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Abstract

Moduli of Elliptic Curves via Twisted Stable Maps
by
Andrew Norton Niles
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin Olsson, Chair

Abramovich, Corti and Vistoli have studied modular compactifications of stacks of curves
equipped with abelian level structures arising as substacks of the stack of twisted stable maps
into the classifying stack of a finite group, provided the order of the group is invertible on
the base scheme. Recently Abramovich, Olsson and Vistoli extended the notion of twisted
stable maps to allow arbitrary base schemes, where the target is a tame stack, not necessarily
Deligne-Mumford.

In this dissertation, we use this extended notion of twisted stable maps to extend the
results of Abramovich, Corti and Vistoli to the case of elliptic curves with level structures
over arbitrary base schemes. We prove that we recover the compactified Katz-Mazur regular
models, with a natural moduli interpretation in terms of level structures on Picard schemes
of twisted curves. Additionally, we study the interactions of the different such moduli stacks
contained in a stack of twisted stable maps in characteristics dividing the level.
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Chapter 1

Introduction

Modular curves are of fundamental importance in modern number theory and arithmetic
geometry. Classically, they are constructed as quotients of the complex upper half-plane
by congruence subgroups (notably ['o(V), I'i(N) and I'(N)); these quotients are naturally
coarse moduli spaces, whose complex points correspond in a natural way to complex elliptic
curves equipped with certain extra structure.

A remarkable result about the classical modular curves is that they have canonical,
proper, moduli-theoretic models over Spec(Z). Specifically, for each positive integer N,
there are algebraic stacks Xo(N), X1(N) and X(N), proper and flat over Spec(Z), defined
as moduli stacks classifying generalized elliptic curves with extra structure, whose coarse
moduli spaces Xo(N), X;(V) and X (N) are proper integral models for the corresponding
classical modular curves. This theory is developed in [DR73], [KM85] and [Con07] and will
be reviewed in Chapter 2 below.

Originally appearing in the study of string theory, moduli stacks of stable maps from
nodal curves to a projective scheme (or even a proper algebraic space) X are natural com-
pactifications of the moduli stacks classifying maps from smooth genus-g curves to X, and
are constructed in [Kon95] and [BM96]. If instead one considers stable maps from nodal
curves to a stack X', the resulting moduli stacks are often not complete; see Example 3.1.3.

The problem of finding a suitable analogue of the space of stable maps to a stack was
addressed by Abramovich and Vistoli in [AV02], where the stack I, ,,(X') of n-pointed genus-
g twisted stable maps into X is introduced, for X' a proper tame Deligne-Mumford stack over
a base scheme S with a projective coarse moduli space X/S. It is shown in [AV02] that
K,n(X) is an algebraic stack, proper over the Kontsevich stack M,,,(X) of stable maps into
X, giving an appropriate analogue of the usual Kontsevich stack of stable maps when the
target is allowed to be a tame stack instead of merely a scheme or algebraic space.

In particular, taking X = BG for a finite group G naturally yields a modular compacti-
fication of the stack of n-pointed genus-g curves with certain level structure, where the level
structure on a curve corresponds to giving a G-torsor over the curve; this is studied exten-
sively in [ACVO03]. This of course differs from the approach in [AR12], where the coverings
of curves are assumed themselves to be stable curves; here the coverings are generally not
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stable curves. In [Pet12] it is shown that in good characteristics, by taking its closure in
K11(B(Z/(N))?) we recover the usual compactification of the moduli stack Y(N) of elliptic
curves with full level structure.

However, the algebraic stack BG is not tame in characteristics dividing |G|, so a priori
the results of [ACV03] only hold over Z[1/|G]]. The notion of a tame stack is generalized in
[AOV08] to algebraic stacks that are not necessarily Deligne-Mumford, and in the subsequent
paper [AOV11] the stack K, ,,(X) of twisted stable maps into proper tame algebraic stacks is
introduced and shown to be an algebraic stack, proper over /ng(X ). This naturally leads
us to replace the finite group G with a group scheme G, agreeing with G over Z[1/|G|] but
such that BG is a tame algebraic stack over Spec(Z); see for example [Abr12]. In particular,
the group scheme py is (noncanonically) isomorphic to Z/(N) over Z[1/N,(y], and the
classifying stack Buy (unlike B(Z/(N))) is a tame stack over Spec(Z).

The purpose of this dissertation is to record how the results of [ACV03] extend to
moduli of elliptic curves with level structure over arbitrary base schemes, using the group
scheme p in place of Z/(N). For example, the moduli stack Y;(N) of elliptic curves with
[T (V)]-structure arises as an open substack in the rigidification K, ; (Buy) (defined below)
of KC11(Buy). Explicitly, given an elliptic curve £E/S and a [[';(N)]-structure P on E, via
the canonical group scheme isomorphism

E = Pich g

over S, we may view P as a “point of exact order N” on PicY%, /s, determining a group scheme
homomorphism
¢ Z/(N) — Picy .

The stack KC;;(Buy) will be seen to classify certain pairs (C,¢) where C/S is a l-marked
genus-1 twisted stable curve and ¢ : Z/(N) — Picp /s is a group scheme homomorphism, so
this construction defines the immersion

131(]\[) — Klyl(B,uN).

We will define the notion of a [I'; (N)]-structure on a 1-marked genus-1 twisted stable curve,
and write X{¥(N) for the stack classifying such data. Our first main result is:

Theorem 1.1.1. Let S be a scheme and XY (N) the stack over S classifying [['1(N)]-
structures on 1-marked genus-1 twisted stable curves with non-stacky marking. Then X™(N)
is a closed substack of K1 1(Buy), which contains Y1(N) as an open dense substack.

This will be proved as Theorem 4.2.4 below. The main point is to verify the valuative
criterion for properness. We accomplish this by using properness of Xy (V) and the ey-pairing
on generalized elliptic curves. To complete a family of twisted curves with level structure
when the generic fiber is smooth, we first complete it to a family of generalized elliptic
curves with level structure. Then we use a quotient construction involving the ey-pairing to
produce a completed family of twisted curves with level structure, modifying our strategy in
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characteristics dividing N by exploiting the relationship between cyclotomic torsors and line
bundles (Lemma 3.4.2). The same techniques immediately give a corresponding result for
Y(N), which is an open substack of KC; 1 (Bu3); its closure X™(N) classifies [['(V)]-structures
on l-marked genus-1 twisted stable curves, as we will show in Theorem 5.2.2 below.

Unsurprisingly, it turns out that these closures are isomorphic as algebraic stacks to the
stacks X1(N) and X(N) classifying [T'; (V)]-structures and [I'(N)]-structures on generalized
elliptic curves, as studied in [Con07]:

Theorem 1.1.2. Quer the base S = Spec(Z), there is a canonical isomorphism of algebraic
stacks X (N) = X1 (N) extending the identity map on Y1(N), and a canonical isomorphism
of algebraic stacks X*™(N) =2 X(N) extending the identity map on Y(N).

We will prove this as Theorem 6.1.1 below. We first verify that X{¥(N) and X™(N) are
finite over ﬂu. It then follows from general commutative algebra considerations that these
stacks are Cohen-Macaulay over Spec(Z), at which point we may proceed as in [Con07, §4.1]
to identify these stacks with the normalizations of M, ; in X1(N)|zpyn and X(N)|zp /-
These isomorphisms have natural moduli interpretations, as discussed in Corollaries 6.1.9
and 6.1.10.

The techniques of this paper also yield new moduli interpretations of various moduli
stacks of elliptic curves that are not (apparently) contained in a stack of twisted stable
maps. These results may be known to experts, but are not recorded in the literature; for
completeness we include a careful proof of the modular interpretation of the closure of Y1 (V)
in EM(BMN). We also study how the different moduli stacks of elliptic curves contained in
K11(Buy) and K, 1(Bud) interact in characteristics dividing N; this easily generalizes an
example in [AOV11] but otherwise does not appear in the literature.

In the appendix we recall an example of [CN90| which implies that the techniques of
this paper do not generalize nicely to curves of higher genus: using the Katz-Mazur notion
of a “full set of sections” we can define a stack over Spec(Z) classifying genus-g curves
with full level N structures on their Jacobians, but this stack is not even flat over Spec(Z).
The corresponding stack over Z[1/N] is well-behaved, and arises as an open substack of
EQ,O(BM?\?), but no moduli interpretation for its closure in characteristics dividing N appears
to be known.



Chapter 2

Review of moduli of generalized
elliptic curves

2.1 Classical level structures on elliptic curves

We begin by reviewing some of the main results of the arithmetic theory of classical modular
curves. The theory of moduli spaces of elliptic curves with level structure, in characteristics
not dividing the level, was put on a sound footing by Igusa in the papers [Igu59a], [Igu59b],
[Igub9c], [Igu68]. We follow the exposition found in [DR73]; for the necessary background
on algebraic stacks we refer the reader to [LMBO0O].

Definition 2.1.1. Fix a positive integer N, let S be a scheme over Spec(Z[1/N]), and let
E/S be an elliptic curve.

A [I'y(N)]-structure on E is a section P € E(S) which has exact order N as an element
of the group E(S).

A [[o(N)]-structure on E is a cyclic subgroup G C E(S) of order N.

A [['(N)]-structure on E (or a full level-N structure on E) is a pair (P, Q) of sections in
E(S) such that the induced group homomorphism

(Z/(N))* = E(S)[N]
(1,0) — P
(0,1) =@

is an isomorphism.

We write Y1 (N)zp/n (resp. Yo(N)zp/ny, Y(N)zp ) for the category fibered in groupoids
over Spec(Z[1/N]), associating to a scheme S € Sch/Z[1/N] the groupoid of pairs consisting
of an elliptic curve /S together with a [['1(N)]-structure (resp. [['o(N)]-structure, [['(N)]-
structure) on E.

Finally, if we fix a primitive N*® root of unity ¢, we write Y(N )%HI/N] for the category
fibered in groupoids over Spec(Z[1/N, (]), associating to S the groupoid of data (E, (P, Q)),
where E/S is an elliptic curve and (P, Q) is a [I'(IV)]-structure on E such that ey (P, Q) = (.
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Theorem 2.1.2 ([DR?S, IV34D HI(N)ZWN], %O(N)Z[l/N}; H(N)Z[l/m cmd H(N)CZT?/N} are
smooth, separated Deligne-Mumford stacks over Spec(Z[1/N]).

Analytically, modular curves are constructed as quotients of the upper half-plane H.
Specifically, via the natural action of SLo(Z) on H, we also have natural actions of the
congruence subgroups I'y(N), I'o(N) and I'(N), and the quotients I'; (N)\H, ['o(N)\H and
['(N)\H are smooth Riemann surfaces.

Let Y1(N)zuyn (resp. Yo(N)zuyny, Y (N)7in)) denote the coarse moduli space of the
corresponding moduli stack. Taking the complex points of these schemes gives us Riemann
surfaces Y1 (IV)(C), Yo(N)(C) and Y (N)=(C).

Theorem 2.1.3 ([DR73, §IV.5]). There are canonical isomorphisms of Riemann surfaces

However, the stacks Y1(N)zp/n1s Yo(N)zp/ny, Y(N)zp N and H(N)%T?/N] (and their coarse
moduli spaces, and the associated analytic spaces) are not proper. This is remedied by
allowing elliptic curves to degenerate to generalized elliptic curves.

Definition 2.1.4. A Deligne-Rapoport (DR) semistable curve of genus 1 over a scheme S
is a proper, flat, separated, finitely presented morphism of schemes f : C' — S, all of whose
geometric fibers are non-empty, connected semistable curves with trivial dualizing sheaves.

By [DR73, §II.1], an equivalent definition for f : C' — S to be a DR semistable curve
of genus 1 is that f is a proper flat morphism of finite presentation and relative dimension
1, such that every geometric fiber is either a smooth connected genus-1 curve or a Néron
polygon. Recall (loc. cit.) that over a base scheme S, the standard Néron N-gon Cy/S (for
any N > 1) is obtained from O = PL x Z/(N) by “gluing” the section 0 in the i*" copy of
PL to the section oo in the (i + 1)™ copy of Pk:

Standard Néron N-gon Standard Néron 1-gon

The natural multiplication action of G,, on Pk, together with the action of Z/(N) on itself
via the group law, determines an action of the group scheme G,, x Z/(N) on P§ x Z/(N),
descending uniquely to an action of G,, x Z/(N) = CJ* on Cy ([DR73, I1.1.9]).
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Definition 2.1.5. A generalized elliptic curve over a scheme S is a DR semistable curve
E/S of genus 1, equipped with a morphism

EF"xE—FE

and a section
O € E*(9)

such that the restriction
ESm X ESm % ESH’I

makes E*" a commutative group scheme over S with identity Og, and such that on any
singular geometric fiber Es, the translation action by a rational point on ES™ acts by a
rotation on the graph I'(E5) ([DR73, 1.3.5]) of the irreducible components of F.

By [DR73, I1.1.15], over an algebraically closed field a generalized elliptic curve is either
a smooth elliptic curve or a Néron N-gon (for some N > 1) with the action described above.
In fact this result says more: for any generalized elliptic curve E/S, there is a locally finite
family (Sy)n>1 of closed subschemes of S such that USy is the non-smooth locus in S of
E — S, and E xg Sy is fppf-locally on Sy isomorphic to the standard Néron N-gon over
SN'

Definition 2.1.6. Fix a positive integer N, let S be a scheme over Spec(Z[1/N]), and let
E/S be a generalized elliptic curve.

A [['y(N)]-structure on E is a section P € E*™(S) which has exact order N as an element
of the group E®(S), and such that the subgroup (P) C E*(S) meets every irreducible
component of each geometric fiber of £ — S.

A [Io(N)]-structure on E is a cyclic subgroup G C E®(S) of order N, which meets every
irreducible component of each geometric fiber of £ — S.

A [T(N)]-structure on E (or a full level-N structure on E) is a pair (P, Q) of sections in
E®™(S) such that the induced group homomorphism

(Z/(N))* = E™(S)[N]
(1,0) —» P
0,1) =@

is an isomorphism.

We write Xy (N)zp1/ny (resp. Xo(N)zi/ny, X(N)zp/np) for the category fibered in groupoids
over Spec(Z[1/N1), associating to a scheme S € Sch/Z[1/N] the groupoid of pairs consisting
of a generalized elliptic curve /S together with a [['1 (N)]-structure (resp. [['o(V)]-structure,
[['(N)]-structure) on E.

Finally, if we fix a primitive N*® root of unity ¢, we write Y(N )%T?/N] for the category
fibered in groupoids over Spec(Z[1/N, (]), associating to S the groupoid of data (E, (P, Q)),
where E/S is a generalized elliptic curve and (P, Q) is a [['(N)]-structure on F such that
en(P, Q) = (. (Note that the ey-pairing is well-defined not only for elliptic curves but also
for Néron N-gons; see [DR73, 3.21].)
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Theorem 217 ([DR??), IV34D f)Cl(N)Z[l/N], DCO(N)ZWN}, x(N)Z[l/N] cmd x(N>CZéﬁl/N} are
smooth, proper Deligne-Mumford stacks over Spec(Z[1/N]).

Analytically, compactified modular curves are constructed as quotients of the extended
upper half-plane H* = H U PY(Q). Specifically, via the natural action of SLy(Z) on H*,
we also have natural actions of the congruence subgroups I'y(N), ['y(N) and I'(/V), and the
quotients I'; (N)\H*, T'o(N)\H* and I'(N)\'H* are smooth, proper Riemann surfaces.

Let X1(N)zu/n (resp. Xo(N)zp/ny, X (N)71)/n) denote the coarse moduli space of the
corresponding moduli stack. Taking the complex points of these schemes gives us Riemann
surfaces X1(N)(C), Xo(N)(C) and X (V)**(C).

Theorem 2.1.8 ([DR73, §IV.5]). There are canonical isomorphisms of Riemann surfaces

2.2 Drinfeld level structures on generalized elliptic
curves

The moduli problems posed in the previous section are well-defined over Spec(Z), but they
lead to poorly behaved algebraic stacks. This is because if F is an elliptic curve over an alge-
braically closed field k with char(k) # p, then E(k)[p] = (Z/(p))?, but if instead char(k) = p
then the group E(k)[p] is isomorphic to either Z/(p) (if E is ordinary) or is trivial (if £ is
supersingular). An immediate consequence is that if we were to define a moduli problem
of [['y(p)]-structures over Spec(Z) using the definitions of level structures in the previous
section, the resulting algebraic stacks would not even be flat over le; the geometric fibers
of the natural morphism to M, ; would have smaller length in characteristic p than in other
characteristics.

The idea pursued systematically in [KM85] and [Con07], and originally introduced by
Drinfeld in [Dri74], is to replace the naive notion of level structures in terms of points of
order N with more refined level structures defined in terms of Cartier divisors. For now we
will focus on the case of [I';(N)]-structures and [I'(IV)]-structures; we return to the case of
more general level structures in Chapter 7.

Recall that for an S-scheme X, a relative effective Cartier divisor in X over S is an
effective Cartier divisor in X which is flat over S.

