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THE PRIMITIVE COHOMOLOGY OF THE THETA DIVISOR OF AN ABELIAN

FIVEFOLD

E. IZADI, CS. TAMAS, AND J. WANG

Dedicated to Herb Clemens

ABSTRACT. The primitive cohomology of the theta divisor of a principally polarized abelian variety of
dimension g contains a Hodge structure of level g — 3 which we call the primal cohomology. The Hodge
conjecture predicts that this is contained in the image, under the Abel-Jacobi map, of the cohomology
of a family of curves in the theta divisor. In this paper we use the Prym map to show that this version

of the Hodge conjecture is true for the theta divisor of a general abelian fivefold.
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INTRODUCTION

Let A be a principally polarized abelian variety (ppav) of dimension g > 4, let © be a symmetric

theta divisor in A, and assume that © is smooth. The cohomology group

HY1(©,7)

contains a natural sublattice of rank g! — g%(Zgg) (see [IvS, p. 561))

K := Ker(H1(0,7) 2 H7"'(A, 7)),
which we call the primal cohomology of ©. There is also a Hodge structure H C HY9~1(©,Z) which

fits in an exact sequence

0—K-—H-— H"3(A,Z) — 0.
By [IvS, p. 562], these Hodge structures are all of level ¢ — 3. For a rational Hodge structure
V= Vo, Vo ® C = @yt q=nVP?) of weight n, the level [(V') of V' is defined as the positive integer

(V) = max{ [p—q| | V" £ 0}.

Grothendieck’s version of the Hodge conjecture states that if H971(©, Q) contains a Hodge substructure
of level g — 3, then it is contained in the image, under Gysin push-forward, of the cohomology of a

smooth (possibly reducible) variety of dimension g — 2. After tensoring with Q we have
He:=H®Q=Kg® 0 H3A, Q)

where 6 := [0] is the cohomology class of © and 0- H973(A, Q) is the image of HY™3(A4,Q) = HY3(0,Q)
in H971(0,Q). The subspace 0 - H973(A, Q) is also a Hodge substructure of level g — 3 and satisfies

the Hodge conjecture since it is in the image, for instance, of the cohomology of an intersection of a



PRIMITIVE COHOMOLOGY OF THETA DIVISORS 3

translate of © with ©. Therefore the Hodge conjecture for Hyg is equivalent to the Hodge conjecture
for Kg.

An equivalent formulation of the Hodge conjecture is that Hg or Kg is contained in the image, under
the Abel-Jacobi map, of the cohomology of some family of curves in © (see e.g. [I, pp. 492-493| for
a proof of this elementary fact). For g = 4, it was proved in [IvS] that the family of Prym-embedded
curves in © is a solution to this problem for Hyg.

For ¢ = 5 a general ppav is again a Prym variety. However, in this case, every component of
the family of Prym-embedded curves in © parametrizes curves that are translates of a single curve.
Therefore the image of the cohomology of any of these components is contained in 6§ - H973(A, Q).
Hence the family of Prym-embedded curves in © cannot be a solution to the Hodge conjecture for the
primal cohomology Kg.

Denote by A, the coarse moduli space of principally polarized abelian varieties of dimension g.
Representing (A, ©) as a Prym variety and using some interesting geometric constructions, we construct
a different family of curves in © which is a solution to the Hodge conjecture for Hg for (A, ©) general

in .A5.

Theorem 1. For (A, ©) in a non-empty Zariski open subset of As, the general Hodge conjecture holds
for the Hodge structure Hg C H*(0,Q) and hence Ko C H*(0, Q).

As the rational cohomology of © is the sum of Kg and the rational cohomology of A, our result,

together with the main result of [H|, implies

Corollary 2. For (A, ©) in the complement of countably many proper Zariski closed subsets of As,
the general Hodge conjecture holds for ©.

Note that there are relatively few examples of lower level Hodge substructures of the cohomology of
algebraic varieties that are not already contained in the images of the cohomologies of subvarieties for
trivial reasons. Some of the most interesting such examples are provided by abelian varieties, such as
abelian varieties of Weil type (see [I]) and the primal cohomology of theta divisors. In fact we are not
aware of any nontrivial examples that do not involve abelian varieties in some way. As far as we are
aware, the primal cohomology of the theta divisor of an abelian fivefold is the first nontrivial case of

a proof of the Hodge conjecture for a family of fourfolds of general type. The proof was considerably
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more difficult than the case of of the theta divisor of the abelian fourfold worked out in [IvS] and
required a difficult degeneration argument and nontrivial and interesting geometric constructions. As
is often the case with deep conjectures such as the Hodge conjecture, the level of difficulty goes up
rapidly with the dimension of the varieties concerned or, perhaps more accurately, with their Kodaira
dimension.

It would be interesting to know whether the Hodge structure K is irreducible. This would consid-
erably simplify our computation of the Abel-Jacobi map as in that case we would only have to prove
that its image intersects K nontrivially.

Letting R¢ denote the moduli space of étale double covers of curves of genus 6, further note that
the monodromy group of the Prym map Rg — Ajs is the Weyl group W (Eg) of the exceptional Lie
algebra Fj (see [Do, Theorem 4.2]). Also, the lattice K has rank 78 for ¢ = 5 which is equal to the
dimension of Eg. So one might wonder whether it is possible to define a natural isomorphism between

K¢ :=K® C and Eg.

We now explain the general outline of our proof.
A general ppav of dimension 5 is the Prym variety of an étale double cover of smooth curves XX
with X general of genus 6.

Using the 5-gonal construction (see [ILS]), we construct a family of curves in © (see Section 1)

P2

1"4)@

o i
G}
dependent on the choice of a general point r € X. Here éé is an étale double cover of the variety
GE(X) parametrizing pencils of degree 5 on X (= WZ(X) if X is not a plane quintic), which is a
smooth irreducible surface for X sufficiently general. The Abel-Jacobi map for this family of curves
is, by definition,
pacpis H*(G5) — HY(O).
The image of the Abel-Jacobi map defines a Hodge substructure of level < 2 of the cohomology of ©.

Theorem 1 is a direct consequence of
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Theorem 3. The Hodge structure Hg is the sum of 6 - H*(A, Q) and the image of pa.p}.

We prove Theorem 3 by specializing the étale double cover X > Xtoa Wirtinger cover. To define
a Wirtinger cover, choose two general points p and ¢ on a general curve C' of genus 5 and let C), be the
nodal curve of genus 6 obtained from C' by identifying p and ¢q. The Wirtinger cover @,q is obtained
as the union of two copies C; and Cy of C, with the copy of p on each curve identified with the copy
of ¢ on the other. The Prym variety of the Wirtinger cover 5pq — Cpq 1s naturally isomorphic to the
polarized Jacobian (J(C'),©¢) of the curve C (see e.g. Section 2.4 below).

In most of the paper we work with a one-parameter family X — T of curves of genus 6 over an
analytic disc T" with smooth total space, with general fiber X; a general curve of genus 6 and special
fiber Xy = C), at 0 € T a general one-nodal curve of genus 6. We also assume given an étale double
cover X — X whose special fiber (X — X;) = (épq — () is the Wirtinger cover described above.
To this family one associates the family of polarized Prym varieties (A, ©) — T with special fiber
(Ao, ©p).

The plan of the paper is as follows.

In Section 1 we construct the family of curves F,. in the general case. In Section 2 we describe the
family of curves in the Wirtinger double cover case. We also explicitly describe the flat limit G of the
base G 1= éé(Xt) of the family. This is the transverse union of two smooth isomorphic surfaces. We
prove that the total space G — T of the family of the G; is smooth.

In Section 3 we describe the total space of the family of theta divisors © — T'. The singular locus
of Qy is a translate of the smooth genus 11 curve W, C Pic* C' = JC parametrizing pencils of degree
4. We prove that the total space © has ten ordinary double points corresponding to the five g; € W},
i=1,...,5, such that h%g; — p — q) > 0, and their residuals h; := | K¢ — gil.

In Section 4, we construct a semistable reduction © of the family { ©; }. The central fiber Oy of the
new family has two components M; and M,, where M is a resolution of ©g and M, is the exceptional
divisor. During this process 7' is replaced by a double cover ramified only at 0 and we also replace the
family G by G , which is a resolution of the base change of G to this double cover.

In Section 5 we recall the necessary background material about the Clemens-Schmid exact sequence

and limit mixed Hodge structures.
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In Section 6 we compute the limit mixed Hodge structure induced by the family O on the cohomology

of ©,. The weight filtration is nonzero only in weights 3, 4, 5 with associated graded pieces as follows:
Grs H*(©,) = Grs H*(6,) = Q"

and

Gr4 H4<@t> = Q264.

To extend the family of curves to the central fiber we first assume given a section r: T — X ,t— 1y of
the family of curves X. Next we replace the families F}, by their images in the products G; x ©;. The
Abel-Jacobi map on the fiber at ¢ can then be described as the map induced by the cycle (p1, pa).|[Fr,] €
HS(Gy x ©y):

2 U(p1,02)[Fry] P2

H2(Gt) —— H2(Gt X @t) HS(Gt X @t) —— H4(@t)

To compute the limit of these maps at 0, we need a semistable reduction of the fiber product G X o.
This is constructed in Section 7. The resulting space P is a small resolution of the fiber product
G x7 0.

In Section 8 we show how the computation of the Abel-Jacobi map on the general fiber can be
reduced to computing it on (the strata of) the special fiber. We summarize the latter computations
in Propositions 8.1-8.4 and show how Theorem 3 follows from them.

Sections 9 and 10 describe the limit families of curves at ¢t = 0.

In Section 11 we prove Propositions 8.1-8.4. In other words, we compute the image of the Abel-

Jacobi map AJ on the graded level with respect to the weight filtration:

(0.1) Gry H*(G) — Gry H4(©)
and
(0.2) Gr; H*(G) — Grs HY(©)

Finally in the Appendix (Section 12) we gather some technical results needed in the rest of the

paper.
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Remark 4. (1) For g <2, ¢! — ﬁ(Qgg) =0so K=0. For g = 3, the lattice K has rank 1 and level
0, i.e., it is generated by a Hodge class. The abelian variety (A,0) = (JC,O¢) is the Jacobian of a
curve of genus 3. The theta divisor is isomorphic to the second symmetric power C® of C' and K is
generated by the class § — 21 where 7 is the cohomology class of the image of C' in C® via addition

of a point p of C"
C — C®

t — t+4+p.

(2) The primitive cohomology, in the sense of Lefschetz, is the subspace
4 . 4 Wle 776
H3,(6,Q) i= Ker (H'(0,Q) % H'(0,0)) .
The relation between the primitive and the primal cohomology is
H;lr<67 Q) = Ko ® j*H;r(Av Q),

where

H! (A,Q) = Ker <H4(A, Q) &5 m3(4, Q)) .

Note that in the case of hypersurfaces in projective space the primal and primitive cohomology coincide.

NOTATION AND CONVENTIONS

(1) Unless otherwise specified, all singular cohomology groups are with Q-coefficients.

(2) For a smooth curve C' of genus g and integer k > 0, choose a symplectic basis
& e HY(C,Z) =2 HY(Pic*C,Z), i=1,..,2g.

Put & :=&iyy, 00 =& for i =1,.., g and denote § = Y7 | 0; the class of the theta divisor in
Pic* C. We also denote &;, o; and 0 the pull backs to the k-th symmetric power C*) under the

natural map

c® — Pick C.

Finally, denote nn € H?(C®), Z) the class of the cycle p + C*~1) c C* for some p € C.
(3) We will interchangeably refer to elements of Pic* C' as invertible sheaves or complete linear

systems. We use = to denote linear equivalence between divisors and D; < Dy, means Dy — Dy
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is an effective divisor. As usual, we denote W C Pic? the scheme parametrizing complete
linear systems of degree d and dimension r. By a g we will mean a linear system of degree d
and dimension r.

(4) For products of symmetric powers of C', we denote wy, := priw € H*(C™) x ... x C™) x ..,
where w € H*(C™)) and pry, is the k-th projection.

(5) Via translation by an invertible sheaf of degree g — 1, we identify JC = Pic’ C' with Pic/~' C
so that O¢ is identified with Riemann’s theta divisor W), C Picf™! C.

(6) As usual, we will denote the dualizing sheaf of C' and K¢ an arbitrary canonical divisor on C.

1. THE FAMILY OF CURVES IN ©: THE GENERAL CASE

Let X be a smooth curve of genus 6 with an étale double cover X of genus 11. For a pencil M of

degree 5 on X consider the curve By, defined by the pull-back diagram

By C )Z(S)

\J \J
P! =|M| c XO),

By [B2, p. 360] the curve By, has two isomorphic connected components, say B}, and B%,. Put
M' = |Kx — M]|. Then for any D € By, C X6 and any D' € Byy C X0 the push-forward to X of

D + D' is a canonical divisor on X. Hence the image of

BM X BM’ — PiClo)’E

(D,D") +— Ox(D+D)

is contained in the preimage of wx by the Norm map Nm: Pic!° X — Pic'® X. This preimage has two
connected components, say A; and A, each a principal homogeneous space under the Prym variety
(A, ) of the cover X — X and parametrizing divisors whose spaces of global sections are even,
respectively odd, dimensional. If we have labeled the connected components of By, and Bj; in such a
way that B}, X Bj, maps into A;, then B3, x B3, also maps into A; while B}, x B3, and B3, X By
map into A,.

In order to obtain a family of curves in the theta divisor © = ©5 , , = %@ |4, of the Prym variety

A, we globalize the above construction.
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The scheme W (X) parametrizing complete linear systems of degree 5 and dimension at least 1 on
X has a determinantal structure which is smooth for X sufficiently general. Let Gi(X) denote the
scheme over W2 (X) parametrizing pencils of degree 5. Note that W} (X) is a surface unless X is
hyperelliptic.

The universal family P} of divisors of the elements of G3 is a P! bundle over G} with natural maps

Pl — X0

whose pull-back via XX gives us the family of the curves By, as M varies:

B — X0
1 \
Pl — X0
4
Gi.

The parameter space of the connected components of the curves B, is an étale double cover é}, of G}.

The family of curves in the theta divisor of the Prym variety will be constructed as follows. Assuming
that X is not a plane quintic, the natural map Gt — W4 is an isomorphism. We have the involution
t: M — M':=|Kx — M| on W and hence also on G}. First define a family of surfaces 'F over G} as

the fiber product

'FF — B
I $e
B % Gl

As noted above, the image of 'F in Pic'” X maps into Nm™!(wy) C Pic' X which also shows that ' F
has two connected components. One component, denoted 'F;, maps into A; and the other, denoted

'Fy, maps into Ay. The fiber of 'Fy over a point |M| € G} has two connected components B}, x B},

and B3, x B2,.
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Therefore, if we make the base change

//_F’1 /FY1

L

~1 1
G5 G57

" Fy splits into two connected components (both isomorphic to F; over C but their maps to éé differ
by the involution of GL). We denote F the component which has fiber Bl, x B, over the point
parametrizing B}, .

Finally, we think of F' as a correspondence
F s GLx XO) x X0

and define our family of curves F, by intersecting F' with the pull back of the divisor r + X® in the
first factor X® for a general point r € X. The variety F! is the image of F, in CNJ% X O:

(p1.02) ~
2 pcgixe

-
G

Remark 1.1. It is easy to check that F, maps generically injectively to é% x O. So the push-forward

of the cycle class [F,] is the cycle class [F]].

2. THE FAMILY OF CURVES IN ©: THE DEGENERATION TO A WIRTINGER COVER

Let X — X be the family of étale double covers over T specializing to the Wirtinger cover @,q — Chyq
at 0 € T as explained in the introduction.
Also assume that X and X are smooth.

Consider the smooth one-parameter family
J°Cpy — TP

! 3
0 e T
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obtained as a compactification of the relative degree 5 Picard scheme of X. The fiber of J°> — T is
Pic® X; for t # 0 and the fiber at t = 0 is the usual compactification J°C,, of Pic® C,, obtained as

follows.

