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ABSTRACT OF THE DISSERTATION

Synchronization Error Channels & Windowed Decoding
in Theory & Practice

by

Aravind Raghava Iyengar

Doctor of Philosophy in Electrical Engineering
(Communication Theory & Systems)

University of California, San Diego, 2012

Professor Paul H. Siegel, Chair

Right from the birth of communication theory, synchronization errors have been
a challenge. In the first part of this dissertation, we will consider a class of synchroniza-
tion error channels and develop a rigorous information theoretic analysis. We provide
analytical bounds on the capacity of channels that introduce deletions or replications.
For channels that introduce deletions and replications, we develop methods to approx-
imately estimate the achievable information rates. Following this, we consider specific
applications in magnetic recording where synchronization errors play a key role. For
these applications, we provide bounds and numerical estimates of the channel capacity

as well as the zero-error capacity.
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In the second part of the dissertation, we will focus on a coding theoretic problem
of analyzing a low-complexity decoding scheme for spatially coupled codes over the
erasure channel. We describe the operation of windowed decoding, and analytically
establish its asymptotic performance limits. For protograph-based LDPC convolutional
codes, which are a variant of the spatially coupled codes, we identify characteristics of
code ensembles that result in good performance with the windowed decoding algorithm

over erasure channels with and without memory.
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Chapter 1
Introduction

The advent of digital communications paved way for fundamental changes in
the way people communicate. With the birth of information theory, a meaningful quan-
tification of information was possible, which led to a well defined notion of the “best
speed” of communication. More importantly, it also gave rise to methods of handling
signal distortion, which was one of the big roadblocks in analog communications. In
other words, digitally communicated information was correctable in the presence of er-
rors due to physical impairments of devices used for communications. Coding theory
quickly emerged as a crucial topic in communications.

Despite the simultaneous development of information and coding theories, and
despite their common motivation, it was not until the 90s that they converged with the
discovery of codes and efficient decoding algorithms that approached the limits imposed
by information theory. It is to this development that today’s fast communication and

storage devices, the internet, and all communication networks largely owe their birth.

1.1 Digital Communication System

A digital communication system basically consists of a message transmitter, a
channel through which the message is communicated, and a receiver. Based on the chan-
nel of communication, the transmitter and the receiver are required to perform various
operations to realize successful communication. For example, in a wireless communi-

cation system, the information is typically modulated before being transmitted. This is



done for various reasons including facilitating reception of signal with a small enough
antenna and using frequencies that do not undergo heavy attenuation during transmis-
sion.

Most physical communication channels are noisy, i.e., the transmitted signals
are typically impaired due to physical limitations or imperfections in the device. Com-
munication devices are therefore required to provide mechanisms for error correction.
The exact mechanism to be used is designed based on the specific application of the
device and is known both to the transmitter and the receiver prior to transmission. The
transmitter encodes information, and the receiver decodes it on reception based on its

knowledge of the encoding.

1.2 Data Storage System

Although the description so far pertains to the case of communications, the same
model applies for data storage as well. The storing of data is the transmission, the device
on which data is stored is the channel, and subsequent reading of the data on the device
is the reception. Thus, information is communicated from one time to a subsequent
time. Devices on which data is stored, e.g., hard disks in computers, flash memories in
tablets, phones etc., are also noisy. The data storing process is hence accompanied by
encoding, and data retrieval by decoding. Due to this parallel, we will not distinguish
between data communication and storage devices henceforth in this chapter, and refer

to them as communication systems.

1.3 Information & Coding Theory

In order to study a digital communication system, a mathematical model that
mimics the behavior of the communication system in consideration is first framed. Typ-
ically, communication systems are modeled probabilistically, where the randomness
arises from the noise in the system. Information theory allows us to formulate funda-
mental limits on the performance of such a system in terms of the number of messages

that can be sent each time the channel is used. Efficient coding schemes are then devised



for the system. Codes are ranked based on their ability to correct errors introduced in
the channel, the complexity of the encoding and decoding operations, as well as the gap
between the rate at which messages can be sent using these codes and the limit dictated
by information theory.

For a class of communication systems, Shannon [103] showed that there is a
maximum rate up to which reliable information transfer is possible, i.e., the probability
of decoding to a wrong symbol vanishes to zero as the number of times the channel
is used goes to infinity, and beyond which no reliable information transfer is possible,
i.e., the error probability is strictly bounded away from zero. This limit on the rate of
information transfer is called the capacity of the communication channel. Since this
seminal work, similar results have been shown for various communication channels.

Capacity-achieving codes are those for which efficient encoding and decoding
schemes are known for rates that are close to the capacity of the channel for which they
are designed. Such codes had not been discovered until the advent of Turbo codes [13]
and the rediscovery of low-density parity-check (LDPC) codes [80]. Recent develop-

ments have produced various types of capacity-achieving codes.

1.4 Dissertation Overview

This dissertation can be divided into two main parts. The first part, comprising
Chapters 2 and 3, is information theoretic in nature. In Chapter 2, we study a class
of communication channels that introduce synchronization errors, i.e., the number of
symbols received is a random function of the number of symbols transmitted over the
channel. Such a channel introduces deletions and replications of symbols transmitted
over it. We establish bounds on the capacities of such channels. In Chapter 3, we
consider synchronization error channels that arise in the context of data storage, and
in particular, in magnetic recording. We employ similar strategies as in Chapter 2 to
establish bounds on the capacities of these channels.

In the second part of the dissertation, comprising Chapters 4 and 5, we focus on a
coding theoretic problem. We consider transmission on channels that introduce erasures

and consider a low-complexity decoding algorithm for a class of LDPC codes. In Chap-



ter 4, we theoretically guarantee the good performance of the algorithm by establishing
that the windowed decoding threshold approaches the belief propagation threshold at
least exponentially fast in the size of the window. In Chapter 5, we identify characteris-
tics of specific code ensembles that have good performance with the proposed decoding
algorithm.

We start with a note on the notation used in the rest of the dissertation.

Notation

Non-random variables are typically written as lowercase letters, e.g., n. We
denote sets by double-stroke uppercase letters, e.g., X. We will reserve N, Z and R to
denote the sets of natural numbers, integers and real numbers, respectively. Z* denotes

the set of non-negative integers. We define

[l’l] = {1727 7”}7”6 N7
[0] =0,
A ) {mm+1,--- n}, m<n,

m:n| = and
0, n <m.

Zimé{—m,—m—l—l,'u,O,l,-u,m}Vmez+.

For some n € N, we will let X" denote the set of vectors of dimension n with
elements from X. Vectors are denoted either underlined, x, or in bold face, x. Matrices
are also typically written in bold face, e.g., H. We will write X to denote a string, and A
to denote the empty string. The length of a string, denoted |x|, is the number of symbols
in it, and by definition, |A| = 0. With some abuse of notation, we will use “vectors of
dimension n” and “strings of length »n” interchangeably with the understanding that the
string corresponding to a vector is just the concatenation of the symbols of the vector in
order. The set of all strings of length n over the alphabet X is hence also denoted X",
and X° = {1}. We write X to denote the set of all strings over the set X, i.e.,



The bar “~ will denote the concatenation operation, so that X -y is the concatenation
of strings X and y.

In general, we assume an underlying probability space (S, %,P) over which
random variables, denoted by uppercase letters, e.g., X, are defined. Random vectors
are denoted by uppercase letters with the multiset of indices as subscripts, e.g., X, =
(X1,X2,--+,Xy), or Xy[n] when the multiset of indices is itself the elements of a random
vector Y},;. Random processes (assumed discrete-time) are denoted by script letters 2,
or subscripted by the set of natural numbers, Xx.

We will use the asymptotic notations O(+), o(-), @(+) as in [17,59].



Chapter 2

Synchronization Error Channels :

Theory

Channels with synchronization errors have been familiar to information and cod-
ing theorists and practitioners alike ever since the advent of the digital information era.
Although Dobrushin [27] established the coding theorem for such channels as early as
1967, tackling these channels in terms of estimating information rates and constructing
codes with good performance have proved to be very tough. In the last decade, sig-
nificant progress has been made in estimating achievable information rates for certain
channels with synchronization errors. However, a coding scheme with provably “good”
performance remains elusive thus far.

In this chapter, we start with Dobrushin’s model of channels with synchroniza-
tion errors, henceforth referred to as the synchronization error channel (SEC), and con-
vert it into an equivalent channel with states. Using this alternative model, we establish
certain bounds on achievable information rates for the special cases of channels that
introduce only deletions or only replications of input symbols. For the case of SECs
that introduce deletions as well as replications, we construct sequences of channels that
“approximate” the SEC, and whose limit is related to the SEC in terms of mutual in-
formation rates. Thus, through the use of these approximate channels, we derive some
results about information rates achievable over the SEC. Although the motivation be-
hind the formulation of SECs as channels with states is straightforward, its use to obtain

non-trivial bounds on the capacity of the SEC has not been found in literature. While



this work concerns only a few asymptotic results on information rates of the SEC, we
think that the model presented here can be utilized to design codes for SECs in general.

The remainder of this chapter is organized as follows. In Section 2.1, we revisit
Dobrushin’s model of an SEC and recall the main results on capacity of SECs. Through
much of this chapter, we consider a special case of the generic SEC—the deletion, repli-
cation channel (DRC)—and construct an equivalent channel by viewing the DRC as a
channel with states in Section 2.2. Under further special cases of channels with only
deletions or only replications, we give some simple, non-trivial and sometimes tight
bounds on the capacity in Sections 2.3.1 and 2.3.2. We then construct sequences of
approximate channels for the DRC and establish certain properties of this sequence of
channels that allow us to bound the capacity of the DRC in Section 2.4. In Section 2.5,
we note the application of similar strategies to more general SECs, and we conclude

with summary and remarks in Section 2.6.

2.1 Synchronization Error Channels

Remark 2.1 (Notation). Non-random variables are written as lowercase letters, e.g., n.
We denote sets by double-stroke uppercase letters, e.g., X. We will reserve N, Z and
R to denote the sets of natural numbers, integers and real numbers, respectively. Z™

denotes the set of non-negative integers. We define

[l’l] < {1727"' 7”}7” € N7
0] £ 0,

A J{mm+1,-- n}, m<n,
[m:n] = and
0, n <m.

Zimé{_m7_m+17"'70715"'7m}vm€Z+'

For some n € N, we will let X" denote the set of vectors of dimension n with
elements from X. We will write X to denote a string, and A to denote the empty string.
The length of a string, denoted |x|, is the number of symbols in it, and by definition,
|A| = 0. With some abuse of notation, we will use “vectors of dimension n”” and “strings

of length n” interchageably. The set of all strings of length n over the alphabet X is



hence also denoted X", and X” = {1}. We write X to denote the set of all strings over

the set X, i.e.,
X=Jx.
i=0
The bar “~ will denote the concatenation operation, so that X -y is the concatenation

of strings X and y.

Throughout this chapter, we assume an underlying probability space (S, %, P)
over which random variables, denoted by uppercase letters, e.g., X, are defined. Random
vectors are denoted by uppercase letters with the multiset of indices as subscripts, e.g.,
Xy = (X1,X2,-+,Xy), or Xy[n] when the multiset of indices is itself the elements of a
random vector Yj,;. Random processes (assumed discrete-time) are denoted by script
letters 2, or subscripted by the set of natural numbers, Xy.

We will use the asymptotic notations O(+), o(+), ®(+) as in [17,59]. O

We start by defining the synchronization error channels as considered by Do-

brushin [27].

Definition 2.1 (Memoryless SECs). Let X be a finite set. A memoryless synchronization

error channel is specified by a stochastic matrix

{q(Ix),y € Y,x e X}

where Y is the output alphabet. From the properties of a stochastic matrix, we have

0<q(Gl) <1, Y g0 =1VxeX 2.1
yeY

Further, we will assume that the mean value of the length of the output string arising

from one input symbol is strictly positive and finite, i.e.,

0< Y [Flg(lx) < eo. (2.2)
yeY

For xp) = (x1,%2,++ , %) € X" and Yy = (¥1,¥2, 1 Ya) € YY", we write

n (V|1 Hq yilxi).



Let )‘% denote the concatenation of strings y;,i € [n]. Then the transition probabilities

of the memoryless SEC are defined as

On X)) = Y. 4n (X)) (2.3)
Y=y

fory €Y and X[y € X". The memoryless SEC is given by the triplet Qy 2 (X,0,,Y), the
input and the output alphabets, and the transition probabilities between input strings of
length n and all output strings. 0

Consider the sequence of memoryless SECs {Q,}>_,. Then, we have the fol-

lowing.

Theorem 2.1 (Capacity [27]). Let X[ and Y denote the input and the output of the SEC

Q. Let
1 _
Co= sup —I(X},;Y).
P(X) "
Then,
C=1lmC,= me
n—yoo
exists and is equal to the capacity of the sequence of SECs. 0

The quantity C represents the maximum rate at which information can be trans-
ferred over the SEC with vanishing error probability. Furthermore, the following result
shows that, in estimating the capacity of the SEC, we can restrict ourselves to a subclass

of possible input processes 2.

Proposition 2.2 (Markov Capacity [27]). Let Z 4 be a stationary, ergodic, Markov
process over X. Then the capacity of the sequence {Q,}>_, is

C = sup lim 1I(X[ ;Y).

%'/// n—oon
The capacity is therefore the supremum of the rates achievable through stationary, er-

godic, Markov processes Z 4. 0

We will now give an example of a memoryless SEC. For convenience, we will
assume that the input alphabet for the SECs is X = {0, 1}, i.e., the channels considered
are binary memoryless SECs. However, we note that all the results presented here can

be straightforwardly extended to the case where X is any finite set.
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Example 2.1 (Deletion-Replication Channel (DRC)). Consider the binary SEC with X =
Y = {0, 1} and the following stochastic matrix.

_ Pd, y:)t’
q(y]x) =
ppt !, y=x Vi1

Intuitively, we can think of py4 as the deletion probability, p; as the transmission proba-
bility, and p, as the replication probability, i.e., when x € X is sent, it is either deleted
with probability pgy, or transmitted and replicated (¢ — 1) times with probability p; pffl
for £ > 1. From (2.1), we get for p, < 1

Pd +£:21ptpfl =Pdty ftpr =1,
or equivalently,
pe=(1—pa)(1—pr). (2.4)
From (2.2), we have that
- — Pt 1 —pqg
0<£_Z1€ptpf = —p) T1=p =

where we use Equation (2.4). Hence (pq, pr) € [0,1)2. Note that when p, = 0, the DRC
is the same as the binary deletion channel (BDC); and when py = 0, it is the binary

replication channel (BRC), also referred to as the geometric binary sticky channel [84].
O

The BDC has been the most well-studied SEC. In [85], the author surveys the
results that were known prior to 2009. To summarize, the best known lower bounds were
obtained, chronologically, through bounds on the cutoff rate for sequential decoding
[37], bounding the rate with a first-order Markov input [23], reduction to a Poisson-
repeat channel [86], analyzing a “jigsaw-puzzle” coding scheme [28], or by directly
bounding the information rate by analyzing the channel as a joint renewal process [58].
Recently, [55] and [54] independently gave the capacity of a BDC with small deletion
probabilities, and showed that it is achieved by independent and uniformly distributed
(i.u.d.) inputs. The known upper bounds for the BDC have been obtained by genie-

aided decoder arguments [24, 35]. An idea from [35] was extended to obtain some
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analytical lower bounds on the capacity of channels that involve substitution errors as
well as insertions or deletions [96]. The idea in [55] was extended to obtain a better
approximation for the capacity of the BDC with small deletion probabilities in [56].

In the case of the BDC, in contrast to these existing results, our approach explic-
itly characterizes the achievable information rates in terms of “subsequence-weights”,
which is a measure relevant in ML decoding for the BDC [85]. Additionally, the method
proposed here gives the tight bound on capacity for small deletion probabilities obtained
in [55] more directlyl.

For the BRC, [84] obtained lower bounds on the capacity by numerically esti-
mating the capacity per unit cost of the equivalent channel of runs through optimization
of 8 and 16 bit codes. Here, we obtain direct analytical lower bounds on the capacity.
These, to the best of our knowledge, represent the only analytical bounds for the capac-
ity of the BRC. Moreover, we obtain an exact expression for the Markov-1 rate for the
BRC which conclusively disproves the conjecture that the capacity of SECs is a convex
function of the channel parameter.

We will use the DRC as a running example of an SEC. In Section 2.5, we discuss

the extension of the results presented to more general classes of SECs.

2.2 DRC as a Channel with States

We now construct a channel with states that is equivalent to the DRC introduced
in Example 2.1. Dobrushin’s model of SEC (cf. Definition 2.1) tracks the output string
generated by each input symbol. In our model, we track the input symbol that gave rise

to each output symbol.

2.2.1 Channel Model

Definition 2.2 (DRC with states). For a fixed n € N, we write

Y, = Xl"i = Xi*Z,‘ai S [Nn] (25)

INote that although we obtain the same lower bound for the capacity of the BDC as in [55], we do not
prove a converse here.
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PG, Zo=0)= Y PEZ=2Y=3[X, =xp,Z =0)

{zlzI=P[}
= Y PZ=122y=0PY =5|X,) =x,,.Z0=0,Z=3)
{zlzI=PI}
1yl
= Y ]I (P(Zl- =2zilZi-1 =zi-1,Z0=0)
{zlzl=ly]} i=1
P = yilXp) = xp), Zi = Zi)) 2.7)
1yl
= Y I (P(Zi =z|Zi1 = Zi—l)]l{)h’:xifzi}>'
{z:[zl=Ppl}i=1

where Z; € 7 is the “state” of the channel and
N, Zsup{i>0:T; <n|Tp=0}.

We will refer to the random variable N, as the output length corresponding to n input
symbols. The state process Z is independent of the channel input process, and is a first-
order Markov process over the set of integers Z with transition probabilities for each

i € N given by
P(Zi = zi|Zi—1 = zi-1)

, zi=2zi1+1
_ Pr i i 2.6)

PPy s =zio1 =L Y L20,
where we define py as in Equation (2.4) assuming (pq, pr) € [0,1)%. We will refer to the
process I = 'y where I'; = i — Z; as the index process.
We also assume the boundary condition that Zy = 1'g = 0, i.e., the channel is
perfectly synchronized before transmission commences. Note that the transition proba-
bilities in (2.6) indeed are well-defined since ¥ z;_1 € 7, as pq < 1,

Pt 1
1 —pq

Y pGilzio1) = pr+ Y peph = pe+
Zi /=0

With the above definition, fory € Y and x[,) € X", the channel transition prob-

abilities are given as in Equation (2.7). Note that in the terms within the parenthesis



13

on the right hand side of Equation (2.7), the first term is completely specified by the
transition probabilities (2.6) of the channel state process %, and the second term is 0
or 1 accordingly as y; # xi_;, or y; = x;_, respectively.

For each n € N, we define the DRC with states as the channel specified by the
triplet P, = (X, P,,Y). O

We will start by proving a few properties of the output length N, and the channel

state Z and index processes I" which will be made use of subsequently.
Lemma 2.3 (Properties of N,,). The output length N, satisfies the following properties:
(i) Foranyn e N, N, < o a.s..

(ii) N, — o asn— oo a.s..

1—
(iii) % — 17’;‘: a.s. as n — oo,

Proof. (i) This is true since p, < 1.
(i1) Since pgq < 1.

(iii) Notice that, for each n € N, we can write

From the strong law of large numbers (SLLN), we therefore have % — E(A)) ass.

as n — oo, We also have N,, — oo a.s. as n — oo from point (ii) above. Therefore,

1;\1};” — E(A1) a.s. as n — co. Further, by definition, we have I'y, <n < Iy, 41, 1i.e.,

Iy, S I'n,+1 <Nn+l>‘
Ny

N, = N, = Ny,+1

Nu 1 _ 1=pg
Thus =2 — EA) = Top, &S s — oo,
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Lemma 2.4 (Properties of 2, I"). The channel state process 2 and the index process

I' satisfy the following properties:

(i) & and I' are first-order, time-homogeneous, shift-invariant Markov chains. Fur-

ther, Z is irreducible and aperiodic.
(ii) I is almost surely non-decreasing, i.e.,
Fi+j >IVj>0,ieNas..

For any n € N, a realization of Z, such that the corresponding 'y, realization

satisfies the above monotonicity property is called a compatible state path.

(iii) Foreveryic N,

H(ZiZi 1) = HGITi0) = ho(pe) + 1= “ha(pa).

where hy(x) 2 —xlog,x — (1 —x)log,(1 — x), for x € [0,1], is the binary entropy
function [18]. Here, we assume from continuity that 0log, 0 = 0. Consequently,

foreveryn € N,

H(Zjy) =H(T}y,) = n(’lz(pr) + : :5; hz(ﬁa)) :

Proof. (i) By definition, & is a first-order Markov chain. Time-homogeneity implies
that
P(Zi|Zi—1) =P(Z1|Zy) Vi> 1.

This is true for the state process 2 from the definition since the transition prob-
abilities in Equation (2.6) do not depend on the time index i. Shift-invariance
implies

P(Z1 =212y = 20) = P(Z1 = 21 — 20|20 = 0).
This is true because the state transition probabilities in (2.6) depend only on the

difference z; — z;_1.

The I" process inherits these properties from 2 through the bijection { : Z" — 7",
where with some abuse of notation, we write I'j,y = §(Z,)) = (£(Z)),i € [n], with

Fi:C(Zi) =i—Z;i€ [n], VneN.

The irreducibility and aperiodicity of the 2 process follow from the definition.
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(i1) Note that from Equation (2.6), Z;y| < Z; + 1 a.s. for every i > 0. Hence Z;; ; <
Zi+jas. foreveryi>0,j>0.Sincel'; =i—Z;, wehave ', j =i+ j—Z;1; >
i+ j—Z;— j =T with probability 1.

(iii) From the bijection { (See point (i) above) and Lemma 2.3, we have

H(Z|Z; 1) = H(TyTi_1) = H(Ti_1 + AT o)
—H(ATi ) =H(A) =H(A)

_ —Pr
= hy(pr) + 1_pdh2(1?d)~
Hence
n n 1—p,
H(Zy) =Y H(Z|Z;_y) =) H(Zl|Zi-1) = n<h2(19r) g hz(Pd))-
i=1 i=1

O]

Note that the 2 process is not stationary because we fix Zy = 0. The I" process
is clearly not stationary since I'; depends on i. From Lemma 2.4 (ii), we can show that
forl <n<m < oo,

N, <N, as.. (2.8)

Proposition 2.5 (Channel Equivalence). For each n € N, the channels Q,, and P,, are

equivalent.

Proof. Both Q, and P,, have the same input and output alphabets X and Y, respectively.
The correspondence between the transition probabilities 9, and P, in Equations (2.3)

and (2.7) is evident by the following observations:

(i) For every parsing of y € Y as Y[» in Equation (2.3), there is a corresponding state

path 7 € Z in Equation (2.7).

(ii) For every compatible state path 7 € Z in Equation (2.7) (See Lemma 2.4), there is
a corresponding parsing of y € Y in Equation (2.3).

(iii) For these corresponding parsings of y and compatible state paths z, the terms within
the parenthesis on the right hand side of Equation 2.7, when grouped according to
the output symbols arising from the same input symbol, spell out exactly the same

probability as the terms g(¥;|x;).
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Therefore, except on a set of zero probability (state paths that are not compatible), the
probability measures Q, and P, are equal. This implies the equivalence of the channels

Q, and P,,. ]

As a consequence of the above equivalence, the results of Theorem 2.1 and
Proposition 2.2 carry forward to the sequence of channels {P,}>_, specified by Equa-
tions (2.5) and (2.6).

Corollary 2.6 (Dobrushin’s results for {P,}"_ ). For input X, and output Y}y | of the

channel P,, the quantity

1
C=lim sup —I(Xj,:Yy,1)

= sup lim 1I(X[,,] Yiv,)s

Uo{/r n—oo n

where 2 4 represents stationary, ergodic, Markov processes over X, exists and is equal

to the capacity of the sequence of channels {P,};_,. O
We will henceforth restrict our attention to this class of input processes.

Proposition 2.7 (Stationarity). The channel output process % is stationary for station-

ary input processes 2.

Proof. Let Zy = 0 and consider semi-infinite input, state and output processes. We first

note that V k,l € N  k <,

P(Yjkr) = Yiken)| Ze—1 = 0)
- Z P(F[k31] - y[kil]’XV[k;l] =Yk Tho1 =k—1)

Y1)

(a)

- Z P(F[kil] = Yk _Z’XY[k:l] = Vik:0] i1 =k—1-2)
Nk:1)

()

= Y P(Che = Ve =2, Xy -2 =V Tem1 =k —1-2)
Nk:1)

=Py =y [Th—1 =k —1—-2)
= P(Y[k:l] = y[k:l}|Zk71 =z7)Vz<k—1



17

Here, (a) follows from the shift-invariance of I" (See Lemma 2.4) and (b) from the

stationarity of .2". Therefore, we have

P(Y, =) P(Z Yjg = ¥lZo =2)

ZEZ
=P(Yjy = yulZo =0)
P(Yjy = y|To=0)
P(Clg = Y Xy =y [To = 0)

M

=

i

Y P14 = Vg Xy = YL = 0)
Yk

—

c

~

'U

( [j+1:j+k] = Y[k] |Z _O)
=P(Yjs1:j04) =) V J,k €N

where (c) follows form the time-homogeneity of I (Lemma 2.4). The last equality

above follows from the observation made in the beginning of the proof. [

As a consequence of the above result, the entropy rate (%) of the output
process is well-defined [18].

2.2.2 Bounds on the Capacity of the DRC

The formulation of the DRC as a channel with states allows us to immediately

establish the following.

Proposition 2.8 (Simple bounds on C). For the DRC,

(1 —Pd)<1 - f;zﬁp};?) —hy(pg) <C < 1—pq.

Proof. We can write
LX) Y, g) = 1) Y, Ziv,) — LK 2,1 1Y)

= (X Ying 1 Ziv,)) — 1(Xis Zi,) Vi)

1= pa)H (X)) — 1(Xp)s Ziwv,, [ Yiv,)) (2.9)

—
=
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where (a) is true because 2 1 2 and (b) from the fact that the DRC, given the 2
process realization, is equivalent to a binary erasure channel (BEC) with erasure rate

pd. Then,
n(1—pq) > I(Xjn3Y,) = (1= pa)H (X)) — H(Zy,))-
From Lemma 2.4 (iii), and since, for any finite n, we have the extra knowledge that

Z; > i — n by definition of N,, we can show that

1—

H(Zp)) < EN) (a(pr) + 7= alpa) ).

Note that the extra information Z; > i —n becomes tautological when n — oo, and hence

H(Z

n

n—yoo n

) (o) + 1= halpa)).

I—p
From Lemma 2.3, and for independent uniformly distributed inputs, the claim follows.
O

Proposition 2.8 gives bounds on the capacity for (pq, p;) € [0,1)2. Three special
cases of the DRC are of particular interest: the binary deletion channel (BDC) with
pd = p, pr = 0; the symmetric deletion-replication channel (SDRC) with pq = p, = p;
and the binary replication channel (BRC) with pq = 0, p, = p. Specializing Proposition

2.8 to these cases gives us the following results.

Corollary 2.9 (Bounds on C for special cases). We have

l1—p—hy(p) <Cspc <1-—p,
1 —p—2hy(p) <Csprc < 1—p,
h
1— 2(p) <Cgrc < 1. O
l—p

Although the bounds in Corollary 2.9 have simple closed-form expressions with
well known information theoretic functions, they are loose compared to the best known
(analytical or numerical) bounds for the capacity of these channels. We can, however,

improve these bounds. We have from Equation (2.9),

[(Xpps Yiv,)) = (1= pa)H (X)) + 1Yy, 13 Zv,)
— H(Z[Nn]) -+ H(Z[N,,] |X[n] , Y[N,,])' (2.10)
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Writing the entropy rate of the input process 2 as 2 (Z") and defining

5 H(Z . H(Y.
n—oo n N300 n
/ H(Zp,) | XY

and (2|29 & tim T Xk Vi)

n—yoo n

from Lemma 2.4 and Equation (2.10), we can bound
1 _
1 _

C = sup (1= pa) H(2) + (N2, 2)) = =2 a(pr) — ha(pa).
z Pr

[

Lemma 2.10. Let H, = %H(Z[N,,] X[, Y|n,)) for n € N. Then, for the sequence {H,};._|,

LYY = lgnH,,zsupHn.

n>1
Proof. From Equation (2.8), we can write
i+ DHivj = H(Zn )1 Xjis ) Vi )
= H(Zin | Xiis 1> iy )+ H(Zie v, )X 15 Yivig 10 Ziv)
> H(Zn | Xjir g Ying 15 Ni) + H(Ziy v ) X 1 Yive 1 Zivg» Vi)
@ H(Zny X Ying) + H(Ziniov ) X ) Yivis 1v, 1 Z80)
= iH; + jH;.
In the above, the equality labeled (a) follows from the conditional independence of ZiN;
and Zy, 1.y, ;) ON (X[,-Jrl:iﬂ],Y[MH:Niﬂ]) and (X[, Y5, Zjv,—1]) respectively, given N;.

From Fekete’s Lemma [32, Appendix II], this superadditivity proves the claim. [

The above result implies that if we could evaluate (or lower bound) H,, for some
n, that could be used to estimate a lower bound on C.
Proposition 2.11. For the DRC,
H(Z\| 2, Y) 1 —pg
A (- pa) -
1 —pr 1—pr

C > sup (%(%)Jr ha(pr) = ha(pa).-

Z
Proof. We have

1
Hy = —H(Zjy, )| X[ Yin,)

S

Ny

i=1

S |

1 _ N
= ZE(ZH(Z,-|Z,~_1 = Zi—lax[i—l—zi_ltn]aY[i:N,J))
i=1
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where the last equality follows from the conditional independence of Z; on Z; 5 and
Xji2-z ) and Y;_y), given Z;_;. From the time-homogeneity and shift-invariance of

the & process (See Lemma 2.4), as n — oo, the summand in the above expression

H(Zi|Ziy = zi 1, Xjim1—y o)y Yiien,) — H(Z1|Zo = 0,Xn, Y) 2 H(Z)| 2, ).

Since E) _, Ifﬂ, optimizing over input processes 2 gives us the desired result. [
n —Pr

It is not easy to evaluate the bound in Proposition 2.11. However, we can further
lower bound the capacity by introducing some conditioning.
Lemma 2.12. The sequence of lower bounds {D7 }?*_|, where

Zl’Zia'%'7@)
l_pr

D;%é(;f(%HH( )(1—pd)—ll_l;dhz(pr)—hz(pd), ieN

- Pr

is non-decreasing.

Proof. Since we have introduced extra conditioning, the D;%T s are lower bounds. We

have

H(Zi|Ziy1) = H(Z1,Zi|Zis1) —H(Zi|Z1,Zi11)
= H(Zi|Zit1) + H(Z1|Zi1y) — H(Zi|Z1,Zi11)

a

= H(Zi|Zis1) +H(Z1|Zi) — H(Zi|Z),Zi+)

—
=

=H(Z\|Z) +1(Z1;Zi|Zit1)
> H(Z:|Z;)

where (a) follows from the Markovity of the 2 process. Since conditioning on 2" and

% preserves the above chain of inequalities, we have
H(Z\|Zis1, 2, %) > H(Z\|Z;, ', 2 )V i> 1.

Hence {D7 } | is non-decreasing.
Optimizing D’l% over stationary, ergodic, Markov input processes 2~ gives the
bound in Proposition 2.8. Therefore, for increasing i, we have bounds better than the

one in Proposition 2.8. In particular, as i — oo, following the proof of Lemma 2.3 (iii),
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we can see that % — % a.s., so that the knowledge of Z; becomes tautological in the
limit, and consequently,

sup lim D;% = supsupD;%/
e 2 i>1

gives us the bound in Proposition 2.11. [

Alternatively, instead of bounding the information rate as in Proposition 2.11,
we can write the following as an immediate consequence of Equation (2.10) and an

argument similar to the one made in the proof of Proposition 2.11.

Proposition 2.13 (Information rates for the DRC). For the DRC,

€ =sup ((1 )AL — R(Z W) +%(g1£,@))

=(1—pd)[sup (36”(35)+ O
Z

H(Z\|Z ,%) —H(Zﬂ@)ﬂ
1— Pr ‘
Following arguments similar to the ones used in Lemma 2.12, we can show the

following.

Lemma 2.14. The sequence of lower bounds {R7" }?.,, where

i=1

Rlzé(1_pd)<%(%)+H(zl|Zi7%’5”)—H(Zl|@)>

1 - pr
is non-decreasing, and
C =suplim R;%V = sup supR;%'. UJ
X e Z i>1

The task of finding the rate-maximizing input distributions appears to be tough,
with no theoretical insights2 or efficient numerical algorithms. Often, to establish lower
bounds on achievable rates, special classes of input processes are considered, and we
will resort to a similar strategy here to obtain some expressions for the bounds we have
so far developed. The following section will consider special cases of the DRC wherein
there are either only deletions, i.e., the BDC, or only replications, i.e., the BRC. In a
subsequent section, the DRC will be studied. The bounds developed in the next section

are similar to the generic bounds developed thus far.

2A new result on BDC with small deletion probability [56] provides a partial answer to this question.
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2.3 Channels with Deletions or Replications

For the case of the BDC or the BRC, evaluating some of the bounds developed in
the previous section is somewhat easy, owing to the fact that the 2 process is monotonic
in these two special cases, i.e., it is non-increasing or non-decreasing with increments of
at most one, respectively. This monotonicity in 2 implies that the I" process is strictly
increasing for the BDC and non-decreasing with increments of at most one for the BRC.
This translates to the output being a subsequence of the input sequence for the BDC and

vice versa for the BRC.

