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ABSTRACT
 We show that there exists a limiting age distribution for each
population of 'cellé that die or divide according to continuous age-

: "?"_':":dependé‘nt schedules. Thig limiting distribution is independent of the

. initial age distribution. Explicit asymptotic formulas are given for

y
< "."the hmxtmg age d1str1butmns and for all statxonary age d1str1butmns. {

'Nonsta.tmnary behavmr penodlc in time 1s 1mpossxble.
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INTRODUCTION ', -~ " B T
'We consider from a deterministic viewpoint the' growth of pop-
ulatzons of cells that die.or divide accordmg to continuous age-dependent |

"":-.s_chedulles. We show that the age distribution of any such populatlontends .

“ “to a limit t_hat.is independent of the initial age distribution, Further, we
'exhivbit explicit formulas for the limiting distributions and, consequently,
for the statxonary age distribution of each p0pu1at1on Convergence to a

11m1t1ng age d1str1but1on differs from the per1od1c behavzor derived by

other authors (Trucco, 1966 who also gives add1t1ona.1 references) They

descrxbed perxochc behavmr only under the unnatural hypothes1s that all

cells consxdered divide at precxsely the same age, As we show here, »,

even shght devxatlons from such a rule, as certamly occur in natural

populatxons, w111 destroy perxod1c1ty. S o _ (R .

Our conclusmns make. more defnute the usually va.gue invocations

of "steady state kmetlcs'ﬁ in expenmental stud1es of populatmn growthor’
metabchsm '(_e. g. , Moses and Lonberg-—Holm, 1966) and ma.y even allow

the,' use of xtiaturally growing cell cultures in expe'rime‘nt.s' formerly thought

to reqmre synchromzatmm

: More prec:.sely, we cons1der a contmuous £1mte populatzon ofcells,

: f. measurmg the age of each cell from 1ts t1rne of b1rth Let n(a, t) be the

number of cells in the popula.tmn that a.re of a.ge a. “at t1me t. By con-
; tmuous pOpulatmn, ‘we mean that n(a,t) 1s a contmuous functlon of a for f-' -
‘each t =z 0. Thxs is a departure £rom actual populatmns of cells where

for each t the n(a, t) can be nonzero only at a f1mte number of d1stmct

o ‘ages ‘a.’ For la.rge p0pu1atxons, the smoothmg mtroduced by continuity is

i .
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B} _thought to be negl1g1ble, parucularly since the determmatmn of age by ex-l’;‘-‘.,.'

;penmental means is necessarzly approximate, Let N(a,t) f n(s, t) ds.

:’..‘ Then N(a t) represents the number of cells of age not exceedmg a at

: t1me to By ﬁmte populatmn, we mean that N{w,t) = l1m N(a, t) exists,’
-We assume ‘that the partial derivatives N and. N exist and are con-
«.‘_.;‘tmuous For each populatxon, we defme the age distribution D by

- D(a t) = N(a,t)/N(oo t), with the conventmn that D(a,t) = 1 when N(oo t) = 0

Now auppose that P(a) is the proportmn of cells of age zero that
e ol would divide. before age a if no deaths were to occur, and suppose that

: : Q(a) is the prOportmn of cells of age zero that would d1e before age a if

;:';-_no d1v1s1ons were to occur, D1v1s1on means replacement by two rephcas e
N of age zero death means removal from the populatmn. We assume that

Q(O) P(O) 0 that l1m P(a) = 11m Q(a) = 4, and that P and Q are

N contxnuously d1fferent1able. ‘Note that d18cont1nuous P or Q are excluded,

‘;;_l"We set I 2 f Q(s) P'(s) ds,
‘ If t 0 for some arbitrary 1mt1a1 t1me, it 18 clear that N(a t) E

hdepends on N(a, 0) for (.11 a=0, As we shall show, however, the 1nf1uenee_' .-.'.1 B o

;_..of N(a, 0) is neg11g1ble for la.rge t The main result to be demonstrated is-‘,‘

| that l1m D(a t) exxsts and is mdependent of N(a, 0). Indeed we-shall find

exphc1tly the asymptotxc behavmr of N(a, t) for 1arge t'. when 1> 1 N(a, t)

"_'tends to zero for each a, “when. I < 1 Nfa, t) increases exponent1ally in t; . S

when I 1 N(a t) tends to a funct1on of a alone. The cond1t1on I=

.deserves partlcular and further attentmn for moderate values of t, but:
" we postpone 1ts deta1led cons1derat1on. R ‘