2.1. The compactified Jacobian of C,,. Let P Pic® Cpq be the unique projective line bundle over
Pic® C' containing the G,,-bundle Pic® C,, — Pic’ C. Then P Pic’ C,, \ Pic’ C,, is the union of the
zero section Pic) = Pic’ C' and the infinity section Pic’, = Pic° C' of PPic° C,, — Pic° C. The
compactification J°C,, is obtained from P Pic® Cpq by identifying = € Pic® C' = Pic) with # ® Oc(p —
q) € Pic® C' = Pic’,. The points of J°C,, \ Pic® C,, are the push-forwards v, N where v: C — C,, is

the normalization map and N € Pic* C.

2.2. The support of W}(C,,) and of its compactification Wé(C’pq). Let Wé(Cpq) be the sub-
variety of J°C),, parametrizing torsion-free rank 1 sheaves M of degree 5 such that h°(M) > 2. Let
Wy, C W2(C) C Pic® C be the surface consisting of those L such that h°(L —p — q) > 0, and let X,
and X, be the two curves p + W} (C) and ¢ + W/}(C) in W,,. Pull-back via the normalization map
gives a morphism

v Wy (Cpg) — Wiy
whose image is W, \ X, U X,. We have

Lemma 2.1. The morphism v*: Wi(C,,) — W, is injective. Its inverse extends to a birational
morphism

(V*)il : Wpg —> W;<Cpq)

that is bijective on W,, \ X, U X, and sends p + g and q + g} to v.g;.
The involution ¢ extends to W, and sends L to |K¢ +p+ ¢ — L|. It also descends to Wé(C’pq) and
sends v,g} to v.(|Ko — gi).

Proof. It M € Wé(Cpq) is invertible, then the pull-back v*M is an invertible sheaf of degree 5 on C

and we have the usual exact sequence
00— M —vw'M— sk—0

where sk is a skyscraper sheaf of length 1 supported at the singular point of C,,. It follows that if
RO(M) > 2, then h°(v*M) > 2 also. Since C'is a general curve of genus 5 and v*M has degree 5, we
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have h°(v*M) < 2. So the map H°(v*M) = H(v,v* M) — H°(sk) obtained from the above sequence
is zero. Since this map factors through the evaluation map H°(v*M) — (v*M), & (v*M),, a moment
of reflection will show that a map v,v*M —» sk that is zero on global sections and has locally free
kernel exists if and only if neither p nor ¢ are base points of |v*M| and the unique nonzero section of
v*M that vanishes at p also vanishes at q.

Conversely, given an invertible sheaf L of degree 5 on C' such that neither p nor ¢ are base points of
|L| and the unique nonzero section of L vanishing at p also vanishes at g, one sees immediately that
there is a unique quotient map

v, L — sk

onto a skyscraper sheaf of rank 1 supported at the singular point of C,, such that the resulting map
on global sections

H°(v,L) — H°(sk)

is zero. The kernel of such a map is also immediately seen to be an invertible sheaf of degree 5 on C,.
Thus W (C,,) maps injectively into W), under v*.

If M is not locally free, then it is the direct image of a g; € W} (C'). We have two exact sequences

0 — vhg) — vu(p+gi) — sk — 0,

0 — vugi — (g +gi) — sk — 0,

that give us two representations of M as the kernel of a surjective map from the pushforward of
an invertible sheaf to sk. Thus v* maps p + g4 and ¢ + gi to v.gi. The statements about ¢ are

immediate. O

Note that W), C Pic’ C naturally embeds in C'® via two different maps: ¢,: L + I's := |K¢ — L]
and go: L — Ty := |L — p — q|. We have

Proposition 2.2. The surface W), is smooth for C, p and ¢ general.

Proof. For L € W,,, via the two embeddings of W, in C (3) the tangent space to W, at L is contained
in the tangent spaces to C® at I's and I';. Embedding C® in Pic® C' via subtraction of a fixed divisor
of degree 3, the projectivizations of these two tangent spaces can be identified (after a translation)

with the respective spans (I'3) and (I'4) of I's and 'y in the canonical space |K¢|* =2 PT, Pic’ C. To
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prove W, is smooth at L, i.e. T W, has dimension 2, it suffices to show that (I's) # (I'%), since the
intersection (I's) N (I'%) is then a projective line which contains P17, W,,.

Using Riemann Roch and Serre Duality it is immediately seen that a divisor of degree > 5 on C
cannot span a space of dimension < 2 in |K¢|*. So, if (I's) = (I'}), then I's and I'j have a divisor of
degree at least 2 in common: I's =I's +¢ and I'y = I'y + ¢’ for some I'y € C® and t,t' € C. Note that
by our assumptions I's + 'y + p + ¢ € |K¢| is a canonical divisor.

If t = ¢/, then the span (I's + I'; + p + ¢) is a hyperplane in |K¢|* which is tangent to the
canonical image of C' at three distinct points or has even higher tangency to the canonical curve. Such
hyperplanes form a family of dimension 1 for C' general, hence choosing p and ¢ sufficiently general,
this can be avoided.

If t # t', then the span (T's+t+t') is a plane, and, by Riemann Roch and Serre Duality, [T's+t+t'| €
WH(C), hence |[Kg — Ty —t — t'| € W}(C). However |Kg — Ty —t —t'| = |p+ ¢+ T'y|. The divisors
of g} :=|Ty+t+t]and h} :=|Kc—Ty—t—1t|=|p+ q+ Iy are cut on C by the two rulings of a
quadric of rank 4 (since C' is general, it is not contained in any quadrics of rank 3). Since I'; appears
in both g} and hl, the line (T'y) contains the singular point of this quadric of rank 4. There is a
one-parameter family of such secants to C' and for each such secant (I'y ), there are exactly 5 (counted
with multiplicities) divisors p + ¢ such that h°(Ty + p + q) > 2. Therefore there is a one-parameter
family of divisors p + ¢ such that h°(T's 4+ p + ¢) > 2 for some I'; such that (T'y) contains the singular
point of some quadric of rank 4 containing C'. Taking p + ¢ outside this one-parameter family this

case is also eliminated. O

The computation of the Hilbert polynomial of W;(C’pq) in Lemma 12.5 shows that Wé(Cpq), with its
reduced scheme structure, is the flat limit of W2 (X;). Therefore, if W2 C J° is the family of sheaves
with at least two independent global sections on each fiber X;, then Wi — T is flat. Moreover, we

have
Proposition 2.3. The total space W} is smooth.

Proof. This is clear at any invertible sheaf M € W/} (X;) or M € W4(C,,). Suppose therefore that
M e W;(Cpq) \WZ(C,y). We need to prove that the Zariski tangent space to Wi at M is 3-dimensional,
i.e., it is equal to the Zariski tangent space to Wé(Cpq) at M. By Lemma 12.5, the morphism W} — T

is flat and its scheme-theoretical fiber at 0 is W;(Cpq) with its reduced structure. So the tangent space
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to W;(C’pq) at M is the kernel of the differential of the map Wi — T at M and it is equal to the
tangent space to W if and only this differential is zero. Now the fact that this differential is zero
follows from the fact that the differential of the map J° — T is zero at M because J° is smooth and
J5 — T is flat. O

2.3. The surface G} in the Wirtinger double cover case. Let P} be the universal P* bundle over
Wé(Cpq) whose fiber over M € Wé(Cpq) is PHY(C)y, M). The following fibered diagram is the limit

of the analogous diagram in the smooth case:

(2.1) B i
P, Cid
—1
W5(Cpg).

The horizontal map in the second row is as follows. If M € W{(C,,) and 0 # s € HY(C,,, M), then
the image of s in Cly is div(s) = v (div(v*s)). If M € W;(C’pq) \ WH(Cpy), then M = v,g; and the
image of s € H(Cyy, M) = H°(C, g;) is v.(div(s) + p) = v.(div(s) + q) € o'

Lemma 2.4. The surface éé(Cpq) is the union of two copies of W,,, denoted W; and Wj, where
Xip = WL (C) + p C Wy, is identified with X3, = Wi (C) +q C Wiy, for k =1,2.

Proof. First note that 5,52) has the following irreducible components:
CO U x )uEe® xcPyue® x cyu e x cPyu .

Accordingly, for a given M € W4 (C,,), the two connected components B}, and B3, of the curve By,

embed, respectively, into

(€W x ) u(Cc? x cyucd

and

cPuEe® x cPyu(c, x cM).
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This first shows that G1(C,,) has two irreducible components and that the double cover GL(C,,) —
Gi(C,,) is split away from v,W}(C). The claim of the lemma over v, W} (C') follows from the fact
that, for a fixed M, the components Bi, and B3, are exchanged by the involution induced by that
exchanging C; and (5 in @,q. U

An immediate consequence of Lemma 2.4 is
Corollary 2.5. For a general double cover X — X, the double cover éé — G4% is nontrivial.

2.4. The pair (Ag, ©p). Denote (A, ©) — T the family of principally polarized Prym varieties of the
above family of double covers of curves.

Following Beauville [B1, pp. 175-176], the Prym variety Aq associated to the Wirtinger cover is
given by the following diagram

Ay ——— J(O)

L

v*

1 C* J(Cpy) —= J(C) —= 0
SRk
1 C J(Chy) —= J(C) — 0

where J(C,,) and J(C,,) are the generalized (noncompact) Jacobians, Nm is the Norm map, and
v: C = i,y — épq is the normalization map.

To obtain a canonical theta divisor in Ay, we fix a bidegree (dy, ds) such that d; + dy = 10 and the
following holds.

<& There exists a line bundle N on 5’pq of multidegree (dy, ds), so that h°(N) = 0.

By [B1, p. 153], the only bidegrees satisfying < are (6,4), (4,6) and (5,5). If there is a one-parameter
family of line bundles A on X with Ny = N/ g,, of bidegree (di,d»), we can modify N by twisting
with a component of C,, so that Ny has either bidegree (6,4) or (5,5).

Proposition 2.6. We have a canonical identification (Ay, ©y) = (Pic* C, ©¢).

Proof. Denote P106’4(5pq) the principal homogeneous space over .J (@,q) parametrizing line bundles of

bidegree (6,4) on C,,. We identify Ay with the subvariety of Pic®!(C,,) consisting of line bundles N
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such that Nm(N) = we,,. Note that Nm ™" (wc,,) only has one connected component by the diagram
above (Pic6’4(5pq) is not compact). We then define the theta divisor Oy of Ay as the locus of line
bundles N € Ay C Pic®*(C,,) such that hO(N) > 0.

We have an isomorphism A, = Pic* C which sends N to N |c,. This is an isomorphism because N is
determined by v*N by the diagram above and N|¢, determines v*N since Nm(v*N) = N|¢, @ N|¢, =
wo(p+ q). We claim that if h9(C,g, N) # 0, then h%(Cy, N|¢,) # 0. If not, let 0 # s € H(C,q, N) be
such that s|c, = 0: then s|o, vanishes at p and q. Thus 0 # s|¢, € H*(Cy, N|o,(—p — q)). However,
since N|c, (—p — q) ® N|g, = we, we have h°(Cy, N|c,(—p — q)) = h'(Cs, Nl¢g,) = h°(Cs, Nlg,) =0, a

contradiction. Thus the canonical identification sends ©, isomorphically to O¢. OJ

2.5. The family of curves in the limit. Denote the total space of the family of the double covers
Gy = éé(Xt) by G. The space G is an étale double cover of Wi and therefore smooth by Proposition
2.3. The central fiber G of G is described in Lemma 2.4.

Assume we are also given a section r: ¢ — r, of X — T. Let F (resp. F,) be the closure in
G x7 X6 %7 XO) of the family of fourfolds (resp. threefolds) F, (resp. F,,) constructed in Section 1
for the fibers over ¢ # 0.

By construction, the central fiber Fy of F fibers over Gy = W1 U Wy, The fiber over M € Wy, is the

surface By, x BY,,, where B}, and B}, live in
(Y x )y u (O x Py u P

and B3, and B3, live in

P ue® xcPyu (o, x ).

3. THE DEGENERATION OF THETA DIVISORS

Let (A,0) = { (4, ©;) }er be a 1-parameter family of principally polarized Abelian varieties of
dimension 5 with smooth total space A. Assume that for ¢t # 0, the fiber ©, of © is smooth and that
the fiber of (A, ©) at 0 is the polarized Jacobian (Ag = JC, 0y = O¢) of a smooth curve C' of genus 5.

We will obtain information about the cohomology of ©, from the cohomology of ©¢ using limit mixed

Hodge structures. We shall see below that the total space © is singular. We first need to modify the
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family (A, ©) using base change and blow-ups to obtain a family of theta divisors with smooth total

space whose central fiber is a divisor with simple normal crossings.

3.1. The singularities of ©. Denote by H the Siegel upper half space and consider the Riemann
theta function 6(z,7) on C® x H. After possibly replacing 7' with a finite cover we can assume that
there is a map 7: T' — H such that the family (A, ©) is the inverse image, via 7, of the universal family
of polarized abelian varieties over H. In particular, we can assume that the family © is defined by
{(2,6) eC°xT: 6(z,7(t)) =0} (modulo the action of the lattice of A;). Denote F(z,t) := 0(z,7(t)).

Since O, is smooth for ¢ # 0, the total space © is smooth away from the special fiber ©y. In the
case we are interested in, the singularities of the special fiber ©y are all double points and hence the
singularities of the total family © are at worst double points.

We compute the singularities of © locally, using the heat equation: 96/97;; = 8%0/02;0z; modulo
multiplication by a constant. Here the 7;; denote coordinates on H and the z; coordinates on an
abelian variety A. We write 7(t) = (7;;(¢))1<ij<5 and let 7;;(¢) denote the derivative of 7;;(¢) with
respect to t. We also put 7 := 7(0) and 7;; := 7;;(0).

Throughout the rest of this section, we use the notation 9; := 9/9z;, d;; := 0*/9z0z; and 0y =
0?/0z;0t, etc. We also use the summation convention: when an index appears twice in a single term,

it implies summation of that term as the index goes from 1 to 5.

Proposition 3.1. A point (z,0) is a singular point of © exactly when (z,0) is a singular point of
©g such that the equation ¢, € S?H'(O4,)* of the quadric tangent cone to ©y at z vanishes on the

infinitesimal deformation direction 7 = (7;;)1<ij<s € S?H'(O4,) under duality.

Proof. By the heat equation, at a point (z,t) € © the equation of the tangent hyperplane to © in A
is the pullback from the Siegel space of the equation

21019 + TZJGUH = 0,

where the Z; are the coordinates on the tangent space to a fiber A, and the Tj; coordinates on the
tangent space to H at 7(¢).
This gives the equation

0 F(z,t)Z; + (f‘ij(t)aijF(Z, t)Q =0,
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where () is the coordinate on the tangent space to T at t.

So the point (z,0) is singular on © if and only if it is singular on ©( and
Since
¢z = 2:2;0;F (2,0),
the proposition follows. O
The partial derivatives of F are:
O F(z,1) = 0r,0(2,7(1))73;(t) = 0;6(2, 7(1))735(t) = 03 F' (2, £)73;(2),
Ol (2,t) = (0 F (2,1)) = OijF (2, 1) T (),
8ttF(z, t) = &jle(z, t)Tz]<t)Tkl<t> + @w‘F(Z, t)TZ] (t)

3.2. The case Ay ~ J(C) ~ Pic* C. In this case the theta divisor Oy = W?(C) of the special fiber is

smooth outside the curve W} := W} (C) and W} is an ordinary double curve on it. Therefore we have

F(p,0) =0, Vp € WY,

0;F(p,0) =0, Vi, Vp € WY,

rank <0ijF(p, 0)) —4, Vpe Wl
1<4,5<5

Theorem 3.2. For 7 sufficiently general, the singularities of © consist of ten ordinary double points.
In the case where (A, ©) is the family of Prym varieties of a family of double covers (2? ,X) asin 2.4,
the ten distinct singular points g1, ...,gs, h1,...,hs of © are the gi’s cut on C by quadrics of rank
4 containing C' and its secant (p + ¢). In other words, h%(g; — p —¢q) > 0 and h; = |K — g;| up to

relabeling.
Proof. We use the calculations in Section 3.1. The annihilator of the deformation direction
7= (fij)i1<ijzs € S°H'(O4,)

is a hyperplane in S? H%(w¢) which, for 7 sufficiently general, gives a hyperplane in the space I5(C)
of quadrics containing the canonical image of C' and hence a line [ in PIy(C') = P2. The quadrics of

rank 4 containing the canonical model of C' are the elements of @), a plane quintic in PI5(C'). Those
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whose equations vanish on 7 are the elements of the intersection [N @ which, for 7 sufficiently general,
consists of 5 distinct points, say ¢qi,...,¢gs. There are ten distinct points in the singular locus W} of
©g above these five points: the gi’s cut on C by the rulings of ¢, ...,qs. Hence we see that © has
exactly ten distinct singular points.