2.3.1 Information Rates for the BDC

In this subsection we estimate the information rates possible over the BDC, i.e.,
pd = p, pr = 0, when the input process is either independent and uniformly distributed
(i.u.d.) or when it is a first-order Markov process.

For the BDC with i.u.d. inputs, we can easily show that & is also an i.u.d.
sequence. Consequently,

n

—0asn— oo

because the only information obtained from ¥y, j about Zyy | is the length of the vector,
and this information vanishes in the limit as n — c. Therefore, we have from Equation
(2.10) that the lower bound in Proposition 2.11 for i.u.d. inputs is actually the symmetric
information rate (SIR). We are hence interested in evaluating D}“d as defined in Lemma
2.12. In particular, we have the SIR
ciud . = lim D" = sup DI, (2.11)
1= i>1

We start with some definitions and notation.

Definition 2.3 (Subsequence weights). We call a vector x4 a subsequence of a vector
xp if A C B and the order of the elements in A is the same as the order in which those
elements appear in B. For ease of notation, we will write Wy (x[ j]) to denote the number

of subsequences of xj;; € X/ that are the same as Vi € X!, which is referred to as the
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() _ 1
e [ ]XE"XmH—l WH(XWH?I]),
Xm+i—1
H o Wy (x[m—i-i—l})
i) =} G b (Xti1): Y1) (2.12)
Yi-1)€Y'T m

Wy (x[zf ;m+z>1})
b(x[m+l 1]» yl 1 [ Z ]l{xl— =y} — -

=—m Wy (x[m+i—1])

Wy 1]( [2—z:m+i— 1])>].

x lo Tg, —
g2( {x1-.=»1} W)’[: ]( [m+i— 1})

y[i]—subsequence weight of the vector x[j)- We can write

Wy (x [j]) = Z I {xs=yp}
SC[j):IS|=i

where the elements of the set S are arranged in ascending order. Clearly, Wy (x[ j]) =0

fori> j. We define wy (x(;)) =1V xp € X/ for j > 0.

Definition 2.4 (Runs and run-lengths). For a binary sequence, a run is a maximal block
of contiguous Os or 1s. The run-length of a run is the number of symbols in it. We
j € Xj,j > 1. Clearly,
L <) < gyl = m

denote by ri(x X[ }) the length of the first run in the vector x|

We will denote by Z% and Zi the sets of non-decreasing and non-increasing

vectors of length i, respectively, for i > 1.

Theorem 2.15 (SIR for the BDC). For the BDC,

ChiSe = 1=p—ma(p)+(1=p)(1im Y yiup"(1=p)').,

m>0

where W, £ (ern’fl)ﬁ,(q?, with ) = H(Z\|Zi = —m, 2", %) is as given in Equation
(2.12).

Proof. For the BDC, we have from Lemma 2.12 that

D =1—p—hy(p)+(1—p)H(Z1|Zi, 2, ¥).
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From Equation (2.11), we need to show that

H(Z\|Zi, 2, %) =Y Wimp™(1—p)".

m>0
We first note that H(Z,|Z;, 2", %) = H(Z1|Z;,X|i_z1],Y|i—1)). Clearly, the above en-
tropy term is zero for i = 1. Fori > 2, given Z; = —m, X, ;1] = X[jpyi—1) and ¥j;_y) =

Yji—1]> it is easy to see that

VARS {Z € {07 =1, 7_m} Xz =V Wy, (x[2—z:m+i—l}) > 0}‘

That is, Z; = z only if x;_, and y; match, and the subsequent part of the output vector
Y[2:i—1) 1s a subsequence of the subsequent part of the input vector X, ., ;1. Also, for
Zi-1) € Zifl (which, as noted earlier, is true for the BDC),
P(Zi—yy=zi—1:Zi = —m|Xjpyi—1) = Xpmrio1): i1 = Vi-1)
- ]l{x[i—l]—z[i_]] :y[l;”}pipzl,
where pq =1—py = p,sothatfor0 >z > —m,
P(Zi =2,Zi=—m|Xjnyi1) = Xpmrio1)Yji-1) = Yi-1))
= ﬂ{xl,Z:yl}PiPG" Wy (x[Z—z:m+i—l])7

and

P(Zi = —m|Xp i) = Xpmyio1, Y1) = Yiic1) = Wyy (Xmeriz1)) PLPY -

Hence, when Wy (x[m+i—1]) >0,

P(Z) =z2|Zi = —m, Xy i 1) = Xpmyio1):Yii-1) = Yi-1))
_ Ly =y Wypa (x[z—zlzm+i—1])l?ip§1
B Wy (i) )pipy
- Ly =y Wy (x[2—z]:m+i—1])

a Wyiiy (x[erifl])

Since, with i.u.d. inputs, P(X[mﬂ-_l] = x[m+i_1]|Zi =—m) = 2—(m+i=1) and

w i— (x m+i—1 )
P(Yii—1) = Yie [ Xpmtiz1] = Xpmyi-1),Zi = —m) = d (11,,+,[_1) | ;

m
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we have that H(Z,|Z; = —m, 2", %) = .6,(,? as in Equation (2.12). By noting that

P(Zi = —m|Zy = 0) = (m+ni_ 1)17’"(1 -p)'

from Equation (2.6) (with pq = p, pr =0, pr = 1 — p), we have the desired result. [

Although evaluating 55,(,? in general is hard since we are required to count subse-
quence weights of sequences, we can evaluate it in two specific cases: for every m when
i =2 (when all but a single bit are deleted) and for all i when m = 1 (when only a single

bit is deleted).
Corollary 2.16 (Lower bound for C]i;]gc). For the BDC,

03
M —ha(p)+(1 —p)3< Y mp’”‘llogzm)-

Clugc > Dizud >

Proof. It is easy to see that when i = 2, Equation (2.12) reduces to

9 =H(Z1|Zy = —m, 2, %)

1))
=logy(m+-1) = 2m+1 Z ( mj-l )
m +1]

m+-1 :

m+1 J
= log,(m+1) — 2m+1 Z( ) <m+1>’ (2.13)

where w(-) denotes Hamming weight. Hence

DY =1—p—hy(p)+(1-p)>* Y (m+1)5. (2.14)

m>0

For numerically estimating 55,(112 ) for large m, we can use the upper bound [81]

(m—|— 1) < p(m+1)ha(5) m+ 1
j - 2wj(m+1—j)

to get a further lower bound? on 55,("2 ). On the other hand, to obtain a looser analytic

lower bound, we can bound

1 m+1 m-1 ]
__ h( ><1—2—m,
om+1 ,Z(')( j ) \m+1) =

3We would like to get a lower bound on Di2ud since this will be a lower bound for C"¢ as well (cf.
Equation (2.11)).
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to get .6,(3) >log,(m+1)—1427". This gives us
. 4
DY > (1= p) (=5 + X (m+1)p"loga(m+1)) ~ha(p).

This proves the claim. Unfortunately, it is not easy to evaluate the series

(o)

K= Z mp™ log, m

m=2

on the right hand side of the above inequality. Consider the function

f(x) =xp*nx,

where In(-) is the natural logarithm. The m'" term in the series can then be written as
(log, e) f(m),m > 2. It turns out that for

1+In2
2In?2

p<ptLexp <— ) ~ 0294832606,

we can lower bound the series k by the integral

K> logze/ fx)dx = logze/ xp* Mnxdx
2 2

1 1
_ ogze(L(H_lnz)—2pln2——Ei(21np)>,
Inp \Inp p

where Ei(x) is the exponential integral function defined as

X !
Ei(x) — / Zar

—o00

which can be numerically evaluated to arbitrary accuracy through a Taylor series expan-
sion. Therefore, for p < p*,
- 4(1—p)3 log,e s p 1_.
pid > TPy, 1= p) 228 (£ (141n2) ~2pIn2 — ~Ei(2np)).
225 2(p)+(1—p) np 1np( +1In2)—2pln , i(2Inp)

With S’_)g,% ) as given in Equation (2.13), we can write
DY = 1+ plog, p — plog,(2e) + O(p?)

for small p. This is loose compared to the bound obtained in [55]. This can be attributed
to the fact that we evaluated H(Z,|Zy, 2, %) rather than H(Z;| 2 ,%) to obtain D}
In fact, this small-p series expansion of Dizud is no better than that of the lower bound
for the BDC in Corollary 2.9. We will improve this bound for small p in the next

subsection. O]
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Corollary 2.17 (Small deletion probability SIR). For the BDC,
Cibc = 1+ plogy p—dp+0(p?)
where d ~ 1.154163765.

Proof. We can prove the claim by pursuing the other case where (2.12) is easy to eval-

uate. Instead of evaluating D}“d exactly, we can further lower bound it as follows.

Di-“dzl—p—hz(p)Jr(l—p) H(Z\|Zi, 2, )
Y P(Zi=-m)H(Z,|Z; = m,«fb’",@)>

<m>o
(X

=1—-p—h(p)+(1—p

—1—p—Inlp P(Z: = —m)H(Z1|Zi = —m, 3{,@))

mO

él—p—h2<p>+<1—p>w§”
29y j>0i>1.

We are essentially writing a series expansion for D}“d and lower bounding” it by the j
partial sum. Note that we can write

W=l 1Pz, = H(Z|Zi =), 2.9

=9 +yip/(1-p) (2.15)

where y; ,,, was defined in Theorem 2.15. Clearly, the sequence {‘Py)} j>0 18 non-
dec.reasing, and, in turn, so is the sequence {33_(;)} j>0- Since ‘P(()l) = Yo = 0, we have
‘Pgl) = p(1 — p)'y; 1. Further, by definition,

Dlud = lim @5) = sup@”

J—reo j>0

Thus for every j > 0, we can write

Ciud . = sup D" = supsup @gi) @ sup sup @5) > sup@” @md,
i>1 i>1 j>0 j>0i>1 i>1

where (a) is true since 33(;) €0,1]Vi>1,j>0.

4 All terms in the series expansion are non-negative.
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From the channel model, P(X; = xj|Z; = —1) = 27" since 2" I Z and 2 is

i.u.d., and

Wyiie (xp)
P(Y[i—ll :)’[i—1]|X[i] =X, Zi = —1)= M

For yj_1) = Xji—1)—z,_ . for some realization z;;_j) € Zifl with the boundary conditions

li

z0=0and z; = —1,
1

H(Z1|Zi = —1.Xj = x, Y1) = yji-1)) = hz(n (x(g)

where % (x[,-] , y[i_l}) is the event that the single deletion occurred in the first run of x;

) Lo, (g Yji-1])

to result in yj;_j. To see this, let y;_;] represent a received word resulting from a single
deletion upon transmission of x;. Consider the two mutually exclusive and exhaustive

cases in this scenario:

e The single deletion occurs in a run other than the first run of x[;. In this case, there
is no ambiguity that Z; = 0, and the first run of y; ;) is either the same or larger

than> that of X[i)-
e The single deletion occurs in the first run of xy;).

— If r1(x};)) = 1, there is no ambiguity that Z; = —1.

- Ifry (xm) > 1, the deleted symbol could be, with equal likelihood, one of the

symbols comprising the first run of xj;). The uncertainty in Z; is /1, (#w)

In both the above sub-cases, the uncertainty can be written as h, (#X[])) .

Therefore,
v 1 Wy (x[i]) 1
W',l:l — N h2< >]l% .
| xZWZl y[tZI] ! ”l(xm) 10 Yji-1))

LI 1 A N T

TR r(x) j=1 j/ 2N

i
J 1 1 1

RECORE0

j—zl 27 ] A

1 =2 J 1 i1 I I ) .

Ej:lg 08, ] + o 0g, . 216

>When the second run of x[;) disappears.
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We observe that y; ;| is non-decreasing in i, and converges exponentially to the value
v ~ 1.288531275. From (2.15) and (2.16), we have

D = 1—p—hy(p)+p(1—p) "y

= 1+ plog, p — plog, (2€) + W1 p+ O(p?).
Since D" = i)(li) +Y52p/ (1= p)*ly; j, we have
D' = 1+ plog, p — plog,(2¢) + yi,1p + O(p?).
Thus, from Equation (2.11)
Ciibe = 1+ plogy p—dp+0(p?) 2.17)

where d = log,(2e) — y; ~ 1.154163765. We note here that this is exactly the same
bound obtained in [55] with a completely different technique. Since this bound was
shown to be tight for small p, we have that the capacity of the BDC itself is given by the

above expression for small p. O

Discussion :  The advantage in the evaluation of the above bound was that, when we
restrict to the case of a single deletion, the ambiguity in the first channel state Z; arises
only when ry(x H) > 1, in which case the uncertainty is exactly A, (ﬁ) This, how-
ever, is not true when there are 2 or more deletions, wherein we will have to count

subsequence weights of sequences.

Similar bounds for symmetric first-order Markov input processes can be obtained as fol-
lows. Since the channel has no bias for the input symbols, we can confine our attention
to symmetric Markov inputs. Proceeding along the same lines as above, we can write

for P(Xl' =x3D 1|Xl'_1 :x) =0 c [O, 1],

Dy = [mgx (hz(a) +(1-p) Y (m+ 1)p’"fm(a)ﬂ (1—p)—ha(p),

m>0

where

m+-1
(o) =logy(m+1) — Zh2<

) a,jmi1),
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and n(+) is defined recursively as

n(e, j,m) =mno(et, j,m)+ni(e, j,m)
no(aajam) = (1 —0‘)770(0@]'»"1— 1)+0‘n1(0‘7j,m— 1)
nl(aajam) = (1 _O‘)nl(a,j— 17m_ 1)"‘0”70(“;]— 17m_ 1)

with nk(aukmum) = %(1 - a)mil’ T’k(a7 (1 _k)mum) =0and nk(a7j7m) =0V J ¢ [m]
for k € {0, 1}.

Similarly, we can also evaluate

D! = —hy(p) + (1 - p) x
i i . i—1 1 . i 1
max |y (a)+ p-sup(1—p) (OC Z j1—a)’ h2<—,) +i(l—a)'h, (—))} )
@ i>1 =1 J l
However, both D{/‘/ I'and @1/// ! turn out to be better than their SIR counterparts by less
than 2%.

Discussion :  Although first-order Markov inputs are expected to perform better than
i.u.d. inputs, we see that the bounds we obtained are almost the same in the two cases.
This is because we are considering two special cases, the first when i = 2 wherein all
but a single symbol were deleted, and the second when m = 1 wherein a single symbol
was deleted; and in these cases, a first-order Markov input is not significantly different

than i.u.d. inputs. 0

Figure 2.1 plots the bounds on the capacity for Cgpc.

2.3.2 Information Rates for the BRC

In this subsection, we will consider information rates for the BRC, i.e., pg =
0, pr = p. As in the previous subsection, we will consider i.u.d. and symmetric first-
order Markov inputs.

For the BRC, the 2 process is non-decreasing. Moreover, when it increases, the

increment is at most 1 at each time instant. This simplifies the evaluation of information
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Figure 2.1: Bounds on the capacity of the BDC in bits per channel use as a function of
the deletion probability p. Dizlld (cf. Equation (2.14)) is shown as the long-dashed blue
line and C'"¢ (or equivalently DY, cf. Corollary 2.17) with the O(p?) term dropped as
the solid red line (cf. Equation (2.17)). The best known numerical lower [58] and upper
bounds [35] are shown as black and white circles respectively. The best known lower
bound as p approaches 1 [86] is shown as the dash-dotted green line. The inset shows
the bounds for small p values where the red solid curve is known to be tight from [55].

rates and we will, in fact, be able to write exact expressions for the Markov-1 rates, as
will be shown shortly. In this case, even when the input is i.u.d., the term

1Y, 1:Z,))
n

-+ 0asn— o

in the normalized version of Equation (2.10). Hence the expression for the information

rate in Proposition 2.13 will prove to be more useful in this subsection.
Theorem 2.18 (Markov-1 Rates for the BRC). For the BRC, the Markov-1 rate is given
as

Cif = max [ln(e) +a ¥ (1-@)' =) (% (’l‘)pkhxé))

I>1 p k>l

p+(1-a)(l—p) p
i, tlrrman)l e




32

Proof. First we note that since Z; € {0, 1}, we have
H(Z)| 2, %) = E[la(P(Z1 = 0] xy, yn))]

and H(Z,|%') = E[ha(P(Z; = O|yy))]. Further we have for the BRC that whenever
Y; # Y1, we must have Z; = Z; | or equivalently I'; = I';_; 4+ 1. This means that Z;
is independent of subsequent runs of % (and .2") given the first run of %" (and 2")
since we can achieve synchronization at the end of each run. Thus we can write the
conditional probabilities P(Z; = 0| 2, #) and P(Z; = 0| &) in terms of the
first runs of 2 and %/, ie., P(Z; = 0| xn, yn) =P(Z; = 0] ri(xn), r1(yn)) and
P(Zi = 0| yn)=P(Z = 0] ri(yy)). Note that we assume that Zy = 0 so that
Yo = Xp. Thus, if x| # xg, then Z; is 0 or 1 accordingly as y; is not equal or equal to
yo, respectively. This means that there is no uncertainty in Z; given the output sequence
(and the assumption that xyp = yo = 0, which can be made without loss of generality).
Therefore, in estimating the entropy of Z; given the output sequence, or the output and
the input sequences, we can confine our attention to those sequences xy and yy whose
first runs are comprised of zeros. We shall denote such runs as rl( ). For a first-order

Markov input process, we have, for [ > 0
P(w) =1)=(1-a)a,
and we can get from the definition of the BRC that
P =) =0 = () 1=t

for k > [. Consequently, we have

k
PN =k =Y (1- (?) (1—p)*Hpt!

=0

a(1-p)(p+(1-a)i-p)"

Since Z; = 0 excludes the first bit in the received sequence from being a replication, we

can easily obtain
P(Z1 =0} (xy) = 1,1{(n) = k) = -
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fork21+]1{l:0}. FOI‘kZ 1,

P(Z1=0[r{ () =k) =

P(r{(yn) = k)
_ Yio(l-a)a(l)(1-p)"F P (R)
(1-palpt-a0-p)
_ (—a@-p)
p+(1—a)(l-p)
Therefore,
k 1
n@ir @)= gi-ofa( T (3) ot na )
1—p\! k [
:a(l_p),;((l_a)7> (kz>l (Z)thz(%))
and

) o (1—a)(i=p)
H(Zl|@/)—];a(l—p)(pﬂl—a)(l—l))) hZ(p+(1_a)(1_p)>
p
= (4 (=)t =P gyy)

Substituting these in Proposition 2.13 specialized to the BRC and first-order Markov

inputs, we have the desired result. [

Corollary 2.19 (Lower bound for Cﬁ{{lc). For the BRC,

a —p)14p+ 1)> * <12—pp> (U _45)44:171_p>

- (1 1p> <4P4i 1>h2(p(4i; 1)>

for 0 < p < p, ~0.734675821.

Cire > R = hz(

Proof. We have from Proposition 2.13 and Lemma 2.14 that

(21|20, X, %)
l—p
p+(1—a)(1-p) p
1—p hz(p+(1—06)(1—p)>}

H
Cikl >R/ & max [hz((x) +
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where we have used the expression for H(Z;|#%') from the proof of Theorem 2.18. Ob-
serve that Z, € {0,1,2}, and among these possibilities, the only event wherein there
is an ambiguity in the value of Z; is when Z, = 1. Thus, we can see easily that
H(Z|Zy, Z',% ) =2p(1 —p)(1 — ). Hence

_p+(1Iixi7(1_p)h2<p+(1—l;)(l—p)>]

RY! = max [hz(a)—f—Zp(l —a)
o

It can be shown that the optimal « in the above is given by

1
(1-p)(2% +1)

*

o =

Note that o* is always larger than %, and a* <1 for p < p, where p, =~ 0.734675821.

Plugging this back in the expression for R{/ I"ends the proof. [

Corollary 2.20 (Small replication probability SIR). For the BRC,
CiRc = 1+ plogy p+1p+0(p?)
where r ~ 0.845836235.

Proof. From Proposition 2.13 and Lemma 2.14, for i.u.d. inputs,

i H(Z|%) H(Z\|Z:, 2, %)
Clud —1_ + sup , ,
BRC —p Ul T,
o 1tp ( 2p >+ ( fn:oP(Zi:m)H(Zl\Zi:m,%,@))
- 2 su
2(1—p) *\T+p/) T 2F 1—p
I+p 2p e .
=1- h2< >+su ( ()pml_pzm
2(1=p) "NM+p izllj mX::O m ( )
><H(21|Zi:m,%,@)>
1+p 2p . - ,
() - 1,7, 00
21— p) 2\, TSP ip(1-p) " "H(Z|Zi=1,2",%)) +0(p)

where we have used the expression for H(Z;|%') from the proof of Theorem 2.18 for
o= % The last equality is true since H(Z,|Z; =0, 2 ,%) =0.

As shown in the proof of Theorem 2.18, we can write

H(Z\|Zi=1,2",%) = E[ha(P(Z1 = 0|Z; = 1,1 (xy), 1} (yn)))]-



35

Further, there is no ambiguity in Z; if the single replication does not occur in the first

run of xy. Therefore, for a first-order Markov input process,

H(Zi|Z;=1,2,%) = Elha(P(Z1 = 01Zi = 1,r{ (xn) = 1,/ () = [+ 1))]

= ZZ;(I - oc)’aHTlm(lJ%l) +(1— a)’%(%)-

For o = —;, we get
] =1,2,% ———1 izz—l 1 —|—2—i1 | =
iH(Z\|Zi=1,2",%) L 7log,! -logy i =Y

from Equation (2.16). Thus,

i l+p 2p 2 2
cud, 1 h( >+su( 1—p) -)+0 ,
BRC -\, p(p(1—p) Wi (r°)

i>1
2 .
= 14 plog, p+log, (;)p+ sup (p(l -p) 2%,1) +0(p%),
[

=1+ plog, p+rp+0(p?),

where r = log,(2) + y; = 2 —d ~ 0.845836235. As was the case for the BDC, we

e
expect this to be a tight bound for the capacity for small p. [
Figure 2.2 plots these bounds. Note that the SIR and the Markov-1 rate are non-
convex in p. Further, it appears that the Markov-1 rate (and the SIR) are zero for some
values of p < 1. However, this behavior is due to the fact that the term

¥ () (;)

k>1
in Equation (2.18) is computed only up to a finite value of k (the curves in Figure 2.2
are, therefore, lower bounds for the Markov-1 rate and the SIR). For values of p close to
1, more terms in this sum need to be considered to get a better estimate of the achievable

rates.

Remark 2.2. It was expected that the capacity of a memoryless SEC was a convex
function of the channel parameters. Although this conjecture seems to be true for the
BDC [20], we see that this conjecture is false for the BRC. Note that the lower bounds

in [84] themselves lead one to question the conjecture (cf. Figure 2.2). However, the
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CBRC

p

Figure 2.2: Lower bounds on the capacity of the BRC. The bound R‘z/// ! from Corollary
2.19 is shown as the long-dashed blue line and the Markov-1 rate in Equation (2.18) is
shown as the solid red line. The SIR (a = % in Equation(2.18)) is the dash-dotted green
line. The numerical lower bounds in [84] are shown as black circles. The inset shows
the bounds for small replication probabilities.

Markov-1 rate for the BRC in Equation (2.18) settles this conjecture as being false for
the BRC. This is because if the capacity were convex in the replication probability, no
rate larger than (1 — p) would be achievable, which is clearly not the case as can be seen
from Figure 2.2. This implies that, in general, in presence of synchronization errors, the
capacity is not convex in the channel parameters. In particular, it is possible that the

capacity for the BDC is non-convex as well.

2.4 Channels with Deletions and Replications

Although the bounds in the previous section provide us some idea of the achiev-
able information rates for the BDC and the BRC, they do not generalize in a straight-

forward manner for an SEC with both deletions and replications®. In order to obtain

o1t is possible to obtain, albeit with a lot more effort than in the cases of the BDC or the BRC, the
lower bound DQ% for a first-order Markov input process for a DRC. We shall omit this here.
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bounds when both deletions and replications are present, we take a different approach.

2.4.1 Approximate Non-Stationary Channels

We construct a sequence of channels that approximate the DRC P,,. To this end,

we fix m € Z1 and let

Zi Zi S m
zm = g (2.19)
m-sgn(Z;), |Zi| >m

for Z;s given by the 2 process defined in Section 2.2 with sgn : R +— {41} defined as

1, x>0
sgn(x) =
-1, x<0.

We then define the channel model for the m™-approximating channel P;fljm = (XY, P,;fm)
as was done for P,,,

where N\™ = sup{i > 0: Fl(m) < n]F(()m) = 0}. It is clear that
n—m SN,(lm) <n+m. (2.20)

The input and output alphabets of the channel P,T,vm are X and Y respectively,
same as those of P,. The transition probability P,im for the channel P,lm is defined as
in Equation (2.7), but with the channel states defined by the process 2" £ {Zi(m)},-zl.
The transition probability of the 2°") process itself is defined as that induced by Equa-
tions (2.19) and (2.6).

We now establish a few properties of the 2 (m) process and the approximating
channels le,m' We start with some properties of the state process 2 () and the index
process I'") that will be useful in proving subsequent results. The following property

establishes the non-stationarity of the sequence of channels {Pjhm}mEO-

Lemma 2.21 (Properties of 2°"™)). The state process 2°\"™ is a finite, time - inhomo-
geneous Markov chain. Moreover, the boundary states {m} are eventually absorbing

states, under the measure P, in the following two cases.
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(i) For m = o(n) when pq # pr.
(ii) For m = o(\/n) when pq = p.

Proof. From the definition of the 2 (m) process in Equation (2.19), it is clear that Zl-(m) €
2Ly, for every i € N, and that it is a Markov chain. It is therefore a finite Markov chain.
The time-inhomogeneity follows by noting the transition probabilities between states,
which can be easily shown to be given as follows. For —m < j <m, i > 1,

.

Pra k:]+1
.- .
p(Z™ — kZ™ — j) = (I=p)(I—papy ", —m<k<j
N B ,
(1_pr)Pé+m, k=—-m
0, otherwise.

\

From the states {+m}, the transition probabilities are

1—pep(i,m), k=-m

P(Z" =kZ" = —m) = pip(i,m),  k=-—m+1
0, otherwise,
where ( )
. _ P(Zi_1=—-m
E(lﬂm) - P(Zlfl S _m)7

and, for i such that P(Z;_; > m) > 0,

(
l_pd(l_Pr)ﬁ(i,m7pd)a k=m

- L= p)pg~*pli,m,pa), —m<k<m
P(Z™ = k|Z™) = m) = (1= pa)(1 = pr)py*p(i,m, pq)

(1_pr>p§m5(l7m;pd)7 k=—m

0, otherwise,
\

where

Y oP(Zioi=m+1)p
P(Z,'_l > m) '

Note that it is only transitions from the boundary states {+m} that have time-dependent

p(i,m,p) =

probabilities.
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As was noted in the proofs of Lemmas 2.3 and 2.12, we can write the 2 process

as Z, =Y | &; where {&;};>1 is an i.i.d. process with

Dr, 521
P(E1=8)=q(1—pa)(1—p)ps°, VE<O
0, otherwise.

As noted before, from the SLLN, 2= — E[&,] = =k £ xy a.s. asn — oo, Let us write

_ Prtpdtpg—3papr 5

2
vz,
(1—pq)?

Var[Z,] = E[2}] — E[E)?

From the central limit theorem (CLT), we have

Zy—ny _ m—nx\ noo

\%
Pz, < —m) = p(Z -t < M) (),

where

. m-—n .
t £ lim 24 and b2 lim

n—soo \/r_z n—soo \/ﬁ

with t,b € RU {40}, and

p—

m<y

=il

m> g,

and when y < 0,

B8
N
|
x

=l
8
V
|
R
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When y = 0, for m = o(\/n),

X
N
°s
1
|
3
N =

Hence

— for m = o(n) when 0,
for m = o(y/n) when x = 0.

The result then follows by noting that y is equal (or not equal) to 0 accordingly as pq is

equal (or not equal, respectively) to py. [

Lemma 2.22 (Coarseness of {I" (m)}mZO)- For a fixedn € N, for everym € 7™,

{ﬂmﬁﬂ[]C{F e

and
() }m[n]c{r }m[n]as

[N m+1

where {I'y} denotes the set of elements of the random vector L'y, i.e., where the random

variables are not repeated.

Proof. We first note that although N,, and N,(,m) might themselves differ, both sets {F[Nn]}
and {F }} are subsets of [n] U{0}. Therefore, assuming that all random variables X;
where i gé [n] are constants (in particular, we assume that these random variables are all
equal to 0), we can consider the above sets of indices to be {I{y(, )} and {Ffl'vn()mm]}

respectively, where we define
N(m,n) 2 N, VN = max{N,,N\"}.

We have N(m,n) < oo a.s. foreveryn e Nme Z™.

Let ST =inf{i > 0:Zy >m} and T;" = inf{i > 0: Zg+ ;,; < m}, where we
define inf@ = co. Then, {S{ + 1,8] +2,---,7;"} N [N(m,n)] is the set of instances
where Z; and Zl.(m) differ for the first time as a result of Z; exceeding m. In this case,
ZS;r = m,ZS;r 41 =m+1 with probability 1 from the definition of the 2” process. Further,
m+1<Zg  <m+jj=12, T," a.s., implying for this range of js that S| —m <
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1“51++j < Sf“ + j—m—1 a.s.. But, by definition, Zg’f)ﬂ =m,j=0,1,-- ,T1+, and hence

Fé?lrj =S| +j—m. Thus, if we write U = {S],S] +1,---,S] + T;" }, then we have

(m)
{FUT} C {FIUT} a.s..

Since ZS;r = ng) =m, [; < F51+ = ST —mVi< Sfr a.s. from Lemma 2.4. Similarly,
1

: (m) + 7+ Y sas
smceZSl++Tl+ VA <m’FiZFST+Tﬁ+1 2S1 —I—Tl —I—l—mVlZSl +Tl +1

S Sl
a.s. from Lemma 2.4. It follows that the indices in {F[(U"?} \ {FUT} cannot appear in
{T'y} for any U C [N(m,n)]\ U{. Using similar arguments, by recursively defining for

i>2

ST =inf{i>S" |+ T : Zi > m},

T7"=inf{i >0:Zg ,,; <m},

and letting U} = {S;",S;" +1,--- .S/ + T." }, we can show that

Ty} c TV asvi> 1,
Similarly, consider

So =T, =0,
S; =inf{i>S;_+T_,:Z < —m} and

T :inf{i>O:ZSi_+i2 —m},i>1.

Then, Z¢- - = —m and Zg- - | = —m — 1 with probability 1. Further, with proba-
bility I, -m—j <Zg g ;< -m—1,j=12,--- T as., implying §; +7;” — j+
m+1< FSfﬂLTf*J' <S; +T; +ma.s.. By definition, F(TLT_ij =S +T —j+m,j=
0,1,---,T

i i
4

~, and consequently
Ty Yo {T"}asvi>1

where U; = {S;,S; +1,---,S; + T }. As before, the missing indices cannot appear
in 'y for any U C [N(m,n)]\ U; .
Therefore, writing U* = {J;» (U;" UTU; ), we have

{Ty+} C {Fg'i)} a.s.
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Let U° £ [N(m,n)] \ U*. Since U* consists of all indices i where I'; and Fgm) differ, we

have from the above relation that almost surely,

{Ty=}U{Tp} © {r&?ﬁ} u{rley
:{F mn]}c{r[ ]}

= {Tp} N < {T 10l

We are interested in the intersection in the last step above since only indices in the set
[n] are indices of non-constant random variables.
We can use an argument similar to the one above to show that V m € 7+,
(T Y0l < T, F ] as

m+1)
N n

]

Thus, the process I (m) gets “coarser” as m is increased.The following is an im-

mediate consequence of this property.
Proposition 2.23. For everym € 7T,

I(Xp:Yiw,) <I(X[n],Y[§\Z) ) and I(X[n];Y[xZ::R)}) < I(Xp; Y

n

Proof. We use the result from Lemma 2.22. Let us define

Sm=[{® €S: {Ty,}N[n ]c{r’" }m[ ]}, and

n>1

Sm= v €8T b < (T, dnll)

n>1
and let
S* = [ (SuNSn).
mezZt

Clearly, P(S*) = 1. Then, confining the expectations over the set S*,

1(XpY ")~ 1(Xp:Yin) = s+ (X 1 X

Xry,) =0
(m) | F [No]/ — 77
[N n } [ Nr(lm)]

\L v

where Ig+(-) denotes the mutual information obtained after confining the expectations to

the set S*. Similarly, we have (X,; Y[E\']”H) ) < I(X; Y[( m) ). O

(m+1)
n n }
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Intuitively, the above result is true because the “drift” between the input and the
output processes is bounded by m for the approximating channel P);W whereas it is
unbounded for the DRC P,, (or equivalently Q). The result below, which gives a total
ordering of the sequence of channels {PZ,m}mzo in terms of their mutual information

rates, follows immediately from Proposition 2.23.

Corollary 2.24 (Total Ordering of {P,Ti,m}mzo)- For any n € N, the sequence {Iz,m}mzo,
where

Poali g m
In,m = ZI(X[n}’Y[N'(Im)]%

is non-increasing. Since I,tm €[0,1]VneNand m e Z, limmﬁwl,f’m exists and is

equal to inf,,>0 I;’m. U

Proposition 2.25 (Information limits). For any n € N, we have

Consequently, for a stationary, ergodic input process %,
Iy 2 lim I, = infl, = I}, 2 lim [] = inf [}
z n—yoo | n>1 " Z n—voo 't n>1
so that

C=suply = sup](%-
Z Z

for stationary, ergodic, Markov processes 2.
Proof. The last equality in the first line is from Corollary 2.24. From Proposition 2.23,
we have I, < I;I,m ¥ m € Z*, from which I, < I follows. The equality is true because

of the following. If we let ., , = G({XM , Y[ 1(\’::,)”)] }), the sigma-algebra generated by the

n

random variables {X,, Y{%}}, then {.Fym }m0 is a filtration [123, §10.1], i.e.,
c?dé\}/hm C ﬁn,m“rl vm ZO.

