the s

s - . ) 3 “.n \:r gy : ‘ :
-strip, Thus the systematic exponential decrease of Y™ (%) for increasing

-
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J'l is much élc;wer than (.IV:i).' Of course one cannot rule out a strong
variation with J for t-reaction pbtentials with comple# structure, |
A crude estimate of the Regge effect for small Jt{, therefore, is to
reduce the fixed-J potential by a '"form factor" .

. i, .
Fi(t) ~ expilt-t_ 1/t ]
8] <

, e
with
~ ' i .
t,” % 2a (tJO ). | (IV:10)

Using the p trajectory as an example, ao(O) = 0,5, 2,6 so

1-0.5 2 ’
2 ' = 2 bt =m
e
p
and we have -
' 2 2 ' o
Fp(t) = exp[(t—mp )/mID 1 - C(IV:11)

‘Thus the "range" of the Reggeized p potential, as measured by its loga-

.rithmic derivative with respectto t at t = 0, is N2 times as great as

that of a conventionél p potential. Also it is damped in strength by a
factor = 1/e,

Note that we are giving no justification for the '""Born apprbxim'ation”
(or peripheral model)

Als,t) = V2 (¢, 8)

for s < Sye What wé are suggesting is that a simple form factor may
correct the mc:st serious tropbl’e with the fixed«J potential for small ]t].., .
The potential is to be inserted intp dynamical equations--which still h.a.\;e
to be solved befgi'e the low-energy amplitude is achieved.

The above arguments could be extended to Regge recurrences, that
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is; to J values in the expansion (III:i)vbeyoni'd the first, The exponential
démping rapidly suppresses these, however, by successive.factors of the "

e-ZAJ_ = ;e_é, There will rarely be any need,. therefore, to go

order
beyond the leading physical value of J. ‘The Pomeranchuk trajectory
presents a special problem because the first physical J value, J =0, has @

no t pole.associated with it, We shall deal elsewhere with this extremely

important special case.

V. BEHAVIOR OF THE POTENTIAL AT LARGE {t|
We have proposed-adding a particular form factor to the fixed-J
potentiai (I1I:5), Our estimation of this factor employed many 'approximati.ons

that required t to be less than 5 but it iz plausible that the Regge

parameters di(t) and yi(t) Wi}l have a behavior as t -~ « that will cause
the actual form factor to decrease strongly. At first sight, the asymptotic

. behavior for large ¢t fnight seem irrelevant, since in the physical region
: :

of the s reaction |t] <s and we are conﬁ;’ling oﬁr;élves to s <s,. I,
however, an _anal'yti;: ;:ontinuation is attempted in the angular momentum of

the s reaction one must, in the projection of the poterntial, .integrate to -

in t. The continuation is defined only for Re Js >N, if the potential beha.ves.“ _

'1ike-'tN as t —D-'yo.' -
- Jo-4 .
Now, the fixed-J potential (III:5) behaves like t as t = o, so

~ one is in difficulty for s-reaction angular momenta < ..To-i. For example,

the p potential gives trouble for J = 0 inthe =w system. In this case

Formula (III:5) becomes
' %
: . N\
R

5l

P
N

1
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. Ripi." Zs+t-4m"2
V “t,s) = g_3
P m 2'--t: 4
2]
3 0 Zs-!-mpz --‘!:mﬂ2 . '
- —40 ﬁp Ri o Z—t g "‘i ° N (v:i)

‘Obviously the -1 inside the bracket is effective for no angular momenta in
the s reaction except the S wave, and there is always uncertainty about
whether this singular ("zero-range”)-component in the potential should be
taken seriously. !
The Reggeized potential eliminates allvsu;:h ambiguities if the effective .
form factor vanishes more rapidly than t"(‘j - as t - o, Suppose, for
example, that we add the simple exponential (IV:41) to (V:1). There is now
no difficult‘y, Both terms in (V:1) are to be taken seriously, The first is
“'éattractive (if ﬁp is positive) and has a ”_range” = '\/_2_/mp as explained above.
The second is repulsive and of a shorter ''range'" = 1/rnp that arises
entirely from the form factor. Both terms are effectivg for all s-reaction

angular momenta, although the first term is relatively more important for

high angular momentum and the second term for low,

#5y



- ACKN OWLEDGMENTS
H

I am very grateful to Dr. P. D. B. Collins and Dr. V., C, Teplitz for

numerous discussions concerning the points covered in this paper., The
motivation for the qualitative analysis presented here arose from quantitative

numerical calculations performed by Col‘lins and Teplitz, .

o

3y



-15- UCRL-16101

FOOTNOTES AND REFERENCES

% v . ’ \
"Work performed under auspices of the U. S. Atomic Energy Commission.

1,

G. F. Chew, Phys. Rev. 129, 2363 (1963); G. F, Chew and C, E, Jones,
Phys. Rev. 135, B208 (1964), |

See R. Phillips and W, Rarita, Lawrence Radiatioh Laboratory Report,
UCRL-16033, April 1965, for a recent review.of all high-energy «N
and KN experiments and for additional references.

M. Froissart, Phys. Rev. 123, 1053 (1961).

N. Khuri, Phys. Rev, 1_?_(_)., 429 (1963); C. E. Jones, private
communication (1962). | ‘ !

G. F. Chew and V. Teplitz, Phys. Rev. 136, B1154 (1964).

R. K. Logan, Phys. Rev., Letters 14, 414 (1965)."



8

a

This report was prepared as an account of Government
sponsored work., Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on -behalf of the

Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.



N