Definition 2.2.1. Let E/S be a generalized elliptic curve. A [['y(N)]-structure on E is a
section P € E*(S) such that:

QN~P:0E;
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e the relative effective Cartier divisor

in £ is a subgroup scheme; and
o for every geometric point p — S, Dj meets every irreducible component of Es.

We write Xy (V) for the stack over Spec(Z) associating to a scheme S the groupoid of pairs
(E, P), where E/S is a generalized elliptic curve and P is a [[';(N)]-structure on E. We
write Y; () for the substack classifying such pairs where £/S is a smooth elliptic curve.

Definition 2.2.2. Let E/S be a generalized elliptic curve. A [['(N)]-structure on E is an
ordered pair (P, Q) of sections in E*[N](S) such that:

e the relative effective Cartier divisor
D:i= > Ja-P+b-Q)]
a,beZ/(N)
in F¥™ is an N-torsion subgroup scheme, hence D = E*[N]; and
o for every geometric point p — S, Dj meets every irreducible component of Ej.

We write X(NV) for the stack over Spec(Z) associating to a scheme S the groupoid of tuples
(E,(P,Q)), where E/S is a generalized elliptic curve and (P, Q) is a [I'(IV)]-structure on E.
We write Y(N) for the substack classifying such tuples where E/S is a smooth elliptic curve.

Definition 2.2.3. Let E//S be a generalized elliptic curve, and let G be a 2-generated finite
abelian group, say G = Z/(ny) X Z/(n2), na|ni. A G-structure on E is a homomorphism
¢ : G — E*™ of group schemes over S such that:

e the relative effective Cartier divisor
D= [¢(a)]
acG

in £ is an n;-torsion subgroup scheme; and
e for every geometric point p — S, Dj meets every irreducible component of E.

Theorem 2.2.4 ([Con07, 3.1.7, 3.2.7, 3.3.1, 4.1.1]). X1(N) and X(N) are regular Deligne-
Mumford stacks, proper and flat over Spec(Z) of pure relative dimension 1.

In particular, it follows (cf. [Con07, 4.1.5]) that Xi(NN) (resp. X(NV)) is canonically
identified with the normalization of M ; in the normal Deligne-Mumford stack X (N)|zp/n
(resp. X(N)|zp/m), as in [KMS85, §8.6] and [DRT73, §VIL.2].
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2.3 Reductions mod p of the moduli stacks

It will be useful for us to have a description of the “reduction mod p” of the stacks Xy (V)
and X(N) for primes p dividing N. These reductions are described using the “crossings
theorem” ([KM85, 13.1.3]) which we now recall.

We work over a fixed field k. Let Y/k be a smooth curve, and let X — Y be finite
and flat. Suppose there is a non-empty finite set of k-rational points of Y (which we will

call the supersingular points of Y) such that for each supersingular point yo, X,, is a single

k-rational point, and @Xm = L[z, y]/(f) for some f (depending on yp).

Also suppose we have a finite collection of closed immersions {Z; < X} ,, where each Z;
is finite and flat over Y, with Z!*d a smooth curve over k, such that the morphism UZ; — X
is an isomorphism over the non-supersingular locus of Y, and such that for each ¢ and each

supersingular point yo € Y, (Z;),, is a single k-rational point.

Theorem 2.3.1 (Crossings Theorem, [KM85, 13.1.3]). Under the above assumptions, let
Yo € Y be a supersingular point and xo = X,,. Then

m

6X,xo = k[[x7y]]/Hfiei7

=1

where each f; is irreducible in kx,y], each f; and f; (i # j) are distinct in k[z,y] modulo
multiplication by units, and for z; o := (Z;)y, we have

O = Kl yl /(7).

If Y is (geometrically) connected then each Z; is (geometrically) connected, in which case
{Z;}1, is the set of irreducible components of X.

Definition 2.3.2. Under the above assumptions, we say that X is the disjoint union with
crossings at the supersingular points of the closed subschemes {Z;}7 .

If ¥ — Y is a finite (hence representable) flat morphism of algebraic stacks over k, with )
Deligne-Mumford (hence X is also Deligne-Mumford), and {Z; < X'}, is a finite collection
of closed immersions of algebraic stacks, such that for some étale surjection Y’ — Y with Y’
a scheme, the algebraic spaces Y/, X Xy Y’ and {Z; xy Y’} are schemes satisfying the
assumptions of the Crossings Theorem, we say that X is the disjoint union with crossings
at the supersingular points of the closed substacks {Z;}7 ;.

Remark 2.3.3. We will solely be applying the above theorem in the case Y = M, ;, with
X an algebraic stack known to be quasi-finite and proper over Hl,l. ﬂl,l is a Deligne-
Mumford stack with separated diagonal, so once we know that X — Ml,l is representable,
it follows from [Knu71, IL.6.16] that the algebraic spaces X' x5z, | Y’ and {Z; x5z, Y’}
are schemes.
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Definition 2.3.4. Let S € Sch/F,. Let E/S be an elliptic curve, with relative Frobenius
F:E — E®. Let G C E be a finite, locally free S-subgroup scheme of rank p”, n > 1. For
integers a,b > 0 with a + b = n, we say that G is an (a, b)-subgroup if ker(F*) C G, and if
in the resulting factorization of £ — E/G as

EL EX 5 B/G
we have ker(7) = ker(F'} /) (where 7 denotes the dual isogeny and
Fgie: E/G — (E/G)®
is the relative Frobenius). In particular note that
B0 o~ (E/G)(pb).

We say that G is an (a,b)-cyclic subgroup if it is an (a, b)-subgroup, and either a = 0,
b = 0, or there exists a closed subscheme Z C S defined by a sheaf of ideals Z C Og with
ZP~1 = 0, such that the isomorphism

E®)|, =~ (E/G)*)|,
is induced by an isomorphism
E¥ |, = (B/G)P )|,

Finally, a [['1(p")]-(a,b)-cyclic structure on E is a [['1(p")]-structure P € E[p"](S) such
that the S-subgroup scheme
D:i= Y [m-P]

meZ/(p")

in F is an (a,b)-cyclic subgroup of E. We write Hl(p”)ga’b) for the substack of Y1(p")s
associating to a scheme T'/S the groupoid of pairs (F, P), where E/T is an elliptic curve
and P is a [['1(p")]-(a, b)-cyclic structure on E.

If F is an ordinary elliptic curve over a scheme S of characteristic p, it is considerably
easier to describe what is meant by a [['1(p™)]-(a, b)-cyclic structure on E. Namely, it is just
a [['1(p™)]-structure P on E such that the relative effective Cartier divisor

pb

Dy := Z[mP]

m=1

is a subgroup scheme of E which is étale over S. Note that for an arbitrary [I';(p")]-
structure P on F, D, will not generally be a subgroup scheme of E if b < n, and even if it
is a subgroup scheme it might not be étale over S. Being a [I';(p™)]-(a, b)-cyclic structure



CHAPTER 2. REVIEW OF MODULI OF GENERALIZED ELLIPTIC CURVES 11

on E (for E ordinary) means that for any geometric fiber Fs, Ps has exact order p® as an
element of the group Es[p"](k(s5)) = Z/(p").

The following elementary result will be required when we study the interactions in char-
acteristic p of different moduli stacks of elliptic curves contained in a moduli stack of twisted
stable maps. We include a proof for lack of a suitable reference.

Lemma 2.3.5. Let E/S/F, be an elliptic curve, and let P be a [I'1(p™)]-(a, b)-cyclic structure
on E. Then P is also a [01(p"™)|-structure on E, and is [T'1(p")]-(a + 1,b)-cyclic.

Proof. Consider the relative effective Cartier divisor

G = Z [m - P

meZ/(p")

in E. This is an S-subgroup scheme containing ker(F*), and in the resulting factorization
of the quotient map E — E/G as

EL EC) S B/G

we have ker(7) = ker(Fy, ;).
Consider also the relative effective Cartier divisor

G = Z [m - P|

meZ/(p"tt)

in F. G is a subgroup of G’, and the image of G’ in E /G is the relative effective Cartier

divisor
meZ/(p)

This is simply the kernel of
Fpjo: B/G = (B/G)Y),

so we may identify F/G’ with (E/G)® and the quotient map E/G — E/G’ with the relative
Frobenius
Fpic: E/G— (E/G)W.

In particular, the quotient map £ — E /G’ is a cyclic p"™!-isogeny of elliptic curves with
kernel generated by P, so we may already conclude that P is a [['y(p"™')]-structure on E.

Now, since G' = p - G as Cartier divisors, the fact that ker(F*) C G implies that
ker(Ft1) C (. Factor the quotient map F — E/G’ = (E/G)® as

Fa+1

E'— E@

a+l) /

5 (B/G)W).
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We have a diagram

E—XS R0 T L B/G

F
A lF l E/G

Bt ——(E/G)®

where the composite E — (E/G)® is the natural quotient map £ — E/G’. The outer arrows
and the left-hand triangle commute, hence the square commutes as well since F° : E — E®®)
is an epimorphism.

Now consider the following diagram:

E®) s E/G T g0

AT

E® — (E/G)P) —— Eeth

The outer rectangle commutes since the horizontal composites are the isogenies [deg()] and
[deg(7’)] (and deg(w) = deg(n’)), and we have shown that the left-hand square commutes,
so the right-hand square commutes as well. Since ker(7) = ker(F% /), we conclude that

Finally, suppose a,b > 1. Since F®*) = (E/G)(pb) we also have
BEY o~ (E/G)(pb“) — ((E/G)(p))(pb)7
and this is already induced by the isomorphism
E¥) >~ (E/G)*) = (E/G)®P)# ),
Therefore P is a [['1(p"*1)]-(a + 1, b)-cyclic structure on E. O

Remark 2.3.6. The reason the above argument fails when p is invertible on the base scheme
S is that, preserving the notation of the above proof, the image of the relative Cartier divisor
G’ in E/G is not a subgroup of E/G unless S is an F,-scheme. Indeed, the image of G’ in
E /G is the relative effective Cartier divisor p - [0g/g|, which is finite flat of rank p over S. If
p is invertible on S, any finite flat commutative group scheme of rank p over S is étale (cf.
[Sha86, Cor. 4.3]), but p - [0g/¢| is obviously not étale.

It is straightforward to extend the definition of a [I';(p")]-(a, b)-cyclic structure, and the
result of the above lemma, to the case of generalized elliptic curves:

Definition 2.3.7. Let E/S/F, be a generalized elliptic curve; let S; C S be the open
locus where the morphism E — S is smooth, and let S; C S be the complement of the
closed locus in S where the geometric fibers are supersingular elliptic curves. We say that a
[I'1(p™)]-structure P on E/S is a [I'1(p™)]-(a, b)-cyclic structure if:
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e Plg, is a [['1(p")]-(a, b)-cyclic structure on the elliptic curve Eg, /S;, and

e the relative effective Cartier divisor

p°
Zm P|52

in E%"|g, is a subgroup scheme of E*™|g, which is étale over Ss.

We write xl(p”)f;”’) for the substack of X;(p™)s associating to a scheme 7'/S the groupoid
of pairs (E, P), where E/T is a generalized elliptic curve and P is a [['1(p")]-(a, b)-cyclic
structure on F.

Theorem 2.3.8 ([KMS85, 13.5.4]). Let k be a perfect field of characteristic p. Y1(p™)x (resp.
X1(p™)i) is the disjoint union, with crossings at the supersingular points, of the n+1 substacks

Y1 (p™ )(an %) (resp. X1(p )(a’n_a)) for 0 <a<n.

It can be helpful to visualize X;(p"); as follows:

:X: n (Ovn)
1(p")y,
X1 (p™) over a perfect field k of characteristic p

Definition 2.3.9. Let S € Sch/F,, and let H < (Z/(p"))* such that H = Z/(p") (hence
also (Z/(p™))*/H = Z/(p")). Let E/S be a generalized elliptic curve. Let (P, Q) be a
[['(p™)]-structure on E, corresponding to a group homomorphism

¢ (Z/(p"))* = E[p"]
(1,0) —» P
(0,1) — Q.

We say that (P, Q) has component label H if:

o ¢(H) C ker(F™), where F : E — E® is the relative Frobenius, and
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e the resulting group scheme homomorphism
Z/w") = (Z)(p")?/H = EV) = E[ker(F")

is a [['y(p")]-structure on E®"). (Note that this is independent of the choice of iso-
morphism (Z/(p"))?/H = Z/(p"), although the [[';(p")]-structure obtained depends
on this choice.)

We define Y(p™)¥ (resp. X(p™)) to be the substack of Y(p")s (resp. X(p™)s) associating
to a scheme T'/S the groupoid of tuples (E, (P, Q)), where E/T is an elliptic curve (resp.
generalized elliptic curve) and (P, Q) is a [I'(p™)]-structure on E of component label H.

Theorem 2.3.10 ([KMS85, 13.7.6]). Let k be a perfect field of characteristic p. Y(p™)i (resp.
X(p™)x) is the disjoint union, with crossings at the supersingular points, of the substacks

Y(p")i (resp. X(p")i') for H < (Z/(p"™))* with H = Z/(p").

The proof of the above theorem immediately generalizes to a slightly more general setting
which we will find useful when studying compactified stacks of [['(NV)]-structures below. Let
K < (Z/(p™))?, and write Gx = (Z/(p"))*/K. Then there exist integers m > [ > 0 with

Gk 2 Z/(p™) x Z/ ().

Suppose that [ > 1. Given a Gg-structure ¢ on an ordinary elliptic curve E/T/F, (in the
sense of Definition 2.2.3), étale locally on T" we can consider the composite

Gr =Z/(p™) x Z/(p) S E}p"] £ Z)(p") X pipn 3 Z/(p").

Since ¢ is a Gg-structure, the kernel and image of this composite are necessarily cyclic. The
same argument used in [KM85, 13.7.6] to prove the above theorem shows that in character-
istic p, Y breaks up into a union of substacks indexed in this way by the possible kernels of
group homomorphisms Gx — Z/(p™), subject to the condition on the image just described.
So we can describe Yx as a union of closed substacks indexed by the set

Lk :={H < Gg|H and G/H are both cyclic}.

Since Gx = Z/(p™)x Z/(p') withm > [ > 1, we have that H € L if and only if H = Z/(p™)
or H=7/(p).

The rigorous definition, accounting for elliptic curves that might not be ordinary and for
the case where Gk is cyclic, is as follows:

Definition 2.3.11. Let K < (Z/(N))? with corresponding quotient Gx = (Z/(N))?*/K.
We write Y (resp. Xk ) for the algebraic stack over Spec(Z) associating to a scheme S the
groupoid of pairs (E, ¢), where E/S is an elliptic curve (resp. generalized elliptic curve) and
¢ is a Gg-structure on F.

If S is an Fy-scheme, N = p" and G = Z/(p™) x Z/(p') with m > 1 > 1, then for any
H € Lk, we define Y}l ¢ C Yx,s (resp. X g C Xx,g) to be the substack associating to a
scheme T'/S the groupoid of pairs (F, ¢), where E/T is an elliptic curve (resp. generalized
elliptic curve) and ¢ : Gx — E[p™] is a Gk-structure such that:
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e ¢(H) C ker(F™), where F™ : E — E®") is the m-fold relative Frobenius on F, and
e the resulting group scheme homomorphism
Gk/H — E/ker(F™) = E®™)
is a G /H-structure on E®™) in the sense of [KM85, §1.5].
In this case we say that the Gg-structure ¢ has component label H.

If Gk =2 7Z/(p™) (i.e. I =0), the stack Y (resp. Xg) is isomorphic to Y;(p™) (resp.
Xi(p™)), and for H = Z/(p®) € Lx and S € Sch/F, we define Y7l g (resp. Xi ) to be the

substack Y1 (p™) "™ < Yy (p™)g (resp. Xy (p™)¢ ™ € X1 (p™)s), as in Definition 2.3.4.
We still say that Y% g and X7 ¢ classify G g-structures of component label H.

The result is:

Theorem 2.3.12. Let k be a perfect field of characteristic p. Yx i, (resp. Xk i) is the disjoint

union, with crossings at the supersingular points, of the closed substacks Hg’k (resp. Xﬁk )
for H € Lg.

We also note that an analogue of Lemma 2.3.5 holds in this case, which we record for
future use. It is clear that if
K' < K <(2/(b")?,

giving a canonical quotient map
m:G K — G K,

and if
¢:Gg — ™

is a Gg-structure on a generalized elliptic curve E/S/F,, then a necessary condition for the
composite
pom: Ggr — E°™

to be a Ggs-structure is that ker(n) is cyclic. In fact, unwinding the definitions we immedi-
ately deduce:

Lemma 2.3.13. Let E/S/F, be a generalized elliptic curve with no supersingular fibers. Let
K' <K < (Z/(p")*
such that the canonical quotient
m: G — Gy
has cyclic kernel. Let H € Ly and suppose that
¢:Gx - FE

1s a Gg-structure with component label H. Then ¢ o is a Gy structure on E if and only
if mY(H) C Gk is cyclic, in which case ¢ o has component label 7=*(H) € Lg:.
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Chapter 3

Generalities /review of twisted stable
maps

3.1 Stable maps

Moduli stacks of stable maps to projective schemes are constructed in [Kon95] and [BM96].
We will require the general notion of a stable map to an algebraic space, as discussed in
[AV02, 8.4]:

Definition 3.1.1. Let X be a proper, finitely presented algebraic space over a scheme S. A
stable map from an n-marked nodal curve (C'/S, p1, ..., pn) to X is an S-morphism f : C' — X
such that for every geometric point s — S and every irreducible component £ C C5 collapsed
to a point by f, we have

2p4(E) =2+ d(E)+n >0,

where d(E) is the number of points of the normalization E¥ lying over C3™. (If X/S is
projective, this simply says that the line bundle we (> p;) is f-ample.)