In the case where our family of abelian varieties is a family of Prym varieties of double covers with
central fiber a Wirtinger cover, the deformation direction 7 is the image, via the differential of the
Prym map, of the infinitesimal deformation direction, say 7, of double covers induced by the family
()? , X). As the Prym map sends the locus W of Wirtinger covers in R into the Jacobian locus Js, its
differential induces a linear map from the 1-dimensional normal space N¢,, to W to the 3-dimensional
normal space Njo to Js. It is well known, see e.g. [DS, p. 45|, that the normal space to J5 at JC
can be canonically identified with the dual I,(C)* to I,(C'). By [DS, p. 86|, the image of PN¢,, in
P (C)* = PN,¢ is the pencil of quadrics containing the canonical image of C' together with its secant
(p+q). This is also the line that we denoted [ above. Therefore the points ¢i, ..., g5 are the quadrics
of rank 4 containing C' and (p + ¢ ). The line (p + ¢) is contained in exactly one ruling of ¢; and we
denote g; the g} cut on C by that ruling. We then have h%(g; — p — q) > 0. The second ruling of ¢
cuts h; :== |K¢ — gi| on C.

It remains to prove that the ten singular points are ordinary double points. The degree 2 term of

the Taylor expansion of F' near a singular point (z,?) is (using the heat equation up to a scalar):

The first part of the above is the equation of the quadric ¢, which has rank 4. In a basis adapted to

q. we have the matrix of second partials of F'

0 1 0 0 0 7Ok F
1 0 0 0 0 T Do
0 0 0 1 0 Tik0355 F
0 0 1 0 0 TjkOujn I
0 0 0 0 0 Tk 05 F'
TikOpl” TjpOojr ' TjuOsjF TinOujnl” TjuOsjn ' TijThOiji F

+TZ]8WF
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So we need to see that this matrix has rank 6 at the points of W}. In other words, for 7 sufficiently
general the coefficient 7,05, F (2,0) is not zero. Taking 7;; = A\;A; such that the point (\;) € C9 =
H'(04,) = Ty Ag is on the osculating cone to Oy and is otherwise general, this means that the vertex
of the quadric ¢, is not contained in the tangent space to the osculating cone to g at the point ()\;).

For a general choice of the ); this is a consequence of [KS] page 353. O

4. THE SEMISTABLE REDUCTION OF THE FAMILY OF THETA DIVISORS

As before denote (A, ©) — T the family of principally polarized Prym varieties associated to the
¢tale cover X — X. The central fiber is the Jacobian Ay = Pic*C of a general curve of genus 5.
By Theorem 3.2, the total space © has ten ordinary double points on W): gi,...,gs, which satisfy
h%(g; —p—q) > 0, and h; :== |Kc — g;|. We will construct a semistable reduction of © and, in Section

6, use the Clemens-Schmid exact sequence to compute the cohomology of ©;.

4.1. The base change and first blow-ups. To construct our semistable reduction, we first make a
base change of degree 2, then resolve singularities. Let T® — T be a degree 2 cover. After possibly
shrinking 7', we assume that the cover 7 — T has a unique branch point at 0 € 7. Pulling back, we
obtain the family ©° ¢ A* — T® and ©° is singular along W} C ©y. We define O as the blow-up of
O along its singular locus W}. We will see that O is a resolution of © whose special fiber éo is a

simple normal crossings divisor (A” — T7 is still a smooth family):

O — 6 — 06

\ \

™ — T.

To make our family of curves compatible with the base change, we also need to take the base change
of G to T® and then blow up along the singular locus of G® to obtain a semistable family. The resulting
space is Gv :
G — ¢ — ¢
1 \J
T — T.
Recall that, by Lemma 2.4, the fiber of G at ¢ = 0 is the union of two copies of W,,, denoted W; and

Ws, where Xj, = W/ (C) +p C Wy, is identified with X3, = W} (C) + g C W5_4. After blowing up
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along the singular locus X5, IT X;, C G, the central fiber éo of (j has four components: Wy, Wy, P,
and P,, where P;, resp. P, is a P! bundle over X;, = Xy, resp. X1, = Xg,. The four components

meet as below:

P,

qu sz P2

%% Wa

Notation 4.1. From now on we will replace 7' by 7% and the families ® C A - T, G - T, F = T
and X - X =T by their base changes to T°.

4.2. The central fiber éo.

Proposition 4.2. The total space O is smooth. Its special fiber @)0 is a divisor with simple normal

crossings with the following two irreducible components.

(1) The component M; which is the blow-up of @y along Wj.

(2) The component M, which is the exceptional divisor, i.e. the projectivized normal cone to ©
along W/. Therefore M, is a fibration over W}. At the points g; and h; the fibers Q5 of M,
are isomorphic to the singular quadric Q;mg of rank 4 in P, At all the other points of W}, the

fibers of M, are isomorphic to the smooth quadric hypersurface Q3 C P4

The intersection My = M; N My is a P! x P! bundle over W/}. In particular, it is smooth.

Proof. It immediately follows from the definition of O that O has two components, one of which is
the blow-up M; of © and the other the projectivized normal cone M, of W} in ©. To prove the
assertions about the smoothness of Mj, My and M, and the fibers of M, over W} we work in local
coordinates near each of the ten points g; and h; of Theorem 3.2.

By Theorem 3.2, before our base change of degree 2 the local equation of © near one of the points
gi or h; can be written as xy + zw + st = 0 in A® where ¢ is a local analytic coordinate on T' centered

at 0. Hence, after base change, the local equation is

xy + 2w + st? = 0.
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In the above coordinates, the equations of W} are
r=y=z=w=1t=0.

Hence, locally, O is obtained from © by blowing up the ideal Z = (z,y, z, w, t). Furthermore, s gives a
local coordinate on W}. For any given nonzero value of s, the local equation of © defines a quadric of
rank 5 in P* and, for s = 0, the equation defines a quadric of rank 4 in P*. This proves the assertions
about the fibers of M, — W}

Now let X, Y, Z, W, T be the homogeneous coordinates on the blow-up. We have the relations

T Yy z w i
rank <1.

XY Z W T

By symmetry, we only need to check the following cases.

(1) { X #£0}. O is locally isomorphic to

Clz,Y, Z, W, T, s|
(Y + ZW + sT?)’

Spec

which is clearly smooth. éo is given by the equation ¢t = 0, i.e., 21" = 0, hence has two smooth
components meeting transversely, defined locally by the equations 7' = 0 and x = 0. The
equation T" = 0 locally defines the component M; while z = 0 locally defines M.

(2) {T #0}. © is locally isomorphic to

CX,Y, Z,W,t,s]
(XY +ZW +5s)

Spec

In this open subset, the total space and the central fiber are both smooth and ¢ = 0 locally

defines the component M;.

Proposition 4.3. (1) The divisor M; can be identified with the correspondence

M, ={(Dy,B)) € C¥W x CW| D, + B, € |K¢|}
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with the two projections p; and p, to CY. We have a fibered diagram

@ / \ @
N, A

where ¢ is the natural map sending Dy to O¢(D4) and ¢ sends By to we(—By).
(2) Both p; and p, are birational morphisms and can be realized as the blow-up of C ) along the

smooth surface

Ci ={DeCW|n(0c(D)) >2}.

(3) The double locus Mj, is the fiber product
w\ /

Proof. Immediate. O

5. GENERAL FACTS ABOUT THE CLEMENS-SCHMID EXACT SEQUENCE

We briefly review some general facts about the Clemens-Schmid exact sequence in this section. In

Section 6, we will apply this general theory to compute the cohomology of C:)O and ét.

5.1. The Clemens-Schmid exact sequence. Given any semistable degeneration

Yo — Y

L

{0} —~1T
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of relative dimension n, where )} deformation retracts to Yy, denote
H" = H™(Y;,Q),
H™:=H"(Y,Q) = H"(Y,,Q),
It follows from the work of Clemens-Schmid [C], [Sc], and Steenbrink [St], that one can define mixed
Hodge structures on H;, H* and H, such that we have an exact sequence of mixed Hodge structures

o i* ﬁ 6%
(5.1)  —— Honiom 7 (L S L S Ay {5

where N is the logarithm of the monodromy operator, 7;: Y; < ) is the inclusion of the general fiber

into the total space, « is the composition

H2n+2—m(y) i Hm(y’ay) - Hm(y)7

where PD denotes Poincaré Duality, and 3 is the composition

PD Ttx
Hm(Y;) - H2nfm<Y;t) - H2nfm(y>

5.2. The weight filtrations on H™ and H,,. Recall from [Mo, p. 103] that there is a Mayer-Vietoris
type spectral sequence abutting to H*(Yy) with E; term

YT = 1Y),

Here YE)[p I is the disjoint union of the codimension p strata of Yy, i.e.,

where the Z;, are distinct irreducible components of Y.

The differential d;

dy

P,q
El

-

d
HU(Y) — Ho(y )

p+1,q
E1
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is the alternating sum of the restriction maps on all the irreducible components. By [Mo, p. 103] this
sequence degenerates at Fs.

The weight filtration is given by
weH™ = @ E= B
p+g=m, q<k p+g=m, q<k
Therefore the weights on H™ go from 0 to m and

Ker(dy: HH(Yy" ™M) — H*(y," 1))
m(dy: HEQY™ ) — ™))

Cr, H™ = E R =
We also put a weight filtration on H,,:
W_pHy = (Weo  H™)*
under the perfect pairing between H™ and H,,. With this definition,
Gr_y H,, = (Grp, H™)Y.

5.3. The monodromy weight filtration on H;". Associated to the nilpotent operator N is an

increasing filtration of Q-vector spaces
0OCcWyCWyC...C Wy, =H".

Let K" := Ker N C H]" be the monodromy invariant subspace. It inherits an induced weight filtration
from H;™. We refer to [Mo, pp. 106-109] for the precise definition of the monodromy weight filtration

and the fact that this filtration on H]" can be computed via its induced filtration on K;":
(5.2) Gry H" =2 Gry K" ® Gry_ 2 K" ® ... ® Gry_g k) K"

for k < m, and

(5.3) Gry H" = Groy,_y H]",

for k > m.
The weight filtrations on H™ and K" are related by the Clemens-Schmid exact sequence. Below

are the basic facts we will use (see [Mo, pp. 107-109]).
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(1) The pull-back map ¢ induces an isomorphism
(5.4) Grg H® — > Grp K for k<m — 1.

(2) There is an exact sequence

(5.5) 0 —= Grpo K" 2 —— Grym_sn2 Hopyo-m —> Grp H™ —> Gry K" — 0 .

5.4. Mixed Hodge structures on H?()). Now suppose furthermore that ) is an analytic open

subset of a smooth projective variety ) of dimension n + 1. We have a sequence of isomorphisms
Hc2n+27m<y) ~ 1-_I2n+27m(y7 y \ y) ~ H2n+2fm<y7y\ YE)),

where the last isomorphism follows from the fact that )V \ Y, deformation retracts to ) \ V.

Both H*(Y) and H*(Y \ Yp) admit canonical mixed Hodge structures ([De], [Du, 1022-1024]). The
relative singular cochain complex S*(), Y \ Yy) is quasi isomorphic to the mapping cone of the chain
map

S*(V) = S*(V\ Vo).
Using a standard mapping cone construction (see, for instance, [Du, pp. 1205-1207]), we can put a
canonical mixed Hodge structure on H*(Y,Y \ Yy), and therefore on H?()), such that the maps in

the long exact sequence
(5.6) ... —= H™ ' (Y\Yy) — H™Y,V\Yy) — H™(Y) — H"(Y\Yy) — ...

are morphisms of mixed Hodge structures.
There is also a spectral sequence [Du, pp. 1025-1027] for the mapping cone, dual to the Mayer-
Vietoris type spectral sequence in Section 5.2, abutting to H2()). This spectral sequence is in the

second quadrant, degenerates at F,, and has E; terms

By = HU2 (™),
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for p < 0. The differential

D>q p+1l,q
El,C E17C

C

dl
FJa+2p—2 (Yo[—pl ) Ja+2p (Y, [—p—1] )

is the alternating sum of Gysin morphisms. We have the duality
(E{),q)v o~ E;p,2n+2fq
The increasing weight filtration is given by
WiHY)= D Bl

The weights on H*()) go from m to 2m — 2 and, for m < k < 2m — 2,

Ker(HQm_k_Q(}/O[k_m]) — H2m—k(}/0[k—m—1}))
Im(H2mfkf4(Yb[k7m+1]) N H2mfk72<Yb[kfm]))

Cr H™(Y) = E;’fc”“”“ —

with the convention that YO[_” =J.
The mixed Hodge structures on H™()) and H2"+2-m(Y) = H#+2=m() Y\ Y)) are dual to each
other. We have
Gry H™(Y)" = Gropaop HZ>7(Y).

6. THE MONODROMY WEIGHT FILTRATION ON THE COHOMOLOGY OF @t

We apply the general theory in Section 5 to the case ) = O to compute the cohomology of ©; in
this section. By the Hard Lefschetz Theorem

(6.1) H™(©,) = H*™(6,)
and, by the Lefschetz Hyperplane Theorem,
(6.2) H™6,) = H™(4,) =~ QW)

for m < 3. The only remaining case is the middle cohomology H*(0,). We will describe the monodromy

weight filtration on it.
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According to the general theory explained in Section 5, in order to compute the monodromy weight

filtration on the cohomology of ©; we first need to compute the cohomology of the central fiber

(:‘30 == M1 UMQ

6.1. The cohomology of the strata of ég. In this subsection we compute the cohomology of M,

M, and M, and describe their generators. The various spaces fit into the commutative diagram with

Cartesian squares

(6.3) M,

2

where we denote p| (resp. ¢') the restriction of p; (resp. ¢) to My, (resp. C}) and ji: My — My the

inclusion map.

E. IZADI, CS. TAMAS, AND J. WANG

Wi s Pick(C) = A

Lemma 6.1. We have the following table of Betti numbers.

TABLE 1.

RO R RT RS RY RS RS AT RS
Cl'11 2 2 22 1 0 0 0 0
CH 11 10 46 130 256 130 46 10 1
M, | 1 10 47 152 258 152 47 10 1
Q; |1 0 1 0 1 0 1 0 0
01 0 1 0 2 0 1 0 0
Mo |1 22 3 4 3 22 1 0 0
My, | 1 22 2 22 12 22 2 22 1

Proof. This is a straightforward computation so we only sketch the idea.

(1) By Proposition 4.3, M is the blow-up of C along C}. So we have H*(M,) = piH*(C™W) @
J1p) H*"2(C}). The cohomology of C'“) was computed by Macdonald [Ma]:

(%1

HY(CW) = @0’ - H*(Pic* €).

B=0
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(2) Since My (resp. C}) is a smooth fibration over W} with fibers P! x P! (resp. P!), we can
apply the Leray spectral sequence to mo: My — W)} (resp. ¢') to compute the cohomology of
M, and Cf.