Thus, P(X[n] , Y[I(\rfj(:’)”ﬁ) is the restriction of P to ., ,,. From [11, Theorem 2], we have that
L=1I.

The limit of I,, as n goes to infinity exists and is equal to the infimum of the
sequence from the subadditivity of the sequence {nl,},>; and Fekete’s Lemma (cf. [32,

Appendix II]). The last claim made is true from Proposition 2.2. 0
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Corollary 2.26. For any n € N, we have that
C,= sup I :CZ £ sup IZ
P(X[) P(X)
where C, is as defined in Theorem 2.1. Therefore

C=1limC,=infC,=C" £ lim C|. O
n—oo n>1

n—soo

Although {P;m}mzo is a sequence of channels that approximate P,,, and have the
properties discussed so far in this subsection, they are not useful as finite-state channels
(FSCs), as shown below.

Lemma 2.27 (FSCs P}:’m). For any m € 7, for a stationary, ergodic input process 2,

so that
C'(m) & supIT%/(m) =1.
z

Proof. From Lemma 2.21, the states {+m} are eventually absorbing for any m € Z*.
Hence, in the limit as n — oo, the channel only has a delay of £m, and hence the result.
]

Thus, the approximating channels {P ,},,>0 do not provide useful bounds for
information rates achievable on the DRC P,,. We now attempt to obtain approximate
channels that are stationary and, as FSCs, can be used to estimate achievable rates for
the DRC.

2.4.2 Approximate Stationary Channels

Let m € Z". Fix n € N. Consider the channel P} , = (X,Y, Py, ) where

'L n,m

Y(m) =X (m) :Xi,Z(m>7i e [Nr(lm)]

v and Z[(;?m)] as defined for the channel Pj;}m. The difference will be in
the underlying measure P ,,. Let the measure P, be such that the 2 (m) process is a

with N (")

finite, time-homogeneous, first-order Markov chain with transition probabilities

Py (2™ = k2™ = jy =Pz = kjZ!"] = j)
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when —m < j <m,

l_pl’7 k=—m

0, otherwise,
and
.
1_pd(1_pr>7 k=m

1— 1— . m—k7 m<k<m
Py (2" = K|Z!") = m) = (I—pa)(1=pr)pg

(1 —Pr)pﬁm, k=-—m

\ 0, otherwise.

Note that the measure P, differs from P only for state paths that reach beyond the
states {-£m}. The transition probabilities P, ,, for the channel P}, ,, can now be defined
as in Equation (2.7), but under the measure P ,,. The stationarity of the channels Py,

follows from the time-homogeneity of the 2 (m) process.

Remark 2.3. Note that the sequence of sigma-algebras {%,,},>0 where ¥, = o(2Z (’"))
forms a filtration. The sequence of measures P, as defined above seem to be defined
only on the corresponding sigma-algebras ¥,,s for each m € Z*. However, we can
extend these measures to the sigma-algebra 2 as follows.

We will first assume that S =S 9 X S and that B = B9 X By with By =
o(Z) and By = 6(Z), i.e., the space (S, A) is a product space. Since in our model
Z 1 Z, there is no loss of generality in this assumption.

By defining the stationary transition probabilities P, (Z1|Zp) as in Section 2.4.2,
the measures P,y are well-defined over &, = 6(Z M)y, Let (ZM)~1(z) 2 {9 €Sy
M (9) =7z} for 7 € Zp, and similarly 27~1(z) £ {0 € Sy : Z(¥) =Z}. Then,
clearly

7' c (") ) VZE Lim
and
272) e By, (Z")Z) €4y VT E Lap.

Then, we define

Py (Z7'(2) =Puy(Z) ') VZE Zim. 2.21)
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This will imply that for every Z € Z.,,
Puy(Z") ' @)\ 27 (7)) =0,

By definition, we also have for Z € Z \ Z,, that (2°")~1(z) = 0 so that the associ-
ated probability is zero under any measure P,P . We can now consider the space
(Se, B,P ) to be obtained from (S, %, P, ) along with the definition (2.21) and
subsequent completion [97, §2.6.19].

By now defining P, (2") = P(£") independent of m, we can extend the mea-
sure P,y to B = o ({2, Z}) for each m € Z* as required. O

The lemma below shows that for a fixed m € Z", the FSC P}, ,, is an indecom-
posable FSC [39, §4.6].

Lemma 2.28 (Pf,m Indecomposable). The FSC P;Jn is indecomposable for every m €
Z* for (pa,pr) € (0,1)%

Proof. Fix m € Z". We need to make a couple of modifications to put the channels
{P; ;u}n>1 in the parlance of discrete FSCs. First, we set
Y(m) = Y~(m =X (m) = XifZ’.(m) fori e [l’l]

1 —m I —1m—
I—m Zifm i

Note that Zl.(m) =m +Zl~(T,Z1 € [0: 2m], and hence the channel producing f’[(m) is “causal”.

]

Let the “state” Wi(m) of the channel Py, at time i € [n] be defined as

W(m) = (X[ime:ifl]’ /i(m)) € sz X [O : 2m]’

1

where we set X; = 0 for i ¢ [n]. Note that we need to redefine the state of the channel in

this case to keep the factorization
Py (5" WAL 136 W) = Py (41X, W) - Py (WL 3, W),

Since Z(™ is a finitely delayed, finitely shifted version of 2 (m) and because
%M is an irreducible, aperiodic Markov chain under the measure P,y [66, Chapter 1]
as long as (pg, pr) € (0,1)2, so is Z°(")_ In particular, we have that for every i > 2m,

N A Zm) _ V7 .
my\4; >0 € 10:2m|.
Zer[r(l)}gm] (& i <) celo:2n]
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This implies that for i = 2m and X € X, by choosing” w = (x[.,y_1],2) for any z € [0 :
2m|, we see that

P(m> (WZ(Z:) = W’Y :f,Wo(m) = W/) >0
for every w' € X2 % [0: 2m]. From [39, Theorem 4.6.3], we have the desired result. [

Remark 2.4. Note that in the description of the causal channel in the proof above, we

(m)

—m+1:N} ]
This will however not matter in the estimation of the information rate since

have discarded the part of the output Y[ ), by considering the causal output Y[(] m)

m 1 . (m m
0 < —1(X}; 7" )—ZI(X[n];Y[}(ﬁ h<Z,

n by n

and since m € ZT is fixed, the rates are the same in the limit as n — oo. O

Corollary 2.29 (Capacity of FSCP;}, ). Form € Z™ and the sequence of FSCs {P;, ., }n>1
with (pqg, pr) € (0,1)2, the capacity is given by

: 1 (m) .
C*(m)=lim sup —I(Xp;Y" )= lim sup Iy
Py (X)) [N TP oy (X))

Proof. From Lemma 2.28 and Remark 2.4, we have C*(m) as defined in the statement
can be written as

* : ! 5 (m)
C*(m)=lim sup —I(Xp;Y, ")
TP oy (X) g

Now since
(X V) = 10X W™ )+ (X s T W™ ) = 1 (X W™ 17,
we have
X TA7) = 10X 1 WG| < logy ((2m-+ 1) x2")
=2mlog, |X| +log,(2m+1).
Therefore

C*(m) = lim sup 1(X[n]Y |W0 )
" P ()

From [39, Theorem 4.6.4], the quantity on the right hand side of the above equality
exists and is the capacity of the indecomposable FSCs {P}, , },>1. O

7Set xo = 0 by convention.
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Corollary 2.30 (Markov Capacity of P}, ,,). For the FSCs {P}, ,,, }n>1, the capacity C*(m)

can be written [32] as

C*(m) = sup lim lI(X[n];Y("% ) = sup lim I}, = supI%-(m)
‘ X

@ n—oo n [Nn } Zx n—roo
where the supremum is over all stationary, ergodic input sources Z . Further, since the

FSCs are indecomposable, we have [16]

RTINS
C*(m) = sup i - 1(X(: Y ) = 00 Ly, (m)

where 2 denotes stationary, ergodic, Markov sources over the alphabet X. U

From Lemma 2.28, since {P}, ,},>1 are indecomposable FSCs, we have from

[14] that

1 (m) . H(X[n] ) Y[I(\Z(:;)n)}) R (m)
_Zlogz P<m> (X[HPY[N,E'")]) _>r}1—r>rolo—n = (X, 7",
(m)
Y m,)
! (m) )
_Zlog2P<m>(Y[N£m)])—>nlg1<}o " = (v M),

as n — oo a.s., where the entropies are calculated with respect to the measure P,,.

Therefore

Iy (m) = (X)) + (™) - (2, 7™

can be estimated numerically using the forward passes of the BCJR algorithm [10] to
estimate 22 (.2°,% ™) and 7 (% ™), as in [7,94]. Moreover, optimizing Markov
input sources numerically is possible [57, 116] for these FSCs.

In Figure 2.3, we plot the SIRs, C; 4 (m), for the indecomposable FSCs {Py; ,, },>1
obtained through numerical simulations for 1 <m < 8 and pq = p, = p € [0, %] The
value of n used for the estimation was 5 x 10°. The error in estimation is consequently
upper bounded by 0.15%.

A couple of observations are worthwhile noting. First, the SIRs {C} (1) } >0
are non-increasing. This hints at a total ordering of the FSCs {Py; ,, },»>0 with respect
to the information rates similar to what we had in Corollary 2.24. Second, we see that

for small values of p, the SIRs get bunched up as m increases, i.e., the SIRs C;, ;(m)
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i*ud (m)

0 0.1 0.2 0.3 0.4 0.5
p

Figure 2.3: SIR estimates for the FSCs {P}, ,,},>1 with pg = pr = p € [0, 3] for different
m values are shown in solid lines. The lower bound on the capacity of the SDRC from
Corollary 2.9 is also shown as the dashed line.

converge quickly, so that we have a good estimate of

fua(0) = n%lg}o ua(m)

for p close to 0.

Proposition 2.31. For n € N, we have
I¥ 2 liminfI’, = I,.
m—yoo 7

Thus,
C = sup inf liminfZ; .

Proof. For afixed n € N, since we have that P, (X[, Y[](\':&)]) — P(X}), Y|n,)) asm — oo

for every ¥ €S, Py (X[ Y[[(:,'Z,)n)]) converges to P(X[,},Y}y,]) in total variation as m — .

Consequently, from [26, Coronllary 1], we have the desired result. 0
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Remark 2.5. We conjecture that I ,, — Iy = I, as m — 0. From [26, Corollary 1'], one
needs to show uniform integrability of the information densities i (X[n},Y[E\Z;)]) for the
conjecture to be true. Alternatively, if the sequence of channels {P}, , },>0 is totally
ordered for every n € N with respect to the mutual information rates, as was the case
for the sequence {P} , },u>0 (cf. Corollary 2.24), i.e., if {I},,}m>0 is a non-increasing
sequence for every n € N, then we know that

limI¥, =1I"
Moo M. no

and from Proposition 2.31, I, | I, follows. Unfortunately, we are not able to show
this monotonicity in the sequence {1, }m>0 as we argued in the case of the sequence
{[J,m}mzo- Although the coarseness property of the I'") process (cf. Lemma 2.22) still
holds, the different measures P, being used for each m € 7 do not allow us to gen-
eralize the result of Corollary 2.24. However, Figure 2.3 provides sufficient empirical

evidence for this monotonicity conjecture. 0

2.4.3 Approximating Channels for the SDRC

In this subsection, we consider the SDRC, i.e., the case when pq = p, = p €
[0, 1). This channel is of interest since in practice, systems prone to mis-synchronization
are usually not biased to produce more deletions or replications. For the case of the
SDRC, we can fix m to be a sublinear function of n satisfying a simple condition and
define a sequence of approximating channels whose information rates satisfy a relation

similar to Proposition 2.31.

Lemma 2.32. For the SDRC, for everyn € N, let m € N. Then,

ngm) Nr(1m>
P m) <maX|Zi\ > m> = P(max\Z,-| > m) = 0<n—|—2m).
=1 i=1 m

1=

(2.22)

Proof. As noted in the proof of Lemma 2.21, we have for every n € N that Z, is the n™
partial sum of the i.i.d. process {Z;};>;. For the SDRC, we have E[E;] = y = 0 and
Var[Z)] = v? = 12__pp < eosince p € [0,1).

Let ., = 6({Z,}) C A, the sigma-algebra generated by Z,, for every n € N.
Clearly, %, = 6({E}; }) so that {7} },> is a filtration, and Z, € .}, by definition. Let
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Fn 1.7 C % asn — oo. Then for every n € N, Z, € L*(S, %,P) since
Nl =Bl = €| (L %) } ~YEEI+Y Y EEE

n
=1 i=1 i=1 j=1,j#i
n

=n-Var[Z Z i E[Z] E[_,J]—nlz_pp<oo.
Jj=1,j

~.

Further, E[Z,|-%—1] = E[Z,—1 + Eu|-7—1] = Z,—1. Therefore, {Z,,.7,},>1 is a martin-
gale under the measure P. Consequently, {|Z,|,.7}, },>1 is a submartingale.
Since |Z,| € L*(S, %, P), from Doob’s submartingale inequality [123, §14.6], we

have

E[|Z,|*] 2p \ n
> m) < _ n
P(rgax|Z| m) m? (1—p>m2

We have from Equation (2.20) that N,(,m) < n-+m. The result then follows by noting that

Ny
P(max|Z| = m) < P(MaX || = m)
= 1=

and the above result. The bound with respect to the measure P, is true because

N(m) 19 Nr(lm) 5
Py (9 €8 "max’ 2,(9)| > m) =P (5 €5 "iax |z:(0)] > m)

from the definition of the measure P (See Section 2.4.2 and Remark 2.3). ]

The significance of the above result can be seen by noticing that, for the SDRC,
the probability (under measure P or P,,) with which the approximating channels in-
troduced in the previous two subsections differ from the actual channel can be made
arbitrarily small by setting m(n) = ®(y/n), i.e., lim,_,e % = oo, and choosing a large
enough n. For the so-chosen sequence of approximating channels, we can conclude that

the limiting channel characterizes the SDRC from the following result.

Proposition 2.33 (Approximating SDRC). For the SDRC,
Io=1limI, = liminflzm(n)
n—oo n—oo ’
where m(n) = w(+\/n), for stationary, ergodic input process Z . O

We will need the following Lemma.
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Lemma 2.34. Let (T,.o/) be a measurable space, and let {Q,},>1, Q all be probability

measures on this space. Suppose that

(i) Foreveryn > 1, there is a set B, € <7 such that Q,(A) = Q(A) for every A C B,
Aecd.

(ii)) Q(B,) — 1 asn — oo.
. . . t
Then the measures Q,, converge in total variation to Q, i.e., Q, e Qasn—s .

Proof. From (ii), for every € > 0, there exists n’(g) € N such that
Q(B,) >1—eVn>n(e).
From (i), Q,(ANB,) = Q(ANB,) for every n > 1, A € o/ Therefore, for every € > 0,

1Qu — Q| =2 sup |Qu(A) — Q(A))]

Aeo/

=2 sup |Qn(AﬂB,§) - Q(AHBSH
Aecos

<2eVn>n(e).
HenceQn&Qasn—wm. O

Proof of Proposition 2.33. Note that
A Ny (9)
Dym = {19 eS: max |Zi(®)] > m}
=

is the subset of S in % where P, (X[,,],Y[x&)}) differs from P(X],],¥}y,]). From Lemma
2.32, we have '

as n — oo, whenever m(n) = @(y/n). Consider henceforth that m(n) satisfies this con-
dition. In Lemma 2.34 above, set T =S, & = %4, Q,, = P<m(n)> and Q = P. Note that
although P, is only defined on .7, () (cf. Proposition 2.25), we can extend it to
2 such that it agrees with the measure P on every subset of B,, for each n > 1. Then for
each n € N, we see that by setting B,, = ID)g’m(n), both conditions (i) and (ii) in Lemma
2.34 are satisfied. From this and [26, Corollary 1], we have the desired result. L]
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The channels {PZ,m}mzo give us a way to approach the problems of optimizing

input distributions as well as designing coding schemes for the SDRC. We can optimize

*
n,mo»

the inputs of P}, , starting with small values of m, under some input assumptions, e.g.,
for fixed-order Markov inputs [57, 116]. Note that the numerical estimation of I,
is possible (as described in the previous subsection) only when m < n, since setting
the channels as indecomposable FSCs (cf. Lemma 2.28) is possible only in this case.
Moreover, for a good estimate of the information rate, we will require m < n. For the
SDRC, Proposition 2.33 allows us to consider some PZm(n)’ where m(n) is both @(y/n)
as well as o(n), for which a good estimate of the information rate I;7m(n) can be obtained.
Note that due to the lack of a result analogous to Lemma 2.32 in the case of a general
DRC for m < n, generalizing these arguments when py # p, is not completely justified.

Starting with some small values of m, we expect that the information rates and
optimal distributions quickly converge (in m), giving us a way to characterize optimal
inputs for the SDRC P,,.. For small values of p, as in Figure 2.3, the information rates
for the SDRC can be characterized numerically for moderate values of m (much smaller

than (y/n) guaranteed by Lemma 2.32). For optimizing the input distribution for an

k

" m» We can start with optimizing inputs that are uh-order Markov pro-

approximation P
cesses, for it > 1. As was observed® in [117], the convergence of optimal information
rates as a function of the order u of the input Markov process is expected to be rapid.
The authors in [117] hypothesized that this convergence was exponential in y. Similar
“diminishing returns” on increasing U has also been observed by others [57,116]. We
think that a similar rapid convergence of I, (2 ,,) to C4(Z7,,) also holds for m,
where I, (27, H> is the optimal information rate achieved by a u™-order Markov input
process on the FSC P}, with pg = pr = p, and G,(Z ;) is the optimal information
rate achieved by a u™-order Markov input process on the corresponding SDRC P,,.
Apart from the above advantage of facilitating numerical estimation of infor-
mation rates, the approximating channels P}, ,, have another important advantage. This
is that since they have immediate factor-graph interpretations, there is a possibility of

constructing sparse graph-based coding schemes and decoding over the joint graphical

model representing the channels as well as the codes, as was done for joint detection and

8Although the validity of the bounds in [117] is unclear (See, e.g., [28]), the rapid convergence of
information rates as a function of the order u of the input Markov process is expected to be true.
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decoding of LDPC codes on partial response channels [65]. Instead of trying to build
codes for the SDRC P,,, the problem can be reduced to designing good codes and effi-
cient decoding schemes for the FSCs P}, ,,,. For small values of the deletion-replication

probability p, we can expect these codes to perform well for the SDRC P,, as well.

2.5 Generalizations

In this section, we discuss different scenarios that can be modeled using the
channel model introduced in Section 2.2 with appropriate modifications. Wherever pos-
sible, methods for information theoretic analysis for these cases through generalizations

of the channel model presented here are highlighted.

2.5.1 Channels introducing Random Insertions

The channel model of Equation (2.5) allows us to handle deletions as well as
replications. However, the class of SECs that introduce random insertions cannot be
written in the form of Equation (2.5). A suitable modification for our model in this
scenario is to let

Yi=Xi7,&1liz-7 Vi

where X =Y =V = {0,1}, and ¥ = {V;};> is a Bernoulli sequence with parameter
f (for “flip”). This means that the probability of a random insertion is fp, and that
of a replication is (1 — f)p,. Note that this can be easily generalized to any finite sets
X, and arbitrary sets Y and V (with an appropriate notion of the addition operation
“@”). Analysis of this channel is, however, more complicated than analyzing the DRC
itself due to the cascaded additive noise channel which also depends on the “shared”
state process 2. However, when the channel produces deletions, replications, random

insertions as well as substitutions, we can write
Yi=Xi—z®V,

which is just a cascade of the DRC and an additive noise channel. In the binary setting,

this corresponds to a channel that deletes a bit x with probability pq, or inserts a sequence
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y with probability (1 — pq)(1 — py) p'ry -1 ¥+ This implies that the substitution error
probability for a bit is given by (1 — pg)(1 — py)f.

The capacity (or the information rate achievable by a given input process) and
coding for a cascade of binary, memoryless channels without synchronization errors
has been studied in, e.g., [21,49, 104, 105]. Some lower bounds on the capacity of a
cascade of a BDC and an additive noise channel were given in [34,96]. The possibility
of extending these results to general memoryless SECs using the model presented here

remains a problem worth exploring.

2.5.2 SECs with Memory

An SEC with memory is defined as in Definition 2.1, with the only difference be-
ing that the transition probabilities g, (yw |x[n]) do not factorize as products of individual
probabilities ¢(¥;|x;). As an example, one could think of an SEC where the deletion of a
symbol influences the likelihood of the following symbol being deleted, i.e., a channel
that introduces a burst of deletions. Similarly, channels that introduce a limited number
of deletions in every input subsequence of a certain length could also occur in prac-
tice. These have been studied under the name of segmented deletion channels [74,119].
Note that the definition of the segmented deletion channel is slightly different in the
references cited, where it is assumed that the input is divided into blocks of a certain
length and at most one deletion occurs within each block. Our definition is more gen-
eral and corresponds closer to reality, e.g., in the case of a frequency offset between the
transmitter and receiver clocks.

The channel model in Equation (2.5) generalizes readily to the case of DRC with
memory. Consider the Z process to be a non-increasing (so that only deletions occur),

time-homogeneous, shift-invariant Markov process of order z > 2 such that
P(Zi = Zi|Z[ifz:i71] = Z[ifz:ifl]) >0

only for Zi—z:i—1] such that z; ; =z 41 =+ =2ij > Zi—jy1 = -+ = z;—1 for some
1 <j<zandz ;j—zj1 < 1. Then, clearly at most one deletion occurs for every
input subsequence of length z. The model in Equation (2.5) will then correspond to

a segmented deletion channel where no more than 1 deletion occurs for every z input
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symbols. Similarly, we can model other DRC with memory by suitably considering the
Z process to be a Markov process of some order with specific transitions occurring with
non-zero probability.

Although we have let z > 2, not all second-order Markov processes 2 result in
SECs with memory. One example worth noting is when the 2 process is non-decreasing
with increments of at most 1, and is such that two consecutive increments occur with
probability 0. This results in a replication channel where each symbol is transmitted
noiselessly and possibly replicated once—this is exactly the elementary sticky channel
introduced in [84], which is a memoryless SEC. We will refer to such channels that intro-
duce a bounded number of inserted symbols per input symbol as bounded, memoryless
SECs. This particular channel has also been studied in [96], where some analytical lower
bounds on the capacity were given. Another example where z = 2 does not result in an
SEC with memory but is a bounded, memoryless SEC is Gallager’s model [37] of the
insertion-deletion channel. Some analytical lower bounds for the capacity of this chan-
nel (without deletions) were given in [96]. Achievable rates for a bounded, memoryless
SEC were studied in [115], and those for a cascade of a bounded, memoryless SEC with
an inter-symbol interference (ISI) channel in [43]. Some bounds on the capacity of a
bounded, memoryless SEC with substitution errors were given in [36].

Note that the channel coding theorem for SECs with memory has not been es-
tablished. The various works on the “capacity” of such channels is an indication of such
SECs occurring widely in practice. Establishing the channel coding theorem for SECs
with memory is, therefore, important both for the theory and in practice. For SECs with
memory, since the channel model (2.5) will have the transition probabilities that still
factorize as in Equation (2.7) (with the channel state transition probabilities replaced
by the higher-order transition probabilities), it is more amenable to analysis and could

potentially be used to establish the channel coding theorem.

2.5.3 Jitter, Bit-shift and Grain-error Channels

Channels that consider mis-synchronization due to jitter or bit-shifts have been
studied in the context of magnetic recording and constrained coding [6,9, 101]. These

represent a variant of the general model of the DRC presented here. In particular, they
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are characterized by a 2 process where each valid state path Z € Z has increments and
decrements of size at most 1, and the transition probabilities are data-dependent. The
zeros and ones in the input correspond to the absence and presence, respectively, of
a transition in the signal. Thus, the presence of a transition cannot be deleted, i.e., a
I in the input stream cannot be deleted, whereas the Os can be deleted or replicated
(at most once). The authors of [101] gave bounds on the capacity and the zero-error
capacity of bit-shift channels and also presented some bounds on achievable rates over a
concatenation of the bit-shift channel with a binary symmetric channel. Similar analysis
was performed in [9] for discrete and continuous channels with timing jitter. Numerical
upper and lower bounds on the capacity of a binary channel with jitter where transitions
could “cancel” each other were given in [6].

Another class of channels that resemble these channels are the “paired” insertion-
deletion channels studied in the context of bit-patterned media recording [50], which
will also be the application studied in the next chapter. Here, the channel is similar to
the approximating FSC given in Section 2.4.2 with m = 1. In [50], the authors give
bounds on the capacity and the zero-error capacity of the channel for varying sizes of
the state space. A further specialization of this channel is the one-dimensional granular
media recording channel. This has also been studied in [82], where some bounds on

capacity and coding constructions have been proposed.

2.5.4 Permuting and Trapdoor Channels

The trapdoor channel introduced by Blackwell (See [8, §7.1]) is a channel where
the input stream is fed to a buffer at the same rate as symbols from within the buffer
are randomly drawn as the output stream. Using our model, we can define the trapdoor
channel as follows. The multiset of indices of the buffer contents at time i > 1 is denoted
as B; ={B, -+, By}, which is of size b. We initialize

Bl:{07"'7071}
b—1

and define the output at the M instant as ¥; = Xr, for i € [n], where I'; has the distribution
P(I'; = B;) = 4,1 < j < b. The buffer multiset is updated as B 1 = B; \ {T;} U {i+1}.



58

In this case, a further simplification of the channel model might be more useful since the
channel depends not on the indices of the inputs in the buffer, but on the type [18, §12.1]
of the buffer contents at any time. This channel was generalized to define permuting
channels in [12].

Although the trapdoor channel is described easily, its capacity, even in the sim-
plest case of |X| =2 and b = 2, has been an open problem ever since its introduction.
In [1], the authors considered coding schemes for certain non-probabilistic models of
the trapdoor channel. The capacity of the probabilistic trapdoor channel when |X| =2
and b = 2 is known to satisfy [93]

1
—<C(X|=2,b=2) <log,

5 ~0.694241914.

1++/5
2

It is worthwhile to explore the possibility of obtaining better bounds on the capacity of

the trapdoor and permuting channels using the model presented here.

2.5.5 Molecular and Chemical Channels

A simple model for molecular or chemical channels is as follows. The channel
state Z; at time instant i is a random variable on the alphabet {0} U [m] and represents

the delay introduced to the input at time i. The output at time i is given as

m
Yi=Y Xi .1z .,
z=0

i.e., the output is the sum of all the channel inputs that arrive at time i. This channel was
studied in [19] as a delay selector channel and a lower bound on the capacity was given
assuming that the state process is i.i.d.. In general, the state process can be modeled as
a Markov process, and the channel might be amenable to a similar analysis as presented

here.

2.5.6 Timing Channels

There is a link between discrete timing channels [4], where information is com-
municated not only in the signals but also in the timing of the signals and the randomness

is in the arrival times of the signals, and “good” transmission sequences for SECs. This
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is in the sense that a information-bearing transmission sequence for an SEC must not
only be able to carry information within the sequence, but also contain information in
the ordering of the symbols within the sequence, such that even in the presence of syn-
chronization errors, the information about the symbol ordering is not completely lost.
That is to say that the sequences X, must be such that under limited number of synchro-
nization errors, the received sequence Yjy,| must convey adequate information about the
state sequence Zpy,]. Therefore, it might be of importance to study whether methods of
coding over timing can be used to obtain efficient codes and decoding schemes for the

SECs.

2.6 Conclusions

We introduced a new channel model for a class of SECs which formulated the
SEC as a channel with states. This allowed us to obtain analytical lower bounds for the
capacity of SECs with only deletions or only replications. For the case of the BDC, we
were able to write the SIR in terms of subsequence weights of binary sequences. Subse-
quence weights are known to be a quantity of interest in the maximum-likelihood decod-
ing of sequences for the BDC (cf. Equation (2.12)). Moreover, it is clear from Equation
(2.12) that the dependence of information rates for the BDC on the input statistics only
appears in the term $) ,(,i) , Whereas the subsequence weights influence H(x) independently
of the input statistics. Thus, our result establishes a natural link between the capacity of
the BDC and the metric relevant for ML decoding. We were also able to obtain lower
bounds on the capacity of the BDC that are known to be tight for small deletion prob-
abilities. For the BRC, we were able to exactly characterize the Markov-1 rate, which
is the first analytic lower bound on the capacity of the BRC. In doing so, we were able
to disprove the conjecture that the capacity of SECs is a convex function of the channel
parameters, at least in the case of the BRC.

For the case of an SEC with deletions and replications, we were able to provide
a sequence of approximating FSCs that are totally ordered with respect to the mutual
information rates achievable, and therefore, with respect to capacities. These approxi-

mating FSCs were shown to be such that the mutual information rate achievable for the
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SEC was equal to the limit of the mutual information rates achievable for the sequence
of FSCs. To obtain numerical estimates of achievable rates on the DRC, we defined an-
other sequence of indecomposable FSCs. Computing the mutual information rates for
this sequence of FSCs allows us to relate the mutual information rate for the DRC to the
limiting value of the mutual information rates of the sequence. For the particular case
of the SDRC, we were able to show a stronger uniformity in the convergence of these
mutual information rates.

The formulation in this work not only allows us to get estimates of mutual in-
formation rates achievable on SECs but also gives some insight into possible code con-
structions and decoding schemes for such channels. The approximations introduced for
the DRC gives us a natural way to reduce these problems. One would therefore ob-
tain progressively better performing codes for the DRC by designing good codes for the
sequence of approximating FSCs. We expect that for a small values of the deletion-
replication probability, a code constructed for an approximation with a moderate value
of m will perform well over the DRC as well. Some coding schemes for special cases
of the FSCs (with m = 1) have been known in various contexts (See Section 2.5.3). Ex-
tending these schemes to better approximations (larger m values) will prove crucial in
designing good codes for the DRC.

The present formulation of the SECs also allows us to make the following re-

marks.

e In [56], the authors conjectured that the capacity of the BDC has a Taylor-like
series expansion. We see from Theorem 2.15 that this is true for the SIR of the

BDC. We expect that the capacity also has a similar formulation.

e The capacity of a general SEC might not be convex in the channel parameters (See
Remark 2.2). It was shown in [20] that the capacity Cgpc of the BDC satisfies
Cepc(p) _ .. Cepc(p)

inf  ———= = lim
peloy] 1—p  p=1 1—=p
It is therefore expected that Cgpc(p) is convex in p. From Theorem 2.15, we see
that the SIR C%‘SC of the BDC can be written as
. ()
Cie = 1= p—ha(p)+ (1= p) (Jlim lim Y f(i.m.p)),
m=0

[—00 D—po0
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where f(i,m,p) = Wi np™(1 — p)" is non-convex in p for m > 1. It is interesting
to see if this double limit turns out to be convex despite

D

Y f(i,m,p)

m=0
being non-convex for every finite v > 1. Extending this to the case of the capacity

Cgpc is also of interest.

e In order to obtain bounds for the capacity of a BDC for p close to 1, one might
typically consider the case where all but one (or a few) symbols are lost. The lower
bound D, presented here (cf. Lemma 2.12) corresponds to this situation. How-
ever, since we considered this bound for a first-order Markov input, the bounds
we obtained didn’t prove to be useful for p close to 1. It might therefore be of
interest to generalize this bound for a high-order Markov input which might give

us a strictly positive (and thereby non-trivial) achievable rate.

e The approximations of the DRC presented have another useful feature. Via the
estimation of the delayed feedback capacity of the approximating channels, tight
bounds on the capacity can be obtained [126]. By estimating the capacity for
moderate values of m, we can obtain a good estimate of the capacity of the DRC

as guaranteed by Propositions 2.31 and 2.33.
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Chapter 3

Synchronization Error Channels in

Magnetic Recording

In this chapter, we will focus on some practical scenarios where synchronization
error channels arise naturally. We will typically be interested in applications of magnetic
recording. However, many communication applications have physical limitations that
result in similar channels that are of interest here. Much of the analysis will bear a
similar flavor as the concepts introduced in the previous chapter.

Magnetic recording channels are typically modeled as binary-input intersymbol
interference (ISI) channels, also called partial response channels [53,60]. An implicit
assumption made in these channel models is that the data are correctly written on the
disk and that errors occur only during the readback process. While this is a fairly re-
alistic assumption in conventional “low-density” recording technologies on continuous
media, it is questionable in the context of certain advanced recording technologies, such
as bit-patterned media (BPM) recording, that achieve higher storage densities. In this
paper, we will examine some of the underlying causes of errors in the recording pro-
cess, particularly in BPM recording, and then propose a new probabilistic write channel
model that captures some of the data dependence of these write errors. Thus, the input
to this write channel model is the data sequence to be recorded and the channel output
is the “noisy” sequence that actually gets stored on the medium. This leads to a descrip-
tion of the full data recording and readback process as a cascade of an imperfect write

channel and a noisy (partial response) readback channel.

