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According to the Mandelstam's representation, partial-wave ampli=~
tudes for the nucleon-nucleon scattering have singularities only‘on the
real axis of the momentum-square varia,ble,1 These singularities correspond
to physical processes such as the deuteron bound state, one or more meson
exchange, etc. The low-energy triplet s-wave amplitude is quite accurately
given by the deuteron pole alone. More precisely, the position and reéidue
of the deuteron pole determines the scattefing length and the effective
range and vice versa. If one believes that the small mixture of d-state
in the deuteron is mainly due to the long range part of the nuclear force,
then the residue of the deuteron‘pole for the mixing amplitude (mixing
of s and 4 waves in the J = 1 scattering state) should be largély
determined by the one-meson exchange contribution. When both the deuteron
pole and the one-meson branch cut are included in the calculation of the
mixing amplitude, the reqpirément that this amplitude vanishes at zero .
momentum then gives the residue of the deuteron pole in terms of the
meson-nucleon coupling constant. This residue is simply related to the
ratio of the asymptotic s and d wave fuﬁctions of the deuteron. The result

is in good agreement with those of the phenomenological deuteron wave

This work was done under the auspices of the U.S. Atomic Energy

- Commission.
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functions which have been adjusted to the observed guadrupole moment as well.

~as other low-energy data. A conventional direct estimation of the quadrupole

moment in terms of the asymptotic s-drwave ratio gives a value within 40%
of the experimental result.

In the notation of Stapp et al.,2 the s-wave amplitude ao,l and
the mixing amplitude al are glven in terms of the éigenphases 50,1’ 62’1
_and the mixing parameter € by
i - 18,

o 2 . 2 2,1 .
@ 1 = 2i(cos €, e sin 60’1 + sin” e e sin 62,1)
(1)

and
: id id
1, 0,1 _. 2,1
o = 1 sin 261(8 sin 60,1 e sin 82,1) s

and a corresponding expressidn holds for the d«wave amplitude a2 l'ﬂ For
. . 2

small e, and &, ;, Eq. (1) can be replaced by
2
: id
- . O,l . -

ab,l = 2ie sin 60’1
and _ (2)

- 18 ‘

1, 0,1 .
a = 1 sin 261 e sin 80,1 .

In the effective range approximation, we have

(3)

where g 1s the center-of-mass momentum of either one of the nucleons, a

is the scattering length and r is the effective range. Experimental values

<
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for a and r 1in meson units are3

& = - 3.82 : r = 1.20 . (&)

It is clear from Eq. (3) that (ao l/Qiq) has poles at
J

2 1, 1 2 - 1.7
a = - |7 * —5 t — = (5)
r ar - 0.106 .
As anticipated, the value qo2 = 0.106 is almost exactly the deuteron

binding energy times the nucleon mass m (qum is the kinetic ehergy in
the centernof«masé system). The pole at =1.79 can be interpreted as an
interaction that gives rise to the bound state. The residue of the deuteron

pole at --qo2 is

_qu
1"=-1-—-—-_-_-——E_—q-(-)-=-=l.07° (6)

In the effective~range theory, -I' is just the square 6f the normelization
constant of the deuteron radial s-wave function. To summarize, any two of
the four paremeters { a, r, qog, I' } determines the remaining two inasmuch
as the deuteron pole dominates the low-energy behavior of the ab,l
amplitude.

Since the deuteron is known to have a small mixture of d-state,
the mixing amplitude (a%/iq) will also have a pole at -q02° From the
honrelativistic scattering theory,h the residue is (-2I'p) where p is
the ratio of>the asymptotic s~ and d-wave functions of the deuteron. When
the one-meson exchange process is included, a branch point will occur at

q? = = 1/MA. If the branch cut is taken from -1/4 to -oo , the
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discontinuity of (al/iq) across the cut can be shown to be

Lim o ) _ emfm 1 5
e 0OF 1 42 {2’ g? hqt

(7)

On the positive reel axis of the q? complex plane, fhe phase of (a%/iq)
from Eq. (2) is given by 80,1 ‘which can be calculated frbm Eq. (3) using
the effective-range formula. Together with the prescribed singularities
oﬁ:the negative real axis, the solution of (al/iq) can be found by the
general method of Omnes,6 However, for the'preséht problem, it is

simple enough +to write down a solution that possesses all the required

analytic properties. One obtains

-2T
(@710) = (g+Fd +1d) (I.z = . 2
- a"2% - %t
1 )
—5 + =T
cfr P ery gt
72’ -0 q’ —qz)(ji-+%<1’2+1q’)

(8)

This should be a reasonable approximation at low energy since it reproduces

exactly the deuteron pole, the one-meson cut, and the low-energy phase
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e
shift. The requirement that (al/iq) venishes at zero momentum then gives
p = 0.029 (9)

for f2 = 0.08. This value of p is consistent with those of the

phenomenological deuteron wave functions which range between 0.025 and

0003207

A direct estimation of the quadrupole moment in terms of p can
3

This gives a quadrupole moment

of ~ U4 x :LO“"27 c:m2 compared with the experimental value of 2.7 x 10m27 cm .

also be made in the conventional way.

A more detailled consideration of the one-meson contribution to
nucleon-nucleon scattering will be published in a separate report,Zf{ VVIT?i

H. P. Noyes.

The author is indebted to Professor G. F. Chew for discussions

which lead to the present calculation.
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