(3) The variety My is a fibration over W, with general fiber isomorphic to the smooth quadric
threefold Q5 and ten special fibers isomorphic to the singular quadric Q5™ of rank 4. Since

the base is a curve, the Leray spectral sequence for my degenerates at Fj.
We present the Leray spectral sequence computation for H*(M,, Q), the other cohomology groups are
similar and somewhat easier to compute. The F5 terms are

EP? = HP(W}, Rim,,Q).

Let U C W} be a small analytic disc, open neighborhood of a critical value of 7. Then m, *(U) is
homotopic to a smooth fiber 7, (t) = Q3 with a real 4-cell B* attached to m, *(t) along a vanishing

sphere S3. Since h*(Q3) = 0, this amounts to increasing h* by 1. Thus

Qo (@®%Q) q=4,
Rqﬂ-Z*@ = Q q = 2,

0 otherwise,

where Q; is the skyscraper sheaf with stalk Q supported at the ¢-th critical point. Therefore

11 p =0,
dimg EV*77 = dimg E2*P = hP(W), R* Pm,Q) = {1 p=2,
0 otherwise.
This gives h*(Ms) = 12. O

Notation 6.2. Denote e, € H?(M;) the class of Myyin My, f € H?(M;) the class of a fiber 75! (¢) and
71 = p,*l*n € H?*(My,) (see Diagram (6.3)). Here [*7 is represented by the curve O N (z+C®) c C}
for z € C general, and 7, is represented by a P! bundle over this curve. The product 71 - f € H*(M;3)
is the class of the ruling of 75 () = P! x P! which projects to a point under p;, and the product

jieq - f is the hyperplane class in 7, (t). We also have the relation

- .
—J1€1 = Ja€2.
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Furthermore, denote [P?],i = 1,...,5 (resp. i = 6,...,10) the class of the projective plane spanned

by a line of the ruling corresponding to 7y - f and the vertex of the singular quadric ng.”g =715 (g:)

(resp. ng."g =75 (hi_s)).

Lemma 6.3. We have the following generators for the cohomology:

H?(M,) = ([, 71, Jze2) =~ Q°,
H?(Myg) = 71 -mip H' (W)) @ jses - mip HH(W)) = QY
H*(M,) = (f-m1, [-Jses, 71 jie2) =~ Q°,
H(M) = piH*(CW) @ jrmi, H' (W) =~ Q"7
HY(M,) = PiHY(CW) & (jiof, j1em1) =~ Q¥
HY (My) = ey - w3 H (W) ~

HYMy) = ([PY, jouf, jours | i=1,..,10) =Q'2

Proof. The statements about M; follow from the formula for the cohomology of a blow-up and the

statements about My and M, follow from the Leray spectral sequence. O

6.2. The cohomology of ©p. Recall that Q) C PI;(C) is the plane quintic parametrizing quadrics of
rank 4 and also the quotient of W} by the involution exchanging g with |K¢c — gi| (see the proof of
Theorem 3.2). We have

Proposition 6.4. The weight filtration on H* := H4(©,) = H*(M, U M) is as follows:

Gr, H! = 0 for k < 2;
Grs H' = h*Hl((Pic“)C) = H'(Q) ~ Q"

Gry H* = Ker(H*(M,) @ H*(M,) i HY(My)) = Q™.

Proof. We apply the spectral sequence of Section 5.2, which degenerates at Fs, to the case Y = o.

Since @)0 = M;UDMs, the F; term of the spectral sequence has only two nonzero columns corresponding
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to p =0 and p = 1. Thus, from the definition of the weight filtration, we obtain

Gry, H* = E;L_k’k =0 fork <2,
Gra H'> EY = Coker(H*(M;) & H*(Ms) "% H3(M.,)),
GryH'> B = Ker(H'(M) @ H' (M) "% HY(M))).

We compute E21’3 in Lemma 6.5. By Lemma 6.6, the image of j7 — 53 is equal to H*(M,,), therefore

0.4 . .
FE5™" = Q%7 by a dimension count. L

Lemma 6.5. We have isomorphisms Coker(H?3(M;) & H?*(M>) g H3(My,)) = % o
Hl(Q) o~ Q12-

Proof. By Lemma 6.3,
H*(My)=pi H*(CY) & jrri, HY (W)

and, by [Ma, p. 325],
H3(CW) = H*(Pic*(C)) @ n - H'(Pic* C).

Note that
pio ¢*

H3(Pic* ©) H¥(My) — H3 (M)

is zero since ¢ o p; 0 j; = ho ¢ op] (see Diagram 6.3) and H3(W}) = 0.
Furthermore, we see from Lemma 6.3 that the image of
H3(My) = ey - my HY(W)) B H3(M;5)
is equal to ji(jr.mi,HY(W})) = jier - wi, H (W}). This is because
JioJix=jietUe=—jresUe.

Therefore we have

nomRpH (W) HY (W)

Coker(j} — j3) = =
KL =) = e H(PieT €)W (Pt )

~ 41(Q) = Q™.
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Lemma 6.6. The map j;: H*(My) — H*(M3) acts as follows

Jai Jaf = [ Jzes
JaxT1 > Ti- jJaea,
P2 = f.7 fori=1,..,10.
The map j;: H*(M;) = piH*(CW) @ (ji.f, jr.71 ) — H*(Myy) acts as follows
e —guf [ daes,
_jl*Tl — T -j;‘eg,
(6.4) piw — P TweQf 1, Vwe HY(CW).

As a consequence, ji: HY(My) — H*(Mj3) is surjective for k = 1,2.
Proof. The Lemma follows from the formula
]l: O Jpx = — szek

for k = 1,2 and the definition of [P?] (see Notation 6.2).

6.3. The monodromy weight filtration on H}.

Proposition 6.7. The weight filtration on H*(©;) is as follows:

(1) Gry H! =0, for k <2, or k > 6.
(2) Grs H} = Grz H! = i} Gr3H4N%)F)N HY(Q) = Q.
(3) There is an exact sequence

(=J1%:72%) iy

0 —= H*(My) —> Gry H* ——~ Gr, H} — 0 .
Consequently, Gry H! = Q** and H*(©,) = Q*%.
Proof. It k < 3, by (5.2) and (5.4),

GrkH4NGr K469 @GrkLJ _GrkH4@ @GrkLJH
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Therefore, the statements about Gry H for k < 3 follow immediately from the computation of the
weight filtration on H* in Proposition 6.4.
For k = 4,
Gry Ht4 =~ Gry Kt4 ® Gry Kf @ Gry Kf >~ Gry Kf.

The exact sequence (5.5) becomes,
0 —— GI‘QKE —_— GI'_6H6 i> GI‘4H4 —_— Grl‘4f(;1 — 0.

By Lemma 6.9 below, the image of « is equal to (—jyx, jos) H*(Mi2) and (—jy., jo.) is clearly injective.
Therefore (3) holds. The statements for k£ > 5 follow by symmetry (see Section 5.3). O

Proposition 6.8. The induced monodromy filtration on the primal cohomology K; C H}! and H; =
K; ® 0H?(A;) satisfies the following:

(1) Gry K; = Gry, H for k = 3,5.

(2) We have an exact sequence

(I'® H*(My)) N Gry H* —~ Gr,H, —— 0,
where I := pt(0H?(Pic* C) @ nH?(Pic* C) @ n?) @ (jio f, jram1 ) € H(M)).

Proof. Since the family of Prym varieties A; does not degenerate, we have Grg H%(A;) = HO(A;)
and Grs HY(A;) = Gry H5(A;) = 0. Therefore Grs H*(0,) and Grs H*(©;) map to zero under Gysin
push-forward. This implies the first statement of the proposition. Now consider the commutative
diagram

HYM,UM,) — > HYO) ——~ HY©,)

| | |

~

HS(Pic* C) — = HS(A) — > HOS(A,).
Since the induced Gysin map on the graded piece
Gry HA(M; U My) 225 Grg HS(Pic* C) = H%(Pic* C)

sends (I @ H*(M,)) N Gry H* to the subspace #>H?(Pic* C) and the bottom horizontal maps are
isomorphisms, we see that 4} sends (I & H*(M,)) N Gry H* into Gry H,. By Proposition 6.7 (3), the
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kernel of ¢} is 3-dimensional, therefore i} sends (& H*(M,))NGry H* onto Gry H; by a simple dimension

count. O

It remains to describe the 3-dimensional image of « in (5.5). Recall from the definition of the

spectral sequence in Section 5.2 that Gry, H* fits in the exact sequence

()’4 . .
dy"=ji—J3

0 — Gry HY — H*(M;) & HY(M,) H*(My3) — 0.

The composition of the natural map

(_jl*ij*)

H2(M12) I H4(M1) D H4(M2)
with d)* is zero, therefore (—ji., jo.) factors through Gry H*:

HQ(MH)

(7.11*7.].2*) . .
(_]1*7]2*)
404

0 —= Gry H* —= H4(M;) & H*(M;) —= H*(M;5) —= 0.
Lemma 6.9. The image of a: Gr_g Hs — Gry H* is equal to the image of

(_j1*7j2*)

Hz(Mlg) —_— GI‘4 H4 C H4(M1) D H4(M2)
Proof. We have the isomorphism Gr_g HY = Grg H® and the latter fits into the exact sequence
J1—is
0 —— GI'(; H6 —_— HG(Ml) EBHG(MQ) —_— Hﬁ(M12) —0
whose Poincaré dual is
(J1e,—J2s)
0 —— HO(Mlg) —_— HQ(MI) D H2(M2) —_— (GI‘G HS)V — 0.

The map « is induced by

Hs(©) 2 HY(8,00) —— HY©) 2= HY (M, U M,) .
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On the graded level,

H?(M,) ® H*(M>)
HO(M;s)

o Gl"_ﬁ H@ = (GI‘5 HG)* = — GI‘4 H4

is induced by the map
H*(M,) ® H*(M,) — GryH* ¢ HY(M;) @ H*(M,)
(v1,7%2) > (—JUin = 4272), Jo=(im — Ja2))-

Since the map

Ji —Ja: H?*(My) @ H?*(M,) — H?*(Mis)

is surjective, the image of « is equal to the 3-dimensional image of H?(Mis) via (—Jix, Jos)- O

7. THE SEMISTABLE REDUCTION OF THE FIBER PRODUCT

7.1.  We need to construct a semistable reduction for the fiber product G x1 ©. The central fibers of
G and © are described in Section 4.1 and Proposition 4.2 respectively. We follow the notation there.
The total space of é X O is singular along Xy, x Mo and Xy, X M for k = 1,2. The semistable
reduction is simply the blow-up P of 5 X 6 along the union of W; x M; and W5 x M; and it sits in

the commutative diagram with Cartesian squares

g x7 0 o)

P1 \L
G %7 © = )
G T.

Proposition 7.1. The blow-up P of QVXT 6 along the union of Wy x M; and Wy x Mj is a semistable

family whose central fiber Py has eight components:
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(1) For k = 1,2, the total transform Wml of W}, x My, which is isomorphic to the blow-up of
Wi x M, along Xj, x Mo U Xy, X Mis.

(2) The proper transforms ng and ng of P, x My and P, x M, respectively, which
are isomorphic to the blow-ups of P, x M, and P, x M, along X, X My U Xg; X Mip and
Xig X Mg U Xy, x My respectively.

(3) The proper transforms of P, x My, Py x My, Wy x My and Wy x M, which are unchanged

under the blow-up.

Proof. We check locally that this is indeed a semistable reduction. Locally, the total space of the fiber
product near, say, X, X Mg, is isomorphic to the product of an affine space and

Clz,y, z,w, ] Clz,y, z, w)

(7.1) Spec

= Spec
(xy —t,zw — 1) P Ty — 2w

In the above local coordinates, Xi, x M, is defined by the ideal (x,y, z,w) and blowing up G X7 )
along W, x M; amounts to blowing up (7.1) along the ideal (z,z). Let X, Z be the corresponding
homogeneous coordinates in the blow-up. By symmetry, it is sufficient to check the result on the chart
{ X # 0}. Here P is isomorphic to the product of an affine space and

Clx,y, Z, w]

7 = Spec Clz, Z, w]
y— Zw

Spec

which is smooth. The central fiber in this chart is given by ¢t = xy = xZw which is a simple normal
crossing divisor.

The other assertions about the components of the central fiber are immediate. 0



PRIMITIVE COHOMOLOGY OF THETA DIVISORS 37

7.2. The eight components of the central fiber Py, meet as follows

Wi x My P; x My Wa x My Py x My
k c c e e 7 ) k
P, b d f g I J
a d 9 !
b f h P
l m m n n o o l
W1 x Ma P&\TWQ Wa x My PQ/;_]/WQ
1
X4 Xip X1p X2q Xaq Xop Xop Xiq
W1 Pl W2 P2

The lines with the same label indicate the subvarieties that are glued together to form the double loci
of the central fiber. The horizontal lines represent the loci that project onto M5 via po and the vertical
lines the loci that project onto either Xy, or Xy, by p;. The slanted lines represent exceptional loci:
these are P!'-bundles over the products X wp X Mio and Xy, x My, hence are contracted by p; and ps.

The dual graph of the central fiber is

The four vertices of the inside square correspond to the four components in the top row of the previous
picture and the four vertices of the outside square to the bottom row. The shaded triangles correspond

to triple intersections in the central fiber.

7.3. Let Pic"”(X/T) be the (noncompact) relative Picard scheme whose central fiber is Pic%4(C,,,).
There is a rational map ¢: X® x7 X® -5 Pic"9 (X /T) which is regular on the fibers over ¢ # 0. We
will show in Proposition 9.1 that the rational map id x 1: G x7 X® x7 X®) =5 G x4 Pic"9 (X /T)
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restricted to F C G x7 X® xp X® is regular. In other words, we have the following commutative

diagram

e G xp X0®) x5 X6
|
| idx
Y

Gxr© ——= Gxp A G xpPiclO(X/T).

Notation 7.2. Denote F', F, the images of F,F, in G xr ©, and F", F! and F",F)” the proper
transforms of 7’ and F, in G X7 O, P respectively. We summarize the relations between the various

spaces in the diagram below:

F;// C Fl//( P

/ ~ ~

/ QXT@

/ Fl CF'e— Gxp 00— G xp A

T

Fo,.CF ——F CF“—sGxr0—— G xr A

8. ABEL-JACOBI MAPS ON THE GENERIC AND SPECIAL FIBERS:

OUTLINE OF THE PROOF OF THEOREM 3
The Abel-Jacobi map AJ on the total space is the composition

P U[F] P2+ ~

H*(G) — H*(P) —> H*(P) — H*(6),
where the Gysin map po, is defined as

(03)Y ~ _PD

HY(P)" —— HE(©)" = H'(6),

R

HE(P)

where PD denotes Poincaré duality. As explained in Section 5.4, there exist canonical mixed Hodge
structures on H%(P) and H®(O), such that p3 (and therefore (p3)¥) is a morphism of mixed Hodge
structures. Thus the Abel-Jacobi map AJ, as a composition of such, is also a morphism of mixed

Hodge structures.
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By functoriality of the morphisms involved, we have a commutative diagram

H(G) — H*(Gy)

l AJ Al

HY(©) — HY(©y),
where the images of the horizontal maps are the monodromy invariant parts of the cohomology groups

of G; and ©;.

8.1. The map AJ on the E; terms. The maps pj, U[F] and p; are defined on the E; terms of the
spectral sequences in Section 5 and commute with the differentials d;.

For k = 0,1, the map p} on the E; terms is

21
k,2—k k,2—k
§E1 Ly

PI

H*H(Gyl) — H*H(Py).

If, for a stratum S in P(E’“], p1(S) is not contained in é([)k], then the projection of pj onto the summand
H?*7k(8) C Hz_k(P(gk]) is zero (some components of 73([)1] map onto components in é([)o}, c.f. Section 7).