62
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Hu, Duman, Kurtas and Erden [44] proposed a model for the BPM recording
channel in which the write channel was a binary symmetric channel (BSC), and the read-
back channel was a linear, intersymbol-interference (ISI) channel with additive noise.
They proposed and evaluated detection methods for this channel, and they investigate
achievable information rates for such a system. In [49], we considered an idealized
cascaded channel model in which the write channel was again a BSC and the readback
channel was a memoryless, binary-input, additive white Gaussian noise (AWGN) chan-
nel. We studied theoretical properties of this channel, as well as the decodable regions
of LDPC codes under a number of decoding algorithms. Here, our focus is on a new
write channel model which allows us to determine and compare bounds on several rele-
vant information-theoretic limits: capacity, symmetric information rate (SIR), Markov-1
rate, and zero-error capacity.

The remainder of this chapter is organized as follows. In Section 3.1, we start
with a brief description of the write process in bit-patterned media recording, highlight-
ing the main factors leading to write errors. We present the data-dependent write channel
model in Section 3.2. Two classes of channel state processes are introduced: a Bernoulli
state process (Section 3.2) and a binary Markov state process (Section 3.2). In Section
3.2.1 we make the observation that, although proposed as a model for BPM recording,
the Markov state channel model is also relevant to high-density magnetic recording us-
ing conventional granular media. In Section 3.3 we give bounds on the capacity, the
SIR, and the Markov-1 rate of the Bernoulli state channel. Section 3.4 gives similar
bounds on the capacity for the binary Markov state channel. The SIR is numerically
computed for both of the channels considered in Section 3.2. In Section 3.5, we intro-
duce a generalization of binary Markov state channels, namely the K-ary Markov state
channels. For one such generalized channel, we numerically estimate the SIR and de-
rive bounds on the channel capacity. Finally, in Section 3.6, we explore the zero-error
capacity of the proposed class of write channel models. These results bear similar flavor

as the information theoretic results in Chapter 2.
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3.1 Bit-Patterned Media Recording

A conventional magnetic recording medium is a continuous film of magnetic
grains that coats the surface of the disk substrate. Each grain is an atomic magnetic unit
that assumes one of two possible magnetic states. A group of grains together form a bit-
cell, an entity that stores one bit of information. Therefore, as the areal information den-
sity is increased, the number of grains forming a bit-cell reduces. One of the problems
with high-density magnetic recording in conventional media is the super-paramagnetic
effect, wherein the magnetic states of individual grains change due to the influence of
neighboring grains or due to changes in temperature. When the areal information den-
sity is increased to point where there are only a few grains per bit, such uncontrolled
changes in the magnetic states of grains are detrimental to reliable information storage.

Bit-patterned media recording (BPMR) proposes to get around this problem by
making use of patterned magnetic islands separated by non-magnetic material [120].
However, this new structure of the magnetic medium introduces technical challenges
not seen in recording on conventional media. An immediate requirement of this media
structure is near-perfect synchronization of the write process to ensure that the write
head is positioned correctly over the magnetic islands on this disk, i.e., to ensure that
the head is positioned within the so-called writing window zone of the islands [77].
Assuming that this write synchronization is achieved through the use of timing synchro-
nization patterns, there is a possibility of frequency and/or phase mismatch leading to
incorrect writing. Furthermore, even without a timing mismatch, imperfections in the
configuration of the patterned magnetic islands may cause writing errors. Finally, as
in conventional magnetic recording, the switching field distribution of magnetic grains
may contribute to errors in the write process. We will refer to write errors induced by
any of these mechanisms as written-in errors.

Another important feature of BPMR is the geometry of the writing process.
Along the down-track direction, the span of influence of the magnetic write field is
typically larger than the spacing between the islands. Therefore, at any given time, the
write head influences multiple adjacent islands. So, in the process of recording a bit on
a specified island, the bit value is also recorded on a certain number of subsequent is-

lands, with these islands themselves being overwritten in the future by subsequent bits.
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Figure 3.1 gives an illustration of this idealized write process. We refer to the number of

X X X X X X X
I'_______________I
o 0 0 0, X X X
_______________ J
(5} "_______________I
g 0o 11 1 1 1, x X
= e o _____ )
I'_______________I
0 11 1 1 1, X
_______________ J
I'_______________I
0 1 1o 0 0 0,
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Figure 3.1: Example illustrating writing one bit on each island in BPMR with a write
head of writing span D = 3. Depicted here are snapshots of the top view of the disk
and write mechanism. Initially, all islands, represented here using gray squares, have
unknown magnetic states represented by x, which could be 0 or 1. At the first time
instant, the write head, shown here using a dashed rectangle, is positioned over the first
four islands. In this position, the first island is written with the data bit 0. The three
subsequent islands are also written with the first data bit 0, before being overwritten
with their own data. After each bit is written, the head is moved over to the next island
along the down-track direction. At each position of the write head, the corresponding
“current” island is highlighted with a black square boundary.

subsequent islands influenced by the write head as the writing span, D. We will assume
throughout this paper that D > 1, which implies that write process has memory and, as

a consequence, the write channel is data-dependent.

3.2 Write Channel Model

Representing the channel input and output at the i time instant as X; and Y;,
respectively, defined over alphabets X =Y = {0, 1}, the write channel model can be
written as

Y, =X, ®(Xi®Xi1)®Z;, i€n] (3.1
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where Z; € {0,1} denotes the channel state at the i" instant. Here, we assume that the
state process Z is independent of the input process 2", and & and ® represent addition
and multiplication in GF(2), respectively. The channel state Z; is not to be confused
with the magnetic state of the island.

It is natural to assume that the channel input and output alphabets are binary
since the (intended and actual) magnetic states of the islands can be one of two possible
states. The channel state Z; is a random variable that represents a failure in writing
due to one of the conditions mentioned in the previous section, i.e., when Z; =1 the
write head can be assumed to have failed in writing the intended bit. However, this does
not necessarily imply a written-in error because there would be no error if the bit to be
written is the same as the existing magnetic state of the island. This is captured by the
term (X; @ X;_1) that is multiplied with Z; in (3.1). This “noise” term (X; & X;_1) ® Z;
is justified because we assume that the timing mismatch or the irregularity of island
patterns can cause the write head to be positioned, in the worst case, on the island
immediately following the correct island. We will continue with this assumption until
Section 3.5, where we construct a more general write channel model. Also note that
when the first bit is written late, i.e. when Z; = 1, we have Y| = Xy which represents the
pre-existing magnetic state of the first island. We will assume that X is equally likely to
be a 0 or a 1. Similarly, when the last bit is written late, the last island has a bit in error
if the last and the penultimate bits are different. In either case, n magnetic islands are
read and their contents are interpreted as the n data bits so that there is no blocklength
mismatch.

Based on the Z; sequence, the channel in (3.1) can be seen as producing different
types of errors. When the Z; sequence consists of isolated ones, the channel appears
to produce substitution errors. This is illustrated in the Figure 3.2. Such substitution-
like errors can occur when the write head misses islands at random and independently
of its success in writing on previous islands. Noting that when Z; = 0, ¥; = X; so that
the output reproduces the input exactly, and when Z; = 1, ¥; = X;_ so that the output
reproduces the input with a delay of one time instant, we can see that another way to
write the relation in (3.1) is

Y= Xi*Z,'? i€ [n]a (32)
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Zi 0 0 10 0 10 0 0 0
X; 0 0 0 1 0 1 1 1 0 0

T
Y, 0 0 0 1 © 1 1 0 0

Figure 3.2: An example of substitution-like errors produced by the write channel. The
sequence Z; gives the channel state for each magnetic island. In this example, Z; = 1
for the third and the sixth islands. The sequence X; gives the intended magnetization of
the islands, i.e., the data to be written. Taking into account the channel states Z;, the
sequence Y; shows the resulting island magnetizations. Note that substitution-like errors
occur only when Z; = 1, as was the case with the sixth island here, highlighted with a
box around the island in the Y; sequence. However, not every Z; = 1 results in an error,
as illustrated by the third island.

which is exactly the same as the model for the DRC (See Chapter 2) in Equation (2.5).
The main difference in the present scenario is the space of the channel state process Z.
Since the state space here is finite, unlike the DRC considered in Chapter 2, it suffices
to consider outputs for time instants 1 through n in Equation (3.2). As argued for the
finite-state channel approximations in Section 2.4, we have that this assumption does
not influence the mutual information rates.

When the Z; sequence consists of long runs of ones, the channel appears to pro-
duce “paired” deletion-replication errors, with replications accompanying 0 — 1 channel
state transitions and deletions accompanying 1 — O channel state transitions, as shown

in Figure 3.3. These deletion-replication errors can happen as a result of timing synchro-

Zzo 0 0 1 1 1 1 0 0 0
X0 0 0 1 0 1 i1: 1 0 0

o %\\\ Lot
Y, 0 0 0 1 0 1 1 0 0

Figure 3.3: An example of an deletion-replication error. Due to the channel state se-
quence Z;, the channel inputs are transformed as shown by the arrows between the X;
and Y; sequences with the resulting magnetic states of the islands shown in the sequence
Y;. The inserted bit in the ¥; sequence accompanying the channel state transition 0 — 1 is
shown with a box around the corresponding island. The deleted bit from the X; sequence
accompanying the channel state transition 1 — 0 is shown with a dotted box around the
island.
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nization errors, wherein there is a frequency mismatch between the islands and the write
head; or as a result of a group of islands being separated farther than usual or having
larger switching fields. We will consider the channel under two different statistical as-
sumptions on the 2 process in the following., and show how this difference in statistics

changes the typical behavior of the channel.

Bernoulli state channel

When the channel state process 2 is an i.i.d. Bernoulli process with parameter
p,ie., P(Z;=1) = p, we will call the channel the Bernoulli state channel. In this case,
the channel is completely specified by the parameter p. We shall henceforth denote
the channel in Equation (3.1) (or (3.2)) by W,(p). Typically, for small values of the
parameter p we can expect this channel to produce errors resembling substitution errors

(See Figure 3.2).

Binary Markov state channel

When the channel state process 2 is a first-order binary Markov processwith
P(Z;=0|Zi_y = 1) = pq and P(Z; = 1|Z;_; = 0) = p,, we will refer to the channel as
the binary Markov state channel and denote it by W, (pq, pr). As noted earlier, we can
expect such a channel to typically produce paired deletion-replication errors (See Fig-
ure 3.3). Hence, the parameters py and p, can be thought of as deletion and replication
probabilities, respectively, of the channel. However, this channel is different from the
DRC in that the state space is finite and the state transitions are Markov as described
above. In particular, this Markov process is distinct from the FSC approximations to the

DRC (Section 2.4) as well.

3.2.1 High-density recording with granular media

As mentioned in Section 2.5, the channel model in Equation (3.2) can also be
used to describe high-density magnetic recording on conventional granular magnetic
media [124]. Although media granularity is typically considered as a two-dimensional

phenomenon, we consider granularity only in one-dimension — along the down-track
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direction, and assume adjacent tracks to be independent. This simplification allows us to
establish lower bounds for performance over the two-dimensional channel as proposed
in [124].

Media granularity in one-dimension results in written-in errors as follows. At
storage densities of the order of 1 bit per grain, the variation in grain size plays an
important role in deciding the reliability of data storage. In this case, bit-cells are at
most as large as individual grains. We assume that the grains are all 1 or 2 bit-cells in
size, and that the magnetic state of each grain is decided by the last bit written on them.

This is depicted in Figure 3.4. Grains that are 2 bit-cells large will result in written-in

) | :
£ 0'l 1 1 1 1 ,x X
- ! ,
e ___ ;
e ______
' |
o 1!'f1 |1 1 1 1
e _____TTTE ;
e
o 1 1!'fo|o o 0
| |

Down-track

Figure 3.4: Writing on granular media. Individual bit-cells are shown as x’s in the first
row, corresponding to the magnetic states read from these cells, which could be 0’s or
I’s. Also shown in shades of gray are the magnetic grains: grains that comprise one bit-
cell are shown in light gray and those that comprise two bit-cells are in a darker shade
of gray. The two bit-cells comprising a grain of size 2 always have the same magnetic
state. As in the case of BPMR, the write head spans multiple bit-cells, as shown by
the dashed rectangles. The “current” bit-cell at each time instant is shown with a black
square.
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errors if the two bits written on them are different. Figure 3.5 gives an illustration of the

written-in errors in this scenario. Comparing Figures 3.3 and 3.5, it is easy to see that

Z; 0 0 0 1 0 0 10 0 0

Figure 3.5: Written-in errors due to media granularity. The 2 process represents the
grain pattern with Z; being 1 when the corresponding bit-cell is the first bit-cell in a grain
that comprises two bit-cells. The X; sequence shows the data to be written. The arrows
between the X; and Y; sequences show the transformation of information according to
the grain pattern, resulting in the sequence Y; being stored. The written-in errors are
shown with a box around the corresponding bit-cell.

the channel model in this case can be written as
Vi =X, ® (X ®Xit1) ®Z;.

Using a simple time-reversal argument, it can be seen that this is exactly the channel in
(3.1). However, in this case, the Z; sequence cannot have two consecutive ones, i.e., it
satisfies the (1,0) run-length constraint [46, Chap. 4]. We choose to model this as the
W,,(1, pr) channel since any realization of the state process for this channel satisfies the
(1,00) run-length constraint. In [83], the authors consider this channel and derive upper
bounds for the achievable rates over the channel. Our focus here will be on obtaining
bounds on the achievable information rates for the general channel in (3.1) in the context

of the two channel state processes defined in Section 3.2.

3.3 Bernoulli State Channel

The channel space for the Bernoulli state channel defined in the previous section

is parameterized by p € [0,1]. As in Section 2.4.2, we can show that W,(p) is an
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indecomposable FSC, and therefore, its capacity C(p) is given as
C(p) = lim sup lI (X[n};Y[n]) :
TP (X))

The following symmetry result is straightforward.
Proposition 3.1 (Channel symmetry). For p € [0,1], C(p) =C(1 — p).

Proof. Let us denote by I,(X[';Y|") the mutual information between the vectors X' and
Y{" when the channel parameter is p. Note that the channel output can be simultaneously
written as

Yi=(Xi®Z)® (Xii1 9Z)
and

Y= ($;®Z) B (Siv1 ®Z)

where S; = X; | and ZiC =Z7;® 1. Thus

Ip(X,'; YM ’X[i—l}) = Il—p(Sn—i—H ; Y[n] |S[n—i+2:n])

for all but a vanishing fraction of indices i € N, as n — oo. Therefore,

1 1
C(p) = lim sup —1,(X,;Yy) = lim sup — ) L,(X; Y1 X-11)
M b o (X i HMP(XWni_Zl o (Xi2 Y} [ X[i

1 & 1
= lim sup — Ilfp(SnfiJrl;Yn ’Sn—i+2:n ) = lim sup _Ilfp(Sn Y, )
TEP(X) 1=2:1 ! | TEP(X) o

1 1
= lim sup —I1_,(Xj,_1;:Yy) = lim sup =11, (X;,3Y) =C(1—p).
=) P\ [n—=1]>[n] () P\ nl> tn]
The channel space can therefore be reduced to the interval p € [0, %] Further note that
the same symmetry argument holds for not just the rate-maximizing input distribution,

but for all input distributions. [

The capacity of the Bernoulli state channel is upper bounded by the achievable
rate for a genie-aided decoder, i.e., one with the 2 process realization known. Given
the realization of the 2 process, the inserted bits and the positions of the deleted bits
are known so that the Bernoulli state channel is equivalent to a correlated erasure chan-

nel with average erasure rate P(Z;_; = 1,Z; = 0) = p(1 — p). The resulting erasure
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channel is a correlated channel since two consecutive bits cannot be erased as erasures

correspond to 1 — O transitions in the 2 process. Therefore,

C(p) <1—p(1—p) = Cee(p) (3.3)

since the capacity of a correlated erasure channel is the same as that of a memoryless
erasure channel with the same erasure probability. We call this upper bound, Ce¢(p), the

genie-erasure capacity of the channel W, (p).

Consider
Loy vyt _1 @1 HER ST
1 (X3 Yin) = —H (V) nH(Y[nHX[n]) = “H(Y}) n;H(Yl\X[I-m)
_ lH 1) (3.4)
n

where the equality labeled (a) follows from the definition of ¥; in (3.1) and the fact that
% is ii.d.. Since the information-rate-maximizing input distribution is unknown, we
will now derive lower bounds to the capacity by making certain assumptions about the

statistics of the input process 2 .

3.3.1 Memoryless Input Process

We will first assume that the input process 2 is an i.i.d. Bernoulli process with
parameter & process. With this assumption, the maximum achievable information rate,

called the i.i.d. capacity, denoted C'4(q, p), gives a lower bound to the capacity.
Proposition 3.2 (Input symmetry). C'(a, p) = C'4(1 -, p).

Proof. Let X}, and Y},) be the input and output respectively of the channel W, (p). De-
fine X,y = (X190 1,X,& 1, , X, ®1) and ¥ = (V1@ 1,2 & 1,--- .Y, ®1). When
Xip) 1s Bernoulli with parameter c, X[n] is Bernoulli with parameter 1 — . Further since
Xpp < X[n] and Y}, < f/[n] are bijections, we have I,(X[,;Y},)) =1 (X[n] ¥ n))- Clearly, X'[n]
and ¥, also satisfy the relation in (3.1) and consequently I(Xy,; ¥,) = 1,(Xp,: ). O

As a consequence of Propositions 3.1 and 3.2, we have

Cld(a,p)=Ca,1 —p) =C"1 -, 1 - p) =CY(1—a,p).
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From Proposition 3.2 and the fact that C''(a, p) is concave in o, we immediately

have the following.

Corollary 3.3 (Rate-maximizing i.i.d. distribution). For the Bernoulli state channel

W,.(p) with memoryless inputs

ii ii 1 iu
max C(q, p) =C(5,p)=C"(p)V peo,1],

aco,1] 2
where C"(p) is the symmetric information rate (SIR) of W,(p). O
We have from (3.4)
C(p) = C"(p) = H(¥) ) (3.5)

Z ~iud 2

We can lower bound the SIR by disregarding the data-dependence of the noise

in the channel. This gives a channel equivalent to a BSC with crossover probability %

so that
c(p)=1-h (5) £ L5 (p). (3.6)
Further lower bounds can be obtained by conditioning the entropy of the output as fol-
lows.
. hy(p) ha(p)
d
Coltp) = Jim 3 HO )~ 257 > Jim -3 HO ey X))
1— h ;
:hz( 5 )— Zé )éLﬁud(p), 3.7)

where we have used the fact that ¥; depends only on X;_; and X;, and given X;_1, ¥; is

independent of Y 1"*1. Continuing as above, we can obtain a tighter lower bound

i ha(p)
CIUd(p>>'}1_l;IgonZH Y’Yl l]a i— 2) )

(M) (In(5) i o

A straightforward upper bound for the SIR, implied by (3.5) is

. h
c(p) <1- % Uy (p), (3.9)
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which follows because the entropy rate for a binary process (%) < 1. Note that this
bound is achieved when % is the i.u.d.. Again, starting from (3.5), we obtain upper

bounds for the SIR by removing conditioning from the entropy of the output.

C(p) < lim ZHY|Yz - ha(p)

n—eo pp | 2
1— h ~
2 2
As with the lower bounds, we can find a tighter upper bound for the entropy rate ¢ (%)
as follows
i ha(p)
iud 2\P
c (p)<,}glgonZHY!Y i) =
_ 1—p+p? I 1
T2 -ptpd)
I+p-—p° 1 12(p) & yiva,
h — Ulu . 3.11

Figure 3.6 plots the lower and the upper bounds for SIR discussed above. Note
that the tighter lower and upper bounds — Li*(p) in (3.8) and Ui"(p) in (3.11) —
almost coincide for p < 0.3 (and from symmetry, for p > 0.7). In this range, therefore,
where the bounds themselves are greater than 0.5, they approximate the SIR fairly ac-
curately. As for the channels in Section 2.4.2, the SIR can be numerically computed
for the Bernoulli state channel. This is shown as the “SIR” curve in Figure 3.6. This

indicates that the upper bound Ué“d (p) in (3.11) is a good approximation for the SIR.

3.3.2 First-order Markov Input process

The input symmetry of the Bernoulli state channel (Proposition 3.2) can be
shown to be true for stationary ergodic input processes in general. Therefore, we con-
sider a symmetric binary Markov process 2 with P(X; =1|X;_; =0) =P(X; =0|X;_; =
1)=B.

Starting from (3.4), we can arrive at lower and upper bounds for the Symmetric

Markov-1 Rate (MIR), C-#1(B, p).The lower bounds analogous to those for the SIR are

C(B,p) 21— ha (B) 21" (),
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Figure 3.6: Lower and upper bounds for SIR given in (3.6), (3.7), (3.8), (3.9), (3.10)
and (3.11), and the upper bound for capacity in (3.3). The SIR from simulations is also
shown.

which is the same as L™ (p) in (3.6),

C?N(B,p)=H(Y) P —ﬁhz( )>,}1_I>IQQHZH Yi|Yi_1p,Xi—1) — Bha(p)

=hy(B(1-p)) —ﬁhz(p) 2 L7 (B,p),

and

c”Y(B,p) > lim ~ ZH YY1, Xi—2) — Bha(p)

B(1-B(1—p?)
1-B(1-p)

+B(1—p)ha (B(1—p)) — Bha(p) 2 L' (B, p). (3.12)

= (l—ﬁ(l—P))%(
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The trivial upper bound analogous to U*(p) in (3.9) is

CY(B,p) < 1—Bha(p) £ Us" (B, p).

The upper bounds corresponding to U {“d and U2illd are

CY(B,p) <ho (1—B+2B*p(1—p)) — Bha(p) 2 U (B, p)

and

C(B,p) < (B21—-B)(1—p+p)+B*B=B)p(1—p)+(1+B)(1-B)?)
Xhz( B2(1—B)(1—p+p*)+B3p(1—p)+B(1—P)? >
B*(1-B)(1—p+p?)+B2(B=B)p(1—p)+(1+B)(1-B)?
+(2B*(1-B)(1—p+pH)+B3(1-2p+2p*) + B(1—B)?)
xh( B2(1—B)(1—p+p*)+B°p(1—p)+p(1—PB)> )
2\2B2(1-B)(1—p+p?) + B3(1—2p+2p2) + B(1 - B)2

—Bha(p) £ U5"1 (B, p)- (3.13)
Figure 3.7 shows the contours of the bounds for C” in (3.12) and (3.13). (Only the
tighter bounds, Ls”' (B, p) and Us# (B, p) are shown.) As was the case for i.u.d. input,

the tighter bounds (3.12) and (3.13) have almost coinciding contours for a wide range
of parameters (f3, p). Unlike the case of i.i.d. inputs, the rate-maximizing input param-
eter B*(p) is not easily obtained. A close estimate can be obtained by maximizing the
bounds obtained above. These are shown (dashed lines) in Figure 3.7. Since the opti-
mal B values for the tighter lower and upper bounds L5?!(B, p) and Us#!(B, p) almost
coincide, we can say that §*(p) is monotonically decreasing in p in the interval [0, ]
with *(0) = 1 and *(1/2) ~ 0.31.

Figure 3.8 compares the SIR (solid line representing Li2“d( p) in (3.8), and dashed
line representing Ui'(p) in (3.11)) and the MIR (solid line for LZ//“([}EZ (p),p) in
(3.12), dashed line for Uy*! (B, (p), p) in (3.13)) over the range of p values. It is clear
that considerable gains in reliable information transfer rate are possible by using an in-
put with memory. In particular, note that whereas there is a range of p values for which
the SIR is smaller than 0.5, the M1R is strictly larger than 0.5 V p. It is clear that for a
sequence of input Markov processes of increasing orders, the achievable rates are non-
decreasing. The algorithm suggested in [57, 116] can be employed to optimize the input

Markov process to maximize the rate.
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Figure 3.7: Contours of lower (thin curves) and upper (thick curves) bounds for MIR
given in (3.12) and (3.13).

3.4 Binary Markov State Channel

The channel space for the binary Markov state channel defined in Section 3.2 is
(pd,pr) € [0,1]%. Note that the channel space is ordered, i.e., the first parameter is the
1 — O transition (deletion) probability and the second the 0 — 1 transition (replication)
probability. As in the case of the Bernoulli state channel, the capacity of the binary
Markov state channel, denoted C(pq, py), is given as

1
C(Pd,pr) = lim sup —J, r (Xn;Yn)'
pim, sup ) X Yo

When p, (resp., pq) is zero, the channel is the noise-free channel (resp., noise-free chan-
nel with a delay) and hence C(pq,0) =1 (resp., C(0,p,) = 1). We first establish the

following symmetry property of the binary Markov state channel.

Proposition 3.4 (Channel symmetry). C(py, pq) = C(p4, pr)
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Figure 3.8: Comparison between the tighter lower and upper bounds for SIR and M1R.

Proof. We know that if Zj,) = (21,25, -+ ,Z,) is a Markov process, then so is the time-
reversed vector (Z,,Z,—1,---,Z1) [91, §16-4]. Furthermore, since the channel is as-
sumed to have converged to the stationary distribution, the conditional distributions
P(Zi|Z;~1) and P(Z;|Zi;) are identical (from the symmetry in the Markov process
%). However, note that whereas a transition Z; | = 0 — Z; = 1 is a replication, the

transition Z;1; = 0 — Z; = 1 is a deletion. This implies that Xi;Y[n]|X[l-_1]) =

del’r)(
Lp, .pa) (Sn—it+15Y[n)[Sin—it2:n ), Where S; = X;_, for all but a vanishing fraction of in-

dices i, as n — o. Therefore,

1
C(pd,pr) = lim sup -1, ,)(Xp3Y,) = lim sup Lipy.p, X,,Y \X 1)
r) =] —>°°P(X[,,])” (Pd:pr)\ X [n]> L [n] n—>°°P(X[n])”,ZT Pd:pr) [n] 18]i—1]

n—r
oo X[n
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1 1
= lim sup —1;, ,\(Sp:Yp) = lim sup =1, 3 (Xpu—175 V1))

1
= lim sup —1(, »y)(Xju3 ¥}) = C(pr, pa)-
% () (pr.pa) \n]> ¥ [n]

The channel space can therefore be reduced to the region p, € [0,1],pq4 € [0,p;]. As
was the case for the W, (p) channel, we have the above pq, p, symmetry for any fixed
input distribution for the W, (pq, pr) channel. Hence, we can assume an unordered pair

{pd, pr} parameterizing the channel space. O

As for the Bernoulli state channel, we can define the genie-erasure capacity
Cge(pd, pr) of the binary Markov state channel W, (pq, pr). In this case, the resulting
channel is a correlated erasure channel with an average erasure probability P(Z;_; =

1,Z;=0) = lf:d—f;)r, so that

PdDPr  a
C(pd, <1-— =C ,Pr)- 3.14
(pd pr) = Pa+pr ge(Pd pr) ( )

As a result of the memory in the 2 process, it is considerably harder than it was for
the W,,(p) channel to obtain closed-form expressions for lower bounds on the capacity
of W,,(p4, pr) by computing information rates for known input distributions. However,
the SIR C'*(p, p) can still be obtained numerically. Figure 3.9 shows the contours of
the SIR for the W,,(pq, pr) channel. Note that the symmetry proved in Proposition 3.4
is evident.

In Figure 3.10, we show the SIR for the case p, = pq = p, which we call the
symmetric binary Markov state channel W,(p, p). When p = 0, the channel is noise-
less. When p = 1, the channel deterministically flips between the identity and the de-
layed channel so that every odd bit is repeated twice, and every even bit is lost, and the
maximum achievable information transfer rate is % bit per channel use. Also shown is
the genie-erasure capacity in (3.14), which in this case becomes,

—1-2

C(p,p) < Cee(p,p) >

Interestingly enough, when p = 1, the SIR satisfies C"I(1,1) = Cge(1,1), which im-

plies that C(1,1) = % We also include in Figure 3.11 the SIR obtained for the channel

1

W.,.(1, pr), as well as the corresponding genie-erasure capacity, Cee (1, pr) = T
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Figure 3.9: The SIR C"(pq,p,) estimates for the binary Markov state channel
W, (pd,pr)-

3.5 K-ary Markov State Channel

We now consider a generalization of the binary Markov state channel as de-
scribed in Equation (3.2). Here, we allow Z; € {0,1,--- ,K — 1} and let 2 be a first-

order Markov process whose transition probabilities satisfy
P(Zi=z|Zi-1 = z+1) = p4,
P(Zi=2Zi-1=2-1)=ps,
P(Zi=2Zi-1=2)=1-pa—pr
forz € {1,2,--- ,K —2}. Further, we have

P(Zl' = 1|Zi_1 = 0) = Pr = 1— P(Zi = O|Zi_1 = 0)
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Figure 3.10: The SIR C™(p, p) and the genie-erasure capacity Cqe(p, p) for the sym-
metric binary Markov state channel W,,(p, p).

and
P(Z,':K—2|Zi_1 :K—l):pd:1—P(Zi:K—1’Zi_1 :K—l).

Note that when K = 2, this model gives the binary Markov state channel considered
earlier. We will hence be interested in the K-ary Markov state channel where K > 2,
which we denote by W,(pq, pr,K). Note that this channel now generalizes the binary
Markov state channel in the sense that it allows up to (K — 1) consecutive deletions or
replications.

We further assume that the parameters pg, p, are chosen such that the process &
is aperiodic and irreducible so that % is ergodic. As was the case for the binary Markov
state channel, we have C(pq,0,K) =C(0, pr,K) = 1V pq, pr € [0, 1]. The channel space
is therefore given by pq € [0,1], pr € [0,1 — p;]. The channel symmetry argument of
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Figure 3.11: The SIR C'"4(1, p,) and the genie-erasure capacity Cge(1, py) for the chan-
nel W, (1, p,) with the 2 process satisfying the (1,e0) constraint.

Proposition 3.4 holds in this case also, so that

C(pdapraK) = C(Prapd7K)

where C(pyq, pr,K) is the capacity of K-ary Markov state channel W, (py, pr, K). Hence,
the channel space can be further reduced to pq € [0, 1], py € [0,min{1 — pq, pq}]-
The genie-erasure capacity of the W,,(pq, pr, K) channel is given by the capacity

of a correlated erasure channel with an average erasure rate

K—1
PZi=Z1-1)= Z P(Zi1=22Zi=2-1)
=1

K—1 K—1
— Z P(Zi—l :Z)P<ZL =z7— 1|Zl‘_] :Z) - Z ;Pd
z=1 =1

= 1— (P4 A\ TN
Pd K Pe
Pr
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oy \K—1-2 1-(?—;‘) ' .
where 7, = (E) , (pd ) % | 1s the steady state probability of Z; = z, so that
A\

C(pa,pr,K) <1—pe = Ce(pa, pr,K).

For the symmetric K-ary Markov state channel, we have

K—1
C(p7p7K> < 1_PT = ge(P;P;K)

for p € [0, 1] because in this case, 7, = z ¥z € {0,1,--- ,K — 1}. Note that Cee(p, p,K)
reduces to the capacity of a BEC with erasure probability p, Cggc(p) = 1 — p, when
K — oo,

The SIR of the W,,(pq, pr, K) channel can be obtained numerically as in the case
of the W,,(pq, pr) channel. The estimated SIR for K = 3 is shown in Figure 3.12.

1

0.8 N rrrrrriere et T T SRR RRRREE -

06N
: Ciud(p, p, 3) :
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0 0.1 0.2 0.3 0.4 0.5

Figure 3.12: The SIR C'4(p,p,3) for the symmetric ternary Markov state channel
W(p, p,3), along with the genie-erasure capacity Cee(p, p,3). Also shown is the lower
bound on the zero-error capacity C(W3) from Corollary 3.6.
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3.6 Zero-error capacity

The zero-error capacity Cy of a discrete-memoryless channel was introduced
by Shannon [102], from which it is readily seen that a noisy discrete-output binary-
input memoryless channel has a zero-error capacity of 0, i.e., no information can be
transmitted over such a channel with zero error. However, we will now show that the
zero-error capacity of the noisy discrete-output binary-input channel in Equation (3.1) is
strictly positive. We will denote the generic channel in (3.1) for all binary 2 processes

by W.
Proposition 3.5. Co(W) = 1.

Proof. Consider the 2-repetition code. The channel input process 2~ and the message
process . satisfy the relationship X5, | = M;, Xp; = M; fori =1,2,---. Since Xp; | =
Xpi, Ya; = Xp; = M so that discarding the Y»; s gives us .# exactly, thereby achieving
Zero error at a rate % Thus, Co(W) > %

It is obvious that the capacity of a channel is an upper bound on the zero-error ca-
pacity. From (3.14), we can see that C(1,1) < %, and the coding scheme above achieves
a rate % for any realization of 2. Thus, C(1,1) = % Therefore, as long as the channel
admits the infinitely long alternating sequence 2 = 010101 - --, we have Co(W) = 3.

Note that both the Bernoulli state channel W, (p) and the binary Markov state
channel W,,(pq, pr) can generate the infinite sequence 2° = 010101 - - -, albeit with van-
ishing probability. It is also worth noting here that this infinite sequence satisfies the

(1,00) constraint (See Section 3.2.1). O

Thus, unlike binary-input discrete memoryless channels, the binary-input dis-
crete channel in (3.1) allows a non-zero information rate even under the severe re-
quirement of zero-error. From this result and Figure 3.8, it is clear that even under
the milder condition of asymptotically vanishing error probability, random linear coset
coding achieves a lower rate than the 2-repetition code, which guarantees zero errors,
for the Bernoulli state channel over a range of p values. Referring to Figure 3.9, the
same can be said for the binary Markov state channels. However, by using a first-order

Markov input (cf. Figure 3.8), higher rates than that of the zero-error achieving scheme
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are achievable for all Bernoulli state channels, although only with asymptotically van-
ishing error probability.
The zero-error capacity of the W, (pq, pr, K) channel, denoted by Co(Wk), sat-

isfies the following bounds.
Corollary 3.6. % < Co(Wg) < KZ—}'{I

Proof. Repeating every bit K times achieves zero error, since every K™ bit is always
correct for any realization of the 2 process. Hence, Co(Wk) > + = Co(Wk).