The demonstratmn proceeds through three parts' the estabhshment

e of a basic equatmn for N(a t) the der1vat1on of a renewal’ equatlon, the; - Lo

.' '-"~-"-solut1on of wh1ch governs N(a, t); and the‘analysxs of that‘;'enewal equatmn‘
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(AstPtOtIC Béh?“’ior) A few remarks conclude our paper. -
S R A BASIC EQUATION o .
T Wit pley= PNt -P(e)] ! and qls) = Qe)[1-Qle)] 7Y, our stated

o assumptmns lead to the equation
e ans 0

.'»:"','f.vN(a, t+5t)—, I N (s 6t, t)[1- p(s)&][i-q(s)&t] ds+2J N (s t)p(s)&t ds+o(6t), |
: e-&t : : , ‘ S "—o (1)

' Where o generically denotes a function for which‘ linb o(x)/x = 0, The

"','-i,"mtegrals on the rlght SIde of Eq. (1) represent the respect1ve contributions
"_f.to N(a. t + 61:) of cells that neither die nor divide in the t1me interval (t, t+6t)

"‘"'_"a.nd of cells that do dw1de in that mterval Rearrangmg Eq. (1) and inte-

',-Q','?l"gratlng N a we. fmd 0 s SR

[N(a t+6t) N(a 6t. t)](ﬁt) = J N (s t, t)[p(S) + q(S)] ds

+ 2 f (s t) p(s) ds + i(g?)—- :

- Letting "6t | tend to zero, we obtain the sought equation .=

. f N (S t) P(B) dB -j N (s t)[P(B)-Fq(s)] ds.' (2) ‘.

Ay As we’ sha.ll show m the followmg sectmn. the functmn N(a., t) is umquely

o .,-'determmed by Eq. (2) and the functmn N(a, 0), thh a >0

A RENEWAL EQUATION

By d1fferent1at1on of Eq. (2) W1th respect to a, we obta.m the part1a1

B "dlfferennal equatmn mentmned but only tr1v1a11y exploxted by several authors~ L
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dnfa, ) - [p(a)+q(a)] n(a,tl . R

L 3 [Trucco, 1965 and 1966 (who give add1t10nal references)] As indicated
o ‘elsewhere (Trucco, 1965), this equation, together with N(a, 0) or n(a, 0)
-’""'--'for a>0 is not ‘sufficient to umquely determine n(a,t) or N(a,t).
| By virtue of our knowledge of the general aolutlon of Eq. (3), : RO

s ',“..{,satisﬁed by n(a,t) = Na(a, t), we know that N(a,t) must have the form

- N(a, t-)_i. ] HI;Ié(s-t, 0‘) exp[R(s:t) - R(s)] ds,: 7 ©(4). .
woig=Q o T e

.

| R(a)- j [P‘s“q(s)l ds, - R

o and where N (s-t 0) is g1ven only for s>t by N(a, O) w1th a >0 The:' g l

. "relatmn (5) ma.y be wrltten more exphcxtly as

R(a) = - log {[1 Pla)] [1- Q(a)]} e

If we now set y(us) equal to N (s 0) exp R(s), we may Wnte Eq. (4) as

8 = f ' Y(t-,s')‘[i-_P(S)] [1 -o<s),]-.f,ds-, M Ty

: The replacement of N(a, t) in Eq. (2) by th1s expressxon a.nd an mtegratmn

‘ "I‘_‘.‘..f:;by parts lea.d to the’ 1ntegra.1 equatxon £or y,

Y(t) y(t 8) [1 Q(s)] p!(s) ds. : » (8) '

. n‘-‘-—\

‘ Specn'xca.tlon of N(a, 0), W1th a >0 determmes y(t s) for t <s, and we
" may therefore write Eq. (8) in the form. of a classical’ renewal equation, - ,'::' »

. ’,"'
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RS CES I f Cy(t-s)[1-Q(s)] PM(s)ds+ £(t), 7 . . (9)

" where L -
BRI R f N,(s-t, 0) exp[R{s-t) - R(s)] ple)ds. - (40)
LT g=t 4 . o

i's: a known function, given Na(a, (l), P(a), and Q(a) for a >0.
.So faz;, ‘we have proceeded4without regard for differentiability and

o --,v:mtegrablhty reqmrements. If y(t) is to be continuous at t = 0, ‘then the

“%.definition; y(-s) = N,(s, 0) exp Rs), together with Eqs. (9) and (10), yields -
~ . the companb;hty condition ‘N (0 0) = f(O) or . | |
N0 =2 f N (si0)p(s)ds. c T (1)
N T T