Cup-product with [F”] induces the horizontal maps

r

uiF)

UlF"]
H2H(PY) = HEH(P),
where the lower horizontal map is cup-product with the cycle class of the scheme-theoretic intersection

of F)” with each component in P(Ek].

The map p3 on cohomology with compact supports is

~ E_k7k+6 p2
01,

N N rymlk
HIHOF!) —— HH P,

—k,k+6
PEic
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Similarly to the case of pj above, we only pull back to the strata of P(gk] which map to é([)k}' Thus the

dual map pa. = (p3)Y is induced by the usual Gysin maps between the relevant strata:
k,8—k P2+ kA—k
pEy i sEn

P2x

HYH(Py) —> HH6y)).

To compute the graded parts of the Abel-Jacobi maps (see (0.1) and (0.2)), we first compute the
Abel-Jacobi map AJ* on the E terms for k = 0, 1:

ulF] P2+

~ i ~
AJE PG = HHPY) = HEHPY) - HEHO),
then pass to the E, terms of the corresponding spectral sequences.

8.2. Proof of the main theorem. Notation as in Section 6.1. We divide the proof of Theorem 3
into four propositions.

For the Abel-Jacobi map on the F; terms, we write
AT =: (A3, AJ9): H*(GY) —» HYOY) = HY (M) @ HY(Ms).
We have
Proposition 8.1. The image of the map AJ): H*(GY') — H*(M;) contains the subspace
I = pi(0H?(Pic* C) @ nH?*(Pic* C) & n?) & (j1of, j1a1 )

modulo { ji. f, j1.71 ) ® pi(0H?(Pic* O)).
Proposition 8.2. The map AJS: HQ(GEO]) — H*(M,) is surjective modulo (jo. [, joxT1 )-

For AJ', we have
Proposition 8.3. The image of AJ': HY(GI) — H3(6}) = H3(My,) contains 7 - 71, H (W}).

Next we pass to the Abel-Jacobi map on the E, terms.
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Proposition 8.4. The image of the restriction of AJ? = (AJ), AJY) to
Gry HA(G) = Ker(H*(GY)) & HX(GY))

contains (I ® H*(Ms,)) N Gry H4(©) modulo (—jy,, jor ) H2(Mis) + (p(0H2(Pic* C)), 0).

Assuming the above four propositions, we can prove our main theorem.

Proof. of Theorem 3. Identifying H*(A;) with a subspace of H*(0;) via pull-back, we have H*(©,) =
(K; ® Q) & H*(A;), and, since A; does not degenerate,

Grs H*(6,) = Gr3(K, ® Q),

and

Gry H*(©,) = Gry(K, ® Q) @ H*(A,).

Consider the commutative diagram

)

H(G) - ()

i Al Ay

%

~ )

H*(©) — = H4(©,).

Proposition 8.3 implies that the image of AJ; sends Gry H?(G;) = i} Gry H?(G) surjectively to Grz H*(6;) =
1y Gr H(©) % = H'(Q). Since the logarithm of the monodromy operator N induces an
isomorphism from Grs H*(0;) to Grs H*(0;) and from Grz H*(G;) to Gry H*(G), we conclude that
AJ; sends Grz H?(G,) surjectively to Grs H*(0;).

Next, by Lemma 6.9, the ambiguity (—7ji., jox)H?(Mis) restricts to zero under ;. Therefore, by
Propositions 6.8 and 8.4, the image of Gry H*(G;) by AJ; contains Gry(H; ® Q) modulo 6; H*(A;).

Combining the above, we see that the image of AJ; contains H; ® Q modulo 6; H%(A;). Since, as we
observed earlier, §; H*(A;) is always contained in the image of H*(©; N Oy,) for a € A; general, the

theorem follows (here Oy, is the translate of ©; by a). O
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9. THE CYCLES AT TIME ZERO: BEFORE RESOLVING THE FAMILY OF THETA DIVISORS

9.1. The central fiber F. We list the intersections of the central fiber Fjy of F with each component
Wi x (C) x &4y % (€Y x €5} in Tables 2 and 3. The left column lists the ambient spaces of
all possible bidegrees. The middle column gives the conditions defining the cycles Fy in each ambient
space.

For each pair of bidegrees (di, ds) and (e, e2), we define a morphism

¢(d1,d2)(€1,62): FO M <Wk X (Cfdl) X C§d2)) X (01(61) X Céez))> — @0 C PiC4C

(LaDdUDdQvD/ Dég) — OC(Dd2+Dég_m(p+Q)>7

e’

where m is the integer such that dy + es = 4 + 2m. These morphisms are listed case by case in the

rightmost column of Tables 2 and 3.

9.2. The morphism to ©,.

Proposition 9.1. The rational map
idxp: G xp X0 xp X -5 G xp Pic!9 (X /T)

extends to a morphism when restricted to F C G x7 X®) xp X©® (see Section 7.3 for the notation).

Proof. We need to extend the rational map ¢ to the central fiber Fy of F. As explained in Section
2.4, the natural extension of the map v to a general point of W, x (C\™) x C{®)) x (C{*) x ¢{*))
is given by ¥4, dy)(eq,e0)- Therefore we need to show that the morphisms g, 4,)(e;,e,) coincide on the

intersection of Fy with the overlaps of the different components of Gy x 6’1(,2) X 5}(,2) . For instance, a

point (p+gl, Dy, Dy = By+p, D, = Bi+q,d') € FonWy x (C2 x CP) x ('Y x Cy) is identified with
(¢ +gi, Dy + q, By, By, d +p) € Fy N Wa x (™ x 052)) X (Cfg) X 6’2(2)). The images under (2 3)4,1)
and (3 2(3,2) are both equal to Oc(By +a’ +p). Therefore all the 14, ay)(e1,e0)| 7, glue together and we

obtain a morphism from F to ©y. O
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Ambient Spaces Ey Image under ¢
Dy+a€|L]
L,Dy,a,D,,d) € Wy x (CP x Cy) x (C x C ! Ocla+d +p+
( 4,0 4@) 1 ( 1 2) ( 1 2) DZI—FCI/G’L/‘ C(a a p q)
Dy+a € |L]
L, Dy,a, D4, Dh) € Wy x (CY x Cy) x (O x ¢ 4 Oc(a+ D}
( 1, a, Dy, Dy) 1 x (O 5) x (Cy 5 Dy+ D, e |l c(a 5)
Dy+a€|L
(L,D4,G,Dg)€W1X(C§4)XCQ)XCZ(S) {D4 L/ | | Kc<—D4)
5 € |L]
Dy + Dy € |L]
L, Dy, Dy, Dy a') € Wy x (CP x 0 x (¢ x ¢ 2 Oc(Ds + d’
( 2, D3, D}y, a’) 1 % (O 5 ) x (O] 2) Di+d €|l c(D3 +d)
Dy + Ds € |L]
L, Dy, D3, D,, DY) € W, x (CP x ¢ x (¢ x ¢ 2 Ko(—Dy — D
( 2,3, 2 3) 1 (1 2) (1 2) D§+D§€|L’| C( 2 2)

Dy+ D3 € |L|

L, Dy, D3, Ds) € W, x (C? x 0Py x o)
( 2 3 5) 1 ( 1 2) 2 D5€|L/|

Ko(—Dy —p—q)

Ds € |L|

L,Ds, D), d')e W x O x (¢ x ©
( 5, Dy, a’) 1 2 ( 1 2) Dfl—{—CL/GIL/‘

—N

Ko(=Dj)

Dy € |L|

L,Ds, Dy, DY) e W, x C) x (¢® x ¥
( 5 2 3) 1 2 (1 2) Dé—i—DéE‘L/’

—"—

Ke(=Dy —p—q)

D5 € |L|
L, D5, DL) € Wy x O x ¢ b

Keo(—2p —2q)

TABLE 2. Cycles in W; x C]gg) X C’I(,Z)

Recall that we have a tower of blow-ups and algebraic cycles in each blow-up.

Fl e P

QXT@

Fle—s Gxp O G xp A

./T"r JT';/“C gXT@(—>gXT.A.
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Ambient Spaces Ey Image under v
Ds e |L
(L, Ds, DL) € Wy x C1P) x ¢ i | ' Oc(2p + 2q)
D e |L|
) 3) ) Ds € |L|
(L,D5,Dg,Dé)€W2><Cl X<Cl XCQ ) {D/+D/ 6|L/| OC(D/2+p+Q)
) (4) Ds € |L]
(L, Ds,a’', Dy) € Wy x C}” x (Cy x Cy7) {a D e Oc (D))
Ds+ D, €|L
(L, D3, Dy, DL) € Wy x (C¥ x ) x ¢ {Df’ . |L2, I Oc(Dy 4 p+q)
3) . ~(2) @) o ~@n | JDs+ Dy €|L]
D + D2 € |L]
L,Ds,Dy.d', D) € Wy x (CP x 0P x (Cy x O s Ko(—Ds — d
( 3, Dy, d', D) 2 X (O} 5 ) X (Cy 5 ) d + D, |l of 3 —a')
a+ D, €e|L
(L,a, Dy, D) € Wy x (Cy x C$Y) x ¢ D 4L, I Oc(Dy)
5 €L
@) 3) . ~(2) a+ Dy € |[L]|
(L,a, Dy, D, DY) € Wy x (Cy x C57) x (C}7 x Cy {Dg DL el Ko(—a — DY)
+ Dy € ‘L‘
La,Dy.d, D) € Wy x (Cy x C) x (¢4 x ¢Y “ Ko(—a—d —p—
(L,a, Dy, d', Dj) 2 x (C1 x Cy7) x (Cy x Cy7) D e L c(—a—d —p—q)

TABLE 3. Cycles in W5 X ngz) X O,S?

Denote Flg, dy)(e1.e;) the intersection of F,, with W}, x (C\) % {2y x (O x ), and A =
(A1, A2): F,, — Gy x O the restriction of id x ¢ to F,,.

9.3. The cycle F]. Recall that éo has four components Wy, Wa, Py, Py, where P, is a P* bundle over
Xip for k= 1,2 (see Section 4.1). We use the notation F}! [w, xe,, F}s|p.xe, to denote the components

of F)! which lie in W}, x ©g, P, x ©q respectively.

Proposition 9.2. (1) The cycle F)!|w,xo, is the push-forward under A of

Fror = Funay O Fluyes) O Fosgyay H Fog)es)-
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(2) The cycle F}! [w,xe, is the push-forward of
Fro2 = Fis003,2) I Fi5,0)1,4) L Fi3.2)3,2) H Fz2y1,4) L F1,ay3,2) L F(1,4)(1,4)-
(3) The cycle F!|p, <o, is the image of the fiber product

FTOIPk - FT0|ka

L

Py Xip,

where F |p, maps to P via projection and to ©g via \s.

Proof. Since any component of Fy with bidegree (0,5) + (e, e2) does not intersect F,,, we see that
Flo,5)(e1,e0) 18 empty. From Tables 2 and 3, we see that Fi41)(0,5), F(2,3)0,5) and F(4, 4,)(5,0) are contracted
by A and their image by A is contained in the closure of the image of cycles of other bidegrees. For
other bidegrees, A is generically injective on any irreducible component. This proves the first two

statements. The third statement follows immediately from the construction of 7. O
10. THE CYCLES AT TIME ZERO: AFTER RESOLVING THE FAMILY OF THETA DIVISORS
10.1.  The cycle F" is the proper transform of F under
P — QN X 60— g X7 ©

where the arrow on the right is the blow-up of G x7 © along Go % W} and the arrow on the left,

which is a small resolution, is the blow-up of 5 X e along 11, (W}, x My). The central fiber of P has

8 components (see Section 7), where Wy, x M; and Py x M are the main components and Wy x Ms,

P, x M, are the exceptional components.

Proposition 10.1. F}/ wosan, 18 the proper transform of F! lw,xe, under the birational morphism

(id,p1) 4 (id,®)
Wex My —= W x My —= W, x CW —= W, x O,.

Proof. The inverse of the birational morphism

WkXMlﬂ-WkXMlﬁka@o
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is defined on the open subset (W}, \ (X, U X)) x (0o \ W}). This open subset contains an open dense

subset of F)! [, xe,- O

10.2. The center of the blow-up. Next we study F}|w,xas, which is the scheme-theoretic inter-

1/
0

section of F” with the exceptional divisor Wy x Ms. So F”|w. «xas, is the projectivized normal cone

to the scheme-theoretic intersection F! N (W), x W}) C F! |w, e, in F,'. We first study the center of

the blow-up.
By Proposition 9.2, F)! |, xe, is the image of

(A1,22) 9
Frok E—— FTQ’WkXGO C Wk X @0 .

Denote Z;, C Fyy the inverse image scheme of F! N (W, x W}) C F/|w,xe, and put Z := Z; U Z,

and Z(a, ay)(er,es) = Z N Flay dy)(er,en)- Then Zg maps onto Wi C Oy by Ay and we have the Cartesian

diagram

(10.1) Zy — W}

]

A2
F..n — Oy.

Proposition 10.2. The cycle Z; is I-dimensional and, for s} # g; or h;, the fiber \;*(s}) N F,,; is
finite. For i = 1,...5, the fiber \;'(g;) N F,,; is 1-dimensional (modulo finitely many points) and its
support is listed in Table 4.

The fiber \;*(h;) N F,,; is also 1-dimensional with support described in Table 5.

Proof. We study Z; case by case according to the bidegree. The proof is divided into three Lemmas:
10.4, 10.5 and 10.7. O

Proposition 10.3. Z, is 1-dimensional and, for s} # g; or h;, the fiber A\;'(s}) N F,, is finite. For
i=1,...5, the fiber \;'(g;) N F},2 is 1-dimensional with support described in Table 6.
The fiber \;*(h;) N F,2 is 1-dimensional with support described in Table 7.

Proof. The proof is entirely analogous to that of Proposition 10.2, we omit the details. U
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Ambient Spaces Support of A\;'(g;) N Fyo1
atad +p+q=g
(L, Dy,a, D, a’) € Wy x (C x o) x (CY x Cy) hO(L —a—ry) >0
Dy=L—-a, D=L —-d
Di+a=y;
L=a+gjj#i,aeC
ro < Dy = g
Dy=hi—(gi—p—2q)
Di+a=g
L=h+p+q—c,ceC
W(L—ro—a)>0,Dy=L—a
Di=a+c
(D3 +19=g;
L=c+g;,ceC
ad=rog,Dj=hi+p+q—c—r19
(Do =19 +cC
(D3 +d =g
L=ry+g
Dy=hi+p+q—ro—d,d e€C
| Dy = a’ + 19

(L, Dy,a, D)}y, D}) € Wy x (CY x Cy) x (C x )

(L, Dy, a, Dy, DY) € Wy x (C) x o) x (C? x ¢

(L, Dy, D3, D)y, d') € Wy x (C? x ¢ x (¢ x )

(L, Ds, D5, D}, d') € Wy x (C® x CP) x (C x Cy)

TABLE 4.

Ambient Spaces Support of Ay ' (k) N Fry1
Di+a=h;
L=a+g;,acC

ro < Dy =gi
Dy=p+4q

(L, Dy, a, Dy, D}) € Wy x (C x ) x (C x ¢

TABLE 5.

Lemma 10.4. For any s; € W}, the intersection \;'(s}) N Fla1ya1) is empty except when s} = g;.