The smallest upper bound for the capacity is also an upper bound for the zero-
error capacity. Thus,

11 K+1
Co(Wk) <minC K) <minC K)=Cy| =, K| = —.
0( K)_II;?}[I)lr (pd7pr7 )_Il;filalll;lr gE(pdvpl’v ) 8€ (2727 ) 2K

Observe that when K = 2, the minimum genie-erasure capacity occurs at pq = py = 1
and at this point the upper bound C,¢(1,1,2) is same as the lower bound C,(W,) which

was used in the proof of Proposition 3.5. [

Note that the bounds proposed above are loose asymptotically, i.e., % — 0 and

K+1

1
W%zaSK—)‘X’.

3.7 Conclusions

We proposed a new write channel model for bit-patterned media recording that
reflects the data dependence of write synchronization errors. For Bernoulli and Markov
channel state models, we computed bounds and numerical estimates for the maximum
achievable information rate under different assumptions on the channel input statistics.
We then generalized the Markov channel state model to allow a channel state space of
size K > 2 and computed the SIR numerically for the case K = 3. Finally, we showed
that the rate—% 2-repetition code achieves the zero-error capacity over the new write
channel when the channel state space is binary. Bounds on the zero-error capacity of the

general K-ary Markov channel state model were also presented.
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Chapter 4

Windowed Decoding of Spatially
Coupled Codes

Sparse graph codes have been of great interest in the coding community for close
to two decades, after it was shown that statistical inference techniques on graphical
models representing these codes had decoding performance that surpassed that of the
best known codes. One class of such codes are low-density parity-check (LDPC) codes,
which although introduced by Gallager in the 60’s [38] were rediscovered in the 90’s
after the advent of Turbo Codes [13] and iterative decoding. Luby et al. showed [78,79]
that a decoder based on belief propagation (BP) [92] had very good performance for
these codes over the binary erasure channel (BEC). This superior performance of LDPC
codes was shown by Richardson and Urbanke [99] to be true over a broader class of
binary-input, memoryless, symmetric-output (BMS) channels. Furthermore these codes
were optimized to approach capacity on many of these BMS channels [2, 3].

The convolutional counterparts of LDPC block codes were first introduced by
Felstrom and Zigangirov in [33], although a similar construction was suggested in [110].
There is considerable literature on the constructions and analysis of these ensembles
[30,31,69,111]. The BP thresholds for these ensembles were reported in [108]. In [67]
the authors construct regular LDPC convolutional codes based on protographs [112] that
have BP thresholds close to capacity. In [63], Kudekar et al. considered convolutional-
like codes which they called spatially coupled codes and showed that the BP thresholds
of these codes approached the maximum a-posteriori (MAP) thresholds of the underly-

87
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ing unstructured ensembles over the BEC. This observation was made for protograph-
based generalized LDPC codes in [71]. Evidence for similar results over general BMS
channels was given in [62], and proven recently in [64]. Moreover this phenomenon,
termed threshold saturation, was shown to be a more generic effect of coupling by
showing an improvement in performance of systems based on other graphical models
: the random K-SAT, Q-COL problems from computation theory, Curie-Weiss model
from statistical mechanics [42], and LDGM & rateless code ensembles [5]. Non-binary
LDPC codes obtained through coupling have also recently been investigated [114].

The good performance of spatially coupled codes is apparent when both the
blocklength of individual codes and the coupling length becomes large. However, as
either of these parameters becomes large, BP decoding becomes complex. We therefore
consider a windowed decoder that exploits the structure of the coupled codes to reduce
the decoding complexity while maintaining the advantages of the BP decoder in terms of
performance. An additional advantage of the windowed decoder is the reduced latency
of decoding. The windowed decoding scheme studied here is the one used to evaluate the
performance of protograph-based codes over erasure channels with and without memory
[47,48,90], which will be the topic of the next chapter. The main result in this chapter
is that the windowed decoding thresholds over the BEC approach the BP thresholds
exponentially in the size of the window W. Since the BP thresholds are themselves
close to the MAP thresholds for spatially coupled codes, windowed decoding thus gives
us a way to achieve close to ML performance with complexity reduced further beyond
that of the BP decoder. Although the results presented here are proved only for the BEC,
similar asymptotic behavior is expected on general BMS channels.

This chapter is organized as follows. Section 4.1 gives a brief introduction to
spatially coupled codes. In Section 4.2 we discuss the windowed decoding scheme. We
state here the main result which we prove in Section 4.3. We give some numerical results
in Section 4.4 and conclude in Section 4.5. Much of the terminology and notation used

in here is reminiscent of the definitions in [63].
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4.1 Spatially Coupled Codes

We describe the (d;,d,) spatially coupled ensemble that was introduced in [63]
in terms of its Tanner graph. There are M variable nodes at each position in [L] =
{1,2,---,L}. We will assume that there are M Z—i check nodes at every integer position,
but only some of these interact with the variable nodes. The variable (check) nodes at
position i constitute the i section of variable (check, respectively) nodes in the code.
The L sections of variables are together referred to as the chain and L is called the
chain length. For each of the d; edges incident on a variable at position i € [L], we first
choose a section uniformly at random from the set {i,i+ 1,---,i+y— 1}, then choose
a check uniformly at random from the M Z—i checks in the chosen section, and connect
the variable to this check. We refer to the parameter y as the coupling length. It can
be shown (see, e.g., [63]) that this procedure amounts roughly to choosing each of the
d, connections of a check node at position i uniformly and independently from the set
{i—y+1,i—y+2,---,i}. Observe that when y = 1 this procedure gives us L copies of
the (d;,d,)-regular uncoupled ensemble. Since we are interested in coupled ensembles,
we will henceforth assume that y > 1. Further, we will typically be concerned with this
ensemble when L > 7, in which case the design rate given by

R(dy,dy,7,L) zl—j—i(lJrO(%/)) 4.1)

iscloseto 1 — j—’.
r

BP Performance

In the following we will briefly state known results that are relevant to this work.
See [63] for detailed analysis of the BP performance of spatially coupled codes. The
BP performance of the (d;,d,,y,L) spatially coupled ensemble when M — oo can be
evaluated using density evolution. Denote the average erasure probability of a message
from a variable node at position i as x;. We refer to the vector x = (x1,xp,---,xz) as the

constellation.

Definition 4.1 (BP Forward Density Evolution). Consider the BP decoding of a (d,d,,

Y,L) spatially coupled code over a BEC with channel erasure rate €. We can write the
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forward density evolution (DE) equation as follows. Set the initial constellation to be

1(0) = (1,1,---,1) and evaluate the constellations {)_c(f)}?zl according to
0_)0 ifi ¢ [L]VY,
YT 171 Ly (1) yg—1 4! ; 42)
€ (1 — 721‘:0(1 — )_/Zk:Oxi—‘,-j—k) T ) , otherwise.
This is called the parallel schedule of the BP forward density evolution. U
For ease of notation, we will write
| s\
x,-:e‘(l——Z(l——inH,k) r ) = E€8(Ximyt1, " s Xigy—1)- 4.3)
Vico  Yizo

It is clear that the function g(-) is monotonic in each of its arguments.

Definition 4.2 (FP of BP Forward DE). Consider the parallel schedule of the BP for-
ward DE for the (d;,d,,v,L) spatially coupled code over a BEC with erasure rate €.
It can be easily seen from the monotonicity of g(-) in Equation (4.3) that the sequence
of constellations {)_c(f)}?’:o are ordered as g(é) > )_c(”l) Vi>0,ie., xl@ > xl@H) V>
0,i € [L] (the ordering is pointwise). Since the constellations are all lower bounded by

the all-zero constellation 0, the sequence converges pointwise to a limiting constellation

x(), called the fixed point (FP) of the forward DE. U

It is clear that the FP of forward DE g(”) satisfies

- _Jo i¢ L]

8g(xl(:),+1,~- ,x,(rj),_l% i€ (L]

Definition 4.3 (BP Threshold). Consider the parallel schedule of the BP forward DE for
the (d;,d,,v,L) spatially coupled code over a BEC with erasure rate €. The BP threshold
eB®(d),d,,y,L) is defined as the supremum of the channel erasure rates € € [0,1] for
which the FP of forward DE is the all-zero constellation, i.e., )_c(°°) =0. O

Table 4.1 gives the BP thresholds evaluated from BP forward DE for the (d; =

3,d, = 6) coupled ensemble for a few values of y and L rounded to the sixth decimal

place. The MAP threshold of the underlying (d;,d,)-regular ensemble is eMAP(d; =

3,d, = 6) ~0.488151. We see from the table that the BP thresholds for (d;,d,) spatially
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Table 4.1: BP Thresholds € for the (d; = 3,d, = 6,7,L) spatially coupled code
ensemble.

L\y 2 3 4

16 0.487983 0.488207 0.489805
32 0.487656 0.487923 0.488044
64 0487014 0.487514 0.487733

coupled codes are close to the MAP threshold of the (d},d,)-regular unstructured code
ensemble for all ¥ when L is large enough. Note that some of the thresholds in Table 4.1
are larger than the corresponding MAP threshold of the underlying ensemble. This is
because, for small values of L, the rate of the spatially coupled ensemble (cf. Equation
(4.1)) is much smaller than that of the underlying regular ensemble.
It was shown in [63] that the BP thresholds satisfy
lim lim 8% (d;,d,,y,L) = lim lim eMAP(d;.d,,y,L) = eM*P(d,.d,).

Y—ro0 L—o0 Y—roo [—o0

This means that the BP threshold saturates to the MAP threshold under these limits, and
we can obtain MAP performance with the reduced complexity of the BP decoder. Later
when we analyze the windowed decoder, we will want to keep the coupling length y

finite and hence will be concerned with the quantity
P (dy,d,,y) & lim e®®(d;,d,,y,L) (4.4)
—>00

as a measure of the performance of the BP decoder. It immediately follows from [63,
Theorem 10] that
€% (dy, dy,y) < €4 (dy dy).

4.2 Windowed Decoding

The windowed decoder (WD) exploits the structure of the spatially coupled
codes to break down the BP decoding scheme into a series of sub-optimal decoding
steps—we trade-off the performance of the decoder for reduced complexity and decod-
ing latency. When decoding with a window of size W, the WD performs BP over the
subcode consisting of the first W sections of the variable nodes and their neighboring

check nodes and attempts to decode a subset of symbols (those in the first section) within
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the window. These symbols that we attempt to decode within a window are referred to
as the rargeted symbols. Upon successful decoding of the targeted symbols (or when a
maximum number of iterations have been performed) the window slides over one sec-
tion and performs BP, attempting to decode the targeted symbols in the window in the
new position.

More formally, let x be the constellation representing the average erasure prob-
ability of messages from variables in each of the sections 1 through L. Initially, the
window consists only of the first W sections in the chain. We will refer to this as the
first window configuration, and as the window slides to the right, we will increment the
window configuration. In other words, when the window has slid through (¢ — 1) sec-
tions to the right (when it consists of sections c,c+1,---,c+W — 1), it is said to be in
the ¢ window configuration. The M window constellation, denoted y (e}’ is the average

erasure probability of the variables in the ¢ window configuration. Thus,

X{c} - (YI,{c}»)’2,{c}7 e 7yW,{c}) = (Xes X1y s Xe4w—1)

for ¢ € [L], where we assume that x, =0V ¢ > L. Thus the M window constellation,
Yiep represents the “active” sections within the constellation x. While referring to the
entire constellation after the action of the ¢ window, we will write X(cy- When the
window configuration being considered is clear from the context, with some abuse of
notation, we drop the {c} from the notation and write y = (y1,---,yw) to denote the

window constellation.

Remark 4.1 (Note on notation). When we wish to emphasize the size of the window
when we write the constellation, we write y Wy = (y,',<w> 3 Y2,(Wys ,yw7<w>). Note that
the window configuration and the window size are specified as subscripts within curly
brackets {-} and angle brackets (-), respectively. Finally, when the constellation after a

(0 @)

particular number of iterations ¢ of DE is to be specified, we write X(Z) = ( 15V 5,
y‘(ﬁ)), where the iteration number appears as a superscript within parentheses (-). Al-
though ng w) would be the most general way of specifying the window constellation
for the ¢ window configuration with a window of size W after  iterations of DE, for
notational convenience we will write as few of these parameters as possible based on

the relevance to the discussion. [l
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4.2.1 Complexity and Latency

For the BP decoder, the number of iterations required to decode all the symbols
in a (d;,d,,y,L) spatially coupled code depends on the channel erasure rate €. Whereas
when € € [0,€8P(d;,d,)] this required number of iterations can be fixed to a constant
number, when € € (eBP(d;,d,), e (d;,d,, y,L)] the number of iterations scales as O(L)
[87]. Therefore, in the waterfall region, the complexity of the BP decoder scales as
O(ML?). For the WD of size W, if we let the number of iterations performed scale as
O(W), the overall complexity is of the order O(MW?L). Thus, for small window sizes
W < /L, we see that the complexity of the decoder can be reduced. A larger reduction
in the complexity is possible if we fix the number of iterations performed within each
window.

Another advantage of using the WD is that the decoder only needs to know the
symbols in the first W sections of the code to be able to decode the targeted symbols.
Therefore, in latency-constrained applications, the decoder can work on-the-fly, result-

ing in a latency which is a fraction % that of the BP decoder.

4.2.2 Asymptotic Performance

The asymptotic performance of the (d;,d,,¥,L) spatially coupled ensemble with
WD can be analyzed using density evolution as was done for the BP decoder. We will
consider the performance of the ensemble with M — oo when the transmission happens
over a BEC with channel erasure rate € € [0, 1]. Further we will assume that for each

window configuration, infinite rounds of message passing are performed.

Definition 4.4 (WD Forward Density Evolution). Consider the WD of a (d;,d,,v,L)
spatially coupled code over a BEC with channel erasure rate € with a window of size
W. We can write the forward DE equation as follows. Set the initial constellation X,

according to

1, ie][L]
Yi {0} =
0, i¢lL]
For every window configuration c = 1,2,--- L, let

X*({(Z)} - (xc,{c—l}axc—i—l,{c—l}’ o ’xC+W_1’{C_1}>
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and evaluate the sequence of window constellations {XE;?} }7o | using the update rule

O _ no( (1) (—1) ,
yi,{c} - gg(ziqu»l’{c},? T 7Zl‘+7*1,{c})’l € ["V]7

where for every /,

(O _ ) Xerictge-1y, 1 W]

i
) ie W],
and set X as
X (o1, 1
. _ i{c—1}y 1 #c O
S NCS R
Yigep I=c

Discussion :  Note that the constellation x;., keeps track of the erasure probabilities
of targeted symbols of all window configurations up to the ¢, followed by erasure
probability of 1 for the variables in sections ¢ + 1 through W, and zeros for sections
outside this range. As defined, x., discards all information obtained by running the
WD in its ¢ configuration apart from the values corresponding to the targeted symbols.

In practice, it is more efficient to define

) Kige-13 i¢{c,c+1,---,c+W-—1}
Xifc} = ) .
Yiset1 {e} otherwise.
In the sequel, we will stick to Definition 4.4. We do this for two reasons: first, discarding
some information between two window configurations can only perform worse than

retaining all the information; and second, this assumption makes the analysis simpler

since we then have X«({?} =1Vcell]. O

()

Definition 4.4 implicitly assumes that the limiting window constellations y (¢}

exist. The following guarantees that the updates for x; (.} are well-defined.

Definition 4.5 (¢ Window Configuration FP of FDE). Consider the WD forward DE
(FDE) of a (d;,d,,y,L) spatially coupled code over a BEC with erasure rate € with a
window of size W. Then the limiting window constellation XE;?

We refer to this constellation as the ¢ window configuration FP of forward DE. U

exists for each ¢ € [L].
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Discussion :  As noted earlier, XF{S‘)} =1VcelL], and XF{?} =1>

£
. . . . .. . (0) (¢+1)
tion, from the monotonicity of g(-), this implies that Vi) =y (c} A

1
C
¢ > 0. Since these

constellations are lower bounded by 0, the ¢ window configuration FP of FDE )_)%2

> X({ )} By induc-

exists for every ¢ € [L]. O

The " window configuration FP of forward DE therefore satisfies

() Xeti—1{c—1}> l¢ [W]
Yife} = (o) () L W
gg(yi_y+17{c}7"’ ’yi+y—l,{c})’ S [ ]

4.5)

for every ¢ € [L]. Since the x() vector has non-zero values by definition, from the con-
tinuity of the WD FDE equations, so do the vectors x;., V ¢. Hence 0 cannot satisfy
Equation (4.5), i.e., 0 cannot be the ¢ window configuration FP of forward DE. There-
fore, X?:}) > 0V ¢ € [L]. This means that WD can never reduce the erasure probability of
the symbols of a spatially coupled code to zero, although it can be made arbitrarily small
by using a large enough window. Therefore, an acceptable target erasure rate 6 forms

a part of the description of the WD. We say that the WD is successful when x;, < 0.

Lemma 4.1 (Maximum of X L}). The vector X(1) obtained at the end of WD forward
DE satisfies x;_y g1} < Xj (1} Vi € [L— Y+ 1]. Moreover, 3% € [0, 1] independent of L
such that x; (1, <XV i.

Proof. By definition, x; (7, = ygi?l.} Vi€ [L]. The claim is true for i = 1 since x; 17} =
ygf?l} > 0 =xp (7). For the i" window configuration, it is clear from Definition 4.4 that
ngzl} = X%,i € [L— v+ 1]. By induction, from the monotonicity of g(+), it follows that
ygj)l._l} < ygi?l.} for i in this range.

For i € {L—y+2,---,L}, the above claim is not valid because we defined
Xj (e} =0 for j > L and we cannot make use of the monotonicity of g(+) since some
arguments (corresponding to sections up to the L™ section) are increasing and others
(corresponding to the sections beyond the L™ section) decreasing. Nevertheless, we can
still claim that x; ;71 < x; () Vi € N where x (e} 18 the vector of erasure probabilities
obtained after WD for a spatially coupled code with an infinite chain length, i.e., L = oo.
For L = oo, the sequence {x; {m}} is non-decreasing and since the x; () are probabili-
ties, they are in the bounded, closed interval [0, 1]. Consequently, the limit lim; e x; {0}

exists in the interval [0, 1], and 1im; ;e X; {0} = SUP; X foo} 2z O
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As a consequence of Lemma 4.1, we can say that the WD is successful when
£ < 6. This definition of the success of WD is independent of the chain length L and
allows us to compare the performance of WD to that of the BP decoder through the
thresholds defined in Equation (4.4). Note that although the upper bound for X in Lemma
4.1 is a trivial bound, we will in the following give conditions when X can be made

smaller than an arbitrarily chosen 9, thereby characterizing the WD thresholds.

Definition 4.6 (WD Thresholds). Consider the WD of a (d;,d,,Y,L) spatially coupled
code over a BEC of erasure rate € with a window of size W. The WD threshold

eVP(d;,d,,y,W,8) is defined as the supremum of channel erasure rates € for which
£<o. 0

Discussion :  Since we defined the WD threshold based on £, it is clear that this is
independent of the chain length L. On the other hand, if we used max;c(z)x; (1) < 0 as
the condition for success of the WD in our definition, we would obtain an L-dependent
threshold. But & denotes the “worst-case” remnant erasure probability after WD, and
imposing constraints on X therefore guarantees good performance for codes with any L.

Note that keeping £ < 0 is sufficient to guarantee an a-posteriori erasure proba-
bility p, smaller than & because

~ d N 1
X d—1 X J—1
pe=e(y)" =1(5)" s es8 .

We will now state the main result and prove it in the following section.

Theorem 4.2 (WD Threshold Bound). Consider windowed decoding of the (d;,d,, v,L)
spatially coupled ensemble over the BEC. Then for a target erasure rate 0 < &, there
exists a positive integer Win(8) such that when the window size W > Wpin(8) the WD
threshold satisfies

did, .42 _lew _ D_
V(A 7, W,8) = (1= 647 ) (¥ (dy ) — e BTTAMNSO) - a6)

Here A,B,C,D and 0, are strictly positive constants that depend only on the ensemble

parameters d;,d, and . 0

Theorem 4.2 says that the WD thresholds approach the BP threshold €3 (d;,d,, y)

defined in Equation (4.4) at least exponentially fast in the ratio of the size of the window



97

W to the coupling length ¥ for a fixed target erasure probability § < 8. Moreover, the
sensitivity of the bound to changes in § is small in the exponent in (4.6) owing to the
In ln% factor, but larger in the first term in the product on the right hand side of (4.6)
where it is roughly linear in 6. However, since we intend to set 0 to be very small,
e.g. 10715, the first term does not influence the bound heavily. The requirement that
W > Wpin(8) is necessary to keep the term within parentheses in the exponent non-
negative. Therefore the minimum window size required, Wiyin(8), also depends on the
constants A, C and D and, in turn, on the ensemble parameters d;,d, and 7.

The bound guaranteed by Theorem 4.2 is actually fairly loose. Numerical results
suggest that the minimum window size Wiy, (6) is actually much smaller than the bound
obtained from analysis (cf. Section 4.3). Density evolution also reveals that for a fixed
window size, the WD thresholds are much closer to the BP threshold than the bound
obtained from Theorem 4.2. We note here that the gap between analytical results and
numerical experiments is mainly due to the reliance on bounding the density evolution
function in Equation (4.3) using the counterpart for regular unstructured LDPC ensem-
bles, which proves to be easier to handle than the multivariate Equation (4.3). However,
the scaling of the WD thresholds with the window size and the target erasure probability
seem to be as dictated by the bound in (4.6), suggesting that Theorem 4.2 captures the
essence of the WD algorithm.

Table 4.2 gives the WD thresholds obtained through forward DE for the (d; =
3,d, = 6,y=23,L) spatially coupled ensemble for different target erasure rates é and dif-
ferent window sizes W. These thresholds have been rounded to the sixth decimal point.
A few comments are in order. As can be seen from the table, the thresholds are close
Table 4.2: WD Thresholds ¢WP for the (d; = 3,d, = 6,y = 3) spatially coupled code
ensemble with window size W and target erasure rate 9.

wW\é 10°° 10-12 10-18
4 0.068403 0.000772 0.000008

& 0.472992 0.390749 0.254339
16 0.487504 0.487504 0.487504

to SBP(dl =3,d, = 6,7=3) ~ 0.487514 even for window sizes that are much smaller
than the Wy, (6) obtained analytically, e.g., W = 16. Moreover, the WD thresholds are

more sensitive to changes in d for small window sizes where the bound in Theorem 4.2
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is not valid. It is obvious that the thresholds decrease as 6 is decreased. Also note that
for a fixed target erasure rate, the window size can be made large enough to make the

WD thresholds close to the BP threshold.

4.3 Performance Analysis

In this section, we prove Theorem 4.2 in steps. First, we analyze the performance
of the first window configuration. We will characterize the first window configuration FP
of forward DE. We will establish that for the variables in the first section of the window,
the FP erasure probability can be made small at least double-exponentially in the size of
the window. We will show that this is possible for all channel erasure rates smaller than
a certain &, which we will call the first window threshold € (d;,d,,y,W,8), provided
the window size is larger than a certain minimum size.

Once we have this, we consider the performance of the " window configuration
for 1 < ¢ < L. In this case also, we will show that the FP erasure probability of the first
section within the window is guaranteed to decay double-exponentially in the window
size. As for the first window configuration, this result holds provided the window size
is larger than a certain minimal size and this time the minimal size is slightly larger than
the minimal size required for the first window configuration. Moreover, such a result is
true for channel erasure rates smaller than a value which is itself smaller than the first

window threshold, and this value will be our lower bound for the WD threshold.

4.3.1 First Window Configuration

From Definition 4.4, forward DE for the first window configuration amounts
to the following. Set X?P} = 1 and evaluate the sequence of window constellations

{Xgl)}}?’:l according to

0, i<O0
0 _ (1 0—1 .
Yi{1y = gg(yl(_y_._)h{l}a e ayl(+y_)1’{1})a i€ W] (4.7)
1, i>W.
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Since Xgi)} is non-decreasing, i.e., ylgo{)l} < yg?r)l (1 V i, so is the first window configura-

tion FP, XET;, by induction and monotonicity of g(-).
Figure 4.1 shows the first window configuration FP of forward DE for the (d; =
3,d, = 6,y =3,L) ensemble with a window of size W = 16 for a channel erasure rate

€ =0.48812.

11

00 ';ll[{{[{((

1 2 3 45 10 11 12 13 14 15 16

Figure 4.1: The first window configuration FP of forward DE for the (d; =3,d, =6,y =
3,L) ensemble with a window of size W = 16 for € = 0.48812. The left and the right
boundaries are fixed at 0 and 1 respectively. The sections within the window are indexed

from 1 to W = 16. The first section has a FP erasure probability ygj)l} ~2x 1071,

The scheduling scheme used in the definition of the window configuration FPs
is what is called the parallel schedule. In general, we can consider a scheduling scheme
where, in each step, a subset of the sections within the window are updated. We say that
such an arbitrary scheduling scheme is admissible if every section is updated infinitely
often with the correct boundary conditions, i.e., with the correct values set at the left
and the right ends of the window. It is easy to from the standard argument of nested
computation trees (see, e.g., [63]) that the FP is independent of the scheduling scheme.

We know that the first window configuration FP of forward DE, Xﬁ?, 1S non-
decreasing, i.e., yl(oa} < yl(j:i n v i. The following shows the ordering of the FP values
of individual sections in windows of different sizes. With the understanding that we
are considering only the first window configuration in this subsection, we will drop the

window configuration number from the notation for window constellations throughout

this subsection for convenience.

Lemma 4.3 (FPs and Window Size). Ler y ) W)
uration FPs of forward DE with windows of sizes W and W + 1 respectively for € € [0, 1].

andy denote the first window config-
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Then,
Viw) = Vi (W+1) = Yi—1,(W)

where y; )y denotes the FP erasure probability of the i'" section in a window of size W.

Proof. Consider the following schedule. Set )_/gaz 41
0)

W+1

) = (Yyy» 1) and evaluate the se-

quence of window constellations {)_/E >} according to Equation (4.7). Clearly, we

have

= 0y €) = Oy D) =Y
w+1) — Yy &) = Wiy Yw+1)
0)
W41
this schedule is admissible. This is true because the DE updates are first performed
(0)
(W+1)°
W + 1 sections infinitely many times again. Therefore the updates are performed over

so that the sequence {XE >} is pointwise non-increasing by induction. We claim that

infinitely many times over the first W sections to obtain y and then over all the

all sections infinitely often with the correct boundary conditions. The limiting FP must

hence be exactly y and the first inequality in the statement of the lemma holds.

(W+1)
Intuitively, this is true because in going from W to W 4 1 and checking the i section,

we have moved further away from the right end of the window (where y; = 1) while

remaining at the same distance from the left end (where y; = 0).

0
AU

,i=1,--- W and evaluate the sequence of constellations {Xg%} according to

Equation (4.7). Since X(()(,)<)W> =0< Yy E‘% < XE(V)‘%

the sequence of constellations thus obtained is also pointwise non-increasing. Again we

To prove the second inequality, consider the following schedule. Set y

Yir1,(W1)
, we must have y and by induction
claim that the above mentioned schedule is admissible. This is true because we first
update all W sections within the window and also the zeroth section infinitely often, and
then set the boundary condition that the zeroth section also has all variables completely
known. In all, every section within the window gets updated infinitely often with the
correct boundary conditions. The limiting FP must hence be exactly y ) and the second
inequality claimed in the statement of the lemma follows. As in the previous case, this
is intuitively true because in going from the (i + 1)™ section with window size W + 1 to

the i" section with window size W, we have moved closer to the left end of the window

while maintaining the distance from the right end. [
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We now give some bounds on the FP erasure probabilities of individual sections

within a window.

Lemma 4.4 (Bounds on FP). Consider the WD of the (d;,d,,y,L) ensemble with a
window of size W over a channel with erasure rate €. The first window configuration
FP y satisfies

(d-1)J -1

Y—Lig—1\ a2z _(d-1)
> L4 N
Vi = (8( 2y ) ) Yitj

a1
yi < 8(1 — (1 —yip)™ 1)

fori€[L,W],j€[0,W+1—i],ke€[0,7— 1], where o = (1 —W)dﬂ.

Proof. For the lower bound, we have

(@) —1 d—1
Vi =€8(Vi—y+1, Vivy-1) = €8(0, -+, 0,yip1,,yiv1) 2 8(2—}/)&41)
Y 7—1

where (a) follows from the fact [63, Lem. 24¢(iii)] that

—d;—1
8Vimytts  Vity—1) = '
where y; = % Zﬁio Yit j—k- Applying this bound recursively for y;,yiy1,--+,yitj—1, We
get
(d—1)J -1

Y—liag—1\ @z (d-1) a —oi(dj—1)
P > —)“ N = l
Yi 2 (8( >y ) ) Vit Pe 9

=1
where ® = (8(72;},1)‘{1_1) = >1and ¢; =1n (y%) > 0. When i+ j=W +1, since
ywl =1,

i > cpe*¢(d1*1)w+'_i, i=1,2,-- W

with ¢ = ¢y 1_; = InD.

For the upper bound,
< eg( L) 2 (1= (1= yies)? 1)‘“ AR
< € ks s Vidky Ly e <e — o — v r £ £,y
y E\Vit+k Yi+k k Yi+k k& Yitk

Y+k Y—k—1
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for k € [0,y — 1], where oy = (1 — W)d’_l. Here (b) follows from [63, Lem.
24(1)]

gi—ys1se Yiy-1) < (1= (1 =g~ )AL
Note that for k = y—1, f,—1(€,x) = f(€,x), the forward DE update equation for the
(dj,d,)-regular ensemble. This proves the Lemma. We now discuss the utility and
limitations of the upper bounds derived here.

Figure 4.2 plots the bounds fi(€,y; ) for the (d; =3,d, = 6,y =3,L) ensemble

for two values of €, one below and the other above the BP threshold £BF(d;,d,). As is

0.45 —T— ~

Jrle2, vitr)

. 0 0.15 0.3 0.45
Yitk Yit+k

Figure 4.2: The upper bounds f;(&,y;) for two values of € : & = 0.3 < €B¥(d;,d,) =
0.4294 < & = 0.45 for the (d; = 3,d, = 6,y = 3,L) ensemble.

clear from the figure, the tightest bounds are obtained for k = y— 1. Note that the bound
when k = 0 can be recursively computed to obtain a universal upper bound y,; on all
the window constellation points y; for a given (d;,d,, 7y, L) ensemble, given by the fixed
point of the equation
y=sle) =e (1= 1=y )

which is plotted in Figure 4.3. As can be seen from the plot, these upper bounds are only
marginally tighter than the trivial upper bound of €. In general, we can write yw < yy
and use the other upper bounds fi(+,-) to obtain better bounds for other sections as
follows. In the sequel, we shall write f, t, ... x.(€,y) to denote f, (€, fi, (&, fr.(€,Y)))

and similarly define

fkc(eay) éfk(gvfk(gv"' 7fk(€7y)))j'

NV
c
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0.8~ ]

0.6 [ I
Yub - N

0.2 7 ]

Figure 4.3: Universal upper bounds yy, on the constellation points y; as a function of
€ for the (d; = 3,d, = 6,y = 2,L) ensemble. These bounds are only marginally tighter
than the straightforward upper bound €. Also, the bounds are non-decreasing in 7.

Thus, for j =c(y—1)+d,0 <c,0 <d <y—1, we can write y; < fg (y—1)c(€,Yi+})-
The FP value of the erasure probability of a variable node in the first section, yj, can
therefore be bounded in terms of the window size W as y; < fd7(y,1)c(8, Yub)> Where ¢ =
H,/T’IIJ ,d =W —1—c(y—1). This bounding is particularly useful when € < £8%(d;,d,)
when the fixed point of the f,_;(-,-) upper bound is zero. It is sometimes possible that
Fi=1)e (€& Yub) < fa,(y—1)c (€, yup), in which case we can retain the tighter upper bound

f(y,l)c(e,yub). Figure 4.4 shows an example of the upper bound on y; graphically. As

0.3 T ‘ T ‘ T 7
%
Yub
5 k=0 7
7
0.2 e =
> /7
O , .
= s k=2
0.1 i —
N 7/
Y1 7 7
’ \ \
0
0 0.1 0.2 0.3

Figure 4.4: Upper bound, y; > yi, for the (d; = 3,d, = 6,7 = 3,L) ensemble with a
window of size W = 9. The channel erasure rate € = 0.3.

a consequence of this upper bound, as W — oo, we have that y; — 0 for € < €8P(d;,d,.).
However, for € > £BP(d;,d,), these upper bounds are not very useful since the FP of the

fy—1(-,-) upper bound is non-zero (cf. Figure 4.2). O
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The following shows that once the FP erasure probability of a section within the
window is smaller than a certain value, it decays very quickly as we move further to the

left in the window.

Lemma 4.5 (Doubly-Exponential Tail of the FP). Consider WD of the (d;,d,,y,L) en-
semble with a window of size W over a channel with erasure rate € € (0,1). Let d; > 3
and let y be the first window configuration FP of forward DE. If there exists an i € W]

dlfl —1

such that y; < & = ((dr— 1)@) , then
Vi jig1) < eV

=8
where ¥ = 8?2 and y = hl(%) = ﬁln% > 0.