.'.".~,"::':_jLet us as sume for the moment that this . compat1b1hty condxtlon holds. LIf

v:"";.'-'_"Eq. (2) is to have meamng for t = 0 we must assume the existence Of
o j N (s O) p(s)ds .and f ’ h..Na(S; Q) Q(S)._d's.-ﬁ IR

: It is- sufﬁment to requu'e further the ex1stence and cont1nu1ty of N (s 0)

for s 2. 0, and the ex1stence of f(O) and f’(O), in add1t1on to the res-"fi

! " trzctxons already placed on P and Q. For then the functzon f is con-

|

-}',“’ tmuous and bounded enta.111ng the exmstence of a uruque, contmuoue solutlon

Ly of the renewal equation (9) (Bellman and Cooke, ‘1963) ance, further,

ff is contmuously d1££erent1ab1e and all other functxons appea.rmg in Eq. (9) ~

o - : are contmuous, it follows that y is contmuously d1-fferent1a.ble. Therefore,
:"L_, : the functmn N defmed by Eq. (7) is d1fferent1able in each of its.variables, -

‘vi”_t'_‘,and the operatmns requxred for the formatmn of Eq. (2.), as well as- those"




is (i)‘llees‘than, (n) greater than, or (111) equal to umty or equwalently, c

" . whenever these integrals exist,
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performed in the derivation of Eq. (9), 'are all permxtted. Equatmns (7)

s

and (9) a.llow the calculation of N(a, t) for any desired (a,t), but let us

~

. turn to the behavxor of N(a,t) for large t.

" ASYMPTOTIC BEHAVIOR

The conduct of N{a,t) for large t is determmed through Eq. (7) by -

j the asymptotm behavmr of y. The latter is greatly ‘influenced by the .

kernel of the renewal equatmn (9). " We may dist.:ingui'shh three c'ases, ac-

' ’w.,-.,;cordmg as .

’-f‘ [1 - Qls)] PHs)ds | .
-5, o S

‘A"‘:, o . iy
8

accordmg as I 2 f Q(s) p’(s) ds is (1) greater than, (11) less than. or,

(111) equal to umty. . In case-(ii), there exmts a unique constant c >0 auch

~:tha.t‘.

0

'fo'r,'», cons'ider‘ed.’as" a funct:ion‘ of 'e, . the left side of thie equation is con-
tmuous and monotomcally decreasmg 1n c, exceede umty for ¢ = = 0, and
1s arb1trar1ly small for ‘c sufﬁc:.ently la.rge. We set

‘;:_F_<>s>“?'=;;?f S geras DM '=?f la%"e’fs (o e

" and o
m(x)-_-zf _,{se'xs [i-Q(s)jiD'(s) ds. .. |
o : ‘- 0 . '. o ’ ,

v 5w e CoyTA. ) S o0 e : . .
Tt -} (et & v . 0 e 500 e by o o oy - - e

e ey aaop b o i s .

B L TSP

o e

te e mmese e e e seimeae e



-7- ' . UCRL-16716
, - The followir';g behavior of y may now be establishéd for the three ,
cases: (i) tli_’m;oy(t) =0, (1) Yim y(6) e™ = F(c)/mlc), (i) lim y(t) = F(O)/m'(O).H.-:
| Pr'oof‘of this behavior isvin several theorem.s which we cite.by number from |
‘Bellman and'Céoke (1963). Convenient additional assumptions for this prodf
- ‘ for the'respective cases are the existénce of: (i) D(0); (ii) D(0), F(c) and
m(c),. 'v./h.ere c is given by Eq. (12); (iii) F(0), m(d) and a b>0 for which
' _%ig‘tﬂe?t'f('t) =0 and for ‘which D(b) exists. First, we may represent Yy in
‘the form.(Th‘e.orem 7.6) | a
y(t) = f(O) u(t) + f u(t -s) £1(s) ds,
: 0 : : (13’ .
wh'ere u ‘is f;}'xé‘conltinuous solution oflt:h_e am.ciliaz'-y.reﬁewal equé.tion i
g(c) = zf ult - s)[1-Q(s)] P'(s) ds + 1.
| . % ( -, . o
,'AApphed to th1s aux111ary equatzon, ‘Theorems 7.14 and 7.11 y1€1d the results S
1 lim u(t) 1/(1 1) in case (i), and 11rn u(t) e = 1/cm(c) in case (11) '