The support of the intersection Ay *(g;) N Fl4,1y(4,1) is of pure dimension 1 and equal to

{(L,Dy,a,D},a")| a+d +p+q=g;, I°(L—r9o—a)>0,Dy=L—a,D,=L —d}.
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Ambient Spaces Support of A5 ' (g;) N Fryo
Dy+p+a=g
(L, D5, D}, D) € Wy x O x (C® x ) | { WL — D) > 0,D, = L' — D),

To < D5 =L
c<Di=g
L=h; —c,ceC

(L, Dy, d, D) € Wa x C x (C) x O d_c+p+q o€
To < D5 =L
TABLE 6.
Ambient Spaces Support of Ay ' (hy) N Fryz

D3 +d =g
ro < D3

L,D3, Dy, a',D),) € Wy x c® x ¢y x (C), x ¢W
( 3, Da,d’, Dy, 2 x (O} 5 ) X (Cy 5 ) L=c+g.ceC

Dy=d +¢,Di=hi+p+q—c—d
Di+ro=g
L=h+p+q—c,ceC
a=1r9y,Dy=h;i+p+qg—c—rg
Dy =ry+c

(L,a, Dy, D}, D)) € Wy x (Cy x C{Y) x (C¥ x )

TABLE 7.
Proof. The map A: Fiy1ya4,1) — W1 x ©q factors through the projection of Fiy 14,1y C Wi X (C’fﬁ‘) X
Cy) X (CYI) x () to Wy x Cy x Cy, which is generically injective. The image of F41)(4,1) in Wi x Cy x Cy
consists of (L, a,a’) such that
h'(L — 1o —a) > 0.
The image of Z(4,1y(1,1) = Z N F(4,1)(4,1) under the projection is defined scheme-theoretically by imposing

an extra condition

R(a+d +p+q) > 1.

Ifa+ad +p+q= sl € Wl then s} is equal to one of the g;. This first shows that \;*(s}) is
empty unless sj = g; for some i. Then it shows that there are only finitely many choices for a, hence

Ayt (gi) N F4,1)(a,1) of pure dimension 1 and is as described . O
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Lemma 10.5. For s} # g; or h;, the intersection Ay ' (s}) N Fl41)(2,3) is finite. The intersection Ay ' (h;)N
Fla1y2,3) (up to finitely many points) has support

{(L,Dy,a,D5,D3) | L=a+g;,a € C,rg < Dy=g;,D5=h; —a,Dy=p+q},
and the intersection A\;"(g;) N Fl41)(2,3) (again, up to finitely many points) has support
{(L,Dy,a,D3, D) | L=a+gj,j#t,a€Ciro<Dy=g;,Dy=¢g;—a,Dy=h; — (¢ —p—1q) }
and
{(L,Dy,a,Dy, D) | L=h; +p+q—c,c€ C,h°(L—rg—a) >0,Dy=g; —a,Dy=a+c)}.

Proof. Consider the projection of Z4 12,3y to Wi xCy X 02(3) consisting of (L, a, D}) satisfying equations

(10.2) hO(L' — D) > 0
(10.3) RO(L —1rg—a) >0
(10.4) h%(a + D) > 1.

Fix any s; € W} (C). Suppose a + Dj = si. In the canonical space |K¢|*, the span ( Dj}) is a plane
(C'is not trigonal). By Riemann-Roch, a € (D} ). We have two cases:

(1) a £ T% := Kc—L'. In this case, h°(L'—D}) = h°(Kc—T%4—D4) > 0 implies h°(Kc—T%—s}) > 0,

ie. hO(L' —s)) > 0. If s} # g;, then L' = p+ s} or L' = g + s} because h°(L’ —p —¢q) > 0. In

either case, there are finitely many choices of a satisfying condition (10.3) and therefore there

are finitely many points in Z41)@2,3 that map to sj. If s} = g;, then there exists ¢ € C such

that L' = ¢+ ¢; and (10.3) becomes
(K +p+q—(c+g)—190—a)=h"(hi+p+q—c—ro—a)>0.
For each ¢, there are 4 choices of a satisfying the above condition, so (L, a, D}) belongs to
{((L=hi+p+q—c,a,Dy=g;—a)|ceC, h°(hi+p+q—c—r9—a) >0}

Finally, there is a unique lifting of such (L, a, D}) to a point (L, Dy, a, D5, D%) in Z41y2,3) as

described in the statement.
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(2) a <T'%. Write I'y = a + I',. The conditions defining the fiber of Z41)@2,3) over sj are

(Ko —a—Ty— D) =h(Kc—si—T%) >0
W(Ke—Ts—a—ro) =h"T5+p+qg—a—re)=h"T5+p+q—r9) >0

a+ D}y =s!

Put h} := |K¢c — s}| so that, by the above, h%(hj — ') > 0. There are two subcases:
(a) hO(T%, + p+ q) = 2. So the second condition above is automatically satisfied.
Here I', + p + q € g; for some 1.

Claim 10.6. The five gjs containing I'y are g; and h; for j # i.

To prove this, denote ,, the line in P? = P(I(C)) consisting of quadrics vanishing on
the secant line (p + ¢) in |K¢|*. There are five rank 4 quadrics @;, j = 1,...,5 in
lpq, corresponding to the intersection of [,, with the quintic curve parametrizing rank 4
quadrics in P(I(C')). For each j, g; is cut on C by one ruling of ¢);. Let S be the base
locus of the pencil [,,,. Then S is a Del Pezzo surface of degree 4. By construction (p+¢q)
is contained in S. Since the span (p+ ¢+ 1% ) is a plane in |K¢|*, SN (p+q¢+T1%) isa
conic containing (p+¢), thus SN (p+q+T1%) = (p+¢q) U (I%). Therefore the pencil
of quadrics containing (I',) is also l,,. We know that (p+ ¢ +TI') C @Q;. For all j # i,
QN{p+aq+Ty) =5N(p+q+T5) =(p+q)U(ly). SoTIj and (p+q) belong
to different rulings of @);, i.e., I'; is contained in the ruling of @); corresponding to h; for
j # 1. The claim is proved.

Thus h} = g; or hj = h; for some j # i.

So those (L, a, D) which map to sj = h; are

{(L=a+gi,a,D5=h;—a)|acC}.
Similarly, the (L, a, Dj) which map to sj = g; for j # i are
{(L=a+g,a,Ds=g;—a)|acC, j#i}.

There are unique liftings to points in Z4 1)(2,3) as described in the statement of the propo-

sition.
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(b) h°(T% +p+¢q) = 1. Then the second condition implies h°(T, —ry) > 0. For each s}, there
are finitely many choices of I, = ry + b satisfying the first condition and for each choice
of I'}, there are finitely many choices of a such that a +I', € W, (because this means
R (Kc—a—T%—p—q) > 0, and, since h°(Ty+p+q) = 1, we have h®(Kc —Th—p—q) =1

as well). Therefore, there are no positive dimensional fibers.

Lemma 10.7. (1) The only positive dimensional fibers in Z 31y are Ay (g N Z(2,3)4,1)- For

each 4, the 1-dimensional components of Ay '(g;) N Z(2,3)(4,1) are supported on the curve
{(L,Dy,D3,D},10) | L=c+g;,c€C,Dy=ro+c¢,Ds=g; —ro,Dy=h;+p+q—c—10}
and

{(L, Dy, D3,Dy,a") | L=r0+g;,Dy =0d' +19,D3 =g —a', Dy =hi+p+q—ro—d,a € C}.

(The second curve is contracted by A = (A1, A2), and therefore does not contribute to the
Abel-Jacobi map in Section 11.)
(2) All fibers in Z(53)(2,3) are finite.

Proof. (1) The projection of Zg 3,1y to Wpe X 6’2(3) x (s is the locus of (L, D3, a’) satisfying

hO(L — D3 — 7’0) >0

ho(a' + Dg) > 1.
As in the previous lemma, only the inverse image of g; is positive dimensional. It is equal to
{(L=c+gid =r¢y,Ds=g;—19) | c€CIU{(L=r0+¢;,D3=9;,—d',d') | d € C}.

As before, we can uniquely lift these curves to Z 3)4,1).-
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(2) The projection of Z(93)(23) to Wpe X 01(2) X CS) is the locus of (L, Dy, D) satisfying

;

hO(L — Ds) > 0
h(L' — D)) >0

ro < Do

W(Ke — Dy — DY) > 1.

These cycles are also 1-dimensional but there are only finitely many points mapping to a fixed

s (we choose ry general such that 79 + p + ¢ is not in any gJ).

O

By the previous three Lemmas, Proposition 10.2 is proved.
We also need to describe the components of Z; which lie over X;, under \;. This will be needed in

the computation of the Abel-Jacobi map in Section 11.3.

Lemma 10.8. The scheme Z; has the following components which map onto X;, by A;. Each

component maps onto W} by Ay. They are supported on
{(L7D27D3,DQ,T0) | L =p+gi,D3 Egi — 10, Do :P+T0,Dﬁ Ep*’Qi —7"0} C Z(2,3)(471)7
{(Lv Dy, p, Dé,Dé) | L=p+ giﬂ’o <D,= QLDQ = K¢ — gi - a} C Z(4,1)(2,3),
and
{(L,Dy,a,D}, DY) | L=p+gy,h°(g; —10—a) >0,Dy=p+g, —a,Dy=Kc—g;—a,Dy=a+q}
C Z(4,1)(2,3)-

Proof. Fix a general L =p+g; € X1p. One easily sees from Table 2 that only Z(33)4,1) and Z4 1)(2,3)
have a point over L.

In Z33)(4,1), the condition h°(p+ gt — D3 —19) > 0 implies that either D3 = g} — 1y or D3 = p+ By
with h%(g; — 79 — B2) > 0. In the first case, h°(a’ + D3) > 1 implies a’ = ro. This is because D} is
contained in at most one pencil of degree 4. Thus we obtain the first curve in the statement of the

lemma. The second case does not happen because |a’ + p+ Bs| cannot be a pencil for p and g} general.
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In Z(41)2,3), there are four choices of a such that h(p + gi — ro —a) > 0. The condition h°(L’' —
D}) = h’(q + K¢ — g3 — Dj) > 0 implies that either h°(K¢c — g — D) > 0 or D} = p + B} with
(Ko — gi — Bb) > 0. In the first case, h’(a + Dj) > 1 implies that D} = K¢ — g; — a. This is
because Dy} is contained in at most one pencil of degree 4. Thus we obtain the curves in the statement
of the lemma. In the second case, |a + g + Dj| is not a pencil for ¢ and g} general. Note that the last

component is a degree 3 cover of X, under A;. U

10.3. Infinitesimal study of F,, and Z. In this subsection, we prove that each irreducible compo-
nent of the center of the blow-up F N (W), x W) is generically smooth, or equivalently, generically
reduced. We also prove that F) is smooth at a general point in each irreducible component of
Fll 0 (W x W}h.

The infinitesimal study is similar for all components. So let us take one component, say the image

in W) x ©q of the curve in Z41(2,3)

{(L,Dy,a,Dy,D3) | L=a+gi,a€ C,ro < Dy=g;,D5=h;—a,Dy=p+q}.
This curve projects isomorphically to (with identification C7 = Cy = ()
(10.5)  Z{y1ym ={(L,a,Dy) | L=a+gi,a,Dy=h; —a,a € C} C Wy x C x C?).

It suffices to show that the curve ZE 41)(2,3) 1s generically reduced. To this end, recall that by [ACGH,
p 189], for any line bundle M of degree d on C, and v € H'(O¢) = Ty Pic’ C' a tangent vector, all
sections in H°(C, M) extend to first order along v if and only if

(v, Im par)s =0
where (,)g is the pairing for Serre duality and
par: HY(M) @ H(Ke — M) — H°(Ke)

is the multiplication map.

Note that Im pg, is of codimension 1 in H°(K¢) by the base point free pencil trick.
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If we embed Wi x C x C® in Pic® C x Pic! C' x Pic® C, by the previous paragraph, the tangent
space to Wi x C' x C® at the point (L, a, Dj) consists of (vy,vs,v3) € H(Og)®? such that

(10.6) vy € Im pg N Im pg,
(10.7) vy € H(K¢ —a)™,
(10.8) v3 € HY (K¢ — Dj)*.

Lemma 10.9. A tangent vector (v1,v2,v3) € H'(Og)® of Wy x € x O is tangent to Z(, ;)5 C
Wy x C x C®) at (L =a+ g;,a, Dy = h; — a) if, in addition, the following holds

(10.9) v +vs € H (Ko —p—q)°,
(10.10) v — vy € H(K¢ = (9: — 10))",
(10.11) vy + vz € Im .

Proof. The cycle Z, ), 3 is defined scheme-theoretically by (10.2), (10.3), and (10.4). These translate

into the above conditions for infinitesimal deformations. O

Proposition 10.10. Each irreducible component of F! N (W}, x W}) is generically smooth.

Proof. We only prove the proposition for the component which is the image in W; x © of Zé 41)2,3)"

Fix a general point (L = a + g;,a, D5 = h; — a). Consider the linear map from the tangent space of
Z11)(2,3) to H'(O¢) which sends (v1,v2,v3) to va +vs. Its image is 1-dimensional by (10.11). To show
the tangent space of Z(41)(2,3) is 1-dimensional, it suffices to show that the kernel of this linear map is
trivial, i.e. if vy +v3 = 0, then v; = v3 = 0.

So assume vy + v3 = 0. Then
V1 + U3 =V — U2 € HO(KC —D— Q>L N HO(KC —(gi — TO))L~

Since the pencil Ko — (g; — 19) = h; + 19 does not have base points at p or ¢ and can separate p and

¢, we conclude

H'(Kc—p—q)" NH (K¢ —(9:—10))" = (H'(Ke —p—q) + H(Kc — (9: — 10)))" = 0.



PRIMITIVE COHOMOLOGY OF THETA DIVISORS 55

Therefore v; = —vs3. Now by (10.6) and (10.7), vy = vo = —v3 € Im g NImpug, N HY(Kg —a)t =0

for a € C general, this implies v; = vy = v3 = 0. O
Proposition 10.11. The scheme F} ; is smooth at a general point of each component of Zj.

Proof. Again we only check the proposition for a general point of the image in W; x ©q of (10.5).
The defining conditions for Fisyes) C Wi x C x C®) are (10.2) and (10.3). The tangent space of
F,, at (L = a+ g;,a,D; = h; — a) consists of (vy,vs,v3) satisfying the conditions from (10.6) to
(10.10). Projection to the v; summand of (vy,ve,v3) is surjective and the kernel of this projection is

1-dimensional. The proposition follows. O

1"

10.4. The structure of the projectivized normal cone. Note that F’

lwi.x a1, is the projectivized
normal cone of F,, N (W}, x ©g) in F/.

We have the commutative diagram

P2

(10.12) Cr Fl wyxay, ——— My
L (A1,A2) \L Pr l
Zj — Fi 0 (W, x W}) —= W}
\L Pry
A1
Wi

where Cy is defined by the left square being a fiber product.
Proposition 10.12. C; is generically a P? bundle over the curve A, *(U;i{ gi, hi }) N Z.

Proof. Since Wy, x M, is a divisor in the total space P, F\!|w, xa, = F.' N (Wi X My) is purely
3-dimensional. Furthermore, by Propositions 10.10 and 10.11, at a generic point of any compo-
nent of Ay (U;{gi,hi }) N Zk, both Z; and F, are smooth. Thus there is an open dense subset
of A3 ' (Ui{ i, hi }) N Z, where the dominant map Cj, — Zj, is a P? bundle. So the general fiber of Cy is
a 2-dimensional linear subspace of the singular quadric threefold ngg which is the fiber of M, over

one of the g; or h;. Therefore the general fiber is a P? passing through the vertex of Qg”‘g . O

11. THE ABEL-JACOBI MAP

We are now ready to prove Propositions 8.1 to 8.4.
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11.1. Proof of Proposition 8.1: The map AJY: H2(GY) — H*(My).

We will show that it is enough to compute the restriction of AJ? to the direct summand H?(W;) of

H 2(6[[30}). This map is the correspondence induced by the cycle [F)”

] € Hﬁ(WT;/J\/Il). We use

To "W x My

the notation introduced in Section 6.1.

There are two reduction steps:

(1)

~

First, since we are computing AJ) modulo { ji. f, j1.71 ) in Proposition 8.1 (recall that H*(M;)
prHY(CW) @ (1. f, ji.m1 ), it suffices to check that the image of the composition

AJ9

H2(W)) —> HY(M,) —= H4(CW)

contains nH*(Pic* C) & n* modulo §H?(Pic* C). Recall (see Proposition 10.1) that F” Wik

is the proper transform of F! |, xe, under

W1XM1—>W1XM1—>W1XC(4)—>W1><®0.
By the projection formula, p;,0AJ? is induced as a correspondence map by the proper transform
F! i xcw of F lw,xe, in the intermediate space Wy x C4):

VIEG o]

H*(W,) —— H?*(W, x CW) H8 (W, x CW) —— HY(CW).