Proof. Since the FP is non-decreasing, we have

Vie(y-1) = €8ia(y—1),++»yi) < €8y, yir -, yi) = €(1— (1 —yi)> 41 (4.8)
<e((d— 1)y

which can be applied recursively to obtain
(d=1)J-1
Viejp-ny S€ 7 (dr—

(d—1)/ -1

<e T (g i@ g s g )

1)%((d1*1)j*1)y5d,—1)-i

where W and y are as defined in the statement. It is worthwhile to note that dy is a lower
bound on the breakout value for the (d;,d,)-regular ensemble [70]. The emergence
of the breakout value in this context is not entirely unexpected since it is known that
for the (d;,d,)-regular ensemble, the erasure probability decays double-exponentially
in the number of iterations below the breakout value, and in case of spatially coupled
ensembles, the counterpart for the number of iterations is the number of sections (cf.

Equation (4.8)). [

We now show that the FP erasure probability of a message from a variable node
in the first section, y;, can be made small by increasing the window size W for any
e < €B%(d;,d,,y). Assuming that the window size is “large enough,” we will count the
number of sections, starting from the right, that have a FP erasure probability larger than

a small & for a channel erasure rate € = €5°(d;,d,, y) — Ae.
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Definition 4.7 (Transition Width). Consider WD of a (d;,d,, 7, L) spatially coupled code
over a BEC of erasure rate €. Let y be the ¢ window configuration FP of forward DE.
Then we define the transition width T(€,0) of y as

1(e,8)={ie [W]:0 <y <1} O

We first upper bound 7(€,8) < %(¢g,5) and then claim from Lemma 4.3 that by

employing a window whose size is larger than 7(g, ), we can guarantee y; < §.

Definition 4.8 (First Window Threshold). Consider WD of the (d;,d,,y,L) spatially
coupled ensemble with a window of size W over a BEC with erasure rate €. The first
window threshold € (d;,d,,y,W,8) is defined as the supremum of channel erasure

rates for which the first window configuration FP of forward DE y satisfies y; < 6. [

From Definitions 4.7 and 4.8, we can see that by ensuring that W > 17(€,0), we
can bound "V (d;,d,,y,W,8) > ¢.

Proposition 4.6 (Maximum Transition Width). Consider the first window configuration

FP of forward DE 'y for the (dj,dy,v,L) spatially coupled ensemble with a window of
BP BP

size W < L for € € [£ (dl’d”Y);S (d”d’),eBP(dl,dr, Y)) = &. Then,

7(€,0) < (y— l)(Alnln%+ Blné +C> £ (¢, 6)

provided § < &. Here Ae = € (d;,d,,y) — ¢, and A, B, C.,D and & are strictly positive

constants that depend only on the ensemble parameters d;,d, and . U

Remark 4.2. To prove the above proposition, we will use some results from [63] sum-

marized below. We define h(y) = f(&,y) —y where

fley)=e(l—(1—y)y>hHa-,

the DE update equation for randomized (d;,d, )-regular ensembles. For € in the interval
(eBP(d;,d,), 1), the equation h(y) = 0 has exactly three roots in the interval [0, 1], given
by 0,y,(€) and ys(€). Between 0 and y,(€), h(y) is negative, attaining a unique mini-

mum at ynin(€). Between y,(€) and y;(€), h(y) is positive, attaining a unique maximum
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at ymax(€). Beyond yg(€), h(y) is negative again. Between 0 and ymin(€), h(y) is upper
bounded by a line through the origin with slope

A "(Ymin(€))
N Ymin (€)
i.e., the line /(y) = —u;(€)y. Between ymin(€) and y,(€), h(y) is upper bounded by a

—u(g)

b

line passing through (y,(€),0) with a slope

_h(ymin<8)) f
52(®) —ymm(e) " Cu(EN}

Between y,(€) and ymax(€), A(y) is lower bounded by a line through (y,(€),0) with a

Ha(€) = min{

slope

h(ymax (€)) )
Ymax (€) — Yu(€) W (u(e))}

Between ymax (€) and ys(€), h(y) is lower bounded by the line through (y,(€),0) with

us(€) = min{

slope

_h<ymax(8)> ,
V5(€) — ymax (€) H (ys(€))}-

Beyond y;(€), h(y) is upper bounded by the line through (ys(€),0) with slope

—uis(e) = 1 (ys(g)).

Each of the p;(g)’s, i = 1,---,5, defined above is strictly positive for € in the speci-

—(e) 2 max{

fied range. For a general €, we will drop the dependence of each of these parameters
on ¢ from the notation. When & = &¢* 2 ¢MAP(g; d,), the corresponding parameters
are themselves shown with *’s. These properties of h(y) are illustrated in Figure 4.5.
We can lower bound ynin aS Ymin > ded?’
(eB(dy,dy), 1).

Further, |A'(y)| < did,Vy € [0,1]. We have #'(0) = /(1) = —1, W (ymin) =
I (ymax) = 0. A7 (0) = K" ($) = h"(1) = 0, where

dr_2 erl
L —> |
Y (dldr—dl—d,

1 A

and the slope uy as p >= g» =

fvee

and

) >0, ye(0,9)
<0, ye@1).

From Rolle’s Theorem, ynin <V < ymax. We first give some simple bounds for the y;’s

defined earlier which will be useful in the proof.
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Ymin

N —p1 uz/

WD /
N 7

Figure 4.5: Plot of A(y) (in solid blue) for the (d; = 3,d, = 6) ensemble for € = 0.47
illustrating the properties stated above. We have dropped the dependence of all the
parameters on € from the notation. The tangents at 0,y, and y; are shown as dashed
red lines. The other lines used in bounding A(y) are shown as dash-dotted green lines.
The u;’s, i =1,---,5, are shown in the same color as the lines, whose absolute values of
slopes they represent, that bound 4(y) in various regions.

Lemma 4.7 (U, Us bounds). For € € (e®F(d;,d,), 1), we have 0 < g < us < 1.

Proof. Since h"(y) < 0 for y € (Ymax, 1), h'(y) monotonically decreases in this interval.
Thus, 0 < s = —h'(ys) < 1. From the mean value theorem, we have #'(§) = —% >

H (y) for some & € [ymax,ys] 50 that 0 < py = 20me) < () — ps < 1. 0

s—Ymax

The values y, and y; are referred to as the unstable and stable fixed points (FPs)
of DE for the (d;,d,)-regular ensemble, respectively. This is because both these values
satisfy h(y) =0 or y = f(e,y) = €(1 — (1 —y)»~1)@=1, The & for which the FP is

y € [0, 1] is given by
y
e(y) = (1—(1 _y>dr—1)dz—1 )

The BP threshold is hence the smallest value of £(y), i.e., €8°(d;,d,) = min{e(y),y €
[0,1]}. The value of y that achieves this minimum is denoted yBY. Then, V € € [¢BP (4],

d,), 1], the unstable and stable FPs are given by

BP 1] e(y) = e. (4.10)

Figure 4.6 plots these stable and unstable FPs. The reason why yy is called the stable FP
(and y, the unstable FP) can be explained through Figure 4.6. For € € (¢8%(d;,d,), 1],
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1
0.8 —
| Ys B
0.6 Vi
y - 7, .
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: Vs Yu
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Figure 4.6: The unstable and stable FPs of DE for the (d; = 3,d, = 6)-regular ensemble
as given by Equation (4.10). y,(€) is shown as the thick blue curve and y,(€) as the thin
red curve. By definition, y,(&) > yB¥ and y, (&) < yBP. yBP and eBY = £BP(d, = 3,d, = 6)
are also shown. Note that y(eBF) = yBP =y, (£BP).

when the forward DE updates are performed, the value y monotonically decreases from
1 and converges to the first solution of the equation A(y) = 0, which happens to be y;(¢€)
for € in this range. Therefore, performing BP always results in the FP y; and hence the
adjective “stable”. Similarly for y,, which is a solution never reached through BP, it can
be shown that a small perturbation from the value of y, will result in convergence to
either y; or 0. Therefore, y,’s are “unstable” FPs.

We can define the derivatives y, and y/, of y, and y,, respectively, with respect to
¢ for € € (eB%(d},d,),1). It is easy to see that y, is monotonically decreasing and y/, is
monotonically increasing in €. For details and proofs of the aforementioned properties,

see [63, Appendix IT], [98]. O

Proof of Proposition 4.6. Note that when W is smaller than the claimed upper bound on
the transition width, the claim is trivially true; i.e., the transition width cannot be longer
than the window size. However, in this case, we cannot guarantee y; < 8. Hence, we
will assume that W is larger than the bound. In the following, we will often use the

bound
f(£7yi—’)/+1) < Yi < f(g,yi+'}/_]).
We now define a schedule that results in a FP window constellation that dom-

inates the FP of the parallel schedule, Y for a channel erasure rate € € &. We then
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upper bound the actual transition width by the transition width of the dominating FP.

We generate the dominating FP in steps.

1) Set X(O) = 1 and evaluate the sequence of window constellations {X(E)} according

to Equation (4.7), but with the boundary conditions

g 7 i<o

1, i>W.

We have the FP in this case, XA satisfying XA =y by induction. Further,

v =¢g y", <YLYy (4.11)

Y

>8gY?, 1) = &),

27/—

so that yfl‘ > ys. Note that yfl‘ <y, cannot happen since, starting from 1, y‘i‘ will
equal the first solution of (4.11), which from the continuity of the DE equations is
guaranteed to have a solution no smaller than y,. Starting from the right end, we

now count the number of sections until y‘l“ < ys+ Y4 where we choose Y4 = y*—;ys

Recall that the *-ed values correspond to £* = eMAP (4 d,). We first observe that

)/{}V—Y—i—l S‘C:g()/éV?"' 7)/3V) :f(‘g?)/a{/)'

Hence,

W = W—yer = Yy = F(€3%) = —h(w) = pis (i —s),

which implies that y‘{}v_y 1 — s < (1= s) (¥ — ys). From similar reasoning, we

can show that

W1 = Ys < (1= B8) Oty (-1) = ¥s) < (1= 115)" 0y = s)
< (1= Hs)" (Yub = ¥s)-

Since ps < 1 from Lemma 4.7, the above difference is decreasing in m. From

the definition of y,, (note that this upper bound is valid even for the boundary
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conditions specified here) in the proof of Lemma 4.4, it is easy to see that yyp > y;

so that the right hand side of the above chain of inequalities is non-negative. Thus,
Py ST
In Yub —Ys
m > Y]A )
In———

1—ps

Let fis = min{ s, & € &}. Then, we can write from the mean value theorem

T—ys E€'—€ , .

for some € € [€,€*]. We can lower bound this as

e —¢ o AE
Taz YS(€7) = ¥i(€7)

-2

where the first inequality follows from the fact that y) is decreasing in € in the
interval (¢BP(d;,d,),1) and the second from &* > £B(d;,d,,y). Therefore this

width is no more than
1 20w —>"")

ys(e*)Ae
1—fis

sections, since yBY < y;.

From the definition of Y4, we have y;+ Y4 = yi — Y4. Let iy be the largest index
for which y‘; <y; — Y. Set X(O) = XA and evaluate the sequence of window con-
stellations {X(@} according to Equation (4.7) performing the updates only for those
sections with indices i < i4. Further, perform the updates for the channel erasure
rate €* since we only require an upper bound on the transition width. We set the
left end of the window to perform these updates to 0, i.e., y; =0V i < 0. Let )_)B
denote the FP window constellation at the end of this procedure. By induction, we
havey? <y;—YaVi<ig. Also, yﬁfl > f(e*,yﬁfy) so that

B B B B
yiA—l —yl-A_,y Z h(ylA—'y) Z IJ‘I(y;‘k _ylA—’}/)

which implies that
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Similarly, it can be shown that as long as yi Aem(y-1) > Vinaxs

*
« B S s ~ Vi)
Vs yiA—l—m()/—l) = 1 _uzlk

and by induction

* B
. B Vs _yiA—l YA
Ys T Yig—1-m(y—1) = (1—pp)m = (1 —pz)m

Note that since p; < 1 from Lemma 4.7, the above difference is increasing in m.

Thus, there are no more than
1n 20 —Ymax)

(- 1)< ek 1)

In m
sections with Y& € [y}, vi].

Let imax be the largest index i such that y? < Vhax- We define Yp = y“%y; and
count the number of sections with FP values y? between y; + Yp and y},,. Since
Vinws Z S (6" Y00~ (1)) we have
B B B B
YVimax _yimax_(?’_]) = h(yimax_(?’_l)) = 'u;(yimax_(y_l) _y;:>

which implies that

B * yfnax — y;:
Vimax—(y—=1) ~ Yu = TM;
Again by induction,
i i

B *
yimax*m(yfl) ~Yu S (1 —|—‘U,§k)m

) >y, Since uz > 0, the above difference is decreasing in m,

(7—1) Sy;;+YB if
lny;;axfyz
m>|— |,
— [ In(14p3)

Yu—Yuy _ E €, .
T = = — E
B D) D) yu( )

B
as long as Yinax—m(y—1

and consequently, le o
max

Writing
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from the mean value theorem for some € € [g,€*], we can bound this as
e*—¢ , Ae ,
Y.B > — D) yu(g*) > _Tyu(g*)

where the first inequality follows because —y!, is decreasing in € in the interval

(eBP(d;,d,), 1) and the second because £* > 8% (d;,d,,y). This implies that there

are no more than
ln Z(y%(ax*_))g)

1 (M + 1>
DU )

sections with FP values between y;, + Y and yy,,y.

From the definition of Y5, we have y;, + Yp =y, — V5. Let ip be the largest index
i such that le <y,—Yp. Set X(O) = XB and evaluate {X(@} according to Equation
(4.7) performing the updates only for sections with indices i < ip with channel
erasure rate €. Again we set the left end of the window to 0 while performing
the updates. Denote the FP obtained at the end of this procedure as XC. Clearly,
yl-c <y,—YpVi<ig. Since ygﬂ,ﬂ < f(e,yg), we have
Yo =Y 1 = —h05) > (=)

so that

Yu—Y5 yi1 > (14 12) 5 —5,).
From similar reasoning, as long as yg_m(y_l) > Ymins

V= Yigmy-1) = (LHH2) O = Y5, 1y (y-1))

and by induction

Yu _y,'cl;_m(y_l) > (1 +u2)m(yu _inI;) > (1 +.u2)mTB-

Since up > 0, the above difference is increasing in m. By letting fi; = min{,€ €

&} and noting that

1
BP BP

Yu=Ymin <Y —Ymin <Y — =55,

u min min dlzd%
we have that there are no more than
. 2(yBP—dlz%{rz)
1 ( fy;(si)Ae i 1)
=D+ )

sections with FP values in the interval [ymin, Vu]-



v) Let ic be the largest index i such that in < Ymin- Proceeding as above, we have
c_.C c c
in _yl'cfj/+1 Z _h(ylc) 2 lLLlyl'C

and by induction,

Yie-m(y-1) S (1= 1)y

Thus, between &y and yyin, there are no more than

(v= U(mﬁ + 1)

sections with FP values in the interval [8y, Ymin], Since ymin < yBY and u; > fi;.

113

vi) Let ip be the largest index i such that in < 0. From Lemma 4.5, we know that

the tail decays doubly-exponentially for i < ip. From (4.9), we have yg)_ (
We Vd—1)" < Yo Wd—1)" yhere

m(y—1

gBP(dlvdh 7) + SBP(dladr) -7

W:%{#ig%( 5 )y a2 Ay

and
1 1 1 1 A -

In— > 1 2
d-2"e=d—2"dndy) "

Thus there are no more than

ll/:

1
1n1,7

1 bg
(r= 1)(m(d, M S = 1)

sections with y¢ € [8, &).

) S

Finally, collecting all these terms, we conclude that the transition width of the

FP obtained from the procedure highlighted in the steps i) through vi) is upper bounded

by

7(e,8) = (y— 1)(A1n1n%+ Blné%—@)
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where the constants A, B and D are as follows

1

A= ———
ln(dl—l)’
8 _ 1 N 1 N 1 N 1
o i * 1 1 ’
In(l+ M) In(l+u3)  In(=) In(=f)
20— )
1 Nl djdi 2(Ymax—Yu)
e 2 e N i G
In(d,—1) Itz In(l+f)  In(l+p3)
2(ys —max) 2(yup—y"")
(i I C N
1 1 ’
lnm lnm

and D = ¥. Note that these constants depend only on the ensemble parameters d;,d,
and 7. Since it is clear that the FP obtained through the procedure in steps 1) through
vi) above dominates pointwise the first window configuration FP of forward DE with a
window of size W for channel erasure rate €, we can guarantee that the transition width

is upper bounded by the above expression. This completes the proof. [

Note that the above result means that the smallest window size that guarantees
e (dy d,.) 1€ (d).d;)
2

y1 < 6 for a channel erasure rate is

) D \
Winin (8) = (y—l)(AlnlnngBlnAe +c)
max
A SBP(dladrv Y) + EBP(dladr)
- T( 2 ’5>

SBP (dl 7dr77/) 7£BP (dl 7dr)
2

where A€pax = . When W > W0 (8), we have

™V (d),dy, 7, W,8) > €8 (d),dy, y) — e BT ANIE-C) (4.12)

Discussion :  We restricted € € & in Proposition 4.6 to obtain constants that are in-
dependent of €. As can be seen from the proof of the proposition, these constants are
dependent on &, unless each is optimized in the range &. As we let the minimum € in &
approach €B8P(d;,d,), the constants in the expression for £(&,8) blow up and the upper
bound will be useless. It is therefore necessary to keep the minimum of € € & strictly
larger than €BF(d),d,) and the value chosen in the above was motivated by our intent

to ensure that the first window threshold was closer to €87(d;,d,, y) than to €8%(d;,d,).
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Note that the increase in the upper bound for 7(g,5) with decrease in € is purely an
artifact of the upper bounding technique we have employed; i.e., it is obvious that as we

decrease €, 7(¢€,d) also decreases. O

4.3.2 ™" Window Configuration, 1 < ¢ <L

We now evaluate the performance of the windowed decoding scheme when the
window has slid certain number of sections from the left end of the code. We arrive
at conditions under which £ is guaranteed to be smaller than 6 while operating with a

window of size W. We start by establishing a property of £.

Lemma 4.8 (FP Equation Involving %). Consider the function Q(y) where

mt(yi), i<l
Qi) = eg(TYicyt1)s+  Aipy—1)), i€ [W]
1, i>W
where
vy, i<l

(i) =<y, i€[W]
I, i>W.
Then there exists a solution @ to the equation y = Q(y) such that @ = %. Moreover, ®

is the smallest such constellation, i.e., if @ = Q(®), then & = .

Proof. We have

P _ (=) @D () (e
A= Koo foo} =V [} = 8g(y_7+27{00},--- Y0

(DO) (oo}
= 88()600_‘{00}, . ,xw7{m};’y27{w}’ .. 7y§/,{)oo})

[

) () ()
oo}ayL{oo}v' o 7y7/ oo})

) )

Y
Y

Hence, if we define @ as
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then it is clear that ® = 7(®) = Q(w).

Note that any fixed point @ of the function Q(-) has to satisfy @ > XF{OO; for
the same channel erasure rate € € [0, 1] from the monotonicity of g(-). In particular,
[0 X?X’;. From the continuity of the DE equations in Definition 4.4, it follows that ®
is the least solution to the equation y = Q(y), since it is the limiting constellation of the

sequence of non-decreasing constellations {ng}?}:zl [l

The following proposition forms the central argument in the proof of Theorem
4.2. Using the bound on the maximum transition width from Proposition 4.6, we obtain
an upper bound on £ for a given window size W and erasure rate € € &. From this,
we arrive at a lower bound for € that guarantees £ < 6 when ¢ is an arbitrarily chosen
value smaller than 8, (which depends only on d;,d,) and the window size is larger than
Whin(0) (Which depends only on the code parameters d;, d,, v and the decoder parameter

0). This gives us our lower bound on the WD threshold.

Proposition 4.9 (WD & FW Thresholds). Consider WD of the (d;,d,,y,L) spatially
coupled ensemble with a window of size W > Wiin(8) = Win(8) + 7 — 1 over a BEC

with erasure rate €. Then, we have

did, 4=
eV (), 7. W.8) > (1=57 547 )€™ (dyodp 7. W =7+ 1,)

di-1

provided § < 6, = (ﬁ) W \where e"V(d;,d,,v,W,$8) is the first window threshold.

Proof. We start with the first window configuration FP of forward DE when the chan-
nel erasure rate is € and show that this FP dominates the ¢ window configuration FP
of forward DE for every ¢ for a smaller channel erasure rate v < €. To prove this, it
suffices to show that the FP @ defined in Lemma 4.8 for channel erasure rate v is dom-
inated pointwise by the first window configuration FP for channel erasure rate €. This
establishes v as being a lower bound on the WD threshold ¢WP.

Set X(O) = XF{O?’ the first window configuration FP of forward DE for channel
erasure rate €. Evaluate {X(g)}?zl according to X(E) = Q(X(g_l)) where Q(-) is as defined
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in Lemma 4.8, but for channel erasure rate v = € — A€. Then, the following are true:

0 0 .
88(0,"',07375 )7"'7y§+)y71)7 1§l<y

Yi = y—i
0 0 .
gg(yl(f)y+17"' 7y§+)y71)7 '}/SZSW
and
0 0 .
vg(yg())a"'vyg())ayg )7"'=yl(+)7/,1)7 1<l<'}/
(1) . a,_/
yi = y—i
0 0 .
Dg(yl(f)yjqu"' 7y§+)y71)a YSZSW
Fory<i<W,
v €e—Ae
yl = 20 - 272500 40 (4.13)

€ E
Let us write

4

gi(G,yl,--- 7yl.+7/*1) g(67 yO, V1, 7yi+}’*l)
Y—i
and
Gi<8767y17"' 7yi+7*1> é 3gi(67)’17"' 7)’i+771)

for 1 <i < y. For i in this range, consider

y’@ _y’(l) - G,-(e,O,yEO),..- 73’5?7/—1) —Gi(v, )’g )ayl e 7y1+7/— )
0 0
- [Gi(e’o’yg )"“ vy§+)y—1)—G (v,0 )’1 ) ayl+7— ]
0 0
(a) 8Gi (0)8G,~
— e R4 By 4.14
Ae d€ 1&,6=0y0) 36 0,{ 3 (4.14)

where £ € [v,¢€] and { € [0, ygo)]. Here, (a) follows from the mean value theorem. We

have o
o = 8i(0,y1,-+ Vi 1)‘ =%
ag é,GZO,X(O) 1 IR s Jit+yY— é,GZO,X(O) P .
Since ‘?f; =€ gi’, we focus on g;. Expanding out the expression for g;, it can be written

as
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where
1= X ve, 0<j<y—i—1
i jr1 = 1 witj . .
_?ZL-:j+j_y+1yC7 Y—lg]é'}’—l
Clearly, 0 < oy j11 <1V 1<i<y,0<j<y—1. Therefore,

dgi  (d—1)(d,—1) ¢ —i —i 1 1
ai :( ! )}E )gidl T (Oti,l—yle')d’Zyyl+---+(ai,yi—5,0)d’2?
@ did, 9= (y—i i+1) _ did, 3=
< l Vg.dzfl (Y_l)('}’_l'f' )< I rg.drl.
I 2 - 2 °
Here, (a) holds because 0 < (0 j+1 — y_;_j 0)<1V0<j<vy—i—1. This implies
that
dG; did, 9= did, L. (0) 0) =
< i — Arypa sy >l
3o lugyo =280 o™ 2 (va€ g i)
y—i
O didy o o) ) 0 (0 \\i
< 2 v (Dg(yl y Y1 N 7"'7yi+y_1)>
7—i
d;—2
— dlzdrvd = (ygl))dﬁ—l
d—2
(c) dldr _1 1 42 dldr 1 d-2 (4.13) dldr Oﬁ
< > vd,71(y§/))d,71 < 5 (ygl))dl—l < > yg/)

Here, the inequality labeled (b) is true because { < y&o), (¢) follows from the observation
that yfl) < yl@] ,i > 1, which is in turn true since X(O) and n(z(o)) were non-decreasing.
Substituting back in (4.14), we have for 1 <i <y

42

(0) =T
yl(o)_ylgl) ZAS)%—yEO)dlzdryg/o)dl 3

)

a1
Thus if % > %yg,o) " ygo) > yl(l) Vi > 1, and hence E(X(O)) dominates X(l) pointwise.
Recall that

v, i<l
n(yi) =
yi, i=>1
It therefore follows by induction that the limiting constellation X(“’) exists, and is also
dominated by E(X(O)). It is clear that X(‘x’) satisfies X(‘”) = Q(X(“’)). From Lemma 4.8,

y*) = @ and hence yﬁ"") > X
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If the window size is chosen to be W > Wyin(8) 4+ ¥ — 1 2 Wipin(8), then for the
first window, we can guarantee yg,o) < & for some 0 < & for all channel erasure rates
smaller than €V = ¢V (d,,d,,y,W — y+1,8). From the above argument, it follows

4-2
that we can ensure £ < § for all erasure rates smaller than €&’V (1 — %5 a=1 ) . As long

as dy—1 dy—1
2 \i= 1 \a=
s<a.2(2)H< () s
dldr dr - 1 50
this erasure rate is a non-trivial lower bound on the WD threshold eWP. L]

From Proposition 4.9 and Equation (4.12), we immediately have that

d;—2 _ PN
eVP(dy,d,y,W,8) > <1 - %5‘4‘1> <8Bp(d1,dr77) —efg(wy’yrlfmnln%{))

provided W > Wpin(8). By making the substitution C = C 4 1, we see that this proves
Theorem 4.2.

4.4 Experimental Results

In this section, we give results obtained by simulating windowed decoding of
finite-length spatially coupled codes over the binary erasure channel. The code used for
simulation was generated randomly by fixing the parameters M = 1024, d; = 3,d, =
6, with coupling length ¥ = 3 and chain length L = 64. The blocklength of the code
was hence n = ML = 65,536 and the rate was R =~ 0.484375. From Table 4.1, the BP
threshold for the ensemble to which this code belongs is €3 (d; = 3,d, = 6,y =3,L =
64) ~ 0.487514.

Figure 4.7 shows the bit erasure rates achieved by using windows of length W =
4,6,8, i.e., the number of bits within each window was WM = 4096,6144 and 8192
respectively. From the figure, it is clear that good performance can be obtained for a
wide range of channel erasure rates even for small window lengths, e.g., W = 6,8. In
performing the simulations above, we let the decoders (BP and WD) run for as many
iterations as possible, until the decoder could solve for no further bits. For the windowed
decoder, this meant that within each window configuration, the decoder was allowed to

run until it could solve no further bits within the window. Figure 4.8 plots the average
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Figure 4.7: Bit erasure probability of the (d; = 3,d, = 6,y =3, L = 64) spatially coupled
code with M = 1024 achieved with a windowed decoder of window sizes W = 4,6 and
8.

number of iterations for the BP decoder and the average number of iterations within
each window configuration times the chain length (which corresponds to the average
number of iterations) for the WD. We can see that for randomly chosen spatially coupled
codes, a modest reduction in complexity is possible by using the windowed decoder in
the waterfall region. Interestingly, the average number of iterations required per window
configuration is independent of the chain length below certain channel erasure rates. The
number of iterations required decreases beyond a certain value of € because for these
higher erasure rates, the decoder is no longer able to decode and gets stuck quickly.
Although the smaller window sizes have a large reduction in complexity and a decent
BER performance, the block erasure rate performance can be fairly bad, e.g., for the
window of size 4, the block erasure rate was 1 in the range of erasure rates considered in
Figure 4.7. However, the block erasure rate improves drastically with increasing window
size—for the window of size 8, the block erasure rate at € = 0.44 was ~ 6.3 x 1074,
The above illustration suggests that for good performance with reduced com-
plexity via windowed decoding, careful code design is necessary. For a certain variety of

spatially coupled codes—protograph-based LDPC convolutional codes—certain design
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Figure 4.8: Average number of iterations (¢) for BP and WD as a function of the channel
erasure rate is shown for each window size in solid lines. For the WD, we show in dashed
lines, the average number of iterations required within each window configuration.

rules for good performance with windowed decoding were given in [48] (See Chapter
5), and ensembles with good performance for a wide range of window sizes (including
window sizes as small as ) over erasure channels with and without memory were con-
structed. For these codes constructed using PEG [45] and ACE [113] techniques, not
only can the error floor be lowered but also the performance of a medium-sized win-
dowed decoder with fixed number of iterations can be made to be very close to that of
the BP decoder [48]. It is for such codes that the windowed decoder is able to attain

very good performance with significant reduction in complexity and decoding latency.

4.5 Conclusions

We considered a windowed decoding (WD) scheme for decoding spatially cou-
pled codes that has smaller complexity and latency than the BP decoder. We analyzed
the asymptotic performance limits of such a scheme by defining WD thresholds for

meeting target erasure rates. We gave a lower bound on the WD thresholds and showed
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that these thresholds are guaranteed to approach the BP threshold for the spatially cou-
pled code at least exponentially in the window size. Through density evolution, we
showed that, in fact, the WD thresholds approach the BP threshold much faster than is
guaranteed by the lower bound proved analytically. Since the BP thresholds for spatially
coupled codes are themselves close to the MAP threshold, WD gives us an efficient way
to trade off complexity and latency for decoding performance approaching the optimal
MAP performance. Since the MAP decoder is capacity-achieving as the degrees of vari-
ables and checks are increased, similar performance is achievable through a WD scheme
for a target erasure floor.

Through simulations, we showed that WD is a viable scheme for decoding finite-
length spatially coupled codes and that even for small window sizes, good performance
is attainable for a wide range of channel erasure rates. However, the complexity re-
duction for randomly constructed spatially coupled codes is not as significant as that
obtained for protograph-based LDPC convolutional codes with a large girth. Thus, char-
acterizing good spatially coupled codes within the ensemble of randomly coupled codes
is a question that remains.

The WD scheme was analyzed here for the BEC and, therefore, the superior per-
formance of these codes and the low complexity and latency of the WD scheme make
these attractive for applications in coding over upper layers of the internet protocol.
Furthermore, the same scheme can be employed for decoding spatially coupled codes
over any channel. However, for channels that introduce errors apart from erasures, the
WD scheme can suffer from error propagation. Analysis of the WD scheme and provid-
ing performance guarantees over such channels will play a key role in making spatially

coupled codes and the WD scheme practical.
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Chapter 5

Windowed Decoding of
Protograph-based LDPC

Convolutional Codes

In this chapter, we will consider an application of the windowed decoder intro-
duced in the previous chapter to decode a class of LDPC codes. We will consider de-
coding LDPC Convolutional Codes (LDPC-CC) that are constructed from protographs.
As noted in the previous chapter, whereas irregular LDPC block codes have also been
shown to have BP thresholds close to capacity [98], the advantage with convolutional
counterparts is that good performance is achieved by relatively simple regular ensem-
bles. Also, the construction of finite-length codes from LDPC-CC ensembles can be
readily optimized to ensure desirable properties, e.g., large girths and fewer cycles, us-
ing well-known techniques of LDPC code design. Similar decoding schemes have been
proposed in [68,73]. However, the aim in these papers was not to reduce the decoding
latency or complexity. When used to decode terminated (block) LDPC-CC, the win-
dowed decoder provides a simple, yet efficient way to trade-off decoding performance
for reduced latency. Moreover, the proposed scheme provides the flexibility to set and
change the decoding latency on the fly. This proves to be an extremely useful feature
when the scheme is used to decode codes over upper layers of the internet protocol.

Our contributions here are to study the requirements of LDPC-CC ensembles

for good performance over erasure channels with windowed decoding (WD). We are
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interested in identifying characteristics of ensembles that present a good performance-
latency trade-off. Further we seek to find such ensembles that are able to withstand
not just random erasures but also long bursts of erasures. We reiterate that we will be
interested in designing ensembles that have the aforementioned properties, rather than
designing codes themselves.

The rest of the chapter is organized as follows. Section 5.1 introduces LDPC
convolutional codes . In Section 5.2 we briefly describe the application of the win-
dowed decoder for LDPC-CCs constructed from protographs. Possible variants of the
WD scheme will also be discussed. Section 5.3 deals with the performance of LDPC-
CC on the binary erasure channel. Starting with a short recapitulation of known results
for BP decoding, we will discuss the asymptotic analysis of the WD scheme in de-
tail. Finite-length analysis will include performance evaluation using simulations that
reinforce the observations made in the analysis. For erasure channels with memory, we
analyze LDPC-CC ensembles both in the asymptotic setting and for finite lengths in Sec-
tion 5.4. We also include simulations illustrating the good performance of codes derived
from the designed protographs over the Gilbert-Elliott channel. Finally, we summarize

our findings in Section 5.5.

5.1 LDPC Convolutional Codes

In the following, we will define LDPC-CC, give a construction starting from

protographs, and discuss various ways of specifying ensembles of these codes.

5.1.1 Definition

A rate R = b/c binary, time-varying LDPC-CC is defined as the set of semi-

infinite binary row vectors Vi satisfying H[m] V[Too] = O[Tm] , where H[oo] is the parity-check
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matrix
Hy(1)
H; (1) Ho(2)
H,(2)
Hp = . . .1
H, (2) - Hi(r) "
Hms (t)
and 0y, is the semi-infinite all-zero row vector. The elements H;(r),i=0,1,--- ,ms in

(5.1) are binary matrices of size (¢ — b) X c that satisfy [95]
e H(r)=0,fori<Oandi>mVet>1
e 37> 0such that H,, (1) #0
e Hj(¢) has full rank V¢ > 1.

