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Technical Note: INS Noise Propagation

Paul F. Roysdon®

Abstract—Due to space limitations in [1] and [2], this
Technical Note is supplied to explain the state and noise
propagation for an inertial navigation system (INS), between
two aiding measurement times. The temporal propagation of the
state error and noise is required for optimal state estimation.

I. INTRODUCTION

Let x € R™s denote the rover state vector, where
x(t) = [pT (), vT(t),d"(t), bE(t), b.lg- (t)]T €R™,

where p, v, bg, by each in R? represent the position, ve-
locity, accelerometer bias and gyro bias vectors, respectively,
q € R* represents the attitude quaternion (n; = 16).

Let z,(t) = [pT(t),vT(t),qT(t)]T € RO represent the
vehicle state position, velocity and attitude. Let x.(t) =
[bI(t),b](t)]T € RS represent the IMU calibration terms:
accelerometer bias and gyro bias. Then x(¢) can be repre-
sented as x(t) = [x](t), T (t)]T.

Let 7; denote the time instants of the i*» IMU measure-
ments of u, as defined in Section IL.A in [1] and [2]. Let
x; = x(7;) and w; = u(n;).

Let the state estimate time propagation be represented as

iy = ¢(2, W),

where the vehicle state estimate is &, j+1 = @y (Ty 4, W;).
Let the true state time propagation be represented as

Tit1 = P(xi,w;),

and the true vehicle state as @, ;41 = @y (L4 4, ;).
Define the state error as

ox; = x; O x; € R,

where the symbol ‘©’, which is discussed in [3], represents
the subtraction operation for position, velocity and bias
states, and the multiplication operation of the attitude states.
The fact that ny, = 16 and n., = 15 is discussed in [3].
Let 0z, ; € R represent the vehicle state error for position,
velocity and attitude. Let dz.; € R® represent the error in
the IMU calibration terms: accelerometer bias and gyro bias.
Then dx; can be represented as dx; = [0z ;, oz ;]T.

Let the IMU measurement be defined as

a(r;) £ u(ri) — b(r) — wu(r;) € R,

with additive stochastic errors w,(7;) ~ AN (0,Qq) and
b = [b],b]]T. The sensor bias b represents time correlated
measurement errors, and w, (7;) represents the white mea-
surement errors. Let the estimate 0; = w; + f)i, where f)i
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is the estimate of b; (i.e. & ;). Let the measurements a(7;)
be defined for IMU measurement times ¢, between aiding
measurement times k, such that 7; € [tg_1, tg].

Define

Su; 2w, — 0y
=uw; — @, —b;
=u; — (u; — b; —wy;) — b;
= 0b; + Wais
where éb; £ b; — 137 and éb; (i.e. 0b; = dz.;) is a state
calibration term.

Linearization of the state error, using Taylor series to first
order, yields

0Ly it1 = Po(To i, W;) — Py (Ty i, U;)

A A~ a¢'(}
= ¢U(m’l},ia uz’) + awv,i . ij’U,i
0o, . .
- 8(11 ﬁ{?uz Do (T, 1)
09, o
- 5 v, 5 7
P T
= Aiéwvyi + ]31511Z
= A0z, ; +B;ob; + Bw,;, (1
whereAi:%@ . E]Rgxg,andBi:‘?)L;ji 4 €

RQXG.
Let the model of the sensor bias be defined as a first-order
Gauss-Markov process

0b;y1 = Fydb; + v, (2)

where Fy, € R%%6 is selected such that the bias errors are
modeled as either random constants or random walk plus
constants (see eqns. 11.106 and 11.107 of [4]), and v ~
N(0,0,1).

Rewriting eqns. (1) and (2) in matrix form:
0piv1 | _| A Bi| [0xoi |, [Bi 0] |wy;
e e mllm el ] o
For analysis, in the following section let F, = 1.

II. PROPAGATION OF STATE ERROR

This section analyzes the error accumulation over the time
interval ¢ € [k — 1, k] using superposition.