If X is projective over a field, the target class of f is the class of f,[C] in the Chow group
of one-dimensional cycles of X up to numerical equivalence.

We write M, (X) for the category fibered in groupoids over S, associating to an S-
scheme T the groupoid of stable maps from n-marked, genus-g nodal curves over T to Xr.
If X is projective over a field, we write ﬂgm(X ,B) for the substack classifying stable maps
with target class .

Theorem 3.1.2 ([AV02, 8.4]). Let X be a proper, finitely presented algebraic space over a
scheme S. Then Mg,n(X) 1s an algebraic stack, locally finitely presented over S and with
finite inertia. If X is projective over a field k, then mg,n(X, B) is an open and closed substack
of Myn(X) and is proper over k.

In fact, the argument of [AV(& 8.4] shows that for any proper, finitely presented algebraic
space X/S, the algebraic stack M, (X) is complete, i.e. satisfies the valuative criterion for
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properness. (However, it is generally not of finite type over the base S, and therefore not
proper.)

A natural next step is to attempt to generalize the notion of a stable map when the
target is not merely a scheme or algebraic space, but perhaps an algebraic stack X'/S. A
naive definition for a stable map to X would be an S-morphism f : (C, {p;}) — X such that
the composite with the coarse space map X — X gives a stable map in the above sense.
However, the moduli stack of n-marked genus-g stable maps to a stack X is generally not
complete, as we illustrate in the following example.

Example 3.1.3. Let S = Spec(C), G = (Z/(2))? and X = BsG. Since the coarse space of
X is 5, a morphism from an n-marked genus-g nodal curve C to X is stable (in the sense of
the naive definition above) if and only if C' is a stable curve.

Let T = Spec(C[t]), and let C/T be a family of 1-marked genus-1 stable curves with
smooth generic fiber C, and singular closed fiber Cy (so C, is an elliptic curve, and Cj is a
rational curve with one node).

Fix an isomorphism C,[2] = G. Then the quotient map

Cy =[G/ Gl =

makes P, := (), a G-torsor over (), corresponding to a stable map C, — X. This does not
extend to a stable map C' — X (and therefore the stack of naive 1-marked genus-1 stable
maps to X is not proper).

Indeed, suppose C' — X is such an extension. This corresponds to a G-torsor P — (', and
since P, = C, is connected, P; is also connected. But a connected G-cover of Cy corresponds
to a surjection of abelian groups m;(Cs) — G. Since m(C) 2 Z and G = (Z/(2))?, this is
impossible.

Therefore, if the goal is to generalize stable maps to the case where the target is a stack,
the naive definition proposed above would not be sufficient. This problem is remedied by
introducing twisted stable maps.

3.2 Twisted stable maps

Linearly reductive group schemes and the related notion of a tame Artin stack (introduced in
[AOV08]) will play an indispensable role in what follows, so we quickly recall the definitions.

Definition 3.2.1 ([AOVO08, 2.2]). Let G be a group scheme over a scheme S. Write
QCth(S) for the category of G-equivariant quasi-coherent sheaves on S; writing BG for
the classifying stack of G over S, this is equivalent to QCoh(BG) (JAOVO0S, §2.1]). We say
that G is linearly reductive if the functor

QCoh%(S) — QCoh(S)
F s FC
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is exact, or equivalently if the pushforward
QCoh(BG) — QCoh(S)
is exact.

Linearly reductive group schemes are classified in [AOV08, §2.3]. The examples in which
we are most interested for this paper are the finite flat commutative linearly reductive group
schemes py and p3, over S.

Definition 3.2.2 (JAOVO08, 3.1]). Let X" be a locally finitely presented algebraic stack over
a scheme S, with finite inertia. By [KM97], X has a coarse moduli space p : X — X, with
p proper. We say that X /S is tame if

px : QCoh(X) — QCoh(X)
18 exact.

As observed in [AOV0S, §3], for any finite flat group scheme G over a scheme S, the
classifying stack BG over S is tame if and only if G is linearly reductive. So in particular
the classifying stacks Buy and Bu3, are always tame.

Definition 3.2.3 ([AOV11, §2]). An n-marked twisted curve over a scheme S is a proper
tame stack C over S, with connected dimension 1 geometric fibers, and coarse space f : C' —
S a nodal curve over S; together with n closed substacks

{¥: cCHy
which are fppf gerbes over S mapping to n markings {p; € C*™(S)}, such that:

e the preimage in C of the complement C’ C C' of the markings and singular locus of
C'/S maps isomorphically onto C’;

e if p — (' is a geometric point mapping to the image in C' of a marking >; C C, then
Spec(Ocp) X C =~ [D™/ ]
for some r > 1, where D*" is the strict Henselization at (mg s, z) of
D = Spec(Os s)[2])
and ¢ € p, acts by z — ( - z; and
e if p — (' is a geometric point mapping to a node of C', then
Spec(Ocp) X C =~ [D™/ ]
for some r > 1, where D" is the strict Henselization at (mg, ¢), z,y) of
D = Spec(Os sz, yl/(zy — 1))
for some ¢ € mg ¢z, and ¢ € p1, acts by x — ¢ -z and y — (' - y.
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We say a twisted curve C/S has genus g if the geometric fibers of its coarse space C/S
have arithmetic genus g, and we say an n-marked genus-g twisted curve C/S is stable if the
genus-g curve C'/S with the markings {p;} is an n-marked genus-g stable curve over S.

Twisted curves also admit an appealing interpretation in terms of logarithmic geometry;
a twisted curve C/S with coarse space C'/S is naturally a stack over S classifying certain
logarithmic structures on C. We will not require this in what follows, but we refer the
interested reader to [Ols07].

Example 3.2.4. Over any base scheme S, consider a Néron 1-gon C'/S as in Chapter 2. We
have C*" = G,,, and C admits the structure of a generalized elliptic curve with an action

C"xC—=C

extending the group scheme structure of G,,. For any positive integer N, the inclusion
uy C Gy, determines an action of py on C, and the stack quotient

C = [C/p]

is a twisted stable curve over S, with coarse space f : ! — S again a Néron 1-gon. If
p — C' is a geometric point mapping to a node of C’, then

Spec(Ocr5) xr € = [D™ /],
where D" denotes the strict Henselization of
D := Spec(Os sz, y]/(xy))

at the point (mgp),z,y) and ¢ € py acts by 2 — ¢ -z and y — ¢! - y. We will refer to
this twisted curve as the standard py-stacky Néron 1-gon over S.

N

Standard py-stacky Néron 1-gon

Definition 3.2.5 ([AOV11, §4]). Let X be a finitely presented algebraic stack, proper over
a scheme S and with finite inertia. A twisted stable map to X from an n-marked twisted
curve (C/S,{%;}) over S with coarse space (C/S, {p;}) is a morphism C — X" of stacks over
S such that:

e C — X is a representable morphism, and

e the induced map C' — X is a stable map from (C, {p;}) to X.
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Over any base scheme S, we write Iy ,,(X) for the stack over S associating to a scheme 7'/.S
the groupoid of pairs (C,«), where C/T is an n-marked twisted curve whose coarse space
C/T is a genus-g nodal curve, and o : C — X xg T is a twisted stable map.

Proposition 3.2.6 ([AOV11, 4.2]). For X as above, K,,,(X) is a locally finitely presented
algebraic stack over S.

There is a natural morphism of stacks
Kgn(X) = My u(X)

defined by passing to coarse spaces. In particular, note that since a twisted stable map is
required to be respresentable, if X' is representable then this map is an equality.

Theorem 3.2.7 ([AOV11, 4.3]). Let X be as above, and also assume that X is tame. Then
ICgn(X) is proper and quasi-finite over Mgy, (X).

A quick word of caution: the twisted stable maps of [AOV11] are a generalization of
what are referred to as balanced twisted stable maps in [AV02] and [ACV03]; we are only
interested in balanced maps for this paper, so hopefully our notation Iy, (X) will not cause
any confusion.

Let (C/S,{%;}) be an n-marked twisted curve with coarse space C/S. If p — C is a
geometric point mapping to the image in C' of the gerbe ;, such that

Spec(Ocp) xo € =~ [D* /1]

as in Definition 3.2.3, then the integer r is uniquely determined by p, and we call r the local
indez of C at p. In fact one verifies immediately (cf. [AV02, 8.5.1]) that the local index only
depends on ¢ and on the image of p in S, and that the function

€S = Lo
sending s = f(p) € S to the local index r is locally constant.

Notation 3.2.8. Let e = (ey, ..., €,) € Z2,. We say an n-marked twisted curve (C/S,{%;})
has global indez e if €; is constant of value e; for all i =1, ..., n.

If X/S is a finitely presented algebraic stack, proper over S and with finite inertia, we
write KC5  (X') for the substack of KCy,,(X') associating to a scheme T'/S the groupoid of pairs
(C, ), Where C/T is an n-marked genus-g twisted curve of global index e, and a : C — X' x T
is a twisted stable map. Since the functions ¢; : S — Z-q are locally constant, we see that
Ks (&) is an open and closed substack of ICy,,(X), and

x) =] Kkg.(x
ecZ?,

In this paper we will generally only be interested in the case e = (1,...,1), in which case
Ks . (X) classifies twisted stable maps to X from twisted curves whose markings are honest
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Notation 3.2.9. We write K] ,(X) for the open substack of K (&) associating to 7'/
the groupoid of pairs (C, ), where C/T is a smooth n-marked genus-g curve (with no stacky
structure) and a: C — X xg T is a twisted stable map.

3.3 Twisted covers and Picard schemes of twisted
curves

If G/S is a linearly reductive finite flat group scheme, then we have already observed that
BG is tame. So in this case we can consider the algebraic stack K, ,,(BG), which is proper
and quasi-finite over the Deligne-Mumford stack ﬂgm by Theorem 3.2.7, since the coarse
space of BG is S.

Theorem 3.3.1 ([AOV11, 5.1)). Let G/S be a linearly reductive finite flat group scheme.
Then K, ,(BG) is flat over S, with local complete intersection fibers.

Definition 3.3.2. Since a map C — BG is equivalent to a G-torsor P — C, it is often
convenient to view K, ,(BG) as classifying such torsors. A G-torsor P — C is a twisted
G-cover of C if it arises in this way.

Note that since the coarse space of BG is S, the condition that the map C — BG is stable
just says that C'/S is stable in the usual sense. So for G as above, Iy ,,(BG) can and will be
viewed as the stack classifying twisted G-covers of n-marked genus-g twisted stable curves.

Still writing G for a finite flat linearly reductive group scheme over S, suppose in addition
that G is commutative. Then every object of K, ,,(BG) canonically contains G in the center
of its automorphism group scheme (determining a unique subgroup stack H in the center of
the inertia stack of K, ,,(BG) such that for any object £ € K, ,,(BG)(T) the pullback of H to
T is G). We can therefore apply the rigidification procedure described in [ACV03, §5.1] and
generalized in [AOV08, Appendix A], thereby “removing” G from the automorphism group
of each object:

Definition 3.3.3. K, (BG) is the rigidification of K, ,,(BG) with respect to the copy of G
naturally contained in the center of its inertia stack. We refer to the objects of K, (BG)
as rigidified twisted stable maps into BG, or rigidified twisted G-covers of n-marked genus-g
twisted stable curves. We write E;n(BG) for the open substack corresponding to smooth

curves and K;,n(BG) for the open and closed substack corresponding to twisted stable curves
whose markings are representable.

In [AGV08, §C.2] it is shown that the rigidification of an algebraic stack with respect to
a group scheme admits a natural moduli interpretation. In this paper we are only interested
in the case where G is diagonalizable, in which case K, (BG) can be given a more concrete
moduli interpretation which we will now describe.

Given a twisted curve C over a scheme S, let Pice/s denote the stack associating to 77/5
the groupoid of line bundles on C xg T



CHAPTER 3. GENERALITIES/REVIEW OF TWISTED STABLE MAPS 22

Proposition 3.3.4 ([AOV11, 2.7]). Pices is a smooth locally finitely presented algebraic
stack over S, and for any L € Picc/s(T) the group scheme Auty(L) is canonically isomorphic
to Gm,T-

Write Pice/s for the rigidification of this stack with respect to G,,; Pic¢/s is none other
than the relative Picard functor of C/S. From the analysis of Picc/g in [AOV11, §2] we have:

Proposition 3.3.5. Pic¢/s is a smooth group scheme over S, and if m : C — C' is the coarse
space of C/S, then there is a short exact sequence of group schemes over S

0— PiCC/S ﬂ—*> PiCc/S - W — 0,
with W quasi-finite and étale over S.

In fact, since 7,G,, = G,, we can deduce from the exact sequence of low-degree terms of
the fppf Leray spectral sequence

EPY = HP(C,Rm,Gy) = HPH(C, Gyy)

that W is the sheaf associated to the presheaf T+ H°(Cr, R'7.G,,) (where we still write
7 : Cr — Cp for the morphism induced by base change from 7 : C — C).
For any integer N annihilating W, we get a natural morphism

XN : PiCC/S — PiCC/S.
Definition 3.3.6 (JAOV11, 2.11]). The generalized Jacobian of C is
Picg/s = PiCc/S XXN,Picc/S PiC%/S,

where Picoc/s is the fiberwise connected component of the identity in the group scheme
PiC(j/S.

Picg /s 1s independent of N and is viewed as classifying line bundles of fiberwise degree 0
onC/S.

Remark 3.3.7. Unlike the case of Pic%, /s for C/S a (non-stacky) genus-g curve, the geo-
metric fibers of Picg /s need not be connected for C/S a twisted curve. In fact, when C/S is a
1-marked genus-1 twisted stable curve, Picg /s behaves like the smooth part of a generalized
elliptic curve over S. For instance, if C = [C'/uy] for C'//S a Néron 1-gon as in Example
3.2.4, it is easily verified that Picp s = Gy x Z/(N). Standard py-stacky Néron 1-gons will
play an analogous role in this paper to that of Néron polygons in [DR73] and [Con07]. In
particular, we have:

Lemma 3.3.8. Let k be an algebraically closed field, and C/k a 1-marked genus-1 twisted
stable curve, with no stacky structure at its marking, such that the coarse space C/k is not
smooth. Then C is a standard py-stacky Néron 1-gon (Example 3.2.4) for some (unique)
positive integer N.
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Proof. Tt follows from [DR73, I1.1.15] that the 1-marked genus-1 stable curve C'/k is a Néron
1-gon. Write 7 : C — C for the map exhibiting C' as the coarse space of C. Write C' = Pl — C
for the normalization of C', and write C for the following fiber product:

We have a short exact sequence of fppf sheaves on P!

O—>O§1—>T*Og—>F—>O,

where F is the pushforward to P! of Oy, for Z = Buy U Buy the preimage in C of the
(stacky) node of C. This induces an exact sequence

0 — Pic(P') — Pic(C) — Pic(2) — H*(P', 0) =0,

inducing an isomorphism Pic%/k = Pic(Z) =2 Z/(N) x Z/(N) since Picgﬂ/k = 0.

Now consider the short exact sequence of fppf sheaves on C
0—0; »n0; =G —0,

where G is the pushforward to C of O} for p = Buy the (stacky) node of C. This induces
an exact sequence

0— kB % kX = Pic(C) — Pic(C) — Pic(Buy).
We have Pic(Buy) = Z/(N) and Picg/k ~7/(N)x Z/(N), and the map
Picg, = Z/(N) x Z/(N) = Z/(N) = Pic(Bpuy)

is given by (a,b) — a — b. In particular the kernel is isomorphic to Z/(N), so we have a
short exact sequence

0 = k* = Picl;, % Z/(N) — 0.

This sequence splits (noncanonically) since k* is divisible (as k is algebraically closed), so
Picg )y, = Gy X Z/(N).
The fppf exact sequence of sheaves on C

0—uny -G, -G, —0
then gives us an isomorphism

H(C, uy) = ker (Pice s, RS Pice i)
= pun x Z/(N).
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Let C" — C be the py-torsor over C corresponding to the class
(1,1) € uy x Z/(N) = HY(C, pn).
Then C” is representable by [AH11, 2.3.10], since (1,1) is the class in H'(C, uy) of a uni-
formizing line bundle on C. Let
V=C"2Cxe ™ C,
and consider the resulting py-torsor C;, — V = G,,. The pullback map
2 HYC, ) 2 iy X T (N) = Z(N) 2 H Gy, i)

is given by (¢, a) +— a. It therefore follows that C{, = G,,, with the py-action given by the
standard multiplication action on G,,. The quotient map

is the group scheme homomorphism z + 2.
Fix an étale neighborhood W of the node of C' of the form W = Spec(k[z, w]/(zw)), such
that
CxcW =[D/un]

for D = Spec(k[z,y]/(zy)), with ¢ € uy acting by x +— (x and y — (~'y. The composite
D — [D/un]| =W

is given by the ring homomorphism z — 2V, w + y~. Since C" is representable and
O'xeW = CxcW

is a puy-torsor, it follows that C" xo W = D with the above py-action. In particular we see
that C” is a nodal curve with one node.