The parameter m; is called the memory of the code and vy = (my+ 1)c is referred to
as the constraint length. The first two conditions above guarantee that the code has
memory my and the third condition ensures that the parity-check matrix is full-rank.
In order to get sparse graph codes, the Hamming weight of each column h of Hj,
must be very low, i.e., wy(h) < v5. Based on the matrices H;(¢), LDPC-CC can be
classified as follows [33]. An LDPC-CC is said to be periodic it H;(t) = H;(t+ 1) Vi =
0,1,---,my, Vt and for some 7 > 1. When 7 = 1, the LDPC-CC is said to be time-
invariant, in which case the time dependence can be dropped from the notation, i.e.,
H;(t) =H;Vi=0,1,--- ,my, V. If neither of these conditions holds, it is said to be

time-variant.
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Terminated LDPC-CC have a finite parity-check matrix

Ho(1)
Hi(1) Ho(2)
H,(2)
Hpy=1 H,(1) Ho(L)
H,,,(2) H;(L)

H,, (L)

where we say that the convolutional code has been terminated after L instants. Such a
code is said to be (J,K) regular if Hj;; has exactly J 1’s in every column and K 1’s in
every row excluding the first and the last ms(c — b) rows, i.e., ignoring the terminated
portion of the code. It follows that for a given J, the parity-check matrix can be made
sparse by increasing ¢ or my or both, leading to different code constructions [106]. In
this paper, we will consider LDPC-CC characterized by large ¢ and small m;. As in [67],

we will focus on regular LDPC-CC which can be constructed from a protograph.

5.1.2 Protograph-based LDPC-CC

A protograph [112] is a relatively small bipartite graph from which a larger graph
can be obtained by a copy-and-permute procedure—the protograph is copied M times,
and then the edges of the individual replicas are permuted among the M replicas to obtain
a single, large bipartite graph referred to as the derived graph. We will refer to M as the
expansion factor. M is also referred to as the /ifting factor in literature [98]. Suppose the
protograph possesses Np variable nodes (VNs) and Mp check nodes (CNs), with degrees
Jj,j=1,--- ,Np,and K;,i=1,--- ,Mp, respectively. Then the derived graph will consist
of n = NpM VNs and m = MpM CNs. The nodes of the protograph are labeled so that
if the VN V; is connected to the CN C; in the protograph, then V; in a replica can only
connect to one of the M replicated C;’s.

Protographs can be represented by means of an Mp x Np bi-adjacency matrix
B, called the base matrix of the protograph where the entry B, ; represents the num-

ber of edges between CN C; and VN V; (a non-negative integer, since parallel edges
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are permitted). The degrees of the VNs (CNs respectively) of the protograph are then
equal to the sum of the corresponding column (row, respectively) of B. A (J, K) regular
protograph-based code is then one with a base matrix where all VNs have degree J and
all CNs, excluding those in the terminated portion of the code, have degree K.

In terms of the base matrix, the copy-and-permute operation is equivalent to
replacing each entry B, ; in the base matrix with the sum of B; ; distinct size-M permu-
tation matrices. This replacement is done ensuring that the degrees are maintained, e.g.,

a 2 in the matrix B is replaced by a matrix HgM) = PgM) 3] PgM) where PEM) and PéM) are

two permutation matrices of size M chosen to ensure that each row and column of HgM)
has two ones. The resulting matrix after the above transformation for each element of B,
which is the bi-adjacency matrix of the derived graph, corresponds to the parity-check
matrix H of the code. The derived graph therefore is nothing but the Tanner graph
corresponding to the parity-check matrix H of the code.

For different values of the expansion factor M, different blocklengths of the de-
rived Tanner graph can be achieved, keeping the original graph structure imposed by
the protograph. We can hence think of protographs as defining code ensembles that are
themselves subsets of random LDPC code ensembles. We will henceforth refer to a pro-
tograph B and the ensemble % it represents interchangeably. This means that the density
evolution analysis for the ensemble of codes represented by the protograph can be per-
formed within the protograph. Furthermore, the structure imposed by a protograph on
the derived graph can be exploited to design fast decoders and efficient encoders. Pro-
tographs give the code designer a refined control on the derived graph edge connections,
facilitating good code design.

Analogous to LDPC block codes, LDPC-CC can also be derived by a protograph
expansion. As for block codes, the parity-check matrices of these convolutional codes
are composed of blocks of size-M square matrices. We now give two constructions of

(J,K) regular LDPC-CC ensembles.

Classical construction

We briefly describe the construction introduced in [107]. For convenience, we

will refer to this construction as the classical construction of (J,K) regular LDPC-CC
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ensembles. Let a be the greatest common divisor (gcd) of J and K. Then there exist
positive integers J’ and K’ such that J = aJ', K = aK’, and gcd(J',K’) = 1. Assuming
we terminate the convolutional code after L instants, we obtain a block code, described

by the base matrix

L
- .
B, By
B
By=| B, B,
B, B,
Bms

where m; = a — 1 is the memory of the LDPC-CC and B;,i = 0,--- ,my are J' x K’
submatrices that are all identical and have all entries equal to 1. Note that an LDPC-
CC constructed from the protograph with base matrix B(z; could be time-varying or not
depending on the expansion of the protograph into the parity-check matrix.

The protograph of the terminated code has Np = LK’ VNs and Mp = (L + my)J’
CNs. The rate of the LDPC-CC is therefore

L+mg\ J' My
Ri=1— —:1—<1 —> 1-R 2
L ( 7 ) X t7 ( ) (5.2)
where R =1 — I]{—,, is the rate of the non-terminated code. Note that R; — R and the

LDPC-CC has a regular degree distribution [67] when L — c. We will assume that
the parameters satisfy K’ > J" and L > 12Em so that the rates R and R, of the non-
terminated and terminated codes, respectively, are in the proper range.

The classical construction was proposed in [107] and it produces protographs for
some (J,K) regular LDPC-CC ensembles. However, not all (J,K) regular LDPC-CC
can be constructed, e.g. m; becomes zero if J and K are relatively prime and conse-
quently the resulting code has no memory. In [67], the authors addressed this problem
by proposing a construction rule based on edge spreading. We denote an ensemble of
(J,K) regular LDPC-CC constructed as described here as %, (J,K) with the subscript ¢

for “classical” construction.
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Modified construction

We propose a modified construction that is similar to the classical construction
except that we do not require that my; = a — 1, i.e., the memory of the LDPC-CC is
independent of its degree distribution. We further disregard the requirement that the
B; matrices are identical and have only ones, i.e., parallel edges in the protograph are
allowed. However, the sizes of the submatrices B;,i = 0,1,---,m, will still be J' x
K'. We will denote a (J,K) regular LDPC-CC ensemble constructed in this manner
as ém(J,K), with subscript m for “modified” construction. Note that the rate of the
%m(J,K) ensemble is still given by Equation (5.2). Further, the independence of the
code memory and the degree distribution allows us to construct LDPC-CC even when J

and K are co-primes. This is illustrated in the following example.

Example 5.1. Let J =3 and K = 4. Clearly, a classical construction of this ensemble is
not possible. However, with the modified construction, we can set my = 1 and define the

ensemble %, (J,K) given by

1 1 00O
Bop=| 0101 [,Bi=] 0101
10 0010
with design rate Ry, = 1 — % (LT“) for a termination length L. Note that these submatri-

ces are by no means the only possible ones. Another set of submatrices satisfying the

constraints is

200 1 0010
Bo=|l0201]|.Bi=]l0oo0o0 1] O
00 20 1100

The above example brings out the similarity between the proposed modified con-
struction and the technique of edge spreading employed in [67], wherein the edges of

the protograph defined by the matrix

201 1
Bo=| 020 2
1120
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are “spread” between the matrices By and B (or between B) and B)) to obtain a (3,4)
regular LDPC-CC ensemble with memory my; = 1. The advantage of the modified con-
struction is thus clear—it gives us more degrees of freedom to design the protographs in
comparison with the classical construction. In particular, the ensemble specified by the
classical construction is contained in the set of ensembles allowed by the modified con-
struction, meaning that the best performing %, (J, K) ensemble (with memory the same
as that of the %,(J,K) ensemble) is at least as good as the 6,(J,K) ensemble. Note that
in [67], there was no indication as to how edges are to be spread between matrices. With
windowed decoding, we will shortly show that different protographs (edge spreadings)
have different performances. We will also identify certain design criteria for efficient

modified constructions that suit windowed decoding.

5.1.3 Polynomial representation of LDPC-CC ensembles

We have thus far specified LDPC-CC ensembles by giving the parameter L and
the matrices B;,i =0,1,---,m,. An alternative specification of terminated protograph-
based LDPC-CC ensembles using polynomials is useful in establishing certain proper-
ties of (J,K) regular ensembles and is described below.

Instead of specifying (mg+ 1) matrices B; of size J/ x K’, we can specify the

K’ columns of the (m;+1)J" x K’ matrix

using a polynomial of degree no more than d = (ms+ 1)J’ — 1 for each column. The

polynomial of the j column

is defined so that the coefficient of x', py), is the (i+1,j) entry of By for all i =
0,1,---,dand j=1,2,---,K’. Therefore, an equivalent way of specifying the LDPC-
CC ensemble is by giving L and the set of polynomials {p;(x),j =1,2,--- ,K'}. With
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this notation, the /™ column of By is specified by the polynomial 'Ipi(x) where
[ =iK'+ jforunique 0 <i<L—1and 1< j <K' We can hence use “the column
index” and “the column polynomial” interchangeably. Further, to define (J, K) regular

ensembles, we will need the constraints

pi(1)=JV1<j<K

and
K/
Y () =Kvo<m<J ~1,
j=1
where pg"] (x) is the polynomial of degree no larger than m, obtained from p;(x) by

collecting the coefficients of terms with degrees [ where [ = hJ' +m for some 0 < h < mj,

i.e.,/ =m(modJ):

ms

pgm] ()C) — pgm) + p§J +m)x + -4 p&msf +m)xms = Z pg.hJ,ij)xh. (54)
h=0

We will refer to these polynomials as the modulo polynomials. Let us denote the set of
polynomials defining an LDPC-CC ensemble as & = {p;(x),j € [K']}, where [K'] =
{1,2,--- ,K'}, and the modulo polynomials as &, = {pg-” (x),je[K}1=0,1,---,J —
1. Later in the paper, we will say “the summation of polynomials p;(x) and p;(x)”
to mean the collection of the i and the j™ columns of By;. The following example

illustrates the notation.

Example 5.2. For (J,2J) codes, we have J/ = 1 and K’ = 2, the component base matrices
B;,i=0,...,m, are 1 x 2 matrices. With the first column of the protograph By, we asso-
ciate a polynomial p;(x) = p§0) + p(ll)x+ R p&m‘“) x"s of degree at most m;. Similarly,
with the second column we associate a polynomial p,(x) = pgo) + pgl)x +-+ png)x’"S,
also of degree at most my. Then, the (2i + 1)™ column of B|;) can be associated with the
polynomial x'p; (x), and the (2i+ 2)™ column with the polynomial x'p,(x). As noted
earlier, we will use the polynomial of a column and its index interchangeably, e.g. when
we say “choosing the polynomial xp;(x),” we mean that we choose the (2i + 1) col-
umn of By;). Similarly, by “summations of polynomials p(x) and p>(x),” we mean

the collection of the corresponding columns of By;). In order to define (J,2J) regu-

lar ensembles, we will further have the constraint p;(1) = pp(1) = J. In this case,
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since J' =1, p[o](l) + p[zo}(l) = 2J is the same as the previous constraint, because
Py (1) 405" (1) = pi(1) + pa(1), =
We define the minimum degree of a polynomial a(x) as the least exponent of x

with a positive coefficient and denote it as mindeg(a(x)). Clearly, 0 < mindeg(a(x)) <
deg(a(x)). Let us define a partial ordering of polynomials with non-negative inte-
ger coefficients as follows. We write a(x) < b(x) if mindeg(a(x)) = mindeg(b(x)),
deg(a(x)) = deg(b(x)) and the coefficients of a(x) are no larger than the corresponding
ones of b(x). The ordering < satisfies the following properties over polynomials with

non-negative integer coefficients: if a(x) < b(x) and ¢(x) < d(x), then

a(x) +c(x) 2 b(x)+d(x)
a(x)e(x) = b(x)d(x).

We define the boundary polynomial B(a(x)) of a polynomial a(x) to be B(a(x)) = x' 4+ x/
where i = mindeg(a(x)) and j = deg(a(x)). Note that when i = j, we define B (a(x)) =
x'. We have for any polynomial a(x), B(a(x)) < a(x).

5.2 Windowed Decoding

LDPC-CC are characterized by a very large constraint length vy = (m;+ 1)K'M.
Since the Viterbi decoder has a complexity that scales exponentially in the constraint
length, it is impractical for this kind of code. For terminated LDPC-CC, decoding can
be performed as in the case of an LDPC block code, meaning that each frame carrying
a codeword obtained through the termination can be decoded with belief propagation
(BP), i.e., the sum-product algorithm (SPA) [61, 121]. Note that since the BP decoder
can start decoding only after the entire codeword is received, the total decoding latency
App 1s given by App = Tt + Ty.c, Where T, is the time taken to receive the entire
codeword and Ty, is the time needed to decode the codeword. In many practical appli-
cations this latency is large and undesirable. Moreover, for non-terminated LDPC-CC,
a BP decoder cannot be employed.

However, LDPC-CCs are a variant of the spatially coupled codes introduced

in Chapter 4. In particular, we note that L denotes the chain length, and the memory
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myg corresponds to the coupling length ¥ in the parlance of spatially coupled codes (cf.
Section 4.1). We can therefore exploit the convolutional structure of the parity-check
matrix representing these codes and define a windowed decoder as was done for spatially
coupled codes.

If |

msK' M

(L + mg)J' M

A
Y

LK'M

Figure 5.1: Illustration of windowed decoding (WD) with window of size W = 4 for
a én(J,2J) LDPC-CC with mg; =2 and L = 16 at the fourth decoding instant. This
window configuration consists of Jyy = WJ'M = 4M rows of the parity-check matrix
and all the (W +m;)K'M = 12M columns involved in these equations: this comprises
the red (vertically hatched) and the blue (hatched) edges shown within the matrix. Note
that the symbols shown in green (back-hatched) above the parity-check matrix have all
been processed. The targeted symbols are shown in blue (hatched) above the parity-
check matrix and the symbols that are yet to be decoded are shown in gray above the
parity-check matrix.

The convolutional structure of the code imposes a constraint on the VNs con-
nected to the same parity-check equations—two VNs of the protograph that are at least
(mg+ 1)K’ columns apart cannot be involved in the same parity-check equation. This
characteristic can be exploited in order to perform continuous decoding of the received
stream through a “window” that slides along the bit sequence. Moreover, this structure
allows for the possibility of parallelizing the iterations of the message passing decoder
through several processors working in different regions of the Tanner graph. A pipeline

decoder based on this idea was proposed in [33]. In this paper we consider a windowed
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decoder to decode terminated codes with reduced latency. Note that whereas a similar
sliding window decoder was used to bound the performance of BP decoding in [68], we
are interested in evaluating the performance of the windowed decoder from a perspective
of reducing the decoding complexity and latency.

Consider a terminated (J,K) regular parity-check matrix H built from a base
matrix B. The windowed decoder works on sub-protographs of the code and the win-
dow size W is defined as the number of sets of J/ CNs of the protograph B consid-
ered within each window. In the parity-check matrix H, the window thus consists of
Jw =WJ'M =W (c—b) rows of H and all columns that are involved in the check equa-
tions corresponding to these rows. We will henceforth refer to the size of the window
only in terms of the protograph with the corresponding size in the parity-check matrix
implied. The window size W ranges between (m;+ 1) and (L — 1) because each VN in
the protograph is involved in at most J'(m + 1) check equations; and, although there
are a total of Mp = J'(L+ my) CNs in B, the decoder can perform BP when all the VN
symbols are received, i.e., when L < W < L+ mg. As was seen in Chapter 4, apart from
the window size, the decoder also has a (typically small) target erasure probability 6 > 0
as a parameter. The aim of the WD is to reduce the erasure probability of every symbol
in the codeword to a value no larger than §.

At the first decoding instant, or equivalently, in the first window configuration,
the decoder performs belief-propagation over the edges within the window with the aim
of decoding all of the first K’ symbols in the window, called the targeted symbols (cf.
Chapter 4). The window slides down J’ rows and right K’ columns in B after at least a
fraction (1 — &) of the targeted symbols are recovered (or, in general, after a maximum
number of belief-propagation iterations have been performed), and continues decoding
at the new window configuration at the next decoding time instant.

In the terminated portion of the code, the window configuration will have fewer
edges than other configurations within the code. Since the WD aims to recover only the
targeted symbols within each window configuration, the entire codeword is recovered
in L decoding time instants. Figure 5.1 shows a schematic representation of the WD for
W =4.

The decoding latency of the K’ targeted symbols with WD is therefore given by
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Awp = Tw + Ty (W), where Tyy is the time taken to receive all the symbols required
to decode the K’ targeted symbols, and Ty..(W) is the time taken to decode the targeted

symbols. The parameters 7;,, and Ty are related as

(W +mg)K' W + my
LK Tey = I Tew,

Ty =

since at most (W + my)K’ symbols are to be received to process the targeted symbols.

The relation between 7y, and Ty,..(W) is given by

w
Tdec (W) = ZTdeca

since the complexity of BP decoding scales linearly in blocklength and the WD uses BP
decoding over WK’ symbols in each window configuration. We assume that the number
of iterations of message passing performed is fixed to be the same for the BP decoder
and the WD. Thus, in latency-limited scenarios, we can use the WD to obtain a latency
reduction of

W + my

Awp < App = wigp.

The smallest latency supported by the code-decoder system is therefore at most a frac-

tion Wi, = zmi“ that of the BP decoder. As pointed out earlier, the only choice for

non-terminated codes is to use some sort of a windowed decoder. For the sequence of
ensembles indexed by L, with the choice of the proposed WD with a fixed finite window
size W, the decoding latency vanishes as 0(%) We will typically be interested in small
values of W where large gains in decoding latencies are achievable. Since the decod-
ing latency increases as W increases, the trade-off between decoding performance and
latency can be studied by analyzing the performance of the WD for the entire range of

window sizes.

Remark 5.1 (Latency Flexibility). Although reduced latency is an important character-
istic of WD, what is perhaps more useful practically is the flexibility to alter the latency
with suitable changes in the code performance. The latency can be controlled by varying
the parameter W as required. If a large latency can be handled, W can be kept large en-
suring good code performance and if a small latency is required, W can be made small
while paying a price with the code performance (We will see shortly that the perfor-

mance of WD is monotonic in the window size).
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One possible variant of WD is a decoding scheme which starts with the small-
est possible window size and the size is increased whenever targeted symbols cannot
be decoded, i.e., the target erasure probability cannot be met within the fixed maxi-
mum number of iterations. Other schemes where the window size is either increased
or decreased based on the performance of the last few window configurations are also

possible.

5.3 Memoryless Erasure Channels

In this section, we confine our attention to the performance of the LDPC-CC
when the transmission occurs over a memoryless erasure channel, i.e., a binary erasure

channel (BEC) parameterized by the channel erasure rate €.

5.3.1 Asymptotic analysis

We consider the performance of the LDPC-CC in terms of the average perfor-
mance of the codes belonging to ensembles defined by protographs in the limit of infi-
nite blocklengths and in the limit of infinite iterations of the decoder. This represents
the setting where the results of Chapter 4 are directly applicable, since protograph-based
LDPC-CCs are a variant of spatially coupled codes.

For LDPC-CC based on protographs, the BP decoding thresholds can be numer-
ically estimated using the Protograph-EXIT (P-EXIT) analysis [75].The processing at a
CN of degree d¢ results in an updating of the mutual information on the dtch edge as

de—1
Ioutde = C (Lin1, s Iinge—1) = H Lin i (5.5)
i=1
and the corresponding update at a VN of degree dy gives
dy—1
Louedy =V (Ions Finy1 -+ Jingy—1) = 1—& [ (1 —Eny) (5.6)
i=1

where I, = 1 — € is the mutual information obtained from the channel. Note that the

edge multiplicities are included in the above check and variable node computations. The
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a-posteriori mutual information .# at a VN is found using

dy
I =1—e[[(1—hn;) =1— (1 = louray ) (1 = fingy)
i1

where the second equality follows from (5.6).

Example 5.3. The protograph B3 ¢ = (3  3) has a BP threshold of &5, =~ 0.4294. Note
that all the CNs in the protograph are of degree 6 while all the VNs are of degree 3. This
BP threshold is expected because B3¢ corresponds to the (3,6) regular LDPC block
code ensemble. The following protograph B’376 has a BP threshold &5, ~ 0.4879 for
L = 40. Note that, as before, all VNs are of degree 3 and all the CNs except the ones in

the terminated portion of the code are of degree 6.

110000 0 0
111100
111111 0 0

, oo 1 0 0

"l oo0o00 1 1 00
000000 11

11
000000 --- 11

This is the %.(3,6) ensemble constructed in [107]. In terms of the notation introduced,

this is given as By = B; = B, = [1 1]; or equivalently as p;(x) = pa(x) = 1 +x+x>.0

The above example illustrates the strength of protographs—they allow us to
choose structures within an ensemble defined by a pair of degree distributions that may
perform better than the ensemble average. As noted in Chapter 4,the BP performance of
regular LDPC-CC ensembles has been related to the MAP decoder performance of the

corresponding unstructured ensemble [63].

Remark 5.2. In the limit of infinite blocklength, each term in the base protograph B is
replaced by a permutation matrix of infinite size to obtain the parity-check matrix, and
therefore the latency of any window size is infinite, apparently defeating the purpose
of WD. Our interest in the asymptotic performance, however, is justified as it allows

us to establish lower bounds on the probability of failure of the windowed decoder to
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recover the symbols of the finite length code. In practice, it is to be expected that the gap
between the performance of a finite length code with WD and the asymptotic ensemble
performance of the ensemble to which the code belongs increases as the window size

reduces due to the reduction in the blocklength of the subcode defined by the window.

We define the threshold 8(\71.‘)'D(B, W, §8) of the i window configuration to be the
supremum of the channel erasure rates for which the WD succeeds in retrieving the tar-
geted symbols of the i window with a probability at least (1— §), given that each of the
targeted symbols corresponding to the first (i — 1) window configurations is known with
probability 1 — 6. Figure 5.2 illustrates the threshold 8(\XD (B,W,§) of the i window
configuration. The windowed threshold €WP (B, W, §) is then defined as the supremum

1-6

msK' M WK'M

Figure 5.2: Illustration of the threshold of the i window configuration sgD(B, W, 90).
The targeted symbols of the previous window configurations are known with probability
1 — 3. The targeted symbols within the window are highlighted with a solid blue bar on
top of the window. The symbols within the blue (hatched) region in the window are
initially known with probability 1 — €. The task of the decoder is to perform BP within
this window until the erasure probability of the targeted symbols is smaller than 8. The
window is then slid to the next configuration.

of channel erasure rates for which the windowed decoder can decode each symbol in the
codeword with probability at least 1 — 8.

We assume that between decoding time instants, no information apart from the
targeted symbols is carried forward, i.e., when a particular window configuration has
been decoded, all the present processing information apart from the decoded targeted
symbols themselves is discarded. With this assumption, it is clear that the windowed
threshold of a protograph-based LDPC-CC ensemble is given by the minimum of the
thresholds of its window configurations. For the classical and modified constructions

of LDPC-CC described in Section 5.1.2, all window configurations are similar except
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the ones at the terminated portion of the code. Since the window configurations at the
terminated portions can only perform better, the windowed threshold is determined by
the threshold of a window configuration not in the terminated portion of the code. Note
that the performance of WD when the information from processing the previous window
configurations is made use of in successive window configurations, e.g., when symbols
other than the targeted symbols that were decoded previously are also retained, can only
be better than what we obtain here.

We now prove a monotonicity property of the WD for LDPC-CCs. Note that

this property is evidently true for spatially coupled codes in general from Theorem 4.2.

Proposition 5.1 (Monotonicity of WD performance in W). For any 6,,(J,K) ensemble
B,
e"P(B,w,8) < eVP(B,W +1,6). O

We now state two lemmas which will be made use of in the proof of the above

Proposition. The proofs of these lemmas are straightforward and have been omitted.

Lemma 5.2 (Monotonicity of C). The CN operation in (5.5) is monotonic in its argu-
ments, i.e.,

0<x<xX<1=C(x,y) <c(,y)Vyel0,1],

where the two-argument function C(x,y) = xy. O

Lemma 5.3 (Monotonicity of V). The VN operation in (5.6) is monotonic in its argu-
ments, i.e.,

0<x<x'<1=V(xy) <V(,y) Vye[0,1],
where V(x,y) =1—(1—x)(1 —y). O

The operational significance of the above lemmas is the following: if we can
upper (lower) bound the mutual information on some incoming edge of a CN or a VN,
and use the bound to compute the outgoing mutual information from that node, we get
an upper (lower) bound on the actual outgoing mutual information. Thus, by bounding
the mutual information on some edges of a computation tree and repetitively applying
Lemmas 5.2 and 5.3, one can obtain bounds for the a-posteriori mutual information at

the root of the tree.
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Proof of Proposition 5.1. Consider the i window configuration for window sizes W
and W + 1 shown in Figure 5.3. We are interested in a window configuration that is

not at the terminated portion of the code. Call the Tanner graphs of these windows

Figure 5.3: Sub-protographs of window sizes W and W + 1. The edges connected to
targeted symbols from previous window configurations are shown in darker shade of

gray.

A = (V4,Cy,E,) and B = (Vp,Cp, Ep) respectively, where V4, Vp and Cy,Cp are the sets
of VNs and CNs respectively and Ey4, Ep are the sets of edges. Clearly, V4 C Vp,Cyq C
Cp, and E4 C Eg. Any VN in Vy that is connected to some variable in Vg \ V4 has to
be connected via some CN in Cg\ C4. The edges between these CNs and VNs in V4
are shown hatched in Figure 5.3. Consider the computation trees for the a-posteriori
message at a targeted symbol in V4 and that for the same symbol in V. Call them .7
and 7 respectively. Then we have 74 C Jp.

We start by augmenting .74, creating another tree Zf that has the same struc-
ture as 7. In particular, fAJr includes the additional edges corresponding to the hatched
region. In Z," and 3, we denote the set of these edges by E,(Z,") and E,(p) re-
spectively, and we assign 0 mutual information to each edge in Eu(ﬂA“L).

Now, let / ‘7/*, 17 and I7% be the a-posteriori mutual information at the roots
of the trees 4, 7, and J respectively. Then it is clear that / i = 174", since the
messages on edges in Eu(ﬁA*) are effectively erasures and zero out the contributions
from the checks in CX \ C4 = Cp \ C4. On the other hand, if we denote by I,(.7) the
mutual information associated with an edge e € E,(73), and by I,(Z,") the mutual
information associated with the corresponding edge in Zf, we know that Ie(ﬂA“L) =0
so that I,(7,") < I,(7p). Hence, we have from Lemmas 5.2 and 5.3 that 17 <17%.
Since [74 = [ %f, it follows that 174 <I 93, as desired. O]
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It follows immediately from the definition of the windowed threshold that
eVP(B,W,5) <e"PB,W,8)VS<§.

Furthermore, from the continuity of the density evolution equations (5.6) and (5.5),
we have that when we set 6 = 0, we decode not only the targeted symbols within the
window but all the remaining symbols also. Since the symbols in the right end of the
window are the “worst protected” ones within the window (in the sense that these are
the symbols for which the least number of constraints are used to decode), we expect the
windowed thresholds VP (B, W, = 0) to be dictated by the behavior of the submatrix
B( under BP. In the following, when the base matrix B of the protograph correspond-
ing to an ensemble % is unambiguous, we will write WP (B,W,§) and VP (€, W, )
interchangeably.

We next turn to giving some properties of LDPC-CC ensembles with good per-
formance under WD. We start with an example that illustrates the stark change in per-

formance a small difference in the structure of the protograph can produce.

Example 5.4. Consider WD with the ensemble %,(3,6) in Example 5.3 with a window

of size W = 3. The corresponding protograph defining the first window configuration is

110000
111100
111111

and we have €VP(%.(3,6),W = 3,8 = 0) = 0. This is seen readily by observing that
there are VINs of degree 1 that are connected to the same CNs. In fact, from this reason-
ing, we see that eVP(%,(J,K'J),W,6 =0) =0V J <W < L.

As an alternative, we consider the modified construction of Section 5.1.2 to ob-
tain the %,,(J,K) ensemble B’ given by By = [2 2],B; = [1 1]. This ensemble has a
BP threshold €BP(B’) ~ 0.4875 for L = 40 which is quite close to that of the ensemble
%.(3,6), €BP(%.(3,6)) ~ 0.4879. WD with a window of size 3 for this ensemble has

the first window configuration

220000
112200
001122
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which has a threshold eWP(B/,W = 3,8 = 0) ~ 0.3331, i.e., we can theoretically get
close to 68.3% of the BP threshold with < 10% of the latency of the BP decoder. Note
that this improvement in threshold has been obtained while also increasing the rate of

the ensemble, since m; = 1 for the B’ ensemble in comparison with mg; = 2 for €,(3,6).
O

The above example illustrates the tremendous advantage obtained by using %,
(J,K) ensembles for WD even under the severe requirement of & = 0. The following is
a good rule of thumb for constructing LDPC-CC ensembles that have good performance
with WD.

Design Rule 5.1. For 6,,(J,K'J) ensembles, set pi.dj) > 2forall j € [K'] where d; =

mindeg(p;(x)). O

The above design rule says that for (J,K'J) ensembles, it is better to avoid
degree-1 VNs within a window. Note that none of the %,(J,K'J) ensembles satisfy
this design rule. We now illustrate the performance of LDPC-CC ensembles with WD

when we allow 6 > 0.

Example 5.5. We compare three LDPC-CC ensembles. The first is the classical LDPC-
CC ensemble 6| = %.(3,6). The second and the third are LDPC-CC ensembles con-
structed as described in Section 5.1.2. The ensemble %, is defined by the polynomials
p1(x) =24x%, pa(x) = 2 +x and 3 is defined by g1 (x) = g2 (x) =2+ x.

We first observe that all three ensembles have the same asymptotic degree distri-
bution, i.e., all are (3,6) regular LDPC-CC ensembles when L — . While %] and %>
have a memory my; = 2, 63 has a memory m; = 1. Therefore, for a fixed L, while 4] and
%> have the same rate, %3 has a higher rate. Another consequence of a smaller m is that
%3 can be decoded with a window of size W,,;,(63) = 2. Further note that whereas %>
and %3 satisfy Design Rule 5.1, %] does not. For a window of size 3, the subprotographs
for ensembles %] and %3 are as shown in Example 5.4, and that for ensemble %, is as

shown below
220000

012200
1 00122
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In Figure 5.4, we show the windowed thresholds plotted against the window size
for the three ensembles %), %> and %3 by fixing L = 100 for § € {10’6, 10~12},
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Figure 5.4: Windowed threshold £* = eWP as a function of the window size for the
ensembles €;,i = 1,2,3 with § € {1076, 10712}, The rates of the ensembles %] and %>
are 0.49 whereas that of %3 is 0.495. The corresponding Shannon limits are therefore
0.51 for %) and %,, and 0.505 for 3.

A few observations are in order. The monotonicity of €WVP(B,W,§) in W as
proven in Proposition 5.1 is evident. The windowed thresholds WP (B, W, §) for %>
and %3 are fairly close to the maximum windowed threshold even when W = W,;,,.
The windowed thresholds for ensembles %> and %3 are robust to changes in 0, i.e.,

—6 and

the thresholds are almost the same (the points overlap in the figure) for 6 = 10
8 = 1072, Further, the windowed thresholds eWP(%;, W, §) are fairly close to the BP
thresholds SBP(%),i =1,2,3 for W > 12. We will see next that this last observation is

not always true. O

Remark 5.3 (Effect of termination). The better BP performance of the €,(J, K) ensem-
ble in comparison with that of the (J, K)-regular block code ensemble (cf. Example 5.3)

is because of the termination of the parity-check matrix of ¢.(J,K) codes. More pre-
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cisely, the low-degree CNs at the terminated portion of the protograph are more robust
to erasures and their erasure-correcting power is cascaded through the rest of the proto-
graph to give a better threshold for the convolutional ensemble in comparison with that
for the corresponding unstructured ensemble [106]. From the definition of the WD, we
can see that the sub-protograph within a window does not have the lower-degree checks
if previous targeted symbols are not decoded. Therefore, we would expect a deteriora-
tion in the performance. Furthermore, the Design Rule 5.1 increases the degrees of the
CNis in the terminated portion. Therefore, the effect of different termination on the WD

performance is of interest.

Example 5.6. Tables 5.1 and 5.2 illustrate the WD thresholds for 4,,(J,2J) ensembles
that satisfy Design Rule 5.1 except when J = m;+ 1. These ensembles are defined by

the polynomials
P1(x) = pa(x) = (J —my) +x+ 22+ 2™

Note that J > m;+ 1. The ensembles are terminated so that the rate is R;, = 0.49. The
worst threshold with WD (corresponding to the least window size W,,;,, = mg+ 1) is
denoted sn\z El. The largest threshold with WD is denoted 827v_1’)11S and the BP threshold as

€BP. The increase in the gap between SEN—%Y and £BP with increasing J illustrates the loss

Table 5.1: WD Thresholds for m; = 1, Ry, = 0.49-%,,(J,2J) ensembles with § = 10~!2
and window size mg+ 1, L —my. BP Thresholds are provided in the last column.