Second, we will prove that in fact the image by pi, o AJY of the subspace (g, q2)* H*(C® x
C®)) of H*(W}) contains nH?(Pic* C) @ n? modulo H?(Pic* C'). We therefore compute the

. T0
composition AJ]

— (q1,92)* p1+0AJY 47(4)
ATY: (O x O®) 25 (W) HA(CW) - )

where
(1,q2): Wy — CO x C®

L — (I's,T%)
is the embedding used in Section 2.2.
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Lemma 11.1. The Kunneth component of [F! |y, ,cw] € HO (W x CW) in H*(W;) @ H*(CW) is the
restriction to W; x C¥W c CG) x CG) x CW of

(11.1) (=201 + 4ny + 4n2)n3 + 4635m3 + (61 — 11) 0313

in H5(C® x 0®) x ™) modulo 05 H?(Pic* C), where 6 = S0, (&ill; + &1l )-

Proof. The Kunneth component of [F |y, ,cw] in H*(W;) @ H*(C®W) is computed case by case for
each bidegree in Appendix 12.4. Tt is the sum of the classes in (12.3), (12.4), (12.5), (12.6), (12.7),
which is equal to the restriction to W, x C4 c C®) x 0B x CW of

(112) [—2‘91 + 4771 + 4’[72] ng + [2533 + 5f3 — 513523 + (81 - 771)03} 7s.

Consider the commutative diagram

qu
VRN
C®) c®

Pic*(0) Pic*(C)

where 7 is the involution sending M to Ko —p —q — M. Since 7*(&;) = —&;, we see immediately that

4 (&) = —43(&),
513|W1Xc(4) = _523|W1Xc(4)-

Therefore (11.2) simplifies to (11.1). O

For any w € H?(C®), denote w its pull back to C® x C® under the first projection (see Notation
(4)). Now, using the class (11.1), we obtain

AN(w) = prew, {wi [(=201 + 4y + 4m)n + 40% + (61 — 11)0sms] ¥ |y e -
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5 .
Expanding 07; = Ei,jzl [%ufﬂﬁéﬁw - fufljféiféj - fiiﬂjfzifzj]7 we obtain

5
AlY(w) = {/Wl wi (=261 + 4m + 4772)} " +8> [/Wl w1§1¢§i]} &

i,j=1
_4”231 {/ W1£1151J:| ff ”Z:I {/ wl£1i£ij:| fzfj + {/Wl w1(91 — 771)1 977.

Noting that the class of the image of W; in C® by ¢; or g» is 0—n, and qi.q5n = 16°—0n+n* € H*(CV®),

the above formula becomes

(11.3) A(w) = VC@ W(—20 + 4n) (0 — 1) +4/ w(%GZ . en+n2)1 i

o®)
5.r 5
+8¢; _/c<3> whit; (0 = 77) - 4@32:1 {/ ) Wit (0 = 77)] &
5 ¢ -
— el — £ N2
4”221 _/c<3) w&i&;(0 77)— && + [/C(g)w(ﬁ n) } On.

Now a simple computation using the ring structure of H*(C®)) described in Macdonald [Ma] gives

AJY(m) = 10n* —116n,

A_J?(fufu) = Cijfifjﬁ for 0 # Cij € Z, j#i%5,

Al(ow) = 8n* —116n + 1604,

Thus the image of A_J(l) contains nH?(Pic* C) @ n* modulo §H?(Pic* C). O

11.2. Proof of Proposition 8.2: The map AJY: H2<é([)0}) — HY(M;).
We will work with the restriction of AJ9 to the direct summand H2(W:) & H2(Ws) of H2(GY):

ULFY Twy, x My

HX(Wy) —e H2(W), x M) HS Wy, x My) 2 HA(Ms)

The relations between the various spaces involved are summarized in diagram (10.12). The projection

of F}V|w,xn, to Wy is supported on curves. By Section 10.2, the image curve contains the following
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special curves in Wy

Ci = {c+gi|ceC},Cl=uC),i=1,..5
Xy, = {p+alaueWi(O)}

Xy = {a+g;i|geWi(O)},

where «(L) = |K¢c + p+ ¢ — L|. By Lemma 6.3, H*(M>) is generated by jo.f, jou71, [P?] and [P, ;]
(recall that f is the class of the fiber of m19: My — W/} and see Lemma 6.3 for the definition of P?).

Lemma 11.2. Put [Clyy := [C1] + ... + [C5]. For any («, 8) € H*(Wy) & H*(Ws),

5

A =% ([ (6 1)1 Z+5+Z(/ (Cho +41C] + 2450~ 1) ) [P

i=1
modulo ( ja. f ), and,

5

A5 Z( c1+1c) B+ ([ 8-+ a0 - ) 1]

=1 =1

modulo ( jo. f).

Proof. By Sections 10.2 and 10.3, the scheme F! N (W}, x W}) is of pure dimension 1 and generically
reduced on each of its components.

Represent « as the cohomology class of a real 2-chain in general position. By definition, AJ)(a) is
the push-forward to M, of the pull-back of A\ja U [Z;] to Cr. By Proposition 10.12, the fibers of Cy
over Ay ' (Ui{ gi, hi }) N Z), are isomorphic to P2,

Since we are computing AJ) modulo (jo.f ) € H*(M,), we only need to compute the intersection of
Mo with A1 (Ui{ g5, hi }) N Z;. The components of A\;*(U;{ g, ki })) N Z; are described in Proposition

10.2. For instance, the curve supported on
{(L,D4,(I,DZL,CLI) I a+a,+p+ngi7 hO(L—To—(I,) > 07D4 EL—CL,DQ EL/_G’/}

has two components since we can switch a and a’. Each component projects to a curve in W; whose
class is (01 — m1)|w, by the secant plane formula (Section 12.2). Thus the contribution of this curve is

Sy, @+ 2(61 — m)[P?]. The formula for AJ3(ar) now easily follows.
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The computation of AJy(3) is analogous. The minus sign in the formula for AJS(/3) comes from the

fact that the maps to ©y on the curves
{(L,D3,Dy,a',D})) | L=c+gi,ce C,ro < Ds,a’ + Ds3=g;,Dy=ad +¢,Dy=h;+p+q—c—d}
C Z@32)(14)

{(L,a,Dy,D5,D3) | L=h; +p+q—c,a=ro,r0+ Dy =g;,c € C, Dy =rg+c} C Za)32)-

are given by Oc(K¢ — D3 — d') and O¢(Ke — D — a) respectively (instead of O (D3 + ') and
Oc(D} + a)). Thus the P? fibers over these curves are in the rulings opposite to those of P?, ;. Since

we work modulo js, f, the two rulings differ by a minus sign. 0

We need the following Lemma to study the rank of AJS.

Lemma 11.3. We have the following intersection numbers in the smooth surface W,
C?=CPF=-2, CC/ =CC;= CiC5 =0, CiC; =2, fori# j.
Proof. Clearly C;C; = CiC} = 0 for i # j. To compute C?, consider the exact sequence
0 — Noyw,, — Neyjow — Noar,g)icolo; —= 0.

Under the embedding ¢o: W, — C®) sending L to |L — p — q|, C; is a complete intersection with
cohomology class n* € H*(C®). Therefore, ¢;(Ne,jow) = 2. We also have ¢1(Ny, jcolc,) =
Jow W - [Ci] = [0 —n)n* = 4. We conclude that C7 = —2.

Now we compute C;C?. Suppose x + g; ~ p+ ¢+ h; —y for some x,y € C. Then

Dyi:=¢gi—p—q=h; —x—y.

By Claim 10.6, for a fixed 4, the gjs containing Ds; are g; and h; for [ # i. This implies C;C! = 0 and
C;C; = 2 (embedding C® in Pic® C, one easily sees that the intersection of C; and C} is transverse

for a general choice of p + q). O
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Using the formula in Lemma 11.2 and the intersection numbers in Lemma 11.3 we compute
ATy s H*(Wh) @ H*(Wa)  — H'(Mz)/{jauf )

5
(11.4) (12[C4] = 3[Cliot + 2¢5(n — 03), 3[Ci]) +— —58[PF] + 44 Z [P?] mod (ja.f ).
j#ig=1
It immediately follows that the image of AJJ contains ([P?] | i = 1,...,5) modulo js, f. We then

compute that

(11.5) AJY([CL[C) = =6 > [P2,]

J#ig=1

modulo {[P?], jo.f | i =1,...,5). Proposition 8.2 follows immediately. O
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11.3. Proof of Proposition 8.3: The map AJ': HY(G}) — H3(Mi,).

It follows from Sections 7.2 and 8.1 that the only double loci of the central fiber Py inducing
non-trivial Abel-Jacobi maps are those which map to Xj, or X}, under p; and map to M;, under
p2. These are the slanted lines in the picture in Section 7.2. Recall (see Section 4.1) that H 1(681) =
HY(X1,)®HY(X1,) D H" (Xa,)®H (Xyp) and H3(Ms) = 11 -7 H (W) @ jsea-mi H (W]) (see Lemma
6.3). To prove Proposition 8.3, it is sufficient to prove that the image of the summand H'(Xi,) by

AJ' contains 7, - m, H'(W}). The map AJ' on this summand is given by

1 p’l‘ 1 U[F7{3|E1p} - P2 3
(11.6) H'(Xyy) —= H'(Ey,) ——"H(Eyy)) > H¥(Miy) |
where E, corresponds to the slanted line labeled b in the picture in Section 7.2. Therefore Fy, is a

P-bundle over Xip X Mo and fits into the diagram

Eq,

|

le X Myy —— Mia

|

X1,

By the projection formula, to compute (11.6), it suffices to compute the correspondence induced by the

push-forward cycle of [F)| g, ] to X1, x Mi,. Denote Y’ the projectivized normal cone of Fl N(WyxW})

0

in F)! |w, xe,- By construction, Y has dimension 2 and Y" = (W x Mi2) N EY |w, s, -
The components of Z; which dominate X, are described in Lemma 10.8. Let Z;, denote the union
of these components and let Y be the fiber product Z;, x Fl1 (Wi xWh) Y’, which is generically a P!-

bundle over Z;, (the P! in the ruling corresponds to 7; because the map Ay from F (4,1)(2,3) and Fa.3y4,1)
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factors through C'® 4 Op):

Y Y’ M,
\L T2
(A1,A2) Pro
Zyy —2 B0 (W x W) i,
A1 Pry
X1, Wi,

For a real 1-cycle «v in general position in X, the inverse image of @ in Y is a P*-bundle over «. The
push-forward of the class of this P!-bundle to M, is a class in H3(Mi,). As the class of a varies in
H'(Xy,) & HY(W}), the class in H?(Mjy) spans 11 - i, H' (W}) because X, and W} are isomorphic
to each other. OJ
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11.4. Proof of Proposition 8.4: Passage to the 5 terms.
Recall that Gy has four components and ES? = Gry H2(Gy) is the kernel of

(G - (G

- -

Pi_ H*(Wi) & H*(Py) —= Di_, H*(Xip) ® H*(Xig)

Consider the subspace of Grsy HQ(éo) consisting of (1, T2, B1, B2) with z, € H*(W},) and By € H?*(P,)
such that f3; is a multiple of the class of fiber of the P!-bundle P,. Since we always have

/ka B = /X:HW B

the compatibility condition defining Ker(d;) becomes

(11.7) / T :/ T3
Xk:p X37k:,q

Because the cycles F”'|p,«a, and EY|p,« a1, come from a base change (Proposition 9.2), the maps AJ)
and AJY are trivial on B, € H?(P,). We will therefore write AJY(zy1, z) := AJY (21, 22, B1, o).

Now start with (1,72) € (I ® H*(M,)) N Gry H4(O,). The condition (71,72) € Grs HY(6,) means
Jiv1 = ji3v2 € H*(My5) by Proposition 6.4. By Proposition 8.2, we can choose (x1,z5) € H*(W;) ®
H?(W3) such that

Yo — AJy(21,22) € (Jauf, JouTn ).

Furthermore, note that in formula (11.4) and (11.5), we have chosen x; and x5 so that

X1p Xag Xi1q Xap

Subtracting (AJ)(x1, 25), AJS (21, 25)) from (71,72), we may assume Yo € (jouf, jou71 ) C H*(My). Now
choose w € H2(C®) such that for i = 1,...,5 (see Section 11.2 for the notation),

(11.8) / iw —/ Gw =20
be X

1p 1q
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and
(11.9) [ aiw= [ diw (Chu+ 210+ 200 — 1)) =0
i Wi
The equations (11.8) imply (qiw,0) € Gry H2(Gy). The equations (11.9) imply

AJg(q;W, O) S <j2*f7 jQ*T1>

by the formula for AJ) in Lemma 11.2.
By the secant plane formula,
L 2
q1:[Ci] = 59 —On+1,
(h*[cz/] = 7727

1
q1[X1p] = e[ X1g) = 592 — 0.

Therefore the equations (11.8) and (11.9) together impose two conditions on w since

(@[], e (2C] + 610 = ), que[Xp], a1 [Xag] ) = (6%, 0n.07 ) = (0, ) € HY(C®).

So, if we choose

w€<§1£‘770—k_01|2#]:‘:57k:2775> <0777772>J—7
y the formula for m Lemma 11.2, qiw, € (Jo«f,J2+71 ). Oumllarly, we can choose w' €
by the formula for AJ) in L 11.2, AJY(qiw,0 iouf ] Similarl h '

H?(C®) such that ¢} (w') satisfies (11.8) and

AJg([)? QTW/) S <j2*f7 j2*7—1 >

By formula (11.3), if we modify (71, 72) by a linear combination of (AJ{(qiw, 0), AJY(q;w,0)), (AJJ(0, ¢tw'), AJ5(0
and (pt(0H?(Pic' C)),0), we have 71 = —ju.y1 and Yo = Jjo,ys for y1,y2 € H?(My,). But since
Jiv1 = jiye € HY(My,), we conclude immediately that y; = y2, thus (71, 72) € Im(—jix, jou)- O

12. APPENDIX

12.1. The cohomology of C®), For a smooth curve C of genus ¢, let m be the natural map from
the Cartesian power C* to C®). We identify the cohomology H*(C™*)) with its image under m*, which

is the invariant subring of H*(C*) under the action of the symmetric group &y.
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Macdonald [Ma] proved that the cohomology ring H*(C®) Z) is generated by (see Notation and
Conventions (2))

&€ HY(CW, 7)) = HY(Pick(C),Z), i =1,...,2¢g
and the class n € H?(C®) Z) subject to the following relations:
(12.1) (o —n)n’ =0

where I,J,K are mutually disjoint subsets of {1,...,¢} and |I| + |J| 4+ 2|K|+d =k + 1, & = /&,
(ox —n) = ek (05 — 1), ete.

12.2. The secant plane formula [ACGH, p. 342]. Let |V| C |L| be a ¢g}. Fix d > k > r and

consider the following cycle
{DeC®| E—-D>0forsome E € |V|} c C®

The cohomology class of the above cycle is given by

(12.2) S (d g—r) . l_e';r_ll)

12.3. The Gysin maps. If w € H*(C* Z), the Gysin push-forward for the sum map

I

m,: H*(C*, Z) — H*(C™, 7)

is given by

If w is Gp-invariant, then

my(w) = k! w

reflecting the fact that m is generically k! to 1.

Fix ki + ko = k, and let m; and my be the symmetrization maps

ok M otk otke) P k)
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For a cohomology class w’ € H*(C'*1) x C*2)) we have

Mo (w') =

1

deg(my

Za

O‘ESk

ma(miw’) =

) deg

In our case g = 5 and we have the following lemmas (whose proofs are straightforward computations).