Composing our original ¢’ — C with the coarse space map C — C gives us a finite
morphism of nodal curves ¢ — C, which restricts to the uy-torsor G,, — G,, = C* and
which is totally ramified over the node of C'. Riemann-Hurwitz for nodal curves implies
that C” has arithmetic genus 1, so C” is a Néron 1-gon with smooth locus C"*™ = G,,. The
multiplication action of uy on G,, extends uniquely to an action on C’, and by assumption
C = [C'/un]. Thus C is a standard py-stacky 1-gon. O

3.4 Relationship to moduli of elliptic curves with
level structure

Notation 3.4.1. For any finite flat commutative group scheme G over a base scheme 5,
H(G) is the stack over S associating to an S-scheme T the groupoid of pairs (E, ¢), where
E/T is an elliptic curve and ¢ : G* — E[N] is a homomorphism of group schemes over T’
(for G* the Cartier dual of ). For the S-scheme G = uy we write H;(N) for H(uy), and
for the S-scheme G = 3 we write H(N) for H(u%).



CHAPTER 3. GENERALITIES/REVIEW OF TWISTED STABLE MAPS 25

As in [AOV08, §2.3], we say a finite commutative group scheme is diagonalizable if its
Cartier dual is constant, and locally diagonalizable if its Cartier dual is étale.

Lemma 3.4.2 ([AOV11, 5.7]). Let G/S be a finite diagonalizable commutative group scheme,
so BG is tame (since G is linearly reductive) and X := G* is constant. For any twisted curve
C/S there is an equivalence of categories between the stack TORS¢,s(G) classifying G-torsors
on C/S and the Picard stack iPicc/g[X] of morphisms of Picard stacks X — Pices.

The construction for the above equivalence is as follows:

Let m : P — C be a G-torsor over C. G acts on the sheaf 7,0p, yielding a

decomposition
Tk OP == @ ’CX’

xeX

Each L, is invertible since P is a torsor over £, so this determines a morphism
of Picard stacks

¢p X — TiCc/s
X = [Ly]-

And conversely, such a morphism ¢ : X — Picc/s naturally determines an algebra

structure on
P sx).

x€X

giving a G-torsor

Spec, (P o(x) =€

XEX

with the G-action determined by the X-grading.

This defines an open immersion from I, ,(BG) into the algebraic stack over S associating to
an S-scheme T the groupoid of pairs (C, ¢), where C/T is an n-marked genus-g twisted stable
curve and ¢ € Pice/r[X]. Rigidifying Ky ,(BG) and Pice/r with respect to the group schemes
G and G,, respectively, we have an open immersion from Kgm (B@G) into the stack classifying
pairs (C, ¢), where C/T is an n-marked genus-g twisted stable curve and ¢ : X — Pice/p is
a homomorphism of group schemes over 7.

Writing f : C — S for the structural morphism, we have Picc/s = R' f.G,,. Therefore
fppf-locally on T', ¢ corresponds to the choice of an X-torsor P — C, with P representable
if and only if (C, ¢) comes from an object of K, (BG) (refer for example to [AH11, 2.3.10]
to see that a morphism from a twisted curve C to BG is representable if and only if the
corresponding G-torsor over C is representable). This gives us:
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Corollary 3.4.3. For a finite flat diagonalizable group scheme G /S, the above construction
gives an equivalence between EWL(BG) and the stack over S associating to T /S the groupoid
of pairs (C,¢), where C/T is an n-marked genus-g twisted stable curve and ¢ : X — Pice/r
is a group scheme homomorphism such that, fppf-locally on T, the G-torsor over C corre-
sponding to ¢ as above is representable.

In particular, we get an equivalence
K1.(BG) ~ H(G),

since for an elliptic curve E/S every G-torsor over F is representable and we canonically have
E= Pic%/s. This isomorphism sends @ € F(S) to the class of the line bundle £((Q)— (0g)),
so as a special case we see that if ¢ : Z/(N) — E is a group scheme homomorphism with
(1) = @, the corresponding py-torsor over E is of the form

P = Spec, (B £((a- Q) - (00).

Since H;(N) naturally contains a closed substack isomorphic to the stack Y1(N) over S
classifying [[';(V)]-structures on elliptic curves, we see that the algebraic stack K 1(Buy)
is a modular compactification of Y;(N). Similarly, the algebraic stack K; 1 (Bu%) is a mod-
ular compactification of the stack Y(NN) classifying (not necessarily symplectic) full level N
structures on elliptic curves. The task in both cases is to give a moduli interpretation of
the closure of these classical moduli stacks in K; ;(BG), and we address this in the following
sections.

Lemma 3.4.4. K, ,(Buy) is dense in Ell,l(B,uN), and K, (B3,) is dense in Ell,l(B,u?v).
Proof. Let Cy be a standard pg-stacky 1-gon over an algebraically closed field &, and let
¢o : Z/(N) = Picg, = Gy, x Z/(d)
be a group scheme homomorphism such that
(Co, d0) € E/I,I(B/”V)(k)
(so d|N and ¢ meets every component of Picg, /i) We need to lift (Co/k, ¢o) to a pair
(C.¢) € K\ 1(Bun)(A)

for a local ring A with residue field £, such that the generic fiber of C is a smooth elliptic
curve.

Let Cj/k be a standard uy-stacky 1-gon, and consider the morphism C), — Buy corre-
sponding to the group scheme homomorphism

Z/(N) — Picgy j, = Gy, x Z/(N)

sending 1 to (1, N/d). This morphism is not representable; the corresponding py-torsor over
C; is as follows:
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KUNyd
KUNyd

[ i

HUN/d

HUNyd
(Stacky N/d-gon) C

We may factor the morphism Cj — Buy as
Cy — Co — By,

where Cy — Buy is the relative coarse moduli space ([AOV11, Thm. 3.1]) of C{ — Bpux:

(N/d-gon) Co

Since this Cy is a standard pg-stacky 1-gon, we may identify it with our original twisted curve
Co. This gives us a morphism Cj — Cp, and the resulting pullback map Picg0 e Picgé /i 18
the monomorphism

G X Z)(d) — G x ZJ(N)
(o) (G -a).

Let £/k[q'/"] be an N-gon Tate curve, so the special fiber of £ is a Néron N-gon,
E @ k((¢"V)) is a smooth elliptic curve, and we have an isomorphism

EMN] = py X Z/(N)

of finite flat commutative group schemes over k[¢*/N]. Let Q = (1,1) € £»[N]. The relative
effective Cartier divisor
D= % [a-Q]

a€Z/(N)

in £ is a subgroup scheme, étale over k[¢'/V], and the quotient £ := £/D is naturally a
generalized elliptic curve whose special fiber is a 1-gon. The stack quotient

C = [£/E™[N]]
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is naturally a twisted curve, whose generic fiber is an elliptic curve and whose special fiber
is C). Writing 7 : & — C for the natural quotient map, we will see in Chapter 6 that for any
line bundle £ on £ there is a canonical decomposition

L= P L.

a€Z/(N)

where each £, is a line bundle on C. a -
For a section R € £ (k[¢"/N]), we write R for its image in & (k[¢*/"]). Then we have
the degree 0 line bundle a
Lr = L((R) - (0g))

on &, hence a canonical decomposition

We will see in Chapter 6 that the map & [N]| — Picg/k[[ql/N]][N] sending
R=((,a) € ux x Z/(N) = E™[N]

to Lr,, is an isomorphism of group schemes over k[q'/"].
Returning to our original pair (Co, ¢) € K,M(B,uN)(k:), write

o(1) = (¢, a) € py x Z/(d) = Picg, [ N].

Via the map C) — Cy constructed above, this corresponds to
(¢, (N/d) - a) € pun x Z/(N) = Picg, . [N].

C} is the special fiber of the twisted curve C, and we have an isomorphism over k[¢'/"]
Pic ygqm (V] = E™N] iy x Z/(N).

Now (¢, (N/d) - a) lifts to a section of Picg/k[[ql/N] [N], corresponding to a group scheme
homomorphism Z/(N) — Picg/kﬂqlmﬂ, hence to a morphism C — Buy. Writing C — Buy
for the relative coarse moduli space and

¢ : Z/(N) = Picg . pm)

for the corresponding group scheme homomorphism, we see that C/k[¢'/"] is a twisted curve
with special fiber Cy and generic fiber an elliptic curve. ¢ extends ¢, and

(C.¢) € Ky (Bun) (kla/™])

as desired. B _
A similar argument of course applies to IC(LI(B/VL?V) C Ky, (Bug,). O
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We will require a concrete description of the py-torsor corresponding to a particular sort
of [I'1(IV)]-structure on an elliptic curve:

Lemma 3.4.5. Let K be a field and E/K an elliptic curve. Let Q € E(K) be a [T'1(N)]-
structure on E such that the relative effective Cartier divisor

in E is étale over Spec(K). Let P — E be the uy-torsor corresponding to Q as in 3.4.5:

N-1

P = Spec, (P L((a- Q) — (0r))).

a=0

Then P can be naturally identified with the quotient E /D, where D is viewed as a subgroup
scheme of E, étale of rank N over Spec(K), with the quotient map P — E corresponding to
the natural map E/D — E/E[N| = E.

Proof. Consider the ey-pairing on E[N], a nondegenerate bilinear pairing of finite flat group

schemes over Spec(K):
en : E[N] x E[N] = ux-.

Under our assumptions, the composite map
E[N]/D = {Q} x E[N]/D — D x E[N]/D = uy

is an isomorphism of group schemes over Spec(K). Then via this isomorphism, py acts on
the quotient £//D through the natural action of the subgroup scheme

E[N]/D c (E/D)[N],

making F/D a py-torsor over E/E[N] = E with quotient map the obvious one induced
from the factorization of [N] as

E—E/D— E/E[N|=E.

By Lemma 3.4.2, we may express the puy-torsor £/D — E as

=2

-1
E/D = Spec, (€D La)

a

Il
o

for some line bundles £, € PicY, k[N, with the algebra structure determined by isomor-
phisms
£a®£b = £a—&—bmodN



CHAPTER 3. GENERALITIES/REVIEW OF TWISTED STABLE MAPS 30

and the py-action corresponding to the grading. We have a natural isomorphism of group
schemes over K

E — Picy g
R e E(K)~ L((R) — (0g)),

so we conclude that

= L((Qo) — (0r))
for some @)y € E[N], and
Lo = L((a- Qo) — (0g)).
Let 7 : E — E/D be the isogeny dual to
7:E/D — E/E[N] ~E.
Identifying E = PicY, x and E/D = Pic((JE /p)/K» T 18 simply given by the pullback map

For any line bundle £ on E/K we have

— @D Lo Li(a- Q) (05)).

viewing the direct sum of line bundles on £ as a line bundle on

E/D = Spec, (®L((a- Qo) — (0p))).

In particular, for our original [I';(NV)]-structure @,
N-1

T (L((Q) — (0£)) = P L(Q +a- Qo) — (05)).

But the dual isogeny to 7 : E/D — E/E[N] = E is the natural quotient map £ — E/D,
and this maps @ to Og. Therefore the line bundle ®L((Q + a - Q) — (0g)) on E/D is the
trivial line bundle on E/D:

N-1

EB,C (Q+a-Qo) — @E 0g)).

and so () is Contained in the subgroup scheme of E generated by Qo, say Q@ = b- Qg for some
b. Since Qg € E[N] and N is the minimal positive integer with N - @ = O, this implies that
b€ (Z/(N))*, and in fact by the definition of the ey-pairing we have b = 1, i.e. Qp = Q.

Thus
Spec,. (€D L((a- Qo) — (0r))) = Spec, (P L((a- Q) - (0r))),

that is, £/D = P with the quotient map P — E of the given py-action becoming identified
with the natural quotient map E/D — E/E[N]| = E. O
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Chapter 4

Moduli of elliptic curves in Kljl(B,u N)

4.1 Reduction mod p of H;(N)

We first describe how the different components of Eil(BuN) = H;,(N) interact. These
results are direct corollaries of [KM85, §13.5]. Continue working over an arbitrary base
scheme S. First consider the case where N = p" is a prime power. For each 0 < m < n we
get a closed immersion

Y () < F (")
sending a pair (E,¢) € Y1(p™)(T'), where
¢:Z[(p"™) = Ep"]

is a [['y(p™)]-structure on E/T, to the pair (F, ¢) € H;(p")(T), where

6:Z/(v") = Elp"]

is obtained from ¢ by precomposing with the canonical projection Z/(p™) — Z/(p™). These
yield a proper surjection of algebraic stacks

Y(p") UY(p" U .. UYi(p) U Y (1) — FHi(p™)

which is an isomorphism over S[1/p].

But this is not an isomorphism over S®[F,. Recall that by Theorem 2.3.8, for any perfect
field k of characteristic p, Y1 (p™) is the disjoint union, with crossings at the supersingular
points, of components

Yy (™) (0 < b < m),

where an object of Hl(pm),(cm_b’b) (T') is a pair (FE,¢) where E/T is an elliptic curve and
¢ :Z/(p™) — E[p™] is a [['1(p™)]-(m — b, b)-cyclic structure on E/T (Definition 2.3.4). Such
an object corresponds via ¢(™ to the pair (E, ¢) € H;(p")(T) as described above.
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The key observation is Lemma 2.3.5: if ¢ : Z/(p™) — E is a [['1(p™)]-(m — b, b)-cyclic
structure on an ordinary elliptic curve E/T/F,, then
p:=¢om:Z/(p") = E
a [['1(p")]-(n — b, b)-cyclic structure on E, where 7 : Z/(p") — Z/(p™) is the natural
projection. Etale locally on T' we have
Elp"] = ppn X Z/(1")
and
Ep™] & pym X Z/(p™),
in which case the [['1(p™)]-(m — b, b)-cyclic structure ¢ corresponds to a section of
x (Z/)(p"))* if b<m
ppm X (Z)(p"))* ifb=m
and the reason that such a section also gives a [['1(p")]-structure is that in characteristic

p, unlike in characteristic # p, if ¢ < n and Z/(p®) — ppe is a Z/(p°)-generator then the
composite

Z](0") = L) (0°) = ppe = fpn
is a Z/(p™)-generator. This gives us:

Proposition 4.1.1. Let k be a perfect field of characteristic p. Hy(p™) is the disjoint union,
with crossings at the supersingular points, of components Zy, for 0 < b < n, where

Uyl mbb’

b<m<n

Zdentzfymg each Y1(p ) ™08 with a closed substack of H1(p™)x via 1P™). Each Y, (pm),(cm_b’b)

“set-theoretically identified with Z,” in the sense that (Zp)rea = Y1(p )knzedb ) 4s substacks

of Hi(p™)kxea for allb < m < n.
To illustrate, visualize H;(p™)k rea as follows:

ZO,red
iH:l (pn)k,red

Zm—l,red
Zm,red

Zn,red
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The closed immersion ™) sends the following copy of Y (p™) to the obvious closed substack
of Hy(p")k, contributing nilpotent structure to the components Zj, ..., Z,,:

% (pm)z(gmm

Hl(pm)k
Yy (pm)

Y, (™)™

The result is that H;(p")krea U Y1(p™)r € Hi(p")r looks something like this:

Y (pm)?

Hi(p")krea U Y1 (™)

yl(pm)z(cl’mil)

Y% (pm)lgo,m)

Zn,red

Each Y1 (p™) (for 0 < m < n) contributes additional nilpotent structure, giving us:

2
Hi(p™)e
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More generally, for arbitrary N we get a closed immersion
1D Yy (d) — Hy(N)
for each d dividing N, and the resulting map
| |Y1(d) — 3 (N)
N

is an isomorphism over S[1/N]. It follows immediately from [KM85, §13.5] that if (r,p) = 1,

then for a perfect field k of characteristic p, Y1 (p"r)y is the disjoint union, with crossings at

the supersingular points, of m + 1 components %Jl(pmr),(fmfb’b) (0 < b < m), where

Yo ()" = i () <, ™

Now let N = p"N’ where (N’,p) = 1, and for any r|N' let H;(N); C H;i(N), denote the
union of the components Y, (p™r); for 0 < m < n. In summary:

Corollary 4.1.2. Let k be a perfect field of characteristic p. For any r dividing N', H;(N)},
is the disjoint union, with crossings at the supersingular points, of components Z; for 0 <
b <n, where

r m m—b,b
Zb = U yl(p T)](c )a
b<m<n
identifying each yl(pmr)émfb’b) with a closed substack of Hy(N); via 177,
FEach Hl(pmr),im_b’b) is “set-theoretically identified with Z]” in the sense that

(Z)rea = Y1 (p"7) e
as substacks of Hy(N)grea.- Hi(N)y is the disjoint union of the closed substacks

{FG (N dryve

4.2 Closure of Y{(N) in K1 1(Buy)

We now want to describe the closure of Y;(N) in Ky ;(Buy), as a moduli stack classifying
twisted curves with extra structure. This is accomplished in [ACVO03, §5.2] over Z[1/N]; let
us briefly recall how this is done.