A. Propagation of Initial State Error

Consider eqn. (3) over the interval ¢ € [k — 1, k], where
wy,i—1 = 0 and v = 0. Without loss of generality let k = 1,
such that ¢ € [0, 1]. For each time instant, eqn. (3) can be
represented in terms of A;, and B;, with initial condition
errors 0,0, and dbg:

_ -AO BO- -5wv70
=g 1 __5b0]
. -Al B1 -51:1,’1
@= g 1 __5b1]
. _Al B1_ _AO Bo 5331),0
“lo 1 |lo 1 ||db
. _A1A0 ABy+ B, 5:1:1)70
o _0 I dbg
_[Az By [dz,2
=g 1 _[5132]
N [A; Bo| [A1A; A1Bo+B; 0xy0
o _0 I | 0 I dbg
o _A.QA.lAO A2A1B0+A2B1+B2 (S.’Bv,() (4)
o _0 I ébg |’

Define Fj as the sample frequency of the sensor (e.g. IMU).
As defined in Section II.LA of both [1] and [2], let U =
{a(r;) for 7; € [tk—1,tk]}. As defined in Section IIL.A of
both [1] and [2], let X} = [z(tp_L)T, z(tp)T]T €
R™(E+1) denote the vehicle trajectory over a sliding time
window that contains L one second GPS measurement
epochs: [yr—r+1,-..,¥k|. After Fs IMU time steps (i.e.

Fs,k::l)
Fy
A B 5.’131)70
{8 Y] R] e
= Y (X, Up)[02,0, 6bo]T, (6)

where the operator T(Xk,Uk) in eqn. (6) represents the
product operation in eqn. (5), and X, is the estimate of Xj.
The product operation in eqn. (5) must follow the order of
multiplications shown in eqn. (4).

B. Noise Propagation

Again consider eqn. (3) over the interval ¢ € [k — 1, k].
Here we will analyze the effect of the noise terms w, and
v, with dx, ¢ and dby both zero.

To simplify notation, let

C. A {AZ— BZ} D. & {Bi O}

0 I 0 I
and
Sz Ny (5%’1,71 AL Wi
% (S'JCC,, , g v .

Defining eqn. (3) using the terms above, we have

(SIBZ'+1 = Cléwz + Dil’li. (7)

Performing operations on eqn. (7) (similar to the opera-
tions leading up to eqn. (4)),

dx1 = Codxg + Dong

dxy = Cidx1 + Dimy
= C1(Cpdxy + Dgng) + D1n;
= C1Cyéxg + C1Dgng + Diny

dxz = Codxs + Dony
= C3(C1Cpdxg + C1Dong + Diny) + Dony
= CyC1Cpéxg+C2C1Dong+CyD1n; +Dony. (8)

For i = F, and dxg = O, the terms in eqn. (8) can be
defined as

Fy—2

Fs—1
W1 = Z H Cj

i=0 \j=i+1
=TIn.
Let the product of C; in eqn. (9) be defined as

?chj‘ = Cp-"qulcq for q;ép
C, forqg=p

Din; ) +Dp _ingp _1 (9)

cr A

J (10

where product operation in eqn. (10) must follow the order
of operations shown in eqn. (8). Let I' and ©7 be defined as

A Fo—1 Fs—1 Fs—1
r:[cl Do, CL* 'Dy,...,C5% Dy, 5, Dy, 4

A
n=[no,ny,...,np_1].
C. Summary

Combining the results from Sections II-A and II-B, the
linear state transition error model over t € [t;_1, ] is

dxp, = Xp_10Tp_1 + Wp_1. (11)
with
Qp = Cov(wy_1) € R XM
= E(I'nm'IL'T)
Mo
m
- <F : Mo m --- 77Fs—1]I‘T>
Nr,—1
Qa0
-T I, (12)

Qq,r.—1

where Qq,; = m;m;. The stochastic properties of eqn. (12)
are well understood, and can be found in Sections 4.7 and
7.2.5.2 of [4].
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