J Entl € m, £

2 0.0008 0.3162 0.3342
0.4499 0.4857 0.4872
0.4449 0.4469 0.4961
0.3915 0.3923 0.4969
0.3469 0.3475 0.4959
0.3115 0.3118 0.4891
0.2829 0.2832 0.4785

0.2595 0.2597 0.4666

O 0N N B~ W

due to edge multiplicities (“weaker” termination). This is because the terminations at the
beginning and at the end of the code are different, i.e., the CN degrees in the terminated
portion at the beginning of the code are 2(J — mg) which increases with J; whereas

those at the end of the code are 2, a constant. Thus, much of the code performance is
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Table 5.2: WD Thresholds for m; = 2, R = 0.49-%,,(J,2J) ensembles with § = 10~!2
and window size mg+ 1,L — mg. BP Thresholds are provided in the last column.
J WD WD &BP
mg+1 L—my

3 0.0189 0.4882 0.4876
4 0.4875 0.4947 0.4958
5 0.4493 0.4501 0.4971
6 0.3941 0.3945 0.4972
7 0.3489 0.3492 0.4969
& 0.3131 0.3133 0.4967
9 0.2843 0.2845 0.4957
10 0.2607 0.2608 0.4937

determined by the “stronger” (smaller check-degree) termination, the one at the end of
the code for J > my+ 1. This is also seen by the fact that the gap between EX 21 and
g'p

", decreases as J increases, meaning that the termination at the beginning of the code

is weak and increasing the window size helps little. Note that the %,(3,6) ensemble in
Table 5.2 is in fact the %,(3,6) classical ensemble, and that SZV_%S is larger than the
corresponding BP threshold. This is possible since WD only demands that the erasure
probability of the targeted symbols is reduced to 6. In contrast, BP demands that the

erasure probability of all the symbols is reduced to 0. U
From the above discussion, we can add the following as another design rule.

Design Rule 5.2. For 6,,(J,K) ensembles, keep the termination at the beginning of
the code strong, preferably stronger than the one at the end of the code. That is, use
polynomials &2 = {p;(x), j € [K']} such that each of the sums

!

Lo 8 oo
f

j=1
is kept as small as possible. 0

Remark 5.4 (Targeted symbols). We have thus far in this chapter, as well as Chapter
4, considered only the first K’ VNs in the sub-protograph contained within the window
to be the targeted symbols. However, as an alternative way to trade-off performance
for reduced latency, it is possible to consider other VNs also as targeted symbols. In
this case, the window would be shifted beyond all the targeted symbols after processing

each window configuration. For a window of size W, let us denote by £VP (B, W, §) the
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windowed threshold when the targeted symbols are the first iK’ VNs, 1 <i < W. Note
that this is different from the i window configuration threshold e(‘XD(B, W,d). Hence,
eVP(B,W,8) = &"P(B,W, §). By definition, VP (B, W, §) < e"P(B,W, ).

Example 5.7. Consider the %,,(6,12) ensemble with m; = 1 defined by p; (x) = pa(x)
3+ 3x, denoted é4; and the %,,(4,8) ensemble with m; = 1 defined by ¢ (x) = g2(x)
2+ 2x, denoted %5. Also consider ensembles 64 and 67 given by ry(x) = ry(x) =2 +4x

and s1(x) = s7(x) = 2+ 2x+2x? respectively. Both %5 and €7 are %,,(6,12) ensembles,
but with memory my; = 1 and 2 respectively. Table 5.3 gives the windowed thresholds
eVP(4;,W = 4,8) with iK' targeted symbols for a window of size 4 for j =4,5,6,7.

Table 5.3: Windowed thresholds 8Z.W D for ensembles %; with iK' targeted symbols,
window size W =4, and 8§ = 107'2, for j =4,5,6,7.
b, s b6 ]
0.4429 0.4912 0.4835 0.4924
0.4429 0.4905 0.4835 0.4919
0.4427 0.4824 0.4828 0.4824
0.4294 0.3331 0.3331 0.3331

TR NS N [P

One might expect the windowed threshold e WP (B, W, §) to be higher for an en-
semble for which &)YP (B, W, §) is higher. This is not quite right: we see that for ensem-
bles €4 and 65, €)'°(64,4,10712) = 0.4294 > 0.3331 ~ &,'P(%5,4,10712) whereas
eVP(€5,4,10712) > VP (%),4,10712) Vi < 4. This can again be explained as the ef-
fect of stronger termination in %5 in comparison with 4. This is also evident in the
larger thresholds for the (6, 12) ensemble % with same memory as €4, but stronger ter-
mination. Also, keeping the same termination and increasing the memory improves the
performance, as is exemplified by the larger thresholds of 47 in comparison with those
of Es. 0

The windowed thresholds £¥P (B, W, §) quantify the unequal erasure protection
of different VNs in the sub-protograph within the window. Furthermore, it is clear
that for good performance, it is advantageous to keep fewer targeted symbols within a

window.
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5.3.2 Finite length performance evaluation

The finite length performance of LDPC codes under iterative message-passing
decoding over the BEC is dependent on the number and the size of stopping sets present
in the parity-check matrix of the code [22, 100]. Thus, the performance of the codes
varies based on the parity-check matrix used to represent the code and, consequently,
the performance of iterative decoding can be made to approach that of ML decoding
by adding redundant rows to the parity-check matrix (See e.g. [41]). However, since
we are exploiting the structure of the parity-check matrix of the convolutional code, we
will not be interested in changing the parity-check matrix by adding redundant rows as
this destroys the convolutional structure. The ensemble stopping set size distribution for
some protograph-based LDPC codes was evaluated in [25] where it was shown that a
minimum stopping set size that grows linearly in blocklength is important for the good
performance of codes with short blocklengths. This analysis is similar to the analysis
of the minimum distance growth rate of LDPC-CC ensembles—see [72] and references
therein. It is worthwhile to note that although the minimum stopping set size grows
linearly for protograph codes expanded using random permutation matrices, the same is
not true for codes expanded using circulant permutation matrices [15]. In the following
we will evaluate the finite length performance of codes constructed from %,,(J,K) en-
sembles with WD through Monte Carlo simulations. Here we considered WD with only
the first K’M symbols as the targeted symbols.

In Figures 5.5 and 5.6, the symbol error rate (SER) and the codeword error rate
(CER) performance are depicted for codes C| € 6] and C, € %>, where the ensembles
%1 and 6, were defined in Example 5.5. The codes used were those constructed by
expanding the protographs using circulant matrices (and sums of circulant matrices) and
techniques of progressive edge growth (PEG) [45] and approximate cycle extrinsic mes-
sage degree (ACE) [113] to avoid small cycles in the Tanner graphs of the codes. The
girth of both the codes C; and C; was 12. The parameters used for the construction
were L = 20 and M = 512 so that the blocklength n = LK'M = 20480 and R; = 0.45.
The BP thresholds for ensembles %) and %> with L = 20 were 0.4883 and 0.4882 re-
spectively. As is clear from Figure 5.5 and 5.6, code C; outperforms code C; for small

window sizes (W = 3,5), confirming the effectiveness of the proposed design rules for
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Figure 5.5: SER performance for Belief Propagation and Windowed Decoding over
BEC.

windowed decoding. For larger window sizes (W = 10), there is no marked difference in
the performance of the two codes. It was also observed that for small M values (< 128),
the performance of codes constructed through circulant permutation matrices was better
than those constructed through random permutation matrices. This difference in perfor-
mance diminished for larger M values.

We include in Figure 5.6, for comparison, a lower bound on the CER P,,,. The
Singleton bound, Pgp, represents the performance achievable by an idealized (n,k) bi-

nary MDS code. This bound for the BEC can be expressed as
n n ) )
Pew > Z ( ) 8](1 - g)n_J = Pga.
j=n—k+1 \J

Note that by the idealized (n,k) binary MDS code, we mean a binary linear code that
achieves the Singleton bound d,,;, < n —k—+ 1 with equality. This code does not exist

for all values of k and n.
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Figure 5.6: CER performance for BP and Windowed Decoding over BEC. Also shown
is the (Singleton) lower bound Pgp as SB.

5.4 Erasure Channels with Memory

We now consider the performance of LDPC-CC ensembles and codes over era-
sure channels with memory. We consider the familiar two-state Gilbert-Elliott channel
(GEC) [29,40] as a model of an erasure channel with memory. In this model, the chan-
nel is either in a “good” state G, where we assume the erasure probability is 0, or in an
“erasure” state E, in which the erasure probability is 1. The state process of the chan-
nel is a first-order Markov process with the transition probabilities P{E — G} = g and

P{G — E} = b. With these parameters, we can easily deduce [122] that the average

erasure rate € and the average burst length A are given by

b 1
e=P{E}=——, A=—.
b+g 8
We will consider the GEC to be parameterized by the pair (¢,A). Note that there is a

one-to-one correspondence between the two pairs (b, g) and (g,A).

Discussion :  The channel capacity of a correlated binary erasure channel with an av-

erage erasure rate of € is given as (1 — €), which is the same as that of the memoryless
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channel, provided the channel is ergodic. Therefore, one can obtain good performance
on a correlated erasure channel through the use of a capacity-achieving code for the
memoryless channel with an interleaver to randomize the erasures [25, 125]. This is
equivalent to permuting the columns of the parity-check matrix of the original code. We
are not interested in this approach since such permutations destroy the convolutional

structure of the code and as a result, we are unable to use the WD for such a scheme. [J

Construction of LDPC block codes for bursty erasure channels has been well
studied. The performance metric of a code over a bursty erasure channel is related to
the maximum resolvable erasure burst length (MBL) denoted A, [125], which, as the
name suggests, is the maximal length of a single solid erasure burst that can be decoded
by a BP decoder. Methods of optimizing codes for such channels therefore focus on
permuting columns of parity-check matrices to maximize A4y, €.g2. [51,52,76, 88, 89,
109]. Instead of permuting columns of the parity-check matrix, in order to maintain the
convolutional structure of the code, we will consider designing %, (J, K) ensembles that

maximize Ayqx.

5.4.1 Asymptotic Analysis

As noted earlier, the performance of LDPC-CC ensembles depends on stopping
sets. The structure of protographs imposes constraints on the code that limit the stop-
ping set sizes and locations, as will be shown shortly. We will initially consider the
performance with BP decoding, and later specialize to the case of WD. Since the base
matrix with WD is a submatrix of that of the base matrix of the underlying protograph,
the results for WD will be easily obtained once the results with BP are known.

Let us define a protograph stopping set to be a subset S(B) of the VNs of the
protograph B whose neighboring CNss are connected at least twice to S(B). These are
also denoted as S(2?), in terms of the set of polynomials defining the protograph. We
define the size of the stopping set as the cardinality of S(B), denoted |S(B)|. We call the
least number of consecutive columns of B that contain the stopping set S(B) the span
of the stopping set, denoted (S(B)). Let us denote the size of the smallest protograph

* and the minimum number of consecutive

stopping set of the protograph B by |S(B)
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columns of the protograph B that contain a protograph stopping set by (S(B))*. When
the protograph under consideration is clear from the context, we will drop it from the

notation and use |S|* and (S)*.

The minimum span of a stopping set is of interest
because we can give simple bounds for A, based on (S(B))*. Note that the stopping
set of minimal size and the stopping set of minimal span are not necessarily the same

set of VNs. However, we always have

IS(B)[" < (S(B))".

The following example clarifies the notation.

Example 5.8. Let us denote the base matrix corresponding to the protograph of the
ensembles %; of Example 5.5 as B() i =1,2,3. For ensembles €, and %3, the first two
columns of B®)_j = 1,3 form a protograph stopping set, i.e., S(BY)) = {V|,V,},i=1,3

is a stopping set. This is clear from the highlighted columns below

110000
111100
B(1):111111 |
001111
000011
220000
112200
B=]1001122

000011

Therefore, |[S(B®))|* <2 and (S(B))* < 2. Since no single column forms a protograph
stopping set, [S(BW)[* > 2 and (S(B()))* > 2, implying [S(B)[* = (S(BW))* =2,i =

1,3.

For ensemble %>, the highlighted columns of B(?) in the following matrix form
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a protograph stopping set, i.e., S(B®)) = {V},V,} is a stopping set.

220000
0122200
B® _ 100122
001001
000O0T1O

S(B@)[* <2 and (S(B?)))* < 4. As no single column of B is a protograph
stopping set and no three consecutive columns of B() contain a protograph stopping set,
it is clear that |[S(B®))|* > 2 and (S(B?)))* > 4, so that

Thus,

2=[SB)|* < (S(BP))* =4.

In these cases, it so happened that the stopping set with the minimal size and the stopping

set with the minimal span were the same. U

Our aim in the following will be to obtain bounds for the maximal (S(B))* over
%m(J,K) ensembles with memory my, which we denote (S(J, K,my))*, and design pro-
tographs that achieve minimal spans close to this optimal value.

The analysis of the minimal span of stopping sets for unstructured LDPC ensem-
bles was performed in [118]. However, the structure of the protograph-based LDPC-CC
allows us to obtain (S(J,K,m;))* much more easily for some %,,(/,K) ensembles.

We start by observing that if one of the VNs in the protograph is connected
multiple times to all its neighboring CNs, then it forms a protograph stopping set by
itself. In order to obtain a larger minimum span of stopping sets, it is desirable to avoid

this case, and we include this as one of our design criteria.

Design Rule 5.3. For a ¢,,(J,K) ensemble, choose the polynomials p;(x) such that for

every j € [K'], there exists 0 < i; < (ms+1)J’ — 1 such that pyj) =1. O
Using the polynomial representation of LDPC-CC ensembles is helpful in this
case since we can easily track stopping sets as those subsets that have polynomials

whose coefficients are all larger than 1. From this fact, we can prove the following.
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Proposition 5.4 ((S)* for 6,,(J,2J) protographs). For ,,(J,2J) protographs of memory
my defined by polynomials pi(x) and ps(x), (S)* can be upper bounded as

.
2my, 0=1i <iy,jo < ji=my

2mg—1, 0=iy <iy,j1 < jo=my

2mg—1, 0=1i1 <ir,jo < j1=my

(2my =2, 0=i1 <i,j1 < jo=ms

where i = mindeg(p;(x)) and j; = deg(p;(x)),l = 1,2.

Proof. From the definitions made in the statement of Proposition 5.4, we have 0 < i; <
J1 <mg,l =1,2. We assume i; < j; in order to satisfy Design Rule 5.3. Since the code
has memory m;, we have i = min{i,i} = 0 and j = max{j, j»} = m,. Consider the

subset of columns of B corresponding to the polynomial r(x) = p;(x)b; (x) + p2(x)b2(x)

where
)Ci27 i2 B j2 -
bi(x) =4 . ;
x12+x12+1+...+x1271, i2<j2_1
and
Xila il - jl -
by(x) =

We claim that this is a protograph stopping set. To see this, consider the columns cor-

responding to the above subset with 3(p;(x)) and B(p2(x)) as the column polynomials
defining B. We have

F(x) = B(p1(x))b1(x) + B(p2(x))b2(x)
— (a1 ) (62 2 g2
(e 2 (e i
= xR it g i
itz ikl k]
T il i
R L R AR

=21t oyt oyt gy o]
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when j; > i;+ 1,1 = 1,2. Similarly, it can be verified that 7(x) has all coefficients equal
to 2 in all other cases also. Clearly, 7(x) < r(x) and thus r(x) can only differ from 7(x) in
having larger coefficients. Therefore, r(x) also has all coefficients greater than 1. This
shows that the chosen subset of columns form a protograph stopping set. Based on the
parameters i, j;,[ = 1,2, we can count the number of columns included in the span of

this stopping set and therefore give upper bounds on (S)* as claimed :
2(j1—i2), O0=ir<i,jo< j1=my
J2—i2) =1, 0=i<iy,j1 < jo=my

J1—i) =1, 0=i; <iy, jo < j1=my

2(2—i1—1), O0=i1 <iz,j1 <j2=ms.
OJ

We see from the above that (S(J,2J,m;))* < 2m, and a necessary condition for
achieving this span is the first of four possible cases listed above, which we include as

another design criterion.

Design Rule 5.4. For 6,,(J,2J) ensembles with memory my, set
mindeg(p>(x)) = 0 and deg(p;(x)) = m;. O

Corollary 5.5 (Optimal %,,(J,2J) protographs). For ,,(J,2J) protographs with mem-
ory mgand J > 2, (S(J,2J,my))* = 2my.

Proof. Consider the protograph of the ensemble given by p;(x) = (J — 1) + x and
pa(x) = (J — 1) +x. Let the polynomial r(x) = p;(x)a;(x) 4+ p2(x)az(x) represent an
arbitrary subset (chosen from the 2%s~! — 1 non-empty subsets) of the first (2m; — 1)
columns of B, for any choice of polynomials @ (x) and a,(x) with coefficients in {0, 1}

and maximal degrees (m; — 1) and (m; — 2) respectively:
4
ai(x) = Z al(j)xj,i: 1,2, dy=my—1,dp =my—2
j=0

where al(j) € {0,1} and not all al(j)s are zeros. When a;(x) # 0, let ij = deg(a;(x)).
Clearly, r(x) is a monic polynomial of degree (m;+i1). When a;(x) = 0 and ay(x) # 0,
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let i = deg(az(x)). Then, r(x) is a monic polynomial of degree (14 ;). Since in both
these cases r(x) is a monic polynomial, there is at least one coefficient equaling 1. Thus,

(S)* > 2my — 1. Finally, notice that

p1(x) +x" T pa(x) = (J = 1) 2" 4 (J = DT
== 1)+ =D 20,

with all coefficients strictly larger than 1. Note that p;(x) corresponds to the first column
of the protograph and x"~! p, (x) to the 2m™ column. Thus, we have (S)* = 2m;. Since
we have (S(J,2J,m;))* < 2m;, from Proposition 5.4, we conclude that (S(J,2J,m;))* =
2m. [

Note that ensemble %, in Example 5.5 achieves (S(J,2J,m;))*, as was observed
in Example 5.8. It also satisfies Design Rules 5.1, 5.3 and 5.4. We bring to the reader’s
attention here that constructions other than the one given in the proof of the above corol-
lary that achieve (S)* = 2mj are also possible. These constructions allow us to design
%m(J,2J) ensembles for a wide range of required (S)*. We quickly see that a drawback
of the convolutional structure is that if m; is increased to obtain a larger (S)*, the code
rate Ry decreases linearly for a fixed L.

We give without proof the following upper bound for (S)* for %, (J,K'J) en-

sembles, as it follows from Proposition 5.4.

Proposition 5.6 ((S)* for ¢,,(J,K'J) protographs). For ¢,,(J,K'J) protographs defined
by polynomials & ={pj(x), j € [K']}, we have

S)* < - S
© _(11712)3};/1}12711<12{< o) )

where (Sy, 1,) is the upper bound for the minimal span (S, ;,) of stopping sets Sy, ,
confined within subsets of the form ry, 1,(x) = ay(x)py, (x) + az(x) py, (x) given by

K'(ms(h,h) = 1)+ (b—L+1), i(h,h) =i, <iy,jn, <ji, =jl1,h)
Sl = K'(mg(l1,1) —1)+1, i(li,h) =i, <iy, ji, < jin, = j(l1,12)
K (ms(h,12) = 1) +1, i(li, ) =iy, <, ji, < jiy, = Jj(h, k)
(K (ms(l, 1) = 1) = (b=l = 1), il ) = iy < ity iy < Jiy = (11, 12).

(5.7)
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where we have used the notation ij, = mindeg(p;, (x)), Jji, = deg(p;, (x)), u = 1,2,
i(h, ) =min{iy, i, }, j(l, 1) = max{jy,, ji,} and ms(ly,12) = j(li, o) = i(l, 1) O

Discussion : By looking at the stopping sets confined within columns corresponding
to two polynomials only, we can use Proposition 5.4 to upper bound the span of these
stopping sets. The minimal such span over all possible choices of the two columns
therefore gives an upper bound on the minimal span of the (J,K'J) protograph. Since

(Si,.1,) < K'mg V11,1, from Equation (5.7), we have (S(J,K'J,m;))* < K'my, which is

similar to the result in Proposition 5.4. This bound is, however, loose in general.

For terminated codes, we can give an upper bound for (S)* that is tighter in some

cases.

Corollary 5.7 ((S)* for %,,(J,K) protographs). For €,,(J,K) protographs terminated
after L instants, (S)* < K'L.

Proof. From the Singleton bound for the protograph, we have (S)* < J'(L+ my). Since
we need my < %L for a positive code rate in (5.2), (S)* < {L—LR =K'L.

Note that for %;,(J, K'J) protographs, this is tighter than the bound (S)* < K'm; <
K'(K' — 1)L, which, in the worst case, is a factor (K’ — 1) times larger. However, since
we are interested mainly in ensembles for which m; < L, this bound might be looser

than the one in Proposition 5.6 for %, (J,K'J) ensembles. H

Example 5.9. Consider the %,,(J,K'J) ensemble with memory m; = u(K'— 1)+ 1,m; <
(K" — 1)L defined by the polynomials

pi(x) = (J = 1)+, 1 € [K'],

Ji =mg—u(l —1). It can be shown by an argument similar to the one used to prove
Corollary 5.5 that for the protograph of this ensemble, (S)* = K'u+ 2. This is exactly

the bound in Proposition 5.6 since

min{(Sy, ;,)} = (Sgr—1,x7) = K'u+2.

l[ <lz
Thus, in this case
K/

S =g

K/
=1 +2= {K’—lmsw



157

*

which is roughly only a fraction of the (loose) upper bound for (S(J,K'J,my))* sug-
gested in the discussion of Proposition 5.6. The constructed %, (J,K'J) protographs
are thus optimal in the sense of maximizing the minimal span of stopping sets, i.e.,
(S(U,K'J,u(K'—1)+1))* = K'u+2V u € [L— 1]. They also satisfy Design Rules 5.1
and 5.3 for J > 2. Although Proposition 5.6 gave a tight bound for (S)* in this case, it

is loose in general. U

We can show that the 6,(J, K) protographs have minimal spans at least as large

as the corresponding spans of é,,(a, K) protographs.
Proposition 5.8. (S(J,K,my))* > (S(a,K,my))* where a = gcd(J,K) > 2.

Proof. The equality is trivial when a = J. When 2 < a < J = aJ’, one way of construct-
ing the %,,(J,K) ensembles with memory m; is to let each set of modulo polynomials
) themselves define 6,,(a, K) ensembles with memory m;,. The result then follows by
noting that a stopping set for the polynomials &7 has to be a stopping set for every set
of polynomials 2,1 =0,1,---,J' —1. N

The construction proposed above often allows us to strictly increase the minimal
span of the 6, (J, K) ensemble in comparison with the %, (a,K) ensemble, as illustrated

by the following example.

Example 5.10. Consider the construction of a %,,(4,6) ensemble with memory 3. Let
us call it 3. The different parameters in this case are J =4, K =6,a=2,J =2,
K’ =3 and my; = 3. Since mg = u(K’ — 1) + 1 with u = 1, we have for €,,(2,6) pro-
tographs, (S(2,6,3))* =5 from Example 5.9 and we will define the modulo polyno-
mials & to be the optimal construction that achieves this minimal span, i.e., Zy =
{14x%,14+x%,1+x}. Then, by defining 22 = {14+x>,1+x>,1+x}, we can show that
(S(£2))* = 6 and hence (S(4,6,3))" > 6 > 5 = (S(2,6,3))*. Note that the protograph
defined by & has no degree-1 VNs associated with the component matrix By. In fact,
the constructed %;,(4,6) ensemble has £VP(%g,m, +1,10712) ~ 0.6469, fairly close
to the Shannon limit of €5 = %, even with the smallest possible window size. Table

5.4 lists the windowed thresholds of this ensemble with different numbers of targeted

symbols within the smallest window for § = 10712, U
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Table 5.4: WD thresholds sl-w D for the ensemble %3, with iK' targeted symbols, window
size mg+ 1, and § = 10712,
i
gVp

1 2 3 4
0.6469 0.6184 0.5803 0.4997

The asymptotic analysis for WD is essentially the same as that for BP. We will
consider WD with only the first K’ symbols within each window as the targeted sym-
bols. We are now interested in the sub-protograph stopping sets, denoted S(B, W), that
include one or more of the targeted symbols within a window. Let us denote the minimal
span of such stopping sets as (S(B,W))*. Since stopping sets of the protograph of the
LDPC-CC are also stopping sets of the sub-protograph within a window, and since such

stopping sets can be chosen to include some targeted symbols within the window, we
have (S(B,W))* < (S(B))*. In fact, (S(B,W))* = (S(B))* when

(S)*

K/

w | L]

S)
K/

since in this case the first K’ { W columns are completely contained in the window.

Further, we have
(S(B,W))" < (S(B,W+1))".

This is true because a stopping set for window size W involving targeted symbols is not
necessarily a stopping set for window size W + 1, whereas a stopping set for window

size W + 1 is definitely a stopping set for window size W.

Remark 5.5. When the first iK’ symbols within a window are the targeted symbols, we
have fori <W —my
(Si(B,W))" = (S(B,W —i+1))"

where (S;(B,W))* denotes the minimal span of stopping sets of the sub-protograph
within the window of size W involving at least one of the iK' targeted symbols, and
(S1(B,W))* = (S(B,W))*. Consequently, we have

(Si(B,W))" < (S(B,W))".

The definition of (S;(B,W))* can be extended to accommodate W —m;+1 <i < W, as
in the case of windowed thresholds. In particular, we have (S (B,W))* = (S(By))* <

J', where the last inequality is from the Singleton bound. U
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Example 5.11. Consider the ensemble 4, defined in Example 5.5. With a window of
size W = mg+ 1 = 3, we have (S(%3,3))" = 2 with the corresponding stopping set
S3 = {V»,V3} highlighted below

220000
012200
1001 22

and with a window size W = 4, we have (S(%,,4))* = (S(%,))* = 4, and the corre-
sponding stopping sets Sg = {V;,V4} and S, = {V},V»,V4} are as follows

22000000
01220000
10012200 ]|
00100T1 2?2
22000000
01220000
10012200
00100122

Note that for window size 3, whereas the minimal span of a stopping set involving VN
V5 1s 2, that of a stopping set involving V) is 4. However, for window size 4, the stopping
set involving V| with minimal span, denoted Sy, and that involving V;, SQ, each have a
span of 4, although their cardinalities are 2 and 3 respectively. We have in this case,
S4 C S),. Notice that (S,(%2,4))* = (S(%2,3))" = 2. O

5.4.2 Finite length analysis

We now show the relation between the parameters A, and (S(B))*. We shall
assume in the following that (S)* > 2, i.e., every column of the protograph has at least
one of the entries equal to 1. We will consider the expansion of the protographs by a

factor M to obtain codes.

Proposition 5.9. For any (J,K) regular LDPC-CC, Ayax < M(S)* — 1.
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Proof. Clearly, the set of the M(S)* columns of the parity-check matrix correspond-
ing to the (S)* consecutive columns of B that contain the protograph stopping set with
minimal span must contain a stopping set of the parity-check matrix. Therefore, if all

symbols corresponding to these columns are erased, they cannot be retrieved. 0

Corollary 5.10. A terminated 6,,(J,K'J) LDPC-CC withms=u(K'—1)+1,u € [L—1]
can never achieve the MBL of an MDS code.

Proof. From the Singleton bound, we have A,qx < n—k = (L+ ms)M, assuming that

the parity-check matrix is full-rank. From Proposition 5.9 we have,

!

K—1"

AmaxgM(S(J,K’J,u(K’—1)+1)>*—1:[ —‘M—l

where the second equality follows from the discussion in Example 5.9. Since we require

my < %L = (K’ — 1)L for a non-negative code rate in (5.2),

K —1 K —1)L
Ay < ( Jms + ) M—1< (L+m)M
K —1
which shows that the MBL of an MDS code can never be achieved. ]

Remark 5.6. Although the idealized binary (n,k) MDS code does not exist, there are
codes that achieve MDS performance when used over a channel that introduces a single

burst of erasures in a codeword. For example, the (2n,n) code with a parity-check matrix

H = [I,, I,] has an MBL of A, = n. O

Despite the discouraging result from Corollary 5.10, we can guarantee an MBL

that linearly increases with (S)* as follows.
Proposition 5.11. For any (J,K) regular LDPC-CC, Ayax > M((S)* —2)+ 1.

Proof. From the definition of (S)*, it is clear that if one of the two extreme columns
is completely known, all other symbols can be recovered, for otherwise the remaining
columns within the span of the stopping set S will have to contain another protograph
stopping set, violating the minimality of the stopping set span (S)* (The two extreme
columns are pivots of the stopping set [88].) The largest solid burst that is guaranteed to
have at least one of the extreme columns completely known is of length M ((S)* —2)+1.
Therefore, Ajax > M((S)* —2)+ 1. O
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Example 5.12. For the ,,(J,K'J) ensemble with memory my =u(K'—1)+1,u € [L—1]

in Example 5.9, we have

1
MK’(’"S )+1§Amax§MK’(

mg— 1
2M — 1
)+

K' -1

from Propositions 5.9 and 5.11. Thus, we can construct codes with MBL proportional

to my. O

The MBL for WD A,,,(W) can be bounded as in the case of BP based on
(S(B,W))*. Assuming that the window size is W > mj; + 1, the targeted symbols are
the first K’ symbols within the window, and the polynomials defining the ensemble are
chosen to satisfy Design Rule 5.3, we have (S(B,W))* > 2. Propositions 5.9 and 5.11

in this case imply that

M(SB,W))* —2)+ 1 < Aper(W) < M(S(B,W))* — 1.

5.4.3 Numerical results

The MBL for codes C; and C; (the same codes used in Section 5.3.2) was com-
puted using an exhaustive search algorithm, by feeding the decoder with a solid burst
of erasures and testing all the possible locations of the burst. The MBL for the codes
we considered was 1023 and 1751 for codes C; and (5, respectively. Note that for
code Cy, the MBL A, = 1023 =2M — 1, i.e., code C; achieves the upper bound from
Proposition 5.9. More importantly, the maximum possible A, was achievable while
maintaining good performance over the BEC with the BP decoder. However, the MBL
for code Cy, Ay = 1751 < 2047 = 4M — 1, is much smaller than the corresponding
bound from Proposition 5.9. In this case, although other code constructions with A,
up to 2045 were possible, a trade-off between the BEC performance and MBL was ob-
served, i.e., the code that achieved A,,,, = 2045 was found to be much worse over the
BEC than both codes C; and C> considered here. Such a trade-off has also been ob-
served by others, e.g. [51]. This could be because the codes that achieve large Ay«
are often those that have a very regular structure in their parity-check matrices. Nev-
ertheless, our code design does give a large increase in MBL (> 70%) when compared

with the corresponding codes constructed from %, ensembles, without any decrease in
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code rate (same my). The MBL achieved as a fraction of the maximum possible MBL
Apax/(n— k) was roughly 9.1% and 15.5% for codes C; and C», respectively.

In Figure 5.7, 5.8 and 5.9, we show the CER performance obtained for codes C
and C, over GEC channels with A = 10,50 and 100 respectively, and € € [0.1,0.6]. As

0

10
10™
107
o
=
O
-3
10 T
W =3
W =5
W =5
107 W =10
W =10
BP
——Cy BP
___SB |
0.1 0.2

Figure 5.7: CER Performance on the Gilbert-Elliott Channel with A = 10 with Singleton
bound (SB).

can be seen from the figures, for W = 3, code C, always outperforms code Cy, while for
W =5 there is no such gain when A = 100. However, for W = 10 and for BP decoding,
code Cj slightly outperforms C;.

Note that the code C; outperforms C; for small € when the average burst length
A =100 for large window sizes and for BP decoding. This can be explained because
in this regime, the probability of a burst is small but the average burst length is large.
Therefore, when a burst occurs, it is likely to resemble a single burst in a codeword, and
in this case we know that the code C; is stronger than C;. Also note the significant gap
between the BP decoder performance and the Singleton bound, suggesting that unlike
some moderate length LDPC block codes with ML decoding [76], LDPC-CC are far

from achieving MDS performance with BP or windowed decoding.
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Figure 5.8: CER Performance on the Gilbert-Elliott Channel with A = 50 with Singleton
bound (SB).

5.5 Conclusions

We studied the performance of a windowed decoding scheme for LDPC con-
volutional codes over erasure channels. We showed that this scheme, when used to
decode terminated LDPC-CC, provides an efficient way to trade-off decoding perfor-
mance for reduced latency. Through asymptotic performance analysis, several design
rules were suggested to avoid bad structures within protographs and, in turn, to ensure
good thresholds. For erasure channels with memory, the asymptotic performance analy-
sis led to design rules for protographs that ensure large stopping set spans. Examples of
LDPC-CC ensembles that satisfy design rules for the BEC as well as erasure channels
with memory were provided. Finite length codes belonging to the constructed ensem-
bles were simulated and the validity of the design rules as markers of good performance
was verified. The windowed decoding scheme can be used to decode LDPC-CC over
other channels that introduce errors and erasures, although in this case error propagation

due to wrong decoding within a window will have to be carefully dealt with.



164

== Ottt W

==EESEES

0.1 0.2 0.3 0.4 0.5 0.6

Figure 5.9: CER Performance on the Gilbert-Elliott Channel with A = 100 with Single-
ton bound (SB).

For erasure channels, while close-to-optimal performance (in the sense of ap-
proaching capacity) was achievable for the BEC, we showed that the structure of LDPC-
CC imposed constraints that bounded the performance over erasure channels with mem-
ory strictly away from the optimal performance (in the sense of approaching MDS per-
formance). Nevertheless, the simple structure and good performance of these codes, as
well as the latency flexibility and low complexity of the decoding algorithm, are attrac-

tive characteristics for practical systems.
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