Definition 4.2.1. Let GG be a finite group, viewed as a finite étale group scheme over
Z[1/|G|]. Fix an isomorphism G* = G, after adjoining the necessary roots of unity to
Z[1/|G|]. B (G) is defined as the substack of K11 (BG) over Z[1/|G]] whose objects are

twisted Teichmiiller G-structures on twisted curves. An object of K, ,(BG)(T) is a pair
(C, @), where C/T is a 1-marked genus-1 twisted stable curve with non-stacky marking, and
¢ is a group scheme homomorphism G — Pic2 s+ By definition, (C, ) € By, (G)(T) if and
only if, whenever P — C is a G-torsor corresponding to ¢ (fppf-locally on T'), the geometric
fibers of P/T are connected.
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Blel (@) is naturally a closed substack of K, (BG). Working over Z[1/N], the choice of a
primitive N*! root of unity (y determines an isomorphism of group schemes G := Z/(N) =
pn over Z[Cy,1/N]. Applying the resulting isomorphism K, ;(BG) = K, 1(Buy), we may
view Y;(N) as a substack of K; ;(BG), and the closure of Y;(N) in K; 1 (BG) over Z[(x,1/N]

can be shown to be B{% (G) (indeed, this follows from 4.2.4 below). Thus:

Corollary 4.2.2. The closure of Y1(N) in K1 1(Buy) over Z[1/N] is the stack whose objects
over a scheme T/Z[1/N] are pairs (C,¢), where C/T is a 1-marked genus-1 twisted stable
curve with non-stacky marking, ¢ : Z/(N) — Picg/s 1s a group scheme homomorphism, and
whenever P — C is a py-torsor corresponding to ¢ (fppf-locally on T) the geometric fibers
of P/T are connected.

However, in characteristics dividing N, simply requiring the puy-torsors to have con-
nected geometric fibers will not give us a moduli stack isomorphic to the closure of Y;(N)
in Ky 1(Bpuy). For example, the group scheme p,» is itself connected over any field of char-
acteristic p; so any pyn-torsor over an n-marked genus-g twisted stable curve over a field
of characteristic p will automatically be connected. So if the above result held over a base
scheme S € Sch/F,, it would say the closure of Y, (p") in K11 (B, ) is all of K;,I(B,upn) (the
substack of Ky 1 (B~ ) where the marking is representable). We will see that this is not true;
the closure of Y;(p™) turns out to be finite and flat of constant rank p** — p?"~2 over ﬂlvl,
while K/Ll(Bupn) turns out to be finite and flat of constant rank p** over M ;.

A py-torsor over C/S determines a group scheme homomorphism Z/(N) — Picg /s (cf.
3.4.2), and over Z[1/N] a uy-torsor with connected geometric fibers corresponds to a group
scheme homomorphism which is injective. We are therefore led to consider Drinfeld struc-
tures on our twisted curves:

Definition 4.2.3. Let C/S be a l-marked genus-1 twisted stable curve with no stacky
structure at its marking. A [I';(N)]-structure on C is a group scheme homomorphism ¢ :
Z/(N) — Picg/s such that:

e the relative effective Cartier divisor

D=3 [¢(a)]

a€Z/(N)
in Picg /s 1s an S-subgroup scheme, and

o for every geometric point p — S, Dj meets every irreducible component of (Picg / s)p =
. 0
Picekp)-

Over any scheme S, we define X{"(/N) to be the substack of K1.1(Buy) whose objects over
an S-scheme T are pairs (C, ¢) € K11(Bun)(T) such that ¢ is a [I';(IV)]-structure on C.
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Note that if C/S is a 1-marked genus-1 stable curve (non-twisted), so that every geometric
fiber of C/S is either a smooth elliptic curve or a Néron 1-gon, then this agrees with the
definition of a [I';(N)]-structure on C/S as given in [Con07, 2.4.1] and in Definition 2.2.1
above, identifying a [I';(IV)]-structure P € C*(S) with its corresponding group scheme
homomorphism

Z/(N) —C™
1— P,

since Pich /s = C*™ in this case.

Theorem 4.2.4 (Restatement of 1.1.1). Let S be a scheme and X{¥(N) the stack over
S classifying [I'1(N)]-structures on 1-marked genus-1 twisted stable curves with non-stacky
marking. Then XY (N) is a closed substack of K1 1(Buy), which contains Y1(N) as an open
dense substack.

In particular X (V) is flat over S with local complete intersection fibers, and is proper
and quasi-finite over My ;.

Remark 4.2.5. Although this gives a new modular compactification of Y;(N), it should be
noted that the proof of the theorem relies in several places on the proof in [Con07] that the
moduli stack classifying [I'; (V)]-structures on generalized elliptic curves is a proper algebraic
stack over Ml,l.

Proof of 4.2.4. The main point is to verify the valuative criterion of properness for X{"(N),
which implies X" (N) is a closed substack of K1 1(Buy). It follows from Lemma 3.4.4 that
Y1(N) is dense.

Let R be a discrete valuation ring with 7" := Spec(R) € Sch/S; write n = Spec(K) for
the generic point of T and s = Spec(k) for the closed point. Let

(Cos b)) € X3V (N) (),
so C,/K is a 1-marked genus-1 twisted stable curve with non-stacky marking and
¢yt Z/(N) = Picg, i

is a [['1(N)]-structure on C,. Since Ky 1(Buy) is proper over S, there is a discrete valuation
ring Ry containing R as a local subring, with corresponding morphism of spectra T} — T
over S, such that the pair (C, xr 11, (¢,)7,) extends to a pair

(Cry, é1,) € K1 (Bun)(T);

and whenever such an extension exists, it is unique. Therefore it suffices to show that for
some such R; and Tj, there exists a [[';(N)]-structure ¢, on a l-marked genus-1 twisted
stable curve Cr, extending the [I'; (IV)]-structure (¢,)r, on C, xp Ti. This is accomplished
in Lemmas 4.2.7-4.2.10 below.
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Terminology 4.2.6. In the following lemmas and their proofs, “base change on R’ will
refer to replacing R with a discrete valuation ring R; as above.

By [DR73, IV.1.6], after a base change on R we may assume that the minimal proper
regular model of the coarse space C, of C, is a generalized elliptic curve. We maintain this
assumption for the rest of the proof.

Lemma 4.2.7. Suppose C, /K is a smooth elliptic curve whose minimal proper regular model
over R is smooth, and ¢, is a [I'y(N)]-structure on C,. Then after base change on R, (C,, ¢y,)
extends to a [I'1(N)]-structure ¢ on a smooth elliptic curve C/R.

Proof. This is immediate from the fact that the stack Xy (V) classifying [I'; (N)]-structures
on generalized elliptic curves is proper ([Con07, 1.2.1]). O

Lemma 4.2.8. Suppose (C,, ¢,) € XY (N)(n), such that the coarse space C, of C,, is singular.
Then after base change on R, (Cy, ¢,) extends to (C,$) € X (N)(R).

Proof. After a base change on R, we may assume that C,/K is the standard jpg-stacky
Néron 1-gon as in Example 3.2.4, for some d > 1; since C, admits a [I';(V)]-structure and
Picgn/K = Gpx X Z/(d), we have d|N.

Hd

Standard pg4-stacky Néron 1-gon

Let C/R be the standard pg-stacky Néron 1-gon over R, so C is a genus-1 twisted curve over
R extending C, (and of course the marking of C, extends to C). After further base change
on R we may assume uy(K) = uy(R). Let

On(1) = (¢, a) € Gm(K) x Z/(d);

since ¢, is a [I'1(V)]-structure on C,, we have ¢ € uy(K) and a € (Z/(d))*. Since uy(K) =
pun(R), this extends to a section ((,a) € G,,(R) x Z/(d), determining a group scheme
homomorphism

¢:Z/(N)— G, rxZ/(d)
with ¢(1) = ((,a). Since a € (Z/(d))*, ¢ is a [['1(N)]-structure on C. O

Lemma 4.2.9. Suppose R has pure characteristic p > 0, and C,, = E, is an elliptic curve
over K whose minimal proper regular model over R is not smooth; that is, E,/K is an
ordinary elliptic curve with bad reduction. If ¢, : Z/(N) — Picgn/K is a [I'y(N)]-structure
on C,, then after base change on R, there exists a pair (C, ) € XT¥(N)(R) extending (C,, ¢y)-
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Proof. Since for any coprime N and N’ we obviously have

KM(BMNN’) = K1,1(5,111\[) X1, KM(B,MN/)

and
X (V) 22 X (V) g, X (A,
it suffices to consider the cases where (a) NN is prime to p (including the case p = 0) and (b)
N =p".
(a) First suppose (N,p) = 1 or p = 0. After base extension on R we may assume that

the finite abelian group E,(K)[N] is isomorphic to (Z/(N))?. After further base extension
on IR, the map ¢, gives us a py-torsor P, — E,, corresponding to the point

Qn = oy(1) € Picy, /i (K) = E,(K)

of “exact order N” in the sense of [KM85, §1.4] (and since (IV,p) = 1, this just says @), has
exact order N as an element of the group E,(K)).

Let €/R be the minimal proper regular model; after further base extension on R and
replacing € with the new minimal proper regular model of E,, we may assume € has the
structure of a generalized elliptic curve extending that of E, ([DR73, IV.1.6]; also cf. [Con07,
proof of 3.2.6]). Since E,(K) = €™ (R), the finite flat R-group scheme & [N] has rank N2,
hence is étale over Spec(R) since (NN, p) = 1. Therefore the special fiber €, is geometrically
a Néron mN-gon for some m.

Replacing € with its contraction away from the subgroup scheme E[N] C & (cf.
[DR73, IV.1]), we get a generalized elliptic curve /R extending E,, whose special fiber is
geometrically a Néron N-gon, with E,(K)[N] = & (R)[N].

(N-gon)

Note that @, extends uniquely to a section @ € E(R)[N] of exact order N, which Conrad
calls a “possibly non-ample [I';(N)]-structure on €,” meaning ) satisfies all the conditions
of a [I';(N)]-structure except that the relative effective Cartier divisor

Y [a-Q]

a€Z/(N)

might not meet every irreducible component of a geometric closed fiber ;.
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Recall that by Corollary 3.4.3,

r

P, =Spec, (P Ll(a-Q,) - (05,)))

D c((a- Q) — (08,))

induced by the Z/(N)-grading. Since N is invertible on Spec(R), the assumptions of 3.4.5
are satisfied, so we may identify P, with E,/(Q,), with the quotient map P, — E,, identified
with the quotient map

Il
o

with the py-action on

E,/{Qn) = Ey/Ey[N] = E,.
Then the py-action on P, = E,/(Q,) is determined by the group scheme isomorphism
E,[N]/(Q,) = pn induced by the ey-pairing and the choice of @,

Ey[N1/{Qn) = {Qu} x Eg[N1/(Qy) = (Qq) x Ey[N]/(Qy) =

By [Con07, Theorem 4.1.1], the ey-pairing on E, /K extends (possibly after further base
change on R) to a nondegenerate bilinear pairing of finite flat commutative group schemes
over R

en : E[N] x E[N] — pn.

Therefore the isomorphism of group schemes E,[N]|/(Q,) = pn described above may be
extended via the same formula to an isomorphism of group schemes E™[N]/(Q) = ux.
This isomorphism of group schemes makes P’ := [£/(Q)] a uy-torsor over the twisted
curve C' := [E/E"™[N]], extending our original py-torsor over E, (C' is indeed a twisted
curve: by [AOV11, Prop. 2.3] we may detect this on the geometric fibers, where it is clear,
since the geometric closed fiber of C’ is a standard py-stacky Néron 1-gon). But P’ is not
necessarily representable. Indeed, let d be the minimal positive integer such that d - Qs lies
in the identity component of the geometric closed fiber €;. Then the coarse space P of P.

is a Néron N/d-gon, and for any geometric point § — Pg mapping to a node of P§7 we have
Ps X5 = (Bpnya)r()-

KUNyd
KUNyd

A _ KN

KUNyd

HNy/d

Py =1[E5/(Qs)] Cs = [&5/E5" [N]]
(Stacky N/d-gon)
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Let P — C be the uy-torsor corresponding to the relative coarse moduli space ([AOV11,
Thm. 3.1]) of the map C' — Buy coming from the puy-torsor P* — C’. The generic fibers
are the same as those of P' — C’, Ps is a non-stacky Néron N/d-gon, and Cs is a standard
pg-stacky Néron 1-gon, say with coarse space 7 : Cs — (5.

Cs

(N/d-gon)

Let § — Cs be a geometric point mapping to the node of Cs. Then Csx .G = (Buq) k(g) and
Ps X ¢, q = pinyqg X @ (which as a k(g)-scheme is just N/d disjoint copies of g since (N,p) = 1),
so the resulting piy-torsor over (Bjug)y(g) corresponds to a generator of H* (Bugq, un) = Z/(d).
Therefore, with respect to the decomposition

Picgg/k(g) = Picocg/k(g) x H(Cs, R'7,G,,) = G,, x Z/(d),

the class of the py-torsor Ps — Cs projects in the second factor to a generator of Z/(d), so
the map
¢ : Z/(N) = Picg
induced by P is a [I'; (IV)]-structure on the twisted curve C/R extending the [T’y (IV)]-structure
¢, on C,,.
(b) Now suppose N = p". After base change on R, the [I';(IV)]-structure ¢, gives us a
pn-torsor P, — E, corresponding to the point

Qy = ¢y(1) € PiCDE,,/K(K) = Ey(K)

of “exact order N” (in the sense of [KMS85, §1.4], but not necessarily as an element of the
group E,(K)). Since E,/K is ordinary, after base change on R we have an isomorphism of
group schemes over K

E,[N] 2 iy x Z/(NV),
Ey(K)IN] = pn(K) X Z/(N) = {1} X Z/(N) = Z/(N).
The py-torsor P, — E, is

N-1

P, = Spec,, (P L((a- Q) — (0g,)))

a=0
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with the py-action on
D £(@y) - (08,))

induced by the Z/(N)-grading.
Choose m > 0 minimal such that the image of p™ - @, in Z/(N) is zero. So p™-Q, = 0g,
is viewed as a point of “exact order p"~™” on E,. Since

L((p™ - Qy) = (0,)) = Op,,

the corresponding ju,m-m-torsor over E, is trivial. So if C/R is a twisted curve extending
E,/K, the pun-m-torsor corresponding to p™ - @, will automatically extend to the trivial
fpn—m-torsor over C.

Now view @), as a point of “exact order p™” on E, /K. The relative effective Cartier

divisor
Dy = Z [a- Q)
a€Z/(p™)
in F, is a subgroup scheme which is étale over K. So by 3.4.5, E, /D, is the underlying
scheme of the p,m-torsor corresponding to @,. The p,m-action on E,/D, is given by the
group scheme isomorphism
Ey[p™]/ Dy = pipm

induced by the e,=-pairing and the choice of @Q,:
E,[p™/ Dy = {Qy} X Ey[p™]/ Dy = Dy x Ey[p™]/ Dy 25 pim.

After a base change on R if necessary, let £/R be a generalized elliptic curve extending
E,, with a [I'y(p™)]-structure @ on € extending @,. The special fiber €/k is geometrically
a Néron p™-gon, and E™[p™| = p,m X Z/(p™).

(p™-gon)

By [Con07, Theorem 4.1.1], the e,m-pairing on E, /K extends (possibly after further base
change on R) to a nondegenerate bilinear pairing of finite flat commutative group schemes
over R

epm + E[p™] X E[P™] = pupm.
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Therefore the isomorphism of group schemes E,[p™]/D, = u,~ described above may be
extended via the same formula to an isomorphism of group schemes

e ™/ D = pym,

where D is the relative effective Cartier divisor

D= 3 la-Q

a€Z/(p™)

in €. This makes the quotient [£/D] = €/D a representable p,m-torsor over the twisted
curve

C:=[&/e™p™),

which extends the given p,n-torsor over £,.

s
Uy PP
- ILme

[€s/ Ds] Cs = [E5/E3 [p™]]

The geometric special fiber Cs is a standard p,m-stacky Néron 1-gon, say with coarse

space
w:Cs — Cs.

The quotient [E5/Ds] = €5/ D5 is a (non-stacky) Néron 1-gon, and the quotient map
P§:: 8§/D§—>C§
extends the map

P = Gy, = C = Gy

=z
In particular, if § — C5 is a geometric point mapping to the node of (5, then
C xcq = (Buym )k
and Ps x¢ ¢ = @, so the resulting p,m-torsor over (Bj,m )k corresponds to a generator of
H' By, py) = Z/ (p™).
Therefore, with respect to the decomposition

Picgg/k(g) = PlC%;/k(g) X HO<C§, RIW*Gm) = Gm X Z/(pm>,



CHAPTER 4. MODULI OF ELLIPTIC CURVES IN K, 1(Bpuy) 43

the class of the p,m-torsor Ps — Cs projects in the second factor to a generator of Z/(p™),
so the group scheme homomorphism

¢:Z/(p™) — Picg/

corresponding to P := [€/D] = &£/D is a [['1(p™)]-structure on the twisted curve C/R.