Equatmn (13) then perm1ts the stated conclusmns for y in cases (i) and . -

‘Caseﬁ (iii) can be reduced to case (ii) by considering’ z(t) = ebt y(t), '. ;
where lb'>_O is.any number satiéfying our assuﬁ‘iptibnsigfvor case (iii).' We i
) _éé.sily ébﬁaiﬁ thé renewal 'equation‘ . . |
. Lz (t) =v'[ z(t-s) ebs [1-Q(s)] P’(s)_ds + ebt i(t),

“which poséesses a case (ii) kernel, Since D(b) exists, z(t) has a repreéen;

tation of the form of Eq. (3), and we conclude from the behavzor of the

L solutlon of its auxiliary equation that 11m y(t) lgl;xoe z(t) F(O)/m(O)
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that the limiting distribution is mdependent of the 1n1t1a1 distribution,
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The consequences for N(a, t) of the various asymptotlc behaviors

A :lsvc_"of y are easlly assessed through Eq. (7). Indeed, we find

= 0 for 1>1 S S
. . - a : . .
' tlj.rg N(a, t) e St - %%)-) f e % [1-P(s)][1- Q(s)] '. CforI< i
',‘and 8 =0 ' ' ,: ,_ '
o MmNt = f [1 P(s) J[1-Q(s)] ds - "0 forl=t,

where the constant c>0 is g1ven implicitly by Eq. (12) It follows that’

D(a, t) = N(a t)/N (oo t) tends to a 11m1t1ng distribution in each case, and

¢

If N(a, 0) is taken as proportional to the appropriate limiting d1s-

: :tributlon, then N(a, t) will be stationary or independent of t, That these
" ‘are the ._o'n‘ly stationary N(_a. t)j [except for N(a,t) identi_call'y zero] follows E

from the_" necessary.convergence to a limiting distribution,

REMARKS

§2
¢

Rellaxation of our assumptions is posbsible under the condition of a

. ﬁmte life span for the cells considered, Namel.y,' if thei‘e is a number A

‘ence of F(O) F(c),.m(O), m(c), or D(0).

Regard1ng P and Q as bemg fixed functxons, we have 1mposed

| -_cf restrictions on the'functien f defined by Eq; (10) Apart from the

: T”"-ff,'smoothness requ1red by our formal man1pulat10ns, these restrictions en-

sure only that n(a, t) N (a, 0) tends rapldly enough to zero as P(a) or

Q(a) tends to unity, Thus we may say that we req\nre a sufficiently

youthful population given by N(a, 0). Itis eas11y seen that naturally grow1ng

: i'such that P(a) = Q(a) =1 when azA, then we need not assume the emst-». :;: :';'-"

fseveral conditions on N(a, 0) and its derivatives, usually 1nd1rect1y by way .+ S
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'populations have précisely this quality: few cells survive past an age a
- ‘at Which_ .P(a')'or Q(a) is almost unity,

~ The compatibility condition (13) is also a restriction\to a natural

-~ initial populatlon ensuring that the initial population arose from the

process defined by P and Q. It is not an essential cond1t10n however,

"¢ If the compatibility condition does not hold, we determine y from the

renewal equation (9) and then redefine y(0) = Na(O, 0). The resulting
.Nv(a, t), given by Eq. (7), then‘has a saltus at a = t, Nevertheless, our
b_"v’.conclusions for N(a, t) remain valid’ for a<t, Under.the condition of a
finite lifo span, "the limiting age distributions shown are valid also.

~Our rcvsolts can be extended slightly to include the case in which

. "each dividing cell gives rise to k daughters. Our conclusions remain

N valid if we replace I by kI/2(k- 1) and correspondlngly mochfy the defini-

t-‘txons ofc mand £,

The stochastic treatment of questions of age distributions has re-
ceived attention'in the case of age-dependent birth and death probabilities
(Kendall 1949), but most questions rémain open. Our work may be inter-

.preted as a contrlbutxon to a stochastm theory, for 1f P and Q are regarded

. as ‘distribution functions of random variables, then our results pertain to the_ _

" mean value of the random variable N(a,t). Our assertions about convergence . o

to 11m1t1ng dlstnbutlons are less meaningful without the evaluation of other

statistics such as the variance of N(a, t). Since a.ctual p0pulat10ns of cells

exhszt stochastlc behavzor, pract1ca1 apphcatxons make this difficult eval- o

'uat1on of 1mmed1ate import. = o
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