Lemma 12.1. The Gysin map m,: H*(C®

x C?) — H?(CW) acts as follows:

1®0 — 6+ 107,

1®mn — 37,

E®E > 26§ for j #1445,
§i @ &ixs > 2885 F 21,

G& 1L — §&; for j #i+5.

Lemma 12.2. The Gysin map m,: H*(C®

N (& - &ivs)
n® &&;
nen

néi @ &;

n&i @ ixs

O @ O

o ® 0y

o1 Q&

o ® &€

n” @1

L A A A |

x C?) — HA(CW) acts as follows:

n&iirs + 17,

n&i&; for j # 1 +5,

207,

n&i&; for j #i+£5,

n&iizs F1°,

2041m for k =1,..5,

oror+ 0tk #1,

EkSiM for j # k + 5,

ok&i&; fori,j ¢ {k,k+5},
.
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Lemma 12.3. The Gysin map m,: H*(C x C®)) — H*(C®) acts as follows:

n® &é; — 1 for 1 <4, 5 < 10,
1 ® n&i&; > - & for j #£i+5,

1 ®no; — -0+ 1%

G@&&EG  — &i&i&k& for j, k,1 #i+5,
& ®&as&nl > &&ies&n§ F - & for k1 #i£5,
& @ ng; — n&&; for j £14+5,
§®n-&ixzs > 0-&ixs F

nen — 7,

1®n? — 202

12.4. The cycle class of F |y, .. We use the secant plane formula (Section 12.2) to compute the
cycle class of F)! |y, o in each bidegree. For each bidegree (dy, d2) + (e1, €2), the corresponding cycle
Fla, ds)(er,e2) C Wi X Cfdl) X C’fel) X C’édQ) X 0562) projects generically injectively to a product of some
of the factors. Since the map A: F(g, d,)(e1,e2) — Wi X O factors through these projections, we only

need the cycle class of the projection of Fig, d,)(e;,es)-

(1) (4,1)+(2,3) We first compute the class of the projection of Fi41)23) to C® x CB) x C x C®
(with the identification C; = Cy = C and the embedding of W; into C®) x C®) via (q1,¢2))

The cycles are given by the following conditions
(T3, Th,a, D) € C® x CB® x € x C®)

W (Ke—p—q—T3-T%) >0
WO(Ko — T} — Di) > 0
hO(Kc—Fg—’I“O—CL)>O

The map Ay factors through m which sends (I's, I'y, a, D}) to (I's, I, a + D%) € C®) x

OB x 0W.

’F<4,1><2,3>
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By the secant plane formula (12.2), the cycle class is given by the pull-back under the sum
map from C® x C®) (the first and fourth factor) to C® of the class

%92 4P € HC©)
cupped with the pull-back to C® x C (second and third factor) of
6 —ne H(CW),
then restriction to W) x C' x C®. Thus we obtain (c.f. Notation (4))
B (02 + 04 + 624)" — (m2 + 1) (02 + Oa + 624) + (m> + 774)2} (61 + 63 + d13) — (m +m3)] -

We only need the Kunneth component of this cycle class in H2(C® x C®) @ H4Y(C x C®).
We organize the terms according to the types in the Kunneth decomposition.

(a) Type (2,0,0,4).

1
(592 — Oams + 772) (0 —m) = (Z[U@U@] — Oama + 772) (01 —m)

i<j

= (Z[(% +045) - Na — 13] — Oama + Ui) (01 —m)
1<J

= 3 (04ns — 303) (61 —m)

(b) Type (0,2,2,2)
1, Lo
5524 + 0204 — Omg — Ou4ma + 2moms ) (03 —13) = 5524 + 0205 — Oams — O4m2 + 2m9m4 ) 413

(c) Type (1,1,1,3)
(04024 — Ma624) 013
By Lemma 12.3, the push-forwards of these classes to C®) x C®) x O are

(a)

(12.3) M. (304ms — 973) (1 —m) = 3 (013 —13) (61 — )
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1
(12.4) My (5554 + 0204 — Oy — 042 + 27}2774) 4ns
= m. (20303,) + 4m, [(6204 — Oama — O4mo + 202m4) 73]
5
= m.2n3 Z [—521523'54/12&]' + 262:€5,64:€45 — géigéjéliélj}
ij=1

4, [(0204 — Oans — O4ma + 2m2m4)13]

5
= 2n3 Z [ —&2i60;€5:E5; + 262i65,E5:E55 — E0:E5,;63i3;)

ij=1

+4 (021303 — Oo13 — 021305 + 2m2m3)
= 2365, +4 [9277393 — 0o — mansls + 2?72779%}
(¢c) For i # j, using the formula
0, k=3
m*féifz/g%k =4 &i&sms, k=i
§§¢§§j03ka k#i,7

and

m*ééifijm = §§i§§jn3,
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we compute that

My (04 — N1)013024

5
= ma (0 —m) Y [—€ubai€slh; — E1:€0,€i€as + E1ih;Ehibay + E16ai€ailly]
i,j=1
5
= ma(0s— ) > [~&1iihiCls — Ei&hiaibai + §1ihihibar + &1 626a6h]
=1
5
+m (04 — 1a) Z [—fufzjféiff;j - ﬂi%jf&‘&j + fliféjféi&j + 517;523'531‘54/;]1
i,j=1,i#j

5
= 0+ Z [€1i€5: (=033 + m3s — 13) + €L:€ai(03i63 — m305 + 13) ]

i—1
5
+ Z [—&16€2;€5:E5; — £1,65,€3i6s5 + €1:69;E5:835 + 162555, O3
ij=1,i%]

= S1a(nals — n3) + 01309305

(2) (2,3)+(4,1)

The cycle is
{(T3,T,d',D3) € C® x C® x C x C® | h(Op(Ke — 19 —Ts — D3) >0}

The map m sends (I's, T, a’, D3) to (I's, 'y, a’ + D3) € C®) x CB) x CW,
Its class is the pull-back under the sum map to H%(C® x C®) of

¢
== Lot -y’ € H(CO).

which is equal to

1 1
6 (01 + 04 + 614)° — 5(771 1) (01 + 04+ 610)° + (01 + 1a)? (01 + 04 + 61a) — (1 + ma)®.

71
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The contributing terms in the Kunneth decomposition have type (2,0,0,4):
1
(6163 + 0407,) — 3 (m6F + 1ma0%,) — 017404 + 2mmabs + O1nf — 3

1
(61 — i) (864ms — 20m3) + 5(94 — )03, + (2 — 01)nabs + (61 — 3m1)n;

= 2(61 —m) (204ma — 503) + (72634 + 46105 — 0160ama) + (21 — 01)nabs + (61 — 3m1)3

N — N

= M0y + 2(01 — m)mabs + (=501 + T )
Pushing forward to C®) x C®) x 0@ .

(12.6) My [7745%4 + 261 — m1)nabs + (=561 + 7771)772]
= (3075 — 201m3) +2(61 — 1) (nss + 513) + 2(—=561 + 1 )73
= 73015 + 2(01 — m1)nsbs + 2(—01 + 2103
3) 23)+(23
The cycle consists of (I's, 'y, Do, D)) € CG) x CB) x C® x O given by the conditions
hO(KC —I'5— D2> > 0,
W(Ke — T, — Dy) > 0,
Ty € Ds.
The map m sends (I's, T, Dy, D) to (I's, I, Dy + Db) € C® x C® x C™®. Note that in

this bidegree, m is not a lifting of Ao Flas(as)- As in the previous case, the cycle class is the

restriction to Wy x C@ x C®@ of
[(01 + 03+ d13) — (m + m3)] - [(02 + b4 + G24) — (12 + 1)) - 15-
The contributing terms in the Kunneth decomposition are
(a) Type (2,0,2,2)
0104 + muna — 1m0y — 01714 - 13

(b) Type (2,0,4,0)
(05 — 13) (62 — m2)m3 = 4(62 — 1) - 13-
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(c) Type (1,1,3,1)
013024 - 13-

Pushing these classes forward to H*(C®) x C®) x C™) by m,, we obtain
(a)
my [(61 — m)nsbs + (m — 00)msna] = (61 — m) (n3fs +5m3) + (m — 61) (2n3)

= (01 —m)nsbs + 3(01 — 771)77§

(b)
m [4(02 —m2) 3] = A0 — 1) -0
(c)
i [(013024)ns]
= m, i [—&1i6a;€i€hy + €16 &aibay + E1i62s6aily — €160;68ia] M3
5 o >
= Z; | —E1i€0;E5: 45 + E16€0;E0:En; + €1:€2i€8ilh; — €1:E5;€3:€35] ms + 15 ; [€1i&0; — &1iai]

= 01302373 + 51277§

Finally, since Ay sends (I's, %, Do, D)) to Ko(—Dy — D)) (instead of Og(Dy + D5)), we apply the
3 2 2 2

involution py.p} to the sum of the classes in (a), (b), (¢) as in Lemma 12.4 to obtain the cycle class
1
(12.7) (61 — m)03(63 — n3) + 3(61 — m) <§9§ — O3m3 + 77;)

1 1
+4(65 — 12) (5932, — Osm3 + 7732,) + 613023(03 — 13) + 612 <§9§ — O3 + 7732,) :

Lemma 12.4. The correspondence

M, ={(Dy,B)) e CY xCY| D, + B, = K¢ }
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induces an involution py,p}: H4(CW) — H4(CW) where p; and p, are the two birational projections

to C™®. Under the decomposition
HY(CW) = H*(Pic* C) @ nH*(Pic* C) @ C - 2,

po.Dt acts as identity on H*(Pic*C), sends 1 - w to (§ —n) - w for any w € H?(Pic*C), and 7? to
L 0o+ 1.

Proof. First note that the proper transform of the algebraic cycle 9 + C® under the birational map
popy ! is the cycle
{By e CY| (K¢ — 1o — By) > 0) }

whose cohomology class is # —n by the secant plane formula (12.2). Therefore po.p; sends n to 6 — n.
Similarly, the proper transform of 2ry + C® is

{By e CW| hO(K¢ —2rg — By) > 0)}

whose cohomology class is % —nb + 77, ie.

92

papin’ = >~ .

Now let us prove the statement on the summand nH?(Pic* C). Consider the commutative diagram

M
2N
c@ ol

|+ |

Pic* C Pic* C

where 7 sends L to K¢ — L. For any w € H*(CW),
pi(n-¢'w) = pin - pio*w = pin- (pr¢"7°w)
By the projection formula,

pa:pi(n - ¢*W) = (p2upin) - (¢"T7w) = (0 — 1) - g"w
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Similarly, the statement about the H*(Pic* C') summand is a consequence of the projection formula. [

12.5. The reducedness of W3 (C,,) and of its compactification W;(C’pq).

Lemma 12.5. The surface Wé(Cpq) is reduced and is the flat limit of the family of W2 (C}) as t goes
to 0.

Proof. We will prove that Wé(Cpq) with its reduced scheme structure is the flat limit of the family of

W2(Cy) as t goes to 0. By [So] the family of theta divisors specializes to the ample Cartier divisor
Opy :={M € J°Cp, | R (M) >0}

on J°C,,. We will prove that the Hilbert polynomial of W;(Cpq) with its reduced scheme structure
and with respect to ©,, is equal to the Hilbert polynomial of W (C;) with respect to ©, for ¢ # 0.

To compute the Hilbert polynomial of Wé(C’pq), we use the normalization map (see Lemma 2.1)
*\—1 ., 7L
po= (V)7 Whg — Wi(Cyy).
From this we obtain an exact sequence

0— O

Wiy — HOwy — M — 0

where M is a sheaf supported on the image of W} (C) in W;(Cpq). It is immediately seen, by restricting
the above sequence to W} (C'), that
M= Owi)

so that we have the exact sequence

(12.8) 0— O

Wi, KO,y — Owic) — 0.

To compute X(Owé(c )(n@pq)), we therefore compute x(Ow,, (n0,,)) and x (O (cy(nOp))-
By [BC, p. 57], the inverse image of the divisor O,, in P Pic® Cpq is numerically equivalent to the
sum of reduced divisors

(v*)~10¢,, + Pic)

where we use the notation of 2.1, O¢, is the image of ©¢ C Pic* C' in Pic® C by the addition of the

general point x € C' and (v*)~10¢,, is the closure of (v*)"'0¢, C Pic® C,, in P Pic® C,,.
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Now, we have
(V) 'Oc. = { M € Pic° Gy | " (v* M (—2)) > 0}.
The trace of (v*)1O¢, on the image of W, in PPic® C,, is reduced for a general choice of z and is

equal to
Ocilw,, = { L € Wpy | h*(L(=2)) > 0}.
Furthermore, it is immediate that
Pic) |w,, = Xq.

~Y

To compute the degree of ©,, on W} (C), we use the isomorphism W;(C) = X,. In this way we
immediately see that the restriction of Pic) to W} (C) is zero while (v*)~10¢,, pulls back to Oc|wi(e)

via the natural embedding W} (C) C Pic* C. Therefore, summarizing the above, we have

X (n@pqywpq) =X (n@C,x|qu + Xq)

and,

X <n@pq|W41(C)) =X (n@c\wg(c*)) :
To compute x(nOc|w,,), we use the embedding q; of Wy, in C® given by gt — |K — gi|. Via this
embedding W, is identified with the reduced surface in C'®

{Ts| hO(KC—p—q—F:z) >0}

whose cohomology class by the secant plane formula (Section 12.2) is # — n. By Hirzebruch-Riemann-

Roch

1 1
X (n (@C|qu + X‘I)) = 5?1 (@Clwpq + Xq) (Cl (Tqu) +n (@C|qu + Xq))—i_ﬁ (C% (Tqu) +Co (Tqu)) '

By [Ma, p. 332 (14.5)], the total Chern class of C® is

5
L+ T +n+0:) =1—n—0—9n* + 656 — 561",

i=1

So, using the tangent bundle sequence

0 — Tqu — Tc(?’) |qu — Oqu<WPQ> — 07
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we compute

¢ (Tw,,) = (1 =20 —9* + 4n - 0 + 26°) |w,, .

Now, since X, is the restriction of the zero section of a P'-bundle to W,,, we have

X?=0.

q

Furthermore, the degree of ©¢ on X, is 10 since this is a Prym-embedded curve in Pic* C. By the

above,
‘@ (Tqu) - 29’qu’
hence the degree of ¢,(Tw,,) on X, is 20. Putting all this together with the relations in [Ma, p. 325

(6.3)], we obtain
X (n©pqlw,,) = 300> — 50n + 22.

To compute X (nOc|w}(c)), note that Wi (C) has genus 11 and its cohomology class in Pic* C is twice

the minimal class, i.e.,

I
)

(Wi(©)]
Therefore, by Riemann-Roch for curves,
X (nGC’Wj(C)> =1-—11+deg (n@C‘Wi(C)> = 10n — 10.

Finally, by (12.8),

X <OW§(CM) (n@pq)> =X ("Opglw,) — x (”@pq|wj(0)> = 30n% — 60n + 32.

To compute the Hilbert polynomial of W (Cy) for ¢ # 0, we only need to do so for one smooth curve
X of genus 6 such that dime W} (X) = 2. If X is trigonal, W2 (X) is the reduced union of two copies
of X® (see [T]):

W(X) =X + gl UKx — (XP +g3).

The intersection of these two components is the reduced curve

Xz (9i) = { D2 | h%(g; — D2) >0} € X®
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where g} = |Kx — 2g3|. As in the previous case, we have the normalization exact sequence
0— OW;(X) — M*OX@)]_[X@) — OXQ(gi) — 0.

So
X <n@xlwg(X)> =2x (nOx|x@) — x (n@X\Xz(gM :

This time, using similar methods, we compute
X (nOx|x@) = 15n* — 24n + 10,

¥ (nOxly, (o) ) = 120 — 12
and

X (n@X\Wsl(X)> = 30n* — 60n + 32.
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