Finally, write
p7—1

P = Spec ( @ ﬁa),
a=0

with the grading determined by the p,m-action on P. Since P extends the fi,m-torsor on E,
determined by @,, we have L,|,, = L((Q,) — (0g,)). Then

pr—1
P X lupn,m = SpeCj( @ /C(a mod pm))
a=0

is a pyn-torsor over C with the pyn-action determined by the grading, extending the original
ppn-torsor over [, and representable since P is representable. Since the group scheme
homomorphism ¢ : Z/(p™) — Picg /g corresponding to P is a [['y(p™)]-structure on C, and
the group scheme homomorphism ¢' : Z/(p") — Picp /g corresponding to P X fipn-m is
¢ o7 for the canonical projection 7 : Z/(p") — Z/(p™), it follows immediately that ¢’ is a
[I'1(p™)]-structure on C. O

Lemma 4.2.10. Suppose R has mized characteristic (0,p), and C, = E,, is an elliptic curve
over K whose minimal proper reqular model over R is not smooth; that is, E,/K is an
ordinary elliptic curve with bad reduction. If ¢, : Z/(N) — Picgn/K is a [['1(N)]-structure
on C,, then after base change on R, there exists a pair (C, ) € XT¥(N)(R) extending (Cy, ).

Proof. As before, we can restrict to the two separate cases where (N,p) = 1 and where
N =p".

(a) If (p, N) = 1, the same argument as in part (a) of the proof of Lemma 4.2.9 carries
through.

(b) Suppose N = p". As in the proof of Lemma 4.2.9, after base extension on R we can
extend E, to a generalized elliptic curve €/R whose special fiber is geometrically a Néron
N-gon, such that

£ (R)IN] = E,(K)[N] = (Z/(N))?
(the latter isomorphism being a noncanonical isomorphism of abelian groups). After further
base change on R, the [I';(p")]-structure ¢, gives us a py-torsor P, — E,, corresponding to

Qy = ¢y(1) € Picy, i (K) = E,(K)

of “exact order N” in the sense of [KMS85, §1.4]. @, extends to a “possibly non-ample
[I'1 (N)]-structure” on €/R. Since the special fiber €, is geometrically a Néron N-gon, after
further base change on R we may assume E¥[N] = uy x Z/(N), so

E3M(k(s))IN] = pn(k(s)) x Z)(N) = {1} X Z/(N) = Z/(N).
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Suppose d > 1 is minimal such that d - @, maps to 0 in Z/(N). Then we can choose
Q',Q? € &™(R)[N] such that:

° Q=0Q"'+ Q" in &M(R);

e Q! has exact order d in the abelian group €™ (R)[N], and the relative effective Cartier
divisor

in €™ is étale over Spec(R); and
e (Q? maps to 0 in Z/(N) via the above isomorphism.

In the abelian group &™(R)[N] = (Z/(N))?, Q* has exact order e for some e|N. Therefore
Q, is a [['y(d)]-structure on E,, and Q3 is a [I';(e)]-structure on E,. They correspond via
Lemma 3.4.2 to the pg-torsor

U

-1

P = SpecEn( L((a-Qp) = (0g,)))

I
=)

and the p.-torsor
e—1

pP? = SpecEn(@E((a -Q2) — (0g,)))
a=0
respectively, with the gradings determining the actions of uy and p.. The py-torsor corre-
sponding to ), via Lemma 3.4.2 is

=

-1

P, = SpecEn( L((a-Qy)— <0En)))

Il
o

The group law on E, tells us that
(@) = (05,)) + ((Q7) = (05,)) ~ (Qy + Q7)) = (05,) = (Qy) — (05,),

so we conclude that

P, = Spec, (@ Ll(a- QL) — (0,)) @ L((a- @) - (05,)))

with the py-action induced by the grading.
Consider the pg4-torsor Pnl — E,. As in Lemma 4.2.9, factoring the isogeny [d] on E, as
E, — E,/(Q)) — E,, we have P, = E, /(Q,) with j14 acting on P, through the isomorphism

with the group scheme F,[d]/(Q,) induced via

Eyld]/(Qy) = {Qy} x Eyld]/(Qy) — (@) x Eyldl/(Qy) = ha.

Let & /R (possibly after base change on R) be a generalized elliptic curve extending E,,
whose closed fiber is geometrically a Néron d-gon, with E™(R)[d] = E,(K)[d].
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81,77 81,§

(d-gon)

As in Lemma 4.2.9, after further base change on R we may assume that the e4-pairing on E,,
extends to a nondegenerate bilinear pairing of finite flat commutative group schemes over R

eq: EMd] x EM[d] = pa.

Q, extends to a [I'y(d)]-structure Q' on &€;/R, and the relative effective Cartier divisor

in €™ is étale over R, so via the same formula as above we see that the isomorphism
E,[d]/(Q) = pq extends to a group scheme isomorphism

e [d]/(QY) = pa.
This makes
Ph=[&,/(Q"Y)] = &1/(Qu)

a representable pg-torsor over the twisted curve
C :=[&/&%d]],

extending the given pig-torsor P, — E,.
The special fiber C; is geometrically a standard pg-stacky Néron 1-gon, say with coarse
space
m:Cs — Cl.
The quotient [€1s/Ds] = €15/D;s is geometrically a (non-stacky) Néron 1-gon, and the
quotient map
P!:=¢&,,/D, —C,

extends the map

P = Gy, — O = Gy

x— zd
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“ZE — ZL’d”

P§1 = [81,§/D§] Cs = [81,5/8§%[d]]
In particular, if § — C; is a geometric point mapping to the node of Cj, then
C xcq = (Bua)k()
and P! x¢ g =, so the resulting pig-torsor over (Bug)(q) corresponds to a generator of
HY (B, pa) = Z/(d).
Therefore, with respect to the decomposition
Pice_ e = Picg, i X H(Cs, R'1,Gy) = Gy, x Z/(d),

the class of the pg-torsor P! — C, projects in the second factor to a generator of Z/(d).
Thus the group scheme homomorphism

Z/(d) — Picg/R
defined by the pg4-torsor
Pl = [81/D] = 81/D

over C is a [I';(d)]-structure on the twisted curve C/R.

Next consider the p-torsor Pg — E,. Let m: C — C be the coarse space of the twisted
curve C/R described above. By [DR73, IV.1.6], after further base change on R we may
assume that C//R is a generalized elliptic curve, with structure extending that of E,; note
that C,, = E,, and that C is geometrically a Néron 1-gon.

We may take the scheme-theoretic closure of the section Q% € E,(K) to get a unique section
Q* € C*™(R); necessarily e - Q* = O¢ since e - Q2 = 0g,. The isomorphisms

L{(a- Q) = (0g,) ® L((b- Q) — (0r,)) = L(((a+b) - Q) — (0z,))
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of line bundles on £, extend uniquely to isomorphisms

L{(a- Q%) = (0c)) ® L((b- Q%) = (0c)) = L(((a +b) - Q%) — (0c))

of line bundles on C; therefore the p.-torsor

Pg = SpeCEn(@C((a . Q%) — (OEn)))

extends uniquely to a p-torsor
e—1
P? = Spec_ (P L((a- Q) — (0¢)))
a=0

over C, with the y.-action induced by the grading. Since Pic /r has irreducible geometric
fibers, this is a [I';(e)]-structure on the generalized elliptic curve C'/R. Pulling this back to C
via the coarse moduli space map 7 : C — C, we get a p.-torsor P? — C extending P772 — Ly,
such that the corresponding map ¢ : Z/(N) — Pich /g lands in the identity component of
every geometric fiber.

Finally, we return to the uy-torsor P, — E,. Write the ug-torsor P! — C as

d—1
P! = Spec (@Ea),
a=0

50 Laly = L((a - Q,) — (0g,)); and write the pe-torsor P? — C as

e—1
P? = Spec (EBE;),
a=0

s0 L,|, = L((a- Q) — (0g,)). Consider the py-torsor

N-1
P := Spec (@Ea mod d @ Ly mod ¢ )
a=0

over C, with the py-action induced by the grading. Since
L((a-Qy) = (0g,)) ® L((a- Q7)) — (0g,)) = L((a- Q) — (0g,)),

we conclude that P — C extends the original piy-torsor P, — E,. Furthermore, with respect
to the decomposition

Picgs/k(s) = Pic%s/k:(s) X HO(Csa Rlﬂ'*Gm) = Gm X Z/(d)a

the line bundle £;|s projects to a generator of Z/(d), and the line bundle £)|s projects to
0 € Z/(d); therefore the line bundle (£, ® £})|s projects to a generator of Z/(d), so the group
scheme homomorphism Z/(N) — Picg/R corresponding to the py-torsor P — Cis a [I';(N)]-

structure on C/R, extending our original [I'y(N)]-structure ¢, : Z/(N) — Picg7 K- O
This concludes the proof of our final lemma and thus of Theorem 4.2.4. O
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4.3 Reduction mod p of K/Ll(B,uN)

The analysis of H;(N) above immediately generalizes to the compactified case. Recall
(3.2.8) that K,Ll(B,uN) C K1.1(Bpuy) denotes the closed substack classifying rigidified twisted

stable py-covers of twisted curves with non-stacky marking; K/Ll(BuN) is the closure of
Kil(B,uN) ~ H;(N) in K, 1(Buy) by Lemma 3.4.4.
We have a natural closed immersion

(D X (d) = Ky (Bw)

for each d dividing N, precomposing a map Z/(d) — Picg /s with the canonical projection
Z/(N) — Z/(d). The resulting map

| |2 (d) — K, (Buw)

d|N
is an isomorphism over S[1/N].

Definition 4.3.1. Let p be prime and S € Sch/F,. Let C/S be a 1-marked genus-1 twisted
stable curve with no stacky structure at its marking. Let n > 1 and a,b > 0 with a +b = n.
A [I'1(p™)]-(a, b)-cyclic structure on C is a [I'1(p™)]-structure ¢ : Z/(p™) — Picg/s, such that:

e if S C S is the maximal Zariski open subset such that Cs, — 57 is smooth, ¢g, :
Z/(p") — Cg, is a [I'1(p™)]-(a, b)-cyclic structure in the sense of [KM85]; and

e if Sy C S is the complement of the supersingular locus of C — S, then the relative
effective Cartier divisor

pb
D:= ) [¢(m)]
m=1
in Picgs2 /s, 18 a subgroup scheme of Picgs2 /5, Which is étale over 55.

Over the base scheme S € Sch/F,, we define XX} (p")(@¥ C Xt (p") to be the closed substack
associating to 7'/S the groupoid of pairs (C, ¢), where C/S is a 1-marked genus-1 twisted

stable curve with non-stacky marking, and ¢ is a [I';(p™)]-(a, b)-cyclic structure on C.
If N =p"N' with (N, p) = 1, we define Xt (N)(®?) := XV (N') xx7, | X (pm)@?).

The same argument as that used to prove Lemma 2.3.5 immediately gives us:

Lemma 4.3.2. Let C/S/F, be a 1-marked genus-1 twisted stable curve with non-stacky
marking, and let ¢ : Z/(p") — Picg/s be a [I'1(p™)]-(a,b)-cyclic structure on C. Then for the
canonical projection w : Z/(p" ™) — Z/(p"), the composite pom : Z/(p"™') — Picg/s is a
[T (p"™Y)]-structure on C, and is [T'1(p"*1)]-(a + 1,b)-cyclic.
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If N =p"N' with (N',p) = 1, for any r|N' write K;,l(BuN)T C KILI(B,MN) for the union
of the components X{¥(p™r) over 0 < m < n.

Corollary 4.3.3. Let k be_/a perfect field of characteristic p, and let N = p"N' where
(N',p) = 1. For any r|N', Ky ,(Bun)j, is the disjoint union, with crossings at the supersin-
gular points, of components Zj for 0 < b < n, where

T W[, T m—b,b
= e,

b<m<n

identifying each x5W(pmr),§m‘b’b> with a closed substack of K/Ll(B,uN)k via 1P, Each sub-
stack Xﬁw(pmr),gm_b’b) is “set-theoretically identified with Z” in the sense that (Z})rea =
xl(pmr),(ng;f’b) as substacks of K/Ll(BuN)k,red. K;J(Bu]\/)k is the disjoint union of the open
and closed substacks

(K11 (B}

Strictly speaking, to apply the crossings theorem (Theorem 2.3.1) to get the above corol-
lary, we need to know that the morphism K/Ll(B,uN) — M, is finite. This follows from
Lemma 6.1.3 below.

The picture in the case N = p" is essentially the same as the picture for K?l(l’)’,upn) k (as
discussed after Proposition 4.1.1), except now each component is proper:

Kl,l(BMp">k
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Chapter 5

Moduli of elliptic curves in Kljl(B,u%V)

5.1 Reduction mod p of H(N)

Next we turn our attention to KC; ;(Bu%), working as before over an arbitrary base scheme
S. Recall that by Corollary 3.4.3, the open substack Kil(Bu?\,) classifying rigidified twisted
p3-covers of smooth elliptic curves is naturally equivalent to the stack H (V) associating to
a scheme T'/S the groupoid of pairs (E, ¢) where E/T is an elliptic curve and

¢ (Z/(N))* = E[N]

is a homomorphism of group schemes over 7.

For any subgroup K < (Z/(N))? with corresponding quotient G = (Z/(N))?/K of
(Z/(N))?, recall (Definition 2.3.11) that Yx denotes the moduli stack associating to a scheme
T'/S the groupoid of pairs (E, ), where E/T is an elliptic curve and ¢ : G — E is a G-
structure (in the sense of [KM85, §1.5]). So for example, if Gx = Z/(d) for some d|N, Yx
is isomorphic to the stack Y;(d), and if Gx = (Z/(d))?* then Y is isomorphic to the stack
Y(d) classifying (not necessarily symplectic) [I'(d)]-structures on elliptic curves.

For every such K, we have a closed immersion

K Yg — H(N),

given by precomposing a Gg-structure ¢ : Gx — E[N] with the canonical projection
(Z/(N))* — Gg. Together, these give a proper surjection

|| Yk —HW)

K<(Z/(N))?

which is an isomorphism over S[1/N].

But in characteristics dividing N this is not an isomorphism. First we consider the case
where N = p" for some prime p. Any quotient Gx = (Z/(p"))?/K is isomorphic as an
abelian group to Z/(p™) x Z/(p') for some [ < m < n. The corresponding moduli stack Y
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classifies G'g-structures on elliptic curves, and we saw in Theorem 2.3.12 that over a perfect
field k£ of characteristic p, Yk is the disjoint union, with crossings at the supersingular
points, of substacks Yi{ , indexed by the set

Lk :={H < Gg|H and Gk /H are both cyclic}.

The component Yl , classifies G g-structures of component label H.

Now consider two subgroups K’ < K < (Z/(p"))?, and write 7 : Gg» — Gy for the
canonical surjection. If ¢ : Gx — E[p"] is a Gg-structure on an ordinary elliptic curve
E/T/k, then ¢pom may or may not be a Gg-structure on E. Indeed, we saw in Lemma 2.3.13
that ¢ o 7 is a Gk structure if and only if 77! (H) € L, i.e. if and only if 77! (H) C Gk
is cyclic.

Consider the set

{(K, H)|K < (Z/("))*, H € L}
Let ~ be the equivalence relation on this set generated by requiring that (K, H) ~ (K', H')
if K" < K and H, H' are as above, and let A = {(K,H)}/ ~.

Proposition 5.1.1. Let k be a perfect field of characteristic p. H(p™)y is the disjoint union,
with crossings at the supersingular points, of components H(p"™)} for X € A, where

iH(p”)Q:: U %Kka

(K, H)]=A

identifying each HKk with a closed substack of H(p™)y via 1. Each Hg’k 18 “set-theoretically
identified with H(p™);” in the sense that

(g'C(Pn)z)red = ngﬁred
as substacks of H(p™)grea for all (K, H) with [(K,H)] = X € A.
If N = p" N’ with (p, N') =1, for any A < (Z/(N))? of order prime to p, let
H(N)i C H(N)s

be the union of the substacks Yy for A < K < (Z/(N))? with (K : A) a power of p.
Then similarly H(N)i is the disjoint union, with crossings at the supersingular points, of
components H(N)™ for X € A, and H(N)y is the disjoint union of the open and closed
substacks H(N)i for A < (Z/(N))2 of order prime to p.

As in the case of H;(p"), the reduction mod p of H(p™) has an appealing geometric
description. To keep our pictures from getting unreasonably large, we restrict our attention
to the case n = 1. The group K := (Z/(p))? has p + 3 subgroups, namely the entire group
K, Ky :=0, and p + 1 subgroups Kj, ..., K, 41 isomorphic to Z/(p), corresponding to

HK— (1)
9(p)
IéKi = Hl(p) fori=1,...p+1.
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Thus, over Z[1/p], H(p) is the disjoint union of Y(1), Y(p) and p + 1 copies of Y;(p).
By definition we have

Lg, ={K1,...., Kpi1}
Ly, ={Gkg,,0} fori=1,...,p+1,

where as usual Gg, = (Z/(p))?/K;. The set of labels A is built by putting an equivalence
relation on the set consisting of the following pairs:

(K,0)
(Ko, K;) fori=1,..,p+1
(K;,Gg,) fori=1,...,p+1
(K;,0) fori=1,...,p+ 1.

By definition, working over a perfect field & of characteristic p, the pair (K, 0) corresponds
to Y(1)x; the pair (Kj, K;) corresponds to the component Y(p);- of Y(p); the pair (K;, Gx,)
corresponds to the component ‘31(]7)21’0) in Y, r = Y1(p)x; and the pair (K;,0) corresponds

to the component ‘él(p),(co’l) in Y, = Y1(p)r. Unwinding the definition, we see that the
equivalence relation defining A just says that (K,0) ~ (K;, Gg,) fori =1,...,p+ 1, and that
(Ko, K;) ~ (K;,0) for i = 1,...,p+ 1. Thus the set of labels is A = {Ag, A1, ..., A\p+1}, where

/\0: [( )] [(K’HGKZ)] for@zl,,p—l—l
N = [(Ko, K3)] = [(K;,0)] fori=1,..p+1.

H(p)k rea can be visualized as follows:

H(p)kred

H (p) z,ored

The component J(p);° is “set-theoretically identified” with the component Y(1) and with

(1,0)

the component Y;(p), " in each copy of Y1 (p)s; each of these contributes additional nilpotent
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structure to the component H(p)* (each Hl(p),(:’o) has length p — 1 over j{(p>2,0red =Y(1)y,
SO J—C(p)zo has length (p+1)(p — 1) + 1 = p? over U-C(p),??red =Y(1)p).

F(p)y°

Fori=1,...,p+1, the component H (p)zl is “set-theoretically identified” with the component

Y(p) of Y(p)x, contributing nilpotent structure to H(p), (each Y(p)r has length p— 1 over
f}{(p)zfred). The component J{(p);’ is also “set-theoretically identified” with the component

‘jl(p),(co’l) of Yk, r = Y1(p)k; each of these is reduced, adding 1 to the length of the component
H(p);* over S}C(p)zfred. Thus H(p),y' has length p over f}{(p)zfred, which is isomorphic to

Hl(p),(go’l) and hence has degree p* — p over Y(1); (cf. [KM85, 13.5.6]). The result is that

the component f]{(p)zi has length p over the underlying reduced stack Hl(p),(co’l), which has
degree p* — p over Y(1):

H(p)y!

This gives us the following picture of H(p)y:
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J'C(p)k

H(p),°

Note that adding up the lengths calculated in the course of the above construction, we
recover the fact that the stack H(p) has length p* over Y(1) = M, ;.

5.2 Closure of Y(N) in K1 1(Bu3,)

Definition 5.2.1. Let C/S be a 1-marked genus-1 twisted stable curve over a scheme S, with
no stacky structure at its marking. A [I'(V)]-structure on C is a group scheme homomorphism
¢:(Z/(N))?* — Picg/s such that:

e the relative effective Cartier divisor

D=3 [¢a)

a€(Z/(N))?
in Pich /s 1s an N-torsion subgroup scheme, hence D = Picg /s[N]; and
e for every geometric point p — S, Dy meets every irreducible component of (Pic® /5)p =
Plcgﬁ/k@) .

We write X™(N) for the substack of K;;(Bu%) associating to 7/S the groupoid of pairs
(C, ), where C/S is a 1-marked genus-1 twisted stable curve with non-stacky marking, and
¢ is a [I'(IV)]-structure on C.

Note that if C/S is a twisted curve admitting a [I'(/V)]-structure and p — S is a geometric
point such that Cj is singular, then necessarily

Picg @) = Gm x Z/(N),

so by Lemma 3.3.8 C; is a standard uy-stacky Néron 1-gon over k(p), as in 3.2.4.
Applying the methods of our study of X{¥(N) to the stack X™(N), we have:
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Theorem 5.2.2. Let S be a scheme and X™(N) the stack over S classifying [['(N)]-
structures on 1-marked genus-1 twisted stable curves with non-stacky marking. Then X™(N)
is a closed substack of Ky 1(Bu3), which contains Y(N) as an open dense substack.

In particular X* (V) is flat over S with local complete intersection fibers, and is proper
and quasi-finite over M ;.

Remark 5.2.3. In [Pet12] a direct proof is given that over Z[1/N], X" (N) agrees with
the stack X(NV) classifying [I'(/V)]-structures on generalized elliptic curves; in this case a
p%-torsor over a 1-marked genus-1 twisted stable curve with non-stacky marking is in fact a
generalized elliptic curve, and it is this observation that gives the desired equivalence. This
argument does not generalize to characteristics dividing N, because, for example, if N = p"
then the Néron N-gon in characteristic p (which is a generalized elliptic curve admitting
various [['(N)]-structures) cannot be realized as a p%-torsor over a 1-marked genus-1 twisted
stable curve.

Proof of 5.2.2. This is proved in exactly the same manner as Theorem 4.2.4. An immediate
consequence of Lemma 3.4.5 is that if £'/K is an elliptic curve over a field K in which N is
invertible, and (Q1,Qs) is a [['(NV)]-structure on E, then the u%-torsor

P= SpecE( @ L((a-Q1+b-Q2)— (0g)))

a,beZ/(N)

over F as in 3.4.3 may be identified with E itself, with the quotient map P — FE corre-
sponding to the isogeny [N]: F — E. We immediately deduce via the methods of Theorem
4.2.4 that over an algebraically closed field &k in which N is invertible, the u3-torsor obtained
when we pass to the cusp of M;; is a Néron N-gon P over a standard uy-stacky Néron
1-gon C, with the pA-action on P induced by some choice of isomorphism P™[N] & 3

UN

C = [P/P™[N]]

(N-gon)

And in the case of N = p", over an algebraically closed k field of characteristic p, the uf,n—

torsor P obtained in passing to the cusp of M;; may be realized as a trivial i,-torsor over
a standard Néron 1-gon C’, which in turn is a pyn-torsor over a standard p,n-stacky Néron

~Y

1-gon C = [C"/pn] via the choice of an isomorphism (C”)*[p"] = pin:
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Hpr Hpr 7
oy xp"n P
P= C, X Hpn C, C

In both of the above cases, it is immediately verified that for each of these u%-torsors, the
corresponding group scheme homomorphism

(Z/(N))* = Picgyy, = G x Z/(N)

is a [I'(/V)]-structure on the standard py-stacky Néron 1-gon C in the sense of Definition
5.2.1, giving the valuative criterion of properness for X" (), hence Theorem 5.2.2. O]

5.3 Reduction mod p of K/Ll(B,u?V)

Recall that K/Ll(B,u?V) C K1.1(Bu%) is the closed substack classifying rigidified twisted stable

p3-covers of twisted curves with non-stacky marking; so K;’l(B,u?V) is the closure of
Kl,l(B:u?V> ~ H(N)

n Kl,l (B,u?v)

Definition 5.3.1. Let C/S be a l-marked genus-1 twisted stable curve with non-stacky
marking, and let G be a 2-generated finite abelian group, say G = Z/(ny) X Z/(ng), n1 > na.
A G-structure on C is a homomorphism ¢ : G — Picg /s of group schemes over S such that:

e the relative effective Cartier divisor

D= [6(a)

aeG
. ) . . .
in Picg /g Is an ny-torsion subgroup scheme; and

e for every geometric point p — S, Dj meets every irreducible component of (Picg / s)p =
. 0
Pice,/k(p)-
For any subgroup K < (Z/(N))? with corresponding quotient G = (Z/(N))?/K of
(Z/(N))?, we write X% for the moduli stack over S associating to a scheme T'/S the groupoid

of pairs (C,v), where C/T is a 1-marked genus-1 twisted stable curve with non-stacky mark-
ing, and ¢ : Gx — Picg/T is a G g-structure on Picg/T.
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For a twisted curve C/S/F,, if N = p™ and Gx = Z/(p™) x Z/(p") with m > 1 > 1, we
set
Li :={H < Gg|H and Gk /H are both cyclic},
and for any H € Li we say a Gg-structure ¢ : Gg — Picg/s has component label H
if H maps to the kernel of the n-fold relative Frobenius F™ on the group scheme Picg /s

over S, and the resulting group scheme homomorphism Gy /H — Picp /5P /ker(F™) is a
Gk /H-structure in the sense of [KM85, §1.5].

If Gk = Z/(p™) (ie. 1 =0), then X% = X¥(p™), and for H =2 Z/(p*) € Lx we define
X X% to be the substack X (p™)@™=%) < X™(p™) as in Definition 4.3.1. We still
say that X% classifies G'g-structures of component label H.

So for example, if Gx = Z/(d) for some d|N, X% is isomorphic to the stack X" (d), and
if Gx = (Z/(d))* then X% is isomorphic to the stack X' (d). For every such K, we have a
closed immersion

KX o I (B,

given by precomposing a Gg-structure ¢ : G — Pich 7 With the canonical projection
(Z/(N))* — Gg. Together, these give a proper surjection

L] X = KaBi)
K<(Z/(N))?
which is an isomorphism over S[1/N].

Let k be a perfect field of characteristic p. The same argument proving Theorem 2.3.13
immediately gives us:

Corollary 5.3.2. If K < (Z/(p"))? such that Gi = (Z/(p"))?/ K = Z/(p™) x Z/(p') with
[ <m < n, then X}?k s the disjoint union, with crossings at the supersingular points, of
closed substacks f)Ct[?,’kH for H € L. DCt[?,’kH classifies G -structures with component label H .

As before, we let A denote the set {(K, H)|K < (Z/(p"))*, H € Lk}, modulo the equiv-
alence relation generated by declaring (K, H) ~ (K',7~'(H)) whenever K’ < K with corre-
sponding quotient map 7 : Gx» — Gk such that 771 (H) € Lg,. We conclude:

Corollary 5.3.3. Let k be a perfect field of characteristic p. K;J(Bugn)k s the disjoint

union, with crossings at the supersingular points, of components K;,I(Bugn)ﬁ for X € A,
where

! w,H
IC1,1(BH;2;71)2 = U x;(k )
(K, H)]=A
identifying each x}g;j’ with a closed substack of K/Ll([)’uf,n)ﬁ via *. Each DC?,CH s “set-

theoretically identified with K/M(B,uf,n)ﬁ” in the sense that

! 2\ tw, H
ICI 1(Blu ")k red — kared
b p k) b b
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as substacks szll,l(B,up")k,red for all (K, H) with [(K,H)] =X € A.
If N = p" N’ with (p, N') =1, for any A < (Z/(N))?* of order prime to p, let
K;,l(BH?\/)ﬁ C K;J(B/ﬁ\/)k

be the union of the substacks Xy, for A < K < (Z/(N))* with (K : A) a power of p.
Then similarly KILI(BM?V)? is the disjoint union, with crossings at the supersingular points,
of components E;J(B;ﬁv)?’)‘ for A e A, and K/Ll(Bu?V)k 15 the disjoint union of the open and
closed substacks Ell’l(Bu?V)f for A< (Z/(N))? of order prime to p.

The picture in the case N = p is essentially the same as the picture for Kil(Buz)k ~
H(p)r (as discussed after Proposition 5.1.1), except now each component is proper:

o Ko (B
’C1,1(Bﬂp)k

K1 (Bu2),

Ki,l(BMZ)il

K;,l(BM?g)go
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Chapter 6

Comparison with the classical moduli
stacks

As promised, we verify that the moduli stacks X (NN) and X™(N) are isomorphic to the
corresponding classical moduli stacks, justifying the claim in [AOV11] that we have recovered
the Katz-Mazur regular models:

Theorem 6.1.1 (Restatement of 1.1.2). Quer the base S = Spec(Z), there is a canonical
isomorphism of algebraic stacks
X (N) = X, (N)
extending the identity map on Y1(N), and a canonical isomorphism of algebraic stacks
X™(N) =2 X(N)
extending the identity map on Y(N).

We prove this after some preliminary results; the main point is to demonstrate that
XYW (N) and X™(N) are normal.

Proposition 6.1.2. The morphism m : X{¥(N) — My, sending (C,¢) to the coarse space
C of C is a representable morphism of stacks. In particular, X{¥(N) is Deligne-Mumford.

Similarly the natural morphism X™(N) — M, is representable, and so X™(N) is
Deligne- Mumford.

Proof. We have already seen that X{V(NV) is an algebraic stack, so it suffices to show that
for any object (C,¢) € X{(N)(k) with k an algebraically closed field, the natural map

Aut(C, ¢) — Aut(C)

is a monomorphism of group schemes. Here C/k is the coarse space of C, and automor-
phisms are required to preserve the marking. It is obvious that Aut(C,¢) — Aut(C) is a
monomorphism if C = C' is a smooth elliptic curve over k, so by Lemma 3.3.8 we reduce to
the case where C/k is a standard pg4-stacky Néron 1-gon for some d|N.
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Hd

In this case an automorphism of C is an automorphism of the coarse space C, together
with an automorphism of the pg4-gerbe in C lying over the node of C'. Thus

Aut(C) = Aut(C) x Aut(Buay).

The only nontrivial automorphism of C' preserving the marked point 1 € C' is the automor-
phism ¢ : C' — C induced by the inversion automorphism of G,,. We have Aut(Bugq) = 4,
and the automorphism of Picg/k = G, x Z/(d) induced by (0,¢) € Aut(C) = (¢) X pq sends
(n,a) to (¢*n,a). Since

¢ L/(N) = Picg

meets every component of Pich Ji» the only automorphisms of C than can possibly preserve
¢ are the automorphisms (1) x {0} C Aut(C) (cf. [Con07, proof of 3.1.8]). Thus

Aut(C,¢) C (1) x {0} = Aut(C).
The same argument applies to X™ (V). O
Corollary 6.1.3. X{V(N) and X*(N) are finite over M, ;.

Proof. By Theorems 4.2.4 and 5.2.2, the natural maps Xt (N) — M, ; and X™(N) — M, ;
are proper and quasi-finite; since they are also representable, they are finite. O]

Let oo = M denote the closed substack classifying 1-marked genus-1 stable curves
whose geometric fibers are singular. Let

XY (N)> = XTY(N) x5z, , 00
and
X™(N)™ = X™(N) X7, 00
Exactly analogously to [Con07, 2.1.12], formation of these closed substacks is compatible

with arbitrary base change.

Proposition 6.1.4. The proper flat morphisms X{(N) — Spec(Z) and X™(N) — Spec(Z)
are Cohen-Macaulay (of pure relative dimension 1).

Proof. Let X denote X{(N) or X*(N). The canonical morphism X — M, is finite (by
Corollary 6.1.3) and flat (by Theorems 4.2.4 and 5.2.2), and the structural morphism M;; —
Spec(Z) is Cohen-Macaulay (cf. [Con07, 3.3.1]), so by [Bou07, 2.7.9, Cor. 3], the composite
X — Spec(Z) is Cohen-Macaulay. O
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Lemma 6.1.5. X (N)>® and X™(N)> are relative effective Cartier divisors over Spec(Z)
in XTY(N) and X™(N) respectively.

Proof. Here we are using the notion of a Cartier divisor on a Deligne-Mumford stack, as in
[ACG11, Ch. XIII]. For X = X{¥(N) or X = X"(N), write X> for the pullback X x5, , co.

We know oo C M ; is a relative effective Cartier divisor over Spec(Z) (meaning an effective
Cartier divisor which is flat over Spec(Z)), and by Theorems 4.2.4 and 5.2.2 the morphism
X — ﬂm is flat.

Cartier divisors are preserved by flat morphisms (cf. [Ful98, §1.7]), so X is an effective
Cartier divisor in X. Since X — M ; is flat, so is X — oo, so X is flat over Spec(Z), i.e.
X is a relative effective Cartier divisor in X over Spec(Z). O

Corollary 6.1.6. X" (N) and X*(N) are normal.

Proof. This is proven in an identical manner to [Con07, 4.1.4]. The stacks X{¥(N) and
X™(N) are Deligne-Mumford, and from [ACV03, 3.0.2] we know X{¥(N) ®z Z[1/N] and
X™(N) ®z Z[1/N] are smooth over Spec(Z[1/N]). In particular, they are regular at any
characteristic 0 points. Furthermore, by Proposition 6.1.4 they are Cohen-Macaulay over
Spec(Z) of pure relative dimension 1.

As in [Con07, 4.1.4], we can conclude from Serre’s criterion for normality that it suffices
to prove that these stacks are regular away from some relative effective Cartier divisor, since
such a divisor cannot contain any codimension 1 points of positive residue characteristic.
Use the divisors X (N)> and X*™(N)>°; their complements are Y;(N) and Y(N), which are
regular by [KM85, 5.1.1]. ]

Proof of 6.1.1. X{"(N) and X*(N) are finite, flat and normal over M, i, so they are natu-
rally identified with the normalizations (in the sense of [DR73, IV.3.3]) of M ; in

xiw(N>|M1,1 = %1(]\[)
and
xtW<N)’M1,1 = H(N)
respectively; cf. [Con07, 4.1.5]. ]

We now give a moduli interpretation of the equivalence X;(N) ~ X{¥(N). Let S be a
scheme, E/S a generalized elliptic curve, and P € E*(S)[N] a [I'\(N)]-structure on E.
From this data we want to construct a pair (Cp, ¢p), where Cp/S is a 1-marked genus-1
twisted stable curve with non-stacky marking, and

¢p:Z)(N) — Picgp/s

is a [['y (IV)]-structure on Cp.
If £/S is a smooth elliptic curve, there is nothing to show: we simply take (Cp, ¢p) =
(E, ¢p) where
¢p : Z/(N) — Picy g = E
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sends 1 +— P. Therefore to construct (Cp,¢p) in general, we may restrict to the open
subscheme of S where E/S has no supersingular geometric fibers; once we have constructed
(Cp, ¢p) in this case, we only need to check that it agrees with our previous construction for
ordinary elliptic curves.
For the rest of the construction, assume that £/S has no supersingular geometric fibers.
Note that by [Con07, 4.2.3], fppf-locally on S there exists a generalized elliptic curve
E'/S, whose singular geometric fibers are N-gons, together with an open S-immersion

L Esm N Elsm

of group schemes over S. In particular, by [DR73, I1.1.20] the group scheme E"™[N]/S is
finite and flat of constant rank N2.

Since E’/S has no supersingular geometric fibers and all its singular geometric fibers are
N-gons, it follows that fppf-locally on S, there exists a [I'(/V)]-structure (@, R) on E’ such
that:

e the relative effective Cartier divisor

in E"™ is étale over S, and
e R meets the identity component of every geometric fiber of E’/S.
The choice of @) and the pairing
ey : EPM[N] x E*"[N]| = uy
induce a canonical isomorphism
E'(N)/D = B*"[N]/D x {Q} = uy.

Identifying E*™[N]/D with its image in the N-torsion of the generalized elliptic curve C' :=
E'/D (a generalized elliptic curve whose singular fibers are 1-gons), the group law of C' and
the above isomorphism give us an action of py on C, making C' a uy-torsor over the twisted
curve

C:=[C/un] = [E'/E*"[N]] = [E/E*™[N]].

Write
C = Spec,, ( EB Ga) — C,

a€Z/(N)

where each G, is an invertible O¢-module, with the grading and algebra structure corre-
sponding to the structure of C' as a py-torsor over C.
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The image R of R in C is a [['}(N)]-structure on C, so we get a uy-torsor

T .= Spec @ L((b-R) - (0c)))

beZ/(N

over C'; the py-action on T corresponds to the Z/(N)-grading and the algebra structure on
B £v-Rr) - (00)
beZ/(N)

comes from the group law on C*™ and the canonical isomorphism C*™ 2 PicY, /5
Since C'is a puy-torsor over C, if £ € Pic(C) we have a canonical decomposition

mL = Q)Em
a€Z/(N

where each £, is an invertible sheaf on C and ( € uy acts on £, via multiplication by (*.
In particular this applies to the invertible sheaf

£=£((-F) - (00)),
giving us a canonical decomposition
m.L((b-R) — = P Lan
a€Z/(N)
We have Ly = Gy = O¢, and the isomorphisms
L((tn - F) — (06) Bo. L1 F) — (06)) = L(((bo + ) - B) ~ (0c)
(coming from the algebra structure of ©,L((b- R) — (0¢))) induce isomorphisms

l:(ao,bo) Qo 1:(a17b1) = [:(QO‘Fa17b04*b1)
for all (ag,by), (a1,b1) € (Z/(N))?, giving us a canonical algebra structure on the direct sum
D L
(a,b)€(Z/(N))?

Identifying our original [I';(N)]-structure P with its image in E"™(S)[N], there exists
some (ag, bg) € (Z/(N))? with

P=ag-Q+by-Re E™[N].

This determines a py-torsor

@ £ (cao, cbo

c€Z/(N

over C, corresponding to a morphism C — B,LLN. Here ©L(cag,chy) is viewed as a sub-Oc-
algebra of the algebra ©L ).



CHAPTER 6. COMPARISON WITH THE CLASSICAL MODULI STACKS 64

Definition 6.1.7. We define Cp — Buy to be the relative coarse moduli space of the above
morphism C — Buy, and we write ¢p : Z/(N) — Picgp /s for the corresponding group
scheme homomorphism.

It is immediate that ¢p is a [['y(N)]-structure on the twisted curve Cp.

Lemma 6.1.8. (Cp, ¢p) is independent of the choice of (ag,by) with P = ag - Q + by - R,
and of the choice of generalized elliptic curve E' and [I'(N)]-structure (Q, R) on E’ such that
D =>"[a- Q] is étale over S and R meets the fiberwise identity components of E'/S.

Proof. First of all, if F/S is an ordinary elliptic curve, then E' = E. Our construction
defines a map

E[N] — Picy, 5[N] = E[N],
which in fact is simply the identity map (which in particular is independent of the choice of
(ap,by) and the [['(N)]-structure (@, R)). To see this, recall that by Lemma 3.4.5 we may
identify the generalized elliptic curve C' = E/(Q) (viewed as a puy-torsor over £ = [E/E[N]]
as discussed above) with the py-torsor

Spec (@D Ll(a-Q) - (0g)))
a€Z/(N)

over E. So in the notation of the above construction, C = F and G, = L,0) = L((a- Q) —
(0g)). We have

T L(R) = (00) = P (G®L((R) - (0r)))

It
5
D
Q
+
=3

|
=
=

So the map defined in the above construction sends @ to Ln,0 = L((Q) — (0g)) and R
to L) = L((R) — (0g)). Composing with the usual isomorphism Pic%/s = F yields the
identity map on E[N].

To complete the proof in the case where E/S is not necessarily smooth, it suffices to
consider the case where S is the spectrum of an algebraically closed field k and E/k is a Néron
d-gon (for some d|N). E'/k is then a Néron N-gon, and our Drinfeld basis (@), R) was chosen
so that (@) meets every irreducible component of £’ and (R) lies on the identity component.
We may therefore choose an isomorphism E™ = Z/(N) X py such that @ = (1,1) and
R = (0,¢) for some ¢ € ux(k).
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Then if
P=ay-Q+b-R=a-Q+b R,

it follows that ay = a; and (% = ¢*', the latter of which implies that by - R = b; - R. Thus

L((bo - R) = (0c)) = L((by - &) = (00)),

S0 L(ag,b0) = L(ar,b1), hence (Cp, ¢p) is independent of the choice of (ag, by).

Now we must check that (Cp, ¢p) is independent of the choice of (E', (Q, R)). E'/k is
a Néron N-gon, so the choice of E’ is unique up to composition with an automorphism
of E fixing E5™ C E®™™. E'is the special fiber of an N-gon Tate curve &'/k[q"/"N]. Let
C = [&'/EFMN]], s0 €, = [E'/E™N]] = [E/E™[N]].

C® k((q"™)) Cr pN

We may choose an isomorphism E*™[N] = Z/(N) x uy of finite flat group schemes
over k[¢'/N]. (Q, R) extends to a [['(N)]-structure (Q,R) on & with D = > (a - Q) étale
over k[¢'/N] (and of course R meets the identity component of every geometric fiber of
&' /k[¢"N]). Given such a [['(N)]-structure on &£, our construction defines a group scheme
homomorphism

EPP[N] = Picg g [V]-

Both of these are finite flat group schemes over k[¢'/N] which are isomorphic to Z/(N) x puy,
and End(Z/(N) x uy) is finite (hence proper) over k[g"/N]. Since

EWNN] @ k((g'™)) = PicQ jpyng [N @ k((¢Y))

is independent of the choice of [I'(V)]-structure over k((¢*/")) (as & @ k((¢"/")) is an elliptic
curve), we conclude that
E® N = Picg g [N

is independent of the choice of (Q,R). Thus in particular E*™[N] — Pic¢, skIN] is inde-

pendent of the choice of (Q, R) and the resulting homomorphism E*"[N] — Picg, k[ N] is
independent of the choice of E'. O

Thus by descent, (Cp,¢p) € X (N)(S) is well-defined globally over our initial base
scheme S (even allowing supersingular fibers) and depends only on the pair

(B, P) € X1i(N)(S).
We define our map X;(N) — X(N) by sending (E, P) to (Cp, ¢p).
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Corollary 6.1.9. Over any base scheme S, the morphism X1(N) — Xt (N) sending (E, P)
to (Cp, ¢p) is an isomorphism of algebraic stacks.

Similarly, given a generalized elliptic curve E/S with a [['(V)]-structure (P, P,), the
above procedure produces a [I'(N)]-structure ¢(p, p,) on the twisted curve

Cg := [E/E°™[N]].
Corollary 6.1.10. Over any base scheme S, the morphism

A(N) = X (N)
<E> (Pb P2)) = (CE’ ¢(P1,P2))

s an isomorphism of algebraic stacks.
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Chapter 7

Other compactified moduli stacks of
elliptic curves

It is worth noting that the techniques in the proof of 4.2.4 are easily adapted to prove proper-
ness of the natural analogues in our current setting of well-known modular compactifications
of other various moduli stacks of elliptic curves with extra structure, even when these moduli
stacks do not naturally lie in a moduli stack of twisted stable maps:

Definition 7.1.1. Let C/S be a 1-marked genus-1 twisted stable curve with non-stacky
marking.

(i) A [[o(N)]-structure on C is a finite locally free S-subgroup scheme G of Pic2 /s of
rank N over S which is cyclic (fppf-locally admits a Z/(N)- generator) such that for every
geometric point p — S, Gy meets every irreducible component of Pic2_ _Jk(p)- We write X§¥(N)
for the stack over S associating to T'/S the groupoid of pairs (C, G), Where C/T is a 1-marked
genus-1 twisted stable curve with non-stacky marking, and G is a [I'o(/N)]-structure on C.

(ii) A balanced [I'y(N)]-structure (cf. [KM85, §3.3]) on C is an fppf short exact sequence
of commutative group schemes over S

0 — K — Picg/g[N] = K' =0, ()

where K and K’ are locally free of rank N over S, together with sections P € K(S) and
P’ € K'(S) which are Z/(N)-generators of K and K’ in the sense of [KM85, §1.4]. We write
XYY (VY for the stack over S associating to T'/S the groupoid of pairs (C, 1), where C/T
is a 1l-marked genus-1 twisted stable curve with non-stacky marking, and 1 is a balanced
[’y (N)]-structure on C.

(i) An [N-Isog]-structure (cf. [KM85, §6.5]) on C is a finite locally free commutative
S-subgroup scheme G' C Picg /S[N ] of rank N over S, such that for every geometric point
p — S, G5 meets every irreducible component of Picgi k). We write X" (N-Isog) for the
stack over S associating to 7'/S the groupoid of pairs (C,G), where C/T is a l-marked
genus-1 twisted stable curve with non-stacky marking, and G is an [N-Isog]-structure on C.
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(iv) If N and n are positive integers such that ord,(n) < ord,(N) for all primes p dividing
both N and n, a [I';(NV;n)|-structure (cf. [Con07, 2.4.3]) on C is a pair (¢, G), where:
e »:7Z/(N)— Picg/s is a Z/(N)-structure in the sense of [KM85, §1.5];
e G C Pic) /s 1s a finite locally free S-subgroup scheme which is cyclic of order n;

o the degree Nn relative effective Cartier divisor

=

(¢(a) +G)

Il
=)

a
in Pich /s meets every irreducible component of each geometric fiber of Picg /s over S;

e for all primes p dividing both N and n, for e = ord,(n) we have an equality of closed
subschemes of PicQ /s

e

p¢—1

> ((N/p%) - ¢la) + Glp]) = Pic s[p'].

a=0

We write Xt (N;n) for the stack over S associating to 7'/S the groupoid of tuples (C, (¢, G)),
where C/T is a 1-marked genus-1 twisted stable curve with non-stacky marking, and (¢, G)
is a [['1(N; n)]-structure on C.

Corollary 7.1.2. The stacks X5 (N), X2 (N), X™(N-Isog), and X™(N;n) are algebraic
stacks which are flat and locally finitely presented over S, with local complete intersection
fibers. They are proper and quasi-finite over HM, and each is isomorphic to the correspond-
ing moduli stack for generalized elliptic curves.

As shown explicitly for the stacks X (N) and X™(N) earlier in this paper, one may
study the reductions modulo p of these moduli stacks, and one finds that over a perfect field
of characteristic p, each stack is a disjoint union with crossings at the supersingular points
of various closed substacks, which come naturally equipped with moduli interpretations
extending the definitions given in [KM85] (except for Xt(N;n), which is not studied in
[KM85]).

Question 7.1.3. If C/S is a 1-marked genus-1 twisted stable curve with non-stacky marking,
the group scheme Picg /s behaves just like the smooth part of a generalized elliptic curve.
Over the Zariski open set of S where C — S is smooth, it agrees with C' (which is in this
case a smooth elliptic curve); if p — S is a geometric point such that Cj is singular, then
Picgﬁ @) = Gm X Z/(N) for some N, and this is just the smooth part of a Néron N-gon over

k(p). Is there a natural way to exhibit Picg /s as the smooth part of a generalized elliptic
curve, giving an equivalence between the stack of generalized ellipic curves over S and the
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stack of 1-marked genus-1 twisted stable curves over S with non-stacky marking? More
precisely, is there a natural way of defining compactified Jacobians of twisted curves, such
that the degree zero compactified Jacobian of a standard pg-stacky Néron 1-gon is a Néron
d-gon?
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Appendix A

On moduli of curves of higher genus

As in the case of elliptic curves, stacks of twisted stable maps allow for natural compactifi-
cations of stacks of genus-g curves equipped with certain extra structure. For example,

Koo (Bun) = Kyo(Bun) x5, M,

classifies pairs (C'/S, ¢) where C'/S is a smooth genus-g curve and ¢ : Z/(N) — Pic%/s, which
we view as an N-torsion point in Pic, /s = Jac(C/S). This stack is naturally contained in the
proper algebraic stack E%O (Buy) as an open dense substack. However, the situation becomes
considerably more complicated when we attempt to use this to obtain proper moduli stacks
of curves with level structure, e.g. replacing “N-torsion points” with “points of exact order
N.”

Over Z[1/N], we have a stack HEN) of twisted curves with level N structure, studied in
[ACV03, §6]; this is a smooth proper modular compactification of the stack classifying (not
necessarily symplectic) Jacobi level N structures on smooth genus-g curves, as in [DM69,
5.4]. One may be tempted to proceed as follows:

Definition A.1.1. Let C/S be an unmarked genus-g (¢ > 1) twisted stable curve over a
scheme S. A full level N structure on C is a group scheme homomorphism

¢ (Z/(N))* — Picg/s
such that {¢(a)la € (Z/(N))*} is a full set of sections for the finite flat group scheme

Picg/S[N} over S in the sense of [KM85, §1.8].

We write HENMW for the substack of K,0(BuyY) associating to T/S the groupoid of
pairs (C, ¢), where C/T is an unmarked genus-g twisted stable curve and ¢ is a full level N
structure on C.

Unfortunately, this is not the “right” definition. By this we mean that we would like the
stack MQN)’W to be a closed substack of K, o(Bpu3?), flat over S; but it follows immediately

from the example [CN90, Appendix| that flatness of M;N)’tw fails in mixed characteristic,
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even over the ordinary locus of M,. Of course, if N is invertible on S then this definition
is the correct one. More precisely, the choice of an isomorphism (Z/(N))? = ;3¢ identifies

M;N)’tw with the stack ﬂ;N) of [ACV03, §6], which is shown in loc. cit. to be smooth over

Z[1/N] and proper over M,. One would hope to be able to change the above definition to
get a closed substack HEINMW of Ky0(BuY), flat over S, agreeing with M;N) over S[1/N]
and with a natural moduli interpretation in terms of the maps from (Z/(N))%* to the group
schemes Picg /s

More generally, we have good properties for the moduli stack K, 0(BG) whenever G is a
finite diagonalizable or locally diagonalizable group scheme over S, so the Cartier dual G*
is commutative and constant or locally constant. Recall that for a finite group G there is a
stack @M, over Z[1/|G]] of Teichmiiller structures of level G on smooth curves, (cf. [DM69,
5.6] and [PJ95]). Now if G is a diagonalizable group scheme with |G| invertible on the base
scheme S, then after adjoining appropriate roots of unity we may fix an isomorphism G = G*.
In [ACV03, 5.2.3] it is observed that this determines an isomorphism between ¢«M, and a
substack B(G)° of K, o(BG) whose closure B'(G) in K,0(BG) is a moduli stack whose
geometric objects correspond precisely to G-torsors P — C which are connected (where C
is a genus-g twisted stable curve); these are called twisted Teichmiiller G-structures. One
would hope that Bgei(G) can be defined in arbitrary characteristic, with a natural moduli
interpretation, but it is not clear to the author how to proceed with this for genus g > 1;
as discussed above, it does not suffice to simply consider the substack of K, (BG) whose
geometric objects correspond to G-torsors which are connected, since p,» is connected in
characteristic p, and the definition in terms of “full sets of sections” does not give a stack
flat over the base scheme in mixed characteristic.
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